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Cover  figure — A  novel  high-frequency  radar  system  developed  at  the  Wave 
Propagation  Laboratory  produced  this  map  of  surface  current  vectors  in 
Alaska's  Lower  Cook  Inlet  near  Kachemak  Bay.     Each  of  two  sites—located 
at  the  dots  (38  km  apart) — employs  easily  erectable,   transmit  antennas 
(upper  inset)  and  receiving  antennas   (low  inset).      Each  antenna  pair 
operates  in  a  backscatter  radar  mode.      A  current  map,   like  that  on  the 
cover,   is  obtainable  after  fifteen  minutes  operation.     Each  such  map 
consists  of  several  hundred  data  points.      The  large  volume  of  available 
data,    continuous  in   space  and  time,    suggests  many  unique  applications  of 
the  radar  system  in  oceanographic  research  and  services. 
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FOREWORD 


The  Wave  Propagation  Laboratory  acts  as  the  focal  point  within  NOAA  for 
the  development  and  research  application  of  new  methods  for  remote 
sensing  of  man's  geophysical  environment.   Since  its  creation  in  May 
1967,  the  Laboratory  has  pioneered  in  the  development  and  application  of 
a  large  number  of  new  remote  sensing  methods,  involving  the  use  of 
optical,  radio  and  acoustic  waves.   The  new  techniques  have  many 
significant  advantages  over  standard,  in  situ  methods;  in  particular,  it 
is  often  possible  to  provide  the  researcher  with  one-,  two-  or  three- 
dimensional  data  sets  possessing  excellent  continuity  and  resolution  in 
both  time  and  space.   In  many  cases,  these  data  sets  are  much  richer 
than  those  available  by  other  techniques,  and  are  providing  important 
new  insights  into  atmospheric  and  oceanographic  processes. 

This  fifth  volume  of  Collected  Reprints  comprises  material  published 
between  1  January  1976  and  31  December  1977.   To  avoid  unnecessary 
duplication  in  the  case  of  WPL/NOAA  Technical  and  Memorandum  Reports, 
only  the  abstracts  are  included. 

As  in  the  case  of  previous  volumes  of  WPL  Collected  Reprints,  we  expect 
that  this  volume  will  be  well  received  by  colleagues  in  many  fields,  as 
a  convenient  and  helpful  compilation  of  WPL  research.   Remote  sensing 
remains  a  somewhat  specialized  field  and  is  still  regarded  by  many 
atmospheric  and  oceanographic  researchers  as  somewhat  peripheral  to 
their  interests.   This  attitude  is  changing;  we  expect  that  this  volume 
will  help  accelerate  this  change  by  bringing  to  the  attention  of  our 
colleagues  in  these  fields  the  unique  advantages  and  capabilities  of 
remote  sensing. 
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C.  Gordon  Little,  Director 
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MOLECULAR  AND  PARTICULATE  EXTINCTION  IN  THE  ATMOSPHERE 
BETWEEN  8  AND  15  ym  WAVELENGTH 
R.  F.  Calfee  and  V.  E.  Derr 

Although  the  spectral  region  near  10  ym  is  relatively  free  of  atmos- 
pheric attentuation  of  electromagnetic  radiation,  it  becomes  necessary  for 
long  path  measurements  to  take  into  account  gaseous  molecular  absorption  and 
particulate  scatter  and  absorption.  The  design  of  remote  sensing  techniques 
must  take  into  account  these  attentuation  factors.  This  report  provides  the 
computed  values  of  absorption  coefficient  for  water  vapor,  the  principal 
absorber,  and  the  extinction  coefficients  for  hydrometeors.  The  information 
is  presented  in  graphic  form  for  quick  reference.  Tabulated  values  are  pro- 
vided for  use  in  detailed  calculations. 
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This  paper  is  concerned  with  the  properties  of  the  atmosphere  that  limit  the  effectiveness  of  laser 
probing.  We  analyse  the  fluctuations  in  amplitude  and  phase  of  a  laser  signal  that  are  induced  by  propa- 
gation through  the  irregular  refractive-index  structure  of  the  atmosphere. 


1.  Introduction 

The  refractive  index  of  air  at  optical  frequencies 
can  be  written 

n  =  nT  +  /«j,  ( l ) 

where  nT  is  the  real  part  of  the  refractive  index  and 
«i  is  the  imaginary  part.  In  general,  nx  is  a  function 
of  temperature,  humidity  and  optical  wavelength 
X  and  n{  is  a  function  of  humidity  and  X.  (An  ex- 
tensive treatment  of  optical  refractive  index  is 
found  in  [1].)  If  the  atmosphere  is  transparent, 
and  this  is  a  good  approximation  for  visible  wave- 
lengths, the  real  part  of  the  refractive  index  is 
most  important.  In  the  infrared  region  of  the  spec- 
trum, moderate  to  severe  attenuation  can  occur 
and  both  nt  and  n{  will  have  a  significant  effect  on 
propagation. 

Both  nx  and  nl  are  random  variables  with 
<>Jr>  =  1  and  exp  (—  kin^z)  =  T,  the  average  trans- 
mittance,  where  the  angle  brackets  indicate  an 
ensemble  average  and  k  -  2n/\  is  the  wavenumber 
of  the  radiation.  The  fluctuating  part  of  the  real 
refractive  index  5«r  and  the  fluctuating  part  of  the 
imaginary  refractive  index  oms  produce  random 
variations  in  both  the  irradiance  and  phase  of  a 
propagating  optical  beam.  Lee  and  Harp  [2]  show 
from  the  first  order  perturbation  theory  that 
irradiance/(phase)  fluctuations  produced  by  vari- 
ations in  real  refractive  index  have  the  identical 
statistical  properties,  i.e.,  powei  spectral  density  as 
the  phase/(irradiance)  fluctuations  produced  by 
the  variations  in  imaginary  refractive  index.  It  is 
then  sufficient,  within  the  limits  of  validity  of  the 
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first  order  theory,  to  analyse  the  statistics  of  the 
fluctuating  wave  parameters  produced  by  vari- 
ations in  real  refractive  index  alone. 

2.  Spatial  and  temporal  variations  of  turbu- 
lent refractive  index  fluctuations 

The  real  refractive  index  varies  markedly  in  space 
and  time.  Fig.  1  shows  the  temperature  contribu- 
tion to  bnT  measured  at  a  height  of  1 .5  m  on  a 
clear  sunny  day  for  0.3  s  duration.  ( Lee  and 
Harp  [2]  demonstrate  that,  although  both  humid- 
ity and  temperature  contribute  to  5«r,  only  the 
temperature  term  will  have  significant  scintillation- 
producing  effects.  The  humidity  term  will  be 
dominant  in  producing  fluctuations  in  bn{  which 
will  then  cause  irradiance  fluctuations  by  means  of 
random  variations  in  attenuation.)  There  are  large 
excursions  of  temperature,  amounting  to  several 
°C,  that  occur  in  sharply  bounded  regions  of  warm 
air  with  quiescent  intervening  cool  regions.  The 
intermittent  character  of  the  temperature  record 
of  Fig.  1  is  normally  observed. 


0  0.1  02 

TIME,  seconds 

Figure  1  High  speed  temperature  measurements  made 
1 .5  m  above  the  ground  on  a  clear,  sunny  day. 
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Figure  2  Behaviour  of  the  square  root  of  the  refractive-index  structure  constant  at  1.5m  above  the  ground  (MDT  is 
Mountain  Daylight  Time.)  From  [5] . 

Because  bnx  is  a  random  variable,  we  must  settle 
for  a  statistical  rather  than  deterministic  descrip- 
tion of  its  properties.  The  description  most  relevant 
to  the  optical  propagation  problem  is  the  refractive- 
index  structure  function  defined  by 

Dn(r)  =  <[>/(*)  - n(x  +  a-)]2)  (2) 

Equation  2  states  that  the  refractive-index  struc- 
ture function  is  determined  by  subtracting,  squar- 
ing and  averaging  the  fluctuations  in  refractive 
index  measured  at  two  points  separated  by  a  dis- 
tance r.  From  a  relationship  derived  by  Kolmogo- 
rov  for  velocity  turbulence  [3,  4]  we  can  derive  a 
theoretical  prediction  of  the  behavior  of  this  quan- 
tity as  a  function  of  spacing  between  some  inner 
scale  size  of  refractive  index  fluctuation  /0  and  the 
largest  or  outer  scale  size  fluctuation  L0l  i.e., 

Dn(r)  =  Cy\  (3) 

for  /0  <r  <L0.  (Typically,  /0  is  of  the  order  of  mm 
to  cm  and  L0  is  of  the  order  of  the  height  above 
the  ground.)  The  statistical  parameter  that 
describes  the  atmosphere's  turbulent  interaction 
with  optical  waves  is  the  structure  constant  of  the 
refractive-index  fluctuations  C2.  It  is  C2  that  deter- 
mines the  intensity  of  optical  scintillations 
observed  on  atmospheric  paths. 

The  behavior  of  C2  with  altitude  and  time  are 
shown  in  Figs  2-4.  Fig.  2  shows  the  typical  diurnal 
behavior  of  C2;  namely,  low  values  during  the 
early  morning  hours,  rising  to  a  maximum  as  solar 
heating  of  the  ground  produces  convectivc 
instability  in  the  afternoon  and,  finally,  decreasing 
to  minimum  values  at  sunset  and  into  the  night- 
time. These  data  were  taken  at  a  height  of  1 .5  m 
above  a  flat  grassy  mesa  during  a  sunny  day  [5] . 
Fig.  3  shows  the  theoretically  predicted  [4]  behav- 
ior (solid  line)  of  the  temperature  structure  con- 
stant C|  which  is  related  to  C2  by  the  expression 


Figure  3  Acoustic-sounder  determined  values  of  the  tem- 
perature structure  constant  (dots)  compared  with  theo- 
retical prediction  (solid  line.  Data  from  [61  . 

where P and  Tare  the  mean  background  pressure 
in  mb  and  temperature  (°K),  respectively.  The  dots 
are  determinations  of  C\  by  an  acoustic  echo- 
sounder  [6] .  The  theory  and  experiment  agree 
quite  closely  in  the  first  1 00  m,  or  so,  of  the  atmos- 
pheric boundary  layer  so  that  it  is  reasonable  to 
assume  that  C\  and  hence  C2,  will  decrease  in  this 
height  range  roughly  as  height  to  the  minus  four 
thirds  power  and  less  optical  scintillation  will  be 
observed  if  the  average  path  height  is  raised.  Finally, 
Fig.  4  illustrates  the  erratic  behavior  of  C2n  with 


,79P 

Ci  --      Kx  10" 


C\ 


(4)        Figure  4  Behaviour  of  refractive-index  structure  constant 
with  height. 
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Figure  5  Schematic  of  the  propagation  of  a  spherical 
wave  through  refractive  turbulence. 

height  up  to  3.2  km.  These  data  have  been 
smoothed  over  a  height  interval  of  100  m.  Actual 
unsmoothed  data  [7]  exhibit  even  more  drastic 
fluctuations  sometimes  amounting  to  more  than  an 
order  of  magnitude  in  a  few  meters  height  range. 

3.  Production  of  scintillations  by  refractive 
turbulence 

To  analyse  the  scintillation-producing  process  we 
consider  a  light  wave  (such  as  that  shown  in  Fig.  5) 
propagating  outwards  from  a  point  source.  The 
wave  is  initially  spherical  until  it  encounters 
refractive-index  irregularities  between  A  and  B. 
These  irregularities  selectively  slow  down  or  speed 
up  adjacent  segments  of  the  wave  such  that,  at  B, 
the  wave  has  a  distorted  wavefront.  Various 
portions  of  the  wave  will  now  travel  in  different 


directions  and  eventually  interfere,  producing 
irradiance  fluctuations  (scintillations)  at  C. 

At  B,  we  would  observe  only  phase  fluctuations, 
the  scintillations  have  not  yet  had  enough  path  to 
fully  develop.  If  we  placed  a  phase-sensitive  detec- 
tor at  B,  we  would  observe  the  record  of  Fig.  6, 
where  the  relative  phase  is  seen  to  wander  ran- 
domly over  many  cycles  in  one  minute.  Fig.  6 
illustrates  the  phase  fluctuations  measured  by  a 
Michelson-type  interferometer  (see  [8] )  on  a 
50  m  path  at  a  height  of  1 .6  m  above  the  ground. 
Fig.  7  shows  our  statistical  measure  of  these 
fluctuations,  the  phase  structure  function,  defined 
in  analogy  to  Equation  2,  as 


DM  =  <[0(x)  -  0(jc  +  p)]2> 


(5) 


where  <p(x)  is  the  phase  fluctuation  observed  at  a 
position  x  in  the  plane  transverse  to  the  direction 
of  propagation.  The  crosses  represent  actual  data 
from  [9]  taken  on  the  number  of  independent 
runs  indicated  by  the  adjacent  circled  number. 
The  behavior  of  D,p(p),  increasing  as  p5/3,  indicates, 
in  contrast  to  the  case  of  scintillations,  that  the 
largest  refractive-index  irregularities  are  most 
effective  in  producing  phase  fluctuations.  It  is 
important  to  note  this  fact  because,  as  we  have 
mentioned  above,  the  scintillations  produced  by 
5/Z;  have  the  same  spectral  characteristics  as  the 
phase  fluctuations  produced  by  5nr. 

As  we  have  noted,  because  of  interference, 
irradiance  fluctuations  will  appear  at  position  C. 


Figure  6  Optical  phase  variations  versus  time  determined  by  a  Michelson-type  interferometer.  (A  =  0.63  Mm).  From  [8]  . 
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Figure  7  Measurements  of  the  structure  function  of  the 
optical  phase  fluctuations  (crosses)  compared  with  the 
theoretical  prediction  (solid  line).  Numbered  circles  rep- 
resent the  number  of  independent  runs  averaged  to 
make  one  data  point.  Data  from  [9] . 

We  now  examine  the  criteria  that  determine  which 
of  the  refractive -index  irregularities  at  a  given  path 
position  are  most  effective  in  producing  these 
scintillations.  In  Fig.  8  we  show,  schematically, 
two  irregularities  on  the  line-of  sight  between  the 
source  and  receiver.  Consider  the  irregularity, 
labelled  r,  at  mid-path.  In  order  for  this  refractive- 
index  fluctuation,  or  eddy,  to  be  completely 
effective  in  producing  an  intensity  fluctuation  at 
the  receiver,  the  extreme  ray  paths  OBL  and  OZL 
must  differ  by  at  least  one  half  wavelength.  This 
minimum  effective  size  turns  out  to  be  the  opti- 
mum size.  Working  out  the  geometry  we  see  that 
the  size  of  the  most  effective  eddy  is 


r  =  s/(\L)[(z/L)(l-zlL)} 


(6) 


where  z  is  the  eddy  path  position  and  L  is  the  total 
path  length.  Equation  6  indicates  that  the  most 
effective  eddies  near  the  transmitter,  such  as 
shown  at  Zj  in  Fig.  8,  will  be  smaller  than  mid- 
path  eddies  and  because  of  the  symmetry  of  Equa- 
tion 6,  the  same  will  be  true  for  eddies  near  the 
receiver.  Fig.  9  shows  a  plot  of  Equation  6  as  a 
function  of  path  position  (the  curve  marked 
'irregularity').  Note  that  it  peaks  at  midpath  at  a 
size  of  one-half  Fresnel  zone  \AX/2  and  tapers  to 
zero  size  at  the  source  and  receiver.  The  other 
curve  marked  'pattern'  in  Fig.  9  is  the  size  of  the 
disturbance  at  the  receiving  plane  produced  by  the 
most  effective  eddy.  Because  we  have  assumed  a 
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Figure  8  Geometry  involved  in  determining  the  size  of 
eddy  that  is  most  effective  in  producing  scintillation  in 
the  weak  turbulence  case. 


Receiver 


Figure  9  Size  of  most  effective  irregularity  and  resultant 
scintillation  pattern  size  versus  path  position. 

diverging  spherical  wave  as  the  illumination 
incident  upon  the  irregularity,  there  will  be  a  pro- 
jection effect  such  that  the  image  of  the  eddy  in 
the  scintillation  pattern  will  be  magnified  inversely 
as  the  distance  from  the  source.  Mathematically, 
we  determine  the  size  of  this  pattern  rp  as 

rp  =  {L/z)r  =  V(AI)(Z,/z-l)^.         (7) 

Equations  6  and  7  illustrate  another  important 
feature  of  scintillations;  namely,  small  scale  (spatial) 
irradiance  fluctuations  result  from  the  effects  of 
irregularities  near  the  receiver  and  large  scale 
irradiance  fluctuations  result  from  the  effects  of 
irregularities  near  the  source. 

We  may  push  our  model  still  further.  To  deter- 
mine which  portion  of  the  path  is  most  effective 
in  producing  scintillation,  we  need  only  determine 
the  relative  strength  of  the  refractive-index  fluctu- 
ations of  each  most  effective  eddy.  This  informa- 
tion is  contained  in  the  one-dimensional  power 
spectrum  of  the  refractive-index  fluctuations 
&n(K),  which  from  [3,4]  is 

*n(K)  oc  c2nK-*/3  (8) 
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Figure  10  Normalized  covariance  of  the  log-amplitude 
fluctuations  vs  spacing  in  Fresnel  zones. 

where  K  =  2n/r  is  the  spatial  frequency.  This 
expression  is  an  entirely  equivalent  relation  in  the 
spectral  domain  to  the  structure  function  of 
Equation  3.  They  are  related  by  a  transform  pair 
[3,  4] .  If  we  insert  r  from  Equation  6  into 
Equation  8,  we  obtain  the  expression  for  the  path 
weighting  function  of  scintillation  in  the  form 

W(z/L)  cc   [(z/X)(l-z/L)]s/6.  (9) 

This  function  is  symmetric  about  a  mid-path  maxi- 
mum and  tapers  to  zero  at  the  end  points.  This 
indicates  that,  according  to  the  single-scatter 
theory,  the  turbulent  refractive-index  fluctuation 
located  in  the  middle  of  the  optical  path  will  pro- 
duce the  most  scintillation. 

Finally,  we  may  combine  the  weighting  func- 
tion (Equation  9)  and  the  pattern  size  function 


(Equation  7)  to  obtain  the  spatial  spectrum  of  sizes 
observable  in  the  received  scintillation  pattern. 
Fig.  10  illustrates  the  normalized  log-amplitude 
covariance  function  defined  by 


CJP)  =  <x(r)x(r  +  P)>/o; 


(10) 


where  r  and  pare  displacement  vectors  in  the  plane 
of  the  receiver  and  o\  is  the  variance  of  the  log- 
amplitude.  This  function  is  a  statistical  measure  of 
the  spatial  scale  sizes  of  the  irradiance  fluctuations 
in  the  received  scintillation  pattern.  This  theoreti- 
cally derived  curve  shows  the  predominance  of  the 
Fresnel  zone  size  \J(\L)  irregularities  as  indicated 
by  our  geometric  arguments. 

The  above  analysis,  based  on  the  simple  models 
discussed,  although  quite  reliable  in  the  realm  of 
weak  turbulence,  must  be  dramatically  modified 
to  account  for  the  observations  of  scintillation  in 
strong  turbulence. 

4.  Effects  of  multiple  scattering  on  the 
production  of  scintillation 

Our  phenomenological  model  of  scintillation  dis- 
cussed in  the  last  section  predicts  that  the  variance 
of  the  log-amplitude,  a  typically  measured  indi- 
cator of  the  amount  of  scintillation,  has  the  form 

[3,4] 

o\  =  0A24k1/6Lu/6Cl  (11) 


Equation  1 1  implies  that  o\  is  linear  in  Cn  and 
nearly  linear  (L11/12)  versus  path  length.  Fig.  1 1 
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Figure  11  The  variation  of  the  square  root  of  the  log-amplitude  variance  at  each  of  four  path  lengths  compared  to  the 
square  root  of  the  refractive-index  structure  constant  C„  for  a  24  hr  period.  X  =  0.63  Mm. 
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Figure  12  Geometry  involved  in  determining  the  size  of 
eddy  that  is  most  effective  in  producing  scintillation  in 
the  presence  of  strong  intervening  turbulence. 

shows  some  scintillation  data  for  X  =  0.63  /urn 
taken  at  a  l  .5  m  height  above  a  flat  grassy  mesa. 
The  lowest  curve  is  a  24  hour  plot  of  Cn  measured 
with  high  speed  thermometers.  The  curves  above 
are  simultaneous  measurements  of  ox  for  paths  of 
50,  310,500,  and  1000  m.  Note  that  the  scintil- 
lation curves  appear  to  be  linear  in  Cn  only  for  the 
50  m  path.  On  the  longer  paths  increases  in  Cn  do 
not  produce  corresponding  increases  in  ox  and,  in 
fact,  on  the  1000  m  path  ox  actually  decreases 
with  increasing  Cn.  This  so-called  saturation  of 
scintillation  was  the  first  indication  that  the  first 
order  model  we  have  discussed  need  modification. 

The  changes  necessary  in  the  mathematical 
model  of  propagation  in  strong  turbulence  were  to 
account  for  multiple  scattering  effects,  i.e.,  to 
include  higher  order  perturbation  terms  in  the 
series  representation  of  the  electric  field.  This  prob- 
lem proved  to  be  extremely  difficult  and  has  only 
now  begun  to  be  handled  satisfactorily.  A  phenom- 
enological  model  [10] ,  employing  new  physical 
assumptions  to  complement  the  mathematics,  has 
provided  quantitative  predictions  of  scintillation 
phenomena  that  agree  in  detail  with  the  experi- 
mental observations.  Again,  we  may  use  our  simple 
geometric  approach  to  explain  the  important  fea- 
tures. 

Fig.  12  illustrates  our  new  path  geometry  with 
refractive-index  irregularities  located  at  z  and  z, 
on  a  total  optical  path  of  length  L.  Because  of  the 
intervening  turbulence,  the  eddy  size  determined 
by  Equation  6  will  no  longer  be  most  effective  in 
producing  scintillation.  The  turbulence  will  intro- 
duce a  new  random  phase  shift  that  will  prevent 
the  destructive  interference  that  occurred  before 
because  of  the  A/2  excess  phase  path  OBL-OZL. 
The  effects  of  intervening  refractive  turbulence  are 
proportional  to  the  path-average  transverse  separ- 
ation of  the  two  ray  paths.  If  the  extreme  ray 
paths  lie  close  together,  there  will  be  less  effect 
100 
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Figure  13  Size  of  the  most  effective  eddy  and  correspond- 
ing scintillation  pattern  size  in  the  weak  (solid)  and  strong 
(dashed)  scintillation  cases. 

than  if  the  extremes  are  far  appart.  This  is  true 
because  more  of  the  eddies  that  produce  phase 
path  changes  will  be  large  enough  to  affect  both 
ray  paths  simultaneously  and,  because  we  need  a 
phase-path  difference  between  two  extreme  rays, 
these  large  eddies  will  have  no  scintillation- 
reducing  effect.  For  larger  transverse  separation, 
more  phase  changing  eddies  will  produce  a  relative 
phase  shift  of  the  two  ray  paths  and  hence  a  larger 
effect  on  scintillation;  consequently,  we  expect 
that  the  refractive  index  irregularity  at  z,  because 
of  its  larger  size,  will  be  reduced  in  scintillation- 
producing  effectiveness  much  more  severely  than 
the  irregularity  at  z,.  This  is  indicated  in  the  figure 
by  the  dashed  arrows  representing  the  new,  smaller, 
most  effective  irregularity  sizes  in  the  presence  of 
multiple  scattering.  Note  that,  because  the  larger 
most  effective  eddy  sizes  are  near  mid  path,  these 


Fig.  14  Normalized  log-amplitude  covariance  function  in 
the  cases  of  weak  (solid)  and  strong  scintillation  (dashed) 
versus  spacing  in  Fresnel  zones. 
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will  be  most  affected  by  intervening  turbulence 
and  we  would  expect  maximum  size  changes  in 
this  region  of  the  path. 

Fig.  13  shows  our  modified  curves  (dashed 
lines)  for  the  size  of  the  most  effective  irregularity 
and  resultant  pattern  size.  Again,  because  of  the 
power  law  nature  of  the  turbulence  spectrum,  we 
expect  the  path  weighting  function  for  scintil- 
lation to  have  the  same  general  shape  as  the 
dashed  curve  marked  irregularity.  This  means  that 
the  ends  of  the  path  become  more  effective  and 
the  middle  less  effective.  The  combination  of  the 
weighting  function  and  the  pattern  scale  curves 
(the  dashed  line  marked  pattern)  indicate  that 
there  will  be  less  Fresnel  zone  size  irregularities  in 
the  received  scintillation  pattern  and  relatively 
more  smaller  and  larger  spatial-scale  scintillation 
observed.  This  is  confirmed  in  Fig.  14  by  the  theo- 
retical curve  of  Cx(p).  The  dashed  curve  again  is 
that  for  the  multiple  scattering  case.  Initially,  the 
curve  falls  off  faster  than  the  same  curve  for  single 
scattering,  because  of  the  presence  of  the  now 
more  influential  small-scale  structure  and  the  curve 
has  developed  a  much  higher  tail  because  of  the 
presence  of  the  now  more  influential  large-scale 
structure  in  the  scintillation  pattern.  In  summary, 
we  would  expect  to  see  a  transition  from  the 
dominance  of  a  single  scale  size  \J(\L)  to  a  more 
uniformly  structured  pattern  containing  all  sizes 
from  extremely  small  up  to  sizes  of  many  Fresnel 
zones. 

Experimental  results  confirm  our  phenomeno- 
logical  model.  Fig.  15  shows  the  same  type  of  data 
as  Fig.  1 1 ,  that  is,  simultaneous  observation  of  o2x 
at  each  of  4  path  positions,  clockwise  from  the 
upper  left,  50,  310,  500  and  1000  m  plotted  versus 
the  theoretical  prediction  for  ox  from  the  first 
order  theory  0A24k1/6Lu'6  C2n.  If  the  data  con- 
firmed the  single  scattering  theory  all  the  dots 
would  cluster  about  the  dashed  line  shown.  Note 
that  this  is  a  reasonable  interpretation  for  the 
50  m  path  but  that  once  again  we  notice  the  satu- 
ration effect  setting  in  on  the  longer  paths.  Scintil- 
lation does  not  endlessly  increase  with  increasing 
turbulence  or  path  length  but  proceeds  to  saturate 
and  even  decrease  when  0A24k1/6LlU6C2  in- 
creases beyond  0.3.  The  solid  curves  shown  are  the 
theoretical  predictions  from  [10] . 

It  is  useful  to  define  a  new  parameter 


Cxip) 


0.124k1'6  Ln/6Cl 


(12) 


102 


Figure  16  Measurements  of  the  normalized  log-amplitude 
covariance  function  in  weak  (a)  and  (b)  to  strong  (c)  and 
(d)  refractive  turbulence  versus  spacing  in  Fresnel  zones. 

This  quantity  describes  the  amount  of  integrated 
refractive  turbulence  and  represents  the  key  para- 
meter forjudging  the  onset  of  multiple  scattering 
effects.  Fig.  16  shows  data  on  the  effects  of  large 
values  of  integrated  turbulence  in  the  spatial  struc- 
ture of  scintillation.  Curve  a  is  a  experimental 
determination  of  Cx  under  conditions  of  weak 
refractive  turbulence  and  corresponds  quite 
closely  to  the  single  scatter  result  (see  Fig.  10). 
Curves  b,  c  and  d  represent  experimental  data  for 
progressively  larger  values  of  a\  and  hence  stronger 
integrated  refractive  turbulence.  Note  the  quicker 
dropoff  at  small  spacings  and  the  longer  tail  as  o\ 
increases,  confirming  our  phenomenological  model 
results  (see  Fig.  14).  Finally,  Fig.  17  shows  the 
results  of  the  full  mathematical  theory.  The  behav- 
ior of  the  curves  quite  closely  follows  that  of  the 
experimental  data  for  all  values  of  o\. 

5.  Aperture  averaging  and  the  reduction  of 
scintillation 

The  classical  method  of  reducing  scintillation 
noise  in  a  receiver  is  to  increase  the  size  of  the 
receiving  optics.  The  rationale  is  that  larger  re- 
ceivers will  tend  to  average  the  irradiance  over  the 
scintillation  pattern  and  act  as  a  low  pass  spatial 
filter  on  the  received  signal.  Conventional  wisdom 
indicates  that  the  reduction  in  irradiance  variance 
would  go  as  1  /N,  when  N  ~*  °°  where  N  is  the 
number  of  independent  scintillating  patches  in  the 
receiving  aperture.  (This  argument  has  its  flaws; 
namely,  no  'patches'  in  the  receiving  plane  are 
really  independent,  the  only  statistically  indepen- 
dent elements  are  the  two-dimensional  Fourier 
components  of  the  scintillation  pattern).  From 
this  reasoning,  if  we  apply  the  results  of  the  first 
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Figure  17  Theoretical  curves  of  the  log-amplitude  covariance  function  in  weak  to  strong  refractive-turbulence 
conditions. 
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Figure  18  Aperture  averaging  factor  G(R)  versus  radius 
of  receiving  optics  in  Fresnel  zones.  Solid  curve  is  pre- 
dicted behavior  for  the  weak  turbulence  theory.  Circles 
are  experimental  data  taken  in  weak  refractive  turbulence. 
A.  =  0.63  Mm.  From  [11] . 

order  theory  where  an  independent  patch  may  be 
said  to  be  Fresnel  zone  in  diameter,  we  would 
expect  scintillation  to  be  reduced  as  [R/\/(\L)]~ 
with  increasing  aperture  radius/?.  This  convenient 
rule  is  incorrect  as  a  detailed  examination  of 
Fig.  1 8  would  show.  Fig.  18,  taken  from  [  1 1  ] ,  is 
a  plot  of  the  scintillation  reduction  factor  G(R) 
as  a  function  of  normalized  aperture  radius 
R/y/(XL).  The  quantity  G(R)  is  the  fraction  of  the 


Figure  19  Aperture  averaging  factor  G(R)  versus  radius  of 
receiving  optics  in  Fresnel  zones.  Solid  curves  are  the  pre- 
dicted behaviour  for  weak  turbulence  theory.  Circles  are 
experimental  data  taken  in  strong  refractive  turbulence. 
X  =  0.63  Mm.  From  [11]. 

variance  measured  with  a  point  detector  that  one 
would  observe  with  a  receiver  of  radius  R.  The 
asymptotic  slope  of  this  function  for  R/\J(\L)  >  1 
is  [Rl\Z(\L)\'7/\  The  rule  of  thumb  [R ly/CKL)}'2 
certainly  is  a  reasonable  engineering  approxi- 
mation. The  curve  shown  in  Fig.  18  is  the  case 
where  a\  —  0.1  and  the  data  shown  were  taken  in 
roughly  the  same  amount  of  weak  integrated 
turbulence. 

Fig.  19,  also  from  [11],  shows  what  happens 
in  strong  refractive  turbulence  where  multiple 
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scattering  is  important.  (The  theoretical  curves, 
solid  lines,  are  for  the  single  scatter  case.)  The 
effectiveness  of  aperture  averaging  is  greatly 
reduced.  This  is  to  be  expected  from  our  multiple 
scatter  model  where  we  showed  the  covariance 
function  had  a  progressively  longer  tail,  indicating 
the  presence  of  larger  scale  scintillations  in  the 
receiving  plane,  as  a\  increased.  This  implies  that, 
in  order  to  contain  a  larger  number  of  indepen- 
dent scintillating  patches  when  a\  is  large,  we 
must  dramatically  increase  the  size  of  the  receiving 
optics.  In  summary,  the  amount  of  aperture  aver- 
aging varies  with  the  amount  of  refractive  turbu- 
lence in  such  a  way  that  receiving  optics,  which 
produce  a  large  reduction  in  scintillation  noise  in 
weak  turbulence,  will  no  longer  be  as  effective 
when  the  amount  of  integrated  refractive  turbu- 
lence is  larger. 

Another  technique  for  reducing  scintillation 
has  been  space  diversity  receivers.  Again,  this  is 
quite  easily  evaluated  in  terms  of  our  simple 
model.  If  the  receivers  are  separated  sufficiently 
far  such  that  they  each  observe  independent  scin- 
tillating patches,  they  will  reduce  the  variance  of 
scintillation  as  1/A/  where  N  is  now  the  number  of 
detectors.  Unfortunately,  the  large  scale  sizes  in 
the  scintillation  pattern  present  in  strong  turbu- 
lence, force  progressively  larger  spacings  as  a\ 
increases.  However,  since  o\  decreases  as  A~7/6, 
considerable  improvement  is  obtained  with  longer 
wavelengths.) 

Finally,  to  refer  back  to  our  discussion  of  the 
imaginary  part  of  the  refractive  index  fluctuations, 
the  predominant  scale  size  of  these  scintillations 


will  be  the  outer  scale  of  turbulence,  approxi- 
mately the  height  above  ground  of  the  optical 
path.  Reducing  these  scintillations  by  either  aper- 
ture averaging  or  space  diversity  requires  either 
very  large  receiver  optics  or  quite  large  spacings 
between  detectors.  Because  the  scintillation 
pattern  sizes,  in  this  case,  are  not  functions  of 
wavelength,  changing  wavelengths  will  not  elimi- 
nate this  requirement. 
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INTRODUCTION 

Particulate  pollutants  from  energy-related 
sources  disperse  and  mix  with  natural  aerosols. 
Both  remote  sensing  and  in-situ  identification, 
measurement  and  tracing  techniques  are  required 
for  impact  assessment,  prediction  of  climate 
variation  and  estimation  of  the  character,  con- 
centration and  dispersion  of  particulate  pollu- 
tants arising  from  man's  activities.   In-situ 
sampling  nfay  provide  specific  identification, 
concentration  estimates  and  size-distributions, 
but  ground  and  aircraft  vehicles  cannot  economi- 
cally establish  correct  average  measurements  over 
large  periods  of  time,  are  impractical  for  the 
study  of  drift,  and  unfeasible  for  the  measure- 
ments of  fluctuations.   Lidar  remote  sensors,  on 
the  other  hand,  may  be  developed,  with  somewhat 
diminished  accuracy,  to  identify,  measure  con- 
centrations and  size  distributions,  and  are  the 
economical  instrument  of  choice  to  measure  these 
quantities  and  their  fluctuations  over  large 
volumes  and  extended  time  periods.   Improvement 
of  lidar  techniques  is  required  to  increase 
accuracy  of  identification,  and  measurement  of 
size-distribution,  shape  factors  and  concentra- 
tion.  Theoretical  and  experimental  investigations 
of  depolarization  effects,  multi-spectral  back- 
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scatter  and  absorption,  and  inelastic  scatter  are 
the  most  promising  technique  to  achieve  the 
required  improvement  for  measurements  from  ground 
and  aircraft.   The  first  phase  of  depolarization 
field  studies  and  the  expansion  of  the  lidar 
capabilities  to  two  wavelengths  have  been  complet- 
ed.  The  depolarization  technique  has  been  used 
In  the  impact  assessment  program  at  Colstrip, 
Montana  to  distinguish  stack,  emission  from  dust 
newly  risen  from  strip  coal  mines. 

TECHNICAL  DISCUSSION 

Unique  identification  of  atmospheric  aerosols 
may  come  from  Raman  spectra  or  (broad  band) 
absorption  and  backscatter  spectra,  to  be  investi- 
gated later  In  the  study.   Severe  technical  limi- 
tations prevent  immediate  application  of  these 
techniques.   Identification  algorithms,  under 
.construction,  will  use  impact  data  of  many  kinds 
to  obtain  the  greatest  precision.   Identifiers 
including  depolarization  effects  and  multiple- 
frequency  measurements  are  the  first  of  the  more 
complete  series  to  be  used  finally. 

Radiation  backseat tered  from  spherical 
particles  is  polarized  in  the  same  way  as  the 
incident  radiation.   Depolarization  of  the  back- 
scattered  beam  can  only  occur  when  the  scattering 
particles  are  non-spherical  or  when  multiple 
scattering  occurs.   Thus  depolarization  is  an 
indicator  of  departure  from  sphericity  of  par- 
ticles. 

The  lidar  system  shown  in  Figure  1  has  been 
carefully  revised  to  provide  accurate  measurement 
of  the  depolarization  of  the  backscattered  radiance. 
The  lidar  transmitter,  by  means  of  addition  polar- 
izing elements  inside  the  cavity,  transmits  a  beam 
vertically  polarized  within  a  few  percent.   The 
dual  polarization  receiver  has  been  constructed 
to  provide  the  ratio  of  intensities,  to  within  a 
few  psreent,  in  channels  polarized  parallel  and 
perpendicular  to  the  transmitted  polarization. 


, IR  Radiometer 


Laser  Output  Window 
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Control  and  Data  Crocrsslnn 


Figure  1.  Cut-away  view  of  remote  sensing  facility. 
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The  revised  polarization-sensitive  lidar 
system  has  been  employed  in  three  major  field 
experiments,  examining  the  depolarization  from 
many  kinds  of  atmospheric  particles.   As  a 
general  rule,  with  a  few  exceptions,  it  has  been 
found  that  particles  from  hot  sources  such  as 
power  plants,  kilns,  and  automobiles,  are  gener- 
ally spherical,  producing  very  small  depolariza- 
tion.  Invariably  the  non-sphericity  of  newly- 
risen  dust  is  indicated  by  large  (>  25%)  de- 
polarization.  This  technique  has  been  employed 
to  separate  backscatter  from  the  plume  of  stack 
emission  in  the  impact  assessment  program  at 
Colstrip,  Montana,  from  the  backscatter  due  to 
dust  from  the  coal  mines.   This  separation  per- 
mits tracing  of  the  plume  without  confusion  with 
other  sources.   Figure  2  shows  typical  unprocessed 
data  from  a  single  lidar  shot  with  mine  dust  at 
6.8  km  from  the  lidar,  and  stack  emission  from 
the  Colstrip  power  plant  at  11  km. 
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PROGRAM  DISCUSSION 

Two  steps  have  been  taken  to  improve 
remote  detection  and  measuring  methods  for 
particulate  pollutants.   The  first,  depolarization 
techniques,  has  proven  useful  in  studying  plume 
dispersion  in  impact  assessment  programs  and  in 
distinguishing  plumes  from  natural  background 
aerosols.   Preliminary  results  on  two  wavelength 
techniques  have  indicated  potential  for  improved 
identification  of  particles.   Theoretical  studies 
have  resulted  in  improved  application  of  mathe- 
matical inversion  algorithms  to  deduce  the 
properties  of  particles  from  their  electromagnetic 
signatures . 


CONCLUSIONS 

The  effort  to  improve  particle  identification 
and  determination  of  characteristics  has  success- 
fully employed  depolarization  techniques  in  impact 
assessment  studies  at  Colstrip,  Montana.   Initial 
tests  of  the  dual  wavelength  system  are  encourag- 
ing for  more  accurate  depolarization,  and  multiple 
wavelength  studies  are  now  complete.   Theoretical 
studies  have  supported  and  directed  the  evolving 
techniques . 


The  immediate  future  will  be  occupied  with 
field  tests  of  the  depolarization  technique  and 
the  two  wavelength  technique.   Plans  are  being 
formulated  for  the  study  of  differential  absorption 
and  inelastic  scatter  techniques. 


LIDAR  BACKSCATTER 


PARALLEL     POLARIZATION 


STACK    EMISSION 

(NO     DEPOLARIZED 
COMPONENT) 


FILE   46  RECORD -14  AZ-319  3  EL     2  1     FLT-000  JUNE   6.1976 


Figure  2.   Depolarization  of  smoke- 
stack particulates  and  mine 
dust . 


RANGE(km) 


13.7 


468 


13 


NOAA  Technical  Memorandum  ERL  WPL-24 
July  1977 

SPECTRAL  TRANSMISSION  OF  WATER  VAPOR  FROM  1  to  12000  cm"1 
AT  LOW  CONCENTRATION  AND  LOW  TEMPERATURE 

V.  E.  Derr  and  R.  F.  Calfee 


The  transmi ttance  of  v/ater  vapor  in  the  spectral  range  0-12000  cm-l 
is  presented  for  T  =  245  K,  a  pressure  of  0.66  atmospheres,  and  for  five 
values  of  total  precipitable  v/ater  content  between  2.1  and  1070  urn. 
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Technical  Digest,  Topical  Meeting  on  Optical  Propagation  through  Turbu- 
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THE  BUMP  IN  THE  VARIANCE  OF  LOG- INTENSITY 


R.  J.  Hill  and  S.  F.  Clifford 

NOAA/ERL/Wave  Propagation  Laboratory 

Boulder,  Colorado  80302 


Accurate  measurements  of  the  spatial  power  spectrum  of  temperature  fluc- 
tuations in  the  atmospheric  surface  layer  have  been  performed  by  Champagne  et 
al.  [1977]  and  by  Williams  [1974].   These  measurements  reveal  that  at  high 

-11/3 
wave  numbers  the  temperature  spectrum  becomes  larger  than  the  K  '     law 

predicted  by  Oboukhov  [1949]  and  Corrsin  [1951];  of  course,  at  yet  higher  wave 
numbers  the  temperature  spectrum  decreases  rapidly  due  to  the  diffusion  of 
heat.   Several  theoretical  models  of  the  scalar  transfer  spectrum  for  quanti- 
ties advected  by  turbulent  flow  have  been  developed  by  Hill  [1977],   When 
applied  to  temperature  fluctuations  in  air  one  of  these  models  is  in  excellent 
agreement  with  the  data  of  Champagne  et  al.  [1977]  and  of  Williams  [1974]. 
Therefore  there  now  exists  an  accurate  model  of  the  temperature  spectrum  for 
use  in  calculating  quantities  relevant  to  optical  propagation  through  turbu- 
lence.  Moreover,  the  scalar  spectral  model  is  capable  of  predicting  the  form 
of  such  spectra  as  the  humidity  spectrum.   The  purpose  of  this  paper  is  to 
present  results  of  a  calculation  of  the  variance  of  log-intensity  for  unsat- 
urated conditions  using  the  aforementioned  realistic  model  of  the  temperature 
spectrum.  Only  the  case  of  point  transmitters  and  receivers  is  considered. 

In  the  inert ial -convective  range  the  temperature  spectrum  is  given  by 

$T(K)  =  (47T)"1  3  X  e"1/3  K~11/3  (1) 

where  y  is  the  rate  of  dissipation  of  mean-squared  temperature  fluctuations 
and  z    is  the  rate  of  viscous  dissipation  of  turbulent  kinetic  energy  per  unit 
mass  of  fluid.   The  constant  6  is  obtained  by  considering  the  measurements  of 
Champagne  et  al.  [1977]  and  Williams  [1974];  we  take  3  =  .71-7.  Hitherto, 
calculations  of  quantities  relevant  to  optical  propagation  through  turbulence 
have  used  a  temperature  spectrum  due  to  Tatarskii  [1971],  namely 

$T(K)  =  (4tt)_1  6  X  e"1/3  K"U/3  exp(-K2/K^)  (2) 

where  K   =  5.92/1    .      The  inner  scale  I     is  defined  as  the  value  of  the  spacing 

mo  o 

r  at  which  the  largc-r  and  small-21  asymptotic  forms  of  the  temperature  struc- 

3   1/4 
ture  function  are  equal.   The  Kolmogorov  microscale  n.  is  given  by  (V  /z)         , 

where  v  is  the  kinematic  viscosity.   Without  reference  to  the  actual  form  of 

the  temperature  spectrum,  other  than  equation  (1),  the  following  relationship 

holds  between  £   and  n. : 


15 


TuBl-2 


V 
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where  Pr  is  the  Prandtl  number  and  T   is  the  Gamma  function. 

Pr  =  .72  and  obtain  i  /r\   =   7.39. 
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Figure  1.      Spatial  power  spectrum 
of  temperature  fluctuations   <!>  . 
Solid  curve:   realistic  model; 
dashed  curve:   from  equation    (2). 


-1  1/3  1 1/3 
In  Figure  1  we  plot  4ttx  E   K    $t(K)  as  a  function  of  the  scaled  wave 

number  (Kn.) .   The  solid  curve  is  the  realistic  model  given  by  Hill  [1977] 
whereas  the  dashed  curve  is  equation  (2).   The  outstanding  feature  in  figure  1 
is  the  pronounced  bump  in  the  temperature  spectrum  which  is  not  represented  by 
equation  (2).   Equation  (2)  constitutes  an  assumption  for  $„(K)  which  is  not 
accurate  for  wave  numbers  higher  than  those  at  which  equation  (1)  holds. 
Reference  to  equation  (1)  shows  that  the  curves  in  figure  1  must  tend  to  the 
constant  8  for  wave  numbers  in  the  inertial-convective  range.   The  curves  in 
Figure  1  are  universal  in  the  sense  that  these  curves  do  not  change  with 
changes  in  x  or  e  (i.e.,  with  changes  in  C  ). 

The  immediate  implications  of  the  bump  in  the  temperature  spectrum  is 
that  there  is  enhanced  optical  scintillation  when  the  Fresnel  zone  size  lies 
at  a  length  scale  corresponding  to  the  bump.   The  variance  of  log-intensity  is 
calculated  for  a  spherical  wave  in  a  homogeneous  medium  using  equation  (T8)  of 


Lawrence  and  Strohbehn  [1970]  for  various  values  of  /XL/Z    .      In  the  limit 


AL/£  >>  1  equation  1  implies  that 


o?   .*   .5C2k7/6lH/6 
£nl  n 


ai/A,     »    1 


(3) 
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The  calculated  cC  r  scaled  by  the  above  limiting  formula  is  presented  in 
Stnl 

figure  2;  the  solid  curve  corresponds  to  the  realistic  temperature  spectrum 

whereas  the  dashed  curve  is  calculated  using  equation  (2).   For  very  large 

/XL/i  both  curves  must  tend  to  unity,  whereas  for  small  fkl./l      the  variance 

o  o 

must  tend  to  zero  because  of  the  rapid  decrease  of  the  temperature  spectrum  at 
high  wave  numbers.   The  bump  in  the  temperature  spectrum  produces  a  corre- 
sponding bump  in  the  variance  of  log-intensity. 


A  more  conventional  presentation  of  the  variance  of  log- intens i ty  is 
presented  in  Figure  3 


For  fixed  /AL/2,  a  value  from  Figure  2  is  the  slope  of 
a  straight  line  on  Figure  3.  The  straight  lines  implied  by  the  solid  curve  in 
Figure  2  and  the  corresponding  values  of  /\L/£   appear  in  Figure  5  along  with 
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Figure  2.      The  variance  of  log-intensity . 
Solid  curve  is   from  the  realistic  model 
of  the   temperature   spectrum.      Dashed 
curve  is  from  equation    (2). 


Figure   3.      Comparison  of  the 
variance  of  log-intensity 
with  data. 


the  data  points  obtained  by  Ochs  [19691.   Much  of  the  data  is  seen  to  lie  to 
the  left  of  the  steepest  straight  line.   This  disagreement  with  theory  remains 
even  when  the  data  is  segregated  according  to  estimates  of  I    .      The  discrep- 
ancy between  data  and  theory  is  greater  for  the  dashed  curve  in  Figure  2  than 
for  the  solid  curve. 
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Consider  the  case  of  red  light  propagating  along  a  path  a  few  meters 

nbovc  the  ground.   For  a  SO  m  path  vXL/Z      mav  he  as  small  as  .7.   For  a  500  m 

r—  o 

path,  vWJt     may  lie  as  large  as  6.   Consequently,  lasers  used  on  short  paths 

in  the  surface  layer  are  typically  operating  on  the  steep  portion  o(   the 
solid  curve  in  Figure  2.   A  /XT/P,   value  of  30  would  require  a  path  length  of 
roughly  150  km.   Therefore  the  interpretation  of  the  variance  of  log-intensity 
in  terms  of  C"  is  never  governed  by  the  limiting  formula  in  equation  (3). 
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Analysis  for  Pulsed  Coherent 
Lidar  System  Performance 

R.  M.  Huffaker  and  P.  A.  Mandics 

Wave  Propagation  Laboratory 

Environmental  Research  Laboratories 

National  Oceanic  and  Atmospheric  Administration 

Boulder,  Colorado  80302 

NOAA/WPL  is  developing  pulsed  coherent  lidar  systems  for  the  long-range 
(~  20  km)  measurement  of  atmospheric  wind  velocity.   Design  studies  have  been 
completed  for  ground-based  and  airborne  systems.   In  the  design  of  a  pulsed 
coherent  lidar,  a  thorough  analysis  of  the  system  parameters  that  affect  the 
signal-to-noise  ratio  (SNR)  is  essential.   A  sensitivity  analysis  of  para- 
meters affecting  the  SNR  of  these  systems  was  performed  and  these  results  will 
be  presented. 

Particular  features  of  the  SNR  equation  utilized  in  the  analysis  are: 

a)  A  shot-noise-limited  system  operation  is  assumed. 

b)  The  received  signal  is  assumed  to  be  within  the  bandwidth  of  a  fil- 
ter matched  to  the  transmitted  pulse. 

c)  The  effects  of  wind  shear,  wind  variability,  and  signal  amplitude 
fluctuations  are  not  considered. 

An  expression  for  the  signal-to-noise  ratio  has  been  derived  by  Sonnen- 
schein  and  Horrigan  (1971),  excluding  atmospheric  effects.   The  effects  of 
atmospheric  turbulence  and  attenuation  have  been  included  in  our  analysis. 

TD   n2   -2uR 
nJ$cT  D  e 


SNR  =         r  n  o        n2  ->  n  n 

•7-,L    r.2 .,   2.    ,ttD  .2  ,,  R.  2 
32hv  |^R  (1+a  )  +  (^~)   (1-^) 

where  n  =  total  system  and  detector  efficiency  (10%), 

J  =  transmitted  energy  in  joules, 

3  =  atmospheric  backscatter  coefficient  in  m   , 

c  =  velocity  of  light  (3.0  x  10  m/s) , 

T  =  pulse  duration  in  seconds, 
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D  =   transmitter/receiver  optics  diameter  in  meters, 

y  =  atmospheric  extinction  coefficient  in  meters   , 

-20 
hv  =   Planck's  constant  x  frequency  of  the  radiation  (1.9  x  10    joule: 

R  =  range  in  meters, 

A  -     wavelength  in  meters  (10.6  x  10   m) , 
f  =   focal  length  In  meters, 

-  2uR 
e     -   represents  the  effect  of  atmospheric  extinction  for  a  two-way  path, 


7TD" 

4T~ 


accounts  for  near-field  effects  which  cause  non-planar  wavefronts 
at  close  ranges, 


\--~       -      is  a  focusing  term  (it  has  an  effect  only  in  the  near  field), 

2 
1+a   -   accounts  for  the  effects  of  the  atmospheric  turbulence  structure 

coefficient  on  system  SNR  performance, 

2 
2     D 
a  =  — 


(2r  )2 
e 

r  =  0.1048  A    R~  '  ^  (C   )     is  a  turbulence-limited  effective 
e  n 

optics  radius,  and 

-1/3 

C  =  refractive  index  structure  parameter  (m    ) . 

n  r 

The  study  consisted  of  a  careful  evaluation  of  the  following  parameters: 
Optics  Size: 

The  primary  factor  affecting  the  optics  size  of  a  coherent  lidar  is  the 

2 
state  of  atmospheric  turbulence  characterized  by  C   .   The  expected  performance 

2   n 
of  a  pulsed  coherent  lidar  as  a  function  of  C   ,  optics  size,  and  range  was 

determined.   For  a  wavelength  of  10.6  urn  (CO   lidar)  and  a  range  of  20  km,  an 

optics  diameter  of  .5  m  would  allow  C   values  up  to  10    m     along  the 

path  without  large  signal-to-noise  ratio  losses. 
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Atmospheric  Attenuation: 

Models  of  clear-air  atmospheric  absorption  were  generated  using  data 
from  McClatchey  and  Selby  (1972)  which  included  absorption  by  C02  and  H20  for 
five  model  atmospheres.   Attenuation  caused  by  rain,  fog,  and  clouds  is 
treated  in  a  companion  paper  by  Pratte  and  Westwater  (1977). 
Backscatter  Coefficient  (g)  at  10.6  ym: 

The  backscatter  coefficient  as  a  function  of  altitude  was  determined  from 
Mie  calculations  utilizing  experimental  particulate  number  densities  and  size 
distributions  reported  in  the  literature  and  assuming  an  average  index  of 
refraction. 

The  expressions  for  8  (in  m   )  as  a  function  of  altitude  are  as  follows: 
B  =  1.4  x  10"7e"3511,   0  km  <  H  <  10  km 

6  =  1.3  x  10"7e""33H,  10  km  <  H  <  18  km 

-9  -  14H 

6  =  5.0  x  10  e     ,  18  km  <  H  <  30  km 

where  H  is  the  height  in  meters. 

Effects  of  Atmospheric  Turbulence;  the  Refractive  Index  Structure  Parameter: 

2 
The  simple  model  for  C   as  a  function  of  altitude  used  in  the  performance 

evaluation  was  (Ochs  and  Lawrence,  1972), 

r   2  2  -4/3 

C   =  C    x  H 
n     no 

2      -11   -2/3 
where  C    =10    m     is  the  near-surface  (H  =  1  m)  value,  and 
no 

H    -  height  in  meters. 

Summary: 

Parametric  analysis  for  pulsed  coherent  lidar  systems  performance  which 

2 
shows  effects  of  C   ,6,  optics  size,  range,  atmospheric  attenuation,  and 

precipitation  for  horizontal  and  slant  paths  has  been  completed.   Figure  1 

illustrates  the  expected  SNR  performance  for  the  tropical  model  atmosphere 

and  the  listed  system  parameters.   These  results  indicate  the  feasibility  of 

developing  a  long-range  (20  km)  pulse  coherent  lidar  for  measuring  atmospheric 

wind  velocity. 
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TROPICAL  MODEL  ATMOSPUGRE 

P18  Laser  Line 
X  =  10.6  um 

1.4  x  10"   exp(-0.3SII)   0  <  H  <  10  km 

:   1.3  X  10"   cxp(-0.33ll)  10  <  II  <  18  km 
-9 
5  x  10   cxp (-0.1411)  18  <  II  <  30  km 

H  =  Height  Above  Surface,  m 

9  =  Azimuth  Angle 


100 


Figure  1.   Performance  of  ;i  ground -based  pulsed  coherent  C0_ 
for  various  atmospheric  propagation  paths. 
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A  REVIEW  OF  THE  OPTICAL  EFFECTS  OF  THE  CLEAR  TURBULENT  ATMOSPHERE 

Robert  S.  Lawrence 
National  Oceanic  and  Atmospheric  Administration 
Environmental  Research  Laboratories 
Boulder,  Colorado  80302 

Abstract 

The  refractive  irregularities  that  are  responsible  for  the  atmospheric  degradation 
of  optical  images  arise  from  variations  in  temperature  of  the  atmosphere.   We  present  a 
non-mathematical,  physically  based  description  of  these  irregularities  and  how  they  con- 
tribute to  the  degradation  of  an  image.   Irregularities  near  the  image  contribute  only 
through  the  distortion  of  the  wave  front,  thereby  distorting  or  spreading  the  image  of  a 
point  source.   More  distant  irregularities  produce,  in  addition,  scintillations  or 
fluctuations  in  the  intensity  of  the  light.   The  random  apodization  resulting  from  scin- 
tillations further  degrades  the  image. 

Introduction 

Refract ive -  index  variations  in  the  clear  atmosphere  affect  light  waves  passing 
through  them  and,  in  most  cases,  degrade  the  performance  of  optical  systems.   We  shall 
describe  the  refract ive -  index  variations  with  particular  attention  to  the  small-scale 
fluctuations  associated  with  atmospheric  turbulence.   Then  we  shall  consider  the  effects 
of  the  fluctuations  on  optical  systems,  emphasizing  the  motion,  blur,  and  scintillation 
produced  in  the  image  of  a  point  source.   Although  we  shall  usually  describe  the  effects 
in  the  context  of  the  image  of  a  star  seen  with  a  ground-based  telescope,  that  description 
applies  with  only  minor  and  obvious  modifications  to  other  situations  such  as  ground-to- 
ground  paths. 

We  make  no  attempt  to  present  mathematical  details  or  a  comprehensive  bibliography. 
Readers  desiring  such  information  are  referred  to  a  review  paper  by  Lawrence  and 
Strohbehn(l)  containing  95  references.   More  recent  information  will  be  found  in  a  review 
by  Fante(2)  and  in  a  forthcoming  book  being  edited  by  Strohbehn .  (3) 

The  Refractive  Index  of  the  Atmosphere 

The  refractivity  of  air  at  optical  frequencies  is,  to  a  good  approximation,  simply 

N  =  79  y  CI) 

Here,   P   is  the  atmospheric  pressure  in  mb  and   T   is  the  temperature  in   K.   N'E(n-l)106 
is  the  deviation  of  the  refractive  index  from  unity  in  parts  per  million.   N   is  roughly 
290  at  sea  level.   This  approximation  neglects  the  variation  of   N   with  wavelength  and 
the  minor  effect  of  the  variation  of  air  density  caused  by  the  presence  of  water  vapor. 
The  wavelength  dependence  of   N   is  about  10  percent  over  the  optical  range;   the  humidity 
dependence  is  less  than  1  percent  but  its  small-scale  structure  may  sometimes  be  signifi- 
cant.  These  matters  have  been  reviewed  in  detail  by  Owens  (4)  and  by  Friehe  et  al.(->) 

Large-scale  Variations  and  Their  Optical  Effects 

Large-scale  variations  in  refractivity,  referring  to  spatial  sizes  greater  than 
about  a  meter  and  durations  longer  than  about  10  seconds,  are  primarily  caused  by  the 
exponential  decrease  of  pressure  with  height  and  the  tendency  of  a  convectively  stable 
air  mass  to  support  long-lived  vertical  temperature  gradients  of  large  horizontal  extent. 

2         /SPIE  Vol.  75  (1976)  Imaging  through  the  Atmosphere 
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An  optical  ray  arriving  at  the  surface  of  the  earth  from  a  star  suffers  downward 
bending  as  it  passes  through  the  atmosphere  of  steadily  increasing  refractive  index.   The 
bending   i   of  the  ray  is  known  as  astronomical  refraction.   For  a  grazing  ray  at  sea 
level,  a  typical  value  for   x   is  10  mrad  (34  minutes  of  arc;   slightly  more  than  the 
apparent  angular  diameter  of  the  sun).   Since  the  optical  refractive  index  is  approximated 
by  the  dry  term  of  the  radio  refractive  index,  the  discussion  of  average  tropospheric 
radio  refraction  given  by  Bean  and  Dutton(6),  including  the  use  of  the  surface  value   Ns 
to  estimate   t,  is  directly  applicable  to  the  optical  case  if  the  humidity  is  taken  as 
zero.   A  more  elaborate  procedure,  including  a  description  of  the  appropriate  computer 
program  and  applicable  to  all  cases,  including  satel 1 ite -  to- satell ite  paths,  has  been 
published  by  Gar f inkel . ( 7) 

The  downward  bending  of  an  optical  ray  also  occurs  on  ground-to-ground  paths.  The 
curvature  of  the  ray  is  caused  by  the  vertical  gradient  of  refractive  index.  Following 
the  procedure  used  by  Bean  and  Dutton,  (6)  in  their  section  2.5.3,  we  may  differentiate 
the  equation  for  refract iv-ity  to  obtain,  for  sea-level  conditions  at  0°  C, 

^  =  . 28  4r-  "  1-04  ~  (Units  mentioned  below)    (2) 

Ah        Ah         Ah      ^ 

AP 
If  we  assume  that  the  vertical  pressure  gradient   -^r-  maintains  its  standard  sea-level 

value  of   -12.1  mb/100  m,  we  can  calculate  the  temperature  gradient  needed  to  prevent 

bending  (AN=0)  of  the  ray  to  be  -3.3  °C/100  m.   Although  this  temperature  lapse  rate  is 

much  greater  than  for  a  normal  atmosphere  (-0.6  °C/100  m)  or  an  adiabatic  atmosphere 

(-1.0  °C/100  m)  ,  even  greater  lapse  rates  can  occur  directly  above  a  hot  surface.   Such 

conditions  give  rise  to  a  "mirage".   On  the  other  hand,  if  the  vertical  temperature 

gradient  becomes  strongly  positive,  as  may  happen  above  a  cold  surface,  downward  curvature 

of  the  ray  can  be  increased  to  approach  the  curvature  of  the  earth's  surface,  causing 

"looming".   The  temperature  gradient  needed  for  this  is  11.8  °C/100  m.   An  entertaining 

and  easily  readable  discussion  of  mirages,  looming,  and  many  other  optical  effects  has 

recently  been  prepared  by  Fraser  and  Mach.(8) 

Natural  variations  in  the  vertical  temperature  gradient  produce  hour-to-hour  changes 
in  the  apparent  position  of  a  distant  object.  A  typical  difference  between  day  and  night 
on  a  15-km  path  is  100  urad,  corresponding  to  a  temperature -gradient  change  of  0.7  °C/100m, 

Refractive  -  Index  Turbulence 

Whenever  we  refer  to  "turbulence"  we  shall  mean  refract ive -  index  (or  temperature) 
turbulence  rather  than  the  mechanical  or  velocity  turbulence  commonly  measured  with  hot- 
wire probes.   The  distinction  is  important  because,  when  the  atmosphere  is  in  neutral 
thermal  stability,  i.e.,  when  the  temperature  lapse  rate  is  adiabatic,  strong  mechanical 
turbulence  may  exist  with  little  or  no  optical  effect. 

The  most  widely  accepted  description  of  the  structure  of  mechanical  turbulence 
appeared  when  Kolmogorov (9)  considered  the  structure  function  D  between  two  components  of 
velocity,  call  them   a, 3   where   a, 6  =  x,y,z, 

D  0(r)  =  |v  U)-v„U  +  r)  |  2  (3) 

for  a  span   r   along  coordinate   £•   Purely  from  dimensional  analysis  he  found   D    to 
be  proportional  to  the  two-thirds  power  of  the  separation,  i.e., 

Dae(r)  =  Cap|r|»/»  (4) 

where   C  „   is  a  parameter  depending  on  the  components  and  the  energy  involved. 

An  advance  of  direct  interest  to  optical  propagation  came  when  Obukhov(lO)  anci 
Corrsin(H)  used  a  similar  dimensional  analysis  to  consider  the  temperature  fluctuations 
in  turbulence.   The  structure  function  of  this  scalar  parameter  turns  out  also  to  obey 
the  two-thirds  law,  i.e., 
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DT(r)    =    C||r|2'  3  (5) 
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where   Cf  ,  the  "temperature  structure  parameter",  depends  on  the  energy  involved  in  the 
turbulence . 

The  structure  of  mechanical  turbulence  has  been  treated  in  detail  in  a  number  of 
places,  e.g.  Lumley  and  Panof sky .  (12 J 

Pressure  fluctuations  in  turbulent  air  are  smoothed  out  with  the  speed  of  sound,  and 
are  negligible  compared  to  temperature  fluctuations.   Differentiating  the  equation  for 
refractivity  and  eliminating   5P,  we  see  that  the  refract ive -  index  fluctuations  are 
related  to  the  temperature  fluctuations,  by  the  formula 


SN 


79  ^r  6T 


Accordingly,  the  refractive- index  structure  function, 


DN(r) 


C  2  I  X-  I  2  /  3 

UNI  1   I 


T79  PT 


C||r|  2' 


(6) 


(?) 


where   D 


=  C^xio12 


and 


C^  is  the  refractive-index  structure  parameter. 


The  mean  value 


of  C^   tends  to  decrease  with  height  above  the  ground,  excepting  a  slight  peak  that  is 
commonly  present  near  the  tropopause  where  wind  shear  abounds.   Local  variations  in   C^ 
exceeding  a  factor  of  fifty  seem  always  to  be  present.   A  model  for  the  height  dependence 
of   C£  has  been  formulated  by  Hufnagel . (13)   Measurements,  taken  with  airplanes  and 
balloons,  have  been  published  by  Tsvang,(14)  by  Lawrence,  Ochs  and  Clifford, (15)  and  by 
Bufton  et  al.  (i6) 

Near  the  ground,  Cm  varies  significantly  from  day  to  night,  being  primarily  control 
led  in  the  daytime  by  the  unstable  convection  that  results  from  solar  heating  of  the 
ground.   Fig.  1  shows  a  typical  daily  variation  of  Cn  measured  with  fine-wire  resistance 
thermometers  2  m  above  the  ground.   The  minima  near  sunrise  and  sunset  occur  when  the 
ground  temperature  equals  that  of  the  air  because,  as  mentioned  earlier,  if  air  with 
uniform  temperature  (strictly  speaking,  with  an  adiabatic  lapse  rate)  is  mixed  by  mechan- 
ical turbulence  no  optical  effects  are  produced.   At  night,  the  atmosphere  tends  to  be 
stratified  in  layers  of  different  temperature  and  wind-driven  turbulent  mixing  produces 
measurable  levels  of  Cjj. 
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Fig.  1.   Typical  diurnal  variation  of  the  strength  of  refract  ive  -  index  turbulence  n.ear  the 
ground.   The  daytime  peak' results  from  heating  of  the  ground;   the  dips  at  15  hours 
are  caused  by  clouds  passing  in  front  of  the  sun. 

Optical  Effects  of  Refract ive- Index  Turbulence 

Phase  and  Amplitude  Distortion  of  the  Wave  Front 

Referring  to  Fig.  2,  let  us  consider  the  behavior  of  a  plane  wave  front   A   such 
as  might  arrive  from  a  star,  as  it  travels  through  the  turbulent  atmosphere.   Immediately 
after  passing  through  a  region  of  irregular  refractive  index,  the  wave  front   B   has  been 
distorted.   Since  absorption  and  wide-angle  scattering  are  negligible  in  the  clear 
atmosphere,  the  energy  density  of  the  wave  front   B   is  still  uniform  and  equal  to  its 
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free-space  value.   Thus  an  ordinary  square-law  detector  nlared  ar      r  ,j  u     cc 

by    the   wave-front,  distortions    and   incapable  of  measurlnE    them        The   di^oJn™    ™>""«ed 
course,    be  measured   by  a   phase-seusit ive    detector    sucnls    arintlrferoaeter^Vteiescope 
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Fig.  2.   The  effect  of  atmospheric 
irregularities  on  a  plane  wave  A. 
At   B   there  are  only  phase  distortions 

of  the  wave  front;   at   C   there  are  both 
amplitude  and  phase  distortions. 


Fig.  3.   The  size  I      of  the  irregularities 
most  effective  in  producing  scintil- 
lations is  such  that  distance   AL   exceeds 
distance  ZL  by  one-half  wavelength. 


From  the  geometry  of  Fig.  3,  we  see  that  the  diameter  of  the  most  effective  irregu- 
larity at  height   h   is  I    =   /Th ,    where   A   is  the  wavelength  of  the  light.   As  a 
numerical  example,  for  visible  light  of  wavelength   0.5  \im   and  for  a  height  of  10  km, 

I    =    7  cm. 


If  we  assume,  for  the  moment,  that  the  turbulence  is  uniformly  distributed  along  the 
path  between  the  top  of  the  atmosphere  and  the  receiver,  and  that  it  has  a  Kolmogorov 
spectrum  so  that  the  large  irregularities  are  more  intense  than  the  small,  it  is  clear 
that  the  mean-square  fluctuation  of  refractive  index  attributable  to  irregularities  of 
optimum  size  varies  systematically  along  the  path.   There  is,  therefore,  a  weighting 
function  that  expresses  the  relative  effectiveness  of  turbulence  in  producing  intensity 
fluctuations  as  a  function  of  path  position.   It  is  clear  that  this  weighting  function 
must  be  a  maximum  at  the  top  of  the  atmosphere  (or  at  the  middle  of  the  path  for  a 
ground-to-ground  path  with  a  point  source)  and  must  decrease  monotonically  to  zero  at  the 
receiver . 
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It  is  also  clear  that,  for  the  plane-wave  case  of  starlight,  the  intensity  pattern 
at  the  receiver  has  the  same  scale  size  as  the  irregularities  that  produced  it.   Thus,  in 
our  numerical  example,  turbulence  at  a  height  of  10  km  produces  an  intensity  pattern  on 
the  ground  that  has  a  predominant  size  of  7  cm  while  turbulence  at  lower  heights  produces 
smaller  scales . 

The  arguments  given  above  assume  simple  superposition  of  the  effects  of  irregular- 
ities at  various  points  along  the  path.   When  the  integrated  turbulence  on  the  entire 
path  becomes  too  large,  this  assumption  fails  and  the  scintillations  "saturate",  i.e., 
the  strength  of  the  scintillations  is  no  longer  proportional  to  the  strength  of  the 
turbulence  that  produced  them.   When  saturation  exists,  the  most  effective  portion  of  the 
path  moves  toward  the  receiver  (or,  for  ground-to-ground  paths  with  a  point  source, 
toward  the  ends  of  the  path)  and  the  scale  sizes  in  the  pattern  are  affected  accordingly. 

In  summary,  distortions  in  the  phase  of  a  plane  wave  from  a  star  traveling  through  a 
clear,  uniformly  turbulent  atmosphere  are  produced  equally  by  turbulence  at  all  locations. 
Because  of  the  Kolmogorov  spectrum,  the  large-scale  eddies  in  the  turbulence  produce 
greater  phase  shifts  than  do  the  smaller  scales.   The  amplitude,  or  intensity  fluctuations 
in  the  wave  front  are  produced  predominantly  by  the  turbulence  high  in  the  atmosphere, 
and  the  sizes  of  the  pattern  vary  as  the  square  root  of  the  distance  to  the  turbulence. 

It  is  convenient  to  describe  the  magnitude  of  the  phase  fluctuations  in  terms  of  the 

phase  structure  function,   D^(r),  which  is  simply  the  mean  square  phase  differences 

between  two  points  a  distance   r  apart  on  a  plane  parallel  to  the  mean  wave  front.   The 

Kolmogorov  spectrum  of  turbulence  produces  wave  front  distortions  that  have  a  particular 

form  of  phase  structure  function,  viz., 

D^(r)  <x  rJi    .  (8) 

Thus,  for  waves  that  have  passed  through  natural  turbulence  in  the  atmosphere,  the  magni- 
tude and  nature  of  the  phase  fluctuations  can  be  completely  specified  by  a  single  number, 
r  ,  known  as  the  phase  coherence  length,  which  is  the  value  of   r   for  which   Drfl(r)=l. 

For  starlight  at  the  ground 

28  8    /   °° 
D^r)  =  -—-  r5/3  |  C£  dh  (9) 

in   SI   units,  and   r    is  of  the  order  of  5  to  15  cm. 
'        o 

The  strength  of  scintillations,  on  the  other  hand,  is  described  in  terms  of  the 
contrast  between  the  light  and  dark  areas.   The  most  common  measure  of  this  contrast  is 
the  "log-amplitude  variance" 


K[""«   U')  <10) 


where   I   is  the  instantaneous  intensity  (or  irradiance)  of  the  wave  and   IQ   is  its 
long-term  average.   The  pointed  brackets  denote  averaging.   Another  frequently  used 
measure  of  the  strength  of  scintillations  is  the  "scintillation  index" 

[<(I-I0)2>]15 

Sj  =    ^ .  (11) 

o 

For  scintillations  produced  by  the  Kolmogorov  turbulence  in  the  atmosphere,  the  logarithm 
of  the  intensity  has  a  normal  or  Gaussian  probability  distribution  and  the  relation 
between  log-amplitude  variance  and  scintillation  index  is 


a2  = 
X 
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Notice  that,  unlike  phase  fluctuations,  the  scintillations  are  measured  by  quantities 
that  give  no  indication  of  the  scale  size  of  the  pattern.   This  is  because  the  pattern 
size  is  usually  determined  by  the  distance  to  the  turbulent  layers  and  is  independent  of 
the  strength  of  the  turbulence.   An  exception  occurs  when  the  scintillations  saturate, 
i.e.,  when 


to  larger  and  smaller  scales 
horizon . 


For  starlight,  this  happens  only  for  stars  near  the 


The  log-amplitude  variance  is  related  to  the  strength  of  turbulence   C2  throughout 
the  atmosphere  by  the  formula 


4.  7 


X 


A 


4*  r  c»  h 

7/6  i      n 


:/, 


dh 


(13) 


in   SI   units.   The  factor   h      in  this  formula  shows  that  the  turbulence  at  great 
heights  is  more  effective  in  producing  scintillations  than  is  the  turbulence  near  the 
ground . 

Effect  of  Wave-Front  Distortions  on  a  Stellar  Image 

The  phase  and  intensity  distortions  of  the  wave  front  each  affect  the  ability  of  a 
telescope  to  form  a  point  image  of  a  star,  though  in  different  ways.   Considering  first 
the  phase  distortions,   we  must  discuss  separately  the  effect  of  scale  sizes  larger  than 
the  telescope  aperture  diameter   d   and  those  smaller  than   d.   If  we  call  the  mean- 
square  variations  of  phase  difference  over  the  aperture  due  to  the  large  scale  sizes 
A<f>|   and  the  corresponding  variations  due  to  small  sizes   A<j>|,  we  can  write 


A*s  +  A*£ 


D„(d) 


(14) 


The  phase  variations  A<\>i      larger  than   d   simply  change  the  position  of  the  stellar 
image  in  the  focal  plane  of  the  telescope.   Thus,  for  exposure  times  short  compared  with 
the  time  it  takes  for  wind  to  blow  across  the  diameter  of  the  telescope,  the  quality  of 
the  image  is  unaffected  by  these  large  phase  irregularities.   On  longer  exposures,  the 
image  wanders  through  an  angle   A/r0,  causing  a  long-exposure  smearing  of  the  image. 
This  long-exposure  smearing  angle  is  independent  of  telescope  diameter  as  long  as   d>r  . 


The  phase  variations   A<})s  smaller  than  the  telescope  aperture  act  as  independent 
prisms  of  diameter   r,   each  forming  a  separate  image  that  is  spread  bv  a  diffraction 

angle   A/r.   These  become  important  only  as   D(j)(r)   approaches  unity,  and  the  integrated 
effect  of  all  these  small  phase  irregularities  produces  the  "short -exposure"  spreading 
which  is  of  the  order  of  A/rQST.   The  short  -  exposure  phase  coherence  length   rQST   ^s 
defined  in  the  same  manner  as  r0 ,  except  that  only  phase  irregularities  smaller  than  the 
aperture  diameter  are  involved.  Yura(l')  has  shown  that 


r  ST  =  r  [l  +  0.37(r  /D)  l/ 3 
0      o L  o  ' 


(15) 


which  is  10  to  40  percent  greater  than   r0   for  telescopes  of  modest  diameter.   We  see 
that,  as  far  as  the  formation  of  a  small  stellar  image  is  concerned,  there  is  no  advantage 
to  having  a  telescope  diameter  larger  than   r( 


ST 


The  scintillations  may  also  degrade  the  image  if  the  scintillation  index,  as  measured 
by  a  small-aperture  receiver,  is  greater  than  about  0.2.  Since  the  scintillations  have  a 
predominant  size  equal  to  a  Fresnel  zone   /Ah  (where   h   is  the  height  of  the  highest 
scintillation-producing  layer  in  the  atmosphere),  the  angle  through  which  these  random 
apodizers  can  spread  the  image  is  of  the  order  of 


/X7K 


(16) 


We  see  that  scintillations  cause  significant  image  degradation  relative  to  that  caused  by 
phase  fluctuations  only  when   r0  >  /Th.   This,  of  course,  depends  on  the  relative  strength 
of  the  turbulence  in  the  upper  atmosphere  compared  with  that  near  the  ground  just  above 
the  observatory.   The  intensity  of  the  blurred  image  caused  by  scintillation  is  always 
less  than  that  caused  by  phase  fluctuations,  the  ratio  never  exceeding  about  0.2. 
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SMURATION  01  SCINTILLATIONS  AND  IIS  EFFECT  ON  REMOTE -SENSING 
AND  TELECOMMUNICATIONS  SYSTEMS 

R.  S.  Lawrence  and  S.  F.  Clifford 
NOAA  Research  Laboratories 
Boulder,  Colorado  80302 
(U.  S.  A.) 


SUMMARY 

As  the  strength  of  the  turbulent  fluctu- 
ations of  refractivity  distributed  along  an 
extended  path  increases,  the  resulting  scin- 
tillations eventually  saturate,  i.e.  their 
variance  ceases  to  increase  and,  in  fact, 
begins  to  decrease.   When  saturation  appears, 
the  spatial  and  temporal  spectra  of  the  scin- 
tillations are  modified,  as  is  the  weighting 
lunction  that  describes  the  relative  impor- 
tance of  turbulent  fluctuations  at  various 
points  along  the  path.   These  modifications 
affect  the  interpretation  of  those  remote- 
sensing  systems  that  rely  upon  the  presence 
of  scintillations  to  deduce  the  turbulent 
structure  or  motions  of  t tie  propagation 
medium,  and  the)-  affect  the  performance  of 
t e  1  ecommun i cat  ions  systems,  especially  those 
using  diversity  or  1 arge- aperture  techniques 
to  reduce  fad  ing  . 

We  present  a  physically  based,  heuristic 
theory  for  the  onset  of  the  saturation  phenom 
i non,  and  wc  show  how  it  can  he  used  to  under 
stand  and  predict  the  effects  of  sat  lira  I  inn 
on  remote -sens ing  and  telecommunications 
systems .  . 


1 


INTRODUCTION 


The  thin-screen  diffraction  theory 
of  ionospheric  scintillations  first  proposed 
bv  booker,  Ratcliffe,  and  Shinn  (1950)  and 
the  diffraction  theory  for  the  twinkling  of 
stars  proposed  by  Little  (1951)  have  been 
elaborated  by  many  workers  over  the  years 
i  see  especially  Tatarski  (1961,  1971)).   These 
theories  have  been  remarkably  successful  in 
ptidicting  t  Ik  effects  on  e I ec 1 1 omagnct  i i 
waves  of  random  port urhat  ions  ol  the  rcfiai 
tlvc  index,  provided  those  perturbations  are 
•  II  (  I  i  c  i  cut  I  y  weak  ot  occur  in  a  sufficiently 
icst licted  portion  of  the  propagation  path. 


When,  as  in  propagation  near  the  ground 
through  the  turbulent  atmosphere,  the  refrac- 
tivity fluctuations  are  strong  and  extend 
along  a  considerable  portion  of  the  path,  the 
scintillations  saturate,  i.e.  their  variance 
no  longer  increases  in  proportion  to  an 
increase  in  the  path-averaged  fluctuation  of 
refractivity.   When  saturation  occurs,  the 
scale  sizes  of  the  scintillation  pattern 
change,  and  the  scintillations  are  no  longer 
described  by  the  theories  mentioned  above. 

An  example  of  the  saturation  effect  is 
shown  in  Figure  1,  in  which  the  normal  diurnal 
variation  in  the  square  root  of  the  refractive- 
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Fig.  I.   The  variation  of  the  square  root  of 
the  1 og -amp  I  i  t ude  variance  at  each  of  four 
path  lengths  compared  to  the  square  root  of 
the  re f rac t i ve  -  i ndex  structure  constant  C' 
for  a  2<i  hr  period.   X  -  0.63  um. 


index  structure  parameter  ('"  (lowest  cuivcl  is 
well  reproduced  by  optical  scintillations  on 
a  5(1  m  p.'llh  but  not  mi  long'ci  path..   Theoi  ios 
that  permit  quantitative  predict  inn  of  t  lie 
saturation  effect  have  been  presented  hv 
CI  if  I'oid,  Ochs,  and  Lawrence  f  I  i»  7  •!  1  ,  h\  Una 
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(1974)  and  by  Fante  (1P7S).   Clifford  and  and  ■■  c    see  th.it  this  value  of   r   is  the  most 

Yura  (  1  !>  'I  )  and  Fante  11970)  subsequently  effective  irregularity  size  at  point   Z.   This 

showed  that  all  three  theories  are,  in  fact,  size   r   is  plotted  as  the  lower  solid  curve 

equivalent.   here  we  review  this  theory  brief-  of  Figure  3.   Notice  that  it  reaches  a  maximum 

)v  and  indicate  its  application  to  some  size,   one-half  a  Fresnel  zone  radius  for  a 

practical  remote- sens ing  and  telecommunications  plane  wave  at  a  distance   1.   from  the  receiver, 

systems.  at  the  center  of  the  path. 


2  -  TIIF  THEORY  Of  SATURATION 

The  simple  diagram  in  Figure  2  illustrates 
the  geometry  involved  in  the  production  of 
scintillations.   Looking  first  only  at  the 
solid  lines  in  the  diagram,  light  from  a 
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Fig.  2.   The  geometry  involved  in  the  dis- 
cussion of  the  diffraction  theory  of  scin- 
tillation.  Weak  scintillations  are  caused 
predominantly  by  irregularities  such  as  Z  A 
and  ZB,  represented  by  solid  arrows.    In 
saturation,  the  most  effective  irregularities 
are  represented  by  dashed  arrows. 


source  at  the  origin,  point  0,  is  received  at 
point  L.   According  to  the  diffraction  theory 
of  scintillations,  a  refractive  irregularity  cf 
size   r   at  point   Z   can  he  effective  in  pro- 
ducing scintillations  at   L   only  if  it  is 
large  enough  so  that  the  difference  between 
the  paths  OBL  and  OZL  is  at  least  one-half 
wavelength,   X/2 ,  so  that  the  two  rays  can 
interfere  destructively.   Working  out  the 
e.eometrv,  we  see  that  this  means 


Now,  an  irregularity  of  size   r   will  diffract 
light  through  an  angle   9U/r.   The  diffrac- 
tion angle  needed  for  the  light  to  reach   L   is 
•  _'  l '  /  I  I  -  :  I  *  ]■  / :  .   These  two  requirements  are 
sa  t  i  s  f  i i d  on  1 v  when 


(1) 


Fig.  3-    Solid  curves  show  the  sizes  of  the 
most  effective  irregularities  and  of  the 
resulting  scintillation  pattern  for  weak 
scintillations.    Dashed  curves  illustrate  the 
same  quantities  for  partially  saturated  scin- 
tillations. 


Because  the  light  is  emanating  from  a 
point  source,  the  pattern  produced  at   L   by 
the  i rregular i ty  at   Z   is  magnified  by  the 
factor  L/Z.   Thus,  the  pattern  size  is 


P 

plotted  as  the  upper  solid  curve  in  Figure  3. 
Notice  that  the  small  features  in  the  scin- 
tillation pattern  arise  from  refractive 
irregularities  near  the  receiver,  the  large 
features  arise  from  irregularities  near  the 
source,  and  the  most  prominent  pattern  size 
is  the  Fresnel -zone  size  /XT . 

This  knowledge  of  the  pattern  size  and  the 
eddv  size,  along  with  information  about  the 
spectrum  of  turbulence,  permits  us  to  calculate 
the  spatial  autocorrelation  function  of  the 
scintillation  pattern.   The  solid  curve  of 
Figure  -1  shoks  this  function  foi  the  case  (>  I 
turbulence  with  a  kolmogorov  spectrum  distri- 
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Fig.  'i.   The  sp.iti.il  autocorrelation  function 
for   eak  scintillations  (solid  curve)  and  for 
partally  saturated  scintillations  (dashed 
c  u  r  v  )  . 


hute!  uniformly  along  the  path.   Here,  again, 
we  si e  that  Fresnel • :one  sized  features  are 
prominent  in  the  pattern. 

So  far. we  have  considered  each  refractive 
irregularity  to  act  independently  of  the 
othcis.   This  is  an  adequate  explanation  of 
scintillations  when  the  refractive  irrcgular- 
itio   are  sufficiently  weak  or  when  they  are 
confined  to  a  small  portion  (thin  diffracting 
screen)  of  the  path.   Looking  back  at 
Figu  cs  2,  i,  and  4,  hut  this  time  considering 
the  dashed  lines,  we  can  understand  the  more 
complicated  situation  that  results  when  the 
strong  irregularities  occur  along  the  entire 
path.   I h i s  is  the  situation  that  gives  rise 
to  s.i  tura  t  i  on  . 

In  Figure  2,  when  sufficient  refractive 
perturbations  (indicated  by  the  wavy  dashed 
line^J  are  present  between   0   and   2,   the 
irregularity  of  size      r      at   Z   can  no  longer 
be  effective  in  producing  a  scintillation  at 
1..   Ihis  will  be  the  case  if  the  wavefront 
arrning  at   Z   is  already  randomly  distorted 
by  mere  than  about  one  radian  relative  to  an 
unperturbed  spherical  surface.   Then,  some 
smaller  size  irregularity,  indicated  by  the 
dashed  arrow  at  Z,  will  he  more  effective. 

10  quantify  the  preceding  argument,  we 
introduce  the  concept  of  the  "transverse 
coherence  length"   c>o   of  the  wave.   This  is 
rouglly  defined  as  the  transverse  distance 
over  which  the  root -mean  -  square  distortion  of 
the  wive front  exceeds  one  radian.   As  a  wave 
propagates  through  a  randomly  varying  medium 


r,  decreases  continuously  hut,  since  refractive 
perturbations  between  Z       and   1.   are  just  as 
effective  as  those  between   0   and   Z   in 
reducing  scintillations  at  L,  the  value  of 
Do  for  the  entire  path  is  the  pertinent 
quantity  for  a  discussion  of  saturation.   A 
more  precise  definition  of   p0   for  the  case 
of  a  spherical  wave  propagating  through  a 
uniform  path  distribution  of  C*  is  given  by 
Yura  (  19  7  4J  as 


p.  =  0.16  ^5(CV3/V3/S. 


(2) 


An  equivalent  formula  valid  for  the  case  when 

the  path  distribution  of  C  is  not  uniform  is 

n 
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•  (3) 


When   Po  "  /TU/2   saturation  begins  and,  as  p0 
decreases,  Fresnel  -  zone  sized  irregularities 
further  and  further  from  the  center  of  the 
path  lose  their  effectiveness.   The  dashed 
lines  in  Figure  3  i  1  lust i ate  what  happens  to 
the  most  effective  irregularity  sizes  and  to 
the  corresponding  pattern  sizes  as  saturation 
begins.   An  equivalent  indication  of  the  onset 
of  saturation  is  when  scintillation?;  become 
sufficiently  strong  that  the  log -ampl i tude 
variance  of  the  received  signal  exceeds  0.3. 
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T.I  II.  CIS  01  SATURATION  ON  SYSI'I.MS 


The  dashed  curve  of  Figure  4  illustrates 
schematically  how  the  normalized  spatial  auto- 
correlation function  of  scintillations  is 
distorted  when  saturation  occurs.   In  terms  of 
spatial  sizes  in  the  scintillation  pattern, 
we  sec  that  there  is  a  relative  predominance 
of  fine-scale  structure  producing  the  rapid 
initial  drop  in  the  autocorrelation  function, 
and  there  is  n  relative  predominance  of  large- 
scale  structure  producing  the  elevated  tail  in 
the  autocorrelation  function.   In  other  words, 
the  medium-scale  features  of  the  scintillation 
pattern  have  been  selectively  removed  by  the 
saturation  phenomenon.   The  medium-scale 
features  are  those  having  a  Fresnel -  zone  size 
k'~>  L   and  thev  arc  the  predominant  features  of 
a  weak  scintillation  pattern. 
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Most  optical  and  radio  system?  that  are  Aperture  averaging  of  scintillations 

designed  to  coexist  with  scintillations  are  in  occurs  when  a  receiving  or  transmitting 

some  sense  optimized  with,  regard  to  Fresnel-  aperture  is  large  enough  so  that  independently 

zone  sized  variations  in  the  received  signal.  varying  portions  of  the  scintillation  pattern 

For  example,  diversity  systems  work  best  when  are  received  simultaneously.   For  apertures 

the  antennas  are  separated  by  at  least  one  greater  than  a  few  Fresnel  zones,  the  variance 

Fresnel-zone  distance.   Large-aperture  systems  of  weak  scintillations  is  reduced  by  the 

smooth  out  scintillations  according  to  how  factor  (D//XT)     ,  while  for  saturated  scin- 

many  Fresnel-zone  sized  irregularities  can  be  tillations  the  factor  is  (D/(»—  p,)]'  '  , 

accommodated  simultaneously  in  the  area  of  the  where   Z.  is  calculated  from  formula  (4a). 

aperture.,   The  simplest  way  to  use  scintil-  As   p0  becomes  much  smaller  than   /XL,  the 

lations  to  measure  crosswinds  depends  on  the  saturated  scintillation  factor  finally  reduces 

fact  that  the  predominant  temporal  frequency  to  [D/(— ■)]"    ,  exactly  what  is  obtained  by 

P  o 

in  the  envelope  of  the  scintillating  signal  noting  that  the  receiver  is  in  the  far  field 

is  the  frequency  with  which  Fresnel-zone  of  the  p0-size  irregularities. 

sized  irregularities  are  carried  across  the 
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ON  1HE  DISTRIBUTION  OF  TURBULENT  FLUCTUATIONS 
OF  REFRACTIVE  INDEX  IN  THE  ATMOSPHERE 

R.  S.  Lawrence,  S.  F.  Clifford,  and  G.  R.  Ochs 

NOAA  Research  Laboratories 

Boulder,  Colorado  80302 

(U.S.A.  J 

SUMMARY  where   p   is  the  separation  of  the  points  at 

which  the  two  temperature  measurements  are 

The  turbulent  fluctuations  of  temperature  made.   For  radio  waves  the  situation  is 

that  are  responsible  f or  sc int i 1 1  a t ion  and  complicated  bv  the  strong  dependence  of 

image  distortion  of  light  waves  and  for  most  refractive  index  on  water  vapor.   Near  the 

of  the  troposphcric  forward  scatter  and  scin-  ground  where  water  vapor  is  often  a  signifi- 

tillation  of  radio  waves  occur  irregularly  cant  constituent  of  the  atmosphere,  the 

throughout  the  atmosphere.   The  refractive-  refract ive -  index  fluctuation  may  be  either 

index  structure  parameter  C   is  distributed  increased  or  decreased  by  the  presence  of  the 

irregularly  in  space  so  that  a  given  volume  water  vapor,  depending  on  whether  the  water 

often  contains  one  hundred  times  the  magnitude  vapor  is  ant i -correlated  or  correlated  with 

of  an  adjacent  volume  the  same  size.   Measure-  the  temperature  (Cossard,  1960).   Neverthe- 

nents  made  with  high-speed  temperature  probes  less,  we  shall  limit  the  present  discussion 

reveal  a  number  of  interesting  features  of       to  the  occurrence  of  CT  in  the  atmosphere. 

2  ' 

the  distribution  of  C  ,  and  some  of  these        At  high  altitudes  this  is  closely  related  to 


n 


will  be  discussed.   However,  an  understanding  the  refract ive- index  structure  parameter  C  . 

of  the  climatology  of  refract ive- index  fluctu-  At  middle  and  low  altitudes,  in  the  clear 

at  ions  will  require  continuous  measurements  air,  a  description  of  C~  gives  at  least  a 

from  ground -based  sensors.   Kc  describe  a  qualitative  indication  of  the  magnitude  and 

technique,  already  in  use,  for  using  scin-  spatial  variability  of  C". 
filiations  of  starlight  to  measure  the 

smoothed  vertical  profile  of  C2  throughout  2  -  NEAR  THE  SURFACE 

the  atmosphere.   We  are  presently  developing 

methods  for  profiling  C"  along  ground-to-  Near  the  surface  of  the  earth  the  nature 

ground  1 inc-of- sight  paths.  of  the  temperature  fluctuation  depends  largely 

on  whether  the  atmosphere  is  stable  or  un- 

1  -  INTRODUCTION  stable,  i.e.  on  whether  the  vertical  tempera- 
ture gradient  is  greater  than  or  less  than 

Turbulent  fluctuations  of  atmospheric  the  adiabatic  lapse  rate.   Generally  speaking, 

refractive  index  with  scale  sizes  less  than  in  the  daytime  the  air  near  the  ground  is 

1  meter  are  responsible  for  scintillation  and  heated,  the  atmosphere  is  unstable,  and 

image  distortion  of  light  waves,  for  tropo-  thermal  plumes  develop.   These  cause  strong 

spheric  forward  scatter  and  clear-air  radar  mixing  of  warm  and  cool  air  and  result  in 

returns  of  radio  waves,  and  for  backseat terine   large  values  of  C  .   A  tvpical  value  1  meter 

n  -  1 '  -2/3 

of  sound  waves.   For  light  waves  and  sound       above  sunlit  level  ground  is  IP   "m 

waves  the  refract ive- index  fluctuations  are,     Both  theory  and  observation  show  (See 

for  most  practical  purposes,  proportional  to     Wyngaard,  I:umi,  and  Collins,  19*1;   Frisch 

temperature  fluctuations  (Tiit.'f  rski  ,  li'ftl)  and    ""d  Ochs ,  I!17S)  that,  lor  the  first  few 

can  he  characterized  by  the  temperature  hundred  meters  or  up  to  the  first  tewnerat  lire 

i 
structure  parameter,  inversion  C  decreases  with  height   h   as 

A  1  \  ^ 

h"    .   Because  of  the  thermal  plumes,  the 
C|  ■=  |  T  (  r )  -  Tfr  +  firp"  f'2''"1    .  spatial  distribution  of  C"  is  highly  variable 
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as  shown  by  acoustic  echo  sounders  (See 
Frisch  and  Ochs,  1975).   During  stable  con- 
ditions such  as  on  a  clear  night  the  situation 
is  more  complicated  and  less  amenable  to 
theory.   Gossard,  Jensen,  and  Richter  (1971) 
used  a  high- resolut ion  FM/CW  radar  to  show 
the  thin,  horizontal  stratification  that 
predominates  in  radio  refractive  index  at 
such  times. 

3  -  AT  HIGH  ALTITUDES 

3.1  The  distribution  of  temperature 
fluctuations  at  altitudes  above  the  first 
inversion  layer  or  above  about  1  km  is  char- 
acterized by  its  complex  structure  and  great 
variability.   No  quantitative  theory  exists 
and  there  are  few  observations  from  which  to 
infer  geographical  or  cl imatological  vari- 
at  ions . 

3.2  Direct  observations.   The  few  ob- 
servations that  are  available  consist  of 
measurements  made  with  high-speed  temperature 
sensors  carried  aloft  by  balloons  or  aircraft. 
Indirect  measurements,  deduced  from  the  ob- 
served scintillation  of  starlight,  offer  less 
height  resolution  but  permit  a  valuable  con- 
tinuity of  observation.   The  samples  of  direct 
observations  that  follow  are  presented  in 
terms  of  the  dry-term  refract ive -  index 
structure  parameter 

Figure  1  shows  a  typical  example  of  meas- 
urements made  by  Ochs  and  Lawrence  (1972)  With 
an  airplane-borne  temperature  probe  over  the 
open  ocean  about  160  km  southwest  of  San  Diego, 
California.   The  relatively  smooth  curve  on 
the  right  is  the  temperature  profile;   that  on 

the  left  is  the  profile  of  C  .   Below  the 

n  2 
strong  temperature  inversion  C   is  relatively 

high  and  decreases  as  h"  ' ' .   At  the  inversion 

height  there  is  a  100-fold  increase  in  C  , 

n 
followed  by  an  immediate  decline  to  the 

high-altitude  value  of  about  2«10"3  ?m"  2/^3  . 

Above  the  inversion  laver,  C   varies  errat- 

n 

ically  by  a  factor  of  about  100,  but  its  mean 

value  shows  little  change  with  height,  at 

least  up  to  the  3  km  limit  of  these  observa- 
t  ions . 
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Fig.    ).      Vertical    profiles,   over   water,   of    the 
ref ract I ve- I ndex    structure    parameter    C^    (left)    and    the 
temperature    (right),    obtained    from  a   high-speed    temper- 
ature  sensor  mounted  on  an   airplane    (From  Ochs   and 
Lawrence    (1972)). 


Figure    2    shows    balloon-borne   measurements 
made   near   Greenbelt,    Maryland    by    Bufton    (1973) 
to   a   height    of    20    km.      Here   C",    plotted   on   a 
linear    scale,    shows    a   mean   value    less    than 


Fig.    2.      Vertical    profiles   made    In   Maryland   of 
ref roct I vc- Index    structure   parameter   Cn,    temperature, 
and   wind    speed   obtained    from  e    balloon    carrying    fine- 
wire   sensors.       (From  Bufton    (1973)). 


10  and    little   decrease   with   height    up    to   at 

least    13   km.       In    fact,    there    is   a   noticeable 

increase    in   C      at    about    9   km   associated   with 
n 

wind    shear    at    that    altitude.      Figure    5   shows 

similar   measurements   made   by   B-ar)etti    and    his 

associates    (1974)    in    the   Canary    Islands.       In 

this    case,    the   effect    of    the    islands    is   evident 

j 
up    to    a    height    of    3.5    km.      Above    that,    C 

displays    its    usual    erratic   nature   and    has    a 
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mean  value  of  about  10 
little  on  height . 
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that  depends 
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Fig.    3-      Vertical    profile,    made    in    the    Canary    Islands, 
of    refract i ve- index    structure    parameter    C      deduced    from 
balloon-borne    temperature   sensors.      (From  Barletti    et. 
at.    ( 197^t) )  - 


The    ground    effect,    which    shows    clearly    in 
figure    3,    is    very    pronounced    and    can    extend 
large   distances    from    irregular    terrain, 
figures    4    and    5    show   contours    of    C      made    from 
daytime    a i rpl anc -  borne   measurements    over    the 
peak    of    3-km   Mt .    Ilaleakala    in    Hawaii.      There 
was    a    light    wind,    about    5    m/s,    from    the    east, 
hffects    of    the    terrain,    even    on    the    windward 

side   of   the   mountain,    increase   C      by   a    factor 

■  n      ' 

of    100    and    are    evident    more    than    a    kilometer 
above    the    surface. 
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Fig.    I4.      Contours  of    the   refract  ive-  index   structure 
parameter    C^   over   Mt .    Haleakala,    Hawaii,    deduced 
from  airplane    flights   carrying    high-speed    temperature 
sensors. 
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Fig.    5.      Contours   of   the    refract ive- index   structure 
parameter    C^   over    Mt.    Haleakala,    Hawaii,    deduced    from 
airplane    flights   carrying   high-speed    temperature 
sensors. 

3.3.       Indirect    observations.       It    has    long 
been    known    that    the    twinkling    of    stars    yields 
information   about    the    turbulent    refraction   of 
the    atmosphere.       Sec,    for    example    the    qualita- 
tive  discussions    by    Douglass    (18P71    and 
by    Pickering    (1925).      More   quantitative 
relationships    were    sought    by    Protheroe    (1964), 
Townsend    (1965),    Vernin    and    Roddier    (1973), 
and   by   Roddier   and   Roddier    (1973).      More 
recently,    Rocca,    Roddier,    and   Vernin    (1974) 
and   Vernin    and    Roddier    (197S)    devoted    consid- 
erable   attention    to    a    method    of   deducing    the 
height    and    spacing   of   turbulent    layers    from 
scintillation    measurements. 

Building    on    these    ideas,    Ochs  ,    Wang, 

Lawrence,    and   Clifford    (1976)    constructed   a 

spat ial - f i 1 tering    attachment    to    a    3o    cm 

astronomical    telescope   and   used    it    to  measure 

•> 
smoothed   profiles   of  C"    above   an   altitude   of 
'  n 

2.5    km.       figure    6    shows    typical    profiles    taken 
with    this    instrument     in    Boulder,    Colorado. 
They   disclose   11   night  •to-night   variation  of   at 
least    50:1,    and    show   .1   general    decline   with 
altitude.      Measurements    wjth    the    same    instru- 
ment   made    in    Hawaii    show    similar    variations 
(Figure    7).      The    remarkable    difference    between 
the   Colorado    observat ions    and    the    Hawaii    ob- 
servations   is    that    the   mean    value   of   C"    is   onl; 
about    one-tenth    as    large    in   Hawaii    as    it    is    in 
Colorado.      We    suggest    that    this    difference    is 
caused   bv    the   hundreds   of   kilometers    of   high 
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Fig.  6.   Vertical  profiles  of  C*  in  Boulder,  Colorado, 
deduced  from  spatial  filtering  of  stellar  scintil- 
lations.  The  dashed  curve  is  the  model  from  Hugnagel 
(I97M. 


Frg.  8.   Vertical  profiles  of  C   in  Hawaii,  taken  at 
20-minute  intervals,  show  large  hour-to-hour  variation 
in  the  structure  of  the  atmosphere. 
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Fig.  7.   Vertical  profiles  of  C„  in  Hawaii,  deduced 
from  spatial  filtering  of  stellar  scintillations. 
The  dashed  curve  is  the  model  from  Hufnagel  097M- 


mountains  that  lie  to  the  west  (windward  side) 
of  Boulder,  Colorado. 

The  typical  profiles  shown  in  Figure  S 
were  made  at  20-rainutc  intervals  and  disclose 
large  variations  from  one  hour  to  the  next. 
Such  variations  suggest  that  the  turbulent 
regions  responsible  for  the  refractive  irregu- 
larities occur  in  isolated  patches  not  unlike 
the  occurrence  of  visible  clouds. 

3.4.   Model s  .   The  first  generally 
accepted,  quantitative  empirical  model  for  the 
distribution  of  C   throughout  the  atmosphere 
was  proposed  by  Hufnagel  (19661.   This  early 
model  was  adjusted  to  have  an  integrated  value 


of  C   that  agreed  with  observations  of  stellar 
scintillation,  and  to  have  an  enhanced  layer 
near  the  tropopausc  at  about  12  km.   As  a 
result  of  the  more  recently  published  ob- 
servations, Hufnagel  (1974)  has  revised  his 
empirical  model  and  has  added  realistic 
variability  to  it.   The  new  formula  is 

C2«8.2*10"56u2h1Oexp(-h/1000) 

♦  2.7»10"16exp(-h/1500) 

where   h   is  the  height  in  meters  a;...   u   is 
the  root -mean- square  wind  speed  (m/s)  in  the 
height  range  5  to  20  km.   If   u   is  unknown, 
Hufnagel  suggests  using  27  m/s.   The  corre- 
lation with  wind  velocitv  comes  from  a  compar- 
ison, by  Hufnagel,  of  extensive  published 
measurements  of  stellar  scintillation  with 
available  rawinsonde  data. 

The  dotted  curves  in  Figures  6  and  7  show 
the  new  Hufnagel  model  with  a  Vind  speed  of 
27  m/s.   Figure  9  compares  four  Boulder, 
Colorado  profiles  with  appropriate  realizations 
of  the  Hufnagel  model,  using  wind  velocities 
measured  by  the  National  Weather  Service  six 
hours  later. 
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Fig.    9-      A  comparison   between   observed   profiles   of 
C^   at   Boulder,    Colorado    (solid    lines)    and   Hufnagel 
( 1 97*» )    models,    using   winds   observed    by   nearby 
rawinsonde. 


4    -    CONCLUSIONS 

While   we   now   have   models    for    the   mean 

value   of   C_ ,    the   enormous   variability   exhibit- 

n  ' 

ed  by  this  quantity,  even  high  in  the  atmos- 
phere, cannot  be  predicted.   We  know  little 
or  nothing  about  the  geographical  and  climatic 
variations  of  C^ ,    though  there  is  a  suggestion 
thaj:  mountainous  terrain  may  enhance 
refract ive- index  irregularities  even  at  great 
heights.   Further  progress  in  our  under- 
standing of  these  matters  requires  extensive 
observations,  observations  that  will  be 
practicable  only  with  ground-based  sensors. 
The  stellar-scintillation  technique  is  useful, 
and  the  possibility  exists  of  buildinp  similar 
profilers  that  will  operate  in  the  daytime  by 
using  the  edge  of  the  sun  as  a  source  of 
scintillations. 
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FEASIBILITY  OF  MONITORING  AEROSOL  CONCENTRATIONS 
BY  10.6  urn  BACKSCATTER  LIDAR 

Gordon  Lerfald 


The  feasibility  of  remotely  monitoring  aerosol  concentrations  by  means 
of  backscatter  lidar  systems  operating  at  the  wavelength  10.6  ym  was  inves- 
tigated by  experimental  tests  and  calculations.  A  prototype  lidar  system 
was  built  and  was  operated  in  conjunction  with  equipment  that  permitted 
direct  measurement  of  particle  size  distribution  of  aerosols  in  essentially 
the  same  sampled  volume.  The  backscattered  signals  measured  by  the  test 
system  agreed  to  within  a  factor  of  two  with  the  backscatter  computed  from 
the  measured  particle  size  distributions.  The  experimental  results  are  used 
to  predict  the  performance  of  systems  having  transmitter  powers  and  receiver 
collecting  optics  different  from  those  used  for  the  test  system. 
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FINAL  REPORT  ON  PHASE  I 
OF  SOLAR  RADIATION  ATMOPSHERIC  TRANSMISSION  RESEARCH 

G.  M.  Lerfald,  V.  E.  Derr,  R.  F.  Pueschel ,  and  R.  L.  Hulstrom 

The  efficient  use  of  solar  energy  requires  a  knowledge  of  the  effects  of 
clouds,  atmospheric  gasses  and  aerosols  on  insolation  rates.  Understanding 
must  be  of  sufficient  depth  to  project  the  effects  on  climate  fluctuations 
and  man-made  changes  in  the  absorbing  and  scattering  constituents  of  the 
atmosphere.  The  feasibility  of  differentiating  and  quantizing  the  various 
atmospheric  components  which  affect  the  transmission  of  solar  radiation  to 
ground  level,  has  been  tested  by  a  program  of  experiment  and  analysis.  The 
results  show  that  available  techniques  can  be  effectively  combined  to  obtain 
a  rather  complete  knowledge  of  the  roles  of  the  individual  components  which 
scatter  or  absorb  solar  radiation.  This  data  assists  in  development  of 
improved  models  to  predict  solar  irradiation  at  ground  level.  The  atmospheric 
components  of  greatest  importance  to  solar  energy  are: 

(1)  Rayleigh  scattering  by  the  standard  atmosphere,  (2)  ozone  absorp- 
tion, (3)  cirrus  clouds,  (4)  other  clouds,  (5)  suspended  particulates 
(aerosols),  (6)  water  vapor,  and  (7)  other  gaseous  components.  In  addition, 
for  some  purposes  ground  albedo  is  of  importance. 

Remote  sensing  techniques  (e.g.,  lidar,  solar  photometry,  radiometry 
and  acoustic  sounding)  and  both  ground  based  and  airborne  in  situ  measure- 
ments of  aerosol  characteristics  are  combined  to  simultaneously  measure  the 
parameters  of  interest.  The  optimum  complement  of  equipment  turned  out  to 
differ  somewhat  from  that  originally  anticipated. 
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WIND  AND  cl   PROFILING  WITH  CROSSED  LASER  BEAMS 
n 

AND  SPATIAL  FILTER  DETECTORS 
G.  R.  Ochs,  S.  F.  Clifford,  and  Ting-i  Wang 

We  analyze  the  potential  of  crossed  laser  beams  and  array  receivers  to 
profile  wind  and  C^  along  the  optical  path.  The  theory  of  profiling  is  devel- 
oped for  the  cases  of  multi -detector  arrays  and  two  transmitting  sources, 
which  may  or  may  not  be  resolvable.  Numerical  results  based  upon  the  theory 
are  presented,  and  preliminary  experimental  results  are  shown.  Finally,  we 
discuss  the  design  of  a  proposed  profiling  system,  based  upon  the  theory,  that 
will  path-resolve  wind  and  Cn  into  6  parts  over  the  middle  two-thirds  of  an 
optical  path  0.5  to  2  km  long. 
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Laser  wind  sensing:    the  effects  of  saturation 
of  scintillation 

G.  R.  Ochs,  S.  F.  Clifford,  and  Ting-i  Wang 


We  have  developed  a  physically  based  extension  of  the  first-order  perturbation  theory  of  optical  scintil- 
lation that  accounts  for  the  observed  variance  and  covariance  of  the  amplitude  fluctuations  in  strong  inte- 
grated turbulence.  We  use  this  model  to  analyze  the  experimentally  observed  changes  in  the  operation  of 
our  laser  wind  sensor.  The  theory  suggests  a  transmitter-receiver  configuration  that  can  nearly  eliminate 
the  performance-degrading  effects  of  strong  turbulence.  Based  on  this  analysis,  we  have  developed  a  satu- 
ration-resistant optical  wind  sensor  that  maintains  its  calibration  and  wind-weighting  function  throughout 
the  observed  range  of  integrated-turbulence  values. 


I.     Introduction 

We  have  developed  a  laser-beam  system  that  uses 
the  naturally  occurring  scintillations  produced  by  at- 
mospheric refractivity  variations  to  derive  the  path- 
averaged  transverse  wind.1  By  measuring  a  time- 
lagged  covariance  function  with  spaced  detectors,  the 
path-averaged  wind  speed  can  be  found  directly  from 
the  slope  of  this  function  at  zero  time  lag.  By  chang- 
ing the  separation  between  detectors,  we  emphasize 
different  regions  of  the  path  as  shown  in  Fig.  1.  Our 
path-average  sensor  uses  /3  =  0.3  Fresnel  zones  nor- 
malized spacing  to  achieve  the  most  uniform  path  av- 
erage. Figure  2  shows  the  resulting  system  perfor- 
mance in  weak  turbulence  as  compared  with  the  av- 
erage of  six  conventional  anemometers  spaced  along 
the  optical  path.  The  excellent  performance  of  the 
system  based  on  the  first-order  scattering  theory  is 
achieved  only  as  long  as  the  integrated  amount  of  re- 
fractive turbulence  aj2  is  small.  The  quantity  <xr2 
for  a  point  source  is  given  by 


0.124/," 


"C 


(1) 


where  k  is  the  wavenumber  of  the  radiation,  L  is  the 
pathlength,  and  Cn2  is  the  refractive-index  structure 
parameter.23  As  the  strength  of  refractive-turbu- 
lence increases,  the  scintillations  saturate,4  and  the 
system  performance  changes  dramatically  in  a  hith- 
erto unpredictable  manner. 

There  are  two  significant  questions  to  be  asked 
about  the  effects  of  strong  turbulence  on  our  original 
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wind  sensor.  First,  how  does  the  relation  between  the 
slope  of  the  time-lagged  covariance  at  zero  delay  and 
wind  speed  change?  Second,  how  does  the  path- 
weighting  function  change?  These  two  questions  are 
related  because  the  area  under  the  weighting  func- 
tion is  the  slope-wind  proportionality  constant. 

Ultimately,  an  understanding  of  the  mechanisms 
responsible  for  these  changes  should  lead  to  the  de- 
velopment of  a  new  system  that  is  relatively  unaffect- 
ed by  strong  turbulence.  In  this  paper,  we  derive  the 
formulas  that  describe  the  performance  of  the  optical 
wind  sensor  in  strong  turbulence  and,  based  on  this 
theory,  describe  the  design  and  testing  of  an  optical 
wind  sensor  that  maintains  its  wind-weighting  func- 
tion and  calibration  throughout  the  observed  range 
of  turbulence  values. 


II.     Theory 

In  a  recent  paper,4  we  developed  an  equation  for 
the  log-amplitude  covariance  function  Cx(p)  = 
(x(p\  +  p)x(pi))  'n  strong  Kolmogorov  turbulence5-6 
in  the  form 

CX(P)  =  2.94   f\liiaTHu)[u(l  -  M)J5/,i   f'<lyAuly 

J  (i  *  n     y 


>xP{-o^)["(i  -  ")lr,/'^(-v)}'/o{[(T~I7o]l/,"p 


(2) 


where  aT'  (u)  =  0.124k7/fiL"/6tV(i/). 

In  Eq.  (2),  u  =  z/L  is  the  normalized  path  position, 
p  is  the  separation  between  two  detectors  in  Fresnel 
zones  (XL)17-',  where  X  is  the  wavelength  of  the  radia- 
tion, and  F(y)  is  given  by 


Fix) 


7.02^ 


JM)\ 


(3) 
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Fig.  1.  The  relative  weight  of  the  different  portions  of  the  path  in 
determining  the  optically  measured  wind.  The  parameter  fi  = 
p{\L)~u~  is  the  separation  of  the  sensors.  These  curves  are  calcu- 
lated for  point  sensors,  the  finite  area  of  a  real  sensor  will  tend  to 
remove  the  negative  weights  near  the  receiver. 


To  incorporate  the  effects  of  wind  into  Eq.  (2),  we 
use  Taylor's  hypothesis  and  replace  p  by  \p  — 
vt(XL)_1/2u_1|.    For  simplicity,  we  define 


g(u,y) 


,,-11/6 


sin2y  exp{-KJr2["(l  -  h)]5/sF(v)}.     (4) 


Information  about  the  wind  is  then  derived  from  the 
slope  at  zero  time  lag,  i.e.,  m  =  dCx(p,r)/dT  at  t  =  0. 
After  differentiating,  we  obtain 

in  =  2.95  f\i,<aTH,<)[u(l-ii)\Uiip'v„)  J  dyg{u,y)(4iry)U2 

where  J\  is  the  first-order  Bessel  function  of  the  first 
kind,  vn  =  vl(\L)xn,  and  p  =  pip.  (Note  that  only 
winds  parallel  to  p  will  contribute  to  the  measured 
wind  speed.)  When  we  use  the  one-bit  correlator 
technique1  to  obtain  Cx(p,r),  this  function  is  auto- 
matically normalized  to  the  signal  variance  Cx  (0,0), 


and  we  actually  obtain  a  normalized  slope  m/v  of  the 
form 


(\L)U7mN  =  J  dnv(u)Wi(u)/\f  duWz(ti)\  , 


(6) 


where 


U»  =  [«(1  -  M)]1/3/W(«,3')(47ry)1/V1[(j^),/2p] 

(7) 


and 


W7(n)  =   [m(1  -  u)]'j6   f  dyg(u,: 


). 


(8) 


[Note  in  using  the  particular  form  of  Eq.  (2),  we  have 
assumed  a  uniform  distribution  along  the  optical 
path,  i.e.,  that  Cn2  is  a  statistically  uniform  function 
of  u.\  Under  the  above  assumption,  Wi(u)  is  pro- 
portional to  the  path-weighting  function  for  the 
transverse  wind  speed  under  all  refractive-turbulence 
conditions. 

For  use  in  the  next  section  of  this  paper,  we  need 
to  generalize  Eq.  (6),  (7),  and  (8)  to  the  case  of  finite, 
circular,  transmitting,  and  receiving  apertures.  De- 
tails of  this  procedure  are  contained  in  Ref.  7.  The 
essential  modification  of  the  theory  is  to  replace 
g(u,y)  with 


g'Ui,  y)  =  gbt.y) 


(9) 


where  D  and  t  are,  respectively,  the  diameters  of  the 
receiver  and  transmitter  normalized  to  a  Fresnel  zone 
for  the  optical  path. 
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Fig.  2.  A  comparison  of  the  av- 
erage wind  speed  (V'„)  measured 
optically  with  the  average  of  the 
readings  of  six  propellor  ane- 
mometers (  Va )  uniformly  spaced 
along  the  optical  path.  Both  the 
anemometers  and  the  optical  sys- 
tem measure  the  component  of 
wind  that  is  horizontal  and  at 
right  angles  to  the  path.  The 
path  is"  300  m  long,  oriented 
north-south,  and  3  m  above  the 
ground. 
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Fig.  3.  Weighting  functions  for  wind  measurement  with  the  origi- 
nal instrument,  as  calculated  from  saturation  theory.  These 
curves  are  calculated  vs  the  integrated  amount  of  turbulence  ot~, 
where  or2  =  0.124fc"'6Ln''GC„2,  k  is  the  wavenumber  of  the  radia- 
tion, L  is  the  pathlength,  and  C„2  is  the  refractive-index  variation. 
A  point  transmitter  and  tangent  circular  receivers,  0.35  Fresnel 
zone  in  diameter,  are  assumed.  The  slope-wind  calibration  of  the 
instrument  is  proportional  to  the  area  under  the  curves.  Note  the 
decrease  in  area  at  high  turbulence  levels. 


Figure  3  illustrates  the  wind-weighting  functions 
for  our  original  laser  wind  sensor  as  calculated  from 
Eq.  (7)  after  modifying  this  equation  according  to 
Eq.  (9).  These  curves  are  calculated  for  a  point 
transmitter  and  tangent  circular  receivers  0.35 
(XL)U-  in  diameter  (i.e.,  p  =  D  =  0.35)  for  integrated- 
turbulence  values  ranging  from  or2  =  0.1  to  or2  - 
2.0.  The  slope-wind  calibration  of  the  instrument  is 
proportional  to  the  area  under  the  curves.  The 
change  in  shape  of  the  weighting  function  and  the  de- 
crease in  area  under  the  curve  are  pronounced  at 
higher  levels  of  ar2-  These  effects  are  easily  ex- 
plained in  the  context  of  the  earlier  theory.4  For  low 
values  of  integrated  turbulence,  the  scintillation  aris- 
ing from  Fresnel-zone-sized  turbulent  eddies  domi- 
nates the  scintillation  process.  In  saturation  their 
effect  is  greatly  reduced,  and  smaller  eddies,  the  size 
of  the  wave-coherence  length,8  become  more  impor- 
tant. This  is  the  reason  for  the  dip  in  the  center  re- 
gion of  the  weighting  function  in  the  saturation  re- 
gion. The  Fresnel-zone-sized  eddies  near  the  center 
of  the  path  are  no  longer  most  effective  for  producing 
scintillation.  One  way  to  avoid  the  difficulties  expe- 
rienced by  the  original  instrument  then  is  to  devise 
an  optical  system  that  avoids  observing  the  motion  of 
Fresnel-zone-sized  eddies  for  wind  measurement.  A 
system  with  transmitter  and  receiver  optics  more 
than  a  Fresnel  zone  in  diameter  would  satisfy  this  re- 
quirement because  it  biases  the  refractive-turbulence 
weighting  toward  larger  sizes.  However,  it  must  be  a 
spatially  incoherent  system,  i.e.,  the  phase  coherence 
over  the  apertures  must  be  small  compared  to  a  Fres- 
nel zone.  With  a  coherently  illuminated  aperture, 
small  eddies  near  the  transmitter  would  produce 
scintillation,  and  the  system  would  not  be  biased 
toward  larger  size  eddies  as  we  require  to  eliminate 
the  effects  of  saturation. 


In  Fig.  4,  we  show  the  effects  of  enlarging  the 
transmitter  and  receiver  apertures.  These  curves  are 
for  a  3(XL)1/2-diameter  incoherent  transmitter  and 
tangent  receiver  apertures  that  are  p{\L)xl1  in  diam- 
eter. The  solid  curves  are  for  or2  =  0.1,  and  the  dot- 
ted curves  are  for  <jt2  -  5.  As  suggested  by  our  phe- 
nomenological  model,4  the  change  in  shape  and  area 
of  the  curves  over  large  variations  in  integrated  tur- 
bulence is  quite  small,  and  this  difference  decreases 
with  increasing  aperture  size  p. 

Because  we  have  now  shown,  by  the  use  of  the  sat- 
uration theory,  that  large  aperture  systems  are  nearly 
immune  to  the  effects  of  high  integrated  refractive- 
index  turbulence,  we  may  proceed  to  calculate 
weighting  functions  for  various  sizes  of  incoherent 
transmitters  and  tangent  receivers  with  the  useful 
constraint  that  the  maximum  of  the  weighting  func- 
tion curves  be  at  midpath.  Curves  are  shown  in  Fig. 
5  for  r  =  0,  0.25,  0.5,  1,  2,  and  4  Fresnel  zones.    The 
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Fig.  4.  Weighting  functions  for  wind  measurement  using  an  inco- 
herent transmitter,  three  Fresnel  zones  in  diameter,  and  tangent 
receiver  apertures,  p  =  1,2,  and  3  Fresnel  zones  in  diameter.  The 
solid  curves  are  for  or2  =  0.1,  and  the  dotted  curves  are  for  or2  - 
5.  The  decrease  in  area  under  the  curves  is  small  even  for  high 
values  of  integrated  turbulence. 
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Weighting  functions  calculated  from  first-order  theory  for 
various  sizes  of  incoherent  transmitters  (diameter  t  Fresnel  zones) 
and  tangent  receivers  (diameter  p  Fresnel  zones),  with  the  con- 
straint that  the  slope  of  the  weighting-function  curves  be  zero  at 
midpath.  The  plots  are  normalized  to  1  at  midpath.  Note  that 
for  t  >  2  and  tip  =  1.5:3,  the  shape  of  the  weighting  function  is  es- 
sentially constant. 
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Fig.  6.     The  receiving  system.     Wind  speed  is  computed  by  the 
electronics  package  under  the  Fresnel  lens  receivers. 


required  value  of  p  for  a  midpath  maximum  is  also 
shown.  One  can  see  that,  for  values  of  t  >  2,  there  is 
essentially  no  change  in  the  shape  of  the  weighting 
function.  All  these  curves  are  normalized  to  unity  at 
midpath. 

III.     Implementation 

We  have  constructed  an  optical  wind  measurement 
system  based  upon  these  principles  and  tested  it  on  a 
500-m  optical  path  instrumented  with  ten  anemome- 
ters aligned  to  measure  the  horizontal  crosswind 
component.  The  system  uses  a  quartz-iodine  lamp 
operating  at  12-V  dc  as  a  light  source.  The  lamp  is 
at  the  focus  of  the  Fresnel  lens.  A  photograph  of  the 
receiver  is  shown  in  Fig.  6.  The  light  is  detected  by 
two  photodiode  detectors  at  the  foci  of  two  adjacent 
square  Fresnel  lenses.  The  instrument  analyzes  the 
fluctuations  of  irradiance  at  the  receiving  apertures 
to  obtain  the  mean  crosswind  in  much  the  same  man- 
ner as  in  Ref.  1.  The  slope,  at  zero  time  delay,  of  the 
normalized  covariance  of  the  irradiance  fluctuations 


(rather  than  the  logarithm  of  the  irradiance)  is  used, 
however,  because  there  is  essentially  no  difference 
between  the  two  at  the  low  signal  variances  observed 
with  the  larger  receiving  and  transmitting  apertures. 

The  system  as  outlined  cannot  discriminate 
against  unwanted  stray  light  (such  as  lights  fluctuat- 
ing at  120  Hz)  as  effectively  as  can  a  laser  system  that 
has  interference  filters  at  the  receivers.  In  practice, 
lights  in  the  field  of  view  of  the  receivers  at  about  the 
same  range  as  the  light  source  are  not  troublesome 
because  they  are  generally  much  dimmer.  However, 
light  sources  near  the  receivers,  but  outside  the  field 
of  view,  do  provide  significant  amounts  of  energy 
scattered  from  the  Fresnel  lenses  to  the  photodiodes. 
To  help  eliminate  this  problem,  a  second  photodiode 
is  placed  in  the  focal  plane  of  the  Fresnel  lens  to  ob- 
serve an  area  2.4°  from  the  first.  Both  photodiodes 
observe  an  angular  area  0.6°  in  diameter.  By  sub- 
tracting the  signal  received  by  the  second  photodiode 
from  the  first,  background  light,  including  light  scat- 
tered from  the  Fresnel  lens  surfaces,  is  effectively 
canceled.  Obviously,  this  method  does  not  cancel 
very  bright  single  lights  present  only  in  one  of  the 
fields  of  view,  and  this  situation  must  be  avoided. 

Some  experimental  results  are  shown  in  Fig.  7. 
The  solid  line  is  interpolated  from  the  area  under  the 
curves  of  Fig.  3  and  predicts  the  change  in  calibration 
that  may  be  expected  at  high  values  of  or2,  using  the 
original  (nonsaturation-resistant)  version  of  the  opti- 
cal wind-measurement  system.  The  circles  are 
values  of  1-3-h  averages  of  observations  using  the 
original  instrument  on  our  500-m  path,  1.5  m  above 
the  ground.  The  agreement  with  theory  is  gratifying. 
Each  data  point  is  an  average  over  a  aj1  interval  of 
0.2.  The  performance  of  the  saturation-resistant 
system  is  shown  by  the  crosses  and  shows  no  observ- 
able decrease  in  the  calibration  factor  with  increasing 
values  of  err'"-  The  square  apertures  of  this  system 
were  set  as  follows:  the  transmitting  aperture  3 
Fresnel  zones  on  a  side  and  the  adjacent  receiving  ap- 
ertures 1.95  Fresnel  zones  on  a  side. 


Fig.  7  Comparison  of  standard  lol  and  saturation  (  +  1  optical 
wind-measurement  calibration  as  a  function  of  n-y-  The  satura- 
tion-resistant system  used  >quare  apertures,  with  the  incoherent 
transmitters  A  Fresnel  zones  on  a  >ide  and  the  adjacent  receivers 
1.95  Fresnel  zones  on  a  side. 
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Fig.  8.  Experimental  wind-weighting  (unction  obtained  by  com- 
parison of  the  optical  measurement  over  a  500- m  path  with  five 
pairs  of  anemometers  arranged  to  measure  the  horizontal  cross- 
wind  component.  The  data  from  one  25-h  run  are  indicated  by 
the  solid  data  points;  open  circles  are  from  the  second  25-h  run. 
The  ends  of  the  horizontal  data  bars  indicate  the  location  of  the 
ten  anemometers.  The  optical  system  used  square  apertures,  with 
the  incoherent  transmitter  .'!  Fresnel  zones  on  a  side  and  the  adja- 
cent receivers  1.95  Fresnel  zones  on  a  side.  The  solid  curve  is  the 
weighting  (unction  for  a  circular  transmitter  and  receivers,  3,  and 
1.95  Fresnel  zones  in  diameter,  respectively. 


The  transmitter-to-receiver  size  ratio  was  chosen 
to  peak  the  weighting  function  at  the  center  of  the 
path  according  to  Fig.  5.  The  form  of  this  weighting 
function  has  been  checked  experimentally  by  com- 
paring measurements  from  the  ten  anemometers 
along  the  path,  averaged  in  groups  of  two,  with  the 
optical  reading.  (Detailed  description  for  computing 
the  weighting  function  can  be  found  in  Ref.  7.)  All 
sensors  were  provided  with  10-sec  time  constants; 
and  every  10  sec,  a  computer  sampled  the  optical  sys- 
tem and  the  output  from  each  of  the  five  anemome- 
ters pairs.  After  thirty-eight  10-sec  intervals  had 
elapsed,  the  computer  solved,  by  least-squares,  for 
the  weight  that  must  be  applied  to  each  anemometer 
pair  so  that  the  weighted  sum  of  the  readings  from  all 
anemometers  best  agreed  with  the  time-varying  mea- 
surements made  by  the  optical  system.  The  result  of 
such  a  measurement  is  shown  in  Fig.  8.  The  solid 
curve  is  the  theoretical  weighting  function  from  Eq. 
(7)  for  a  circular  transmitter  and  receivers,  3  and  1.95 
Fresnel  zones  in  diameter,  respectively.  The  experi- 
mental results  are  indicated  by  the  solid  and  open 
circles.  [We  may  use  the  monochromatic  theory  of 
Eq.  (7),  if  we  interpret  X  as  the  mean  wavelength  of 
the  incoherent  illumination.7]  The  results  of  two 
separate  runs,  each  of  25-h  duration,  are  shown  by 
the  solid  and  open  circle  data  points.  The  ends  of 
the  horizontal  bars  indicate  the  location  of  the  ten 
anemometers. 

Finally  in  Fig.  9,  we  compare  the  wind  measure- 
ment from  the  saturation-resistant  optical  system 
with  the  average  of  five  anemometers,  reading  the 
horizontal  crosswind  component  in  the  middle  Yj  of 
the  optical  path.  During  this  period,  0-7-  >  1.  The 
agreement  is  good,  even  though  the  anemometer 
readings  were  not  weighted  according  to  the  expected 


weighting  function  of  the  optical  system,  and  the  ex- 
perimental unit  had  square,  not  round,  apertures. 
The  wind-slope  calibration  has  been  determined  ex- 
perimentally for  the  500-m  path.  By  introducing 
two  square-wave  calibrating  signals  of  frequency  /,-,' 
in  phase  quadrature,  the  system  can  be  calibrated. 
As  shown  previously,  if  the  receiver  separation  and 
transmitter  size  are  sufficiently  larger  than  a  Fresnel 
zone,  the  calibration  may  be  stated  in  terms  of  receiv- 
er separation  and  transmitter  size.  For  the  present 
system,  we  determined  experimentally  that  the  value 
of /(  corresponding  to  a  wind  speed  of  10  m/sec  is 

fc  =   (1.6)  Id, 

where  d  =  p(AL)1/2  is  the  receiver  separation  in  me- 
ters. This  determination  was  made  for  ay-  <  1.2,  1,3 
<  p  <  2.6,  and  for  t  =  1.53p. 

From  information  such  as  that  contained  in  Fig.  4, 
it  can  be  shown  that  for  p  =  1.95  Fresnel  zones, 
changes  in  the  system  calibration  will  be  less  than 
±3%  for  or1  <  5.  Where  very  high  integrated  turbu- 
lence values  along  the  path  are  expected,  it  may  be 
desirable  to  use  larger  transmitter  size  and  receiver 
spacing  to  account  for  the  increasing  scale  sizes  in  the 
scintillation  pattern  as  0-7-  increases. 

IV.     Conclusions 

We  have  extended  the  theory  of  optical  wind  sens- 
ing to  the  strong  integrated  refractive  turbulence,  or 
saturation,  regime.  We  have  shown  that  the  perfor- 
mance-degrading effects  of  saturation  of  scintillation 
on  our  original  laser  wind-sensing  system  may  be 
overcome  by  redesigning  the  instrument  in  a  manner 
suggested  by  our  phenomenological  model  of  satura- 
tion. The  model  has  indicated,  and  our  experimen- 
tal tests  have  confirmed,  that  increasing  the  aperture 
size  of  the  receivers  and  illuminating  them  with  light 
from  an  extended  incoherent  source  make  the  system 
sensitive  to  such  large  eddy  sizes  so  that  the  resultant 
instrument  is  nearly  immune  to  changes  in  refrac- 
tive-turbulence strength,  even  well  into  the  satura- 
tion regime.  The  new  prototype  sensor,  based  on 
these  design  principles,  has  proven  that  it  will  main- 
tain its  calibration  and  wind-weighting  function 
throughout  the  observed  range  of  integrated-turbu- 
lence  values. 
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Fig.  9.     Comparison  of  the  saturation-resistant  system  measure- 
ment with  the  average  of  five  anemometers,  reading  the  horizontal 
crosswind  component  in  the  middle  '/•  of  the  optical  path. 
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Refractive-turbulence  profiles  measured  by  one- 
dimensional  spatial  filtering  of  scintillations 

G.  R.  Ochs,  Ting-i  Wang,  R.  S.  Lawrence,  and  S.  F.  Clifford 


Stellar  scintillations,  when  appropriately  analyzed,  yield  information  about  the  turbulence  throughout  the 
atmosphere.  We  describe  an  instrument  involving  a  36-cm  telescope  and  an  on-line  minicomputer  that  pro- 
vides, after  20  min  of  observation,  the  refractive-turbulence  profile  of  the  atmosphere.  The  height  resolu- 
tion is  sufficient  to  divide  the  atmosphere  into  about  four  independent  regions.  The  principal  limitation 
to  greater  accuracy  and  resolution  is  the  nonstationary  behavior  of  the  atmosphere  during  the  20-min  ob- 
serving period. 


I.     Introduction 

Atmospheric  turbulence-induced  optical  scintilla- 
tions have  long  been  a  problem  to  astronomical  obser- 
vations. However,  it  has  also  been  realized  that  ob- 
servations of  the  twinkling  of  stars  and  the  motion  of 
stellar  images  yield  information  about  the  turbulence 
and  the  wind  speed  in  the  upper  atmosphere.1-9  As 
early  as  1897,  Douglass1  reported  that  he  was  able  to 
deduce  the  altitude  of  the  atmospheric  currents  by  ob- 
serving the  stellar  scintillation  in  the  vicinity  of  the  focal 
plane  of  a  telescope.  He  also  mentioned  that  the  di- 
rection and  the  speed  of  the  atmospheric  currents  could 
be  determined,  although  no  quantitative  results  were 
given.  In  1925,  Pickering2  described  some  features  of 
shadow  bands  he  had  observed  in  1878:  ". . .  that  the 
irregular  shadows  produced  by  the  hot  air  currents  near 
at  hand  were  much  finer  and  more  sharply  marked  than 
those  produced  by  the  currents  acting  at  a  greater  dis- 
tance." Again,  no  quantitative  results  were  recorded. 
In  recent  years,  renewed  interest  has  been  shown317  in 
deducing  the  turbulence  intensity  and  the  wind  speed 
high  in  the  troposphere  from  ground-based  measure- 
ment of  stellar  scintillation.  Protheroe4  presented  some 
quantitative  values  of  the  height,  speed,  and  direction 
of  tropospheric  winds  from  observing  the  motion  and 
structure  of  stellar  shadow-band  patterns.  His  results 
seemed  to  agree  as  well  as  could  be  expected  with  raw- 
insonde  measurements  taken  some  distance  away. 
Townsend5  extended  Protheroe's  analysis  to  obtain  the 
fluctuation  of  velocity  and  temperature  in  the  tropo- 
sphere.   Roddier  and  his  colleagues6-8  used  the  spa- 
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tio-temporal  and  spatio-angular  correlation  of  the 
scintillation  of  a  single  star  to  deduce  the  altitude,  the 
turbulence  intensity,  and  the  wind  speed  of  a  turbulent 
layer.  They  are  also  able  to  separate  the  contributions 
from  more  than  one  turbulent  layer;  and,  with  the  help 
of  meteorological  wind-sounding  data,  the  altitudes  of 
the  different  layers  could  be  determined. 

More  recently,  considerable  attention  has  been  de- 
voted to  deducing  the  vertical  profile  of  refractive-index 
turbulence  from  ground-based  measurements  of  stellar 
scintillations.8-17  Though  Peskoff1011  and  Fried12 
pointed  out  that  the  exact  profile  can  be  obtained  the- 
oretically under  certain  assumptions,  their  proposed 
methods  ignore  the  practical  problems  of  sensitivity  to 
experimental  errors  and  nonstationarity  of  the  atmo- 
sphere. More  careful  theoretical  studies13-15  have 
shown  that  these  problems  would  severely  limit  the 
remote  probing  performance  of  their  methods.  Ochs 
et  al. 16  have  discussed  the  feasibility  of  using  either  a 
single  star  or  a  double-star  pair  as  the  light  source  to 
obtain  the  vertical  profile  of  the  atmospheric  turbu- 
lence. Roddier  and  his  colleagues89  were  able  to 
monitor  as  many  as  three  turbulent  layers,  obtaining 
Cn  2  and  the  altitude  of  each  layer,  between  2  km  and  20 
km  by  use  of  a  double-star  pair  as  the  source.  However, 
in  their  measurements  of  Cn  2,  they  had  to  assume  the 
thickness  of  the  turbulent  layer.  Wang  et  al. 17  have 
discussed  a  crossed-path  technique  to  obtain  the  profile 
by  using  two  stars  as  sources.  Relatively  good  path 
resolution  has  been  obtained  with  horizontal-path 
simulation  experiments. 

Although  there  are  definite  advantages  to  using  a 
double  star  as  a  source,1617  there  are  a  few  useful  double 
stars  in  the  sky.  Because  of  this  limitation,  it  seemed 
worthwhile  to  build  a  single-star  instrument,  even 
though  the  altitude  resolution  cannot  be  so  good  as 
might  be  obtained  from  the  crossed-path  method  using 
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a  double-star  pair.  We  discuss  here  a  technique  for 
measuring  the  vertical  profile  of  refractive-index  tur- 
bulence by  using  a  single  star  as  a  source  and  a  spatially 
filtered  detector  as  a  receiver. 

The  general  philosophy  of  our  approach  is  to  view  the 
spatial  structure  of  the  stellar  scintillation  pattern 
through  filters  that  pass  only  a  narrow  band  of  spatial 
frequencies.  By  running  many  such  signals  through 
filters  of  different  spatial  wavelength  and  combining  the 
outputs  with  appropriate  weights,  we  obtain  a  set  of 
reasonably  sharp-peaked  path-weighting  functions 
centered  at  different  heights;  and  this  gives  us  a  mea- 
surement of  the  vertical  turbulence  profile. 

II.     Theory 

We  assume  that  the  star  irradiance  /,  perturbed  by 
the  atmospheric  turbulence  and  received  on  the  ground, 
can  be  decomposed  into  a  fluctuating  part  /'  and  a  mean 
irradiance  /.  Then  the  variance  of  the  filtered  intensity 
scintillation  normalized  to  the  mean  irradiance  is  de- 
fined by 

XD/2  rDI2 

I'(x')  cos(2vx' /d)dx'    I         I'(x")  cos(2xx"/d)dx"\ 
■D/2  J-D/2  \ 

rDI2  rDI2  /' 

I         Tdx'    f       Idx" 

J-D/2  J-D/2 

(1) 

when  we  use  a  one-dimensional  sinusoidal  spatial  filter 
of  length  D  and  wavelength  d.  The  brackets  denote  an 
ensemble  average.  The  denominator  of  Eq.  (1),  as- 
suming statistical  homogeneity  of  /  in  the  receiving 
plane,  is  simply  D2P.  Hence  Eq.  (1)  can  be  simplified 
to 


"if 


XD/2  r>  D/2 

dx'    |        dx"cos(2jr*7c0 
-D/2  J-D/2 


X  cos(2tx" /d)C,(x'  -x").     (2) 


In  Eq.  (2),  C/  is  the  covariance  of  the  unfiltered  irra- 
diance scintillation  given  in  the  weak  scattering  limit 
by18 

C,(x'-x")=  (I'(x')I'{x"))/I2 

=  0.528ir2ft2    C"  dzCn2(z)    C"  dKK~g'3  sin2  [K2z /(2k)] 
Jo  Jo 

Xj0[K{x'-x")],     (3) 

where  k  =  2ir/\,  X  is  the  wavelength  of  the  incident 
starlight,  and  K  is  a  two-dimensional  spatial  wave- 
number.  (Stellar  scintillations  observed  near  the  zenith 
are  sufficiently  weak  that  we  may  use  the  first-order 
scattering  theory  of  Tatarskii.18)  The  function  J0  is  a 
Bessel  function  of  the  first  kind  of  order  zero.  In  Eq. 
(3)  we  have  inserted  the  well-known  turbulence  spec- 
trum suggested  by  Kolmogorov,19 


*„(K)  =  0.033  Cn2K-W3;  L0~l  «  K  «  l0~l, 


(4) 


where  Cn  2  is  the  structure  constant  of  the  atmospheric 
refractive-index  fluctuations  and  Iq  and  L0  are,  re- 
spectively, the  microscale  and  outer  scale  of  turbulence 
that  define  the  inertial  subrange. 


To  simplify  Eq.  (2),  we  make  the  change  of  variables 
from  x',x",  to  £  =  x'  —  x"  and  2?j  =  x'  +  x" .  The  inte- 
gration over  77  can  be  performed  easily  and  reduces  Eq. 
(2)  to 


<r/,2=(l/D)  fj  dUC 


r(& 


sin[K0(D  -  {)] 


KoD 


+  (1  -  i/D)  cos(Koi)  ,     (5) 


where  Ko  =  2ir/d.  There  is  a  useful  identity16  that, 
substituted  into  Eq.  (3),  permits  the  £  integration  to  be 
performed  easily,  viz., 


MKi) 


'-'/.: 


dK'(K2  -  K'2)"1/2 


X  exp(iK'Z);  0  <  \K'\  <  \K\.     (6) 

After  substituting  Eq.  (3)  into  Eq.  (5)  and  integrating 
over  £,  we  obtain 


o,?  =  0.264vk2    ("" dzCnHz)    C"  dK' 


)sin[(K0-/C')D/2]      sin[(K0  +  K')D/2]}2 


(K0-K')D/2  (K0  +  K')D/2 

X  j"  dKK-»/3(K2  -  K'2)-l'2sin2[K2z/(2k)}.     (7) 

Making  the  change  of  variables  y  =  K'/Kq,  u2  =  {K2/ 
K'2)  —  1  and  defining  the  parameters  /?  =  Did  and  x  = 
wzX/d2,  we  may  write  Eq.  (7)  in  the  form  of  a  weighting 
function,  i.e., 


V=  j"°  dzCn2(z)W(z), 

where 

W(z)  =  (0.528ir2fe2/D) 
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Fig.  1.  Weighting  function  of  an  infinite  linear  array  of  detectors 
observing  the  scintillations  of  a  monochromatic  plane  wave  source. 
The  relative  weight  is  shown  as  a  function  of  normalized  height  x  = 
*z\2/d,  where  z  is  the  height  of  the  turbulence  and  d  is  the  spatial 
wavelength  of  the  array  of  detectors. 
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Fig.  2.     Weighting  function  of  a  Finite  linear  array  of  detectors  (array 

length  =  35.6  cm)  observing  stellar  scintillations  for  various  spatial 

wavelengths  d.    The  finite  bandwidth  of  the  light  source  has  been 

included. 


and  Wo  is  the  weighting  function  when  D  -*•  »,  given 
by 


W0U) 


f  "  du(l  +u2)-n/6sin2[id  +  u2)]. 
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III.     Path-Weighting  Function 

For  a  monochromatic  source  and  an  infinitely  long 
spatial  filter  at  the  receiver,  the  path-weighting  function 
is  given  by  Eq.  (10).  The  relative  weight  is  shown  in  Fig. 
1  as  a  function  of  normalized  height  x  =  irz\2/d.  Be- 
cause a  star  is  a  broadband  source,  the  path-weighting 
function  must  be  averaged  over  the  bandwidth  of  the 
detected  signal,  which  is  mainly  limited  by  the  response 
of  the  photomultiplier  (PM)  tube.  We  assume  that  the 
response  follows  a  Gaussian  curve  centered  at  Ao  with 
standard  deviation  a\.  Then  the  broadband  path- 
weighting  function  is  given  by 

W'(z)  =  dr/2)-1/s«rx_1|l  +  *lX0/(V2ax)))-1 

x    f°dXWU)exp[-(X-\o)2/2^2],     (11) 
Jo 

where  $  is  the  error  function. 

For  our  experimental  setup  the  parameters  of  the  PM 
tubes  are  Xo  =  0.4  ^m  and  o\  —  0.1  ^m.  We  use  a 
35.6-cm  Schmidt-Cassegrain  telescope,  so  the  param- 
eter (8  in  Eq.  (9)  is  equal  to  35.6/d,  where  d  is  the  spatial 
wavelength  of  the  receiver  in  centimeters.  Inserting  Eq. 
(9)  into  Eq.  (11)  we  can  obtain,  for  the  above  parame- 
ters, the  path-weighting  functions  for  different  spatial 
wavelengths,  as  shown  in  Fig.  2.  The  oscillation  seen 
in  Fig.  1  is  smeared  out  because  of  the  broadband  effect. 


It  is  clear  that  for  smaller  spatial  wavelengths  there  is 
more  contribution  from  the  lower  atmosphere. 

The  weighting  functions  shown  in  Fig.  2  are  good 
enough  to  measure  the  average  turbulence  strength 
above  a  certain  scale  height.  However,  the  height  res- 
olution is  too  poor  to  measure  directly  the  vertical 
profile  of  turbulence.  To  improve  the  height  resolution, 
we  measure  the  variance  of  the  signal  at  many  different 
spatial  wavelengths.  Combining  them  all  with  appro- 
priate weights,  we  obtain  a  set  of  reasonably  sharp- 
peaked  path-weighting  functions  centered  at  different 
heights;  and  we  are  able  to  measure  the  vertical  turbu- 
lence profile. 

The  composite  path-weighting  function  is  given  by 


WAz)=  Z  fl,K,8/3W"U,d,), 
1  =  1 


(12) 


where  N  is  the  number  of  different  wavelengths  used, 
R,  is  the  appropriate  weight  given  to  the  iih  spatial 
wavenumber  K,  =  2ir/dlt  and  dt  is  the  ith  spatial 
wavelength.  Restricting  ourselves  to  N  <  3,  we  ob- 
tained, by  trial  and  error,  a  family  of  seven  weighting 
functions  peaked  at  different  heights  from  2.25  km  to 
14.5  km  and  above  (see  Fig.  3).  The  peak  altitude,  the 
three  spatial  wavelengths  <i,  needed  for  each  linear 
combination,  and  the  relative  weights  Rj  and  Rz  (Ri  = 
1 )  are  shown  in  Table  I.  It  is  clear,  from  Fig.  3,  that  the 
height  resolution  becomes  poorer  at  higher  altitude. 
We  could,  in  principle,  obtain  a  sharper  weighting 
function  by  combining  more  than  three  spatial  wave- 
lengths, but  we  would  then  need  a  higher  accuracy  for 
the  measurements.  So  we  restrict  the  number  of  linear 
combinations  to  three  or  less.  From  this  information 
we  obtain  data  from  four  independent  layers  (e.g.,  the 
odd-numbered  Ws).    Some  redundancy  is  provided  by 


ALTITUDE   Ikml 


Fig.  3.     Composite  path-weighting  functions  obtained  by  linearly 

combining  weighting  functions  at  three  different  spatial  wavelengths 

(see  text  and  Table  I  for  details). 


Table  I.    The  Peak  Altitudes  and  Relative  Inverse  Areas  [see  Eq.  (14)]  of  Each  of  the 
Seven  Weighting  Functions  XV t  shown  in  Fig.  3 


XV, 

W2 

XV3 

W4 

Ws 

w6 

W, 

Peak  altitude  (km) 

2.25 

3.75 

5.25 

7.5 

9.75 

12.75 

>14.5 

B  x   1014 

2.39 

1.91 

2.57 

1.84 

1.38 

1.46 

0.87 

d,  (cm)a 

5 

6.5 

7 

8.5 

10 

11.5 

14 

d,  (cm) 

8 

9 

5 

6 

6.5 

7.5 

9 

d3  (cm) 

15 

15 

11 

13 

15 

15 

7 

«a 

-0.65 

-0.6 

-0.38 

-0.35 

-0.27 

-0.24 

-0.73 

R> 

-0.33 

-0.36 

-0.53 

-0.56 

-0.66 

-0.67 

+0.23 

"The  dj  are  the  spatial  wavelengths  that  must  be  combined  to  produce  each  XV,  the  relative  weights  being  R2  and  Ri,(Rl 
1). 
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Fig.  4.     The  telescope  and  the  attached  instrument  box. 

calculating  C/v2  for  seven  heights,  because  these  mea- 
surements are  not  independent. 

The  Cn  2  of  each  measurement  can  be  expressed  as 


1  =  1 


where 


B  =  1.87  X  10" 


[x"w>r 


(13) 


(14) 


In  Eqs.  (13)  and  (14),  Cn2  is  in  m-2/3,  Kt  is  in  cm"1,  z 
is  in  km,  and  (r//2(d1)  is  the  normalized  irradiance 
variance  detected  by  a  one-dimensional  spatial  filter 
with  spatial  wavelength  d,.  By  measuring  the  areas 
under  the  curves  shown  in  Fig.  3  (for  W-,,  we  cut  it  off 
at  25  km),  we  obtain  the  calibration  factor  B  shown  for 
each  layer  in  Table  I. 

IV.     Profiling  Instrument 

We  have  developed  a  system  that  uses  a  spatial  fil- 
tering technique  and  makes  an  on-line  computation  of 
the  refractive-index  profile.  An  instrument  package 
attached  to  a  35.6-cm  Schmidt-Cassegrain  telescope 
(Fig.  4)  sequentially  measures  the  normalized  standard 
deviation  of  the  irradiance  scintillation  at  different 
spatial  wavelengths  and  converts  this  information  to 
electrical  signals,  which  are  fed  to  a  minicomputer. 
After  a  series  of  measurements  are  completed  at  spatial 
wavelengths  from  5  cm  to  15  cm,  the  computer  is  pro- 
grammed to  compute  values  of  Cn  2  at  seven  ranges  from 
the  instrument. 


The  instrument  package  contains  the  optical  spatial 
filter  and  the  electronics  shown  in  Fig.  5.  The  optical 
spatial  filter  is  formed  by  placing  a  reticle,  consisting 
of  aluminized  stripes  0.5  mm  wide  on  1.0-mm  centers, 
outside  the  focus  of  the  telescope.  The  starlight  passing 
between  the  stripes  is  collected  by  one  PM  tube,  while 
that  reflected  from  the  stripes  is  directed  to  the  other 
tube.  The  reticle  is  angled  slightly  with  respect  to  the 
telescope  optical  axis  so  the  reflected  light  may  be  di- 
rected to  the  second  tube  by  an  off-axis  mirror.  By 
subtracting  the  electrical  output  of  one  tube  from  that 
of  the  other,  we  form  a  spatial  filter  that  is  sensitive  to 
only  one  narrow  band  of  spatial  wavelengths  in  the 
scintillation  pattern  incident  upon  the  telescope  aper- 
ture. The  spatial  harmonics  generated  by  the  sharp 
edges  of  the  strips  make  a  negligible  contribution  be- 
cause the  energy  contributed  from  higher  wavenumbers 
falls  off  according  to  the  Kolmogorov  spectrum  [Eq. 
(4)]. 

The  wavelength  d  sensed  by  the  spatial  filter  is  d  = 
d'F/f,  where  d'  is  the  spatial  wavelength  of  the  reticle, 
F  is  the  focal  length  of  the  telescope,  and  /  is  the  tele- 
scope focus-to-reticle  distance.  This  wavelength  is 
changed  by  varying  /  continuously  with  the  motor- 
driven  reticle  mount.  The  electrical  output  of  the  filter 
is  a  fluctuating  signal  whose  frequency  content  is  de- 
termined by  scintillation  pattern  movement  relative  to 
the  orientation  of  the  filter.  We  are  interested  only  in 
the  amplitude  of  the  signal;  however,  the  frequency 
spectrum  of  the  signal  will  affect  the  observed  ampli- 
tude if  it  extends  outside  the  electrical  passband  of  the 
system.  For  this  reason  we  rotate  the  reticle  contin- 
uously so  the  filter  measures  at  all  angles  with  respect 
to  the  direction  of  movement  of  the  scintillation  pat- 
tern. 

We  wish  to  measure  oif  (Eq.  1),  which,  in  terms  of 
measured  quantities,  is 


•HMT 


(15) 


Here  I\  and  I\  are  the  mean  and  fluctuating  part  of  the 
signal  from  PM  tubel  and  I2  and  1%  are  the  same  for 
PM  tube  2.  For  h'/h  «  1,  h'lh  «  1,  and  with  high 
pass  filtering  of  the  difference  signal,  it  can  be  shown 
that 


a,  *  |[ln(/i  +  hi  -  ln(/2  +  /2')]2|1/2  (16) 

with  negligible  error.    We  choose  to  measure  aif  by  the 
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Fig.  5.     Schematic  of  the  optical  spatial  filter  and  the  electronics. 
October  1976  /  Vol.  15,  No.  10  /  APPLIED  OPTICS         2507 


54 


Fig.  6.     Typical  optically  measured  C„  2  vertical  profiles  at  Boulder, 

Colorado.    Each  curve  is  the  average  of  the  measurements  of  a  single 

evening.    The  dashed  line  represents  the  statistical  average  profile 

of  Hufnagel's  latest  model. 

differencing  method  described  in  Eq.  (16)  because  the 
differencing  procedure  improves  dynamic  range  and 
stability.  It  is  particularly  important  that  the  circuit 
be  insensitive  to  gain  differences  of  the  optical  and 
electronic  circuits  between  PM  tube  1  and  PM  tube  2, 
since  a  gain  balance  cannot  be  maintained  in  all  posi- 
tions as  the  reticle  rotates  and  translates.  We  obtain 
a  voltage  proportional  to  aif  by  using  analog  circuitry 
(Fig.  5)  to  take  the  difference  of  the  logarithms  of  signals 
1  and  2.  We  bandpass-filter  (6-900  Hz)  that  voltage 
and  obtain  the  1-sec  rms  average.  The  measured  aif  is 
then  insensitive  to  both  the  gain  of  the  system  and  the 
mean  intensity  of  the  starlight.  The  bandpass  ratio  is 
a  compromise  between  wind  speed  range  and  SNR,  and 
the  range  chosen  covers  atmospheric  wind  speeds  from 
approximately  0.9  m/sec  to  45  m/sec.  The  low  fre- 
quency cutoff  is  also  determined  by  the  necessity  of 
removing  any  signal  fluctuations  due  to  reticle  move- 
ment. 

We  compute  a/,  the  log-irradiance  standard  deviation 
of  the  whole  aperture,  by  taking  the  logarithm  of  the 
sum  of  PM  tube  signals  1  and  2,  bandpass  filtering 
(6-900  Hz),  and  obtaining  the  1-sec  rms  average. 

The  instrument  package  supplies  four  signal  voltages 
to  the  minicomputer.  They  are  proportional  to  the 
following: 

ai/t  the  fractional  standard  deviation  of  the  spatially 

filtered  signal  as  defined  by  Eq.  (7), 

d,  the  wavelength  of  the  spatial  filter, 

oi,  the  log-irradiance  standard  deviation  of  the  whole 

telescope  aperture, 

/,  the  irradiance  of  the  whole  telescope  aperture. 

From  the  first  three  inputs  we  calculate  aC„2  profile 
according  to  the  theory  presented  earlier.  The  fourth 
input  (/)  is  used  to  set  signal  levels,  monitor  the  guiding 
of  the  telescope,  and  provide  a  record  if  clouds  obscure 
the  star.  The  log-irradiance  standard  deviation  of  the 
whole  aperture  aj  is  a  weighted  measurement  of  the 
refractive-index  turbulence,  which  approximately 
covers  the  region  over  which  the  instrument  profiles 
C„2.  Though,  in  principle,  this  measurement  is  not 
needed  to  compute  Cn  2  profiles,  we  have  found  it  allows 
us  to  compensate  partially  for  the  nonstationarity  of  the 
atmosphere  during  the  20-min  measurement  cycle. 
This  compensation  is  accomplished  by  continuously 


multiplying  aif2  by  the  factor  aj^/ai2,  where  ctT5  is  the 
mean  of  cr/2  over  the  20-min  measurement  cycle. 

Even  with  this  correction,  the  largest  error  arises  from 
atmospheric  nonstationarity.  We  obtain  a  relative 
measure  of  nonstationarity,  and  hence  profile  quality, 
by  calculating  the  fractional  standard  deviation  of 
24-sec  averages  of  oj2  over  the  measurement  cycle. 

One-second  samples  of  o}t,  d,  07,  and  /  are  digitized. 
From  this  information,  the  computer  forms  24-sec  av- 
erages of  <7/f2d~s/3,  d,  a j2,  and  /.  The  24-sec  average 
is  necessary  because  that  is  the  period  of  one  revolution 
of  the  reticle.  To  suppress  measurement  noise,  we  use 
a  triangular  smoothing  window  (with  halfwidth  =  2  cm] 
centered  at  the  required  spatial  wavelength  (shown  in 
Table  I)  to  obtain  a/2  at  that  spatial  wavelength  and 
compute  C„ 2  at  seven  ranges  according  to  the  theory 
presented  in  Sec.  II. 

V.     Experimental  Results 

The  instrument  described  in  the  previous  section  is 
designed  for  use  with  stars  of  second  magnitude  or 
brighter.  To  guarantee  enough  SNR,  we  first  pointed 
the  telescope  to  a  zero  magnitude  star,  Vega.  The 
measurement  was  taken  at  Table  Mountain,  a  mesa 
located  12  km  north  of  Boulder,  Colorado.  Some 
measurements  of  the  typical  Cn  2  vertical  profiles  are 
shown  in  Figs.  6  and  7.  Each  curve  represents  an  av- 
erage of  the  measurements  of  a  single  evening.  Varia- 
tions from  night  to  night  are  large,  extending  over  a 
range  of  one  hundred  to  one.  The  dashed  line  repre- 
sents the  statistical  average  profile  of  Hufnagel's  latest 
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Fig.  7.     More  measurements  of  C„2  profiles  at  Boulder,  Colorado. 

Each  curve  is  the  average  of  the  measurements  of  a  single  evening. 

The  dashed  line  represents  the  statistical  average  of  Hufnagel's  latest 

model. 


Fig.  8. 


Typical  variation  of  the  vertical  Cn2  profile  in  a  single 
evening. 
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<r\  DIRECT  MEASUREMENT 


Fig.  9.     A  comparison  between  direct  measurements  of  the  whole 
aperture  log-amplitude  variance  and  calculations  based  on  the  mea- 
sured C„ 2  profiles. 
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Fig.  10.     Rawisonde  measurements  of  wind  speed,  wind  direction, 
and  temperature  taken  at  Denver. 


model.20  Our  measurements  show  general  agreement 
with  this  model.  Since  we  are  in  the  lee  of  the  Rocky 
Mountains  where  mountain-wave  effects  are  common, 
we  expect  to  see  large  night  to  night  variations  of  the 
vertical  Cn  2  profile.  The  typical  variation  over  a  period 
of  2%  h  in  a  single  evening  is  shown  in  Fig.  8.  We  see 
that  there  are  noticeable  changes  within  a  couple  of 
hours. 

It  is  difficult  to  compare  quantitatively  our  mea- 
surements to  other  independent  simultaneous  mea- 
surements. However,  a  self-comparison  is  possible. 
When  we  were  measuring  the  spatially  filtered  intensity 
scintillations,  we  also  measured  the  variance  of  the 
whole-aperture  scintillation  of  the  telescope.  We  can 
calculate  the  expected  log-amplitude  variance  of  the 
whole  aperture  scintillation  by  inserting  the  measured 
Cn2  profile  into  the  following  equation16: 

<xx2  =  0.132*-2fc2    ("°  dzCn2U)    f"  dKK~B/3sinHK2z/2k) 

Jo  Jo 

L     KD/2     J 

where  D  is  the  diameter  of  the  telescope  and  a/2  =  4<rx2, 
(It  can  be  shown  that  the  hole  in  the  middle  of  a 
Schmidt-Cassegrain  telescope  has  a  negligible  effect  on 
the  log-amplitude  variance  of  the  whole  aperture  scin- 
tillation.) The  results  of  the  calculated  variances 
compared  with  the  direct  measurements  are  shown  in 
Fig.  9.  The  agreement  is  encouraging  evidence  that  the 
spatial  filters  and  detectors  worked  as  expected. 
We  picked  the  measurements  of  two  nights,  one  with 


a  strong  turbulence  profile  (25  June  1975)  and  the  other 
with  a  weak  turbulence  profile  (3  July  1975)  (see  Fig.  6), 
for  comparison  with  rawinsonde  data  taken  at  Denver 
at  0000  GCT,  26  June  1975  and  0000  GCT,  4  July  1975, 
respectively  (see  Fig.  10).  Unfortunately  the  National 
Weather  Service  measurements  occurred  several  hours 
before  our  own  and  are  taken  more  than  60  km  away; 
hence  a  quantitative  comparison  is  impossible.  How- 
ever, we  note  that  during  the  night  of  25-26  June  both 
the  wind-shear  and  the  temperature  gradient  are  larger 
than  on  the  night  of  3-4  July.  We  expect  a  strongly 
turbulent  atmosphere  on  the  evening  of  25  June  and  a 
relatively  weak  turbulent  atmosphere  on  the  evening 
of  3  July,  and  this  agrees  with  our  measurements. 

A  different  qualitative  comparison  between  the  op- 
tical measurements  and  the  rawinsonde  measurements 
has  been  suggested  by  Hufnagel.21  By  inserting  the 
wind  speed  profiles  measured  by  the  rawinsonde  into 
Hufnagel's  latest  model,20  the  vertical  Cn  2  profiles  can 
be  obtained  for  each  evening. 

Four  particular  evenings  with  a  variety  of  turbulence 
strengths  have  been  chosen  for  such  a  comparison.  The 
results  are  plotted  in  Fig.  11.  The  crosses  represent  the 
optical  measurements,  and  the  smooth  curves  denote 
the  model  Cn2  profiles.  Again,  a  quantitative  com- 
parison is  impossible  because  the  measurements  differ 
in  time  and  in  location.  However,  the  general  qualita- 
tive agreement  is  remarkable,  especially  for  heights 
above  5  km.  For  the  evenings  of  24  June,  28  August,  22 
September,  and  3  July,  Cn2  increases  sequentially  for 
both  the  optical  as  well  as  the  model  profiles.  Although 
the  optical  profiles  have  higher  values  of  Cn  2  than  the 
Hufnagel  prediction,  this  result  could  well  be  due  to  the 
measurement  location  in  the  lee  of  the  Rocky  Moun- 
tains. Nevertheless,  the  night-to-nght  differences, 
predicted  and  measured,  are  similar. 

VI.     Conclusions 

We  have  demonstrated  that  the  vertical  Cn  2  profile 
of  the  atmosphere  can  be  measured  by  observing  the 
turbulence-induced  optical  scintillation  of  a  single  star 
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Fig.  11.     Comparison  of  optical  measurements  (x)  and  the  Hufnagel 

model  (smooth  curves)  that  results  from  using  the  wind  speed  profiles 

measured  by  the  rawinsonde. 
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with  a  ground-based  spatially  filtered  telescope.  The 
whole  atmosphere  can  be  divided  into  four  nearly  in- 
dependent layers.  This  is  an  accurate,  practical,  in- 
expensive, and  potentially  useful  device  to  measure  the 
vertical  turbulence  profile,  provided  that  a  high  altitude 
resolution  is  not  required. 

The  primary  support  for  this  project  was  provided  by 
RADC(OCSE),  Griffiss  AFB,  New  York  13441,  under 
contract  F30602-74-F-0108.  The  Scientific  Monitor 
was  Raymond  P.  Urtz,  Jr. 
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Limitations  of  cloud  droplet  size  distribution  by  Backus-Gilbert  inversion  of 
optical  scattering  data 
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The  feasibility  of  using  the  Backus-Gilbert  inversion  technique  to  recover  size  distributions  of  water  droplets 
in  clouds  from  laser  scattering  data  is  investigated.  The  set  of  multiparameter  hdar  returns  that  yields  the  best 
inversion  is  a  polarized  set  taken  at  multiple  scattering  angles.  For  the  type  of  distributions  found  in  natural 
clouds,  experimental  noise  effects  are  minimal,  but  the  small  size  portion  of  the  spectrum  is  not  well  recovered 
because  of  low  scattered  intensity  and  large  spread  in  the  recovery  function's  resolution.  However,  recovery  of 
precisely  known,  but  less  extensive  distributions  of  cloud-sized  water  droplets  is  demonstrated  for  laboratory 
data. 


Westwater  and  Cohen1  first  investigated  the  application 
of  the  Backus-Gilbert  inversion  technique2  to  the  re- 
covery of  size  distributions  from  optical  scattering  mea- 
surements.   In  theory  they  found  that  the  technique  was 
useful  for  multispectral  data  from  narrow  size  distri- 
butions. 

This  work  is  a  continuation  of  their  studies.  It  in- 
vestigates the  feasibility  of  using  the  technique  for  a 
wider  range  of  distributions— in  particular  for  cloud- 
type  water  droplet  distributions— and  for  multiangular 
as  well  as  multispectral  polarized  data.  In  addition, 
laboratory  data  are  taken  from  precisely  known  distri- 
butions, and  they  are  accurately  inverted. 

I.  SUMMARY  OF  THE  BACKUS-GILBERT  INVERSION 
TECHNIQUE 

The  Backus- Gilbert  technique  is  applicable  to  linear 
inverse  problems  that  take  the  form 


g,  =  j     w((r)fir)dr- 

■71 


i  =  1.2. 


". 


(1) 


where  gi  is  the  z'th  of  n  physical  measurements,  €(  is 
the  noise  included  in  the  measurement,  wt(r)  is  a  known 
"weighting  function,  "  and/(r)  is  the  function  to  be  re- 
covered. 

For  the  optical  scattering  case,  the  i's  represent 
measurements  taken  at  different  angles,  different  fre- 
quencies, different  polarizations,  or  any  combination 
of  these  parameters.    The  weighting  function  wt(r)  is 
the  scattered  intensity  for  a  single  particle  of  radius 
r.    It  is  known  from  Mie  theory  for  spherical  shapes, 
as  in  water  droplets;  for  irregular  shapes,  it  may  be 
known  empirically.    The  size  distribution  fir)  for  a 
^r^b  is  to  be  determined  from  a  multiparameter  set 
of  measurements  gt. 

It  is  known  that 


fir,)-  f*6(r-r,)/(r)dr    , 


(2) 


where  fi(r-r,)  is  the  Dirac  delta  function.    The  Backus- 
Gilbert  method  finds  a  set  of  coefficients  bn    forming 
an  averaging  kernel Kx   which  in  some  sense  approxi- 
mates a  delta  function  at  r,: 


jr,»)Tfc|iW<(r)-a(r-Tl). 


Then,  using  that  same  set 


I>uft-  f  (£  *«»iWW)«*r«/(rI)  (4) 

1=1  •'a    \|»1  / 

by  (2)  above. 

To  investigate  another  radius  r2,  a  different  set  of 
coefficients  biz  is  found  such  that 


X)  htzu'i(r)~6(r-rz) 


(5) 


(3) 


With  a  sufficient  number  of  coefficient  sets  one  may 
then  recover  the  entire  distribution  /(r),  a^r^b. 

The  recovery  is  complicated  by  the  noise  e,  and  the 
fact  that  the  kernels  do  not  perfectly  simulate  delta 
functions.    In  practice  these  difficulties  are  quantified 
by  defining  variance  and  spread.    Variance  is  a  mea- 
sure of  the  range  in  the  recovered  value  for /due  to 
the  statistical  variation  of  measurement  errors. 
Spread  is  a  measure  of  the  resolution  inherent  in  a 
peaked  function,  defined  so  that  the  function's  equiva- 
lent rectangle  (that  is,  of  equal  peak  height  and  area) 
is  of  width  given  by  the  spread. 

It  is  found  that  the  only  way  to  decrease  the  variance 
is  to  increase  the  spread.    Thus  a  compromise  must 
be  effected,  and  this  is  facilitated  by  choosing  a  point 
on  a  tradeoff  curve  which  is  parameterized  by  y.    A 
value  for  y  of  0°  represents  minimum  spread  in  Kk  and 
y=90°  represents  minimum  variance  (see  Fig.   1). 

The  mathematical  technique  for  determining  the  in- 
version coefficients  b ik,  and  therefore  the  kernels  K„, 
may  be  found  in  the  work  by  Westwater  and  Strand. 3 
Note  that  this  technique  requires  no  a  priori  informa- 
tion about  the  form  of  fir),  and  that  absolute,   not  rela- 
tive, number  densities  are  determined. 

II.    NATURE  OF  THE  KERNELS 

For  this  study,  the  weighting  functions  wt(r)  were 
generated  using  Dave's4  Mie  scattering  program.     Thes 
were  calculated  for  each  0. 1  urn  increment  in  radius 
in  the  range  0. 1-30.  4  fim,  at  each  of  16  scattering 
angles,   135°  ^6^150°.    The  five  values  in  each  0.  5 
Htn  increment  were  then  averaged  and  normalized  by 
X2/4tf  to  represent  the  value  of  wt(r)  for  that  range. 
This  process  was  repeated  for  two  polarizations— one 
perpendicular  to  the  scattering  plane  and  one  lying  in 
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FIG.   1.    Tradeoff  curves  for  different  sets  of  scattering  pa- 
rameters. 
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it— for  nine  wavelengths  across  the  visible  spectrum. 
The  range  in  the  parameter  6  was  chosen  to  correspond 
to  an  observed  peak  in  the  scattering  functions  which 
also  would  allow  for  a  realistic  bistatic  configuration 
in  a  field  system. 

These  functional  values  were  then  used  in  Westwater 
and  Strand's3  Backus-Gilbert  program  to  produce  the 
inversion  coefficients  ,\,,'and  kernels  Kh  at  r,  =  5,  10, 
15,  20,  25,  and  30  fim  for  avrious  choices  of  tradeoff 
parameter  y.    The  program  also  graphs  the  averaging 
kernels  for  various  points  on  the  tradeoff  curve  and 
outputs  the  spreads  and  variances  for  different  choices 
of  relative  error  on  the  signal. 

With  the  Backus-Gilbert  technique  one  can  achieve 
physical  insight  by  examining  the  details  of  the  kernels 
K„.    Different  sets  of  inversion  coefficients,  together 
with  their  corresponding  kernels,  are  generated  at  a 
particular  rk  for  different  points  chosen  on  the  tradeoff 
curve.    One  normally  uses  a  point  well  removed  from 
the  end  points  of  the  tradeoff  curve  as  the  best  compro- 
mise between  sensitivity  of  the  result  to  experimental 
errors  (variance)  and  narrowness  of  the  size  interval 
over  which  /  is  determined  (spread).    In  this  work,  how- 
ever, it  was  found  appropriate  under  some  circumstan- 
ces to  use  the  A=0°  solution. 

Averaging  kernels  for  r,  =  20  urn  and  A  =  0°,  45°,  and 
90°  are  shown  in  Figs.  2(a)-2(c),  along  with  integral 
properties  of  these  approximations  to  delta  functions. 
Note  the  combined  smoothness  and  accuracy  of  the 
y  =  45°  kernel  compared  with  the  others.  These  func- 
tions are  typical  of  those  generated  by  this  technique 
for  the  weighting  functions  encountered. 

The  quality  of  the  averaging  kernels  for  small  radii 
(the  one  for  >  =  45° ,  r,  =  5  Mm  is  shown  in  Fig.  3)  Is 
poor.    This  is  caused  by  the  lack  of  the  radial  vari- 
ations in  the  weighting  functions,  an  example  of  which 
is  shown  in  Fig.  4.    There  is  very  little  structure  in 
these  functions,  or  between  them,  at  lower  radii.    It 
is  impossible  to  superimpose  such  similar  functions 
linearly  to  approximate  a  delta  function  satisfactorily. 
In  fact,  the  minimization  procedures  must  try  to  ne- 
gate the  large  contributions  from  the  weighting  func- 
tions of  larger  radii,  leaving  a  kernel  that  does  not 
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FIG.  4.    Weighting  function  for  0aclt  =  148J. 


even  peak  at  the  correct  radius.    The  opposite  case  is 
true  for  kernels  that  peak  at  larger  radii,  where  weight- 
ing function  oscillations  are  strong  and  varied.    Here 
satisfactory  kernels  are  created. 

By  analyzing  the  properties  of  the  kernels  that  the 
technique  creates  (Table  I),  it  was  found  that  the  opti- 
mum combination  of  scattering  parameters  for  data 
taking  includes  polarization  information  and  narrow 
beam  scattering  over  multiple  scattering  angles.     That 
is,  these  parameters  result  in  the  curve  closest  to  the 
origin  in  Fig.  1.    As  may  be  deduced  from  the  table. 
multiple  frequency  data  improve  results  slightly,  par- 
ticularly if  the  frequencies  are  widely  spaced,  but  in 
practice  the  amount  of  improvement  probably  does  not 
warrant  the  effort. 

III.  THEORETICAL  AND  EXPERIMENTAL 
INVERSIONS 

After  the  optimum  combination  of  scattering  param- 
eters was  established,  the  abilities  of  the  Backus-Gil- 
bert technique  to  recover  number  densities  from  dis- 
tributions were  investigated.    To  do  this  a  stepped- 
si'ze  distribution  was  used  to  create  theoretical  signals 
from  the  known  weighting  functions.    The  response  of 
inversion  process  to  this  "impulse"  in  size  distribu- 
tion could  then  be  analyzed.    The  theoretical  signals 
were  processed  with  Backus-Gilbert  inversion  coef- 
ficients to  recover  a  distribution.    Results  are  depicted 


TABLE  I.     Spreads  (^m)  for  various  combinations  of  weight- 
ing functions. 


y= 

=  45° 

Radius  (pm) 

A 

B 

C 

D 

E 

F 

5 

60.3 

48.5 

40.4 

106.6 

81.7 

152.7 

10 

20.5 

10.7 

10.0 

43.7 

33.1 

66.  9 

15 

7.0 

5.8 

5.4 

17.7 

11.6 

21.0 

20 

5.1 

4.4 

4.7 

6.5 

7.7 

7.1 

25 

4.2 

3.7 

4.2 

4.6 

6.1 

6.7 

30 

5.6 

7.4 

5.7 

8.9 

9.6 

13.0 

A:  Finer  quadrature,  0^r£30^m 

B:  One  polarization,  A  =  6943  and  A  =  3471  A 

C:  One  polarization,   A  =  6328  and  A  =  5890  A 

D:  Angle  scan  limited  to  eight  angles 

E:  Polarizations  added 

F:  Two  polarizations,  nine  wavelengths,  one  angle 


Multiangle 


In  Fig.  5.    It  was  found  that  if  recovery  over  the  ra- 
dius range  0-30  urn  is  required,  the  recovery  in  the 
range  0-10  urn  is  poor.    This  has  two  causes.     First, 
the  minimization  procedure  used  to  create  averaging 
kernels  that  peak  at  small  radii  must  weight  its  efforts 
to  cancel  out  high  scattering  values  at  larger  radii. 
The  result  is  a  kernel  of  poor  resolution  that  does  not 
peak  at  proper  radius.    Second,  even  if  the  contribu- 
tions from  the  larger  radii  do  not  overpower  those 
from  the  smaller,  the  variation  of  the  weighting  func- 
tions with  radius  still  is  not  intense  enough  at  small 
radii  to  permit  the  construction  of  as  good  an  averaging 
kernel  as  is  possible  at  larger  radii.     These  facts  ex- 
plain why  Westwater  and  Cohen1  were  able  to  recover 
a  narrow  distribution  when  they  limited  their  range  of 
radii. 

These  and  other  limitations  rule  out  detection  of 
meaningful  cloud-type  size  distribution  parameters,  such 
as  mode  radius  and  slope  at  large  radii,  at  least  for 
those  distributions  popularly  used  by  modelers, 5-6  which 
in  character  include  most  measured  distributions.     For 
the  mode  radius,  which  typically  occurs  in  the  0-10  )im 
range,  recovered  distributions  are  questionable  be- 
cause of  the  facts  just  presented.    Even  if  the  total 
range  in  radius  were  limited  to  10  Mm,  as  is  the  case 
with  some  cumuli,  spreads  would  be  too  wide  to  yield 
useful  results.    To  detect  slope  at  large  radii,  the 
averaging  kernels  are  well  constructed  with  narrow 
spread,  but  pickup  in  their  wings  limits  their  useful- 
ness to  working  with  only  two  orders  of  magnitude  range 
in  number  density.     Because  number  densities  at  30  ^.m 
are  at  least  10s  below  the  mode  radius  density  in  most 
models,  they  are  undetectable. 


10*      Noisy    Data 


K>_ 


Recovered 
Distribution 


I • 1 


IS 


Radius  .  pm 

FIG.  5.    Actual  and  recovered  size  distributions — theoretical 
noisy  data. 
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FIG.  6.    Actual  and  recovered  size  distributions— experimental 
noisy  data. 

It  was  found  theoretically  that  noise  on  the  data  up  to 
a  level  of  10"  does  not  affect  recovery  accuracy  as 
much  as  the  imperfect  resolution  of  the  kernels.    There- 
fore it  is  wise  to  choose  a  point  on  the  tradeoff  curve 
nearer  to  y  =  0°  for  this  type  of  noisy  scattering  data. 

After  the  properties  and  limitations  of  the  Backus- 
Gilbert  technique  were  investigated  theoretically,  the 
method  was  applied  to  noisy  laboratory  data  with  no 
unexpected  results.    The  inversion  values  are  depicted 
in  Figs.  6(a)  and  6(b).    The  data  set  itself  is  unusual  in 
that  the  exact  size  distribution  which  created  the  data  is 
known.    This  was  accomplished  by  forming  single  water 
droplets  in  the  10-30  (im  range  and  scattering  from  in- 
dividual droplets.    A  cloud  signal  was  then  created  by 
summing  intensities  from  the  various  size  droplets, 
weighted  by  the  distribution  function.     For  details  of 
this  process  see  Post.7    For  the  experimental  data, 


all  discrepancies  between  recovered  and  actual  distri- 
butions may  be  explained  in  terms  of  spread  and  noise, 
since  there  is  no  uncertainty  about  the  actual  distri- 
butions. 

IV.  CONCLUSIONS 

It  is  concluded  that  recovery  of  size  distributions 
from  optical  scatter  of  cloud-sized  droplets  is  possible, 
but  that  the  imperfect  resolution  inherent  in  the  scatter- 
ing process  itself  limits  the  types  of  distributions  that 
are  recoverable,   and  rules  out  meaningful  inversions 
for  cloud  model  distributions. 

It  must  be  emphasized,  however,  that  useful  appli- 
cations of  the  Backus -Gilbert  technique  are  possible 
for  polydisperse  systems  with  smaller  ranges  in  num- 
ber density  and  radius  than  are  found  in  natural  clouds; 
such  distributions  have  been  recovered  in  the  labora- 
tory.   Also,  there  is  hope  that  fog  distributions  (0-3 
urn)  may  be  recovered  from  multiangular  or  widely 
spaced  multifrequency  data  because  of  their  narrow 
range  in  radius.     It  may  be  possible  to  recover  the 
total  number  density  of  narrowly  distributed  cumuli 
(0-10  (im)  using  this  technique,  if  a  distribution  shape 
may  be  assumed.    By  using  this  same  shape,  one  could 
also  determine  the  total  water  content  of  the  cloud. 

Such  possible  applications  of  the  Backus-Gilbert 
technique  should  be  studied  in  more  detail.    Other  in- 
version techniques  should  also  be  investigated,  particu- 
larly those  which  may  circumvent  the  imperfect  reso- 
lution inherent  in  the  optical  scatter  process  associated 
with  water  cloud  size  distributions. 
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Characterization  of  High  extinction  Weather  for  a 
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Extinction  of  infrared  radiation  by  clouds  and  precipitation  appears  to 
be  the  most  significant  limiting  factor  on  a  pulsed  coherent  lidar  used  to 
remotely  sense  the  atmosphere.   Numerous  articles  have  appeared  in  the  litera- 
ture describing  Mie  scattering  calculations  of  extinction  in  atmospheric  poly- 
disperse  suspensions,  and  there  exists  a  limited  amount  of  experimental  data. 
The  sparsencss  of  experimental  data  and  the  uncertainty  of  the  calculations 
makes  quantifying  the  scattering  properties  of  clouds  to  the  degree  required 
by  system  simulation  studies  a  difficult  project.   Here,  we  combine  data  and 
calculations  to  estimate  the  range  of  variation  of  infrared  transmission 
through  clouds  and  precipitation.   Our  data  base  resulted  largely  from  an  ex- 
tensive literature  survey.   Infrared  extinction  and  other  scattering  proper- 
ties of  the  cloudy  atmosphere  have  been  deduced  from  passive  measurements  in 
the  atmospheric  transmission  window,  from  suitable  measurements  in  the  visible, 
or  from  scattering  calculations  based  on  measured  and  hypothetical  droplet- 
size  spectra.   These  results  on  cloud  transmission  properties  were  combined 
with  cloud  occurrence  statistics  to  form  a  simple  model  for  system  simulation 
studies.   Results  summarizing  the  cloud  transmission  study  are  given  in  Table].. 

In  general,  cloud  extinction  at  all  wavelengths  decreases  as  cloud  base 
altitude  increases  because  of  the  relationships  between  liquid  water  content 
and  bulk  scattering  properties.   From  the  evidence  presented,  most  low  alti- 
tude clouds  will  prohibit  probing  from  beyond  the  cloud,  while  many  middle 
and  higli  clouds  will  be  sufficiently  transparent  for  usable  returns  to  be 
obtained  from  beyond  the  cloud.   In  rain,  measured  transmission  losses  are 
much  less  than  those  estimated  for  low  clouds. 

Data  also  show  that  in.  most  clouds  the  transmission  improvement  at  10.6  pm  over 
visible  wavelengths  is  not  large  and  appears  to  vary  considerably.   This  im- 
provement is  generally  a  factor  of  three  decrease  in  extinction  coefficient, 
but  can  range  widely  between  one  and  ten  under  normal  conditions. 
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Table  1:  Model  Characteristics  of  High-Extinction  Phenomena 


oud  Type 

h(km) 

Ah (km) 

w(g  m  ) 

rra(um) 

N(cm~3) 

b 

EXT(km  } 

bBACK(km  } 

ratus 

.1-.7 

.2-  .8 

.2-  .4 

5.5 

100-400 

30-100 

.75-2.5 

ratocumulus 

.6-1.5 

.2-  .8 

.02-. 2 

5.0 

100-400 

3-30 

.075-. 75 

g 

0 

0-.15 

.05-. 2 

2 

25-800 

.1-20 

.002-. 5 

ubostratus 

.1-1.0 

2-3 

.2-  .9 

6-7 

100-400 

30-100 

.6-2 

in 





R=l-100 

1000 

21 
.002  R* 

.21R-74 

1.3xlO"3R 

tostratus/ 

2-6 

.2-2 

.1-  .2 

4.8 

100 

10-30 

.1-  .75 

cumulus 

.04  (ice) 



.3-2.0(ice) 

l-3(ice) 

.002-.005(ice) 

nulus 

.5-1.0 

.5-5 

.005-. 4 

3.5 

100-300 

10-40 

.25-1.0 

nulonimbus 

.5-1.0 

2-12 

.4-8.0 

7.0 

50-500 

30-100 

.2-2.5 

rriform  (ice) 

6-10 

1.0-2.5 

.02-. 1 

50 

.2-1 

.3-1.4 

.003-. 001 

NOTES:  h  =  cloud  base  height  (AGL) ;  Ah  =  cloud  thickness;  w  =  water  content; 
r  =  modal  drop  radius  (or  equivalent  spherical  drop  radius  for  ice 

clouds) ;  N  =  total  concentration  of  droplets  larger  than  r  =  1  urn; 
bpxT  =  bulk  extinction  coefficient  (A  =  10.6  um) ;  bRAr].  =  bulk  back- 
scatter  cross  section  coefficient  (X  =  10.6  Mm);  R  =  rain  rate  (mm 
hr  );  Overbars  indicate  typical  or  representative  values.  Natural 

variability  of  microscopic  properties  (w,  r  ,  N,  b_v_,  bDA„.,)  is  ex- 

m      bXl    BALK. 

ceedingly  large.   Some  of  the  variability  is  a  function  of  location, 
season,  time  of  day  and  weather  regime. 

The  exact  Mie  scattering  theory  has  frequently  been  the  basis  for  esti- 
:ing  extinction  and  backscatter  in  clouds  (Carrier,  et  al . ,  1967).  The 
lgle  particle  scattering  functions  are  integrated  over  measured  or  modelled 
>p-size  distributions.  These  estimates  appear  to  underestimate  the  extinc- 
m  and  overestimate  the  backscatter  as  suggested  by  the  experimental  work  re- 
nted by  Lawrence,  et  al.,  (1973),  Zuev  (1966),  May  (1961)  and  Cato  et  al.,  (1965). 

Water  content  appears  to  be  a  reasonable  and  convenient  indicator  of  ex- 
iction  for  water  clouds.   The  large  natural  and  sampling  variability  of  the 
»plet  spectra,  even  within  clouds  of  the  same  type,  precludes  more  accurate 
ermination.   From  the  results  of  Piatt  (1976)  and  a  general  knowledge  of 
!  scattering  behavior  of  cloud  droplets  it  appears  that  for  most  liquid 
ise  clouds 
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b£XT  (10.6  urn,  km"1)  =  80  w*65  (g  m"3) 
where  b_v_,  is  the  bulk  extinction  coefficient  and  w,  the  water  content. 

Our  survey  indicates  that  extinction  in  low  altitude  liquid  water  clouds 
falls  typically  between  3  and  100  km   and  backscatter  cross  section  lies  be- 
tween .075  and  2.5  km   .   In  mid-  and  high-level  ice  phase  clouds  the  extinc- 
tion is  substantially  lower,  typically  between  .3  and  2.2  km  .   Lacking 
direct  measurements,  one  cannot  realistically  claim  that  the  current  values 
represent  better  than  order-of -magnitude  estimates. 

Cloud  climatology  provides  information  on  the  microscopic  distribution  of 
cloud  types.   For  a  ground-based  lidar,  the  method  of  Lund  and  Shanklin  (1973) 
was  employed  to  estimate  the  frequency  of  occurrence  of  clouds  by  type  along 
some  elevated  line  of  sight.  This  information  was  combined  with  the  estimated 
cloud  extinctions  to  yield  the  probability  of  two-way  path  attenuation.  An 
example  of  this  type  of  calculation  is  shown  in  Fig.  1.  Thus  on  an  annual 
basis. for  a  vertically  pointed  lidar  located  at  Columbia,  Missouri,  the 
probability  for  a  50  db  or  less  two-way  attenuation  to  10  km  is  about  64%. 
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Figure  1.   Expected  two-way  path  attenuation  due  to  clouds  on  an  annual 
basis  for  a  system  located  at  Columbia,  Missouri.   Percentage 
of  time  for  which  the  attenuation  is  less  than  10  dB  and  50  db 
for  elevation  angles  of  30°  and  90°. 
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Measurement  of  rain  parameters  by  optical  scintillation: 
computer  simulation  of  the  correlation  method 


Ting-i  Wang  and  R.  S.  Lawrence 


Earlier  analysis  of  the  use  of  laser-beam  scintillations  to  measure  path-averaged  rainfall  rate  and  drop-size 
distribution  has  been  well  verified  for  pathlengths  up  to  140  m  even  though,  for  such  a  path,  overlapping  of 
the  scintillation  patterns  violates  a  simplifying  assumption  of  the  analyses.  Analytic  extension  of  the  theory 
to  the  case  where  the  scintillation  patterns  overlap  appears  intractable,  so  a  computer  simulation  has  been 
used  to  investigate  that  limitation  of  the  theory.  That  simulation,  presented  here,  verifies  that  the  original 
scintillation-covariance  technique  for  measuring  rainfall  parameters  is.  with  only  a  slight  modification,  still 
applicable  in  the  presence  of  overlapping  scintillation  patterns  from  many  raindrops. 


I.     Introduction 

Recently,  Wang  and  Clifford1  and  Wanget  al.2  pre- 
sented theoretical  studies  and  preliminary  experimental 
results  of  the  use  of  rainfall-induced  optical  scintilla- 
tions to  measure  path-averaged  rain  parameters.  The 
general  philosophy  of  the  approach  is  to  measure  the 
raindrop-induced  irradiance  (or  amplitude)  scintilla- 

xd.y.z) ; 

tions  with  two  vertically  spaced  detectors.  The  tem- 
poral covariance  function  of  the  signals  detected  by  the 
two  sensors  yields  the  path-averaged  terminal  velocity 
distribution  of  the  raindrops.  Because  there  is  a 
monotonic  relationship  between  drop  size  and  terminal 
velocity,1'  the  measured  velocity  distribution  can  be 
converted  to  path-averaged  drop-size  distribution  and 
hence  to  rain  rate.  However,  one  important  assumption 
used  in  their  derivation  is  that  the  time-lagged  covar- 
iance function  of  the  irradiance  scintillation  induced  by 
many  raindrops  from  different  locations  can  be  con- 
sidered as  the  sum  of  the  covariance  functions  of  the 
scintillation  patterns  of  the  individual  drops.  This 
assumption  is  valid  if  the  receiver  detects  only  one  dif- 
fraction pattern  at  a  time.  For  a  line  detector,  many 
patterns  are  detected  simultaneously,  and  some  of  the 
irradiance  scintillations  will  be  canceled.  Here,  we 
discuss  the  result  of  a  computer  simulation  to  study  the 
effect  of  the  cancelation  on  measurements  of  path- 
averaged  drop-size  distribution  and  rain  rate. 


II.     Theory 

For  a  line  detector  with  a  length  /  much  longer  than 
a  Fresnel-zone  size  for  the  path  position  x  [i.e.,  /  » 
(A*)17-'),  the  amplitude  scintillation  \  (equal  to  one-half 
of  the  irradiance  scintillation)  caused  by  a  raindrop 
located  at  coordinates  (x,y,z)  is  given  by  Eq.  (2)  of  Ref. 


-(r,/k)(2irx/k)l/2sin[k22/(2x)  +  ie/i)\Ji(r,t/x)l(zl);     if  |v|  <  1/2 
0;  if|y|>//2. 


(1) 


The  authors  are  with   NOAA   Wave   Propagation   Laboratory, 
Boulder,  Colorado  80302. 
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where  r;  =  ka  is  the  drop-size  parameter;  a  is  the  drop 
radius  and  k  =  2n7A;  A  is  the  wavelength  of  the  source. 
The  line  detector  is  assumed  to  extend  in  the  y  direc- 
tion. A  typical  pattern  is  shown  in  the  upper  diagram 
of  Fig.  1  for  ka'-/x  =0.1  which  is  the  case  for  a  drop  with 
1  -mm  radius  at  a  path  position  100  m  from  the  line  de- 
tector and  the  wavenumber/?  =  10"  m_1  (He-Ne  laser). 
The  time-lagged  autocovariance  function  of  the  irra- 
diance scintillation  of  this  pattern  is  shown  in  the  lower 
diagram  of  Fig.  1.  For  any  drop  velocity,  there  is  a 
corresponding  covariance  function  that  would  be  ob- 
served by  a  pair  of  vertically  separated,  horizontal  line 
detectors.  The  circles  in  Fig.  2  show  the  superposition 
of  255  such  covariance  functions  resulting  from  255 
drops  of  various  sizes  at  various  locations,  assuming  the 
line  detectors  had  a  vertical  separation  of  3  cm.  Here 
we  used  a  Marshall-Palmer  drop  size  distribution4  for 
a  rain  rate  h  =  74  mm/h.  The  theoretically  obtained 
time-lagged  covariance  function  is  given  by- 


Cx'(z0.t)  =  4.1  X  IO-'WMt-3    f    dxh{x)p{a'.x), 


where 


a'  =  2.5  x  10-5z02'~2- 


(2) 


(3) 
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In  obtaining  Eqs.  (2)  and  (3),  we  assume  that  the  rela- 
tionship of  the  terminal  velocity  and  the  drop-size  fol- 
lows t»  =  200\/a,  where  t>  is  in  m/sec  and  a  is  in  m.  This 
is  equivalent  to  assuming  that  the  functioned;)  in  Eq. 
(9)  of  Ref.  2  is  equal  to  unity.  The  solid  line  in  Fig.  2 
shows  the  corresponding  theoretical  curve.  Because  of 
the  limited  number  of  drops  in  the  computer  simulation, 
the  largest  drop  in  the  group  has  a  radius  of  1.67  mm, 
corresponding  to  a  time  delay  of  3.7  msec.  This  ex- 
plains the  discrepancy  in  the  region  t  =  2.4-4  msec. 
However,  the  over-all  agreement  is  excellent. 

III.     Removal  of  the  Baseline 

Both  the  theoretical  and  simulated  results  shown  in 
Fig.  2  are  based  on  the  assumption  that  the  covariance 
function  of  many  drops  equals  the  ensemble  average  of 
the  covariance  functions  of  the  individual  drops.    In 


^/VVWWvw 


(ms) 


Fig.  1.     The  raindrop-induced  irradiance  scintillation  detected  by 

a  line  detector  for  ka2/x  =  0.1  (upper  diagram).    The  time-lagged 

autocovariance  function  of  the  irradiance  scintillation  is  shown  in  the 

lower  diagram. 


Fig.  2.  The  time-lagged  covariance  function  of  the  rain-induced  ir- 
radiance scintillations  detected  by  two  line  detectors  with  a  3-cm 
vertical  separation.  The  covariance  function  is  assumed  equal  to  the 
suniol  I  he  covariance  functions  of  255  individual  drops.  Solid  line — 
theoretical  model'  circles— simulation. 


effect  the  signal  detected  by  a  line  detector  is  the  su- 
perposition of  the  electric  fields  induced  by  drops  at 
different  locations  simultaneously.  For  an  intensity 
detector,  the  signal  detected  is/ =  |S,-2?,|2.  If  we  de- 
compose the  electric  field  into  E,  =  ESl  +  E,„  where  Eu 
is  the  unscattered  field  (assumed  real)  and  ESl  is  the 
scattered  field  caused  by  the  ith  drop,  we  have  /  =  \E0 
+  Re(2,E,,)]2+  [Im(2,E,,)]-,  where  Re  and  Im  are  the 
real-  and  imaginary-part  operators,  respectively.  For 
the  weak  scattering  case  (i.e.,  |2,£.SJ  «  Eu),  the  de- 
tected signal  is  approximately  equal  to  /  ^  E02  +  2E0 
Re( 2, £,,,).  The  fluctuating  part  of  /  is  defined  as/i  = 
/  -  /(,.  where  /n  =  E„2  is  the  unscattered  intensity. 
Hence  we  obtain  Ii/Iq  ^  2  Re(2,E,,)/E0.  The  pro- 
portionality of  the  intensity  fluctuation  and  the  electric 
field  fluctuation  enables  us  to  superpose  the  scintillation 
patterns  instead  of  the  electric  fields.  Some  scintilla- 
tion must  be  canceled  by  this  superposition.  Thus,  we 
may  question  the  assumption  used  in  Fig.  2.  In  order 
to  assess  the  magnitude  of  the  error,  we  have  performed 
a  computer  simulation.  In  the  simulation,  we  assume 
that,  at  a  given  time,  255  different-sized  drops  are  ran- 
domly located  in  that  portion  of  a  collinated  20-cm  diam 
laser  beam  lying  25-175  m  from  the  line  detectors.  The 
drops  fall  with  their  appropriate  terminal  velocities,  and 
when  each  drop  leaves  the  beam,  another  drop  of  the 
same  size  enters  the  top  of  the  beam  at  a  randomly 
chosen  path  position.  We  assume  that  the  drops  have 
a  size  distribution  given  by  the  Marshall-Palmer  model 
for  a  rain  rate  of  1 0  mra/h.  The  line  detectors  observe 
the  overlapping  scintillation  induced  simultaneously 
by  the  255  drops.  The  signal  from  the  upper  detector 
is  delayed  and  correlated  with  that  from  the  lower  de- 
tector. The  vertical  separation  of  the  detectors  is  taken 
to  be  2  cm.  After  averaging  44  msec  of  data,  we  ob- 
tained the  time-lagged  covariance  function  shown  in 
Fig.  3.  The  sizable  background  correlation  is  caused  by 
the  overlapping  of  the  simultaneous  scintillation  pat- 
terns of  the  individual  drops.  However,  if  we  remove 
this  background  by  using  the  dashed  line  as  a  baseline, 
the  original  shape  of  the  covariance  function  is  pre- 
served. A  practical  way  to  remove  the  background 
correlation  is  to  take  the  difference  between  the  co- 
variance  functions  with  positive  and  negative  delays 


t  (m») 

Fig.  3.     The  time-lagged  covariance  functions  of  two  line  detectors 

on  a  200-m  path  obtained  by  many  drops  from  different  locations 

(vertical  separation  =  2  cm). 
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Cx'(t)  -  Cx'(—t).  The  result  is  shown  by  the  solid  line 
in  Fig.  4,  obtained  after  200  msec  oi'  data  averaging, 
which  is  equivalent  to  a  total  of  20,000  drops  with  255 
drops  in  the  beam  at  any  instant.  The  corresponding 
theoretical  result  is  shown  by  the  dashed  line  in  Fig.  4. 
The  path-averaged  drop-size  distribution  can  be  re- 
trieved by  the  relationship2 

Nu(a')  ~z0-9t«<C ,'Uo.t),  (4) 

where  a'  is  as  defined  in  Eq.  (3).  The  results  are  shown 
in  Fig.  5. 


t  Imsl 

Fig.  4.     Similar  to  Fig.  3  except  that  background  correlation  is  re- 
moved by  taking  the  difference  between  the  covariance  functions  of 
positive  and  negative  delays. 
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IV.     Path  Weighting  Function  and  Drop-Size 
Distribution 

From  Eq.  (2),  the  theoretical  path-weighting  function 
of  the  temporal-spatial  covariance  function  is  uniform 
along  the  path.  In  practice,  because  of  the  effect  of 
overlapping  patterns  the  actual  path-weighting  function 
may  change.  To  obtain  the  weighting  function  by 
computer  simulation,  we  used  a  model  of  a  sheet  of 
rainfall  50  m  thick  with  the  center  of  the  sheet  varying 
from  50  m  to  2000  m  from  the  detectors.  We  took 
eighty-five  raindrops  as  being  simultaneously  inside  the 
beam.  The  drop-size  distribution  is  assumed  to  follow 
a  Marshall-Palmer  distribution  of  rain  rate  of  10  mm/h. 
The  vertical  separation  of  the  detectors  is  fixed  at  2  cm 
for  all  simulations.  The  ratio  of  the  area  A  under  the 
temporal-spatial  covariance  function  (using  the  sub- 
traction technique)  to  the  rain  rate  R  is  shown  in  Fig. 
6  as  a  function  of  distance  L  from  the  detectors.  The 
path-weighting  function  is  reasonably  uniform,  as 
predicted.  The  slight  decline  at  large  distances  may  be 
caused  by  the  limited  size  of  the  laser  beam  (20  cm). 

The  retrieved  drop-size  distribution  for  different 
values  of  pathlength  L  is  shown  in  Fig.  7  compared  with 
the  input  model  (solid  line).  For  drops  smaller  than  0.4 
mm,  the  retrieved  distribution  deviates  from  the  model, 
especially  at  large  distances.  We  presume  this  is  be- 
cause the  small  2-cm  vertical  separation  of  the  detectors 
provides  insufficient  velocity  resolution  for  the  large 
scintillation  patterns  that  occur  on  a  long  path.  A 
comparison  between  the  retrieved  drop-size  distribu- 
tions for  vertical  separations  of  2  cm  and  4  cm  is  shown 
in  Fig.  8,  where  we  see  that  better  results  are  obtained 
for  larger  vertical  separation.  However,  the  magnitude 
of  the  temporal-spatial  covariance  function  is  smaller 
(Cxl  ^  zn-1).  and  the  signal  is  more  sensitive  to  noise 
(mainly  caused  by  turbulence)  for  the  larger  separation. 
For  the  purpose  of  measuring  the  path-averaged  rain 
rate,  we  believe  a  2-cm  separation  is  optimum  for 
pathlengths  up  to  2  km. 


Fig.  5.     The  quantity  Cx'(t)t*°,  from  the  correlation  function  ob- 
tained in  Fig.  4,  agrees  well  with  the  drop-size  distribution  (solid  line) 
used  in  the  simulation. 


L  (km). 

Fig.  G.     Path-weighting  function  of  the  ratio  of  the  area  A  under  the 
temporal-spatial  covariance  function  (using  the  subtraction  tech- 
niques) to  the  rain  rate  R. 
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i    d  >  2  cm 
•   d -4  cm 


o  (mm) 

Fig.  7.     The  retrieved  drop-size  distribution  for  different  values  of 
L.   Solid  line — theoretical  model. 


0  (mm) 

Fig.  8.     A  comparison  of  the  retrieved  drop-size  distributions  for 

vertical  separations  of  2  cm  and  4  cm.    Solid  line — theoretical 

model. 


V.     Conclusion 

A  computer  simulation  shows  that,  if  the  subtracting 
technique  is  used,  the  use  of  rainfall-induced  optical 
scintillations  to  measure  path-averaged  rain  parameters 
by  computing  the  temporal-spatial  covariance  of  two 
vertically  separated  line  detectors  is  practical,  even  in 
the  presence  of  the  overlapping  patterns  from  many 
drops. 
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Measurement  of  rain  parameters  by  optical  scintillation 


Ting-i  Wang,  G.  Lerfald,  R.  S.  Lawrence,  and  S.  F.  Clifford 


We  describe  a  technique  for  measuring  path-averaged  rain  parameters  by  analyzing  the  rainfall-induced 
scintillations  of  a  laser  beam.  From  the  time-lagged  covariance  function  of  two  vertically  spaced  line  detec- 
tors, we  determine  the  average  rainfall  rate  and  drop-size  distribution  along  the  optical  path.  This  tech- 
nique requires  no  prior  assumption  of  the  form  of  the  drop-size  distribution.  Sample  measurements  on  a 
140-m  path  confirm  that  the  path-averaged  drop-size  distribution  of  a  steady  rain  follows  a  Marshall-Palmer 
distribution.  The  optically  measured  path-averaged  rain  rate  also  shows  good  agreement  with  conventional 
tipping-bucket  rain-gauge  data. 


I.  Introduction 

Recently,  Wang  and  Clifford  presented  a  theoretical 
study  of  the  use  of  rainfall-induced  optical  scintillations 
to  measure  path-averaged  rain  parameters.1  The 
general  philosophy  of  the  approach  is  to  measure  the 
raindrop-induced  irradiance  (or  amplitude)  scintilla- 
tions with  two  vertically  spaced  detectors.  The  tem- 
poral covariance  function  of  the  signals  detected  by  the 
two  sensor  yields  the  path-averaged  terminal  velocity 
distribution  of  the  raindrops.  Because  there  is  a 
monotonic  relationship  between  drop  size  and  terminal 
velocity,2  the  measured  velocity  distribution  can  be 
converted  to  path-averaged  drop-size  distribution  and 
hence  to  rain  rate.  In  that  paper,1  the  use  of  vertically 
separated,  point  detectors  was  analyzed.  In  practice, 
because  of  the  presence  of  horizontal  wind,  some  form 
of  distributed  detectors,  e.g.,  line  detectors,  must  be 
used.  In  this  paper,  we  generalize  the  previous  results 
to  include  the  line-detector  case.  We  then  describe  the 
design  of  an  experimental  instrument,  and,  finally,  we 
show  sample  measurements  of  path-averaged  rain  rate 
and  drop-size  distribution. 

II.  Theory 

Figure  1  illustrates  the  geometry  of  an  incident  plane 
wave  propagating  along  the  x  direction  and  scattered 
by  randomly  located  raindrops.  We  assume  that  the 
raindrops  are  spherical  and  that  the  wavelength  A  of  the 
incident  wave  is  much  smaller  than  the  radius  a  of  the 
raindrop.  In  the  far  field,  the  normalized  amplitude 
scintillation  x  measured  by  a  point  detector  is  expressed 
by  Eq.  (4)  of  Wang  and  Clifford.1  For  a  line  detector, 
the  amplitude  scintillation  x  caused  by  a  raindrop  lo- 
cated at  coordinates  (x,y,z)  is 


-(r,/kH2TTx/k)"2s\n[kz2/(2x)  +  r/4)]Ji(Wx)/Cri); 
if  \y\<  1/2,0;     if|;y|>//2. 


X//2 
dy'  $m\k[(y  -  y')2  +  z2]/(2x)\ 
■1/2 

x  JM(y  -  ,v')2  +  z2YnU\/[(y  -  y')2  +  z2Vn,    (U 

where  r\  —  ka  is  the  drop-size  parameter;  a  is  the  radius 
of  the  raindrop,  and  k  =  2ir/X,  the  line  detector  is  of 
length  /,  extending  in  the  y  direction.  If  we  assume  that 
the  length  /  is  much  longer  than  a  Fresnel-zone  size  for 
the  pathlength  L  [i.e.,  /  »  (XL)1/2]  and  a  «  (XL)1/2,  the 
integration  of  Eq.  (1)  can  be  accomplished  by  the 
method  of  stationary  phase  (see  Appendix  B  of  Ref.  1) 
with  the  result  that 

\(x,y,z)  = 

(2) 

For  \y\  <  1/2,  the  raindrop  induced  scintillation  is 
plotted  in  Fig.  2.  The  result  was  confirmed  by  photo- 
graphing the  signal  detected  by  a  line  detector  at  a 
distance  of  18  m  from  laboratory-produced  falling  water 
drops  illuminated  by  a  collimated  laser  beam  (Fig.  3). 
We  consider  only  the  single  scattering  case,  a  rea- 
sonable simplification  for  laser-beam  propagation 
through  a  moderate  rainfall  on  paths  up  to  1  km  (see 
Appendix  of  Ref.  1 ).  Closely  following  the  development 
of  Sees.  II  and  III  of  Ref.  1,  we  obtain  the  time-lagged 
cross-correlation  function  of  the  amplitude  scintillation 
of  two  line  detectors  with  a  vertical  separation  zo,  i.e., 

CJ(?o,t)=-^;    f    xdx    f     a-dNv(a,x) 
kl2  Jo  Jo 

X//2  /»» 

dy    I       dz  s\n[kz2/(2x)  +  jr/4] 
■1/2  J-- 


X  sin|/;U  -z0  +  ur)2/(2x)  +  ir/4] 

</i(r;z/x)  Ji{y{z  -  Zo  +  vt)/x\ 


(3) 


The  authors  are  with  NOAA  Environmental  Research  Laboratories, 
Boulder,  Colorado  80302. 
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z  (z  -  z0  +  vt) 

where  a  is  the  drop  radius,  v  is  the  terminal  velocity  of 
the  drop,  and  L  is  the  pathlength. 

In  Eq.  (3),  dNv(a.x)  is  the  differential  number  den- 
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Fig.  1. 


Geometry  of  an  incident  plane  wave  scattered  by  randomly 
placed  raindrops,  P  =  (y2  +  z2)1/2. 


1  im 


Fig.  2.     The  water-drop  induced  scintillation  detected  by  a  line  de- 
tector as  shown  by  Eq.  (2)  for  \y\  <  1/2,  x  =  18  m,  i,  =  ka  =  9.5  X  103 
andfc  =  107  m_I. 


w 


Fig.  3.     The  signal  detected  by  a  line  detector  at  a  distance  18  m  from 

falling  water  drops  (laboratory-produced)  illiminated  by  acollimated 

He-Ne  laser  beam.    The  drop  radius  is  about  1  mm. 


sity  of  raindrops  with  radius  a  at  path  position  x.  The 
subscript  V  denotes  the  number  density  measured  for 
a  fixed  volume.    From  Eq.  (7)  of  Ref.  1,  we  have 


dNv(a.x)  = 


dh(a.x) 
4.8tt  X  106a5 


(4) 


where  dh(a,x)  is  the  differential  rain  rate  contributed 
from  raindrops  with  radius  a  at  path  position  x.  It  can 
be  shown  (see  Sec.  IV,  Ref.  1)  that 


dh(a,x)  =  h{x)p(a,x)da. 


where  h(x)  is  the  total  rain  rate  at  position  x  in  mra/h, 
and  p(a,x)  is  the  probability-density  function  of  rain- 
drop size  at  that  position  given  by 


P(a.x) 


N,(a,x)-Ka- 


s: 


(6) 


daN,{a,x)  -  wa:l 


[see  Eq.  (25),  Ref.  1].  In  Eq.  (6),  N,  (a,x )  is  the  number 
density  of  raindrops  measured  in  a  fixed  time  period. 
[The  difference  between  the  number  densities  Nv(a,x) 
and  Nt(a,x)  is  discussed  in  detail  in  the  Appendix.] 

Inserting  Eq.  (4)  into  Eq.  (3)  and  performing  the  in- 
tegration over  y,  we  obtain 


C,'(20,'-)  =  1.33  X  10"7  —    f  '  dxxhixHIi  +  /2), 
kl  Jo 


(7) 


where 


J '-.        Jo     v2     1.4  XIO4       J 
J\\  —  (2  -  Z0+  VT) 

L4  X  104x  J 


rkzv2g(o)-i 

T4  X  104iJ 


(z  -  zu  +  it) 

■  s'\n\kz2/x  —  kz(zo  —  vt)Ix 
zo  +  vt 

+  k(z0-VT)2/(2x)]  X  I  1  +^-^-l; 
L        2g(v)  J 


(8) 


J-~        Jo     v2     L4X104       J 

J]\  —  U  -  zQ+  ut)  \ 

L4  X  104x  J 


'  T4X  104xJ 


COs[/l2(2o  —  Vt)/x 


z  -2q  +  vr 

-  k(z0-  vt)V(2x)]x\ I  +^^1. 
L         2g(v)  J 


(9) 


In  obtaining  Eqs.  (8)  and  (9),  we  used  the  relationship 
between  the  raindrop  radius  and  its  terminal  velocity 
given  by  g(v)v-  =  4  X  104a,  whereg(u)  =  2c;c  is  the  drag 
coefficient  given  by  Gunn  and  Kinzer,2  and  g'(v)  de- 
notes the  derivative  of  g(v)  with  respect  to  v.  Here  a 
is  in  meters,  and  v  is  in  m/sec. 

If  we  assume  that  r  »  (2L/k)U2aLrl  and  t  » 
0.01(L/fc)1/4,  where  av  is  the  standard  deviation  of  the 
terminal  velocity  of  the  different  size  raindrops,  the 
integration  over  v  in  Eqs.  (8)  and  (9)  can  be  performed 
by  the  method  of  stationary  phase  with  respect  to  v  at 
v  =  (zq  —  z  )/t  (see  Sec.  V  and  Appendix  B  of  Ref.  1  for 
details  of  the  restrictions  of  the  application  of  the 
method  of  stationary  phase).    Accordingly,  we  obtain 


/, 


2tt*\1/2 


i-25xi°-5X.dz(^) 


xp| 


{zu-  z)2g(v\) 
4  X  10V' 


I 


ffe2(20-2)2/?(tM)] 
'L       4  X  104lr!       J 


[ir/4  +  kzV(2x)]  ■  [nivx)  +  i',g'U>i)/2],     (10) 


(5) 


where  v\  =  (20  -  z)/t.    Using  the  method  of  stationary 
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phase  once  more  with  respect  to  z  at  z  =  0,  we  have  I2 
=  0and 

/,  =9.83X  10-'°  (^4)  Pia',x) 

where 

a'  =  2.5  X  10-5z02i-2£(zoA).  (12) 

Inserting  Eq.  (11)  into  Eq.  (7)  gives 

Cx'(z0,t)  =  4.1  x  KT'Wf-V-sf gfeo/r) 

+  (tT-^]  />""«•■■" 

~Si.-[,W.)tf-^].    (13) 

where  P(a')  is  the  path-averaged  probability-density 
function  of  raindrop  size.  The  path-averaged  rainfall 
rate  is  obtained  by  integration  over  all  sizes.  If  we 
multiply  Eq.  (13)  by  r3  and  integrate  over  a',  we  ob- 
tain 


h  =■ 


1.22  X  10"/ 


I 


drCx'(20.r). 


(14) 


Equation  (14)  shows  that  the  path-averaged  rainfall  rate 
is  proportional  to  the  area  under  the  time-lagged 
cross-covariance  function  of  the  rainfall-induced  scin- 
tillation detected  by  two  horizontally  oriented  line  de- 
tectors with  a  vertical  separation  z®. 

In  order  to  demonstrate  how  we  can  obtain  the 
path-averaged  rain  rate,  we  assume  that  the  raindrop 
size  distribution  follows  the  Marshall-Palmer  distri- 
bution,3 ' 


i.e. 


(15) 


Nv(a,x)  =  Af0exp[-2A(x)a], 

where  /Vn  is  the  value  for  a  =  0,  and  A(x)  is  a  function 
of  rainfall  rate  h  (x ).    It  has  been  reported  that3 

JV0  =  8xl06m-4  (16) 

for  any  intensity  of  rainfall  and  that 

AU)  =  4100/i(x)-°21  m-',  (17) 

where  h(x)  is  in  mm/h.  (The  assumption  of  a  known 
drop-size  distribution  is  only  an  example.  The  mea- 
sured covariance  will  depend  on  the  actual  size  distri- 
bution.) The  number-density  Nt(a)  can  be  obtained 
from  Eq.  (A4)  in  the  Appendix,  i.e.,  Nt(a)  =  Nv(a)o(a). 
Since  the  measurements  depend  only  on  the  path-av- 
eraged values,  we  need  only  give  the  path-averaged 
rainfall  rate  h  instead  of_the  path  dependent  rainfall 
rate  h(x).  The  quantity  h  is  varied  from  0.1  mm/h  to 
100  mm/h  in  the  following  plots.  The  normalized 
time-lagged  covariance  functions  are  shown  in  Fig.  4  (for 
a  fixed  separation  20  =  10  cm).  Since  there  are  more 
large  raindrops  in  the  heavier  rainfall  rate,  the  peak  of 
the  covariance  function  occurs  at  a  shorter  time  lag. 
The  shape  of  the  curves  is  dependent  on  the  path-av- 
eraged raindrop  size  distribution.  For  different  size 
distributions,  we  expect  the  covariance  function  will  be 
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Fig.  4.     Normalized  time-lagged  covariance  functions  for  a  fixed 
vertical  separation  eo  =  10  cm  and  variable  h.    The  drop-size  distri- 
bution is  assumed  to  follow  a  Marshall-Palmer  distribution. 
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Fig.  6.     Schematic  diagram  of  a  prototype  optical  rain  gauge. 
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different.    The  areas  under  the  curves,  however,  are  a 
constant. 

Inserting  Eq.  (6)  into  Eq.  (13),  we  obtain  the  path- 
averaged  number-density  of  raindrops  in  a  fixed  time 
period  from  the  space-time  covariance  function,  i.e., 


Nt(a')  ~  z0-8r9Cx'(zo,r)g'Hz0/r) 


xU(zo/r)  +  - 


20«'(^o/'")"|-1 


(18) 


From  Eq.  (A4),  we  can  also  obtain  the  number-density 
for  a  fixed  volume,  i.e., 


Nv(a')  =  Nt(a')/u(a') 


■z0-*TwCxHz0,T)g-Hzo/T)\  g(z0/r)  + 


Z0g'(z0/T) 


r 


(19) 


Again,  for  a  Marshall-Palmer  distribution,  the  results 
of  Cy  (z0,  r)r10  (for  fixed  z0  =  10  cm)  vs  1/t2  are  plotted 
in  Fig.  5.  [In  this  figure,  we  assume  that  g(u)  =  1. 
However  in  obtaining  the  experimental  results,  we  use 
Eq.  (19)  to  obtain  the  path-averaged  raindrop  num- 
ber-density.] The  corresponding  raindrop  diameter  is 
also  shown  in  the  horizontal  axis.  The  results  agree 
with  the  assumed  raindrop  size  distribution.  In  plot- 
ting Fig.  5,  we  assume  that  No  =  8  X  106  m-4  since  we 
have  no  information  about  Nq  when  we  use  Eq.  (19)  as 
the  raindrop  size  distribution.  From  Eq.  (13),  a  uni- 
form path-weighting  function  is  obtained  when  we  use 
Eqs.  (14)  and  (18)  to  measure  the  path-averaged  rain 
rate  and  drop-size  distribution,  respectively. 

One  important  assumption  used  in  the  previous 
derivation  is  that  the  time-lagged  covariance  function 
of  the  irradiance  scintillation  produced  by  many  rain- 
drops from  different  locations  can  be  considered  as  the 
sum  of  the  covariance  functions  of  the  scintillation 
pattern  of  each  individual  drop.  The  assumption  is 
valid  if  the  receiver  detects  only  one  diffraction  pattern 
at  a  time.  With  a  line  detector,  many  patterns  may  be 
detected  simultaneously,  and  some  of  the  irradiance 
scintillations  will  be  smeared  out.  In  order  to  see  how 
much  the  smearing  effect  distorts  the  deduced  rain  rate 
and  drop-size  distribution,  we  have  performed  a  com- 
puter simulation.  The  result  shows  that,  in  practical 
cases,  the  smearing  effect  will  change  only  the  baseline 
but  not  the  shape  of  the  covariance  function.  The 
path-averaged  drop-size  distribution  and  rain  rate  can 
still  be  obtained  according  to  the  previous  analysis. 

IV.     Experimental  System  and  Results 

A  prototype  system,  illustrated  schematically  in  Fig. 
6  and  composed  of  the  following  components,  was  built 
and  tested  initially  using  falling  water  drops  generated 
in  the  laboratory: 

(a)  Transmitter:  A  5-mW  He-Ne  laser,  followed  by 
an  optical  system  that  expanded  the  collimated  beam 
to  produce  a  uniform  beam  20  cm  in  diameter. 

(b)  Receiver:  Two  horizontal  line  defectors  25  cm 
long  and  0.25  cm  high  on  a  mounting  frame  that  allowed 
their  vertical  separation  to  be  adjusted  easily.  Inter- 
ference filters  with  a  bandpass  of  0.002  nm  centered  at 
0.6328  fim  were  used  to  exclude  extraneous  light. 

(c)  Correlation/Integration:    An  analog  delay  device 


and  analog  multiplier  and  integrator  were  used  to  obtain 
the  time-lagged  covariance  function  between  the  two 
detector  outputs  as  a  function  of  time  lag. 

(d)  Display/Recorder:  An  oscilloscope  and  a  35-mm 
camera  with  continuously  moving  film  (0.5  mm/sec) 
were  used  to  display  and  record  the  integrator  output. 
A  scan  of  the  time-lagged  covariance  was  obtained  every 
7.5  sec. 

Following  laboratory  tests,  which  indicated  satis- 
factory operation,  the  system  was  used  on  an  outdoor 
path  with  the  transmitter  near  ground  level  and  the 
receiver  140  m  distant  in  a  fourth  floor  window.  A 
tipping-bucket  rain  gauge  that  sent  a  pulse  to  a  chart 
recorder  for  each  0.25  mm  of  accumulated  rainfall  was 
located  on  the  roof  of  the  building  at  the  receiving  end 
of  the  path. 

The  instrument  operated  during  short  thunder- 
showers  on  22  May  and  during  steady  rains  on  28  and 
29  May  1975.  The  latter  periods  afforded  an  oppor- 
tunity to  test  the  technique  against  theoretical  expec- 
tations. 

The  white  lines  in  Fig.  7  show  typical  examples  of  the 
covariance  curves.  The  hollow  black  line  is  the  baseline 
as  distorted  by  120-Hz  fluctuations  of  the  laser  source. 
The  baseline  is  taken  from  the  same  film  when  there  is 
no  rain.  The  7.5-sec  scans  of  time-lagged  covariance 
were  then  averaged  for  each  time  interval  during  which 
the  tipping-bucket  rain  gauge  was  accumulating  0.25 
mm  of  rain.  From  Eq.  (14)  the  area  under  the  convar- 
iance  curve  is  proportional  to  the  path-averaged  rainfall 
rate.  Figure  8  compares  these  areas  with  the  rain  rate 
determined  by  the  tipping-bucket  gauge,  and  Fig.  9 
shows  the  linear  regression  of  these  two  quantities.    The 
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Fig.  7.  Typical  measured  time-lagged  covariance  functions  of  the 
signals  detected  by  two  vertically  separated  line  detectors  with  a 
separation  z0  =  2  cm.  The  pathlength  L  =  140  m,  and  the  rain  rate 
h  =;  3  mm/h.  The  black  line  is  the  baseline  due  to  120-Hz  fluctua- 
tions of  the  laser. 


August  1977  /  Vol.  16,  No.  8  /  APPLIED  OPTICS         2239 


73 


'£  3 


\"*  G  A  U  G  E 


10 


5  _i 


MAY    28        1975  MAY    29 

Fig.  8.     The  time  variation  of  rain  rates  measured  by  a  tipping-bucket 
rain  gauge  and  by  an  optical  rain  gauge  during  an  8-h  period. 


agreement  between  the  rain  gauge  and  the  optical 
measurements  is  good,  with  a  correlation  coefficient 
greater  than  0.95,  and  might  have  been  improved  by 
using  several  rain  gauges  deployed  along  the  path. 

From  Eq.  (19),  the  path-averaged  raindrop  number 
density  vs  the  drop  diameter  is  shown  in  Fig.  10  for  rain 
rates  varying  from  1.3  mm/h  to  3.59  mm/h.  Because  we 
do  not  know  N0  of  Eq.  (15)  in  our  measurements,  we 
display  the  curves  on  an  arbitrary  vertical  logarithmic 
scale.  The  corresponding  range  of  the  number  density 
of  a  Marshall-Palmer  distribution  is  shown  by  the 
dashed  lines.  The  agreement  between  the  number 
density  deduced  from  the  scintillation  measurements 
and  the  empirical  Marshall-Palmer  distribution  is 
good. 


10 

OPTICAL        (AREA) 
Fig.  9.     Gauge  rain  rates  vs  optical  measurements.    Dashed  line  de- 
notes the  best  linear  regression  fit. 
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Fig.  10.     The  path-averaged  raindrop  size  distribution  vs  the  drop 

diameter  for  six  groups  of  data  divided  according  to  the  rainfall  rate. 

The  range  of  the  number  density  of  a  Marshall-Palmer  distribution 

is  shown  by  the  dash  lines. 


V.     Conclusions 

We  have  demonstrated  that  the  path-averaged 
rainfall  rate  and  the  drop-size  distribution  can  be 
measured  by  using  two  vertically  separated  line  detec- 
tors and  observing  the  time-lagged  covariance  function 
of  the  irradiance  fluctuations  induced  by  falling  rain- 
drops. This  technique  has  definite  advantages.  First, 
the  measured  quantities  are  not  a  function  of  the  vari- 
ations along  the  path  of  the  rainfall  rate  or  of  the  drop 
size.  They  depend  only  orKhe  path-averaged  values. 
Second,  the  measurement  of  the  path-averaged  rainfall 
rate  is  independent  of  any  assumption  as  to  the  proba- 
bility density  function  of  raindrop  size.  Third,  the 
actual  path-averaged  probability  density  function  or  the 
number  density  function  of  raindrop  size  can  be  mea- 
sured. We  believe  this  is  a  potentially  useful  device  for 
measuring  the  path-averaged  rain  parameters. 

We  are  presently  investigating  such  limitations  as  the 
maximum  usable  range,  the  effects  of  multiple  scat- 
tering in  heavy  rains,  and  the  effects  of  atmospheric 
turbulence. 

Appendix:     Difference  Between  Nv(a)  and  Nt(a) 

In  the  text,  we  have  defined  two  different  number 
densities  of  raindrops,  one  Nv(a)  is  measured  in  a  fixed 
volume,  the  other  Nt  (a )  is  measured  by  the  drops  falling 
through  a  horizontal  plane  in  a  fixed  time  interval.  In 
this  Appendix,  we  derive  the  relationship  between 
them. 

Number  density  is  usually  defined  as  the  number  of 
particles  per  unit  volume.  It  is  obtained  by  counting 
the  number  of  different  sized  particles  in  a  fixed  volume 
and  dividing  by  the  total  volume.  The  notation  Nv(a), 
where  a  is  the  radius  of  a  raindrop,  will  be  used  to  rep- 
resent the  number  density  for  a  fixed  volume.  Inte- 
grating the  quantity  (4na'V3)Nv(a)  over  all  sizes,  we 
obtain  the  total  water  content  M  per  unit  volume, 
i.e., 


M  =  (4ir/3) 


X' 


daNv(a)a- 


(AD 


This  quantity  is  not  proportional  to  the  rainfall  rate. 
The  relationship  between  the  rainfall  rate  h  and  the 
number  density  for  a  fixed  volume  Ny(a)  can  be  found 
as  follows.  The  total  amount  of  water  falling  into  a  rain 
gauge  with  cross-section  area  A  in  a  time  period  It  is 
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hAAt.  The  volume  swept  out  by  falling  raindrops  is 
v(a)A  Ar  for  drops  with  radius  a  and  terminal  velocity 
u(a).  The  total  amount  of  water  in  the  swept  volume 
is 


(4t/3) 


X' 


daNv(a)a\<{a)A±t. 


Hence, 


h  =  (4)r/3)    f    daNv(a)aMa) 
Jo 


(A2) 


Comparing  Eqs.  (Al)  and  (A2),  we  find  that  the  quan- 
tities h  and  M  differ  by  the  factor  v(a)  inside  the  inte- 
gral. Defining  a  new  number  density  Nt  (a )  measured 
in  a  fixed  time  interval  instead  of  fixed  volume,  we 
have 


(W3)    f 

Jo 


daN,(a)a3. 


(A3) 


From  Eqs.  (A3)  and  (A4),  the  relationship  between 
Nv(a)  and  Nt(a)  is 


N,{a)  =  Nv(a)v{a) 


(A4) 


Both  Ny(a )  and  Nt  (a )  are  physically  measurable.  For 
example,  drop  counts  from  a  photograph  of  falling  rain 
yield  Nv(a).  Measurements  involving  exposure  of  a 
horizontal  surface  for  a  short  time  yield  Nt(a). 

When  calculating  the  quantities  related  to  rain- 
drop-size distribution,  we  must  be  careful  to  distinguish 
between  Nv(a )  or  Nt  (a ).  To  calculate  the  attenuation 
of  a  wave  propagating  through  the  rainfall,  Ny(a)  must 
be  used.  To  calculate  the  rainfall  rate,  Nt  (a )  must  be 
used.     Taking  a  photo  of  rainfall  and  counting  the 


raindrops  to  obtain  the  total  amount  of  water  in  the 
volume  is  not  a  correct  way  to  measure  the  rain  rate.  It 
is  equally  wrong  if  we  use  a  moving  vehicle  passing 
through  a  rainfall  with  a  speed  faster  than  the  rain- 
drop-terminal velocities  (e.g.,  an  airplane)  to  carry  a 
sensor  to  measure  the  drop-size  distribution  of  the 
rainfall  and  try  to  obtain  the  rainfall  rate  by  counting 
the  number  density  collected  without  introducing  a 
correction  for  the  terminal  velocity  of  the  falling  rain- 
drops. 

Some  confusion  has  occurred  in  the  literature  be- 
tween Nv(a)  from  Nt{a).  Laws  and  Parsons4  mea- 
sured Nt(a),  whereas  Marshall  et  al.5  and  Marshall  and 
Palmer'  present  an  empirical  relationship  between 
Nv(a)  and  the  rainfall  rate.  In  Wang  and  Clifford's 
paper,1  the  number  density  in  Eqs.  (25),  (26),  and  (41) 
should  be  Nt  (a ).  In  all  the  other  equations,  the  number 
density  is  Nv(a).  To  give  an  example,  they  also  used 
the  Marshall-Palmer  distribution  as  Nt(a)  instead  of 
Nv(a).  Although  this  is  a  misuse  of  Marshall-Palmer 
distribution,  their  results  were  not  affected. 

The  authors  are  indebted  to  K.  B.  Earnshaw  for 
helpful  discussions  and  suggestions. 
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Computerized  techniques  for  extracting  rms  wave  height  and  dominant  wave  period  from  HF 
radar  sea-echo  Doppler  spectra  are  derived.  Earlier  theoretical  models  for  first-  and  second-order 
sea  backscatter  (derived  elsewhere)  are  employed  to  obtain  the  simple,  closed-form  inversion  equations 
giving  these  two  radar-deduced  quantities.  The  results  are  general  in  that  no  specific  models  for 
the  radial  or  azimuthal  form  of  the  wave  height  directional  spectrum  need  be  assumed;  the  resulting 
formulas  are  only  weakly  dependent  upon  the  radar/wind  direction.  Approximations  made  in  the 
derivation  are  stated,  and  they  are  ultimately  tested  by  comparing  wave  heights  and  periods  extracted 
from  the  inversion  model  with  the  actual  values  input  to  the  original  equations  for  scatter.  The 
derived  relationships  are  then  tested  against  some  eighty  hours  of  radar  measurements  taken  at 
a  variety  of  frequencies  and  buoy-measured  sea  conditions.  Theoretically  predicted  and  empirically 
determined  correction  factors  for  wave  height  and  period  are  in  agreement.  Finally,  the  measurements 
show  that  when  sea  wave  height  is  greater  than  one  twentieth  of  the  radar  wavelength,  wave 
height  extraction  (rms)  errors  are  less  than  23%,  and  wave  period  extraction  errors  less  than  12%. 


1.     INTRODUCTION 

Since  the  discovery  over  two  decades  ago  that 
the  simple  Bragg-scatter  mechanism  is  responsible 
for  the  characteristics  of  the  sea-echo  Doppler 
spectra  [Crombie,  1955],  considerable  interest  has 
ensued  in  the  utilization  of  MF  and  HF  radars, 
both  in  the  short-range  surface-wave  mode  and  in 
the  long-range  skywave  mode,  for  the  remote  sens- 
ing of  sea  state.  Theoretical  advances  since  that 
time  have  not  only  accounted  for  the  dominant 
"first-order"  Doppler  peaks  in  the  sea  echo  [Bar- 
rick, 1972a, b],  but  have  explained  the  observed 
"second-order"  continuum  around  the  first-order 
peaks  [Barrick,  1972/?,  1971/?].  Hasselmann  [1971] 
advanced  the  notion  that  the  second-order  Doppler 
sidebands  should  be  replicas  of  the  wave  height 
nondirectional  temporal  spectrum.  Using  only  the 
hydrodynamics  portion  of  the  total  second-order 
transfer  coefficient,  along  with  a  given  wave  direc- 
tional model,  Stewart  [1971]  obtained  an  expression 
(following  Hasselmann's  suggestion)  relating  the 
mean-square  wave  height  to  the  ratio  of  the  second- 
order  to  the  first-order  echo  energy.  Barrick  [1977] 
derived  and  evaluated  a  general  expression  for 
finding  the  wave  height  nondirectional  temporal 
spectrum  from  the  measured  second-order  Doppler 
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spectrum — after  weighting  by  a  theoretical  function 
and  normalization  with  respect  to  the  first-order 
echoenergy.  Of  course,  the  ultimate  goal  is  to  invert 
the  general  nonlinear  integral  equation  for  the  com- 
plete wave  height  directional  spectrum  from  the 
measured  second-order  echo  spectrum.  In  the 
subsequent  paper  in  this  issue,  Lipa  [1977]  presents 
one  approach  to  this  general  inversion  problem  and 
successfully  tests  the  technique  theoretically. 

Of  all  possible  simple  descriptors  of  sea  state, 
the  rms  wave  height  is  perhaps  the  most  useful 
and  important,  followed  by  mean  wave  direction 
and  dominant  wave  period  (or  velocity).  By  postu- 
lating possible  models  for  ocean-wave  directionality 
about  the  mean  wind  direction,  various  investigators 
[Long  and  Trizna,  1973;  Tyler  et  al.,  1974;  Stewart 
and  Barnum,  1975]  have  employed  measured  data 
to  test  the  accuracy  of  inferring  wind  /wave  direc- 
tion from  use  of  the  first-order  sea-echo  only.  No 
one,  however,  has  either  derived  or  tested  a  general 
or  complete  model  for  extracting  wave  height  and 
wave  period  from  HF  sea-echo  records.  The  present 
paper  presents  such  a  model  and  tests  its  accuracy 
against  some  eighty  hours  of  HF  surface-wave  radar 
observations. 

In  the  next  section  we  set  forth  and  briefly  discuss 
the  equations  for  first-  and  second-order  Doppler 
spectra  in  terms  of  the  ocean  wave  height  directional 
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spectrum.  In  the  following  two  sections  we  then 
obtain  simple  models  for  wave  height  and  period 
based  upon  these  equations  for  sea  echo;  these 
are  used  to  derive  theoretical  curves  relating  the 
radar-deduced  wave  height /wave  period  to  the  true 
values  which  were  input  to  the  model.  A  series 
of  surface-wave  observations  taken  with  a  multifre- 
quency  HF  radar  are  then  discussed.  Using 
independent  observations  of  the  wave  parameters, 
these  same  parameters  are  then  deduced  from  the 
radar  sea-echo  by  computerized  algorithms.  Com- 
parisons are  made  to  the  theoretical  predictions, 
and  the  variance  (and  hence  rms  error)  is  calculated 
for  these  measured  parameters  based  upon  the 
models.  Finally,  some  guidance  is  given  as  to  where 
the  models  can  be  expected  to  be  acceptably  ac- 
curate. 

2.     BACKGROUND  SCATTER  THEORY 

Results  for  the  HF  sea-echo  Doppler  spectrum, 
to  first  and  second  order,  have  been  published 
elsewhere  [Barrick,  1972b,  1971b].  We  repeat  the 
results  here  only  to  facilitate  the  derivations  and 
explanations  of  the  inversion  techniques  that  we 
will  apply  subsequently  to  measured  data.  To  first 
order,  the  Doppler  spectrum  (for  backscattered, 
near-grazing,  or  surface  wave  incidence  conditions, 
and  for  the  vertical  polarization  states)  can  be 
expressed  in  terms  of  the  average  radar  cross  section 
per  unit  (mean)  sea  surface  area  per  rad/s  band- 
width as 


ortM  (uj)  =  27  -nk*o  ^  S±  (K„,Kry)5(cod  +  ioor) 


(1) 


where  Kr  is  the  total  radar  wavenumber  vector, 
defined  as  kr  =  ks  -  k^  The  coordinate  system 
selected  here  has  the  backscatter  wavevector,  ks, 
taken  at  an  angle  c}>  with  respect  to  the  x  direction; 
hence  fc.  lies  in  the  direction  <j>  +  tt  ,  and  is  identically 
kt  =  —  ks  for  backscatter.  Therefore,  kr  becomes 
2k(>  cos  <{>x  +  2k0  sin  (J>y,  with  k0  being  the  scalar 
radio  wavenumber.  The  summation  convention  («,/) 
refers  to  the  upper  and  lower  subscripts  and  signs 
in  the  equation.  The  quantity  u^  is  the  radian 
Doppler  shift  of  the  received  signal,  defined  as  o)d 
=  o)1  -  co,,  with  cosand  co,  being  the  radian  frequen- 
cies of  the  scattered  and  incident  signals,  respec- 
tively. The  gravity-wave  dispersion  relation  is  em- 
ployed for  the  definition 


iaor  =  sgn(Krx)(gKr),/2  =  sgn(2/cocos<j>)ioB 

where  toB  =  (2gka)i/2  is  referred  to  as  the  "Bragg" 
frequency  for  first-order  scatter,  with  g  being  the 
acceleration  of  gravity.  The  expression  sgn(x)  is 
a  sign  indicator  that  takes  on  the  values  ±  1  depend- 
ing upon  whether  x  is  ±.  The  average  wave  height 
directional  spectrum  is  separated  into  two  compo- 
nents, S+  and  S_.  Each  component  is  symmetric 
since  it  represents  pure  real  waves;  i.e.,  S±(k^,kv) 
=  S±(-Kx,-Ky).  Both  components  are  employed 
to  define  a  general  wave  field  that  propagates  over 
360°  of  azimuth;  the  only  restriction  used  here  for 
convenience  is  that  the  wave  field  peaks  in  azimuth 
along  the  +x  direction  (when  «y  =  0).  Inasmuch 
as  this  is  often  the  wind  direction  for  fully  developed 
seas,  <{>  can  be  thought  of  as  the  angle  between 
the  radar  direction  and  the  wind  direction  for  such 
situations.  The  quantity  8(x)  is  the  Dirac-delta 
function  of  argument  x. 

The  corresponding  result  for  second-order  sea 
echo  is 


a„,(u>,)  =  2,<-rr*4 


;2?J/' 


d2K,|rT|2 


•  S±(K|i,K,y)S±(K2x,K2y)5(tOd  ±    lO(|    ±    10,,)  (2) 

where 

k,  =(l/2)i<r  +  k(;     k2s(|/2)k,-k,; 

tu()l  =  sgn(Klt)(gK,)l/2;     too,  =  sgn(K2J(gK2)l/2; 

r  =  r  +  r 

i  T  *  H  *  EM 

where 

FH  =  -(i/2){K,  +  k2  +  (k,  k,  -  k,  •  K2)[(a>2B  +  wd) 

*  (u>B  -  w5)}g/tooltoo2} 

rfcM   =   (l/2)(KuK2v   -   2K,    .   K2)/[(K,    •   K,)'/2   +    fcoA)] 

and  where  the  integration  wavevector  may  be  de- 
fined as  k,  =  px  +  qy.  Here,  A  is  the  normalized 
electrical  impedance  for  the  rough  sea  surface  for 
vertical  polarization  at  grazing  incidence,  as  defined 
and  derived  by  Barrick  [1971a].  The  coupling 
coefficients,  THand  rtM,  are  obtained  from  hydro- 
dynamic  and  electromagnetic  theory,  respectively; 
they  are  derived  by  expanding  the  nonlinear  equa- 
tions for  the  free  water  surface  and  the  scattered 
fields  into  a  perturbational  series  and  retaining  the 
second-order  terms  [Barrick,  19726]. 
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As  seen  from  (1)  above,  the  first-order  sea-echo 
Doppler  spectrum  consists  of  two  impulse  functions 
symmetrically  spaced  about  the  carrier  frequency, 
each  originating  from  two  sets  of  wave  trains  one 
half  the  radar  wavelength,  advancing  toward  and 
receding  from  the  radar;  this  is  identically  the 
Bragg-scatter  mechanism.  In  practice,  these 
"spikes"  will  not  be  infinite  in  height.  Their  widths 
will  be  proportional  normally  to  the  receiver's 
spectral  processing  resolution,  and  hence  their 
heights  will  adjust  accordingly  so  that  the  area  under 
them,  as  expressed  by  the  factor  multiplying  the 
delta  function,  remains  constant  as  given  in  (1). 
This  area  is  proportional  to  the  heights  of  the  two 
sets  of  Bragg-scattering  waves,  as  expressed  by 
the  two  wave  height  directional  spectra  factors 
evaluated  at  the  Bragg  wavenumber.  Figure  1  shows 
a  measured  sea-echo  Doppler  spectrum  at  13.40 
MHz,  where  the  first-order  peaks  are  much  in 
evidence;  their  widths  here  are  proportional  to  the 
receiver  spectral  resolution.  (More  will  be  said 
subsequently  about  the  details  of  these  measure- 
ments.) 

The  second-order  Doppler  spectrum  represented 
by  (2)  is  a  continuous  function  of  frequency,  in 
contrast  to  the  "spiky"  nature  of  the  first-order 
scatter.  Equation  (2)  shows  that  this  is  due  to  a 


•2 
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Fig.  I.   Measured  HF  surface-wave  sea-echo  Doppler  spectrum 
at  13.40  MHz  from  San  Clemente  Island. 


double-interaction  process  between  two  sets  of 
ocean  waves  having  wavevectors  k,  and  k2.  The 
measured  spectrum  of  Figure  1  shows  where  this 
structure  appears.  It  is  this  second-order  sea  echo 
and  its  more  prominent  features,  when  normalized 
with  respect  to  the  first-order  sea  echo,  that  we 
shall  employ  subsequently  to  extract  wave  height 
and  wave  period. 


3.     WAVE  HEIGHT  APPROXIMATION 

Hasselmann  [1971]  initially  suggested  that  the 
second-order  Doppler  sidebands  around  each  first- 
order  peak  ought  to  be  proportional  to  the  wave 
height  nondirectional  temporal  spectrum,  centered 
at  the  first-order  Bragg  frequency,  ±wB.  If  this 
were  strictly  true,  the  area  under  these  sidebands 
would  be  proportional  to  the  mean-square  sea  wave 
height.  Stewart  [1971]  followed  this  suggestion  to 
derive  a  simple  proportionality  relationship  between 
the  mean-square  wave  height  and  the  ratio  between 
the  second-order  and  first-order  spectral  energies. 
However,  his  model  was  quite  restrictive,  based 
upon  (i)  neglect  of  the  electromagnetic  coupling 
factor  TEM;  (ii)  the  assumption  of  a  cosine-square 
azimuthal  model  for  the  wave  height  directional 
spectral  dependence ;  and  (iii)  radar  propagation  only 
in  the  "upwind"  direction  (i.e.,  4>  =  0  according 
to  our  geometry  here). 

On  the  basis  of  these  suggestions,  we  initially 
attempted  (using  buoy  measurements  for  wave 
height  "sea  truth")  to  empirically  relate  the  total 
second-order  spectral  area,  divided  by  the  first- 
order  area,  to  mean-square  waveheight.  Further- 
more, using  the  theoretical  models  above,  we 
derived  curves  for  this  relationship  as  a  function 
of  the  input  wave  height  and  the  radar-to-wind 
direction,  <J>.  Although  theoretical  and  experimental 
results  were  in  reasonably  good  agreement,  the 
results  were  rather  disappointing  for  the  following 
reasons:  (i)  we  did  not  have  a  simple,  closed-form 
relationship  for  this  area-to-wave  height  ratio;  (ii) 
both  the  theoretical  curves  and  the  data  points 
appeared  to  follow  a  law  that  could  not  be  described 
over  the  region  of  interest  by  a  simple  power-law 
relationship  with  a  small  number  of  parameters; 
and  (iii)  the  ratio  was  highly  dependent  upon  <j>, 
the  radar-to-dominant-wave  direction. 

Hence,  we  derived  an  approximation  on  a  step- 
by-step  basis,  starting  from  (2),  to  show  that  under 
certain  conditions,  the  concept  of  forming  a  ratio 
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of  second-order  to  first-order  energy  could  be  used 
to  obtain  wave  height.  The  differences  in  the  ap- 
proach taken  here  are:  (i)  the  assumptions  required 
in  the  approximations  we  employ  are  obvious,  and 
the  use  of  these  approximations  in  turn  permits 
us  to  derive  a  simple,  closed-form  result;  and  (ii) 
the  use  of  a  weighting  function  for  the  second-order 
energy,  obtained  from  the  theoretical  model,  allows 
the  result  to  be  relatively  insensitive  both  to  the 
form  of  the  wave  spectrum  directionality  and  to 
the  radar-to-wind  direction,  <{>.  Details  of  the  steps 
of  the  derivation  are  found  in  Barrick  [1977] ,  where 
the  wave  height  nondirectional  temporal  spectrum 
is  related  to  the  ratio  of  the  weighted  second-order 
Doppler  sidebands  to  the  first-order  spectral  energy. 
In  this  section,  we  take  a  different,  simple  approach 
to  show  how  one  can  obtain  mean-square  wave 
height;  that  both  analyses  lead  to  the  same  result 
will  be  obvious  shortly. 

To  illustrate  the  method,  let  us  start  from  the 
following  integral: 


„./  J     J      -=c 


,)SJk.,k,J 


(3) 


The  integrand  has  two  significant  regions  on  the 
p-q  plane:  one  near  k2  =  0  (i.e.,  at  k,  =  (l/2)i<r), 
and  the  other  near  k,  =  0  (i.e.,  at  k;  =  -(\/2)kr). 
In  effect,  one  wave  height  spectrum  is  shifted  out 
from  the  origin  to  a  new  origin  at  k2  —  0  (k,  = 
(l/2)i<r),  but  is  weighted  and  shaped  by  the  other 
spectrum  factor  with  argument  k,  =  Kr.  Likewise, 
the  other  spectrum  is  located  at  ic,  =  0  (k,  = 
-(l/2)Kr),  but  weighted  and  shaped  by  the  other 
spectrum  with  argument  k2  =  Kr.  This  is  illustrated 
in  Figure  2  by  employing  a  currently  popular  spectral 
model  S±(k)  =  /(K)g±(6),  where  /(k)  follows  the 
Phillips  model  for  wind-driven,  fully  developed  seas 
[Phillips,  1966],  and  the  directional  factor  g±(Q) 
has  a  form  deduced  empirically  by  Tyler  et  al. 
[1974].  These  factors  are 


/(k)  =  .005/2-ttk4        forK>K( 
g±(6)  =  (4/3)cos4[±|6|/2] 


(4) 
(5) 


where  kco  =  g/ u2,  with  g  being  the  acceleration 
of  gravity  and  u  being  the  wind  speed.  The  original 
"one-sided"  spectrum  is  shown  in  Figure  2(a),  i.e., 
(4/3)/(k)cos4(8/2).  Plotted  in  Figure  2(b)  is  the 
symmetricized  spectrum  S(k)  =  S+(k)  +  S  (k) 
required  for  real  wave  fields.  Shown  then  in  (c) 


Fig.  2.  Three-dimensional  plots  of  single  and  product  wave 
height  directional  spectra  following  (4).  Upper  left:  One-sided 
spatial  spectrum,  S+(k)  for  0  <  |6|  <  90°  and  S_(k)  for  90° 
<  |8|  <  180°.  Upper  right:  two-sided  spatial  spectrum,  S(k) 
=  S+(k)  +  S(i<).  Lower  left:  product  functional.  S(k,)S(k,) 
for  p/2  =  4  and  4>  =  45°.  Lower  right:  product  functional, 
S(K,)S(K,)for  p/2  =  10  and  4>  =  45°. 


and  (d)  are  the  product  functionals  (for  positive 
p  only,  since  symmetry  obtains  for  negative  p), 
i.e.,  S(kl)S(k2).  From  the  definitions  following  (2) 
we  write  this  as 

S(k,)S(k2)  =  S(k|v,k,   )S(k,(,k,v) 
=  S(/<ocos<J)  +  p,/cosin4>  +  q) 

■  S(k(icos(J)  -  p,k()sin<t>  -  q) 

=  S[(k((,P/2)cos4>  +  p,(KcoP/2)sin<|)  +  q] 

■  S[(k(„P/2)cos<}>  -  p.(Ki()P/2)sin<i>  -  q] 

where  (3/2  =  k0/Kco  is  a  dimensionless  parameter. 
As  can  be  seen,  this  product  functional  has  the 
effect  of  taking  the  single  spectrum  in  (b) — located 
at  p  =  q  =  0  and  creating  two,  one  located  at 
p  =  (ki()P/2)cos(J),  q  =  (KtoP/2)sin<j>,  and  the 
other  at  its  mirror  position  p  =  -(Ktop/2)cos  4>, 
q  =  -(Kt<)3/2)sin({>.  Figure  2(c)  illustrates  this 
effect  for  jj/2  =  4  and  $  =  45°,  while  Figure  2(d) 
has  p/2  =  10  and  <J>  =  45°.  At  a  typical  HF  radar 
frequency  of  15  MHz,  3/2  =  10  would  correspond 
to  an  rms  wave  height  of  1.592  m. 

The  figure  demonstrates  that  as  p  becomes  larger 
so  that  the  centers  of  the  product-functional  spectra 
move  farther  apart  (as  in  going  from  (c)  to  (d)), 
the  spectrum  S{k2)  at  and,  near  p  =  (kcoP/2)  cos  cj>, 
q  =  (Kt(,p/2)sin(}>is  "weighted"  by  an  S(k,)  which 
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approaches  a  constant,  i.e., 

S(k,)— >  S(k(o|}cos(}>,  KioPsin4))  =  S(i<r) 

Hence  in  this  limit  of  large  3,  we  could  remove 
S(k,)  from  the  integrand  for  positive  p,  q,  giving 

JHs2[S+(Kr)  +  S_(Kr)]2  j  J      <*2S,S±(K2jt,K2y) 

(6) 

The  sum/integral  factor,  however,  is  identically 
the  mean-square  wave  height,  hi,  by  definition  of 
a  wave  height  spectrum.  Hence  we  have 


/H  =  2/r.[S+(Rr)  +  S_(k,)] 


(7) 


There  are  two  quantities  in  the  integrand  of  (2) 
for  a(2)(wd)  that  keep  it  from  being  equal  to  the 
I H  of  (3):  one  is  the  coupling  coefficient  |rr|2,  and 
the  other  is  the  5-function.  The  former  is  a  function 
of  u)d  and  also  the  integration  parameters.  We 
remove  it  in  an  approximation  that  retains  its 
functional  dependence  on  cod  but  averages  it  over 
the  variable  of  integration;  this  defines  our  dimen- 
sionless  "weighting  function,"  w{v),  as  [Barrick, 
1977]: 


|rT|2  =  (fc*/8)w(v) 


(8) 


where  v  =  a)d/a)B  is  Doppler  frequency  normalized 
to  the  Bragg  frequency.  Figure  3  shows  a  plot  of 
w(v)  for  0  •&  \v\  s  2.4.  The  singularities  at  2I/2 
and  23/4  result  f  om  regions  of  mathematical  sta- 
tionarity  which  are  interpretable  physically  in  terms 
of  the  radar /ocean  wave  interactions;  such  inter- 
pretation is  found  in  Barrick  [1977]. 
When  (2)  is  divided  by  w{v)  we  obtain 


<*,»(<»>,,) 


'o 


s  2s 


w(w./toH) 


"**22jj; 


d2K,S±(Klx,Kly) 


5^(k2i,k2v)8(c 


">„,) 


The  8-function  can  be  eliminated  by  integrating  the 
entire  equation  with  respect  to  u>d,  at  which  point 
we  arrive  at  (8): 

('   J!«^6tad  =  2s^tk6yy(r 


d2K/S£(Ku,Kly)S±(K2l,K2y)  =  25^"o/H 
-=2^k»ohl{S+{kT)  +  S_{kr)} 


(9) 
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Fig.  3.  Weighting  function  w{v)  as  defined  in  (8).  Also  shown 

are  the  contributions  to  this  function  of  the  electromagnetic 

(e)  and  hydrodynamic  terms  (h)  when  each  acts  alone. 

The  unknown  wave  height  directional  spectrum 
evaluated  at  the  Bragg  radar  wavenumber,  Kr,  is 
obtained  from  the  first-order  Doppler  spectrum,  (1), 
by  integrating  over  wd: 


I 


o-(]1(u>d)du>d  =  27Tr/c40[5+(Kr)  +  S_(*r)] 


(10) 


Dividing  the  two  equations  gives   the  desired 
result: 


k\hl 


E> 


(a>d)/w{u)d/u)B)]dwd 


o-,nK)dw<. 


(11) 


Thus  we  have  shown  via  two  approximations  how 
one  can  obtain  an  expression  for  the  radar-deduced 
mean-square  wave  height,  hi,  in  terms  of  the 
weighted  second-order  spectral  area  divided  by  the 
first-order  area;  the  validity  of  those  approximations 
will  be  tested  in  a  subsequent  section.  It  is  not 
necessary  to  integrate  the  spectral  quantities  in 
numerator  and  denominator  over  the  entire  Doppler 
region  (i.e.,  — w  <  a)d  <  »=).  Many  measured  Doppler 
spectra  will  have  one  very  strong  side,  while  the 
other  may  be  uncomfortably  near  the  noise  level; 
in  this  case,  one  can  integrate  both  numerator  and 
denominator  only  over  the  stronger  side  (i.e.,  -*> 
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<  coj  <  0  or  0  <  (od  <  so).  Also,  while  (11)  is 
given  in  terms  of  u{2)(oid)  and  a(l)(tod),  it  is  not 
necessary  to  know  the  absolute  values  of  these 
quantities.  Any  unknown  path  loss  or  system  gain 
factors  multiplying  one  will  also  multiply  the  other, 
and  the  division  process  removes  all  such  unknown 
factors.  To  apply  (11)  to  measured  data,  it  is 
necessary  only  that  ct(2)  and  a(1)  both  be  identifiable 
and  above  the  noise  level. 


4.     WAVE  PERIOD  APPROXIMATION 

Barrick  [1977]  derived  an  expression,  as  initially 
suggested  by  Hasselmann  [1971],  for  the  wave 
height  nondirectional  temporal  spectrum  in  terms 
of  one  of  the  weighted  Doppler  second-order  side- 
bands. Again,  taking  the  side  with  the  stronger 
power  density,  this  expression  is: 


S,[u)B|v-  l|]  =  [4ct(2)(cobv)/h-(v)] 


Mr 


a)(wd)do)d 


(12) 


where  it  is  assumed  that  the  spectral  sidebands  from 
0  to  w  are  stronger,  and  that  either  one  of  the 
two  sidebands  near  v  =  1  is  used  (or  better  yet, 
their  average). 

We  define  the  mean  wave  frequency  in  a  "cen- 
troid"  sense,  i.e., 


a)S,(o))dw  /       S,(w)d( 


and  its  reciprocal  as  the  mean  wave  period,  i.e., 
t  =  2tt/o).  Hence,  our  radar-deduced  mean  wave 
period  would  be 


[a(2)(wBv)/w( 

BT*     _  J   0,1 

J  o. 


(13) 


|v  -  l|[a(2)(wBv)/w(v)]dv 


where  again  the  integrations  could  run  from  either 
0  to  1  or  1  to  infinity. 

The  mean  wave  velocity  may  be  defined  in  terms 
of  this  mean  wave  period  obtained  from  the  centroid 
by  using  the  gravity-wave  dispersion  equation: 


V.  =  gT.  /2tt 


(14) 


5.     ACCURACY  OF  INVERSION  MODELS:  RECOVERED 
VS.  ORIGINAL  PARAMETERS 

One  method  of  testing  the  accuracy  of  the  inver- 
sion techniques  for  wave  height,  h,,  and  wave 
period,  t.  ,  and  hence  the  validity  of  the  approxi- 
mations employed,  is  to  see  how  well  the  technique 
recovers  the  desired  parameter  when  one  uses  a 
known  expression  for  the  wave  height  directional 
spectrum  in  the  original  theoretical  expressions,  (1) 
and  (2).  Thus  one  knows  precisely  h  and  t  corre- 
sponding to  the  wave  height  directional  spectrum 
used,  then  obtains  a(1)(tod)  and  a(2)(a>d)  from  (1) 
and  (2),  and  finally  recovers  h.  and  t.  from  (11) 
and  (13). 

To  test  the  inversion  models,  we  employed  two 
different  forms  for  the  radial  wavenumber  depen- 
dence of  the  wave  height  spectrum,  /(k)  (as  defined 
in  connection  with  (7)).  One  was  the  Phillips  model 
with  the  sharp  cutoff  for  fully  developed  seas,  as 
given  in  (7);  the  k  4  spatial  wavenumber  depen- 
dence of  this  spectrum  in  the  equilibrium  region 
in  turn  transforms  (via  the  first-order  gravity-wave 
dispersion  relation)  to  an  <d"5  temporal  frequency 
dependence.  In  addition,  we  employed  a  truncated 
version  of  the  Phillips  temporal  spectrum,  such  that 
this  model  followed  the  w  5  dependence  for  w  > 
2I/2  w(0,  was  flat  for  u>fo  <  to  <  2I/2  wto,  and 
zero  for  w  <  u>co  (wco  =  (gKto)l/2  =  g/u);  the 
latter  model  would  be  more  representative  of  seas 
that  have  not  yet  reached  full  development.  In 
addition,  we  employed  the  cos4  8/2  directional 
dependence  given  in  (5)  and  three  different  ra- 
dar/wind directions:  |<|>|  =  0°,  45°,  and  90°  (by 
symmetry,  identical  results  are  obtained  for  \<\>\  = 
180°,  135°,  and  90°). 

Initially,  we  derived  values  of  h,  and  t,  from 
the  inversion  models  (11)  and  (13)  as  functions  of 
P(=2fc0/Kc0)  for  the  three  values  of  (j>.  We  found, 
however,  from  comparing  results  for  the  sharply 
cutoff  spectrum  with  those  for  the  truncated  spec- 
trum that  a  more  universal  parameter  than  p  is 
(normalized)  wave  height,  either  k0h  (actual  rms 
wave  height)  or  k0h.  (radar-deduced  rms  wave 
height).  In  fact,  the  results  to  be  presented  here 
are  independent  of  whether  the  spectrum  is  sharp 
or  flat-topped  if  they  are  plotted  as  functions  of 
k0h..  This  means  in  effect  that  the  expressions 
for  radar-deduced  wave  height  and  wave  period 
do  not  depend  upon  the  shape  (or  stage  of  develop- 
ment) of  the  spectrum,  a  fact  that  confirms  the 
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Fig.  4.  Theoretical  and  experimental  results  of  use  of  wave  height  inversion  model;  h.  is  radar-deduced 
rms  wave  height,  using  (II),  while  h  is  actual  (or  buoy-measured)  wave  height. 
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Fig.  5.  Theoretical  and  experimental  results  of  use  of  wave  period  inversion  model  ;t.  is  radar-deduced 
mean  wave  period,  using  (13),  while  t  is  actual  (or  buoy-measured)  wave  period. 
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general  nature  of  the  technique  as  derived  in  the 
mathematics. 

In  Figure  4,  therefore,  we  plot  h/h,  recovered 
from  (1 1)  as  a  function  of  k0h*  for  the  three  values 
of  radar  look  direction,  <\>.  These  curves  represent 
correction  factors  by  which  one  must  multiply  the 
radar-deduced  wave  height,  h„,  in  order  to  obtain 
the  actual  wave  height  (i.e.,  the  input  to  the  models 
here).  Note  that  the  rapidly  diverging  region  for 
low  values  of  k0h,  (i.e.,  k0h.  <  .15)  implies  that 
the  approximations  break  down  for  low  sea  states 
and/or  radar  frequencies,  as  anticipated  earlier. 
Secondly,  note  that  while  the  curves  do  not  converge 
exactly  to  unity  for  k0h»  — >  <»,  their  asymptotes 
always  lie  closer  to  unity  than  15%.  Finally,  we 
note  that  there  is  some  small  directional  4>-depen- 
dence  to  the  curves;  this  theoretical  dependence 
is  not  nearly  so  pronounced,  however,  as  it  was 
when  we  did  not  weight  the  second-order  Doppler 
spectra. 

The  curves  for  t/t.  do  appear  to  approach  unity 
asymptotically  (Figure  5)  for  large  k0h,.  Again, 
the  "sharp"  and  the  "truncated"  Phillips  models 
gave  the  same  correction  curves  for  Figure  5, 
validating  our  use  of  the  independent  variable  k0h.. 

In  theory  then,  one  would  employ  the  following 
steps  to  deduce  precisely  h  and  t,  the  wave  height 
and  wave  period:  (i)  Determine  (if  possible)  the 
direction  4>  by  using  an  alternate,  independent 
technique  (such  as  those  described  by  Long  and 
Trizna  [1973],  Tyler  et  at.  [1974],  or  Stewart  and 
Barnum  [1975]).  (ii)  Determine  h.  using  (11).  (iii) 
Enter  the  graph  of  Figure  4  with  the  values  for 
c|>  and  k0h,,  obtaining  the  correction  factor  for 
converting  h.  to  h.  (iv)  Determine  t,  using  (13). 
(v)  Enter  the  graph  of  Figure  5  with  the  values 
for  <J>  and  k0h»,  obtaining  the  factor  for  converting 
t.  to  T. 

If  one  does  not  know  the  radar  look  direction, 
(j>,  the  figures  give  a  range  of  uncertainty  for  the 
desired  wave  parameters,  h  and  t,  which,  as  illus- 
trated in  the  figures,  is  not  all  that  great  anyway. 
Hence  for  many  applications,  it  may  be  just  as 
convenient  to  ignore  the  dependence  on  <J>  in  order 
to  simplify  the  approach. 

6.     MEASURED  DATA 

HF  surface-wave  sea-echo  measurements  were 
made  at  a  radar  facility  located  on  the  west  coast 
of  San  Clemente  Island  in  late  1972  and  early  1973. 


The  system  was  built  by  the  Institute  for  Telecom- 
munication Sciences  of  the  US  Department  of 
Commerce  and  was  operated  under  contract  with 
the  Wave  Propagation  Laboratory  for  this  series 
of  measurements. 

Surface-wave  radar  data  were  obtained  simulta- 
neously at  10  frequencies  extending  from  about  2.4 
to  25  MHz.  Receiver  range  gates  were  set  to  sample 
cells  centered  22.5,  30.0,  and  37.5  km  from  the 
radar.  The  receiving  antenna  consisted  of  an  array 
of  13  monopoles  phased  and  switched  to  alternately 
produce  two  beams  each  having  a  nominal  beam- 
width  of  10°  centered  at  azimuth  angles  of  240° 
and  270°.  The  combination  of  10  frequencies,  3 
ranges,  and  2  antenna  beams  resulted  in  a  total 
of  60  different  data  samples  being  recorded. 

The  transmitting  antenna  was  a  two-bay,  vertical- 
ly polarized,  log-periodic  antenna  having  a  nominal 
half-power  beamwidth  of  60°  over  the  HF  band. 
Since  this  beamwidth  illuminated  both  sectors  cov- 
ered by  the  receiving  beams,  no  transmitter  anten- 
na steering  was  used.  Power  patterns  of  both 
receiving  and  transmitting  antennas  were  measured 
from  a  small  boat  to  verify  gain  and  beamwidth 
performance.  Radar  characteristics  are  summarized 
in  Table  1. 

An  on-line  computer  processed  the  received  sig- 
nals and  computed  the  power  spectrum  for  each 
of  the  60  data  channels.  The  power  spectra  that 
were  processed  on-line  were  calculated  from  signals 
that  had  been  coherently  sampled  over  a  200-sec 
window.  Since  a  typical  measurement  period  was 
30  min,  a  total  of  9  spectra  would  be  computed 
during  this  time.  These  power  spectra  and  the 
unprocessed  IF  data  were  recorded  on  magnetic 
tape  to  permit  subsequent  off-line  analysis. 

Wave    heights    and    periods    were     measured 


TABLE   1.     Summary  of  San  Clemente  Island  surface-wave 
radar  characteristics. 


Operating  frequency  range 
Range  gate  distances 
Available  pulse  lengths 

Pulse  repetition  frequency 
Transmitter  peak  power 
Antenna  beamwidths 

Receiving  (2  beams) 

Transmitting 
Antenna  gain  product 


2  to  25  MHz 
22.5,  30.0,  37.5  km 
20,  50,  100  jjls 
(3.0,  7.5,  15.0  km) 
20  Hz  per  frequency 
40  kw 

10°  at  240°  and  270°  azimuth 

60°  at  255°  azimuth 

18  dB  at  center  of  HF  band 

decreasing  to  0  dB  at  band 

edges 
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independently  by  a  Waverider  Data  Buoy  moored 
29.4  km  from  the  radar  site  on  an  azimuth  of  240°. 
These  values  of  h  and  t,  taken  here  as  the  "sea 
truth,"  were  confirmed  (to  —10%)  by  comparisons 
with  hindcasts  from  surface  winds  made  over  the 
same  area  and  for  the  same  time  periods.  Data 
from  four  different  days  were  selected  because  of 
the  fairly  wide  range  of  sea  states  and  stages  of 
development  for  these  days.  Because  of  the  diffi- 
culty involved,  no  attempt  was  made  to  (directly) 
measure  the  dominant  wave  direction,  <j>,  with 
respect  to  the  radar  look  direction. 

Computerized  algorithms  based  on  the  use  of  ( 1 1 ) 
and  (13)  were  developed  to  automatically  extract 
wave  height,  h»,  and  period,  t, ,  from  sample- 
averaged  Doppler  spectra  such  as  those  of  Figure 
1.  First  of  all,  the  algorithm  locates  the  first-order 
echo  peaks.  By  searching  for  the  nulls  on  either 
side  of  the  dominant  first-order  peak,  the  algorithm 
identifies  and  separates  the  first-order  echo  from 
the  second-order  echo.  To  illustrate  with  an  exam- 
ple, the  remaining  second-order  echo  after  the 
first-order  positive  peak  is  removed  from  Figure 
1  is  shown  as  the  solid  curve  of  Figure  6.  The 
computer  then  divides  this  second-order  spectral 
energy  by  the  weighting  function,  w(v)\  the  result 
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Fig.  6.   Example  from  Figure  1   showing  second-order  portion 

of  Doppler  spectrum  on  positive  side  before  weighting  (solid) 

and  after  weighting  (dotted). 


is  shown  as  the  dotted  curve  of  Figure  6.  Finally, 
integrating  both  the  weighted  second-order  energy 
and  the  first-order  energy,  as  called  for  in  (11)  and 
(13),  values  for  k0ht,  h„,  and  t»  are  obtained  at 
the  different  frequencies,  sea  states,  range  gates, 
and  beam  positions.  Knowing  the  buoy-measured 
values  of  h  and  t,  the  resulting  points  were  then 
plotted  on  Figures  4  and  5.  Again,  uncertainty 
regarding  sea  wave  direction,  cp,  makes  it  impossible 
to  identify  the  points  with  regard  to  this  parameter. 
Over  eighty  hours  of  observations  are  represented 
by  the  data  points  on  these  plots. 

The  measured  data  points  show  a  greater  spread 
at  the  lower  end,  where  the  theoretical  curves 
indicate  that  the  approximations  employed  should 
be  least  valid.  Consequently,  we  have  calculated 
and  shown  the  means  and  standard  deviations  over 
two  regions  of  k0h,\  for  0.1  <  k0h*  <  0.3  and 
for  0.3  <  k0h,  <  °c.  For  kah,  >  0.3,  the  empirically 
determined  mean  wave  height  correction  factor  is 
0.785  and  the  mean  wave  period  correction  factor 
is  0.935.  As  can  be  seen,  these  are  consistent  with 
the  theoretically  deduced  correction  factors  in  each 
case.  The  percentage  error  for  k()ht  >  0.3,  defined 
as  the  standard  deviation  of  the  measured  data 
points  divided  by  their  mean,  is  22.7%  for  wave 
height  and  12.4%  for  wave  period. 

7.     DISCUSSION  AND  CONCLUSIONS 

This  paper  has  concentrated  upon  developing  and 
testing  (against  measured  surface-wave  sea  echo) 
simple,  closed-form  models  for  estimating  wave 
height  and  wave  period  with  an  HF  radar.  Unlike 
techniques  described  in  the  literature  [Long  and 
Trizna,  1973 ;  Tyler  etal.,  1974;  Stewart  and  Barnum, 
1975]  for  deducing  mean  wave  direction,  the  meth- 
ods described  here  are  not  based  on  the  assumption 
of  a  given  model  for  either  the  azimuthal  direction- 
ality or  the  radial  wavenumber  dependence  of  the 
wave  height  directional  spectrum.  A  goal  here  also 
was  to  obtain  a  simple  inversion  scheme  that  does 
not  require  a  priori  knowledge  of  the  angle,  <j>, 
between  the  radar  and  mean  wave  direction. 

Both  theoretical  predictions  and  measured  data 
show  that  one  can  deduce  both  wave  height  and 
wave  period  reasonably  accurately,  so  long  as  the 
parameter  kith,  is  greater  than  0.1.  Measured  data 
show  that  for  k0h,  >  0.3,  wave  height,  h,  can 
be  deduced  to  an  rms  accuracy  of  —23%,  while 
wave  period,  t,  toan  accuracy  of  —  12%.  Theoretical 
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predictions  show  that  part  of  this  spread  or  error 
is  due  to  the  dependence  of  the  results  on  the  radar 
look  angle,  (j>.  Thus  if  one  wishes  to  obtain  better 
accuracy,  he  should  employ  alternate  techniques 
to  estimate  4>,  and  then  use  this  information,  along 
with  the  curves  of  Figures  4  and  5,  to  find  a  closer 
estimate  for  the  required  correction  factor.  Hence 
the  accuracies  quoted  above  apply  for  the  crudest 
and  simplest  inversion  process,  where  one  does 
not  wish  to  bother  with  direction  in  order  to  estimate 
wave  height  and  period.  The  models  are  straightfor- 
ward, closed-form  equations  requiring  measurement 
of  the  HF  sea-echo  Doppler  spectrum  and  the  use 
of  a  simple  dimensionless  weighting  function  pre- 
sented here  in  Figure  3;  the  latter  is  a  single  curve 
over  Doppler  frequency,  which  is  independent  of 
radar  frequency,  look  direction,  wave  height,  or 
any  other  parameter.  Obviously,  further  simplifica- 
tion is  possible  if  one  is  willing  to  treat  the  weighting 
function  as  a  constant  over  the  region  of  greatest 
importance  (0.5  <  |v|  <  1.5);  how  much  further 
error  such  a  simplification  will  produce  has  not 
been  studied  here. 

Several  things  could  degrade  further  the  accuracy 
in  estimating  these  parameters  from  measured  data. 
Poor  system  Doppler  resolution  will  produce  some 
error;  the  above  accuracies  should  apply  if  one 
can  realize  a  Doppler  resolution  (at  mid-HF)  of 
—0.02  Hz  or  better,  requiring  a  50-sec  coherent 
processing  period  or  longer.  Inadequate  incoherent 
averaging  will  also  produce  some  error.  With  pro- 
cessing times  exceeding  50  sec,  one  cannot  afford 
to  add  hundreds  of  sequentially  measured  spectra 
to  obtain  an  average.  Thus  a  sample  average  of, 
say,  ten  Doppler  spectra  will  still  be  somewhat 
random  in  appearance;  curves  for  the  confidence 
vs.  number  of  samples  for  HF  Doppler  spectra  were 
presented  by  Barrick  and  Snider  [1977].  External 
(atmospheric)  additive  noise  at  HF  will  result  in 
further  error  in  the  use  of  any  inversion  techniques 
such  as  this  when  the  noise  level  is  significant 
compared  with  the  echo.  This  happens,  for  example, 
with  surface-wave  radars  for  operations  at  higher 
frequencies  and  at  greater  distances.  For  skywave 
radars  (using  ionospheric  reflections),  higher  addi- 
tive noise  often  contaminates  the  data  at  nighttime. 
Finally,  skywave  radar  propagation  often  smears 
the  dominant  features  of  the  Doppler  spectra  be- 
cause of  turbulence  in  the  reflecting  ionospheric 
layers.  This  has  the  effect  of  reducing  the  effective 


Doppler  resolution  of  the  received  spectra,  and  can 
be  so  bad  at  times  that  it  is  not  possible  to  distinguish 
the  first-order  from  the  second-order  portions  of 
the  signal  spectrum.  We  and  others  are  presently 
engaged  in  extending  these  methods  and  developing 
new  techniques  to  handle  such  cases  of  severe 
ionospheric  signal  distortions. 
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The  Ocean  Waveheight  Non directional  Spectrum  from 
Inversion  of  the  HF  Sea-Echo  Doppler  Spectrum 

DONALD  E.  BARRICK 

NOAA/ERL/Wave  Propagation  Laboratory,  Boulder,  Colorado  80302 

The  measured  HF  sea-echo  Doppler  spectrum  consists  of  prominent  first-order  peaks,  around 
which  exist  second-order  sidebands  of  a  continuous  nature.  Theoretical  models  developed  else- 
where are  interpreted  here  and  shown  to  satisfactorily  account  for  these  first  and  second-order 
measured  spectral  features.  Employing  these  theoretical  models,  this  paper  derives  a  simple  inver- 
sion technique  for  obtaining  the  waveheight  nondirectional  spectrum.  The  result  is  a  closed-form 
expression,  independent  of  the  wave  directionality  factor,  the  radar  look  direction,  or  the  stage  of 
development  of  the  waveheight  spectrum.  Approximations  required  in  the  derivation  are  stated 
along  the  way,  and  are  shown  to  become  increasingly  valid  in  the  limit  of  high  seas  and/or  radar 
frequencies.  The  technique  is  tested  by  attempting  to  recover  several  input  waveheight  nondirec- 
tional spectra  for  various  radar  look  directions.  Comparisons  show  that  the  technique  produces 
acceptable  results  for  k0h  >  0.2,  where  k0  is  the  radar  wavenumber  and  h  is  the  rms  waveheight. 
Application  of  the  inversion  technique  to  measured  data  is  straightforward.  One  employs  one  of 
the  stronger  second-order  Doppler  sidebands  (vs.  Doppler  frequency  with  respect  to  the  first- 
order  Doppler-peak  frequency)  and  divides  it  by  a  parameterless,  dimensionless  weighting  function 
derived  in  this  paper.  He  then  divides  this  result  by  the  adjacent  first-order  spectral  energy.  The 
latter  normalization  (i)  serves  to  remove  any  unknown  radar  path  loss  or  system  gain  factors,  and 
(ii)  also  eliminates  the  need  for  any  a  priori  knowledge  of  the  wave  or  radar  directionality  and/or 
the  assumption  of  a  model  for  these  latter  quantities. 


1.   Introduction 

The  use  of  HF  radar  to  measure  vari- 
ous parameters  characterizing  sea  state 
was  suggested  by  Crombie  (1955)  over 
two  decades  ago;  he  correctly  deduced 
from  measured  echo  spectra  that  the 
dominant  (first-order)  return  was  ex- 
plained by  the  simple  Bragg  or  diffrac- 
tion-grating mechanism.  More  recently, 
analyses  by  Barrick  (1972a,  b)  have 
developed  theoretical  models  for  the 
first-order  sea  echo  which  are  com- 
patible with  Crombie's  interpretations. 
Barrick  (1971b,  1972b)  extended  these 
analyses  to  second-order,  thereby  ac- 
counting    for     the    continuum     in    the 


observed  Doppler  spectrum  between 
the  first-order  peaks;  this  theory  reveals 
that  a  double  (ocean)  wave-wave  inter- 
action with  the  incident  radar  wave 
accounts  for  the  scattered  signal.  Valen- 
zuela  (1974)  obtained  results  that  agree 
with  those  of  Barrick,  thereby  lending 
credence  to  the  conclusion  that  present 
models  are  correct  to  first  and  second 
order. 

Hasselmann  (1971)  first  suggested  that 
the  second-order  Doppler  sidebands 
ought  to  be  proportional  to  the  wave- 
height  nondirectional  temporal  spectrum. 
He  also  suggested  a  convenient  normali- 
zation of  dividing  these  sidebands  by  the 
first-order   echo,    thereby   canceling   un- 
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known  factors  such  as  path  loss  and 
system  gains.  Stewart  (1971)  further 
explored  conditions  under  which  Has- 
selmann's  hypothesis  should  be  valid 
for  a  given  sea-spectral  model  and  radar- 
to-wind  direction,  deriving  a  result  for 
mean-square  waveheight.  This  paper 
derives  precisely  the  relationships  sug- 
gested by  Hasselmann;  no  models  for 
the  waveheight  directional  spectrum 
are  required,  and  the  result  is  indepen- 
dent of  the  radar  look  direction.  Approxi- 
mations that  are  needed  are  stated  along 
the  way.  These  approximations -and 
their  implicit  requirements  in  terms 
of  radar  frequencies  and  sea  roughness  — 
are  established  by  comparing  nondirec- 
tional  spectra  recovered  via  our  inversion 
technique  with  the  original  input  to 
the  model. 

One  can  obtain  many  important  de- 
scriptors of  sea  state  from  the  wave- 
height  nondirectional-spectrum,  includ- 
ing rnis  waveheight,  the  dominant  wind- 
wave  period,  swell  periods,  and  the 
general  stage  of  development  of  a  wind- 
driven  sea.  This  spectrum  is  readily 
obtained  by  oceanographers  from  time- 
series  records  of  waveheight,  as  measured 
by  wavestaffs  or  buoys  with  vertical 
accelerometers.  (See  Kinsman,  1965,  for 
a  general  treatment  of  waves  and  their 
measurement.)  The  possibility  of  mea- 
suring this  oceanographic  quantity  with 
sky  wave  [over-the-horizon]  or  surface- 
wave  HF  radars  (Barrick,  1973)  repre- 
sents an  important  step  forward  in  re- 
placing in-si tu  observing  devices  with 
remote-sensing  techniques. 

Results  obtained  in  Barrick  (1972a) 
show  that  the  average,  first-order  sea-echo 
Doppler  spectrum  (for  vertically  polarized 


backscatter  at  grazing  incidence),  ex- 
pressed as  radar  cross  section  per  mean 
surface  area  per  rad/s  bandwidth,  is: 


a(1)(oj(7r)  -  277rfc£    2  S+(Krx,Kry)b  (ujd  +  uj()r). 


u,i 


(1) 


where  Kr  is  the  total  radar  wavenumber 
vector,  defined  as  Kr  =  ks  —  kj.  The 
coordinate  system  selected  here  has  the 
backscattering  wavevector,  ks,  taken  at 
an  angle  0  with  respect  to  the  x -direction; 
hence  the  incidence  radar  wavevector. 
kj,  lies  in  the  direction  tt  +  0.  Therefore, 
icr  becomes  2k0  cos0.y  +  2k0 sin 0>\  with 
kQ  being  the  scalar  radio  wavenumber. 
The  summation  convention  refers  to  the 
upper  (u)  and  the  lower  (J2)  subscripts 
and  signs  in  the  equation.  The  quan- 
tity U3d  is  the  radian  Doppler  shift 
of  the  received  signal,  defined  as  iod 
—  oj5  co,-,  with  tos  and  co,  being 
the  frequencies  of  the  scattered  and 
incident  signals,  respectively.  The  deep- 
water  gravity-wave  dispersion  relation  is 
employed  to  define  coor  ojor  =  sgn 
(Krx)  X y/ 'gKr  =  sgn  (cos0)  tog,  where 
Kr  =  Ik,  I,  g  is  the  acceleration  of 
gravity  (^  9.8  1  ms^2  ),  and  coB  is  referred 
to  as  the  first-order  Bragg  frequency 
(wB  =\/2gk0).  The  expression  sgn  (a) 
is  a  sign  indicator,  which  takes  on  the 
values  ±  1  depending  on  whether  v  is 
±.  The  average  waveheight  directional 
spectrum -represented  as  S+  and  S.  -is 
defined  and  discussed  in  App.  A;  suf- 
fice it  to  say  here  that  S+  is  defined  to 
peak  azimuthally  along  the  +.v-axis.  The 
quantity  5(a)  is  the  Dirac-delta  function 
of  argument  v. 
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From  Barrick  ( 1  972b).  the  correspond- 
ing result   for  second-order  sea  echo  is 


ff(2)(Wd) 


d2K,  ir 


u.1  -°° 
S±(k1x,k.i  v) S±(k2x,K2  v)5  (oj^+oj 


/  i'  ri 


[  "ra-'o2  )< 

(2) 


where 


1  /2Kr  +  KJ\    K2   =   l/2Kr  -  Kj\ 


sgn  ( k  i  v )  v^^  i  :  w02  =sgn  (k2.v)  v^TT 
Ty-  =   rH  +   F^v;,  where 


// 


[K  i    +  K2   +(K}K2 


K2)X 


<^B    + 


WB    -    <-^<}   '   Wqi  OJq2 


(3  a) 


In  the  next  section,  we  demonstrate 
how  one  can  employ  the  waveheight 
directional  spectrum  in  ( 1 )  and  (2)  to 
predict  the  average  sea-echo  signal 
spectrum  as  seen  at  the  output  of  a 
receiver;  this  is  then  compared  to  mea- 
surements to  establish  the  validity  of  the 
theoretical  models.  The  third  section 
shows  and  explains  the  approximation 
whereby  one  of  the  two  waveheight 
spectrum  factors  appearing  in  (2)  is 
removed  from  the  integrand  as  a  con- 
stant, while  the  remaining  integral 
is  evaluated.  Sec.  4  discusses  the  approxi- 
mation in  which  the  coupling  coefficient, 
Vj,  is  removed  and  evaluated  at  each 
Doppler  shift,  cjj.  Finally,  Sec.  5 
shows  examples  of  the  use  of  the  com- 
plete inversion  technique  to  recover 
input  waveheight  spectra  to  the  theoreti- 
cal model;  thus  the  accuracy  of  the 
method  is  established  for  a  variety  of 
sea-state/radar-frequency  conditions. 


EM 


-  -,  Oc 


+  k0A\ 


)K\/k 


(3b) 


2.  The  Doppler  Spectrum:  Interpretation 
and  Direct  Solution 


and  where  we  take  the  integration 
variables  here  to  be  p,  q,  such  that 
K[  =  px  +  qy .  The  quantity  A  is  the 
normalized  electrical  impedance  for  the 
rough  sea  surface  at  grazing  incidence, 
as  defined  and  derived  in  Barrick  (  1971a). 
The  coupling  coefficients  T//  and 
Fem  are  obtained  from  the  second- 
order  terms  in  the  perturbational  ex- 
pansions for  the  sea  waveheight  and 
electromagnetic  scatter,  respectively;  the 
equations  describing  these  processes  are 
nonlinear. 


The  preceding  theoretical  expressions 
show  that  the  Bragg -or  diffraction 
grating  — effect  is  responsible  for  the 
scatter.  Equation  ( 1 )  shows  that  the 
ocean  wavevector  responsible  for  first- 
order  backscatter  is  ar  =  ks  -  A:/;  like- 
wise the  temporal  wavenumbers  follow 
the  same  first-order  Bragg  condition, 
i.e.,  coj  =  ±  u)g  =  cos  —  co/.  To  second 
order,  (2)  shows  that  the  two  ocean 
wavesets  responsible  for  scatter,  having 
wavevectors  k]  and  k2,  obey  the  rela- 
tion ±kx±k2   =  ks   -  £  ,  and  the  wave 
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frequencies  are  related  as  ±  oool  ±  coo2  function  in  the  integrand  can  be  used  to 
=  ujs  co,:  thus  two  sets  of  ocean  simplify  the  double  integral,  reducing 
waves  are  interacting  simultaneously  to  it  to  a  single  integral.  Of  the  various  trans- 
produce  the  scatter.  Of  course,  the  lowest-  formations  possible,  we  have  chosen  one 
order  dispersion  equation  relates  looi-  to  discussed  in  App.  B.  Its  use  results  in 
K.r,  and  oj0i  ,  co02  to  k1  ,  k2.  the  following  expression  for  the  second- 

D     ,        e            ,ni              ,     tl      ,  ,+  order  Doppler  spectrum: 

By  transforming  (2)  properly,  the  delta  Fh         h 


a2  da  |  77.(z',a)  \2S±  [kx  (v,a)]S±  [k2(i>A)]  sin2a 

lSbo(2)(lobv)  =  {Ikof-nv1  12    f  (4) 

v,a  a,  flt>  (a)  jlv*  f  (a)  -  i'scos22a  -  /8(a) 
where 

i2f*(a)v2  /4(a) 

yr{i',a) — z=  [V2sin2a  (cosa  +  sina)  +  sgn(Klx)sgn(K2x)  (1  +  sin2o )X 


\/sin2c 


I  +  i'2  4v4f(a)  -  3/ (a)  -  y8  cos2  2a 

1  -  ir  sjfia)-  vA  +Af2(oi)/y/2 


with  all  of  the  remaining  quantities  be-  t>  =  23/4.  This  feature  arises  when  the 
ing  defined  in  App.  B.  The  Doppler  fre-  radical  in  the  denominator  of  the  second 
quency  is  normalized  here  to  the  first-  term  of  yT  (i.e.,  the  electromagnetic 
order  Bragg  frequency  as  follows:  ojj  coupling  factor)  vanishes.  Physically,  the 
=  vu)$.  significance  of  this  radical  vanishing  is 
One  advantage  of  this  transformation  that  the  intermediate  radio  wave  inter- 
is  that  it  explains  a  prominent  feature  acting  with  the  two  sets  of  ocean  waves 
of  the   Doppler  spectrum:    the   peak   at  having    wavevectors   k1    and  k2  —which 
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has  wavevector  ki  -  is  equal  in  magnitude 
to  the  free-space  radio  wavenumber,  kQ, 
and  is  propagating  along  the  surface. 
This  means  that  the  radio  wave  is  at  a 
transition  point  between  being  scattered 
and  being  evanescent;  it  therefore  re- 
sults in  the  greatest  possible  transport  of 
(radio)  energy  between  the  two  sets  of 
ocean  waves.  The  value  of  a,  i.e.,  ae,  that 
causes  the  radical  to  vanish  (vs  v)  is  that 
solution  to  the  transcendental  equation 
}{ot.e)  =  v\  it  is  shown  plotted  in  Fig.  B-l. 

In  this  case,  the  peak  at  v  =  23/4  is  ex- 
plained via  our  transformation  by  a  sim- 
ple "corner-reflector"  effect.  Two  sets  of 
ocean  waves  that  produce  intermediate 
scatter  along  the  surface-as  shown  in 
Fig.  1— must  propagate  at  angles  ae  and 
ir/2-<xe  with  respect  to  the  backscatter 
direction.  Furthermore,  their  wavelengths 
must  be  Lx  =  n/ (k0  cosae)  and  L2  =  it/ 
(kas\nae).  From  simple  considerations, 
one  can  calculate  the  Doppler  shift  im- 
parted by  two  such  sets  of  ocean  waves  — 
both  moving  either  toward  or  away  from 


1/2 


Oir 


the  radar- as  v  =  ±  [cos1'2  ae  +sin 

Now,  as  clp  varies,  one  sees  that  this  ex- 


pression has  a  maximum  value  — and  in 
fact  a  point  of  mathematical  station- 
arity  — for  0^=45°,  which  occurs  at  v 
=  23/4.  Thus  two  sets  of  waves  at  45° 
with  respect  to  the  backscatter  direc- 
tion and  90°  with  respect  to  each  other 
produce  maximal  intensity,  as  explained 
from  elementary  physics.  This  intensity 
manifests  itself  as  a  spectral  peak  at  v  = 

-)  3/4 

Before  one  launches  into  techniques 
for  inverting  the  nonlinear  integral  equa- 
tion, (4),  to  obtain  the  waveheight  spec- 
trum from  the  observed  second-order 
Doppler  spectrum,  it  is  instructive  to  ex- 
amine the  numerical  solution  of  the  di- 
rect problem.  Furthermore,  the  com- 
bination of  the  second-order  echo  with 
first-order,  and  their  comparison  with 
observations,  should  lend  sufficient  credi- 
bility to  the  entire  theory  that  one  could 
trust  an  inversion  technique  based  upon 
these  models.  In  order  to  perform  such 
a  numerical  calculation,  we  employ  a 
Phillips  model  for  the  spatial  wavenumber 
spectrum,  with  a  cos40/2  directionality 
in  azimuth.  Thus  we  use 


S+(kcos0,  Ksind) 


4fln 


2>1\K 


cos4 0/2 


fork  >kc0  =g/u2 


for  k  <Kco  =g/u2. 


(5; 
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where  u  is  the  wind  speed  in  m/s.  (This 
expression  yields  a  rms  waveheight  h  = 
0.05  /r/g.)  The  above  simplified  model 
is  only  adequate  for  fully  developed  seas, 
that  is,  sea  conditions  where  the  wind 
duration  is  sufficient  that  the  waves  are 
in  equilibrium  with  the  wind.  To  obtain 
a  result  using  (5)  in  (4),  we  assume  as 
an  example  here  that  the  radar  looks  in 
a  direction  0  =  4  5  with  respect  to  the 
dominant  wave  direction.  Furthermore, 
we  assume  a  radar  operating  frequency' 
of  13.40  MHz  (ka  =  0.281  m-1  ).  In  order 
to  combine  the  first-order  Doppler  spec- 
trum with  the  second-order  portion,  we 
assume  that  the  two  pass  through  a  radar 
receiver  whose  effective  windowing  width 
is  40  s  (giving  an  effective  Doppler  re- 
solution of  .025  Hz).  Finally,  a  wind 
speed  of  25  knots  ( 1  2.86  m/s  is  assumed, 
giving  an  rms  waveheight  in  this  case 
of  2.765  ft  (0.843  m).  The  result  is 
shown  as  the  solid  curve  in  Fig.  2. 

Many  HF  Doppler  spectra  were  mea- 
sured in  the  1972-1973  period  with  a 
multi-frequency  radar  on  San  Clemente 
Island;  details  of  the  measurements  and 
equipment  are  found  in  Barnck  et  al. 
(1974).  One  typical  set  of  three  spectra 
(measured  on  three  frequencies,  13.40, 
13.41,  and  13.43  MHz)  are  shown  in 
Fig.  2  for  comparison.  A  sample  average 
of  9  independent  200-second  Doppler 
spectra  on  each  frequency  were  produced 
in  this  case,  and  then  passed  through  the 
same  40-second  windowing  function  as 
the  theoretical  spectrum.  The  observed 
wind  speed  was  25  knots,  the  seas  were 
fully  developed,  and  the  radar  beam 
looked  in  a  direction  of  50°  with  respect 
to  the  wind.  Since  path  losses  in  a  sys- 
tem  such  as  this  are  always  somewhat 


uncertain,  the  spectrum  levels  were  ad- 
justed until  the  first-order  peaks  were 
approximately  aligned.  The  agreement  of 
the  second-order  structures  lends  credi- 
bility to  the  models. 

In  general  for  this  frequency  range  (5- 
30  MHz),  the  first-order  peaks  are  con- 
stant in  amplitude  because  they  are  sam- 
pling the  sea  spectrum  in  the  saturated 
(equilibrium)  region  having  k'4  depen- 
dence. Hence,  as  waveheight  and/or 
radar  frequency  increases,  the  second- 
order  peaks  of  the  spectrum  increase 
both  in  their  amplitudes  and  in  their 
proximity  to  the  first-order  peaks.  As 
the   angle,  0,   between   dominant   waves 

o  o 

and  radar  varies  between  90  and  0  or 
180  ,  the  shape  of  both  portions  of  the 
Doppler  spectrum  varies  between  per- 
fect symmetry  about  the  carrier  (at  v 
-  0)  to  greatly  skewed  shapes  in  the  +u 
or  -v  directions. 


3.  The  Non-directional  Spectrum 
Approximation 

As  a  step  in  the  inversion  problem 
as  postulated  here,  we  show  in  this  sec- 
tion that  the  integral 


JT  =  IS    /     dp    /     dq  S±(Klx,Kly 
u,S.   — 


S±(K2x,K2y)b   {u)d  +  CJ01    +U)o2  ), 


(6) 
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V1  ~     V  4,rco< 


"B 


=  V2gi. 


Incident  Frequency 

Doppler  Shift  tor  Single 

Detracted  Backscatter 

g  =  9  81  m/sec2  =  Acceleration  ol  Gravity 

k    =w /c   =  Radio  Wave  Number 
o        I 

c  =  3x10em/sec  =  Velocity  ol  Light 
a  =  2itc/«u|  =  Radio  Wavelength 


Twice  Diffracted  Plane  Wave 


FIG.  1.  Sketch  showing  second-order  diffraction  grating  and  Doppler  effects  when  inter- 
mediate wave  propagates  along  the  surface. 


can  be  approximated  in  terms  of  the 
waveheight  non-directional  spectrum 
when  waveheight  and/or  radar  frequency 
is  large.  Employing  the  same  transforma- 
tions outlined  in  App.  B  to  derive  (4) 
from  (2),  one  can  show  that 


a2       daS+  \Ki(v,a)]  5+  [k2 (v ,a)l sin2a 


Vfit  a,    f  (a)  \ll\fif  (a)  -  v* cos2  2a  -  /"  (a) 


(7) 
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FIG.  2.  Comparison  of  theoretical  and  experi- 
mental Doppler  spectra  (in  decibels)  at  ^13.4 
MHz.  Zero  frequency  corresponds  to  the  carrier 
frequency  position  and  ±1  corresponds  to  0.374 
Hz.   Gausian  smoothing  is   used  on  all  curves. 


Referring  to  Fig.  B-l,  the  more  heav- 
ily shaded  regions  near  v  =  ±\  produce  a 
much  greater  contribution  to  the  in- 
tegral than  those  farther  removed;  in 
this  region,  a  is  close  to  0  and  it/2.  We 
plan  to  concentrate  here  only  on  simpli- 
fication of  the  above  integral  in  the  re- 
gion where  v  is  slightly  greater  than 
unity  and  a  is  near  zero;  results  for  the 
other  seven  corners  follow  by  analogy. 
For  \<v<  1.3,  one  can  see  from  Fig. 
B-3  that  two  product  functionals  con- 
tribute to  the  integral:  5+(/c1)  S.(k2) 
and  S+{kx)  S+(k2).  We  will  expand  nor- 
malized frequency,  v,  as  v  =  1  +n  in 
this  region,  where  the  assumption  to  be 
made  is  that  jii  is  small.  Then  we  change 
variables  twice,  and  arrive  at  an  integral 
over  the  azimuthal  angle,  62 ,  of  the 
second  spectrum.  This  essentially  results 


in  the  removal  of  the  directional  depen- 
dence of  the  waveheight  spectrum,  leav- 
ing the  non-directioanl  waveheight  spec- 
trum—evaluated at  normalized  temporal 
frequency  ju  —  as  being  proportional  to  lj 
for  v>  1 .  In  the  process,  all  quantities 
will  be  expanded  as  series  in  ju,  and  all 
higher-order  terms  will  be  dropped. 
The  error  involved  in  this  approxi- 
mation for  various  radar  frequencies 
and  waveheight  spectra  will  be  ex- 
amined in  a  subsequent  section. 

Higher  sea  states  — characterized  by 
large  waveheights  —  result  in  smaller  values 
of  kco  (the  spatial  wavenumber  near 
which  most  of  the  energy  exists).  Hence, 
for  increasing  sea  states  and/or  radar 
frequency,  the  parameter  /3  (=  2k0/Kco) 
increases  in  size,  and  the  dominant  energy 
in  the  Doppler  spectrum  lies  near  jli=0, 
Q'=0.  We  will  prove  this  here  by  deriving 
an  approximation  for  \xc  in  terms  of  j3, 
where  \xc  is  the  initial  (normalized)  fre- 
quency displacement  from  the  Bragg  line 
at  which  the  Doppler  energy  begins  to 
be  significant.  This  is  done  by  employ- 
ing the  Phillips  cutoff  relationship 
(the  first  of  Eqs.  (B-3)),  eliminating 
a  by  employing  (B-2),  and  expanding 
in  a  series  of /T"'": 


Mc  =  n0/2  -  1/(2/3)  +  oar2). 


(8) 


Thus  for  example,  for  /3=10  (corre- 
sponding to  an  rms  waveheight  of  0.8  m 
and  a  radar  frequency  of  15  MHz  for  a 
fully  developed  sea),  juc  =  0.266,  which 
is  reasonably  small.  At  this  point,  the 
largest  value  of  a  is  .09  rad  or  5° ;  hence, 
for   j3>10    the    claim    becomes   increas- 
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ingly  valid  that  the  region  of  v.ol  space 
which  is  important  occurs  for  p;  and  a 
small.  (Complementary  symmetry  would 
show  that  the  same  is  true  for  n  and 
7r/2-a  small.) 

Next  we  derive  approximations  for  as 
and  «]  (the  a-integration  limits)  in  this 
region  in  terms  of  \x\  these  expressions 
come  from  expanding  the  Jacobian  of 
(B-2 )  in  terms  of  ( small )  a  and  is : 

a,   =  M:d  -M) 

and 
a2    =  /r(l  +/i).  (9) 


Thus  a-  is  indeed  small  even  though  n 
may  he  only  moderately  small.  Further- 
more, the  total  excursion  in  a-  over  this 
region  of  integration  is  even  smaller. 
i.e.,  2ju3 .  We  first  use  a  transformation 
representing  a  linear  shift  in  integration 
variables  from  a  to  6.  where  b=a-a]  ;  the 
integration  limits  on  o  are  now  0  and 
2lx\  Now  expanding  all  quantities 
appearing  explicitly  in  the  integrand 
in  terms  of  ju  and  6.  we  retain  only  the 
lowest-order  terms.  As  to  orders  of 
smallness.  we  note  that  5^0(/j3  ).  Thus 
we  find: 


k1x  =  2k0cos(p      ;    k,     =  2k0sm<t>: 


(9a.b) 


k2x   =  2k0[(ii2  -8 1  id)  cos  <p±\/2nb  -b2  In2  sin0]  ; 


(9c) 


2y 


2k0  [(^2-6/(Ujsin  0  +  \/2^6  -b2 li~i2  cos0]  ;  hence 


(9d; 


k,   =  2k0;  k2   =  2k0n2  ;  0]    =  <p;  and 


(ir  -  bjix)  sin0+  V-^S  -  5-  In2  cos0 


tan 


(H2  -  8/n)  cos0  ±  V-M§  -  b1  W  sin  0 
The  other  quantities  in  the  integrand  become 
f4(a)  =   1  ;  sin2a  =  2jU2  ; 


(9ej 
(9f) 


(9g,h) 
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VV/4(a)  -  ^scos22a  -  fH(a) 


2V2/U6  -5  *///'• 


wfiCl+  =  &k>3S+  (2k0cosd>,2k0sm 


(9i) 


Our  previous  statement  that  one  of 
the  waveheight  spectrum  factors,  S+(k } ) 
—which  is  common  to  both  of  the  two 
terms  in  the  integrand— can  be  removed 
from  the  integrand  as  a  constant  is  now 
evident  under  these  approximations. 
Thus  the  integral  contribution  to  lj 
from  this  region  of  v>\ ,  a  near  zero,  can 
now  be  written  as 

a'vO 
<xiBI  =  8£^2S+(2£ocos0,2A;osin0)X 


0)X 


0+7T 

2    /        S±(2k0ii2cosd2,2k0^sme2)dd2.(\2) 
li,9.  0 


This  is  the  desired  result,  for  it  shows 
that  the  approximations  permit  one  to 
integrate  out  the  angular  dependence  in 
the  waveheight  directional  spectrum. 
Noting  from  App.  A  that  by  definition 
S+  and  S-  are  symmetric,  we  can  relate 
the  integral  to  the  nondimensional  tem- 
poral spectrum  using  (A-6),  (A-7),  and 
(A-8),  obtaining 


l^02(I    S±[K2(^)}-^==^jf  J^Oi+  =  \s+(2koco^2kosm0)S[(^).     (13) 


At  this  point,  we  make  a  final  trans- 
formation to  an  integration  over#2.  Note 
that  our  initial  representation  in  p-q 
space  mapped  doubly  onto  the  allowed 
regions  of  v-a  (or  pi-6)  space.  Thus,  going 
back  to  k2  ,  6  2 ,  we  see  from  (90  that  the 
selection  of  one  set  of  signs  covers  only 
half  the  total  possible  variation  of  62 
(from  0  to  2it).  For  example,  using  the 
upper  signs,  we  see  that  at  5=0,  02=0,  at 
8=n\  02=tt/2+0,  and  at  5=2m3,  02=tt+0. 
The  lower  sign  choice  covers  the  remain- 
ing region  0-7r<02<0,  as  5  varies  between 
its  limits  0  to  2/i3. 

Using  the  upper  sign  choice  and  the 
Jacobian 

dfi 

^"iiyREznp  glves       (11> 


Up  to  now,  we  have  considered  only 
the  contribution  to  lj  from  the  .region 
near  a=0  (for  ^>1);  an  identical  expres- 
sion is  obtained  for  the  region  near  a=n/2 
(^>1).  Hence  we  must  double  the  above 
result  to  account  for  the  total  integral 
over  a:  for  v>\ : 


lv>  1  ~  ^+(2^ocos0,2A:osin0)^(aj5/i).  ( 1 4) 


By  analogy,  one  can  derive  an  identical 
result  for  the  region  of  v  slightly  less 
than  1,  defining  in  that  case  \x=\-v.  Fi- 
nally, comparable  results  for  the  region 
of  v  slightly  greater  and  less  than  -1  give 
the  same  result  as  (14),  but  with  S+  re- 
placed by  S-. 
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4.  The  Weighting-Function 
Approximation 

Eq.  (6)  is  similar— but  not  identical— 
to  the  second-order  sea-echo  Doppler 
spectrum  as  given  in  (2).  Aside  from 
multiplicative  constants,  it  differs  only 
in  the  presence  of  IT^I2  in  the  integrand 
of  (2).  The  approximation  to  be  made  in 
this  section  involves  the  removal  of 
|r^|2  from  the  integrand. 

Let  us  refer  to  (4)  and  compare  it 
with  (7).  Here,  the  non-common  inte- 
grand factor  is  2s  k%n\y T(v ,a)  |2//12(a). 
For  a  given  .Doppler  frequency,  v,  this 
factor  weights  the  remaining  integrand 
over  a.  The  simplest  approximation 
would  be  to  remove  this  factor  and  treat 
it  as  a  constant,  as  though  it  varies  neither 
with  v  nor  with  a.  Our  approximation 
will  be  somewhat  better.  We  will  retain 
the  f-dependence  of  the  factor,  and  then 
average  it  over  a.  Thus,  the  approxima- 
tion goes  as  follows: 


to. 


=  ->5fr6 


'Ba(2)(coBu)=25k^[\y7ivA)\2/  f2(a))aX 


2, ,7 


%k%v 


where  we  have  used  (7)  and  (14),  and  we 
define  the  "weighting  function",  w(y), 
as  follows 


w(y)  =   [I7r("»c0l2//12(a)]a 


>q2  da\yT(v,a)\2 
J  c 


2S 


°2     daS±  [K(v,a)]  S±  [k2  (f,a)  ]  sin2a 

a,    /4(a)V'2»'4/,(a)-^cosa2a-/e(a),(15)      by    Wfj    an(j    Wg,    Notice    that   w 


a2  -a,  J  a,       fn  (a) 


and  where  we  again  note  that  for  p>1, 
H=v- 1 . 

Thus  we  have  derived  an  approxima- 
tion whereby  the  waveheight  non-direc- 
tional temporal  spectrum  is  expressed  in 
terms  of  the  second-order  Doppler  spec- 
trum divided  by  a  weighting  function; 
the  latter  quantity  is  readily  determined 
by  performing  the  integration  (numeri- 
cally) of  the  theoretical  coupling  coeffi- 
cient, \yT\2/fn(a). 

Figure  3  shows  a  plot  of  the  weight- 
ing function  numerically  evaluated  for 
0<v<2.4.  (It  is  symmetric  for  i><0.) 
Also  shown  are  the  contributions  to  w(v) 
from  the  square  of  each  of  the  two  terms 
of  yp(y,a)  taken  separately.  This  permits 
one  to  obtain  a  feeling  for  where  over  v 
the  hydrodynamic  second-order  effects 
dominate  the  electromagnetic  second- 
order    effects,    as    expressed    separately 

-and 


or  o{2)(uBv)=25k60nw(v)Iu>r 


25kb0nw(v)S+  (2kacos<j>y2k0sin<l>)St(uBfji)  ,(16) 


hence  w-have  peaks  at  21/2,  23/4,  and 
increase  toward  infinity  as  v->0,°°. 
These  characteristics  will  tend  to  correct 
the  Doppler  sidebands  bringing  their 
behavior  more  in  line  with  the  actual 
waveheight  temporal  spectrum  that  pro- 
duced the  Doppler  sidebands. 
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FIG.  3.  Weighting  function  w(v)  as  defined  in  (  1  7).  Also  shown  are  the  con- 
tributions to  this  function  of  the  electromagnetic  (e)  and  hydrodynamic 
terms  (h)  when  each  acts  alone. 


5.  Application  and  Evaluation 

Equation  (16)  contains  the  direc- 
tional waveheight  spatial  spectrum,  S+, 
evaluated  at  the  Bragg  wavenumbers 
2&ocos0,  2A'osin0.  It  is  a  simple  matter 
to  remove  this  factor  by  noting  that 
it  appears  in  the  expression  for  first- 
order  scatter,  Eq.  (1).  Integrating  (1) 
over  positive  Doppler  frequencies  (^>0  ), 
and  assuming  0<7r/2,  we  obtain 


/  o{X)(ud)dud 


-  277r&o.S+(2A:ocos0,2A:osin0).        (18) 


Hence  for  ^>0,  we  have  (using  co  j=cj gv): 
St[u)B\v-\  |]  = (19) 

OO 

kl    /      0{l)(u3BV)d(u}BU) 


When  dealing  with  measured  data, 
this  result  says  the  following.  If  one 
can  isolate  the  dominant  first-order 
Doppler  peak,  one  simply  integrates 
this  portion  of  the  power  spectral  den- 
sity to  obtain  the  total  first-order  en- 
ergy. Either  of  the  second-order  side- 
bands near  that  first-order  peak  is  then 
divided   by  this  first-order  quantity,  af- 
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ter  the  second-order  sideband  has  it- 
self been  divided  by  the  weighting 
function  calculated  here.  This  expression 
is  self-normalizing,  because  any  unknown 
path-loss  or  system  constants  multi- 
plying the  entire  Doppler  spectrum  will 
cancel  in  the  division  process. 

The  ultimate  worth  of  any  inversion 
technique  such  as  this  will  be  estab- 
lished by  comparing  radar  measurements 
with  exact  "sea-truth"  data  for  the  wave- 
height  temporal  spectrum.  Until  such 
measurements  can  be  made,  we  can  ob- 
tain a  feel  for  the  validity  of  the  approxi- 
mation behind  this  inversion  by  starting 
with  a  given  form  for  the  waveheight 
temporal  spectrum,  employing  the  theory 
here  to  calculate  the  average  first  and  se- 
cond-order Doppler  spectra,  and  then  in- 
verting them  via  (19),  attempting  to 
recover  the  original  waveheight  spectrum. 
The  magnitude  of  the  departure  of  the 
recovered  from  the  original  waveheight 
spectra  gives  an  indication  of  the  quality 
and  regions  of  validity  of  the  approxi- 
mations. 

To  illustrate  the  accuracy  of  the  tech- 
nique, we  employ  the  classic  <.o~5  Phillips 
model  for  the  waveheight  temporal  spec- 
trum and  give  it  a  cos4 0/2  directional 
dependence;  this  is  expressed  in  (5).  In 
particular,  we  choose  three  radar  direc- 
tions (with  respect  to  the  dominant 
wave  directions):  <p  =  0,  45  ,  and  90  . 
Finally,  we  employ  a  "sharp"  lower-end 
cutoff,  as  well  as  a  truncated  or  flat-top- 
ped lower  end1  .  The  parameter  j3  is  the 


ratio  2k0/nco,  where  kco  is  the  actual 
lower-end  cutoff.  In  the  case  of  the  trun- 
cated spectrum,  the  flat  top  extends 
from  cutoff,  coco  (wco  =  J  gKco)  out  to 
J  2cjco.  In  employing  (19)  to  re- 
cover St,  both  Doppler  sidebands  near 
the  dominant  first-order  peak  (at  u=+]  ) 
were  used;  they  were  added  and  halved 
to  obtain  an  average.  Figures  4  and  5 
show  the  comparisons  between  the  re- 
covered and  the  original  spectra.2 

Qualitative  comparison  of  the  shapes 
of  the  recovered  vs  input  spectra— when 
done  on  semi-logarithmic  graphs  as  in 
Figs.  4  and  5— leaves  some  doubt  as  to 
the  exact  accuracy  of  the  technique.  A 
meaningful  quantitative  comparison  is 
the  relationship  between  the  areas  under 
the  curves.  This  area  is  in  fact  the  mean- 
square  waveheight  of  the  sea,  perhaps 
the  single  most  important  descriptor  of 
sea  state.  Let  us  denote  by  /;*  the  rms 
"radar-deduced1'  waveheight  as  recovered 
using  the  inversion  technique  based  upon 
the  area  under  the  gray  curves,  and  h, 
the  rms  waveheight  from  the  input  spec- 
tral model.  Then  Table  1  summarizes 
the  ratio  h/h*  for  the  models  repre- 
sented in  Figs.  4  and  5;  unity  represents 
a     perfect     recovery.    Further    detailed 


To  provide  some  feel  for  the  parameter  /3, 
ifwetakel5Mhz(a  typical  HF  radar  frequency), 
for  j3/2=4  and  10,  we  obtain  rms  waveheights  of 
0.636  m  and  1.592  m  for  the  sharp  spectrum, 
with  0.469  m  and  1.173  m  for  the  truncated 
spectrum. 


Although  many  other  shapes  have  been  proposed  for  the  waveheight  spectrum,  we  frequently 
observed  nondirectional  spectra  with  our  Waverider  buoy  during  the  San  Clemente  Island  experi- 
ments which  closely  resembled  the  models  used  here.  The  model  with  the  "sharp"  lower-end 
cutoff  appeared  more  characteristic  of  fully-developed  seas,  while  the  truncated  or  "flat-topped" 
model  was  often  seen  in  seas  which  were  not  yet  fully  developed  by  the  wind. 


98 


214 


DONALD  E.  BARRICK 


1000 


F~~r 


100 


eg 

E 


10 


01 


0° 
45° 
90° 


0/2=10 ( 


Original  Spectral  Model 

Spectrum  Recovered  from 
Theoretical  Doppler  Model 


Phillips  Spectrum 
with  Sharp  Cutoff 


0  04        0  08 


0  12 


0  16         0  20         0  24         0  28 


Wave  Frequency,  t.  (Hertz) 

FIG.  4.  Comparisons  between  input  (original)  and  output 
(recovered)  waveheight  temporal  spectra  obtained  from  mver- 
tion  result  (19)  for  three  different  radar/wind  directions. 
Phillips  model  with  sharp  cutoff  is  used  as  input. 


studies  of  waveheight  extraction  and 
comparisons  with  measured  data  are 
found  in  Barrick  [1977). 

As  one  can  see  from  Figs.  4  and  5  and 
Table  1,  the  quality  of  the  approxima- 
tion improves  for  increasing  seas  and/or 
frequency,  as  represented  by  increas- 
ing |3.  For  remote-sensing  applications, 
this  is  a  satisfying  trend,  since  accuracy 
is  probably  least  important  for  low  seas. 


Likewise,  observe  that  the  cu~5  depen- 
dence of  the  input  spectrum  is  best  re- 
covered at  the  lower  end  representing 
the  longer,  higher  waves.  Notice  also  that 
the  singularities  which  occur  in  the 
Doppler  spectrum  at  21/2  and  23'4  are 
effectively  removed  by  the  use  of  the 
weighting  function,  helping  thereby 
to  recover  the  original  shape  of  the 
waveheight  spectrum. 
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FIG.  5.  Comparisons  between  input  (original)  and  output  (re- 
covered) waveheight  temporal  spectra  obtained  from  inversion 
result  (19)  for  three  different  radar/wind  directions.  Phillips 
model  with  flat  top  is  used  as  input 


6.  Conclusions 

Ever  since  the  solution  relating  the 
second-order  HF  Doppler  sea  echo  to 
the  integral  of  the  product  of  two  wave- 
height  directional  spectra  appeared  over 
five  years  ago,  it  has  been  evident  that 
one  should  be  able  to  sense  many  wave- 
height  parameters  with  a  single  radar 
observation     from     a     single    direction. 


Published  works  to  this  time  have  mainly 
been  concerned  with  the  direct  problem, 
i.e.,  given  a  waveheight  spectral  model, 
calculate  the  received  Doppler  spectrum. 
Such  an  approach  — while  it  has  permitted 
verification  of  the  theoretical  model 
has  limited  application  to  remote  sensing, 
for  it  requires  a  person  to  estimate 
wave  characteristics  by  selecting  from 
many    the    one    precomputed    Doppler 
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TABLE  1 
h/h* 


0  ,  180 


Radar/wind  direction 
45°,  135° 


90" 


Sharp  cutoff 
0/2=4 

0/2=10 

Flat  top 

0/2=4 

0/2=10 


0.848 

0.870 

0.827 

0.880 

0.833 

0.851 

0.824 

0.856 

0.901 
0.923 

0.940 
0.913 


pattern    that   most   nearly    matches   his 
observations. 

The  ultimate  goal  should  be  deriva- 
tion of  an  exact  inversion  scheme  for 
the  nonlinear  integral  eq.  (2).  A  step  in 
this  direction  is  Lips'  recent  work  ( 1977). 
We  have  produced  the  derivation  of  a 
simple  closed-form  solution,  which  is 
based  upon  Hasselmann's  suggestion 
(1971)  that  the  second-order  Doppler 
sidebands  ought  to  replicate  in  some 
sense  the  nondirectional  waveheight 
temporal  spectrum.  Our  derivation  in- 
volves the  calculation  and  normalization 
of  the  second-order  Doppler  spectrum 
by  a  simple,  dimensionless  weighting 
function,  calculated  and  presented  here. 
Our  technique  has  the  advantage  that 
no  model— either  for  the  directional  or 
for  the  radial  portions  — need  be  assumed 
for  the  waveheight  directional  spectrum 
appearing  (twice)  in  the  integrand,  as 
seen  from  the  theory.  Although  we  chose 
to  illustrate  the  accuracy  of  the  inverted 
results  in  this  paper  by  employing  specific 
models  having  (i)  abrupt  lower-end  cut- 
offs, with  both  sharply  peaked  and 
flat  radial  wavenumber  shapes,  and  (ti) 
a  cos4(f3/2)  angular  dependence,  we  have 
tested    the    technique    against   a  variety 


of  other  models.  These  include  spectra 
whose  radial  wavenumber  dependence 
follows  empirical  models  near  the  lower 
end  suggested  by  Neumann  and  Pierson, 
Pierson  and  Moskowitz  (Kinsman,  1965), 
and  whose  angular  dependence  has  both 
the  semi-isotropic  nature  suggested  by 
Phillips  (1966)  (i.e.,  no  waves  opposing 
the  wind)  and  for  cos5  (9/2)  models  with 
s  as  high  as  16.  The  inversion  results 
there  have  identical  trends  and  accuracies 
as  those  presented  here;  they  are  omitted 
for  lack  of  space.  These  additional  case 
studies  do  support  the  claim  that  the 
inversion  technique  is  indeed  general, 
and  does  not  depend  upon  a  given  model 
behavior  for  the  waveheight  directional 
spectrum. 

By  employing  our  result  to  recover 
various  waveheight  nondirectional  spectra 
used  to  calculate  the  Doppler  spectrum, 
we  have  determined  that  the  approxima- 
tions leading  to  our  result  are  valid  under 
conditions  of  higher  seas  and/or  radar 
frequencies.  Both  the  magnitude,  shape, 
and  area  of  the  recovered  curves  resemble 
those  of  the  original  waveheight  spectrum 
under  these  conditions,  with  only  slight 
differences  depending  upon  the  radar 
direction   with  respect  to  the  dominant 
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wave  direction.  In  particular,  if  one  de- 
fines a  parameter  k0h,  where  k0  is  the 
radar  wavenumber  and  h  is  the  rms  wave- 
height,  our  comparisons  show  that 
reasonable  agreement  can  be  expected 
when  this  parameter  exceeds  0.2. 

Having  obtained  the  non-directional 
waveheight  spectrum  from  measure- 
ments in  this  manner,  one  can  establish 
many  important  descriptors  of  the  sea 
state,  such  as  rms  waveheight,  the 
dominant  wave  period,  the  presence  and 
frequency  of  any  swell  components,  and 
the  stage  of  development  of  a  wind- 
driven  sea. 

HF  surface-wave  radars  can  regularly 
produce  Doppler  spectra  with  sufficient 
resolution  that  the  first-order  and  second- 
order  components  can  be  clearly  recog- 
nized and  used  with  this  approach.  How- 
ever, skywave  radar  Doppler  spectra  will 
frequently  be  "smeared"  by  ionospheric 
multipath  effects  so  that  it  will  not  al- 
ways be  possible  to  readily  distinguish 
the  first  from  the  second-order  energy. 
In  such  cases,  direct  application  of  the 
technique  derived  here  will  not  be  pos- 
sible without  further  refinements  and 
approximations. 


Appendix  A.  The  Waveheight 
Spatial-Temporal  Spectrum 

We  define  our  coordinates  such  that 
the  +x-direction  coincides  with  the 
azimuth  along  which  the  traveling  ocean 
waves  have  maximum  strength;  other- 
wise, the  waveheight  spatial  spectrum 
can  have  a  completely  arbitrary  angular 
distribution.  We  assume  that  in  general 
waves  moving  in  the  back  half-space 
(i.e.,  with  a  velocity  component  along 
the  -x-  direction)  can  exist.  Further- 
more, we  employ  the  lowest-order  dis- 
persion relation  for  first-order  ocean 
waves.  Finally,  with  the  requirement 
that  the  ocean  waveheight  be  a  real 
number,  we  employ  the  following 
definition  for  the  waveheight,  £,  as  a 
function  of  space  and  time  (where  a 
Fourier-series  representation  is  used  over 
space): 


W.o 


v       p  i)n  n\  Qiamx+iany-i10  rnn! 


+         2       PXm,n)ekmx+iany+>"mr\<< 


(A-l) 
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where  P+(-m,-n)  =  P+  (m%n)  and  comn  = 
sgn  (m)  V g[{am)2  +  (an)2  ]  1/2,  with  "a" 
being  a  fundamental  spatial  frequency, 
assumed  to  be  much  less  than  the  smallest 
wavenumbers  actually  present  on  the 
ocean.  Here,  P+  describes  the  ampli- 
tudes of  those  waves  having  velocity 
components  in  the  ±x-directions,  respec- 
tively. We  note  that  such  a  definition  of 
real    waves    is    required    in    all    of    the 
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perturbational  scattering  theories  pat- 
terned after  Rice  (1951),  where  the  real 
spatial  waveheight  series  is  extended  to 
include  time  variation,  as  in  Barrick 
(1972a). 

The  average  spatial-temporal  wave- 
height  spectrum  may  now  be  defined  in 
the  following  manner,  where  the  Fourier 
coefficients  are  taken  to  be  independent 
random  variables: 


t  CO 

S(kx,k  ,u)  =  ~—!ff  <Hx,y,t)Ux  +  Tx,y  +  T,t  +  Tt)>X 
(2n)  —  °°  >  J 


e-'KXTx-iKyTy  +  iU>TtdTxd        ^^ 


S+(kx,  Ky)8  (lo-co0)  +  S_(kx,  kv  )6  (oo  +  cj0),  (A-2) 


where  co()  =  sgn  (kx)  vgfc,  with  k  - 
Vk^  +  Kp  and  kx  -  am,  kv  =  an.  In  terms 
of  the  coefficient  averages,  we  have 


a 2  S+  (  k  x ,  k    )  for  k  =  m,  I  -  n ; 
<P±{m,n)P±(k,l)\         [  (A-3) 

0  for  other  kj. 


This  definition  requires  the  following 
normalization  for  mean-square  wave- 
height: 

h2  =  <$2(x,y.,t)>  =     Iff  S(Kx,Kv,u)dKxdKvdGj  =    2       //    S+(KY,Kv)dKrdK„.       (A-4) 

— oo  '  -      -v  u\     __oo     -    x    y       x     y 
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Note  also  that  because  waveheight  and  its 
spatial  correlation  coefficient  must  be 
pure  real.  S+(-kx.-kv)  =  S+(kx.kv),  with 
an  analogous  symmetry  requirement  for 
S-. 

Oceanographers  using  tilt-buoys  (Tyler 
et  ah,  1974)  for  measurements  would  de- 
fine a  waveheight  directional  spectrum  in 
polar  coordinates,  Ss(k,6)  (for  a  spatial 
spectrum)  or  St(to.d)  (for  the  temporal 
version)  with  the  following  interrelation- 
ships: 


00         it  °°  it 

h-  =  f  da  J    ddSs(n,d)=   f  Joj   f  ddSJuj^d);  (A-5) 

0        —it  0        -it 


with    St(cj.e)=^-Ss(^-.6)  (A-6) 


from    the    dispersion    relation,    and    the 
simple  non-directional  spectra  defined  as 


CT  Tt 

Ss(k)=    f    Ss(K,6)dd  St(u)  =    f   SJcj,6)d6.  (A-7) 

-Tt  -77 


The  quantity  Ss(k<6)  is  related   to  our 
spectrum  as 


2kS+(k  cos0,  Ksin  6)    for-  ,<0<  -, 
Ss(k,6)  =  \  (A-8) 

377  77 

2kS_  (kcos#,  Ksin  d)    for  —  -,    <0<— -,. 
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Attention  is  directed  to  frequent  con- 
fusion involving  a  factor  of  two  in  relat- 
ing oceanographically  observed  (Teague 
et  al.,  1975)  or  modeled  (Barrick,  1972a) 
waveheight  spectra  to  scattered  sea  echo. 
Scattering  theory  requires  waveheight 
descriptions  similar  to  (A-l),  and  hence 
waveheight  spectra  of  a  form  (A-2);  thus 
we  must  employ  (A-8)  to  relate  these  to 
the  oceanographic  observables. 


Appendix  B.  The  Integral 
Transformation 

Equation  (2)  for  the  second-order 
scatter  can  be  reduced  from  a  double  to 
a  single  integral  by  employing  the  sifting 
property  of  the  Dirac-delta  function. 
While  the  left  side  of  the  equation  is  an 
explicit  function  of  one  independent 
variable,  co^,  the  integrand  is  a  func- 
tion  of  three:  co^,  p,  and  q.  The  delta 


function  implies  an  interdependence 
among  the  three  such  that  only  two  are 
strictly  independent;  one  of  the  two  is 
then  eliminated  in  the  final  single 
integration.  To  employ  the  delta  func- 
tion to  eliminate  one  of  the  two  inte- 
grals, one  must  transform  variable  from 
p  and  q  to  two  other  variables  with  a 
(generally)  multivalued  mapping.  The 
choice  of  transformation  variables  is 
optional,  and  various  investigators  have 
made  different  selections.  There  are 
problems  encountered  in  each  method. 
Ours  has  the  advantages  that  a  cubic  (or 
higher)  equation  does  not  arise  within 
the  delta  function  argument,  and  that 
the  final  integration  limits  are  finite;  the 
disadvantage  is  that  these  integration 
limits  must  be  found  by  solving  a  tran- 
scendental equation  (numerically)  for 
each  value  of  ojd  and  6. 

Our      transformation      process     goes 
basically  as  follows: 


(a)  p,q  ->  kx,  k2   (-°°<p,q<°°;  k,,k2  >  0),  where  /q   and  k2 
are  as  defined  following  (2). 

IT 

(b)  kx,  k2  -*  i', a  (/'>0;  0  <  a  <    ),  where  kx  =  r  cosa  and  k2  = 
r  sin<x 

(c)  r  ->  77  (-°°  <  77  <  °°),  where  77  =  ±  cool  ±  cjp2  =  Srfi.Oi), 
where  /(a)  =  ±  sgn(/C;x)cos1/2a:  ±  sgn^jx^inl/^a,  the  up- 
per/lower sign  choices  depending  upon  which  of  the  four  terms 
of  the  integrand  in  (2)  is  being  used. 


The  Jacobian  of  the  total  transforma- 
tion process  is 


J(n,oi) 


Irj1  sin  2a 


g2  f  (a)  V8s2*3TJ4/4(a)-T78cos22a-16s4*£/8(a) 


(B-l) 
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ft/2  =  2- 


ft/2  =  2-V. 


1.0  1.5  2.0 

Normalized  Doppler  Frequency,  v 

FIG.  B-l.  Plot  showing  regions  over  v  —  a  space  used  for  integration  of  (4).  Solid  lines  delimiting 
regions  of  heavier  shading  are  solutions  to  (B-3).  Dotted  lines  indicate  electromagnetic  singularity, 
obtained  as  solution  to  equation  f(ae)  =  v. 


At  this  point  the  argument  of  the  delta 
function  becomes  ood  -  77;  the  integral 
over  77  is  thus  eliminated  by  dropping  the 
delta  function  and  replacing  77  every- 
where by  coj.  With  a  further  normaliza- 
tion of  Doppler  frequency  coj  as  v  = 
tOrf/cog,  one  obtains  (4). 

Several  details  of  this  transformation 
must  be  outlined  carefully.  The  first  has 
to  do  with  the  integration  limits  on  a. 
There  are  three  types  of  limits: 

(a)  Jacobian-imposed  limits.  This  limit 
is  dictated  by  the  fact  that  the  argument 
of  the  radical  in  the  denominator  of  J 
must  be  positive  in  order  for  the  mapping 
to  be  real.  In  terms  of  v,  the  inequality 
defining  this  limit,  a,-,  is 


2v4f4(aj)-vs  cos2  2a/-/8.(a/)  >  0.     (B-2) 


(b)  Spectral-model  limits.  Certain  types 
of  waveheight  spectral  models -such  as 
the  Phillips  (1966)  model -are  non- 
zero by  definition  only  when  the  wave- 
number  exceeds  a  lower  cutoff  value; 
for  fully  developed  seas,  this  is  often 
given  in  terms  of  wind  speed,  u,  as 
k>  kco  '=  g/u2  (see  Eq.  (5)  of  the  text.) 
Thus,  for  a  model  such  as  this,  the  inte- 
grand is  nonzero  only  when  k{  and  k2 
exceed  this  cutoff,  giving  rise  to  the 
inequalities 
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^2cosaw  lf2{aJ>\IV 


W  i  J         v     w  i 


and 


v2smawlf2{aw)>M^  (B-3) 


where  (5  is  a  dimensionless  parameter 
(|3  =  2A.'0/kc0)  that  is  basically  a  mea- 
sure of  the  roughness  height  normalized 
to  radio  wavelength. 

Figure  B-l  shows  the  region  (for 
v  >  0)  in  v-a  space  within  which  the 
mapping    occurs,     as    defined    by    Eq. 


(B-2).  Shown  also  are  lines  obtained 
from  Eqs.  (B-3);  these  along  with  the 
heavy  shading  indicate  which  regions 
of  v—ol  space  are  most  important  for 
higher  sea  states  and/or  radar  frequencies 
(i.e.,  higher  values  of  jS). 

(c)  Sign-change  limits.  The  sign  of 
the  Doppler  shift,  coj,  in  (2)  for  each 
of  the  four  terms  of  the  integrand  de- 
pends upon  whether  k1x  and  k2x 
are  less  or  greater  than  zero.  Thus, 
p—q  space  can  be  divided  into  three 
bands,  as  shown  in  Fig.  B-2(a).  The 
vertical,  dashed  lines  delineating  these 
regions  are  given  by 


-/4(a  )cos0  =  vA  cos0cos2a_  ±  sinQy/lv*  fA  (aD)-f8cos2  2a   -/8  (a  ),   and 


p    j    \~Pi 

n  n 


(B-4) 


t;4cos0cos2ap  ±  sin 4>V'2p4 /4  («p ) - ^8  cos2 2ap  -/8 (ap )  =  /4(ap)cos0; 

n  n  n  n  n 


The  two  values,  ocp  and  an  (going  with 
the  upper  and  lower  signs,  respectively, 
in  these  equations)  originate  because  p 
and  q  have  two  solutions  in  terms  of 
Kt  and  k2  (which  are  transformed  to 
a,  v  as): 


p/k0  -  (^4cos0cos22a±sin0>/2^4/4(a)-^8cos22a-/8(a))//4(a),  and 


(B-5) 


qlk0=  (/sin0cos22a  +  cos0  V'2^4/4  (a)  -  v8  cos2  2a  -  /8  (a))//4  (a). 
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FIG.  B-2.  Plot  showing  how  lines 
from  p— q  space  (upper)  map  onto 
v-a  space  for  1<IH<3  (middle) 
and  -KK+1  (lower).  A  radar/ 
wind  direction  of  0  =  45  is  used 
for  this  example,  and  arrows  show 
movement  of  boundaries  as  0 
goes  from  45  toward  90  (cross- 
wind  case). 


This  further  defines  regions  on  the 
p~q  plane  delineated  by  the  dotted 
line  with  slope  <p.  This  line  is  obtained 
by  noting  that  the  sign  change  is  ob- 
tained at  a  =  a.-,  where  one  can  solve 
the  above  two  equations  for  the  line  to 
obtain  q/p  =  tan  0. 

For   the   sake    of  example,  we  show 
several  of  the  relevant  lines  in  Fig.  B-2(b) 
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obtained  from  the  above  inequalities, 
mapped  into  v  —  a.  space;  we  employ 
0  =  45°  for  the  curves  of  Fig.  B-2. 
Furthermore,  we  indicate  by  arrows  how 
these  various  lines  collapse  as  0-*9O°, 
i.e.,  in  the  "crosswind,?  case. 

Finally,  we  illustrate  by  chart  form  in 
Fig.  B-3  how  all  of  the  four  terms  in 
the  integrand  of  (2)  map  onto  v  —  a 
space  (again  pictured  for  0  =  45°).  As 
can  be  seen,  the  entire  four-term  inte- 
grand over  all  p  —  q  space  maps  onto 
v  —  ol  space  in  a  double-valued  manner. 
This  is  important  when  one  solves  (4) 
numerically  and  attempts  to  take  advan- 
tage    of     the     various    complementary 


symmetries  of  the  mapping  to  reduce 
the  computations.  The  solution  of  the 
inversion  problem  as  formulated  in  the 
text  is  also  clarified  by  understanding 
the  mappings  described  here  for  solving 
the  direct  integral. 

In  effect,  the  coordinate  system  and 
transformation  employed  here  accounts 
for  radar/wave  direction,  0,  by  changing 
the  boundaries  of  the  mapping  (in  both 
p  —  q  and  v  —  a  space),  while  keeping  the 
waveheight  spectra  in  the  integrand 
invariant  with  0.  Transformations  used 
by  others  (Lipa,  1977)  keep  the  mapping 
boundaries  constant,  but  include  di- 
rection, 0,  within  the  arguments  of  the 
waveheight  spectra. 


FIG.  B-3(a).  Plot  showing  how  the  various  terms  of  the  integrand  of  Eq.  (2)  map  from  p-q  space 
onto  v— a  space  for  0  =  45°  and  1  <| v\  <  3. 
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FIG.   B-3(b).  Plot   showing  how  the  various  terms  of  the  integrand  of  Eq.  (2)  map  from  p-q 
space  onto  v-a  space  for  0  =  45    and  -  1  <  v  <  + 1 . 
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The  Statistics  of  HF  Sea-Echo  Doppler  Spectra 

DONALD  E.  BARRICK,  member,  ieee,  and  JACK  B.  SNIDER,  member,  ieee 


Abstract — Several  important  statistical  properties  of  the  HF  sea 
echo  and  its  Doppler  power  spectrum,  which  are  useful  in  optimizing 
the  design  of  radar  oceanographic  experiments,  are  established.  First- 
and  second-order  theories  show  that  the  echo  signal  (e.g.,  the  voltage) 
should  be  Gaussian;  this  is  confirmed  with  experimental  surface-wave 
data  i)  by  comparison  of  the  normalized  standard  deviation  of  the  power 
spectrum  at  a  given  frequency  with  its  predicted  value  of  unity,  and  ii)  by 
cumulative  distribution  plots  of  measured  spectral  amplitudes  on  Rayleigh 
probability  charts.  The  normalized  standard  deviation  of  the  dominant 
absolute  peak  amplitudes  of  the  power  spectrum  (which  wander  slightly 
in  frequency)  are  shown  from  experimental  data  to  be  ~  0.7  for  the 
first-order  peaks  and  ~  0.5  for  the  second-order  peaks.  The  autocor- 
relation coefficient  of  the  power  spectra  is  derived  from  measured  data 
and  interpreted  in  terms  of  the  spectral  peak  widths ;  from  this  information, 
the  correlation  time  (or  time  between  independent  power  spectrum  samples) 
is  shown  to  be  ~  25-50  s  for  radar  frequencies  above  7  MHz.  All  of  these 
statistical  quantities  are  observed  to  be  independent  of  sea  state,  scatter- 
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ing  cell  size,  and  relatively  independent  of  radar  operating  frequency. 
These  quantities  are  then  used  to  establish  the  statistical  error  (and 
confidence  interval)  for  radar  remote  sensing  of  sea  state,  ana  it  is 
shown,  for  example,  that  14  power  spectral  samples  result  in  a  sample 
average  whose  rms  error  about  the  true  mean  is  1.0  dB. 

I.  Introduction 

TWO  DECADES  AGO,  Crombie  [1]  experimentally 
deduced  the  physical  mechanism  responsible  for  first- 
order  HF  sea  echo.  The  unique  characteristics  of  his  high- 
resolution  Doppler  records  led  to  the  conclusion  that  the 
dominant  spectral  peaks  resulted  from  Bragg  scatter;  i.e., 
only  those  ocean  wavetrains  will  backscatter  near  grazing 
whose  spatial  period  is  exactly  one-half  the  radar  wave- 
length and  which  move  directly  toward  and/or  away  from 
the  radar.  In  later  deterministic  analyses,  Wait  [2]  con- 
firmed this  deduction  and  showed  further  that  the  strength 
of  this  first-order  echo  is  proportional  to  the  height  of  the 
resonant    "Bragg-scattering"    ocean    waves.    These    con- 
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elusions  suggested  the  exciting  possibility  of  employing 
HF  radars  (both  sky-wave  and  surface-wave)  to  measure  the 
ocean  waveheight  directional  spectrum — or  "sea  state." 
Recently  a  number  of  groups  have  been  investigating  the 
use  of  such  HF  radar  techniques  for  remotely  sensing  ocean 
surface  conditions  via  the  sea-echo  Doppler  spectrum. 

One  of  the  very  important  properties  of  the  HF  sea 
echo,  however,  is  its  random  nature.  This  point  is  often 
overlooked  because  resonant  (or  Bragg)  scatter  is  such  a 
precisely  describable  physical  phenomenon  that  many  have 
assumed  that  a  single  echo  record  describes  the  scattering 
surface  satisfactorily.  Since  the  heights  of  the  Bragg- 
scattering  waves  within  the  radar  resolution  cell  are  random 
variables  (in  fact,  the  entire  sea-surface  height  is  a  random 
variable  best  described  via  the  Fourier-Stieltges  integral  or 
the  Fourier  series  with  random  coefficients),  the  sea  echo 
must  also  be  a  random  variable.  This  fact  was  employed  in 
the  analyses  of  Barrick  and  Peake  [3]  and  Barrick  [4],  [5], 
who  showed  that  to  first  and  second  order,  the  average 
sea-echo  Doppler  spectrum  is  related  to  the  average  sea 
waveheight  directional  spectrum  evaluated  at  the  required 
first  and  second-order  Bragg  wavenumbers. 

All  of  the  suggested  methods  for  extracting  sea-state 
parameters  from  the  sea-echo  Doppler  spectrum  involve  the 
comparison  (i.e.,  division)  of  one  part  of  the  echo  spectrum 
by  another  part  [6],  [7].  Failure  to  note  that  the  sea  echo 
is  a  random  variable  will  lead  to  a  statistical  fluctuation  in 
the  desired  parameter.  Hence,  appropriate  averaging  of  each 
sea-echo  feature  is  necessary  before  the  deduction  of  the 
desired  mean  sea-state  descriptor.  Since  "averaging  time" 
in  a  practical  experiment  is  not  unlimited,'  the  number  of 
independent  samples  used  to  approximate  the  average  may 
in  fact  be  small.  Therefore,  in  order  to  calculate  the  accuracy 
of  predicting  the  desired  sea  parameter,  one  must  know 
something  about  the  statistics  of  the  echo,  such  as  the 
power  spectrum  variance,  correlation  time,  etc.  While  it 
is  often  customary  to  assume  Gaussian  statistics  for  the 
scattered  electric  field,  this  assumption  in  many  cases 
remains  to  be  proven.  In  the  microwave  region,  for  example, 
where  the  physical  mechanism  behind  near-grazing  sea 
backscatter  is  considerably  more  complex  than  at  HF, 
Trunk  [8]  has  found  that  the  echo  voltage  distribution  in 
certain  cases  can  be  log-normal,  while  in  others  it  follows 
the  Gaussian  (or  normal)  model. 

First,  we  provide  a  heuristic  theoretical  rationale  ex- 
plaining why  the  complex  components  of  the  first-  and 
second-order  sea  echo  are  Gaussian  random  variables. 
Then  we  examine  the  properties  of  Gaussian  processes,  in 
particular,  deriving  the  probability  density  and  the  normal- 
ized standard  deviation  of  the  power  for  each  Doppler 
frequency  spectrum  taken  as  the  random  variable.  Next,  we 
calculate  both  the  normalized  standard  deviation  and  the 


1  The  total  observation  time  is  proportional  to  the  coherent  integra- 
tion time  multiplied  by  the  number  of  sequential  beam  scans  times  the 
desired  number  of  samples  per  radar  resolution  cell.  The  coherent 
integration  time  is  the  reciprocal  of  the  required  Doppler  resolution. 
The  total  observation  time  should  not  exceed  the  interval  over  which 
the  sea  is  statistically  stationary;  the  latter  time  may  typically  vary 
between  1  and  12  h. 


temporal  correlation  function  of  the  Doppler  spectrum  from 
HF  suface-wave  sea-echo  measurements.  We  compare  these 
experimental  results  with  the  theoretical  predictions  for 
Gaussian  processes  (where  the  latter  are  available).  Finally, 
we  give  an  example  of  the  use  of  the  derived  statistical 
properties  of  the  sea  echo  in  the  analysis/design  of  an  HF 
radar  experiment. 

II.  Sea  Echo  and  the  Gaussian  Process 

It  is  often  customary  to  assume  that  in  general  random 
signals  (e.g.,  voltages)  are  Gaussian  because  i)  the  Gaussian 
model  has  desirable  mathematical  properties,  making 
manipulations  with  it  easy,  ii)  if  the  signal  is  synthesized 
as  the  sum  of  several  independent  events,  the  Central  Limit 
Theorem  states  that  as  the  number  of  events  becomes  large, 
the  sum  signal  approaches  a  Gaussian  random  variable, 
iii)  wideband  spectrally  flat  random  signals  after  narrow- 
band filtering  (such  as  at  the  output  of  a  finite  Fourier 
transform)  tend  to  Gaussian  under  most  conditions  [9], 
and  conversely,  iv)  a  wideband  signal  synthesized  by  the 
summation  of  Gaussian  random  narrowband  signals  will 
be  Gaussian  because  linear  operations  on  Gaussian  vari- 
ables produce  Gaussian  variables  [10].  Since  one  can 
always  find  mathematical  exceptions  to  these  generalizations, 
and  since  the  sea-echo  spectrum  is  not  flat,  we  will  establish 
separate,  independent  proofs  from  the  scattering  theory  to 
justify  the  Gaussian  assumption. 

The  conventional  method  for  analyzing  HF  sea  echo 
employs  the  classical  statistical  boundary  perturbation 
approach  first  set  forth  by  Rice  [11].  This  technique  re- 
quires that  the  surface  waveheight  be  small  in  terms  of  the 
radar  wavelength  and  that  the  surface  slopes  be  small; 
both  of  these  conditions  are  satisfied  (in  the  mean)  by  the 
sea  surface  at  HF.  By  ordering  the  terms  in  the  scattered 
field  solution  according  to  the  above  "smallness"  param- 
eters, expressions  have  been  derived  for  the  first-order  and 
second-order  sea  echo  [4],  [5].  These  expressions  show 
that  Bragg  scatter — the  mechanism  originally  proposed  by 
Crombie  [1] — does,  in  fact,  account  for  the  echo. 

In  the  formulation  of  this  theory,  the  sea  surface  height  is 
represented  by  an  exponential  spatial  Fourier  series  with 
random  complex  coefficients  P(m,ri)  (  =  X(m,n)  +  iY(m,n)), 
where  m  and  n  are  running  indices  corresponding  to  the 
x  and  y  directions  (the  latter  taken  as  lying  in  the  mean 
surface  plane).  The  total  sea  surface  height  has  been  shown 
by  oceanographers  [12]  to  be  representable  as  a  Gaussian 
random  variable  to  first-order.  The  requirement  that  the 
sea  height  be  a  real  quantity  means  that  P*(m,n)  = 
P{-m,-n)  (or  X(  —  m,-n)  =  X(m,n)  and  Y(~m,—n)  = 
—  Y (m,n)).  The  average  sea  waveheight  directional  spectrum 
S(Kx,xy),  is  then  defined  in  term's  of  these  coefficients  as 


(P(m,n)P*(m\n')) 


\a2S(am,an), 
10, 


for  m',ri  =  m,n 
for  m',n'  =£  m,n    ( 1 ) 


where  a  =  2n/L,  L  being  defined  as  the  fundamental  spatial 
period  of  the  Fourier  series.  These  first-order  height  co- 


114 


BARRICK  AND  SNIDER:  HF  SEA-ECHO  DOPPLER  SPECTRA 


>] 


efficients  P(m,n)  may  be  taken  to  be  uncorrelated  random 
variables  [13];  inasmuch  as  the  vvaveheight  can  be  con- 
sidered a  spectrally  flat  process  over  a  nominally  wide  band 
of  spatial  wavenumbers,  the  random  Fourier  coefficients 
can  also  be  taken  to  be  Gaussian  [9]. 

To   first   order,   the   backscattered   electric   field   at  the 
receiver  is  [4] 

£(I)  =  A7M"'*,«*)exp  {-i[cb0  +  vW'»*2  +  «*2)'/2]<} 

(2) 

where  A'  is  a  complex  constant  which  depends  upon  the 
propagation  loss  to  the  scattering  patch,  incidence  angle, 
and  other  fixed  factors  of  the  geometry.  The  quantity  cd0 
is  the  transmitted  radian  carrier  frequency;  the  Doppler 
shift  of  the  scattered  signal  from  the  carrier, 


\ ag(m^-  +  h*")       (  =  u>B), 

originates  as  a  result  of  the  first-order  dispersion  relation 
between  the  spatial  and  temporal  wavenumbers  of  a  gravity 
wave,  with  g  being  the  acceleration  of  gravity  (  ^  9.81  m/s2). 
Hence,  k*  =  aim*2  +  /7*2)1,2  is  the  spatial  wavenumber 
of  the  particular  Fourier-series  components  responsible  for 
the  scatter.  The  theory  shows  that  only  a  very  small  number 
of  Fourier-series  components  can  contribute  to  scatter. 
These  have  wavenumbers  along  and  perpendicular  to  the 
radar  line  of  sight  (for  backscatter  at  grazing  incidence) 
such  that  kx*  =  am*  ^  2A0,  and  Kyit  =  an*  ^  0,  where 
k0  is  the  radar  spatial  wavenumber  (A0  =  o)0/c  =  2nj/.)\ 
these  are  precisely  the  required  conditions  for  first-order 
Bragg  scatter,  as  originally  deduced  empirically  by  Crombie. 

Equation  (2)  essentially  shows  that  if  P(m,n)  is  a  Gaussian 
random  variable,  as  assumed  in  our  description  of  the 
ocean,  then  the  signal  is  itself  a  random  variable  which  is 
directly  proportional  to  the  vvaveheight  coefficient.  Since 
any  linear  operation  on  a  Gaussian  random  variable  pro- 
duces another  Gaussian  random  variable,  the  received 
signal  is  therefore  itself  Gaussian.  Hence  one  has  a  proof 
that  the  first-order  sea  echo  is  Gaussian  so  long  as  one  can 
assume  thai  the  height  of  the  sea  can  be  represented  by  a 
Gaussian  random  variable  to  first  order. 

To  second  order,  the  signal  scattered  from  the  sea  is  [5] 

£<2»  =  iK^rr(ni,n)Pt(m,/i)Pt(m.  -  mji*  -  n) 


x  exp  {  — /[<y0  +  \'ag[m2  +  n2]"2 

+  y/ag[(m*  -  m)2  +  («„  -  /;)2]1/2]r;  (3) 

where  K  has  the  same  value  as  in  (I),  and  m*,n*  are  as 
defined  after  (2),  i.e.,  a  narrow  band  of  numbers  satisfying 
the  first-order  Bragg-scatter  criterion.  Equation  (3)  is 
actually  an  expression  of  second-order  Bragg  scatter,  where 
one  set  of  the  double-interacting  ocean  waves  has  spatial 
wavenumber  k,  =  ami.  +  any  and  the  other  has  spatial 
wavenumber  k2  =  a(m*  -  m)x  +  a{n*  -  n)y.  The  sum- 
mation over  m,n  indicates  that  there  is  an  infinite  number  of 
double  sets  of  ocean  waves  possible  which  can  interact  to 
second  order  (to  first  order,  only  one  single  set  was  possible 


for  each  Doppler  shift).  Each  double  set  in  turn  produces 
its  own  echo  Doppler  shift  from  the  carrier,  as  seen  from 
the  argument  of  the  exponential;  in  the  limit  the  sum- 
mations merge  into  a  double  integral,  and  the  Doppler 
spectrum  is  seen  to  be  a  continuous  function.  The  "transfer 
coefficient"  T7  has  been  derived  and  presented  elsewhere 
[5];  it  is  a  deterministic  constant  which  results  from  the 
second-order  terms  from  both  the  nonlinear  boundary 
condition  at  the  water-air  interface  (the  hydrodynamic 
contribution)  and  also  from  the  second-order  terms  in  the 
nonlinear  perturbation  expansion  of  the  scattered  fields 
(the  electromagnetic  contribution). 

Writing  (3)  in  this  manner  expresses  the  hypothesis  that 
if  each  of  the  two  different  Pin  each  term  of  the  summation 
is  a  Gaussian  random  variable,  the  second-order  scattered 
field  is  also  a  random  variable.  However,  each  term  of  the 
summation,  consisting  of  a  product  of  two  Gaussian  random 
variables,  is  no  longer  Gaussian.2  Nevertheless,  many  terms 
of  the  series  of  (3)  can  be  seen  to  contribute  to  the  signal  at 
a  given  Doppler  shift,  hence,  one  can  argue  by  the  central 
limit  theorem  [13]  that  the  result  for  each  Doppler  shift, 
being  the  sum  of  many  independent  non-Gaussian  terms, 
nonetheless  will  tend  toward  Gaussian. 

The  point  of  this  section  was  to  show  from  the  presently 
accepted  theoretical  derivations  that  the  real  and  imaginary 
parts  of  the  instantaneous  complex  signal  at  each  Doppler 
shift  are  predicted  to  be  Gaussian  random  variables.  Since 
the  temporal  Fourier  transform,  as  obtained  from  a  digital 
processor  at  the  output  of  an  HF  receiver,  is  nothing  more 
than  a  weighted  sum  of  the  coefficients  of  the  Doppler  time 
series  given  by  (2)  and  (3),  this  complex  transform  at  each 
spectral  point  should  also  be  Gaussian  (i.e.,  the  real  and 
imaginary  parts  of  the  Fourier  transform  have  Gaussian 
probability  distributions).  Thus,  for  example,  if  the  Fourier 
transform  is  obtained  with  0.02  Hz  resolution  (requiring 
50  s  of  signal  data),  the  complex  parts  of  this  transform 
should  be  Gaussian  random  variables.  This  will  be  true 
regardless  of  the  integration  time. 

This  latter  fact  is  often  erroneously  overlooked  by  some, 
who  feel  that  the  longer  the  sample  in  time  (or  the  larger 
the  basic  scatter  area  in  space  for  a  given  scatter  sample), 
the  "smoother"  the  signal  should  be  because  of  "temporal" 
or  "spatial"  averaging.3  It  will  be  shown  from  experimental 
data  that  the  components  of  the  complex  received  signal 
(in  both  the  first-order  and  second-order  spectral  regions) 
appear  in  fact  to  be  Gaussian,  regardless  of  the  coherent 
processing  time  or  the  size  of  the  scatter  area. 


2  The  real  and  imaginary  part  of  each  product  term  can  be  shown  to 
have  an  exponential  probability  density  function  given  by  p(U)  = 
exp  [-\Li  .;aia2'i!{2oia1)\  p(V')  =  exp  {  —  |  V\ialOi}l{lalo1),  where 
U  =  X(ml,ni)X(m2,n2)  -  >'(/»,,//,)  Y(m2,n2)  and  V  —  A(m,,/;,)- 
Y{m2,n2)  +  X(in2.ii2)Y(mi,ii\)  are  the  real  and  imaginary  parts  of  the 
product  coefficients;  In ,2  —  a1  Slam  i  .an  t ),  and  2o.2  =  ti2 SUim 2 .an 2) . 
The  probability  density  functions  of  the  single  coefficients,  being 
Gaussian,  are  given  by  p(X)  =  exp  {-  X2:(2a2)\j^  Zr.a2;  p(Y)  = 
exp  (-  Y2/(2a2)l^2na2. 

3  Temporal  and 'or  spatial  avenging  can  and  are  in  fact  often  used 
to  smooth  the  signal  spectrum,  but  not  within  a  single  signal  transform ; 
several  transforms  (squaredl  must  be  added  (incoherently)  for  dif- 
ferent times  and/or  scatter  areas  to  produce  this  type  of  averaging. 
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Normalized  Doppler  Frequency 


Fig.  1.  Typical  9-sample  average  of  200-s  surface-wave  HF  sea-echo 
power  spectra  at  9.4  MHz.  Doppler  frequency  is  normalized  with 
respect  to  expected  position  of  the  first-order  Bragg  peaks  (here 
0.313  Hz).  A  is  the  normalized  shift  of  the  record  due  to  underlying 
current. 


such  confidences  and  errors  can  be  readily  established,  since 
the  required  tables  for  Gaussian  statistics  are  widely  avail- 
able. Hence,  we  shall  establish  the  variance  of  the  power 
spectrum  for  a  Gaussian  signal  in  terms  of  its  mean.  We 
shall  use  this  test  as  an  initial  indicator  of  whether  the 
original  signal  is  sufficiently  close  to  Gaussian  that  further 
testing  is  desirable.  The  further  testing  will  then  consist  of 
plotting  (on  Rayleigh  probability  paper)  the  cumulative 
distribution  of  the  FFT  amplitude  samples  (i.e.,  the  square 
root  of  the  spectral  power);  if  the  original  signal  were 
Gaussian,  these  points  should  fall  along  a  straight  line 
with  a  45°  slope. 

The  sea-echo  signal,  as  represented  by  (2)  and  (3)  and 
exemplified  in  Fig.  1,  is  a  narrow-band  zero-mean  signal 
which  can  be  represented  in  the  time  domain  in  the  follow- 
ing ways  [13]. 

v(t)  =  A(t)  cos  [>0r  +  </>(')] 

=  X  Ak  cos  [(cu0  +  kcof)t  +  4>k~\ 

k 

or 


III.  Statistics  of  the  Spectrum  for  a  Gaussian 
Voltage  Signal 

In  the  preceding  section  we  gave  a  theoretical  justification 
for  the  hypothesis  that  the  first-  and  second-order  sea-echo 
voltage  signals  (and  their  complex  Fourier  transforms)  are 
Gaussian  random  variables.  The  quantity  of  interest  for 
extraction  of  sea-state  parameters,  however,  is  the  power 
spectrum  of  this  received  voltage  signal;  hence,  our  present 
radar  processing  equipment  outputs  this  spectrum  versus 
Doppler  frequency  automatically.  Fig.  1  shows  ah  example 
of  a  measured  nine-sample-averaged  surface-wave  Doppler 
spectrum  of  the  sea  echo  at  9.4  MHz.4  The  specific  param- 
eters of  the  system,  and  geometry  behind  this  record  will 
be  discussed  in  the  next  section.  The  Doppler  frequency 
units  of  the  abscissa  are  normalized  such  that  0  corresponds 
to  the  carrier  position,  and  + 1  refers  to  the  predicted 
positions  of  the  first-order  Bragg  echo  peaks  (i.e.,  (oB/2n  = 
•J2gk0l2n  =  V g/nX  ~  0.313  Hz  at  a  9.4  MHz  carrier).  The 
ordinate  is  proportional  to  received  power  spectral  density, 
and  is  obtained  by  taking  the  sum  of  the  squares  of  the  real 
and  imaginary  parts  of  the  digital  fast  Fourier  transform 
(FFT)  output  of  the  receiver.  In  this  case,  the  FFT  was  taken 
on  a  200-s  coherent  echo  sample  (giving  0.005  Hz  Doppler 
resolution,  or  0.016  in  the  normalized  frequency  units  of 
Fig.  1).  Nine  consecutive  spectra  were  averaged  (i.e.,  added 
together)  to  produce  Fig.  1,  the  entire  figure  therefore  re- 
presenting 0.5  h  of  sea-echo  data. 

A  practical  reason  for  wanting  to  know  whether  the 
received  signal  is  Gaussian  has  to  do  with  the  assessment 
of  error  bounds  (or  confidence)  in  approximating  the  true 
average  Doppler  spectrum  by  the  average  of  a  finite  number 
of  samples.  If  the  signal  components  are  (nearly)  Gaussian, 

»  c„„,„i„c  „f  ,hP  pxtraction  of  sea-state  and  surface-wind  data  from 


v(t)  =  —  ]T  [Xk  cos  (a>0  +  ka)f)t 

T    k 

-  Yk  sin  (oj0  +  k(Bf)t]     (4) 

where  co0  here  represents  the  radian  carrier  frequency.  The 
latter  two  forms  of  the  above  equation  cast  the  signal  in 
terms  of  a  Fourier  series  with  a  fundamental  frequency 
(in  the  absence  of  the  carrier)  of  u>f  =  InjT.  Following  the 
technique  of  Rice  in  Davenport  and  Root  [13],  one  could 
allow  the  period  T  to  become  infinite,  in  which  case  the 
series  with  constant,  uncorrelated  coefficients  could  be  used 
to  represent  a  nonperiodic  continuous  process.  Here,  how- 
ever, since  in  reality  a  digital  FFT  treats  the  process  as  a 
Fourier  series  whose  fundamental  period  T  is  the  window 
over  which  the  signal  is  sampled,  the  last  form  of  (4)  is 
better  suited  to  our  purposes. 

Following  Davenport  and  Root,  we  assume  that  Xk  and 
Yk  are  uncorrelated  coefficients  with  zero  mean  and  variance 
ak  .  We  shall  now  determine  the  variance  of  the  Doppler 
power  spectrum,  assuming  Xk  and  Yk  are  Gaussian.  The 
output  of  the  FFT  for  the  Ath  point  will  be  V(uj0  +  kto{)  = 
Xk  +  jYk,  and  we  define  the  power  spectrum  to  be 


_  \V(co0  +  kcof)\2  _  Xk2  +   Yk2 
T  T 


(5) 


Since  Xk  and  Yk  are  orthogonal  by  definition  (and  hence 
uncorrelated)  we  have  <A't2>  =  <Vk2>  =  <V  and  (XkYk)  = 
0;  because  they  are  Gaussian,  all  joint  moments  are  the 
product  of  the  individual  moment  factors  (i.e.,  (XkmYk")>  - 
(Xkm)>(Yk"y).  Using  the  properties  of  the  Gaussian  prob- 
ability density  function,  it  can  be  shown  that 


<v>  -  <* 


,2>2 


o;4>-<n2>2    3<TV4 


<*k2>2 


<n2> 


(6) 
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and  that  Pk  is  chi-squared-distributed  with  two  degrees  of 
freedom  such  that 


TABLE  I 

Summary  of  San  Clemente  Island  Surf  ace- Wave  Radar 
Characteristics 


</V> 


<pky 


<pky 


=    1(3    C.). 


(7) 


The  latter  equation  is  the  desired  result,  for  it  gives  the 
(normalized)  variance  of  the  individual  Doppler  power 
spectral  density  estimates  (about  their  true  mean  value)  for 
a  Gaussian  signal.  Any  Gaussian  signal  must  have  this 
property,  and  therefore  it  is  a  necessary  condition  for  a 
Gaussian  process  (although  possibly  not  sufficient).  Since 
Doppler  spectra  are  the  natural  output  of  our  existing  radar 
system,  we  intend  to  use  (7)  as  a  test  to  determine  experi- 
mentally whether  the  signal  is  Gaussian. 

Likewise,  higher  normalized  moments5  can  be  established 
from  the  general  rule  <Pk">  =  n\  (Pky.  In  this  paper,  we 
go  no  higher  than  the  second — as  defined  in  (7) — for  our 
initial  testing.  The  reason  for  this  is  the  fact  that  our 
experimental  sample  bases  are  very  small,  containing  only 
nine  samples  per  ensemble.  (The  total  number  of  such 
separate  sample  ensemble  bases,  on  the  other  hand,  is  five 
hundred.)  When  dealing  with  such  a  small  number  of 
samples  per  ensemble,  higher  moments  can  be  expected  to 
become  increasingly  noisy  and  thus  inaccurate  for  statistical 
testing.  In  general,  one  can  predict  that  inasmuch  as  the 
sea-echo  probability  density  must  depart  from  Gaussian 
in  its  tails  (since  the  signal  can  never  approach  infinity), 
these  normalized  higher  empirical  moments  should  fall 
increasingly  short  of  their  predicted  values  for  a  true 
Gaussian  process. 

The  power  spectral  sample  Pk  (being  the  sum  of  the 
squares  of  two  uncorrected  Gaussian  variables)  is  predicted 
to  be  chi-squared  with  two  degrees  of  freedom  [15];  the 
probability  density  for  Pk  is  therefore,  the  simple  exponen- 
tial function.  Hence,  the  amplitude  (i.e.,  Ak  =  \l  Pk)  of  the 
FFT  output  is  Rayleigh-distributed;  this  fact  will  be  also 
employed  subsequently  for  additional  statistical  testing. 

IV.  Description  of  Radap  Facility 

Sea-state  measurements  were  made  by  an  HF  radar 
located  on  the  west  coast  of  San  Clemente  Island.  The  radar 
system  was  built  by  the  Institute  for  Telecommunication 
Sciences  of  the  Department  of  Commerce  and  was  operated 
under  contract  for  the  Wave  Propagation  Laboratory  for 
this  series  of  measurements.  Approximately  25  h  of  data 
were  recorded  between  December  1972  and  April  1973. 

Surface-wave  radar  data  were  obtained  simultaneously 
at  10  frequencies  extending  from  about  2.4  to  25  MHz. 
Receiver  range  gates  were  set  to  sample  cells  centered  22.5, 
30.0,  and  37.5  km  from  the  radar.  The  receiving  antenna 
consisted  of  an  array  of  13  monopoles  phased  and  switched 
to  alternately  produce  two  beams  each  having  a  nominal 
beamwidth  of  10°  centered  at  azimuth  angles  of  240°  and 
270°.  The  combination  of  10  frequencies,  3  ranges,  and  2 

5  The  /ith  normalized  moment  is  defined  as 


Operating   Frequency   Range 
Range  Gate   Distances 
Available  Pulse   Lengths 

Pulse   Repetition   Frequency 
Transmitter  Peak   Power 
Antenna  Beamwidths 

Receiving   (2  beams) 

Transmitting 
Antenna  Gain   Product 


2  to   25   Uli 
22. S,    50.0,    37. 5   km 
20,    SO,    100   us 
(3.0,    7.S,    1S.0   km) 
20  Hz  per   frequency 
40  kw 

10°    at   240°    and   270°    az 

60°    at    255°    a: 

18  dB   at    center  of  IIF   band 

decreasing  to  0   dB  at   band 

edges 


antenna  beams  resulted  in  a  total  of  60  different  data  samples 
being  recorded. 

The  transmitting  antenna  was  a  two-bay,  vertically 
polarized  log-periodic  antenna  having  a  nominal  half-power 
beamwidth  of  60"  over  the  HF  band.  Since  this  beamwidth 
illuminated  both  sectors  covered  by  the  receiving  beams,  no 
transmitter  antenna  steering  was  used.  Power  patterns  of 
both  receiving  and  transmitting  antennas  were  measured 
from  a  small  boat  to  verify  gain  and  beam w  idth  performance. 
Radar  characteristics  are  summarized  in  Table  I. 

An  on-line  computer  processed  the  received  signals  and 
computed  the  power  spectrum  for  each  of  the  60  data 
channels.  The  power  spectra  which  were  piocessed  on-line 
were  calculated  from  signals  that  had  been  coherently 
sampled  over  a  200-s  window.  Since  a  typical  measurement 
period  was  30  min,  a  total  of  9  spectra  would  be  computed 
during  this  time.  These  power  spectra  and  the  unprocessed 
IF  data  were  recorded  on  magnetic  tape  to  permit  sub- 
sequent analysis  of  the  raw  data. 

V.  Measured  Sea  Echo  Properties 
A .  Standard  Deviation  of  Spectral  Peaks 

The  normalized  standard  deviation  ap  of  the  power  at  the 
spectral  peaks  was  computed  for  power  spectra  having 
coherent  integration  times  of  200  s.  Thus,  the  quantity  ap 
for  a  30-min  sample  represents  the  standard  deviation  of 
TV  =  9  spectral  peaks  divided  by  the  average  maximum  of 
the  9  spectra  in  the  sample.  Normalized  standard  deviations 
were  calculated  for  both  the  absolute  maxima  of  the  spectra 
in  the  vicinity  of  the  first-  and  second-order  Bragg  fre- 
quencies and  for  the  spectral  power  at  constant  Doppler 
frequencies  near  +/„  and  \llfB.  The  Bragg  frequency  fB 
is  defined  as/B  =  a)Bj2\l  gjn).. 

The  data  studied  consisted  of  approximately  1\  h  of 
measurements  for  a  wide  variety  of  sea  states  with  significant 
waveheights  ranging  from  1  to  4  m  (wave  characteristics 
were  measured  by  a  Waverider  Data  Buoy  moored  29.4  km 
from  the  radar  site  on  an  azimuth  of  240c);  500  individual 
spectra  have  been  considered  m  °ur  analysis.  Mean  values 
of  a  versus  range  are  listed  in  Table  II  for  the  different 
spectral  lines.  We  see  there  is  no  systematic  tend  of  ap  with 
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TABLE  II 

Mean  Normalized  Standard  Deviations  at  Different  Ranges  for 
Absolute  Maxima  and  Spectrum  at  Fixed  Doppler  Frequency 


Doppler  Line 

kangc 

All 

Data  Combined 

22. S  km 

30.0  km 

37.5  km 

Fixec 

Doppier  near 

Maxima 

1  • 

0.912 

0.917 

0.918 

0.916 

1  - 

0.921 

0.930 

0.974 

0.942 

2  ♦ 

0.948 

0.9S4 
Absolute  Maxi 

0.9S4 

na 

0.952 

1  ♦ 

0.736 

0.  719 

0.  707 

0.720 

1  - 

0.740 

0.712 

0.675 

0.709 

2  ♦ 

0.496 

0.468 

0.485 

0.483 

t'ote:      1  +   and   1   -      are    first-order  advancing  and  receding    lines 

near   f_;      2  +   is   the   second  order  advancing    line  near v  2   fR 


TABLE  III 

Normalized  Standard  Deviations  for  Two  Pulse  Lengths 
Transmitted  During  Adjacent  30-min  Periods 


Doppler  Line 

Range 

All 

Data  Combined 

22.5  km 

30.0  km 

37.5  km 

Fixed 

Doppier  -  20 

ps  Pulse 

1  ♦ 

0.816 

0.876 

1.024 

0.905 

1  - 

0.927 

0.990 

0.947 

0.955 

2  ♦ 

0.929 

0.940 

0.886 

0.918 

Fixed 

Doppler  -  100  us  Pulse 

I  * 

0.972 

0.859 

0.926 

0.920 

1  - 

0.951 

0.901 

0.891 

0.914 

2  t 

0.878 

0.966 

0.913 

0.919 

Absolute 

Maxima  - 

20  us  Pulse 

1  ♦ 

0.659 

0.796 

0.733 

0.729 

1  - 

0.719 

0.861 

0.646 

0.74  2 

2    t 

0.502 

0.442 

0.51S 

0.486 

Absolute 

Maxima  - 

100  us  Pulse 

1  t 

0.786 

0.747 

0.737 

0.757 

1  - 

0.735 

0.772 

0.732 

0.746 

2  ♦ 

0.S06 

0.414 

0.466 

0.462 

range,  and  hence  none  with  cell  size.  Similarly,  no  depen- 
dence of  ap  with  operating  frequency  was  observed.  The 
normalized  standard  deviation  is  slightly  less  than  unity 
for  the  spectra  at  a  fixed  Doppler  frequency  indicating  that 
the  Gaussian  model  is  approximately  correct.  The  ratio  is 
about  0.71  for  the  absolute  power  maxima  of  first  order 
peaks;  no  model  has  yet  been  pursued  which  explains  this 
result.  The  second-order  average  for  the  absolute  maxima 
is  about  0.5,  indicating  that  perhaps  still  a  different  model 
applies  to  this  spectral  line. 

As  a  further  check  of  possible  dependence  of  ap  on 
range  cell  size,  two  pulse  widths  (20  and  100  /<s)  were 
transmitted  for  consecutive  30-min  periods,  during  which 
significant  waveheight  and  direction  remained  fairly  con- 
stant. The  normalized  standard  deviations  obtained  at  each 
pulse  length  are  shown  in  Table  III.  We  see  that  the  results 


for  different  pulse  lengths  are  not  significantly  different 
from  the  values  obtained  for  all  data  combined.  Therefore, 
we  conclude  that  there  is  little,  if  any,  dependence  of  op 
upon  cell  size. 

The  correlation  coefficient  between  normalized  standard 
deviation  and  significant  waveheight  during  the  sample 
period  was  computed  to  determine  whether  the  quantity 
ap  can  be  used  as  a  predictor  of  sea  state.  Since  the  observed 
correlation  values  were  not  statistically  significant,  we  must 
conclude  that  ap  is  not  a  useful  indicator  of  sea  state. 

B.  Cumulative  Distributions  of  Measured  Data 

The  measured  standard  deviations  cp  for  the  spectral 
power  at  fixed  Doppler  frequency  are  sufficiently  close  to 
the  predicted  values  for  a  Gaussian  process  (i.e.,  0.916, 
0.942,  and  0.952  compared  to  unity)  that  further  statistical 
testing  is  desirable.  This  is  especially  true  since  the  theo- 
retical analyses  of  Section  II  predict  Gaussian  processes. 
No  further  testing  will  be  done,  however,  on  the  spectral 
data  at  the  absolute  spectral  maxima,  since  the  normalized 
standard  deviations  are  quite  different  from  Gaussian 
predictions  (0.720,  0.709,  and  0.483  compared  to  unity). 
Furthermore,  no  simple  model  (with  a  minimum  of  un- 
determined parameters)  exists  which  can  shed  light  on  this 
spectral  statistic;  hence,  it  will  not  be  examined  further  in 
this  paper. 

As  an  additional  check  to  establish  the  Gaussian  nature 
of  HF  sea  echo,  we  examined  the  distribution  of  spectral 
power  at  a  fixed  Doppler  frequency.  From  Section  III,  the 
FFT  amplitude  should  be  distributed  according  to  the  Ray- 
leigh  distribution  if  the  echo  signal  is  a  Gaussian  random 
variable.  Therefore,  our  second  test  consisted  in  deter- 
mining whether  the  spectral  amplitude  recorded  over  a 
period  when  the  sea  was  statistically  stationary  was  Rayleigh- 
distributed. 

To  obtain  an  adequate  sample  size,  we  calculated  72 
spectra  with  25-s  integration  time  from  continuous  IF  sea- 
echo  data  recorded  over  a  30-min  period.  First-  and  second- 
order  (±fB  and  ~v2/B)  data  points  were  sorted  into 
0.5-dB  intervals  for  computation  of  cumulative  distributions 
of  spectral  amplitude.  The  distributions  were  expressed  in 
decibels  and  plotted  on  special  "Rayleigh-distribution" 
graph  paper.  This  paper  is  constructed  such  that  a  Rayleigh- 
distributed  variable  will  fall  along  a  straight  line  having  a 
slope  of  —  1. 

Fig.  2  shows  the  result  for  the  first-order  advancing  and 
receding  Bragg  lines.  The  data  points  are  the  cumulative 
distributions  obtained  at  three  operating  frequencies;  the 
solid  lines  indicate  the  slope  which  a  Rayleigh-distributed 
quantity  would  have.  Except  for  some  departures  in  the 
higher  percentage  tails,  the  data  points  appear  to  fall 
along  straight  lines  having  the  slope  criterion  required  for 
the  Rayleigh  distribution. 

Data  for  the  second-order  approaching  lines  at  the  same 
three  frequencies  are  plotted  in  Fig.  3.  Again,  the  solid  line 
shows  the  slope  characteristic  of  a  Rayleigh-distributed 
quantity.  Although  there  appears  to  be  a  somewhat  larger 
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Fig.  4.     Autocorrelation    of    first-order    advancing    maxima    versus 
operating  frequency. 


Fig.  2.  Cumulative  distribution  of  spectral  amplitudes  at  fixed 
Doppler  frequency  (±fB)  for  three  sets  of  72  spectra.  Solid  lines 
indicate  slope  =  —  1. 
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Fig.  3.  Cumulative  distribution  of  spectral  amplitudes  at  fixed 
Doppler  frequency  (v  2  /„)  for  three  sets  of  72  spectra.  Solid  line 
indicates  slope  =  —  1. 


departure  from  a  straight  line  than  was  observed  for  the 
first-order  lines,  the  data  points  have  nearly  the  required 
slope. 

We  consider  the  apparent  Rayleigh-distribution  of 
spectral  amplitudes  at  fixed  Doppler  frequency  as  addi- 
tional confirmatory  evidence  that  HF  sea  echo  is  described 
reasonably  well  by  a  Gaussian  process. 

C.  Autocorrelation  of  Spectral  Peaks 

To  determine  the  time  between  independent  samples  and 
the  associated  implications  as  to  optimum  measurement 
periods,  we  computed  the  autocorrelation  p(x)  of  first-  and 
second-order  portions  of  the  power  spectrum.  This  quantity 
is  the  correlation  between  spectral  peaks  separated  by 
integral  multiples  of  the  coherent  integration  time;  thus 
the  autocorrelation  is  computed  for  lags  t  equal  to  nT, 
1  <  n  <  N  —  n,  where  T  is  the  coherent  integration  time 
and  N  is  the  total  number  of  spectra  in  the  record  length. 
We  made  calculations  for  coherent  integration  times  of 
25,  50,  100,  and  200  s;  the  total  record  length  was  30  min. 
As  in  the  case  of  the  normalized  standard  deviation,  cal- 
culations were  performed  for  both  absolute  peaks  and 
power  near  these  peaks  but  occurring  at  a  constant  Doppler 
frequency.  Because  of  the  fairly  large  amount  of  computer 
time  required,  only  two  sea  states  were  considered.  The  first 
sample  had  a  significant  waveheight  {Hl/3)  of  1.5  m  while 
the  second  had  //,/3  =4  m. 

In  Fig.  4  we  present  p(z)  observed  on  December  4,  1972 
(Hl/3  =  1.5  m)  for  the  first-order  advancing  line.  This 
result  is  very  similar  to  that  observed  during  the  period  with 
//1/3  =  4  m;  thus,  over  the  range  of  significant  waveheights 
used  in  this  analysis,  waveheight  does  not  appear  to  affect 
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TABLE  IV 
Time   Required  for   Correlation   Coefficients  to  Decrease  to 
1/e  (0.368).  Range  =  22.5  km;  Pulsewidth  -  50  /<s.  Data  Taken 
December  4,  1972,  1014-1042  PST 


Time(s) 

Frequency 

Abso 

lute   Ma 

xima 

Fixed 

Doppler 

Maxima 

(MHz) 

+    i 

-    1 

♦   2 

■»    1 

-    1 

•   2 

2.41 

1   U! 

65 

* 

l.ih 

25 

• 

4.54 

85 

40 

• 

80 

55 

• 

6.92 

55 

55 

35 

30 

40 

20 

9.40 

20 

50 

20 

20 

20 

20 

13.41 

.'ii 

20 

15 

25 

20 

20 

*  There  is  no  well  defined  second  oroer  component  at  this 
frequency 


the  correlation  between  spectral  peaks  for  the  predominant 
line.  In  addition,  for  the  first-order  advancing  lines,  the 
"correlation  function"  is  very  similar  for  both  the  absolute 
peaks  and  for  the  spectra  at  a  fixed  Doppler.  However,  the 
first-order  receding  and  second-order  advancing  lines  show 
a  much  more  rapid  decrease  in  correlation  coefficient  with 
lag  time;  in  fact,  the  spectral  peaks  are  uncorrelated  after  a 
single  lag  period  of  25  s. 

For  the  first-order  advancing  line,  the  correlation  at  the 
lower  operating  frequencies  decreases  more  slowly  than  at 
higher  frequencies.  At  frequencies  greater  than  about 
7  MHz,  all  these  major  spectral  components  are  uncorrelated 
after  a  single  lag  interval.  To  show  the  behavior  of  the 
correlation  coefficient  of  the  spectral  lines  with  frequency, 
in  Table  IV  we  tabulate  the  time  required  for  the  correlation 
coefficient  to  decrease  to  l/e.  These  values  were  obtained 
for  a  coherent  integration  time  of  25  s.  Since  the  correlation 
does  not  change  significantly  with  range,  data  for  only  a 
single  range  are  given. 

When  considering  the  correlation  results  for  the  longer 
coherent  integration  times,  we  find  little  difference  in  the 
general  shape  of  the  correlation  function.  Although  some 
detail  is  smoothed  out  at  the  longer  integration  times,  it  is 
clear  that  there  is  no  important  difference  in  p(t)  for  either 
a  25  or  50  s  time  interval.  At  100  and  200  s  integration  times, 
sufficient  detail  is  lost  that  comparison  with  the  shorter 
times  is  difficult.  However,  to  generalize  the  results  at  these 
longer  times,  we  find  that  the  peaks  are  uncorrelated  after 
a  single  lag  period  at  all  frequencies. 

The  fact  that  spectral  peaks  at  higher  frequencies  are 
largely  uncorrelated  after  25  s  has  important  implications 
for  over-the-horizon  (OTH)  sensing  of  sea  state.  Since 
higher  frequencies  are  likely  to  be  used  in  the  OTH  work, 
especially  at  the  longer  ranges,  independent  samples  would 
be  obtained  with  a  25  s  coherent  integration  time.  This  is 
fortunate  since  the  ionosphere  is  unlikely  to  remain  stable 
for  much  longer  periods.  For  sea-state  sensing  using  an 
HF  surface-wave  radar,  independant  samples  are  always 
obtained  using  coherent  integration  times  of  200  s. 

A  possible  physical  interpretation  of  the  observed  time 
between  independent  spectral  samples  can  be  deduced  by 
noting  that  this  time  is  approximatejy  the  reciprocal  of  the 
width  of  the  respective  spectral  peak  (measured  in  hertz)  at 


which  the  correlation  time  was  measured.  Meteorologists 
have  established  this  relationship  for  radar  spectra  of  rain 
echoes  [16],  [17].  The  explanation  for  the  spectral  peak 
widths  in  that  case  relates  to  the  differential  raindrop  fall 
velocities,  and  how  long  it  takes  for  two  typical  raindrops 
with  different  velocities  to  produce  a  scattered  signal  phase 
change  of  180°.  The  corresponding  explanation  for  first- 
order  scatter  from  the  sea,  for  example,  would  suggest  that 
the  reciprocal  of  the  first-order  spectral  peak  width  is  essen- 
tially the  time  it  takes  for  two  typical  periodic  Bragg- 
scattering  ocean  wavetrains  (within  the  resolution  cell) — 
but  having  slightly  different  velocities — to  slide  one-half 
wavelength  with  respect  to  each  other. 

VI.  Sample  Extrapolation  to  System  Design 

The  statistical  analyses  of  the  HF  sea-echo  signal  under- 
taken in  the  previous  sections  have  application  to  system 
design.  The  two  results  which  are  most  immediately  useful 
are  the  facts  that  i)  the  narrowband  time  signal  is  (approx- 
imately) Gaussian,  and  ii)  the  time  between  independent 
spectral  samples  is  ~  25-50  s  over  most  of  the  HF  region. 

As  an  example,  plans  are  underway  to  construct  and 
operate  a  skywave  research  radar  on  San  Clemente  Island 
for  sea-echo  observations.  Due  to  antenna  scan  time,  a 
Doppler  spectrum  can  be  constructed  for  a  given  ocean 
patch  only  every  Ts  s  (for  the  San  Clemente  Island  skywave 
radar  planned  for  the  Gulf  of  Alaska  observations,  one 
mode  of  operation  has  Ts  ^  500  s,  with  a  coherent  inte- 
gration time  per  spectrum  of  25  s).  Since  T  exceeds  50>>. 
each  spectrum  is  uncorrelated  and  independent  of  all 
others,  according  to  the  results  of  the  preceding  section.  In 
order  to  extract  average  sea-state  data  from  the  echo,  an 
"average"  Doppler  power  spectrum  must  be  constructed. 
This  "average"  is  actually  the  sum  of  N  independent  spectral 
samples  taken  T5  s  apart.  An  ensemble  average — in  which 
the  spectrum  fluctuations  vanish  as  the  spectrum  approaches 
its  true  mean — is  obtained  as  N  approaches  infinity.  How- 
ever, one  cannot  generally  afford  to  wait  this  long;  1  or 
2  h  may  be  the  practical  upper  limits  of  desirable  system 
operation,  due  both  to  operating  costs  and  also  to  the  fact 
that  sea  state  can  change  after  several  hours,  making  the 
statistics  "nonstationary."  During  1  h,  for  example,  where 
Ts  :s  500  s,  only  about  N  =  1  independent  samples  would 
be  used  to  form  the  "average."  This  therefore  is  not  a  true 
"average"  power  spectrum,  but  is  itself  a  random  sample 
fluctuating  about  the  true  mean.  The  greater  N,  the  less  the 
fluctuation  of  the  "sample  average,"  and  hence  the  less 
error  involved  in  estimating  the  desired  sea-state  param- 
eters. Thus  one  has  the  trade-off  between  reducing  statistical 
errors  in  the  desired  output  data  versus  requiring  too  much 
time  to  gather  the  data,  with  the  resulting  question — what 
is  the  optimum  or  "break-even"  point  in  terms  of  the  total 
number  of  independent  samples,  A'  (or  the  total  data  collec- 
tion time  NTS)1 

If  one  cannot  assume  Gaussian  statistics,  there  is  nothing 
one  can  do  short  of  a  massive  program  of  gathering  data 
and  extracting  empirical  results.  Since  we  can  assume  that 
the  signal  here  is  Gaussian,  we  can  readily  derive  errors  and 
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BARRICK  AND  SNIDER:  HF  SEA-ECHO  DOPPLER  SPECTRA 
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Fig.  5.    Normalized  standard  deviation  and  90  percent  confidence  interval  for  power  spectra  of  Gaussian  process  versus 

number  of  independent  samples. 


confidence  limits  of  the  power  spectrum  versus  the  number  of 
independent  samples.  Let  us  define  PkN  as  the  sample 
average  over  N  independent  samples,  with  <  •  >,  as  before, 
signifying  the  true  average  over  an  infinite  ensemble.  We 
define  the  variance  of  the  sample  average  as 


+  n, 


N 


T2N- 


I   <**„*> 


+    11   <Xkm2><Xkn2y  -  (2<rk2)2] 

m  =  1   n—  1  J 


(8) 


Noting  that  Xk„  and  Yk„  have  the  same  (Gaussian) 
distribution,  and  are  uncorrelated,  we  arrive  at  the  follow- 
ing answer  for  the  (normalized)  variance  and  standard 
deviation  (or  fractional  rms  error)  in  the  spectral  average  of 
N  samples : 

°2pj<pk>2  =  1/JV    or    oPJ(Pky  =  1/VJV.        (9) 

The  latter  normalized  standard  deviation  is  shown  plotted 
in  Fig.  5,  both  on  an  absolute  scale  and  in  decibels.  By 
multiplying  the  abscissa  by  Ts  (the  time  between  samples), 
one  has  a  measure  of  the  fractional  rms  spectral  error 
versus  operating  time. 

Another  measure  of  the  quality  of  an  average  of  N 
independent  samples  is  the  confidence  interval.  This  can  be 
found  by  noting  that  since  Xkn  and  Yk„  have  the  same 
statistics  but  bare  uncorrelated,  one  can  write 


p         _     *■      V     V-^*n       +     **■    )    _        1        V      V 

r*N  _  77   L  ~ T7Z,  L   Ak 

N  B=i  T  NT  b  =  i 


(10) 


Now,  since  XkN  is  Gaussian,  it  is  true  that  NPkN  is  chi- 
squared  with  27V  degrees  of  freedom  (see  for  example  Hogg 
and  Craig  [15]).  Thus  one  can  use  the  standard  tables  for 
this  distribution  to  estimate  the  confidence.  A  90  percent 
confidence  interval  for  PkNKPk}  is  shown  in  Fig.  5  for  the 
power  spectral  average  consisting  of  N  samples.  The  upper 
and  lower  limits  are  set  symmetrically  so  that  5  percent  of 
the  points  will  fall  above  the  upper  line  and  5  percent 
below  the  lower  line.  Therefore,  the  shaded  zone  represents 
the  region  (for  given  iV)  where  90  percent  of  the  "average" 
spectral  estimates  PkN  will  fall. 

From  both  sets  of  curves,  one  can  see  for  example  that 
increasing  the  averaging  time  from  1  to  2  h  (where  Ts  = 
500  s)  will  decrease  the  rms  error  from  1.4  to  1.0  dB,  and 
will  decrease  the  total  90  percent  confidence  spread  from 
5.57  to  3.87  dB.  This  decrease  in  the  statistical  error  may  be 
considered  marginal  in  terms  of  operating  costs  for  the 
additional  hour  for  certain  applications. 

VII.  Conclusions 

Our  investigation  into  the  statistics  of  HF  sea  scatter 
observed  at  San  Clemente  Island  has  revealed  the  following 
facts. 

1)  The  first-  and  second-order  portions  of  the  received 
echo  signal  voltage  are  described  reasonably  well  by  a 
Gaussian  process.  This  empirically  implies  that  the  sea  wave- 
height  is  nearly  Gaussian,  a  fact  which  has  been  ascertained 
and  known  to  oceanographers  for  many  years.  Conse- 
quences of  this  result  are  the  facts  that  i)  the  normalized 
standard  deviation  of  the  echo  power  at  any  given  spectral 
frequency  is  unity  and  ii)  the  amplitude  (square-root  of 
power)  at  any  given  spectral  frequency  is  Rayleigh- 
distributed. 
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2)  The  normalized  standard  deviation  of  the  maximum 
of  the  first-order  power  spectral  peak  (which  wanders 
slightly  in  frequency  from  record  to  record),  on  the  other 
hand,  is  observed  to  be  0.7.  The  same  quantity  for  the 
second-order  peak  is  observed  as  ~0.5.  While  it  is  physi- 
cally reasonable  that  these  standard  deviations  should  be 
less  than  unity,  we  presently  have  no  satisfactory  model 
which  explains  these  results  quantitatively. 

3)  The  normalized  standard  deviations  observed  above 
appear  from  the  data  to  be  independent  of  range,  radar 
resolution  cell  size,  radar  operating  frequency,  and  sea 
state  (i.e.,  significant  waveheight). 

4)  The  autocorrelation  function  (versus  time)  of  the 
power  spectra  appears  to  be  independent  of  sea  state  (i.e., 
waveheight)  and  cell  size,  but  is  slightly  dependent  upon 
radar  operating  frequency  below  7  MHz.  Above  7  MHz, 
the  power  spectra  are  essentially  uncorrelated  after  25  s. 
The  heretofore  accepted  explanation  that  the  correlation 
time  should  be  roughly  the  time  it  takes  the  scattering  wave- 
trains  to  pass  through  the  cell  (e.g.,  ~  1550  s  for  a  7.5-km 
cell  size  at  10  MHz)  is  entirely  inadequate  to  explain  our 
observations.  A  more  likely  explanation  relates  this  time 
to  the  reciprocal  of  the  width  of  the  respective  spectral  peak: 
this  latter  quantity  in  turn  can  be  related  to  the  differential 
velocities  between  the  scattering  ocean  wavetrains,  which 
resembles  a  "turbulence"  phenomenon. 

5)  The  implication  of  the  previous  result  is  that  un- 
correlated samples  of  sea-echo  power  spectra  are  obtained 
for  intervals  greater  than  25  s  in  the  upper  HF  band  (where 
a  skywave  OTH  radar  would  normally  operate).  This  fact — 
combined  with  the  Gaussian  nature  of  the  sea  echo  also 
established  herein — makes  it  possible  to  predict  the  statistical 
errors  inherent  in  spectral  samples  of  finite  number.  For 
example,    a    power   spectral    average    of   14    independent 


samples  was  shown  to  have  an  rms  error  (or  fluctuation) 
about  the  mean  of  1.0  dB. 

References 

[1]  D.  D.  Crombie,  "Doppler  spectrum  of  sea  echo  at  13.56  Mc's," 

Nature,  vol.  175,  pp.  681-682,  1955. 
[2]  J.  R.  Wait,  "Theory  of  HF  ground  wave  backscatter  from  sea 

waves,"  J.  Geophys.  Res.,  vol.  71,  pp.  4832-4839,  1966. 
[3]  D.  E.  Barrick  and  W.  H.  Peake,  "A  review  of  scattering  from 

surfaces  with  different  roughness  scales,"  Radio  Science,  vol.  3, 

pp.  865-868,  1968. 
[4]  D.  E.  Barrick,  "First-order  theory  and  analysis  of  MF  HF'VHF 

scatter   from   the  sea,"   IEEE   Trans.   Antennas   Propagat.,  vol. 

AP-20,  pp.  2-10,  1972. 
[5]  ,  "Remote  sensing  of  sea  state  by  radar,"  in  Remote  Sensing 

of  the  Troposphere,  V.  E.  Derr  (Ed),  U.S.  Government  Printing 

Office,  Washington,  DC:  1972,  ch.  12. 
[6]  A.  E.  Long  and  D.  B.  Trizna,  "Mapping  of  North  Atlantic  winds 

by    HF    radar    sea    backscatter    interpretation,"    IEEE    Trans. 

Antennas  Propagat.,  vol    AP-21,  pp.  680-685,  1973. 
[7]  D.  E.  Barrick,  J.  M.  Headnck,  R.  W.  Bogle,  and  D.  D.  Crombie, 

"Sea  backscatter  at   HF:   Interpretation  and   utilization  of  the 

echo,"  Proc.  IEEE,  vol.  62,  pp.  673-680,  1974. 
[8]  G.  V.  Trunk,  "Radar  properties  on  non-Rayleigh  sea  clutter," 

IEEE  Trans.   Aerospace  and  Electronics  Svst.,  vol.   AES-8,  pp. 

196-204,  1972. 
[9]  A.  Papoulis,  "Narrowband  systems  and  Gaussianity,"  IEEE  Trans. 

Inform.  Theory,  vol.  1T-18,  pp.  20-27,  1972. 
(10] ,  Probability,   Random    i'ariables,  and  Stochastic  Processes. 

New  York:  McGraw-Hill,  1965,  p.  583. 
[11]  S.  O.  Rice,  "Reflection  of  electromagnetic  waves  from  slightly 

rough  surfaces,"  Theory  of  Electromagnetic  Waves,  M.  Kline,  Ed. 

New  York:  Interscience,  1961,  pp.  351-378. 
[12]  B.  Kinsman,  Wind  Waves.     Englewood  Cliffs,  NJ:  Prentice-Hall, 

1965,  p.  676. 
[13]  W.  B.  Davenport,  Jr.,  and  W.  L.  Root,  An  Introduction  to  the 

Theory  of  Random  Signals  and  Noise.     New  York  :  McGraw-Hill, 

1958,  p.  393. 
[14]  J.  L.  Ahearn,  S.  R.  Curley,  J.  M.  Headrick,  and  D.  B.  Trizna, 

"Tests  of  remote  skywave  measurement  of  ocean  surface  con- 
ditions," Proc.  IEEE,  vol.  62,  pp.  681-687,  1974. 
[15]  R.    V.    Hogg   and   A.   T.    Craig,    Introduction   to   Mathematical 

Statistics.     New  York:  Macmillan,  1959,  p.  245. 
[16]  R.  M.  Lhermite,  "Motions  of  scatterers  and  the  variance  of  the 

mean  intensity  of  weather  radar   signals,"   Sprery    Rand    Res. 

Center  Program  38310,  Rept.  No.  SRRC-RR-63-57,  Atmospheric 

Physics  Dept.,  Sudbury,  MA,  1963. 
[17]  F.  E.  Nathanson,  Radar  Design  Principles.     New  York :  McGraw- 
Hill,  1969. 


122 


17th  Radar  Meteorological  Conference,  42-44,  Am.  Meteorol.  Soc . ,  1976, 


METEOROLOGICAL  DOPPLER  RADAR  WITH  DOUBLE  PULSE  TRANSMISSION 

W.  C.  Campbell  and  R.  G.  Strauch 

NOAA/ERL/Wave  Propagation  Laboratory 

Boulder,  Colorado  80302 


1.  INTRODUCTION 

Microwave  pulse  Doppler  radars  presently 
used  in  meteorological  research  transmit  pulses 
that  are  uniformly  spaced  in  time.   The  maximum 
unambiguous  range  (R  )  is  directly  proportional  to 
the  time  separation  of  the  pulses  while  the  maxi- 
mum unambiguous  velocity  (V  )  is  inversely  pro- 
portional to  the  pulse  spacing.   For  this  conven- 
tional pulse  radar  transmission  the  product  (R  V  ) 
is  +  cA/8,  where  A  is  the  radar  wavelength  and  c 
is  the  velocity  of  propagation.  The  maximum  detec- 
tion range  of  precipitation  echoes  may  exceed  300 
km  and  velocities  can  exceed  +_  50  m/s.   Hence  the 
radar  meteorologist,  analyzing  radar  data  taken 
with  3,  5,  or  10  cm  wavelength  radars,  must  always 
be  alert  to  the  possibility  that  range  or  velocity 
aliasing  may  occur  in  the  data.   These  aliasing 
problems  can  frequently  be  resolved  with  total 
confidence  if  other  data  are  available.   However, 
in  severe  weather  with  regions  of  high  shear, 
the  interpretation  of  velocity  aliasing  may  be 
ambiguous.  The  usual  operational  procedure  is  to 
record  data  only  if  range  aliasing  is  not  a 
problem.   Even  10  cm  radars  have  difficulty  in 
obtaining  data  in  extensive  severe  weather  regimes 
such  as  squall  lines.   The  problems  are  parti- 
cularly acute  for  3  cm  radars.   These  problems  are 
not  unique  to  radar  meteorology;  for  example,  the 
measurement  of  radar  auroral  motions  presents  an 
identical  problem  because  6  m  wavelength  radars 
are  used  to  measure  radar  returns  at  ranges  of 
1000  km  or  more  and  velocities  as  high  as  2000  m/s 
are  encountered  (Greenwald  and  Ecklund,  1975)  . 

2.  DOUBLE  PULSE  TRANSMISSION 

One  method  that  can  alleviate  the  prob- 
lem of  range  and  velocity  aliasing  is  the  trans- 
mission of  a  pair  of  pulses  separated  in  time  by 
T  with  a  repetition  period  of  the  pulse  pair 
of  T9  where  T.,  is  much  greater  than  T. .   T  is 
chosen  so  that  the  range  cT-,/2  exceeds  the  maxi- 
mum range  of  any  radar  return  and  T.  exceeds 

A/(2o  /2tt)  ,  the  correlation  time  of  the  weather 

*■  v 
echoes,  where  a     is  the  standard  deviation  of  the 
velocity  distribution  of  the  scatterers  (Nathanson, 
1969).   Fig.  1  illustrates  the  pulse  sequence. 
Target  velocity  is  obtained  from  the  phase  of  the 
covariance  function  of  the  complex  signal  obtained 
with  each  pair  of  pulses.   The  maximum  unambiguous 
range  is  therefore  proportional  to  T   while  the 
maximum  unambiguous  velocity  is  inversely  propor- 
tional to  T  .   This  idea  is  not  new  (Rummler, 
1968;  Doviak  and  Sirmans,  1973);  in  fact  double 
pulse  transmission  has  been  successfully  adapted 
to  an  HF  radar  for  radar  auroral  measurements 
(Greenwald  and  Ecklund,  1975) .   However,  double 
pulse  transmission  has  not  been  used  in  radar 
meteorology  even  though  measurement  of  the  phase 
of  the  covariance  function  has  rapidly  become  the 
most  widely-used  method  of  estimating  mean  veloci- 
ties for  meteorological  Doppler  radars.  We  have 
implemented  the  double  pulse  technique  on  a 
computer- control  led  research  radar  and  it  will 
be  tested  in  an  airport  environment  for  9  months 


Figure   1.    Radar  pulses  for  double  pulse  transmission. 
Tj  =  256  microseconds 
T2  =  1024  microseconds 

starting  in  July  1976.   After  this  period  we  plan 
to  test  it  further  on  the  new  NOAA  research  aircraft 
(WP-3D) . 


3. 


IMPLEMENTATION 


A  minicomputer  controls  the  radar  pulsing, 
range  gate  sampling,  antenna  positioning,  etc.  with 
all  parameters  entered  on  a  keyboard.  The  spacing 
between  pairs  of  triggers  (T.,)  can  be  selected 
from  512  to  8192  microseconds  and  the  spacing  of 
the  pulses  in  the  pair  (T  )  can  be  selected  from 
200  microseconds  to  T7/2.   Estimates  of  the  mean 
velocity  are  calculated  (software)  using  bipolar 
video  from  64  pairs  of  pulses  or  128  radar  samples. 
Mean  velocity  estimates  can  be  averaged  for  as 
many  as  1024  dwell  times  or  65,536  pulse  pairs.   A 
block  of  range  sampling  gates  (up  to  255  gates) 
are  generated  following  each  transmitted  pulse. 
These  gates  can  be  positoned  by  selecting  a  time 
delay  and  a  spacing  between  gates.   Fig.  2  shows 
the  transmitted  pulses  and  the  blocks  of  range 
gates  when  the  total  depth  of  coverage  of  the 
range  gates  is  less  than  the  spacing  between  pulses 
in  the  pair.   In  the  top  trace  the  maximum  target 
range  is  less  than  cT  /2,  in  the  center  trace  the 
minimum  target  range  is  greater  than  cT  /2,  and 
in  the  bottom  trace  the  second  transmitted  pulse 
occurs  while  the  samples  are  being  acquired  for 
the  first  pulse.   In  this  latter  case  data  will 
be  lost  during  receiver  recovery.   If  the  depth 
of  echo  exceeds  cT  /2 ,  then  the  two  blocks  of  range 
gates  overlap  as  shown  in  Fig.  3.   When  this  occurs, 
the  pulse  spacing  is  automatically  adjusted  so 
that  in  the  overlap  region  a  single  sample  serves 
as  the  data  sample  for  both  the  first  and  second 
pulses.   Therefore  we  can  analyze  data  when  the 
depth  of  the  radar  echo  exceeds  cT  /2,  even 
though  one  or  both  of  the  samples  of  a  pulse  pair 
contains  echo  power  from  both  'radar  pulses.   Radar 
return  from  ranges  separated  by  cT  /2  can  occur  in 
a  given  sample. 
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Figure   2.      Radar  pulses    (upper  trace)   and  range 
gates    (lower  trace)   for  double  pulse   transmission. 

top:   maximum  range   less   than  cT-,/2 

center:   minimum  range  greater  than  cTj/2 

lower:    samples  for  first  pulse  are  ac- 
quired when   the  second  pulse  occurs. 


Figure  3.      Radar  pulses    (upper  trace)   and  range 
gates    (lower  trace)   when  the  depth  of  echo  exceeds 

cTj/2. 


4.        DISCUSSION 

If  the  depth  of  echo  does  not  exceed 
cT  /2  then  the  estimation  of  radial  velocities  by 
measuring  the  phase  of  the  covariance  function  is 
the  same  as  that  for  radars  with  conventional 
pulsing.   If  the  radar  pulses  are  equally  spaced 
the  number  of  pulse-pairs  may  be  considered  to 
be  N-l  (where  N  is  the  number  of  radar  samples 
in  the  dwell  time)  by  calculating  the  complex 
correlation  of  adjacent  pulses.   Alternatively, 
the  number  of  pulse-pairs  may  be  taken  as  N/2 
by  calculating  the  complex  correlation  of  the  pulses 
in  groups  of  two.   Since  consecutive  samples  must 
be  dependent,  the  number  of  independent  pulse- 
pairs  is  the  same  for  either  computation.   The 
latter  method  is  identical  to  that  used  with 
double-pulse  transmission.   The  standard  deviations 
of  the  estimates  of  the  mean  velocity  for  double 
pulse  transmission  are  predicted  from  results  de- 
rived by  Rummler  (1968)  when  the  depth  of  the  echo 
does  not  exceed  cT./2.   Note  that  double  pulse 
transmission  increases  the  maximum  unambiguous 

velocity  V  and  also  decreases  the  normalized 

m 
width  of  the  velocity  spectra,  and  this  decreases 

the  standard  deviation  of  the  mean  velocity  esti- 
mate. 

We  have  usually  operated  our  conven- 
tional 3  cm  pulse  radars  with  a  repetition  period 
of  about  S00  microseconds  (R  =75  km,  V  =  +  15  m/s) . 
Frequently  we  observe  isolated  thunderstorms  in 
the  high  plains  with  storm  diameters  of  30  to 
40  km  so  that  a  spacing  (T  )  of  250  microseconds 
can  be  used  to  double  the  maximum  unambiguous 
velocity.   In  addition  we  can  utilize  double 
pulse  transmission  on  larger  storms  when  we 
scan  at  higher  antenna  elevation  angles.   We 
will  use  the  double  pulse  mode  for  measuring 
radial  velocities  near  an  airport  where  the 
antenna  elevation  angle  will  be  10°  to  20°,  and 
we  will  use  it  for  aircraft  tests. 

Doviak  and  Sirmans  (1973)  proposed  to 
treat  the  case  for  which  the  depth  of  echo  exceeded 
cT  /2  by  transmitting  the  two  pulses  of  each 
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pair  with  orthogonal  polarization.   They  proposed 
to  operate  a  dual  channel  system  that  would  be 
limited  only  by  the  depolarization  of  the  hydro- 
meteors.   Before  resorting  to  the  complexity  of 
dual  channel  operation  we  propose  to  test  the 
double  pulse  transmission  described  above  even 
when  the  depth  of  echo  exceeds  cT  /2,  as  illustrated 
in  Fig.  3.   Since  T-  can  be  selected  to  be  greater 
than  the  correlation  time,  the  spectrum  of  the  echo 
power  that  is  received  as  an  interfering  signal 
will  appear  as  white  noise.   Hence  we  can  treat 
cases  for  which  the  echo  depth  exceeds  cT  /2  the 
same  as  those  without  interfering  signals  but 
which  have  degraded  signal-to-noise  ratio.   Note 
that  either  one  or  both  samples  of  a  given  pair  of 
pulses  may  contain  echo  power  from  the  undesired 
pulse.   However,  if  the  interfering  signal  is 
uncorrelated  between  pairs  of  pulses  it  should  be 
possible  to  obtain  satisfactory  mean  velocity 
estimates  by  increasing  the  number  of  pulse  pairs 
used  to  calculate  the  phase  of  the  covariance 
function.  This  method  can  be  used  if  longer  dwell 
times  are  acceptable.   Ecklund  (private  communi- 
cation) reported  that  most  of  the  radar  auroral 
measurements  were  made  when  the  depth  of  the  echo 
exceeded  cT  /2.   The  HF  radar  normally  uses  a 
large  number  of  pulse  pairs  and  the  data  is 
treated  as  though  there  were  no  interfering 
signals.   One  application  of  meteorological  radar 
that  permits  long  dwell  times  is  the  measurement 
of  radial  velocities  along  the  glide  slope  (approxi- 
mately 3  deg.  elevation  angle)  of  an  airport 
runway.   We  plan  to  test  this  operating  mode  when 
the  received  signal  power  from  the  two  pulses 
overlap. 


5. 


CONCLUSION 


A  low  power  3  cm  pulse  Doppler  radar 
has  been  constructed  with  versatile  pulsing 
characteristics  so  that  double  pulse  transmission 
can  be  tested.   It  promises  to  alleviate  some  of 
the  range  and  velocity  aliasing  that  occurs  with 
conventional  pulse  radars.   Double  pulse  trans- 
mission enables  us  to  increase  the  maximum 
unambiguous  velocity  of  the  3  cm  radar  to  ±  32  m/s 
if  the  depth  of  radar  echo  is  less  than  38  km. 
If  the  echo  depth  exceeds  38  km  the  mean  radial 
velocities  can  still  be  measured  but  longer  dwell 
times  are  required.   Double  pulse  transmission 
should  help  alleviate  aliasing  problems  but  it  is 
not  a  total  solution. 
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It  is  shown  that  an  FM-CW  radar  can  be  used  as  a  Doppler  radar  to  measure  winds.  A  description 
of  the  processing  used  to  measure  Doppler  shifts  is  included.  An  analysis  of  scattering  by 
refractive-index  fluctuations  shows  that,  under  certain  conditions,  a  Doppler  FM-CW  radar  should 
be  able  to  measure  winds  continuously  in  the  boundary  layer.  Experimental  results  comparing 
horizontal  winds  measured  by  a  tethered  balloon  and  the  FM-CW  radar  show  very  good  agreement. 


1.     INTRODUCTION 

A  basic  requirement  of  applied  meteorology  is 
the  measurement  of  wind  speed  and  direction  as 
a  function  of  height.  Tethered  or  free  balloons  are 
most  commonly  used  for  in-situ  wind  measure- 
ments. Three  usual  disadvantages  of  wind  measure- 
ment by  balloon  are  (1)  slow  response  time,  (2) 
inability  to  monitor  the  winds  continuously  in  time, 
and  (3)  inability  to  measure  the  winds  simulta- 
neously at  all  altitudes.  All  of  these  disadvantages 
may  be  circumvented  by  using  Doppler  radars  that 
measure  backscatter  from  either  hydrometeors  or 
from  clear  air  refractive  index  fluctuations  moving 
with  the  wind. 

The  techniques  for  measuring  the  motion  of 
hydrometeors  carried  by  the  wind  are  well  devel- 
oped and  in  wide  research  use.  The  usual  technique 
is  to  transmit  a  sequence  of  coherent  pulses  and 
then  spectrally  analyze  the  return  sequence  toobtain 
the  velocity  spectrum.  Two  problems  that  arise  are: 
(1)  luck  of  suitable  hydrometeors  and  (2)  nonzero 
fall  velocity  of  the  hydrometeors.  Both  of  these 
problems  vanish  when  a  clear  air  radar  is  used. 

During  the  past  decade,  radars  have  been  devel- 
oped that  are  sensitive  enough  to  obtain  returns 
from  turbulent  eddies  which  cause  refractive  index 
fluctuations  in  the  clear  atmosphere.  One  way  to 
achieve  the  required  sensitivity  is  simply  to  increase 
the  power  and  antenna  size  of  a  conventional  pulse 
radar.  The  result  is  a  large  and  expensive  radar 
system  with  a  significant  minimum  range.  Because 
antenna  sidelobes  inhibit  its  use  at  very  short  ranges, 
no  advantage  can  be  taken  of  the  fact  that  for 

Copyright  (C)  I97h  by  ihe  American  Geophysical  Union 


beam-filling  targets,  the  received  signal  is  inversely 
proportional  to  range  squared.  An  ability  to  take 
measurements  close  to  the  radar  would  greatly 
enhance  the  capability  to  sense  refractive  index 
fluctuations  in  the  clear  air. 

Other  radar  techniques  avoid  this  problem  by 
transmitting  a  relatively  low  power  continuous  sig- 
nal modulated  in  such  a  way  that  range  information 
is  easily  recovered.  A  technique  in  which  the 
frequency  is  linearly  modulated  was  applied  by 
Richter  [1969]  to  the  problem  of  sensing  the  clear 
atmosphere.  The  success  of  this  effort  resulted  in 
at  least  three  other  frequency-modulated  contin- 
uous-wave (FM-CW)  radars  being  built:  a  second 
one  by  Richter,  one  by  the  Institute  for  Telecom- 
munication Sciences  [Bean  et  «/.,  1971],  and  one 
by  the  Wave  Propagation  Laboratory  (WPL).  These 
radars  measure  atmospheric  phenomena  close  to 
the  radar  with  very  good  resolution;  however,  until 
recently  there  was  no  known  method  of  measuring 
the  velocity  spectrum  of  distributed  atmospheric 
targets  with  a  microwave  FM-CW  radar. 

Recently  another  clear  air  atmospheric  radar  was 
developed  by  Green  et  al.  [1975].  This  is  a  pulse- 
Doppler  radar  of  7-m  wave  length  with  an  extremely 
large  aperture  (7200  m2).  The  large  aperture  gives 
excellent  system  sensitivity  and  detection  of  contin- 
uous return  from  altitudes  of  4  to  16  km  has  been 
reported.  The  continuous  return  is  Bragg  scattering 
from  refractive  index  fluctuations  and  is  discernible 
from  background  noise  only  when  the  signal  can 
be  processed  for  Doppler  information.  The  question 
naturally  arises,  "Can  the  microwave  FM-CW  radar 
detect  background  fluctuations  of  the  refractive 
index  to  measure  winds  aloft?"  Using  comparison 
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Fig.  I.   FM-CW  frequency  sweep.  The  starting  frequency  is /„, 
the  bandwidth  is  B,  and  the  sweep  period  is  T. 

techniques  developed  by  Chadwick  and  Little 
[  1973] ,  we  calculated  that  the  present  WPL  FM-CW 
radar  should  be  able  to  detect  refractive  index 
fluctuations  to  an  altitude  of  1  to  2  km,  if  the  system 
described  by  Green  et  al.  [1975]  can  detect  fluctua- 
tions of  similar  magnitude  to  a  height  of  16  km. 
But,  to  measure  winds,  Doppler  processing  must 
be  incorporated  into  the  FM-CW  radar. 

Doppler  processing  has  been  used  in  over-the- 
horizon  FM-CW  radars  at  HF  to  measure  sea  state 
and  two  signal-processing  methods  have  been  de- 
scribed by  Barrick  [1973].  Using  the  signal-pro- 
cessing hardware  and  software  from  a  pulse- 
Doppler  system,  Strauch  et  al.  [1976]  demonstrated 
the  capability  to  measure  vertical  velocities  in  both 
rain  and  clear  air  with  the  WPL's  microwave 
FM-CW  radar.  The  present  paper  reports  results 
of  a  field  experiment  using  this  same  equipment 
with  the  addition  of  antenna-scanning  capability. 
This  added  feature  makes  it  possible  to  measure 
off-vertical  radial  velocities,  components  essential 
for  inference  of  horizontal  winds. 

The  next  section  is  a  brief  discussion  of  the 
Doppler  processing  technique  as  applied  to  the 
FM-CW  radar.  A  more  complete  description  is  given 
by  Barrick  [1973]. 

2.     DOPPLER  PROCESSING  FOR  FM-CW  RADAR 

The  WPL  FM-CW  radar  transmits  a  continuous 
waveform  in  which  the  frequency  is  linearly  modu- 
lated over  a  sweep  period  T  as  shown  in  Figure 
I.  The  conventional  (range  only)  processing  tech- 
nique is  easily  explained  by  the  fact  that  the  round 
trip  propagation  delay  causes  the  frequency  sweep 
of  the  return  signal  to  be  shifted  slightly  to  the 
right.  The  frequency  difference  between  transmitted 
and  received  return  signals  is  then  proportional  to 


the  time  delay  or  range  to  the  target.  This  frequency 
difference  can  be  measured  by  mixing  the  transmit- 
ted signal  with  the  received  signal  and  measuring 
the  power  spectrum  of  the  difference  signal  over 
a  sweep  period.  The  spectra  from  several  successive 
frequency  sweeps  are  then  averaged  and  the  resul- 
tant spectrum  is  proportional  to  the  received  power 
as  a  function  of  range. 

There  are  two  Doppler  processing  techniques  that 
can  be  applied  to  the  FM-CW  radar  and,  since  this 
paper  presents  data  that  could  have  been  obtained 
with  either  of  them,  both  will  be  described.  Both 
yield  nearly  the  same  results  and  use  the  same 
number  of  computer  arithmetic  operations; 
however,  the  output  formats  differ.  More  complete 
discussion  of  the  two  techniques  has  been  published 
by  Barrick  [1973]. 

2.1  Two-dimensional  spectral  analysis.  The 
first  technique  requires  a  two-dimensional  Fourier 
transform  and  is  similar  to  the  processing  done  in 
most  pulse-Doppler  radars.  The  RF  portion  of  the 
Doppler  FM-CW  radar  is  essentially  unchanged 
from  that  of  a  non-Doppler  FM-CW  radar;  the 
difference  lies  in  the  signal  processing.  During  any 
sweep,  M  samples  of  the  mixed  signal  are  acquired 
as  shown  in  Figure  2.  The  guard  time,  t,  is  necessary 
to  avoid  sampling  large  signals  at  the  sweep  turn- 
around. The  value  of  t  is  not  at  all  critical  and 
it  can  even  be  zero  if  the  sampling  A/D  converter 
will  not  saturate.  The  sequence  of  M  data  points 
is  then  transformed  by  an  FFT  algorithm  (off-line) 
and  the  resulting  sequence  of  M  complex  numbers 
is  stored  in  the  first  column  of  a  data  matrix.  (Since 
the   input   sequence   is   real,   the   complex   output 
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Fig.  2.  Timing  for  signal  sampling  in  the  ith  sweep. 
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sequence  is  symmetric  so  that  only  M/2  complex 
numbers  are  stored.)  During  the  next  sweep.  M 
samples  are  acquired  in  a  similar  manner  and 
processed  with  the  FFT  algorithm.  The  resulting 
M/2  nonredundant  complex  numbers  are  stored 
in  the  second  column  of  the  data  matrix.  This 
process  continues  until  the  end  of  the  Nth  sweep 
at  which  time  the  data  matrix  has  N  columns  and 
M/2  rows  and  is  filled  with  complex  numbers.  For 
the  experiments  described  here,  M  and  N  are  64 
and  32,  respectively.  The  required  storage  of  1024 
complex  numbers,  or  2048  real  numbers,  is  easily 
achieved  on  a  minicomputer. 

The  N  one-dimensional  Fourier  transforms,  re- 
ferred to  above,  perform  much  the  same  function 
as  that  of  the  analog  power  spectrum  analyzer  in 
a  non-Doppler  FM-CW  radar  by  transforming  the 
mixed  signal  into  a  spectral  estimate  of  return  signal 
as  a  function  of  range  (or  frequency).  The  important 
difference  is  that  the  phase  of  the  return  signal 
from  a  given  range  is  retained  in  the  complex 
numbers,  and  it  is  this  phase  change  from  sweep 
to  sweep  that  makes  possible  the  measurement  of 
the  Doppler  spectrum. 

The  rows  of  the  data  matrix  contain  complex 


numbers  that  characterize  the  magnitude  and  phase 
of  the  return  signal  from  a  given  range  for  consecu- 
tive sweeps  or  as  a  discrete  function  of  time.  Thus 
the  power  spectral  density  of  the  data  in  a  row 
of  the  matrix  gives  the  Doppler  or  velocity  spectrum 
at  the  range  represented  by  that  row,  just  as  in 
a  pulse-Doppler  radar.  The  N  point  power  spectrum 
is  calculated  for  each  of  the  M/2  rows  of  the  data 
matrix.  The  result  of  this  second  sequence  of 
Fourier  operations  is  an  output  matrix  with  N 
columns  and  M/2  rows  and  each  element  of  the 
matrix  contains  a  positive  real  number  representing 
power  from  a  particular  range  and  having  a  particu- 
lar velocity.  The  output  matrix  is  a  map  of  the 
power  returned  from  the  distributed  target  as  a 
function  of  range  (by  columns)  and  velocity  (by 
rows).  Such  a  map  is  shown  in  Figure  3. 

2.2  One-dimensional  technique.  It  is  known 
that  a  two-dimensional  Fourier  transform  is  entirely 
equivalent  to  a  single  (long)  one-dimensional  Fourier 
transform,  e.g.,  Gossard  and  Hooke  [1975].  For 
our  purposes  the  procedure  is  to  form  a  long 
sequence  of  data  by  sampling  the  output  signal  of 
the  mixer  as  illustrated  in  Figure  2.  The  long 
sequence  of  data  is  obtained  over  many  (e.g..  100) 
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Fig.  3.  Map  of  height-velocity  characteristics  of  a  clear  air  wind  shear  region  (output  for  two-dimensional  processing  method). 
The  numbers  represent  power  in  db.  Velocity  folding  has  occurred  (see  text.) 
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sweeps,  as  though  it  were  sampled  uniformly  from 
a  continuous  signal ,  and  then  transformed  as  a  single 
long  sequence.  The  squared  magnitude  of  this  single 
long  transform  is  entirely  equivalent  to  the  output 
range-velocity  map  of  the  two-dimensional  tech- 
nique. Barrick  [1973]  showed  not  only  that  the 
two  outputs  are  the  same,  but  also  that  the  required 
number  of  computer  operations  is  the  same  for 
both  techniques.  We  used  the  one-dimensional 
technique  because  existing  software  could  easily 
be  converted  to  this  type  of  analysis. 

Depending  on  the  desired  output  format,  the 
power  spectrum  can  be  presented  as  a  range-velocity 
map  as  in  Figure  3,  or  a  one-dimensional  A-scope 
display  as  in  Figure  4.  The  A-scope  display  can 
be  thought  of  as  simply  a  rearrangement  of  the 
individual  spectra  in  the  range-velocity  map  so  that 
they  appear  end  to  end  rather  than  side  by  side. 
Each  successive  spectrum  in  the  A-scope  display 
is  from  the  next  range  bin  so  the  spectra  are 
range-ordered.  Furthermore,  when  velocity  folding 
occurs,  the  folded  return  just  appears  in  the  next 
range  bin.  The  height  markers  on  the  horizontal 
axis  in  Figure  4  represent  the  zero  velocity  point 
for  the  spectrum  at  that  height.  To  further  clarify 
the  relationship  between  Figures  3  and  4,  compare 
the  spectrum  at  276  m  with  that  at  399  m  in  both 
figures.  The  close  one  is  approximately  centered 
about  zero  velocity,  while  the  further  one  is  "fold- 
ed" and  approximately  centered  about  the  maxi- 
mum unambiguous  velocity  point  which  is  midway 
between  two  zero  velocity  points. 

In  both  the  first  and  last  range  location  the  velocity 
spectra  are  folded  so  that  velocity  sense  in  these 
range  cells  is  lost. 


Height  Interleaved  With  Velocity  (■  mj  ■/«) 

Fig.  4.  A-scope  display  (output  for  one-dimensional  processing 

method).  Each  mark  on  the  horizontal  axis  represents  the  zero 

velocity  point  in  that  range  bin.  The  folding  velocity,  halfway 

between  two  marks,  is  ±5  m/s. 


3.     EXPECTED  SENSITIVITY  TO  SPATIALLY 
CONTINUOUS  FLUCTUATIONS 

The  10-cm  FM-CW  radar  backscatter  depends 
on  fluctuations  in  the  refractive  index  of  5-cm  size. 
Although  non-Doppler  FM-CW  radars  readily  detect 
regions  of  the  atmosphere  where  the  fluctuations 
are  greatly  enhanced,  the  intensity  of  fluctuations 
present  elsewhere  is  generally  below  the  level  de- 
tectable by  non-Doppler  FM-CW  radars  at  ranges 
of  most  interest.  There  are  two  reasons  for  this. 
The  first,  a  sensitivity  problem,  is  discussed  next. 

The  power  received  from  a  beam-filling  target 
is  given  by 


pr  =  0.445  PTAe  A  y)/]6R2 


(I) 


where  PT  is  the  transmitted  power,  Ae  is  the  effec- 
tive aperture,  A  is  the  range  resolution,  r\  is  the 
radar  cross  section  per  unit  volume,  and  R  is  the 
distance  to  the  range  cell.  The  factor  0.445  is  the 
Probert-Jones  correction  for  beam-filling  targets. 
The  radar  cross  section  per  unit  volume  for  fluctua- 
tions in  the  inertial  subrange  of  turbulence  is  given 
by 


-n  =  0.38C,12\-|/-,(m-1) 


(2) 


where  C„2  is  the  structure  constant  for  the  refractive 
index  fluctuation  and  \  represents  wavelength.  The 
WPL  FM-CW  radar  transmits  a  power  of  200  W 
with  a  wavelength  of  10  cm  from  an  8-ft  antenna. 
The  minimum  detectable  signal  is  about  -155  dbm. 
Thus,  the  minimum  detectable  C,,2  is  given  by 


CJ  min  =  2.67  x  10"20  R2/A  (m"2/1) 


(3) 


For  non-Doppler  operation  in  typical  FM-CW  radar 
observations,  R  —  1  km  and  A  -  1.5  m,  so  C„2 
min  =1.8  x  10  ~14  (m~2/3).  Qchs  and  Lawrence 
[1972] measured  average  values  (dry  term  only)  of 
C,,2  as  ~3  x  10"17  (m"2/3)  at  an  altitude  of  1  km 
over  land  or  water.  The  structure  constant,  C,,2, 
has  a  high  variance  and  thus  an  average  value  for 
C„2  is  not  very  useful.  R.  S.  Lawrence  (personal 
communication,  1975)  stated  that  during  any  one 
sounding,  the  rapid  fluctuations  in  C,,2  can  vary 
±10  db  about  the  mean  and  the  mean  can  change 
±  10  db  from  day  to  day.  Thus,  one  can  realistically 
expect  C,,2  to  be  less  than  3  x  10  ~'5  (m~2/3)  at 
an  altitude  of  1  km.  The  C,,2  measured  by  Ochs 
and  Lawrence  assumed  a  dry  atmosphere  as  they 
measured  temperature  only.  Below  a  height  of  2 
km,  the  water  vapor  component  will  typically  in- 
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crease  the  C,,2  value  by  an  order  of  magnitude 
depending  on  air  mass.  Even  with  this  10  db 
increase,  the  peaks  of  the  strongest  fluctuations, 
on  the  strongest  days,  are  only  slightly  above  the 
minimum  detectable  C„2  for  the  FM-CW  radar. 

At  altitudes  where  water  vapor  contributes  signif- 
icantly to  the  refractive  index  fluctuations,  C,,2  may 
sometimes  be  well  above  the  minimum  detectable 
C„2  of  the  non-Doppler  FM-CW  radar.  If  these 
fluctuations  of  Cn2  are  above  the  minimum  detect- 
able signal,  the  effect  is  a  slight  increase  in  the 
return  signal  at  all  ranges  because  the  return  signal 
is  from  all  ranges.  For  the  output  of  the  radar  this 
is  simply  a  slight  rise  in  the  noise  baseline  and 
is  masked  by  other  effects. 

We  made  two  changes  from  the  conventional 
operating  mode  of  an  FM-CW  radar  in  order  to 
improve  detection  of  weak  fluctuations  in  refractive 
index.  First,  we  employed  Doppler  processing  as 
described  in  the  previous  section  and  gained  about 
3  db  from  increased  time  of  integration.  Doppler 
processing  caused  the  signal  to  appear  in  a  localized 
area  of  the  output  rather  than  to  appear  as  a  slight 
increase  in  the  baseline  of  the  output.  The  second 
change  was  to  decrease  the  range  resolution  (in- 
crease spatial  integration).  This  is  acceptable  be- 
cause there  is  usually  no  operational  requirement 
for  very  fine  range  resolution  when  measuring  the 
height  profile  of  horizontal  wind.  Using  a  120-m 
range  cell  for  some  of  the  data  we  added  +19  db 
to  our  system  sensitivity.  The  total  sensitivity  in- 
crease was  +  22  db  and  this  reduced  the  minimum 
detectable  C,,2  to  1.1  x  l()-|A(m-2/1)  at  1  km 
elevation.  This  was  about  5  db  above  the  average 
C„2  measured  by  Ochs  and  Lawrence  [1972],  but 
well  below  that  to  be  expected  when  the  effect 
of  humidity  is  included. 

In  the  seven  years  during  which  FM-CW  radar 
sounders  have  been  in  use  in  the  non-Doppler  mode 
there  have  been  no  reports  of  detection  of  returns 
continuous  in  range.  However,  analysis  of  the 
sensitivity  of  the  FM-CW  radar  used  in  our  research 
indicates  that  in  the  Doppler  mode  we  should  be 
able  to  detect  returns  continuously  for  ranges  up 
to  1  to  2  km.  This  conclusion  agrees  well  with 
the  experimental  data  we  have  collected  so  far. 
The  next  section  presents  some  of  these  data. 

4.     WIND  MEASURING  EXPERIMENT 
We  operated  our  Doppler  FM-CW  radar  for  a 
two-week  period  in  September  1975  in  southeastern 
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Fig.  5.  Temperature  and  relative  humidity  profiles  from  tethered 
balloon. 


Colorado  near  a  152-m  tower  and  a  tethered  balloon 
system.  The  tethered  balloon  was  instrumented  to 
measure  temperature,  humidity,  wind  speed,  and 
direction  for  elevations  up  to  600  or  700  m.  This 
equipment  was  described  by  Morris  et  at.  [1975]. 
The  location  near  Haswell,  Colorado,  is  a  typical 
high  plains  meteorological  regime  with  active  con- 
vection developing  during  clear  days.  The  data 
described  here  were  collected  on  a  day  when  ground 
fog  was  present  at  0700  MDT.  The  fog  "burned 
off"  and  was  followed  by  a  2/10  cover  of  strato- 
cumulus  by  0900.  At  1100  the  sky  was  completely 
clear.  To  further  characterize  the  meteorology, 
temperature  and  humidity  soundings  from  the  teth- 
ered balloon  are  shown  in  Figure  5.  The  ascent 
occurred  from  1 1 1 2  to  1 1 28  and  the  descent  occurred 
from  1128  to  1142. 

At  1 140,  the  radar  was  operating  with  an  elevation 
angle  (from  horizontal)  of  60°,  a  maximum  range 
of  1 171  m.  and  a  maximum  unambiguous  horizontal 
velocity  of  ±5.0  m/s.  Because  of  the  existence 
of  a  strong  capping  inversion,  we  assume  that  the 
vertical  velocity  is  negligible  compared  to  the  hori- 
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Fig.  6.  Wind  profiles  on  225°  bearing  as  measured  by  FM-CW 

radar  and  tethered  balloon.  The  small  circles  are  from  a  rawin- 

sonde  launched  at  1 100. 

zontal  velocity.  We  averaged  39  velocity  spectra 
from  each  range  interval  to  arrive  at  one  output 
range  velocity  map  representing  10  s  of  data.  Such 
a  map  is  shown  in  Figure  3,  where  the  individual 
numbers  represent  the  relative  return  power  (in  db) 
for  that  range  velocity  cell.  The  axes  represent 
atmospheric  height  and  horizontal  wind.  For  ease 
in  interpretation,  output  power  weaker  than  the  3-db 
level  has  been  suppressed.  Near  ±1.87  and  ±3.75 
m/s,  in  the  lowest  four  or  five  range  bins,  there 
are  equipment-generated  harmonics  caused  by  satu- 
ration of  an  audio  amplifier.  These  harmonics  are 
negligible  above  about  150  m.  Because  the  radar 
points  along  only  one  azimuth  at  a  time,  the  data 
in  Figure  3  represent  only  the  horizontal  wind 
component  along  the  225°  azimuth.  This  component 
of  wind  has  a  significant  shear  from  —215  to  522 
m.  Spectral  folding  has  occurred  from  -399  to  —614 
m.  That  is,  the  return  from  399  to  614  m,  on  the 
left-hand  side  of  Figure  3,  is  really  a  continuation 
of  the  spectrum  running  off  the  right-hand  margin. 
This  folding  can  be  easily  resolved  so  that  absolute 
components  of  the  wind  velocity  can  be  obtained. 
With  a  computer  algorithm,  we  can  estimate 
means  of  the  spectra  and  thus  derive  profiles  for 


the  particular  component  of  wind  along  the  given 
direction.  A  profile  of  the  wind  component  along 
225°  is  shown  in  Figure  6  with  profiles  of  this  same 
wind  component  obtained  over  30  min  by  the 
tethered  balloon  Boundary  Layer  Profiler  (BLP) 
system.  The  agreement  is  remarkably  good  con- 
sidering that  the  BLP  was  located  -300  m  to  the 
east  of  the  radar  and  the  radar  data  are  averaged 
over  only  10  s.  An  estimate  of  how  the  radar  data 
change  with  time  is  provided  by  the  data  in  Figure 
7,  which  show  the  next  four  radar  wind  profiles 
(each  a  10-s  average).  The  radar  wind  profiles  from 
Figures  6  and  7  show  the  radar  wind  data  at  225° 
over  a  50-s  interval.  Figure  8  shows  the  radar  wind 
component  along  the  315°  azimuth  at  approximately 
the  same  time  as  that  measured  by  the  BLP.  It 
is  clear  that  the  strong,  persistent  shear  layer  is 
along  the  225°  azimuth  only.  Figure  9  shows  the 
four  10-s  averages  of  the  wind  component  immedi- 
ately prior  to  the  profile  in  Figure  8.  Note  how 
rapidly  the  wind  was  changing  in  the  lower  levels 
compared  with  the  225°  azimuth  wind. 

When  wind  velocities  are  estimated  in  this  man- 
ner, there  are  two  main  causes  for  variations  in 
(he  estimates.  The  first  is  nonstationarity  of  the 
convectively  unstable  atmosphere.  Clear  evidence 
for  this  is  shown  by  the  differences  in  profiles  taken 
roughly    15   min  apart  during  balloon  ascent  and 
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descent  (Figures  6  and  8),  and  also  in  the  much 
more  rapid  sequence  radar  wind  profiles,  taken  10 
s  apart  (Figures  7  and  9).  The  second  main  cause 
degrading  the  velocity  estimate  is  low  signal-to-noise 
ratio.  An  examination  of  Figure  4  (which  has  had 
the  R~2  range  dependence  removed  and  in  which 
signal  levels  below  3  db  are  set  to  zero)  shows 
that  in  the  upper  few  range  gates  there  is  a  signal-to- 
noise  ratio  problem.  Therefore,  the  random  error 
of  the  wind  component  estimate  in  Figures  6  and 
8  increases  in  the  upper  few  range  gates.  The 
variance  of  wind  estimates  in  Figure  7  appears  to 
be  lower  within  the  shear  region  than  either  above 
or  below  it.  A  possible  cause  for  this  is  that  the 
relatively  strong  mechanical  turbulence  associated 
with  the  shear  layer  produces  a  larger  Cn2,  thus 
increasing  the  backscatter  and  signal-to-noise  ratio. 
The  amount  of  error  in  the  measurement  is  difficult 
to  estimate,  especially  in  the  upper  levels  where 
the  signal-to-noise  ratio  is  not  large.  However,  we 
feel  that  for  the  data  given  here,  the  rms  error 
for  a  10-s  integration  time  is  less  than  0.5  m/s 
for  heights  less  than  about  900  m. 

It  is  important  to  note  that  there  is  significant 
return  power  for  altitudes  up  to  900  m  or  more, 
well  above  the  elevated  temperature  inversion.  This 
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Fig.  9.   Four  wind   profiles   on   315°  bearing  as   measured   by 
FM-CW  radar  at  10-s  intervals. 


indicates  that  the  radar  is  sensitive  enough  to  detect 
refractive  index  fluctuations  even  in  the  region 
above  the  inversion.  In  this  connection,  it  is  perhaps 
significant  that  the  radar  wind  profiles  of  Figures 
7  and  9  indicate  the  existence  of  stronger  variability 
of  wind  in  the  region  above  the  inversion  than  within 
the  inversion  itself. 

5.     CONCLUSIONS 

We  conclude  that  measurement  of  winds  in  the 
clear  lower  atmosphere  with  a  Doppler  FM-CW 
radar  is  possible  with  appropriate  signal  processing. 
We  have  measured  winds  continuously  to  heights 
in  excess  of  2  km,  but  the  maximum  height  depends 
on  current  meteorological  conditions.  Furthermore, 
we  have  measured  winds  continuously  to  ranges 
in  excess  of  3  km  when  looking  at  an  elevation 
angle  of  30°. 

However,  much  remains  to  be  done  to  develop 
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the  FM-CW  radar  into  a  practical  wind  measuring 
system.  Statistics  of  return  signal  strength  based 
on  climatology  and  air  mass  need  to  be  obtained. 
Proper  averaging  times  need  to  be  determined.  More 
efficient  data  processing  techniques  need  to  be 
developed.  Techniques  for  clear  air  Velocity  Azi- 
muth Display  also  need  to  be  developed. 

For  the  meteorological  conditions  that  existed 
during  the  experiment,  we  have  demonstrated  the 
capability  to  measure  winds  continuously  (in  height 
and  time)  up  to,  within,  and  significantly  above 
the  elevated  inversion  layer.  Therefore  we  feel  that 
an  FM-CW  radar  with  Doppler  capability  represents 
a  significant  advance  in  wind  measurement  in  the 
lower  atmosphere  and  points  the  way  to  an  all- 
weather  wind  measurement  capability.  In  addition, 
even  from  the  small  amount  of  data  we  have  studied, 
it  appears  that  a  region  of  strong  shear  may  return 
enhanced  power.  If  this  is  true,  it  implies  that  regions 
of  strong  wind  shear  may  be  relatively  easy  to  detect 
and  measure. 

Acknowledgments.  The  authors  wish  to  thank  A.  L.  Morris 
of  Ambient  Analysis,  Inc..  of  Boulder,  Colorado,  for  providing 
excellent  in-situ  data  with  his  tethered  balloon  boundary  layer 
profile  system. 


REFERENCES 

Barrick,  D.  E.  (1973),  FM-CW  radar  signals  and  digital  process- 
ing. NOAA  Tech.  Rep.  ERL  283-WPL-26,  US  Government 
Printing  Office,  Washington.  DC  20402. 

Bean.  B.  R..  R.  E.  McGavin.  R.  B.  Chadwick,  and  B.  D.  Warner 
(1971),  Preliminary  results  of  utilizing  the  high  resolution  FM 
radar.  Boundary  Layer  Meteorol..  I.  466-473. 

Chadwick.  R.  B  ,  and  C.  G.  Little  (1973).  The  Comparison 
of  Sensitivities  of  Atmospheric  Echo- Sounders,  Remote  Sens- 
ing Environ.,  2.  223-234. 

Gossard,  E.  E  ,  and  W.  H.  Hooke  (1975),  Waves  in  the 
Atmosphere.  456  pp..  Elsevier,  Amsterdam. 

Green.  J.  L  ,  J.  M  Warnock.  R  H.  Winkler,  and  T.  E.  Van 
Zandt  (1975),  A  sensitive  VHF  radar  for  the  study  of  winds, 
waves,  and  turbulence  in  the  troposphere,  stratosphere,  and 
mesosphere,  paper  presented  at  the  16th  Radar  Meteorological 
Conference,  Houston.  Texas. 

Morris.  A.  L..  D.  B.  Call,  and  R  B.  McBeth  (1975),  A  small 
tethered  balloon  sounding  system.  Bull.  Amer.  Meteorol.  Soc 
56,  964-969. 

Ochs,  G  R  .  and  R,  S.  Lawrence  (1972).  Temperature  and 
Cr|-  profiles  measured  over  land  and  ocean  to  3  km  above 
the  surface.  NOAA  Tech.  Rep.  ERL  25I-WPL-22.  US  Gov- 
ernment Printing  Office.  Washington,  DC  20402. 

Richter,  J  H.  ( 1969).  High  resolution  tropospheric  radar  sound- 
ing. Radio  Sci.  4.  1261-1268 

Strauch.  R.  G.,  W  C.  Campbell.  R  B.  Chadwick.  and  K.  P 
Moran  ( 1976),  Microwave  FM-CW  Doppler  radar  for  boundary 
layer  probing.  Geophys,  Res.  Lett..  3.  193-1%. 


133 


Proceedings  on  a  Workshop  on  Remote  Sensing  of  the  Marine  Boundary 
Layer,  Vail,  Colorado,  9-11  August  1976,  372-376,  Naval  Research  Lab- 
oratory, 1977. 


Microwave  Sensing  of  Atmospheric  Temperature  and  Water 
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I  ntroduct Ion 

Thermal  radiation  from  the  atmosphere  at  microwave  frequencies  originates 
primarily  from  oxygen,  water  vapor,  and  liquid  water,  and  depends  on  their 
temperature  and  spatial  distribution.   For  a  gas  such  as  oxygen  whose  density 
as  a  function  of  height  is  well  known  given  the  surface  pressure,  the  radiation 
contains  Information  primarily  on  the  atmospheric  temperature.   It  is  thus 
possible  to  infer  temperature  structure  from  surface-based  radiation  measure- 
ments in  the  60  GHz  oxygen  absorption  complex.   These  measurements  arc 
"contaminated"  by  radiation  from  water  vapor  and  especially  from  cloud  liquid 
and  so  improved  accuracy  and  operation  during  cloudy  conditions  are  possible  if 
measurements  are  also  made  of  radiation  from  these  components  at  frequencies 
outside  the  oxygen  band.  In   addition  to  their  use  in  temperature  profiling 
these  observations  can  also  be  used  to  infer  line  integrals  of  water  vapor 
(and  the  resulting  wet  component  of  refractivity)  anil  cloud  liquid.   In  some 
cases  vapor  profile  information  can  also  be  obtained. 

Theoretical  Temperature  Retrieval  Accuracy 

As  an  example  of  a  possible  application  of  these  microwave  radiometric 
techniques  a  theoretical  and  experimental  study  is  being  made  of  ocean  buoy- 
mounted  sensors  for  temperature  profiling.   The  National  Weather  Service 
desires  that  the  temperature  of  layers,  100  mb  in  thickness,  be  determined 
with  accuracy  ±  1  K.   Although  data  up  through  850  mb  would  be  useful, 
retrievals  to  500  mb  are  wanted.   Since  the  system  must  operate  under  a 
variety  of  cloud  conditions,  a  large  portion  of  our  theoretical  effort  was  to 
retrieve  profiles  from  cloud-contaminated  brightness  observations.   Although 
an  angular-scanned  radiometric  technique  was  initially  considered,  this 
technique  was  quickly  eliminated  by  the  difficulty  of  correcting  for  buoy 
motion.   The  results  of  this  theoretical  study  (Wcstwater  et  al.,  1976)  show 
that  for  ocean  climatologies  a  three- frequency  zenith  measurement  of  oxygen 
thermal  emission  (instrumental  noise  of  0.5  K)  made  during  clear  conditions 
can  be  mathematically  inverted  to  infer  100-mb  layer  averages  of  temperature 
with  rms  accuracies  that  range  from  0.5  K  at  the  lowest  altitudes  to  1.7  K  at 
500  ml").   To  correct  for   cloud  emission,  brightness  measurements  arc  added 
near  21  and  31  GHz  and  equivalent  clear-air  brightness  is  determined  from 
the  cloud-contaminated  measurements.   With  the  five-channel  system  the  rms 
temperature  retrieval  error  for  cloudy  conditions  in  the  ocean  climatology 
is  degraded  (relative  to  clear  air)  by  at  most  0.3  K. 
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hxpcrimcntal  Temperature  and  Vapor  Profiles 

An  experimental  program  to  confirm  the  theoretical  predictions  is  being 
conducted  jointly  by  NOAA  and  the  .let  Propulsion  Laboratory.   P  i  ve-channel 
observations  were  taken  at  Pt .  Mugu,  Calif,  ami  kindly  provided  by  B.  Gary  and 
N.  Yaiiiane  of  J  PL.   Their  radiometer  is  similar  to  that  used  on  the  Nimbus  6 
satellite  (Staelin  el  ;i  1  .  ,  1975).   During  the  three-week  period  of  observations, 
thricc-a-day  radiosondes  obtained  standard  meteorological  soundings  of 
temperature,  pressure,  and  humidity.   Before  the  data  were  inverted,  calculations 
of  brightness  temperature  from  radiosonde  profiles,  using  Roscnkranz ' s (1975 ) 
0-,  line  shape  theory  with  Liebe's  (1977)  laboratory  radiometric  observations. 

Table  1  shows  rms  and  average  differences  between  calculations  and  clear-air 
observations.   Considering  the  difficulties  in  making  absolute  radiometric 
measurements  and  in  observing  the  same  volume  of  air  with  radiosonde  and 
radiometer,  the  agreement  is  quite  good.   After  inserting  bias  corrections, 
determined  from  11  visually  clear  profiles,  a  statistical  inversion  method 

Table  1. 

Average  and  rms  differences  (K)  between  measured  and  calculated 
brightness  temperatures  (N  =  24  radiosonde  observations) 


Frequency  (GHz)     22.235 

31  .65 

52.85 

53.85 

55.45 

Aver.  diff.          2.47 

1  .67 

.18 

.14 

-1.33 

rms  diff.            3.39 

1.81 

1  .77 

0.76 

1.41 

was  used  to  retrieve  21  profiles  of  both  water  vapor  and  temperature.   Measured 
values  of  surface  temperature,  pressure,  and  relative  humidity  were  included 
with  the  five  radiometer  channels.   Although  some  of  the  21  profiles  were 
obtained  when  there  were  visual  observations  of  clouds,  the  radiometrically 
estimated  liquid  content  was  less  than  0-02  mm;  hence,  the  clear-air 
retrieval  algorithms  were  used  exclusively.   Lxamples  of  retrieved  temperature 
and  water  vapor  profiles  together  with  the  radiosonde  measurements  arc  shown 
in  Figures  1  and  2.   As  expected,  these  indicate  that  temperature  structure 
near  the  surface  may  be  retrieved,  while  elevated  temperature  structure  and 
details  of  water  vapor  profiles  will  be  smoothed.   Figure  3  shows  the 
theoretical  accuracies  expected  for  the  Pt.  Mugu  climatology  and  an  rms 
instrument  error  of  1  K  together  with  the  achieved  accuracies  for  the  21 
temperature  and  absolute  humidity  profiles.   Included  in  these  figures  are  the 
rms  errors  in  profile  prediction  from  surface  meteorological  observations  alone 
and  from  a  three-month  mean  profile.   The  achieved  profile  retrieval  accuracies 
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Figure   1.      Examples  of  temperature  profiles  retrieved  from  radiometric  data 
(dashed  lines)   compared  to  concurrent  radiosonde  profiles    (solid  lines). 
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Figure  2.      Examples  of  water  vapor  profiles  retrieved  from  radiometric  data 
(dashed  lines)   compared   to  concurrent  radiosonde  profiles    (solid   lines). 

are  quite  close  to  theoretical  predictions  suggest  ing  that  an  adequate 
modeling  of  the  direct  problem  was  achieved.   Although  the  desired  accuracy 
of  ±   1  K  was  not  reached  it  is  felt  that  the  rms  difference  of  about  2  K  up 
to  the  350-mb  level  (650  mb  pressure  difference  from  the  surface)  is 
encouraging.   Another  set  of  observations  at  Pt.  Mugu  has  been  completed  but 
is  not  yet  analyzed.   Finally,  current  plans  include  operating  the  radiometer 
at  Weather  Station  P  in  t lie  Gulf  of  Alaska. 
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Figure   3.      RMS  accuracy   in  retrieval  of  temperature  profiles      (A)   and  absolute 
humidity  profiles    (B).      Experimental  data  from  21   profiles. 


Line  integrals  of  vapor  and  1 iquid 

The  two-cloud  correcting  channels  mentioned  above  can  also  yield  measure- 
ments of  the  integrated  amounts  of  liquid  water  and  water  vapor.   Simulations 
indicate  that  if  an  instrumental  noise  level  of  0 .  S  K  can  lie  achieved  the  rms 
measurement  accuracies  for  zenith  values  should  be  about  0.04  mm  for  liquid 
and  range  from  about  0.5  to  0.8  mm  for  vapor  going  from  clear  to  cloudy 
conditions . 

An  example  of  the  measurement  of  zenith  line  integrals  of  water  vapor 
and  cloud  liquid  using  radiometers  at  20.6  and  31.65  GHz  is  shown  in 
Figure  4.   This  measurement  over  a  period  of  ten  hours  was  made  at  Boulder, 
Colo.,  and  may  be  compared  with  radiosonde  water  vapor  measurements  at  0600 
and  1800  local  time  from  Denver,  40  km  from  the  Boulder  site.   It  illustrates 
the  ability  of  a  two-channel  system  to  measure  vapor  in  the  presence  of 
clouds  -  the  single-channel  data  at  20.6  (lllz  would  be  in  error  by  more  than  a 
factor  of  two  during  the  last  part  of  this  period.   No  independent  measure  of 
cloud  liquid  is  available  to  compare  with  the  radiometric  data.   Precipitation 
began  at  the  Boulder  site. at  approximately  1800. 
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Conclusions 

The  foregoing  examples  serve  to  illustrate  the  usefulness  of  microwave 
radiometry  in  the  remote  sensing  of  atmospheric  parameters.   They  also  show 
that  it  is  possible  to  make  a  reasonable  prediction  of  the  accuracy  to  be 
expected  from  a  specific  application.   Systems  may,  of  course,  be  designed 
for  other  purposes;  for  example,  to  measure  rcfractivity  (Decker  et  al., 
1973),  to  concentrate  on  the  lowest  part  of  the  atmosphere,  observe  at  angles 
other  than  the  zenith,  or  make  use  of  airborne  platforms. 
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ABSTRACT 

Variance  in  horizontal  and  vertical  winds  are  predicted  when  these  components  are  computed  from 
dual-Doppler  velocity  measurements  combined  with  terminal  velocity  estimates  and  the  continuity  equa- 
tion. Errors  in  horizontal  wind  magnitude  and  direction  are  shown  to  he  functions  of  wind  direction  and 
speed  as  well  as  spatial  location.  Vertical  wind  could  be  estimated  with  errors  less  than  a  few  meters  per 
second  up  to  altitudes  near  14  km  over  a  region  4dXAd,  where  2d  is  the  radar  separation.  Vertical  wind 
variance  at  high  altitudes  is  related  to  accumulation  of  errors  due  to  the  integration  of  the  continuity  equa- 
tion. The  cause  of  wind  variance  is  assumed  to  be  uncertainty  in  mean  Doppler  velocity  estimates  produced 
by  spectrum  broadening  mechanisms  (e.g.,  shear,  turbulence).  Two  interpolation  methods,  used  to  estimate 
Doppler  velocity  at  common  grid  locations,  are  compared  and  their  contribution  to  Doppler  veloi  ity  variance- 
reduction  is  calculated.  Terminal  velocity  variance  has  beer,  related  to  uncertainties  in  drop-size  distribu- 
tions and  reflectivity  estimate  variance.  The  methods  derived  herein  are  applied  to  determine  the  errors  in 
wind  speeds  calculated  from  dual-Doppler  data. 


1.  Introduction 

Wind  fields  can  be  inferred  by  combining  Doppler 
velocities,  measured  by  two  spaced  radars,  with 
particle  terminal  velocity  estimates  and  subsequently 
solving  the  continuity  equation  (Lhermitte,  1970; 
Miller  and  Strauch,  1974;  Ray  el  al.,  1975).  Wind  field 
determination  is  greatly  simplified  if  synthesis  is  per- 
formed in  cylindrical  coordinates  with  an  axis  colinear 
with  the  line  connecting  the  two  radars.  Lhermitte 
and  Miller  (1970)  suggested  that  Doppler  data  acquisi- 
tion be  confined  to  planes  in  this  frame  (COPLAN 
method)  so  that  winds  in  each  plane  could  be  deduced 
directly  with  minimal  data  interpolation.  Irrespective 
of  the  acquisition  mode,  wind  synthesis  is  facilitated 
when  executed  in  cylindrical  coordinates  and  Cartesian 
wind  components  are  derived  from  the  synthesized 
cylindrical  components.  We  shall  determine  wind 
estimate  variance  assuming  this  synthesis  procedure. 
Although  we  can  solve  directly  for  Cartesian  wind 
components,  this  necessitates  a  solution  of  a  linear, 
inhomogeneous,  hyperbolic  partial  differential  equation 
to  derive  vertical  wind  (Armijo,  1969).  Lhermitte  and 
Miller  (1970)  estimated  errors  in  dual-Doppler  derived 
horizontal  wind  for  regions  where  the  particle's  vertical 
motion  can  be  neglected.  In  this  paper,  error  in  both 
horizontal  and  vertical  wind  related  to  interpolated 
mean  Doppler  velocity  variance  and  error  reduction 
associated   with   interpolation   is   evaluated.    Further, 


vertical  velocity  variance  is  related  to  height-dependent 
mass  density  and  station  separation. 

To  determine  wind  we  must  interpolate  Doppler 
data  to  a  grid  common  to  both  radars.  We  analyze  two 
interpolation  methods:  1)  linear  4-point  interpolation 
appropriate  for  COPLAN  data  acquisition  and  2) 
distance-weighted  spatial  averaging  applicable  to 
data  acquired  using  azimuthal  sector  scans  stepped  in 
elevation  angle. 

2.  Wind  estimate  variance  (cylindrical 
components) 

Although  we  seek  Cartesian  component  velocity 
variance  for  dual-Doppler  derived  wind,  we  first 
evaluate  the  variance  of  the  wind  components  il- 
lustrated in  the  cylindrical  coordinate  system  depicted 
in  Fig.  1.  Following  Miller  and  Strauch  (1974)  the 
particle  velocity  at  a  grid  point  in  a  plane  elevated  by- 
angle  a  is  specified  by 

n(H-</)Ki-rs(j-rf)Ka 
U,{p,s)  = -  (2.1a) 


Up 


L'*(p,s) 


r-iV»-nVi 

2d' 


(2.1b) 


where   Vu  V2  are  the  interpolated  estimates  of  mean 
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(i.e.,  pulse-volume  averaged)1  Doppler  velocities  mea- 
sured by  radars  1,  2,  and  Up  and  Us  are  particle  velocity 
components  perpendicular  and  parallel  to  the  baseline. 
The  wind  field  is  then 


Wp=Up-Vtsma,     WS=US, 


(2.2) 


where  V t  is  the  particle's  interpolated  mean  terminal 
velocity  estimate.  Because  Vh  V2  are  composed  of 
independent  measurements,  W  „  and  W,  variances 
are  directly  determined  from 


var[TF„]  =  ff„ 


var[Tr,]  =  (T, 


n2(s+d)W-\-r22(s-d)W 


+<r,2  sin2c 


■hP 


(2.3a) 
(2.3b) 


where  d2,  a32,  <x,2  are  variances  of  Vi,  V2,  Vt.  Wind 
perpendicular  to  the  plane  is  determined  by  solving  the 
continuity  equation 


V-7W  =  0, 


(2.4) 


where     7  =  70  exp(  — Tpsina)     is     the     mass     density. 
Solving  (2.4)  we  have 


Wa=  — 


7  J  0    Ldp 


d  d 

-(PyWp)+P-(yW 


ds 


la,     (2.5) 


in  which   Wa(p,0,s)  =  0  has  been  used  as  a  boundary 
condition.  Now  the  variance  in  W~  is 


1 


var[H/a]sa-a2  =— J  var 


11 

r  /■«  d              1 

/      —  (pyU  „)da 

-Jo     dp 

■+ 

var 

[-/■«  d 
/    P-(yWt) 

-Jo      ds 

da 

(2.6) 


where  the  terms  in  (2.5)  are  assumed  uncorrelated. 
This  assumption  is  satisfied  if  contiguous  interpolated 
grid  values  E,  (or  V-,)  are  uncorrelated  and  if  the 
finite-difference  approximation  used  to  evaluate  the 
partial  derivatives  does  not  use  common  grid  values. 
Evaluating  the  first  term  in  (2.6)  using  finite  differ- 
ences we  obtain  the  approximate  expression 


1 


var 


a  d 


dp 


-(pyWp)da 


1 


(27AP)2 


-pL  var 


7("'P2-H'plVa 


(2.7) 


where  2Ap  =  p2  —  px  is  twice  the  grid  spacing  Ap,  and 
Wpi,    W P\  are  radial   wind   components  evaluated   at 

1  Throughout  this  paper  mean  values  will  always  refer  to  pulse- 
volume  averages. 


s  or  x 

Fig.  1.  Dual-Doppler  COPLAN  coordinate  sytem. 

p2,  pi.  We  assumed  p»Ap  and  that  7(p:.)~7(pi).  Con- 
sidering the  integral  to  be  a  sum  of  terms  having  inde- 
pendent errors,  (2.7)  reduces  to 


2p2aAa  1 
(27Ap)2  a 


72a(J2(/a, 


(2.8) 


where  Aa,  the  step  size  used  in  the  integration  of  AIFP, 
is  the  spacing  between  grid  planes.  Even  though  oy 
is  a  function  of  p,  a  and  s,  we  assumed  api2  equal  to 
(Tpi2,  a  reasonable  approximation  when  variance  changes 
across  Ap  are  small.  Applying  similar  methods  to 
evaluate  the  second  term  in  (2.6)  and  substituting  this 
and  (2.8)  into  (2.6),  we  have  aj  given  by 


2Aap2 


(27Ap)2U0 


72<rp2(/a+    /      72crs2t/a 


,     (2.9) 


in  which  we  equated  Ap  and  As.  Substituting  (2.3)  into 
(2.9),  we  obtain  the  solution 


2aAa( ) 


rrr/ 


-Ci+C, 

,2Ap/  L-i(dp)2 

for  variance  in  the  a  component  of  wind,  where 


(2.10) 


d=- 


7  a  Jo 


1 

y2(cn2+a22)da,       C,  =  — 


7  «  ^0 


72<T(2  s\n2ada. 


The  mass-density  weighted  variance  factors  C\  and 
C2  have  values  that  depend  upon  height.  Assuming  a 
small  and  <n,  a%  to  be  a-independent,  C\  is  given  by 
the  approximate  formula 


C\{pa)~  {a{--\r<y-f)F\{pa) 

=  (<ri2-{-a->2] 


exp(2rPa)-l' 

2Tpa 


(2.11] 


Thus  for  a  constant  arc  height  pa,  /*\  is  a  constant. 
Eq.  (2.11)  shows  that  C\  increases  monotonically  from 
a2Jr<yr  at  pa=0  to  nearly  four  times  this  value  for  an 
arc  height  of  10  km  (for  F=0.113  km"1).  Therefore 
decreasing  mass  density  contributes  significantly  to 
aa\  In  like  manner  we  can  obtain  an  approximate 
expression  for  C >■   However,   for  fixed  arc  height,  €■• 
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is  proportional  to  a2  and  hence  is  much  less  than  unity 
for  a  small.  Eqs.  (2.10)  and  (2.11)  show  that  variance 
increases  faster  than  linearly  with  a  because  Ct  and  d 
both  increase  with  a. 

We  do  not  make  any  numerical  assessment  of  cylin- 
drical wind  component  variance  but  instead  use  the 
above  formulas  to  infer  Cartesian  wind  component 
variance  (Section  4). 

3.  Interpolated  Doppler  velocity  variance 

The  previously  derived  formulas  provide  estimates 
of  synthesized  wind  variance,  given  ar,  a<2.  Herein  we 
shall  relate  ov  to  mean  Doppler  estimate  variance, 
<r2(K),  grid  point  range,  wind  shear  and  antenna  beam 
width.  Mean  Doppler  estimate  variance  at  a  grid  point 
is  decreased  through  interpolation  by  an  amount 
proportional  to  a  variance  reduction  factor  R2.  That  is, 


(712=(l-/?2)a2(K), 


(3.1) 


where  a2{V)  is  assumed  constant  over  the  interpolation 
domain.  [In  Appendix  A,  (1  —  R2)  is  derived  for  dif- 
ferent interpolation  schemes  but  is,  approximately, 
inversely  proportional  to  the  number  of  mean  Doppler 
estimates  interpolated.]  The  <x2(U)  is  a  function  of 
Doppler  spectrum  width,  signal-to-noise  ratio  (S/N), 
beam  pointing  precision,  etc.  Spectrum  width  ws  de- 
pends on  beamwidth,  wind  shear,  turbulence,  and  many 
other  factors  (Nathanson,  1969  p.  206).  Turbulence  and 
wind  shear  are  the  dominant  spectrum-width-producing 
mechanisms  (Sirmans  and  Doviak,  1973),  although 
at  range  more  than  30  km  shear  is  expected  to  pre- 
dominate (Nathanson,  1969).  However,  Waldteufel 
(1976)  shows  that  within  a  severe  storm  the  shear 
contribution  is  small  compared  to  other  broadening 
factors.  We  now  assess  errors  in  V  and  gauge  the 
magnitudes  of  a2{V)  and  a2{Vt),  the  variance  in  mean 
terminal  velocity  estimates. 

a.  Systematic  errors 

Both  systematic  and  random  errors  contribute  to  V. 
Although  systematic  (bias)  errors  are  introduced  by 
certain  Doppler  processing  techniques  (Sirmans  and 
Bumgarner  1975),  we  assume  these  errors  can  be 
ignored.  However,  causes  for  other  bias  errors  include 
1)  non-uniform  reflectivity  Z  within  a  radar  sample 
volume,  2)  use  of  incorrect  V,,  Z  relationship  (Section 
3c),  3)  inaccuracies  in  beam  position.  For  the  latter 
cause,  Doppler  bias  error  5„,  due  to  an  antenna 
azimuthal  (or  elevation)  position  inaccuracy  6<p  (rad), 
for  small  elevation  is 

&t=K4,rlb<f>,  (3.2) 

where  A%,  is  the  azimuthal  (or  vertical)  wind  shear  of 
the  Doppler   velocity.   Assuming   5X10~:f  s"1   for   A0 

2  The  caret  is  used  to  designate  single  data  sample  estimates  of, 
for  example,  mean  Doppler  velocity. 


(Donaldson  et  al.,  1972)  a  0.2°  error  causes  a  Doppler 
bias  error  of  about  1  m  s-1  for  a  p  distance  of  60  km. 
Using  (2.1  a,  b)  we  note  that  in  this  case  bias  error  5„ 
produces  spatially  dependent  systematic  errors  in  11 ' „, 
W „  but  may  not  contribute  significantly  to  error  in  Il'a 
because  bias  errors  tend  to  cancel  in  the  partial  deriva- 
tive of  (2.5). 

b.  Random  errors 

Doppler  spectrum  width  relates  to  random  errors 
in  mean  Doppler  estimates.  For  example,  assuming 
radial  velocity  shear  as  the  dominant  width-producing 
mechanism.  Sirmans  and  Doviak  (1973)  showed,  for 
small  elevation  angles  and  Gaussian-shaped  antenna 
pattern,  that  spectrum  width  is  given  by 


ws=O.3A>i0U!1 


(3.3) 


where  A'<  is  the  transverse  shear  of  radial  velocity,  rx 
the  pulse  volume  range,  and  6W  the  one-way  3  dB 
beamwidth  (rad).  The  interpolated  mean  Doppler 
velocity  variance  is  defined  as 


a,2s(l-A"-)- 


■V, 


(3.4) 


where  A',,  the  equivalent  number  of  independent  echo 
samples  coherently  processed,  is  given  by 


a2(V) 


(3.5) 


Because  l"s  derived  from  the  argument  of  signal 
covariance  for  time  lag  T  (T  is  the  pulse  repetition 
time)  have  minimum  variance  for  covariance  estimated 
from  a  sequence  of  uncorrelated  sample  pairs  (Miller 
and  Rochwarger,  1972),  we  restrict  our  attention  to 
velocities  estimated  by  that  technique.  Berger  and 
Groginsky  (ll>73)  demonstrate  that,  when  covariance 
is  an  average  of  estimates  from  contiguous  sample 
pairs  comprising  a  uniform  train  of  samples  as  is 
usually  obtained  from  pulse  Doppler  radars,  variance 
at  large  S/N  ratio  is  simply 


a2(V 


w.Vm 
2\rM 


\ 


for  u1,  $$ 


(3.6) 


where  Vm  is  the  maximum  unambiguous  Doppler 
velocity  (i.e.,  Vm—X  47')  and  a  Guassian-shaped 
spectrum  is  assumed.  Thus  the  interpolated  velocity 
variance  is 

O.3/\>i0u,AF 
ar  = -U-A2),  (3.7) 

4\7T 

where  AV=2\'m/M  is  the  Doppler  velocity  resolution. 
To  estimate  au  we  assume  A<=  10"'-'  s~l,  n  =  60  km 
and  6W=  1°.  We  obtain  from  (.!>..2>)  a  value  Zi's=3  m  s"1 
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and  if  AV=  1  m  s_1,  then  <t(F)  =  0.65  m  s-1.  Now  if 
A2=0.9  (i.e.,  assuming  that  about  10  independent  V 
estimates  are  averaged)  then  a\  is  0.2  m  s_1. 

Random  errors  in  the  beam  positioning  angle  b<j> 
will  generate  additional  random  errors  in  Doppler 
velocity  as  is  evident  from  (5.2).  For  example,  an 
rms  error  of  0.1°  will  result  in  a  1  m  s-1  rms  error  in  V 
for  the  conditions  assumed  above.  This  value  compares 
with  the  rms  error  in  V  due  to  a,.  Random  errors  in  I' 
can  be  reduced  by  increasing  the  number  of  echo 
samples  coherently  processed,  but  random  errors  due 
to  other  sources  (e.g.,  5</>)  are  not  decreased  by  this 
processing  and  may  require  variance  reduction  by  inter- 
polation. Because  a  10~2  s"1  wind  shear  can  be  main- 
tained over  large  regions  of  severe  storms,  errors  in 
beam  pointing  may  place  an  upper  limit  on  radar  dwell 
time  (i.e.,  the  number  of  radar  pulses  processed 
coherently).  Fur  example,  a  10  em  Doppler  radar  with 
Vm=32  m  s~l  needs  to  process  no  mure  than  04  samples 
to  achieve  a  Doppler  estimate  variance  less  than  that 
produced  by  a  0.1°  rms  beam  pointing  error. 

c.  Terminal  velocity  variance 

To  determine  wind,  a  F<  estimate  must  be  made. 
An  estimate  can  be  derived  from  application  of  a  1',,  Z 
relationship,  adjusted  for  air  density  variation  with 
height.  The  relationship  (Atlas  el  ai,  1975) 


Thus 


F,  =  2.65Z" 


[m  s->] 


(3.8) 


well  represents  experimental  data  over  a  large  range  of 
Z  (i.e.,  l^ZSj  10'"'  mm1'  m~:i)  for  regions  of  liquid  water. 
Terminal  velocity  variance  <j-(  I", )  is  caused  by  reflec- 
tivity estimate  variance  cr(Z)  and  variance  in  the 
I  ,,  Z  relation.  We  now  compare  errors  from  these  two 
mechanisms. 

Since  Fq.  (3.8)  shows  I ■',  is  a  slowly  varying  function 
of  Z,  we  can  relate  a2(l',)  to  a'-(Z)  (Papoulis,  1965, 
p.  212)  in  the  form 


o'(Vt)  = 


d\'t  .  ■ 
-7<r{Z) 
dZ 


(3.9) 


/  =  2 


where  the  derivative  is  evaluated  at  the  mean  Z. 
Sirmans  and  Doviak  (1975)  have  shown  for  logarithmic 
receivers  that  a'-(Z)  may  be  written 


o\Z)=- 


1.2SZ 


K 


(3.10) 


where    A",    the    equivalent     number    of    independent 
intensity  estimates,  is  given  approximately  by 


A'=- 


F„, 


(3.11) 


T-{Vt)=- 


0.116(Z)-"-77 


(3.12) 


Note  that  the  number  of  independent  velocity  estimates 
.V,  as  computed  from  (5.5)  is  two  times  larger  than  A"; 
the  difference  is  related  to  the  minimum  variance 
properties  of  the  velocity  estimates.  Using  previously 
specified  values  for  the  parameters  and  assuming 
Z^  1  we  find  that  a(\',)  is  less  than  0.15  m  s-1. 

Fq.  (3.11)  gives  a:(\',)  associated  with  reflectivity 
estimate  uncertainty.  However,  the  results  of  Joss 
and  Waldvogel  (1970)  show  variability  in  drop-size 
distributions  within  a  storm  produce  standard  devia- 
tions in  terminal  velocity  nearer  1  m  s_1  independent 
of  Z.  Therefore  unless  an  accurate  measure  of  drop- 
size  distribution  can  be  made  we  should  assume  a{Vt) 
equal  to  1  m  s_1.  Moreover,  if  the  drop-size  distribution 
is  invariant  of  data  location  within  the  interpolation 
domain  (i.e.,  over  1-2  km),  the  errors  in  1",  will  not 
benefit  reduction  from  interpolation  (Appendix  A). 
Variance  reduction  results  only  if  I',  estimates  are 
uncorrelated,  a  condition  not  expected  with  errors  due 
to  uncertainties  in  the  V t,  Z  relation.  Therefore  we 
assume  cr,=  cr(F,)  =  1  m  s_1. 

Larger  errors,  up  to  several  meters  per  second,  in  Vt 
estimates  can  be  caused  by  erroneously  relating  regions 
of  hail  with  a  F,,  Z  relation  appropriate  for  liquid  water. 
Usually  there  is  little  or  no  information  to  uniquely 
identify  these  regions,  and  bias  errors  o\' ,  will  result 
in  an  error  in  \Y „  although  not  in  IF,  [Fq.  (2.2)].  If 
bV ,  is  p-independent,  the  bias  error  in  II  u  tends  to 
cancel  because  of  differentiation  in  (2.5).  We  will  now 
show,  for  typical  dual-Doppler  geometry  (i.e.,  aSjl 
rad),  that  the  error  in  IF.-  is  signiticantlv  smaller  than 

hvt. 

Assume  F,  has  the  spatial  dependence  of  (5.8)  and 
substitute  Vt+bV,  for  F,  in  (2.2)  and  the  result  into 
(2.5).  It  can  be  shown  that  the  bias  error  oil",,  for  small 
a  is 

1           l-exp(0.6rpa) 
1  + + 


6ir„=5F,(0)a- 


O.bFpa 


l().6rpa)'J       J 


(3.13) 


where  5F,.(0)  is  the  terminal  velocity  error  at  zero 
height.  F  monotonically  decreases  from  unity  to  zero 
at  about  an  arc  distance  pc*  =  3.3  T,  a  direct  result  of  a 
height-dependent  mass  density!  Thus,  although  error 
increases  with  height  because  of  or  in  (3.13),  this  in- 
crease is  offset  by  a  decrease  in  F .  For  example,  even 
when  a  is  as  large  as  45°  (0.79  rad)  the  error  is  U'a  is 
less  than  0.2  of  the  error  in  V,  at  heights  of  10-15  km. 
Because  IF,  is  well  approximated  by  \Va  for  a  small,  it 
is  concluded  that  bias  errors  in  IF.-  are  significantly 
less  than  those  in  V t  and  small,  as  will  be  seen  in  Section 
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4,  compared  to  the  random  errors.  Only  for  near  vertical 
incidence  does  the  error  in  Wz  equal  the  error  in  Vt. 

We  now  determine  the  standard  deviation  in  Car- 
tesian wind  components  and  its  dependence  upon  grid 
location. 

4.  Standard  deviation  of  Cartesian  wind 
components 

The  standard  deviation  (SD)  of  Cartesian  wind 
components  is  obtained  from  the  cylindrical  component 
SD  through  use  of  geometric  transformations  and 
recognition  that  errors  in  W „  and  Wa  are  uncorrected. 
Therefore 

SD[^>a,=  <r.,  (4.1a) 

SD[^„]=(rv=  (<7p2cos2a+aa2sin2a)i,       (4.1b) 

SD[^Js<72=  (ap2  sin2a+aa2  cos2a)l.        (4.1c) 

The  independence  of  W „  and  Wa  errors  derives  from 
assuming  that  interpolated  Doppler  errors  are  uncorre- 
cted and  because  the  finite-difference  approximation 


cr,  <rt  -a\  •  I 

A/>  «.5km 
Aa  -.5DEG 
d    '20km 


employed  to  evaluate  II  a  uses  four  grid  values  different 
than  the  grid  value  at  which  Wp  is  evaluated. 

a.  Vertical  wind  standard  deviation  az 

To  estimate  vertical  wind  SD  <xz  at  various  heights, 
for  illustrative  purpose  we  evaluated  (2.3)  and  (2.10) 
for  rf=20  km,  Ap=0.5  km,  Aa=0.5°,  and  assumed  a 
vertical  mass  density  variation  7/70=  exp(— 0.1132). 
Furthermore,  we  choose  oi2=a?  equal  to  a  constant 
independent  of  grid-point  location,  a  condition  that 
results  if  a  4-point  linear  interpolation  of  range- 
averaged  Doppler  values  is  used  (Appendix  A)  and  for 
convenience  <jt=o\.  Equal  interpolated  variance  cri2=  <t22 
also  occurs  when  isotropic  turbulence  is  the  dominant 
variance-producing  mechanism  (instead  of  shear) 
and  linear  interpolation  is  applied  to  data  that  is  not 
range-averaged.  Combining  (A4)  with  (3.7),  we  obtain 


0.019A'  tdwAV 
nrAd 


(4.2) 


FlG.  2.  Isopleths  of  normalized  vertical  wind  standard 
deviation  <r;/Vi  on  constant  altitude  surfaces. 


Even  though  a2  (10  increases  with  range,  range  aver- 
aging maintains  a?  independent  of  rx.  Fig.  2  shows  the 
normalized  SD  oz/  o\  as  isopleths  (for  o\=  1)  on  constant 
height  surfaces.  Although  we  cannot  normalize  cz  to  d, 
we  have  [for  small  a  where  the  second  term  in  (2.10) 
is  assumed  negligible]]  az~aa,  and  [for  fixed  arc  height 
and  grid  spacing]  az  becomes  proportional  to  (<//20)s. 
Therefore,  Fig.  2  isopleths  multiplied  by  (rf/20)*  will 
give  az  for  other  station  separations  and  is  the  reason 
why  x  and  y  are  normalized  to  d  in  this  and  following 
figures.  Similarly,  when  ax  differs  from  1,  az  can  be 
obtained  by  multiplying  isopleth  value  by  c\.  Finally, 
<jz  can  be  deduced  for  small  a  and  grid  or  angle  spacings 
different  than  that  stipulated  in  Fig.  2  by  multiplying 
it  by  0.5/Ap  or  (Aa/0.5)*. 

Assuming  at  =  a2—  10_1  m  s_1  as  a  reasonable  standard 
deviation  for  interpolated  grid  values,  it  is  seen  (Fig. 2) 
that  vertical  velocity  estimates  have  probably  accept- 
able precision  for  altitudes  up  to  10  km.  At  2=  14, 
y=60  km,  the  vertical  velocity  SD  is  2.4  m  s-1. 

The  precision  could  be  improved  by  increasing  1) 
the  number  of  radar  echos  processed  per  V  estimate 
(at  the  expense  of  longer  scan  time)  and  2)  the  number 
of  V's  which  are  spatially  averaged  (at  the  expense  of 
spatial  resolution).  The  first  procedure  reduces  ax 
if  errors  are  substantially  due  to  finite  spectrum  width 
ws.  Wind  estimate  variance,  related  to  beam  pointing 
errors  (Section  3),  can  only  be  decreased  by  spatial 
averaging.  Interpolated  Doppler  variance  depends 
on  V  sample  density,  mean  Doppler  variance  u2(V), 
and  interpolation  method  (Appendix  A). 

b.  Standard  deviation  of  horizontal  wind  magnitude 
and  direction 

Since  dual-Doppler  derived  horizontal  wind  most 
likely  would  be  displayed  on  horizontal  planes  as  wind 
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magnitude  W h  and  direction  \p,  it  is  preferable  to  have 
SD's  of  these  quantities.  Using  the  definitions 


(4.3) 


Wh=(WV+WV)»,     ^  =  tan-'(-r 


and  assuming  errors  concentrated  about  the  expected 
values  Wx,  W  u,  the  magnitude  variance  an2  and  direc- 
tion variance  o$2  can  be  approximated  by  (Papoulis, 
1965,  p.  212), 


OH   ~\  <?x 

\d\Vj 


+ 


>+2 


SWH\/SWH 


dW 


d\\\ 


(4.4) 


with  a  similar  formula  for  a^,2.  The  co variance  p.xy  of         ~ 
W  x  and  W  v  is  defined  as 

HxV=Ei(Wx-Wx)(Wv-Wy)-]=<Tx<rvr,       (4.5)  I 

X 

where  r  is  the  correlation  coefficient  of  Wx,  W y.  Ex- 
pressing Wx,  Wy  in  terms  of  the  independent  variables 
Vi,  V2,  V ,,  Wa  and  substituting  into  (4.5),  we  obtain 


r22(s—d)cr22+r12(s+d)(Ti 

{2d)2p(JZOy 


(4.6) 


where  <rx,  av  are  determined  from  (4.1).  Solving  (4.4) 
yields  the  magnitude  and  direction  variance  formulas 

fftf2  =  <Tx2  cos2^+cry2  sinV+2o-x(Tj/r  sini/'  cos^,      (4.7a) 

Wh2(j+2  =  <jx2  sin^-f  a,/  cos2^— 2(xx(Tyr  sini/-  cos-/'.      (4.7b) 

Comparing  (4.7a)  and  (4.7b)  we  notice  that  normalized 
wind  direction  variance  II '//2a>2,  at  direction  \p,  is 
obtained  from  an2  for  wind  direction  \p-\-w/2.  Therefore 
we  can  obtain  direction  SD  from  magnitude  SD. 


Aa>.5DEG 

Ap  »  5km 


Fig.'  4.  Normalized  standard  deviation  for  horizontal  wind 
magnitude  ov/o\.  Wind  perpendicular  to  baseline  ($  =  ir/2). 
rf  =  20  km. 


z    3 


Fig.  3 
zontal  wi 
0-0). 


ISOPLETHS   OF   NORMALIZED    SD^FOH   WIND 
PARALLEL   TO    BASELINE      ^  =  0 


RADAR  2 


RADAR  I 


-2  -I  0  I  2 

NORMALIZED    DISTANCE     ALONG    BASELINE 

«/d 

Isopleths  of  normalized  standard  deviation   for  hori- 
nd  magnitude  aI/a\  at  z  =  0.  Wind  parallel  to  baseline 


In  Fig.  3  we  show  the  isopleths  of  normalized  mag- 
nitude SD,  (Tii/cri,  for  \p=i)  (i.e.,  <rx/ai)  at  z=0  km. 
Since  ax  is  identical  to  as  it  can  be  shown  from  (2.3) 
that  az  is  relatively  independent  of  height  and  that  the 
normalized  SD  is  less  than  2  everywhere  over  the  x,  y 
domain  indicated  in  the  figure.  Fig.  4  shows  the  normal- 
ized SD  for  wind  perpendicular  to  the  baseline.  We  see, 
as  expected  when  both  radar  radials  have  directions 
close  to  that  of  the  wind,  that  the  smallest  SD  occurs 
in  a  region  about  the  baseline  bisector.  Again,  if  the 
interpolated  Doppler  SD  is  less  than  K)"1  m  s-1,  the 
SD  in  y-directed  wind  will  be  less  than  1  m  s"1  up  to 
14  km  for  most  of  the  area  displayed. 

Although  <Tii(\p—0)  and  cr //(>£=  t/2)  are  symmetrical 
about  the  plane  x-Q,  an  is  not  symmetric  in  general 
because  \xxy  has,  for  arbitrary  $,  odd  symmetry  about 
plane.  For  example  <x//($=45°)  for  x  negative  has  the 
same  value  as  <r//(^=  155°)  for  x  positive.  Thus,  an 
isopleths  for  ^=45°,  x<0  are  the  mirror  image  of 
isopleths  for  x>0,  \p=  135°. 
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a-ra-t-er,.t 


0  I 

NORMALIZED    DISTANCE 


PARALLEL    TO    BASELINE, 


Fig.  5.  Polar  plots  of  horizontal  wind  speed  standard  deviation 
°hIo\  at  z  =  2  km.  x  =  0,  d,  2d;  y  =  d,  2d,  id.  Wind  direction  stand- 
ard deviation  is  obtained  by  rotating  each  polar  diagram  by  90°. 

Since  the  SD  of  wind  magnitude  and  direction  are 
functions  of  wind  direction  and  speed,  we  have  il- 
lustrated this  dependence  in  Fig.  5  for  nine  selected 
points  (*=0,  20,  40;  y=  20,  40,  60)  at  2=2  km.  From 
the  displays  of  <jh  vs  $,  the  normalized  wind  direction 
SD,  Whv*,  can  be  obtained  by  rotating  the  figures 
90°.  Thus  where  magnitude  SD  is  smallest,  the  normal- 
ized wind  direction  SD  is  largest. 

This  is  seen  in  Fig.  6  which  shows  the  relation  between 
standard  deviations  of  wind  (W)  and  interpolated 
Doppler  velocities  (V\,  V2).  In  Fig.  6  the  expected 
values  Vi,  V2,  W  are  identified  as  vectors  and  the 
Gaussian-shaped  functions  depict  the  scatter,  propor- 
tional to  a\,  <t2,  about  Vi,  V2.  In  case   1,  where  the 


expected  wind  is  along  the  bisector  of  angle  /3,  the 
projection  of  the  distributions  P{V^),  P(V2)  along  the 
direction  W  is,  for  smallJJ,  accomplished  without  large 
increase  in  width  along  W.  However  in  case  2,  where  W 
is  directed  orthogonal  to  the  bisector,  we  note  that  the 
distributions  projected  along  W  have  increased  standard 
deviations.  Although  the  magnitude  SD  of  W  in  case  1 
is  small,  the  uncertainty  in  W  direction  is  larger  than 
in  case  2  because  there  is  a  large  angular  region  in  case 
1  over  which  the  projected  values  of  Vu  V2  have  inter- 
sections. It  can  be  shown,  neglecting  Vt,  that  wind 
speed  on  constant  a  planes  has  minimum  variance  when 
the  wind  is  directed  along  the  bisector  of  the  angle  /?. 
This  fact  is  evident  in  the  polar  diagrams  of  Fig.  5. 
Finally,  because  of  symmetry,  it  is  deduced  that  the 
polar  plots  for  negative  x  are  those  in  Fig.  5  rotated 
about  the  axis  ^=90°. 

An  estimate  of  the  errors  in  wind  speed  and  direction 
can  best  be  illustrated  by  example.  Suppose  that  for 
#=20  km,  y=40  km,  2=2  km  we  estimate  a  dual- 
Doppler  mean  wind  W h=  10  m  s_1  and  mean  direction 
i//=45°,  and  assume  the  interpolated  SD.  <x\  is  about 
1  m  s_1.  Then  oz  (Fig.  2)  is  2.5  m  s_1,  oh  (Fig.  5)  is 
about  1  m  s_1,  and  the  wind  direction  SD  o>,  obtained 
by  rotating  the  polar  diagram  by  90°,  is 

1.8(7! 

o>~ =  0.18  rad, 

W„ 

that  is,  the  wind  direction  SD  is  about  10°.  Of  course  the 
smaller  the  wind  speed  the  larger  the  error  in  wind 
direction. 

5.  Wind  variance  dependency  on  radar  separation 

In  this  section  we  treat  the  relation  between  wind 
variance  and  radar  separation  for  a.  small,  whereby 
Wa  approximates  W2,  and  aa  at  constant  arc  height 
pa  estimates  az  at  constant  height  z.  We  also  assume 
<7i,  <T2  independent  of  grid  location.  The  factor  mul- 
tiplying <ji2+(X22  [in  Eq.  (2.10)]  is  larger  than  unity 


Fig.  6.  Wind  magnitude  standard  derivation  depicted  as  projections  of  inter- 
sections between  V\,  K2  normals  on  true  wind  vector  W  line.  Case  "1"  wind"  parallel 
to  bisector  of  0  and  case  "2"orthogonal  to  bisector.  Vectors  lie  on  a  constant  a  plane. 
Vi,  V2  and  W  are  vectors. 
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and  if  a,2  is  equal  to  or  less  than  a^+a-?,  we  can  neglect 
C,. 

Using  d  as  a  normalizing  factor  for  the  range  dis- 
tances ri,  r-i  and  p,  the  variance  of  the  quasi-vertical 
wind  Wt  at  the  unnormalized  height  pa  is  then 

2dAapap'(ri'r»')2Fi  (pa) 

v2(W2)= W+af),     (5.1) 

(2Ap)W)2 

where  primes  denote  distances  normalized  to  d.  Eq. 
(5.1)  shows  that,  for  fixed  arc  height,  grid  spacing  and 
normalized  location,  the  quasi-vertical  wind  variance 
ff2(Wz)  is  linearly  proportional  to  station  separation. 
However,  grid  spacings  Ap,  As  and  interpolation 
radius  r0  would  probably  be  set  proportional  to  the 
data  spacing  r-,A6  (for  5^0)  as  discussed  in  Section  2b 
of  the  Appendix.  Similarly  the  angle  increment  Aa 
would  be  proportional  to  r-2A6/p(s^O).  Therefore  we 
assume 

pAa=Ap=A5=C3r,A0,     for     5^0,     C3^l, 

where  C3  is  a  constant  of  proportionality  that  deter- 
mines the  number  of  data,  spaced  angularly  at  A0, 
used  in  interpolation  (Appendix  A,  Section  2b).  Sub- 
stituting these  and  (A14)  for  1  —  R2  into  (3.7)  to  obtain 
<ti2,  CT22  and  solving  (5.1),  we  find 


<r2(U'/)~- 


O.OlA'^paAK/r! 


dn£S{Ae)2    \r 


(ny+(r./) 

(Py 


Fi(pa), 
5^0.     (5.2) 


We  conclude  that  when  shear  is  the  dominant  variance- 
producing  mechanism  and  grid  spacing  is  proportional 
to  data  spacing,  a2(\Vz)  is,  at  fixed  arc  height  and 
normalized  grid  location,  inversely  proportional  to 
station  separation,  proportional  to  the  beamwidth, 
and  inversely  proportional  to  the  range  sample  density 
nT.  The  surprising  result  that  a2(\\\)  decreases  as  d 
increases,  along  with  the  fact  that  a2,  a2  are  inde- 
pendent of  d,  implies  that  dual-Doppler  coverage  area 
can  be  increased  to  any  desired  si^e  without  increasing 
wind  estimate  variance.  However,  the  resolution3 
2Ap(  =  2C^r26w)  of  vertical  velocity  will  be  linearly 
proportional  to  d  for  constant  normalized  grid  location. 
As  an  example,  a  1°  beamwidth,  range  r2'=2!  and 
d  =  20  km  results  in  a  1  km  resolution.  As  shown  below, 
r2'=2i=r1'  is  a  location  where  <t2(U\)  is  a  minimum. 
Furthermore  when  p»/  and  5«</,  <x2(H'2)  becomes 
proportional  to  p  at  fixed  arc  height  and  to  the  square 
of  p  for  fixed  a. 

To  estimate  a2{W z)  assume  that  r/=  2'=  /■•>',  A'<=  10~2 
s~\  «r=(200  m)-\  d=20  km,  A0=0„,=  (1/60)  rad, 
Cz=  1,  AV=  1.  For  an  arc  height  pa  =  10  km,  Fi(pa)^4; 
thus 

cr0r,)«4ms-x. 


To  assess  an  approximate  spatial  dependence  of 
<ja2  on  constant  a  planes,  we  ignore  the  pa-dependence 
in  Ci  and  assume  u/,  a22  are  constant.  Thus  aa2  is 
proportional  to 


4</2 


Along  lines  of  constant  radius  Ru2=s2-}-p2  we  find  that 


d2/Rti2       \2 

aa2«-[ 1  )+p2. 

4  V  </'-        / 


Therefore  aa2  is  minimum  along  a  circular  arc  passing 
through  the  radar  sites,  a  line  near  which  we  should 
have  the  most  precise  II',  estimates.  The  angle  sub- 
tended by  r-i,  r-i  is  equal  to  7r/2  along  this  line. 

6.  Application  to  an  experiment  (20  April  1974) 

The  derived  formula  can  be  used  to  estimate  error 
in  dual-Doppler  deduced  wind  where  error  is  assumed 
related  to  spectrum  width.  We  have  selected  the  dual- 
Doppler  data  and  analysis  presented  in  a  companion 
paper  (Ray  et  a/.,  1M75)  lo  compute  wind  SD  derived 
from  that  experiment.  For  sake  of  simplicity  we  calcu- 
late horizontal  wind  speed  errors  at  a  height  of  1  km 
where  we  can  ignore  vertical  velocity  variance.  Con- 
tours of  speed  SD  superimposed  on  a  field  (A  wind 
vectors  are  shown  in  Fig.  7.  The  SD  is  obtained  from 
(4.7a)  in  which  wind  direction  estimates  are  used  for  4> 
and  <rz,  <Xy  are  approximated  by  <rs,  ap  [Eq.  2.3)]. 
The  interpolated  Doppler  velocity  variances  <xr,  a2  are- 
computed  using  the  distance-weighted  interpolation 
technique  described  by  Ray  c!  al.  This  interpolation  is 
similar  to  that  described  in  the  Appendix,  the  exception 
being  that  the  influence  radius  on  a  horizontal  plane 
is  1.5  km  while  along  the  vertical  it  is  1  km.  Therefore 
or,  a?  are  computed  using  (A7)  and  (3.6)  to  relate 
spectrum  width  w,  to  interpolated  Doppler  estimate 
variance.    Doppler   width    estimates,   computed    using 


APPROXIMATE   FORMULA 
EXACT    FORMULA 


NORMALIZED 


2  3 

INFLUENCE        RADIUS 


3  The  factor  of  2  is  present  because  the  finite-difference  approxi- 
mation used  is  centered  differences. 


Fig.  7.  Contours  of  wind  speed  standard  deviation  (m  s-') 
for  data  collected  at  1610  CST  20  April  1974  Wind  vectors 
derived  by  Rav  et  al.  (1975). 
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the  pulse  pair  technique  described  by  Berger  and 
Groginsky  (1973),  were  typically  5-6  m  s_1  showing  a 
slight  increase  with  range. 

The  wind  speed  SD  is  relatively  uniform  between 
0.2  and  0.4  m  s_1  over  a  large  region  of  the  storm  (Fig. 
7).  Higher  SD  (i.e.,  0.6  m  s_1)  in  the  northeast  sector 
of  the  storm  is  a  result  of  the  wind  being  nearly  per- 
pendicular to  the  bisector  of  T\,  f>.  This  location  cor- 
responds to  y/d=2,  s/d=  1  (Fig.  5),  where  we  see  the 
ratio  of  speed  SD  for  winds  perpendicular  and  parallel 
to  the  bisector  is  about  2,  a  result  supported  by  the 
error  field  of  Fig.  7.  Insofar  as  wind  estimate  errors  are 
spectral-width-related,  the  error  fields  shown  in  Fig.  7 
give  the  confidence  one  has  in  the  dual-Doppler  results 
published  by  Ray  el  al.  (1975). 

7.  Summary  and  conclusions 

The  results  of  this  work  predict  the  variance  of 
Cartesian  wind  components  synthesized  from  dual- 
Doppler  velocity  estimates  combined  with  the  terminal 
velocity  and  the  continuity  equation.  We  give  an 
example  of  the  wind  variance  field  and  relate  it  to 
interpolated  Doppler  velocity  variance  for  two  inter- 
polation schemes:  a  linear  4-point  bivariate  and  a 
distance-weighted  interpolation. 

Vertical  wind  has  variance  larger  than  horizontal 
wind  for  most  grid  locations.  Using  an  example  it  is 
concluded  that  vertical  velocity  can  be  estimated  with 
a  standard  deviation  less  than  a  few  meters  per  second 
up  to  heights  near  14  km  for  extended  regions  of  space 
(i.e.,  about  4dX4d  where  2d  is  radar  separation). 

When  the  interpolation  volume  is  matched  to  data 
spacing,  it  is  shown  that  the  dual-Doppler  coverage 
area  can  be  increased  by  increasing  station  separation 
without  increasing  wind  estimate  variance.  However, 
increased  coverage  area  is  compromised  by  poorer 
resolution. 

We  show  that  horizontal  speed  estimate  variance  is  a 
function  of  true  wind  direction,  and  that  direction 
estimate  variance  is  an  inverse  function  of  wind  speed 
as  well  as  a  direct  function  of  true  direction.  Best  wind 
magnitude  estimates  are  made  when  the  true  direction 
lies  along  the  bisector  of  the  angle  between  radius 
vectors  drawn  to  the  radars  and  the  best  direction 
estimate  when  the  wind  is  perpendicular  to  this  bisector. 
Results  predict,  for  station  separations  of  40  km  and 
altitudes  below  6  km,  minimum  vertical  velocity  vari- 
ance near  the  circular  arc  through  the  radar  positions 
and,  for  higher  altitude,  near  the  radar's  vertical. 

Terminal  velocity,  determined  from  reflectivity 
estimates  and  an  assumed  dropsize  distribution,  has 
more  variance  due  to  uncertainties  in  the  size  distribu- 
tion than  in  reflectivity  estimates.  For  typical  dual- 
Doppler  geometry,  bias  errors  in  vertical  wind  velocity 
due  to  particle  fallspeed  are  significantly  smaller  than 
those  in  terminal  velocity  estimates  for  any  reasonable 
heights  (e.g.,  0-20  km).  Thus  the  selection  of  a  V ,,Z 


relation  should  not  be  critical.  Finally  an  air  density 
decrease  with  height  significantly  increases  the  vertical 
velocity  estimate  variance. 
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APPENDIX 
Variance  Reduction  for  Interpolated  Velocities 

Doppler  velocity  data  collected  with  equal  spacings 
of  radar  range  and  beam  position  result  in  dual-Doppler 
radar  fields  having  no  data  location  coincidence.  There- 
fore interpolation  is  required  to  locate  data  on  a  com- 
mon grid.  Although  there  are  many  different  interpola- 
tion techniques,  discussion  is  limited  to  two  methods. 
A  linear  4-point  bivariate  interpolation  is  applicable  if 
data  are  acquired  on  constant  a  planes.  A  second 
method  concerns  data  weighted  in  proportion  to  the 
space-time  distance  between  data  and  grid  location. 
If  data  are  not  acquired  on  planes  of  constant  a,  then 
interpolation  must  be  four-dimensional  (three  space 
plus  time).  More  than  assigning  Doppler  values  at  grid 
locations,  interpolation  provides  Doppler  estimates 
Vi,  V2  that  have  variance  smaller  than  that  associated 
with  V.  We  now  determine  variance  reduction  for  each 
interpolation  scheme  so  that  with  cr(  V)  as  an  input  one 
may  estimate  the  SD  of  dual-Doppler  derived  wind. 

Although  there  are  elegant  techniques  to  determine 
weighting  functions  and  a  rigorous  formula  to  estimate 
variance  of  interpolated  values  (Panchev,  1971), 
these  solutions  require  spatial  correlation  functions 
of  error  and  unknown  wind  fields.  For  simplicity,  we 
assume  a  weighting  function  and  present  an  estimate 
of  variance  reduction. 

1.  Linear  interpolation  on  constant  a  planes 

Each  grid  point  will  be  in  a  block  bounded  by  four 
data  points  (two  at  constant  range  and  two  at  constant 
beam  position) ;  thus  the  interpolated  value  is  given  by 

Vt=V(fiv)-M,ri+qAR) 

=  (l-p)(l-u)Vw+p(l-q)V10 

+  q(l-p)Vn+pqVu,     (Al) 

where  F0o  is  the  data  value  at  60,  T\\  rx  and  0O  define 
pulse  volume  position  on  an  a  plane.  V01  is  the  data 
point  at  constant  range,  ,but  displaced  Ad,  where  Ad, 
AR  are  data-point  spacings  and  p  and  u  ranging  from 
0  to  1,  define  grid  location  within  the  data  block. 
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Assuming  o2(V)  equal  around  the  block,  the  variance 
ffi2  at  the  grid  point  is 

+  q2(l-p)2+p2q2^F(q,p).     (A2) 

It  has  been  shown  (Miller  and  Strauch,  1974)  that 
if  p  and  q  are  independent  and  uniformly  distributed 
over  the  block  (Ad)  (AR),  then  the  expected  variance  is 

£[>i2A2(^)]=   J    F(q,p)dpdq  =  4/9=l-R2.     (A3) 
J  o 

Thus  the  normalized  variance  reduction  R2  of  inter- 
polated velocity  is  5/9  independent  of  grid  location. 
If  grid  density  is  uniform  and  coarse,  not  ail  data  may 
be  used  to  reduce  variance  and  resolution  will  be  lost 
without  benefiting  variance  reduction.  On  the  other 
hand,  if  grid  density  is  fine,  interpolated  values  are 
correlated  and  the  SD  az  of  the  quasi-vertical  wind 
derived  earlier  needs  to  be  modified  to  account  for  this 
correlation.  However  no  adjustment  is  required  in  this 
case  for  the  variance  in  W„,  W ,.  Because  data  spacing 
increases  with  rh  it  may  be  preferable  to  use  a  grid 
spacing  A„  that  increases  in  proportion  to  the  larger 
data  spacing  r2Ad  (for  s^O).  Furthermore  since  radial 
sample  density  is  usually  more  than  azimuthal  density, 
range  averaging  of  samples  over  the  interval  r\Ad 
(and  r-2A0  for  V2)  would  give  a  further  variance  reduc- 
tion with  a  resolution  consistent  with  beamwidth 
(i.e.,  assuming  Ad  proportional  to  6W).  In  this  case, 


R2=l 


9«rr,A0 


(A4) 


where  nr  is  the  range  sampling  density  and  we  assume 
range-averaged  data  density  equal  to  or  larger  than 
grid  density. 

2.  Volume  averages  of  Doppler  estimates 

a.  Spherical  volume 

We  now  determine  R2  when  data  are  averaged  within 
a  volume  of  constant  radius.  The  interpolated  velocity 
Vi  (or  V2)  is  assumed  to  be  a  linear  combination 


Kx=- 


(A5) 


of  data  values  Vi,  where  C,  is  a  weight  determined  by 
the  assumed  function 


C,= 


0^r,^r0 


(A6) 


r02+r,2 

.0,  otherwise 

where  r0  is  the  so-called  influence  radius,  and  r,  the  grid 


to  data  point  distance.  The  interpolated  velocity  vari- 
ance follows  directly  from  (A5)  and  is 


(2C,)2 


(A7) 


where  we  assume  equal  data  variance  a2(Vi)  within 
the  averaging  volume.  When  data  samples  are  uni- 
formly dense  within  the  volume,  the  above  discrete 
sum  formula  can  be  replaced  by  the  integral 


ci 


1 


a2(V)     3NJ0 


C2(X)dX 


C2(X)X2dX 


=  l-i?2,     (A8) 


where  X=ri/r0  and  N  is  the  total  number  of  data 
points  within  the  volume.  Substituting  (A6)  into 
(A5)  and  carrying  out  the  lengthy  although  elementary 
integrations  we  obtain  normalized  variance  reduction 


1.69 


R2  =  l  — 

N 

For  uniform  data  spacing  Ac?,  N  is 

4irr03 

N  = , 


3  (Ad)3 

which,  when  substituted  into  (A9),  gives 

0.64 
(l-i?2)»  =  - 


(A9) 


(A10) 


(All) 


[fo/M)i 

Eq.  (All)  is  plotted  in  Fig.  Al.  Because  (All)  is  only 
I  km  — •-  10.0  m/s 


42- 


36 


I  I   I  I   I  I   I  I   I  I   I  I  I   I  I  I   I  I  I  I  I  I   I   I  I  I  I  I, 


Fig.  Al.  Multiplying  factor  to  obtain  grid  estimate  standard 
derivation  from  data  standard  derivation  for  distance-weighted 
interpolation,  using  spherical  averaging  volume  and  uniform  data 
spacing.  Ad  is  data  spacing. 
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applicable  when  N  is  large  (i.e.,  r0»A(/)  we  need  to 
determine  R  for  small  Ar.  In  order  to  assess  the  range 
of  r0  for  which  (All)  is  a  good  approximation  we 
evaluated  R  using  the  exact  formula  (A7)  for  grid 
points  on  and  midway  between  data  points.  These 
solutions  (dashed  lines  in  Fig.  Al)  show  the  approxi- 
mate formula  (All)  is  good  when  r0/Ad~^  1.5. 

The  variance  reduction  R2  obtained  from  (All)  is 
applicable  to  uniform  distribution  of  data  within  r0, 
a  condition  not  usual  in  radar  data  acquisition  schemes. 
Therefore  if  data  samples  are  range  averaged  over  the 
interval  rtAd,  then 


R2  =  l 


0.41  (nA<?)2 


(A12) 


ro'ih 


b.  Cylindrical  volume 


An  averaging  volume  which  fits  naturally  into  the 
cylindrical  coordinate  system  is  one  bounded  about  a 
grid  point  p,  s,  a  with  respective  limits  ±Ap/2,  ±As/2, 
±Aa/2.  This  "pie"  shaped  averaging  volume  gives 
the  advantage  that  interpolated  grid  value  errors  are 
uncorrelated  and  hence  the  error  analysis  presented  in 
this  paper  is  applicable  without  correction.  Further- 
more this  averaging  volume  may  prove  useful  in 
recognizing  data  anomalies  because  only  one  grid 
value  is  affected  by  an  anomolous  data  value.  In 
any  case,  because  angular  data  spacing  increases 
with  range  it  is  most  reasonable  to  assume  an  inter- 
polation volume  that  accordingly  increases.  How- 
ever the  evaluation  of  R  appears  difficult.  To  make  an 
R  estimate  we  assume  that  the  volume  is  nearly  cubic 
(i.e.,  pAa=  As=  Ap)  and  use  (A9)  as  an  approximation 
for  R,  where  A"  is  now  the  number  of  data  contained 
in  the  averaging  volume.  If  r0  is  set  equal  to  the  volume 
diagonal  \3p0Aa/2,  and  if  data  spacing  Ad  within 
the  volume  is  uniform  and  equal  to  riA0,  the  variance 
reduction  R  is 


R=l  — 


1.1 


(ro/AJ)3 


(A13) 


In  this  case  R2  is  smaller  than  in  (All)  for  spherical 
volume  because  for  given  r0  we  have  smaller  A7  in  the 
quasi-cubic  volume.  Substituting  for  r0  and  again 
assuming  range  sample  averaging  plus  a  grid  spacing 
Ap=CzTiAd  (for  s^-0),  we  obtain  a  variance  reduction 


factor  for  V\ 


and  for  V-2 


i?!2=l 


17      /ny 

hirTiAdXrJ 


i?,2=l 


1  7 


CinrrAd 


(A14a) 


(A14b) 


where  Cz  is  a  constant,  equal  to  or  larger  than  unity, 
which  determines  grid  spacing.  R2  for  s^O  is  obtained 
by  exchanging  r%  with  rx. 
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About  a  year  ago  one  of  the  authors 
(Richard  Strauch)  raised  the  question  as  to 
whether  a  pulse-Doppler  radar  with  antenna  of 
moderate  diameter  (4-10  m)  would  have  sufficient 
sensitivity  to  observe  diffuse  scatter  continu- 
ously from  the  optically  clear  atmosphere.  Doppler 
processing  can  enhance  the  minimum  detectable 
signal  by  an  order  of  magnitude  (section  3)  and 
hence  medium  resolution  weather  radars  might 
have  a  detection  capability  matching  that  more 
commonly  associated  with  large  aperture  (18-27  m 
diameter)  antennas  used  with  incoherent  radars. 
Furthermore,  a  coherent  radar  provides  a  way  in 
which  ground  clutter  can  be  distinguished  from 
moving  atmospheric  targets  and  allows  data  "acqui- 
sition at  closer  ranges  thereby  taking  advantage 
of  the  R~'  dependence  in  echo  power.   An  affirma- 
tive answer  has  practical  significance  in  that 
pulse-Doppler  ASR  radars  under  development  by  the 
FAA  could  then  also  measure  wind  shear  hazards 
near  airports  under  all  weather  conditions. 
Important  economic  advantage  can  be  achieved  if 
these  radars  can  serve  a  dual  purpose. 

Echoes  from  the  clear  air  have  been  almost 
observed  from  the  inception  of  radar  observations 
and  speculation  abounded  as  to  whether  diffuse 
angel  echoes  were  refractive  index  fluctuations 
or  insects.   It  was  not  until  1966  that  clear  air  echo 
measurements  with  ultrasensitive,  multiwavelength 
radars  at  Wallops  Island  confirmed  that  radar 
detects  minute  fluctuations  in  refractive  index 
(Hardy  and  Glover,  1966). 

Although  many  impressive  results  were 
obtained  with  the  large  diameter  (18  m)  aperture 
antennas  at  Wallops  Island  (e.g.,  see  Preprints, 
14th  Radar  Meteor.  Conf.,  1970,  Am.  Meteor.  Soc, 
Boston)  and  with  the  27  m  diameter  antenna  at 
Defford,  England  (Starr  and  Browning,  1972)  radar 
observation  of  the  clear  air  need  not  be  entrusted 
to  large  aperture  antennas  and  high  power  radars. 
Richter  (1969)  demonstrated  that  a  moderate  power 
(150  w  average) ,  vertically  pointing  FM-CW  radar 
with  3  m  diameter  antennas,  shrouded  to  suppress 
ground  clutter,  can  detect  clear  air  refractive 
fluctuations.   The  absence  of  appreciable  ground 
clutter  permits  radar  measurement  to  ranges  20 
to  100  times  smaller  than  typically  used  with  large 
aperture,  thus  enhancing  enormously  (13  to  40  dB) 
the  weak  echoes.   Richter 's  experiments  showed 


radar  echoes  confined  for  the  most  part  to  thin 
layers  several  meters  in  vertical  extent  and  to 
boundaries  of  convective  cells  (Arnold  et  al.  1975). 

Simultaneous  acoustic  sounder  and  FM-CW  mea- 
surements show  radar  echoes  to  be  confined  to 
convective  cell  boundaries  whereas  acoustic  signals 
appear  to  be  continuously  distributed  in  height 
to  convection  tops  (Richter  and  Jensen,  1975). 
This  has  been  attributed  to  the  fact  that  radar 
target  cross  section  is  mostly  from  moisture  fluc- 
tuations whereas  the  acoustic  sounder  principally 
senses  temperature  fluctuations.   However,  we 
submit  that  a  radar  of  modest  resolution,  but 
with  Doppler  processing,  should  detect  these 
temperature  fluctuations. 

Pulse-Doppler  radar  with  single  shrouded 
antenna  should  have  ground  clutter  immunization 
equivalent  to  that  of  an  FM-CW  and  hence  permit 
observation  at  near  ranges.   Gorelik,  Knyazev  and 
Uglova  (1973)  and  Dobson  (1970)  are  among  the 
first  to  use  Doppler  processing  to  observe  clear 
air. 


2. 


HEIGHT  DISTRIBUTION  OF  REFRACTIVE  INDEX 
STRUCTURE  CONSTANT 


In  1971  Ochs  and  Lawrence  (1972)  made  tempera- 
ture fluctuation  measurements  using  a  sensor 
mounted  on  an  aircraft  and  sounded  the  atmosphere 
in  the  lower  3  km.   Results  show  that  the  tempera- 
ture contribution  to  refractive  index  structure 
constant  was  consistently  above  10   m     over 
land  and  ocean  within  the  measured  height  interval. 
A  profile  of  averaged  Cn'  due  to  temperature 
fluctuations  over  land  in  November  1971  is  shown 
in  Fig.  1.   These  results  suggest  Doppler  radars 
with  minimum  detectable  structure  constant  of 
10~l'm~2'3  might  be  able  to  continuously  monitor 
the  wind  within  the  lower  troposphere.   Doviak, 
Goldhirsh  and  Miller  (1972)  used  a  bistatic  radar 
to  detect  the  presence  of  diffuse  scatter  in  the 
upper  troposphere  (1972).   Their  measurements  at 
7  km  infer  a  dif fuse-scatter  related  Cn  value 
that  could  be  as  large  as  10~l'm~*' ■*  which 
compares  with  those  values  at  3  km  reported  by 
Ochs  and  Lawrence.  Crane  (1970),  using  the  25.6  m 
diameter  Millstone  Hill  Radar  antenna,  reports 
results  that  suggest  Cn2  is  less  than  4xl0~l^m~  ' 
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to  values  as 


for  heights  above  7  km  in  contrast 

large  as  10   m     observed  with  the  7.4  m  radar 

at  Sunset,  Colorado  (Green  et  al.  1975). 


kTso  BN 


-111.2  dBm 


(1) 


Also  shown  in  the  figure  are  two  curves 
which  depict  the  minimum  detectable  Cn  for 
NSSL's  10  cm  radar  using  Doppler  spectral  averag- 
ing techniques  (section  3).   The  radar  has  been 
configured  to  principally  observe  severe  storms 
and  it  is  not  optimized  for  clear  air  detection. 
Nevertheless,  the  present  system  (4/19/76)  should 
be  able  to  confirm  the  presence  of  spatially  con- 
tinuous diffuse  scatter.  The  radar  can  be  recon- 
figured to  improve  its  detection  performance 
(solid  curve  labeled  'best')  but  the  biggest 
limitation  to  date  is  the  presence  of  masking 
ground  clutter.   Even  with  Doppler  processing, 
close-in  observation  of  echo  power  near  receiver 
noise  is  masked  by  ground  clutter  power  that 
exceeds  the  limited  dynamic  range  of  the  12  bit 
A/D  converters.  Because  of  ground  clutter, 
observations  were  usually  limited  to  ranges 
beyond  5  to  6  km.   Shrouded  antenna  or  location 
of  the  antenna  in  a  ground  depression  LaGrone 
et  al.  1964)  should  suppress  significantly  these 
pesky  returns. 


where  k  is  the  Boltzman  constant,  Tso=867°K  and 
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Figure  1.  Profile  of  average  structure  constant 
Cn^  due  to  temperature  fluctuations  versus 
height  h  (Ochs  and  Lawrence, 1972) .  Smooth  lines 
are  minimum  radar  detectable  CR2  at  range  R  using 
NSSL's  Doppler  system  as  configured  on  4/19/76 
(dashed  line)  and  for  system  if  reconfigured 
(solid  line)  to  provide  lower  system  noise  tempera- 
ture and  higher  transmitted  power. 


3. 


MINIMUM  DETECTABLE  REFLECTIVITY  WITH 
DOPPLER  RADAR 


Consider  the  receiving  system  (Fig. 2)  with 
indicated  gains,  losses  and  noise  figure.  Ta  is 
the  antenna  temperature  estimated  at  80°K  from 
an  assumed  sky  temperature  of  50°K  and  an  earth 
temperature  of  290°K  viewed  by  antenna  sidelobes. 
Measurements  at  the  calibration  port  showed  the 
receiver  noise  figure  to  be  3.7  dB  and  when 
referred  to  points  immediately  outside  the  radome 
5.7  dB  giving  a  noise  power  Pn0  at  these  points 
pnual  to: 


=  6.37-10;>  Hz. 


TRANSMIT 


,     „„.       \  RADOME    '  CIRCULATOR    3        „.-. 

T.-80-K     L__  a  r^J  a  =__  PARA 

/  TRANS    LINE  I  ,  TR    TUBE  ' 


PAR  AMP 
NF  =  I  6d6 


IMAGE 

REJECTION 

FILTER 


Ac  =  40m*  Lo=2dB        1  L„  =  IOdB  G'l6dB  L  =  2  7d6 

G  =466dB  L,j  '0  3dB 


CALIBRATION 
PORT 

l>' 
MIXER 
PRE  AMP 

NINE -POLE 

GAUSSIAN 

FILTER 

IsTALol 

B,  -OeSUHZ 
B,  .06IMHZ 

SAMPLE 
HOLD 
A/0 


NRO   RADAR    SYSTEM 


(a) 


NSSL'S    NRO   DOPPLER   RADAR    MINICOMPUTER     TERMINAL 


Figure  2(a)  Norman  radar  system.  Losses  L  and  gains 
G  are  indicated,  B5  and  B3  are  the  6  and  3  dB 
filter  bandwidths.  (b)  The  minicomputer  and  graphic 
display. 


Considerable  increase  in  scatter  signal  detec- 
tion sensitivity  can  be  achieved  through  spectral 
processing.   The  power  density  S(V)  (V  is  the 
Doppler  velocity)  is  a  statistically  varying 
quantity  with  an  amplitude  having  a  probability 
density  given  by 


Prob[S  +  N] 


-(S+N)/tS+N) 


S+N 


(2) 


where  S+N  is  an  estimate_of_the  mean  signal  and 
noise  power  density  and  S,  N  are  the  mean  values. 
(We  have  dropped  the  explicit  notation  of  Doppler 
velocity  V.)   S  is  the  quantity  that  is  to  be 
estimated  whereas  the  mean  spectral  noise  power 
density  N  is  assumed  known.  Thus,  for  any  V,  the 
computed  spectral  coefficient  will  have  a  dc  value 
plus  random  signal  when  viewed  from  one  spectral 
estimate  to  the  next.   It  can  be  shown  (Sirmans 
and  Doviak,  1973)  that  the  spectral  coefficient 
estimate  variance  is  proportional  to  (S+N)^  and 
that  averages  of  estimates  will  reduce  variance 
by  the  number,  Mg ,  of  spectra  averaged.   That  is 


VAR[S+N]  =  (S+N)  /Mc 


(3) 
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Thus  we  consider  the  power  density  to  have  signal 
amplitude  S  (the  dc  value)  with  power  S  contami- 
nated by  a  fluctuation  noise  power  Nf 


(S  +  N)2/M 


(4) 


The  minimum  detectable  signal  is  defined  as  one 
which  produces  an  output  signal  power  S  m^n  equal 
to  the  fluctuation  noise  power  for  N  alone.  That 


is 


min 


-2, 

N  /Mc 


N 
ALT 


(5) 


The  mean  spectral  power  density  noise  level  is 
the  system  noise  power  Pno  distributed  uniformly 
over  the  Nyquist  co-interval  X/2T.   Thus 

,2T 


-   Pr 

N  =  — 


(6) 


where  T  is  the  radar's  pulse  repetition  time, 
and  the  minimum  detectable  signal  power  density 
is 

Pnn2T 

S(min) 


'  no' 
X  /m7 


(7) 


For  Gaussian  shaped  spectra  the  peak  signal 
spectral  density  is 

_         Po 


SP  = 


/27T  Wo 


(8) 


where  Ps  is  the  mean  signal  power  and  Ws  the 
signal  power  spectrum  standard  deviation  or 
simply  the  spectrum  width.   Thus  the  minimum 
detectable  signal  power  is 


Ps(min)  = 


(9) 


Eq.  9  assumes  that  there  is  sufficient  spectral 
resolution,  or  number  of  spectral  lines  (Dis- 
crete Fourier  Transform  coefficients)  within 
the  signal  spectrum,  to  resolve  the  modal  value. 
The  above  formula  shows  that  the  minimum  signal 
power  increases  (detection  ability  weakens)  in 
direct  proportion  to  the  ratio  of  spectrum  width 
Wg  to  Nyquist  co-interval  X/2T. 

3.1  Minimum  Detectable  Cn2 

For  Gaussian  weighted  pulse  volumes  which  are 
uniformly  filled  with  scatterers  the  signal  power 
Ps  (outside  radome)  is  related  to  the  reflectivity 
n(m~l)  of  the  scatter  volume  as 

,2  B  , 


8ir  R 


(10) 


where  the  radar  parameters  for  5/19/76  are: 

Pt  is  the  peak  transmitted  power  after  all 
losses  have  been  substracted(4. 73x10^ 
watts) 
L<j  is  the  "matched"  filter  loss  (2.7  dB) 
AR  is  the  range  resolution  (150m) 
A„  is  the  effective  antenna  area  (40m  ) 


The  refractive  index  structure  constant  is 


n 


.39  X 


■1/3 


(11) 


Thus  in  terms  of  the  system  parameters  the  mini- 
mum detectable  structure  constant  becomes 


Cn2(min)    = 


8ttR2   Ld  Ps(min) 
.39   X_1/3   Pt   AR  Ag 


Substituting    (9)    into    (12)   we   obtain 

16tt/2tt   R2   Ws    T   Ld   Pr 


Cnz(min) 


.39  X^/3  pt  AR  Ae^M7 


(12) 


(13) 


Substituting  NSSL  radar  parameter  values  we  find 
5.5xl(T24  WCR2 


Cn^(min)  = 


-2/3 


A€ 


(14) 


Equation  (13)  and  (14)  were  used  to  obtain  the 
Cn2 (min)  versus  range  R  curves  plotted  in  Fig.  1. 
'Best'  values  are  obtained  increasing  Pt  by  3  dB 
and  relocating  the  parametric  amplifier  near 
the  feed  horn. 


4.     REAL  TIME  DOPPLER  SPECTRUM  PROCESSING  AND 
DISPLAY 

The  real-time  minicomputer  system  (Fig. 2b) 
consists  of  two  sixteen  bit  parallel  processors 
(CPU)  with  one  microsecond  cycle  times.   Each 
CPU  has  16  K  of  memory  and  one  Direct  Memory  Access 
(DMA)  channel  with  multiple  ports.  Time  series 
data  for  16  range  bins  is  transferred  from  the 
Doppler  radar  to  CPU  No. 2  and  processed  by  the 
Array  Processing  Unit  (APU) .   The  APU  is  a  versa- 
tile array  processor  and  the  Discrete  Fourier 
Transform  (DFT)  is  accomplished  with  multiple 
array  manipulations  using  the  Cooley-Tukey  algo- 
rithm.  The  spectral  coefficient  power  is  calculated 
and  'Ms'  summations  are  performed.  The  time  to 
calculate  each  64  complex  point  transform  and 
compute  power  is  approximately  1  m  sec.  Therefore, 
the   time  required  for  the  display  shown  in  Fig. 3 
is  approximately  16MS  m  sec.  Other  calculation 
times,  such  as  summation  and  logarithms,  are  small 
compared  to  DFT  calculation  time. 

The  power  spectra  are  then  sent  to  CPU  No.l 
where  they  are  made  ready  for  output  to  the  CRT 
graphic  display.   Sixteen  gates  of  power  spectra, 
in  dB,  are  plotted  vs.  frequency  or  velocity  and  are 
scaled  according  to  the  operator's  input  via  the 
teletype. 

The  output  display  (see  Fig.  3)  consists  of 
the  multispectra  graphs  as  well  as  pertinent  house- 
keeping parameters.   Azimuth,  elevation,  time  and 
spacing  between  gates  in  kilometers  are  shown. 
'TH'  is  a  threshold  in  dB  usually  set  to  a  value 
corresponding  to  10  Log  Pn  where  Pn  is  noise  power. 
DB/DIV  is  the  number  of  dB's  per  unit  as  depicted 
by  the  graticule  which  are  dashed  lines  of  lower 
intensity.   'NS'  is  the  number  Ms  of  spectra 
averaged.   'BS'  Is  the  beginning  step  or  block 
corresponding  to  sixteen  gates.   Any  one  of  8 
blocks  may  be  displayed  which,  depending  on  gate 
spacing,  allows  the  operator  to  scan  a  fraction 
or  the  entire  unambiguous  range  (115  km).  'RNG' 
is  the  horizontal  distance  from  the  radar  to  the 
sample  volume.  'HGT'  is  the  height  above  the  radar's 
local  horizontal  plane.   Only  every  other  gate 
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or  sample  volume  is  labeled.   The  width  of  each 
graph  covers  the  Nyquist  co-interval. 


Figure  3.  NSSL's  display  of  real  time  averaged 
spectra  for  16  range  gates.  Graticule  vertical 
scale  corresponds  to  15  dB/div  and  is  approxi- 
mately 4  ms~l/div  along  the  horizontal.  The 
narrow  spike  in  the  center  is  at  zero  velocity 
Positive  velocities  are  to  the  right  of  zero  and 
negative  to  the  left. 


5. 


AUTOCOVARIANCE  METHOD  OF  VELOCITY  MEASURE- 
MENT; IMPLICATION  FOR  CLEAR  AIR  STUDIES 


Pulse  pair  processing  is  another  attractive 
coherent  processing  technique  to  estimate  Doppler 
velocity  measurements  in  clear  air  (Berger  and 
Groginsky,  1973).  Although  the  autocorrelation  at 
lags  equal  to  pulse  repetition  periods  can  provide 
"good"  power  estimates  with  noise  immunity  similar 
to  spectral  processing  when  spectra  are  narrow 
(WT  <  .05)  ,  this  technique's  advantage  is  that 
it's  a  maximum  likelihood  velocity  estimator.  The 
Discrete  Fourier  Transform  (DFT)  technique  to 
derive  mean  Doppler  velocities  has  certain 
advantages  over  the  pulse  pair  autocovariance 
method  because  spurious  point  targets  and  ground 
clutter  effects  can  be  removed.   However,  the 
pulse  pair  method  does  provide,  in  absence  of 
spurious  targets,  a  minimum  variance  estimate  of 
mean  Doppler  velocity  and  spectrum  width  (Miller 
and  Rochwarger,  1972).  Furthermore,  the  pulse 
pair  technique  is  computationally  more  efficient 
than  the  DFT  one  if  only  the  principal  Doppler 
spectra  moments  are  required. 

NSSL's  dual-Doppler  radars  at  Norman  (NRO)  and 
Cimarron  are  equipped  with  hard-wired  calculators 
that  can  process  up  to  256  pairs  of  time  samples 
in  762  contiguous  range  gates.  Typical  outputs 
displayed  on  the  oscilloscope  (Fig.  4)  shows  mean- 
ingful velocities  (estimates  with  small  variance 
out  to  ranges  nearly  80  km  for  this  day  (6/29/76) 
when  elevation  angle  is  1.4°.   On  the  photograph 
are  also  pulse  pair  width  estimates,  logarithmic 
video  and  integrated  log  video  signals.  Systematic 
measurement  with  NRO  Doppler  shows  that  accurate 
(1-2  ms"-*-  rms  error)  velocities  within  the 


boundary  layer  can  be  obtained  typically  to  ranges 
of  60  km.   We  feel  that  densely  spaced  two  Doppler 
data  combined  with  a  reasonable  interpolation 
scheme  can  provide  horizontal  wind  over  vast  regions 
prior  to  precipitation  and  thus  amplify  our  ability 
to  analyze  the  atmosphere. 


Figure  4.  Oscilloscope  display  of  Doppler  spectrum 
moments  from  the  covariance  estimator.  Traces  from 
top  are:  Mean  velocity  (34  ms^/cm) ,  spectrum 
width  (16  ms'-vcm) ,  integrated  logarithmic  video 
and  raw  logarithmic  video.  Horizontal  scale  is 
12  km/cm.  AZ  =  180°;  EL  =  1.3°.  Ground  clutter 
extends  to  about  18  km  and  causes  zero  velocities 
and  widths.  Between  18  and  60  km,  velocities  of 
-8ms-1  (ragged  trace  with  small  standard  devia- 
tion) are  due  to  clear  air  echoes  and  further 
out  the  velocities  gradually  become  randomly 
distributed  between  -   34  ms~^  (last  20  km)  when 
signal  is  lost.  Note  the  increase  of  spectrum 
width  (no   noise  correction)  with  distance  that 
also  characterizes  signal  weakening.  Number  of 
pairs  coherently  processed  is  256. 


6.    WIND  PROFILE  MEASUREMENTS 

In  order  to  ascertain  usefulness  of  the  radar 
for  pre-precipitation  convection  studies,  the 
experimental  setup  (Fig.  5)  was  utilized.  Mean 
velocities  obtained  from  averages  of  spectra  were 
subjectively  examined  and  biases  due  to  ground 
clutter  and  point  targets  removed.  Spectra  were 
taken  every  45°  in  azimuth  and  at  30  km  range. 
Elevation  angle  was  stepped  in  increments  corres- 
ponding to  height  differences  of  about  300  m. 
Spectra  in  sixteen  contiguous  range  gates  (150  m 
deep  and  600  ra  apart)  were  simultaneously  recorded 
and  radar  measurements  coincided  in  time  with  a 
nearby  (300  m)  rawinsonde  sounding.  Experiments 
conducted  for  several  days  during  November  1975 
and  the  Spring  of  1976  provide  data  for  our  analysis. 
We  focus  our  attention  to  May  19,  1976,  a  perfectly 
clear  day  with  :nild  southerly  winds.  Estimates  of 
the  divergence  and  wind  velocity  are  from  a 
Discrete   Fourier  Transform  fit  on  the  8  azimuthal 
data  points  at  constant  heights.   Fitted  curve 
(Fig.  6)  shows  a  d-c  offset  indicating  slight  con- 
vergence and  an  extremely  close  match  with  experi- 
mental points  suggesting  uniform  wind  while  at 
higher  altitudes  the  deviation  is  larger  because 
echo  power  is  weaker  (smaller  SNR)  making  precise 
measurements  more  difficult.  Nevertheless  rawinsonde 
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record  (wind  speed  and  direction)  throughout  the 
boundary  layer  agrees  very  well  with  that  measured 
by  radar  (Fig. 7).   Temperature  and  dew  point 
soundings  (Fig.  8)  indicate  presence  of  an  inver- 
sion layer  that  is  restraining  convective  activity 
to  the  lower  1.5  km,  within  which  the  radar  con- 
sistently detected.,  what  is  interpreted  to  be, 
fluctuations  of  refractive  index.  The  measured 
structure  constant  Cn  varied  from  a  maximum  of 
1.7  10"13  to  1.7  lO-lV"2/3,  the  latter  within  ldB 
of  the  theoretically  established  minimum  detectable 
value  for  a  width  of  2  ras~  .  Data  of  May  19  show 
Cn  relatively  uniform  in  height  with  somewhat 
enhanced  reflectivity  at  .5  km  and  1 . 3  km  above 
ground. 
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Figure    7.    Comparison  between   rawinsonde   and   radar 
measurements   of   wind   velocities. 
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Figure   5.    Arrangement   of   pulse-Doppler  gates   for 
clear  air  VAD  measurements. 
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Figure   6.    Velocity  azimuth  display   for   5/19/76. 
Fitted   curve   contains    the   zeroth  and   first 
harmonic. 


Figure   8.    Temperature   and   dewpoint   from   the 
rawinsonde. 
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Table  I  contains  the  average  vertical,  veloci- 
ties over  the  circular  region  60  km  in  diameter 
at  various  heights,  the  divergence,  and  sample 
values  of  the  structure  constant.  Root  mean 
square  error  for  the  average  vertical  velocity 
is  less  than  .3  cms   . 

Table  I 


Height 
(km) 


Divergence   Average  vertical   Structure 

Constant 
CnV2?3) 


(s  -1)    velocity(cms  *■) 


.2 

0 

.5 

-6.3-10 

.8 

-12.5-10 

1.0 

-29.2-10 

1.3 

-16.6-10 

1.5 

-6.3-10 

-6 


-6 


-6 


0 

.4 
1.4 
2.4 
3.0 
3.4 


4.5  10' 
5.8-10' 
6.0-10 
4.  5' 10' 
8.9-10' 
3.9-10' 


14 
■14 

-14 
-14 

■14 
■14 


7.    COMPARISON  WITH  FM-CW 

The  FM-CW  radar  is  inherently  coherent  and 
Strauch  et^  a_l.  (1975)  have  exploited  this  property 
to  measure  Doppler  shift  of  echoes  from  the 
optically  clear  atmosphere.  Linear  sawtooth 
modulation  of  the  microwave  frequency  gives  this 
radar  characteristics  that  have  analogy  to  the 
pulse-Doppler  radar.  The  reciprocal  of  frequency 
deviation  can  be  considered  analogous  to  an 
effective  pulse  length  for  pulse  radar,  while  the 
modulating  frequency  is  equivalent  to  the  PRF. 

Because  peak-to-average  power  ratio  is  unity, 
we  immediately  infer  that  resolution  can  be 
increased  without  changing  the  effective  "per 
pulse"  transmitted  energy;  not  so  with  pulse 
radar  where  decrease  in  pulse  width  reduces  trans- 
mitted pulse  energy.   Therefore  per  pulse  S/N 
is  decreased  in  proportion  to  the  square  of  pulse- 
width  whereas  the  equivalent  signal  to  noise 
ratio  of  the  FM-CW  radar  decreases  linearly  with 
effective  pulse-width.  We  have  assumed  naturally 
that  system  bandwidth  is  matched  to  the  pulse-width 
or  frequency  deviation.   This  unquestionable 
advantage  of  the  FM-CW  radar  changes  markedly 
when  considering  pulse-Doppler  radar  and  coherent 
echoes. 

If  echoes  are  coherent,  loss  in  detection 
sensitivity  of  the  pulse-Doppler  radar  is  not 
different  than  than  lost  by  FM-CW  even  though 
the  per  pulse  transmitted  energy  decreases.  This 
is  because  echo  signal  adds  coherently  and  when 
pulse  width  is  decreased  we  assume  PRF  is 
proportionally  increased  to  maintain  constant 
average  power  as  in  FM-CW  radar.  Thus  pulse- 
Doppler  has  capabilities  that  should  rival  the 
Doppler  FM-CW  radar. 

As  a  matter  of  fact,  aside  from  the  power 
supply  design  advantage  of  the  FM-CW  system,  the 
pulse-Doppler  may  prove  more  advantageous  for 
the  following  reasons: 

(1)  Pulse-Doppler  has  a  3  dB  noise  figure 
advantage  because  the  FM-CW  radar  employs 
homodyne  mixing  and  suffers  increased  noise 
from  image  frequencies. 


(2)  A  single  shrouded  antenna  is  required  for 
pulse-Doppler  radar  thus  giving  economic 
advantage  over  the  two  antenna  FM-CW  system. 

(3)  Pulse-Doppler  range  resolution  is  indepen- 
dent of  range,  not  so  for  FM-CW. 

Saunders  (1970)  points  out  that  the  FM  homodyne 
radar  is  seldom,  if  ever,  limited  by  thermal 
noise  in  the  first  mixer  and  that  a  well-designed 
one  may  come  within  20-30  dB  of  the  performance 
of  a  pulse-DoppLr  radar,  a  surprisingly  large 
departure.  Saunders  does  not  detail  reasons  for 
this  degradation  but  some  of  it  might  be  due 
to  transmitter  leakage  and  excessive  noise  pro- 
duced in  the  homodyne  mixer.   However,  low  noise 
r-f  preamplifiers  may  reduce  the  undesirable  1/f 
noise  of  this  mixer. 

We  have  as  yet  to  determine  if  pulse-Doppler 
can  indeed  match  or  better  FM-CW  radars  at  short 
ranges.  Pulse-Doppler  radar  limitations  for 
near  range  (i.e.,  less  than  1-2  km)  observations 
are  caused  by  receiver  recovery  time  in  conven- 
tional duplexer/TR  tube  systems  but  this  can  be 
alleviated  through  the  use  of  high  power  circula- 
tors and  magnetic  switches.   These  switches  have 
on-off  time  response  less  than  0.05  \i   sec  thus 
permitting  radar  observation  to  a  minimum  range 
limited  by  receiver  response  to  transmitter  pulse 
leakage  which  may  set  the  minimum  detectable  echo 
Power  level  for  close-in  targets.   It  appears 
that  only  a  shrouded  antenna  need  be  mated  to  a 
pulse-Doppler  radar  to  answer  the  question 
whether  it  can  indeed  provide  comparable  perform- 
ance as  the  FM-CW. 


8.    CONCLUSIONS 

Doppler  processing  provides  an  improvement 
in  echo  power  detection  in  proportion  to  the 
Nyquist  co-interval  A/2T  spectrum  width  Ws  ratio. 
Aircraft  measurement  of  temperature  structure 
constant  up  to  3  km  altitude  and  theoretical 
computation  demonstrate  that  a  moderate  power 
(1  kw  average)  pulse-Doppler  radar  with  a  single 
shrouded  antenna  of  modest  diameter  (4-10  m) 
should  detect  spatially  and  temporally  continuous 
temperature  fluctuations  within  the  first  one  or 
two  kilometers.  As  yet  radar  measurement  has  not 
completely  confirmed  this  prediction.   There  is 
evidence  that  WPL's  FM-CW  radar  does  measure 
continuous  scattering  in  the  boundary  layer 
(Chadwick  et  al. 1976),  and  NSSL  pulse-Doppler 
radars  have  consistently  measured  spatially  con- 
tinuous echoes  at  17  km  (3  dB  beamwidth=. 8°)  up  to 
heights  of  1  to  2  km  whenever  observations  were 
made  (morning,  noon  or  late  afternoon). 

Pulse-Doppler  radar  should  have  measurement 
capability  approaching  that  already  exhibited  by 
FM-CW  radar.   Differences  in  FM-CW  and  pulse- 
Doppler  detection  sensitivities  need  to  be 
experimentally  investigated  and  effects  of  ground 
clutter  on  each  system  needs  evaluation. 

We  have  demonstrated  that  Doppler  processing 
has  substantially  improved  the  detection  capability 
of  pulse  radar.   It  appears  that  NSSL's  two-Doppler 
radars  have  the  potential  to  measure  covergence, 
without  chaff,  within  the  boundary  layer  prior  to 
formation  of  precipitation.   Furthermore, 
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comparison  of  two-Doppler  wind  patterns  with 
closely  spaced  ground  station  anemometers  may 
answer  the  question:  what  surface  station  spacing 
is  required  to  resolve  meteorological  parameters 
on  scales  significant  for  convection  preceding 
thunderstorms? 
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ANALYSIS  OF  THE  RELATIONSHIP  BETWEEN  LF  REFLECTION  COEFFICIENTS 

AND  D-REGION  PROFILES 

R.  Michael  Jones 


In  calculating  D  region  electron  density  profiles  from  LF  reflection 
coefficient  measurements,  it  is  important  to  order  those  measurements 
according  to  depth  of  penetration  into  the  ionosphere.  A  ray   theory  analysis, 
a  set  of  full-wave  reflection  coefficient  calculations,  and  reflection 
coefficient  mesurements  support  the  approximation  that  those  waves  with 
the  larger  equivalent  frequency  f  cosm0  (where  f  is  the  wave  frequency  and  i0 
is  the  angle  of  incidence  on  the  ionosphere)  will  penetrate  further  into  the 
ionosphere.  This  approximation  is  more  accurate  for  those  waves  that  reflect 
below  the  height  where  the  collision  frequency  equals  the  gyrofrequency  (about 
65  km  at  midlatitudes) ,  where  the  earth's  magnetic  field  has  negligible  effect. 


157 


Journal  of  Geophysical  Research  81:2419-2422,  May  1976. 


Scintillation  Correlation  at  Different  Wavelengths 

C.   L.   RUFENACH1 
NOAA/Space  Environment  Laboratory,  Boulder.  Colorado     80302 

Scintillation  cross-correlation  coefficients  at  two  radio  wavelengths  are  investigated  on  the  basis  of  a 
shallow-modulated  phase  screen  for  several  different  spectral  descriptions  of  the  scattering  medium.  For 
the  relevant  simplification,  a  sufficiently  large  outer-scale  dimension,  it  is  argued  that  the  normalized 
correlation  coefficient  is  primarily  dependent  on  spectral  shape  and  wavelength  separation  and  is  inde- 
pendent of  anisotropy  and  outer-scale  dimension.  Ionospheric  and  interplanetary  scintillation  measure- 
ments are  compared  with  this  result. 


Introduction 

In  the  past  the  interpretation  of  the  scintillation  cross-corre- 
lation coefficients  at  two  different  radio  wavelengths  was  based 
on  irregularities  in  electron  density  described  in  terms  of  a 
Gaussian  wave  number  spectrum  with  an  outer  scale  approxi- 
mately equal  to  the  Fresnel  radius  (see,  e.g.,  Budden  [1965]).  A 
Gaussian  description  is  mathematically  convenient  and,  in  the 
absence  of  other  information,  was  thought  to  be  reasonable. 
More  recently,  measure'ments  support  a  power  law  variation  in 
spatial  wave  number,  Pn(k)  <*  k~"3  with  a3  =  4  and  a  large 
outer-scale  dimension.  This  description  is  relevant  for  both  the 
F  region  ionosphere  [Rufenach,  1974]  and  interplanetary  [Jo- 
kipii  and  Hollweg,  1970]  scintillation. 

In  the  present  work  the  need  for  a  realistic  expression  for  the 
scintillation  correlation  coefficient  at  two  wavelengths  is  recog- 
nized. The  correlation  coefficient  is  given  for  several  different 
spectral  shapes  (Gaussian  and  power  law)  of  the  irregular 
scattering  layer.  Those  coefficients,  based  on  the  shallow-mod- 
ulated phase  screen,  are  given  as  closed  form  expressions. 

The  coefficient  based  on  a  Gaussian  shape  can  be  useful  in 
assessing  the  importance  of  anisotropy  on  the  scintillation 
correlation  but  does  not  give  a  realistic  description  of  the 
wavelength  variations.  In  contrast,  this  coefficient  based  on  a 
power  law  shape  can  give  useful  information  on  the  wave- 
length variation  but  does  not  contain  information  on  ani- 
sotropy, since  a  closed  form  expression  for  a  general  power 
law  shape  could  not  be  found.  However,  for  the  relevant 
special  case,  large  outer-scale  dimension,  a  closed  form  expres- 
sion is  available  which  simplifies  the  dependence  on  irregular- 
ity parameters.  This  simplification  is  used  to  model  the  corre- 
lation coefficient,  which  is  compared  with  measurements. 

Phase  Screen  Theory 

Consider  a  horizontally  stratified  irregular  layer  located  at  a 
distance  z  above  a  flat  earth  with  the  plane  z  =  0  at  the  center 
of  the  layer.  Let  the  irregularities  be  considered  a  stochastic 
process  described  by  random  electron  density  fluctuations  with 
zero  mean.  Furthermore,  consider  two  plane  wave  fronts  at 
radio  wavelength  X,  and  A2  incident  on  the  irregular  layer  with 
A,  >  A2.  Following  Salpeter  [1967]  and  Cronyn  [1970],  the 
cross-correlation  coefficient  of  intensity  fluctuations  between 
A,  and  A2  at  one  observing  point  is 


(7(Xi)/,(X*)}  <*  A,A2  jf  Pn(k*,k„) 


.  K%Z 

Sln  Ur 


K  X2Z 
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dKx  dnv         (1) 


provided  (/2(A,))  and  (P{\2))  are  sufficiently  small,  where  Pn(kx, 
Ky)  is  the  power  spectrum  of  electron  density  fluctuations,  kx 
and  Ky  are  the  spectral  wave  number  components  in  the  x  and 
y  directions,  and  k2  =  k2  +  xv2.  A  typographic  error  in  Salpe- 
ter's  (60)  is  corrected  to  read  k2  rather  than  n.  The  normalized 
cross-correlation  coefficient  T,  is  defined  as 


T,  =  </(A1)/(XI))/«/2(X.))</J(A»))]"2 


Irregularity  Description 


(2) 


The  irregularities  are  considered  to  be  aligned  along  the 
magnetic  field  with  a  circular  cross  section.  Furthermore,  the 
anisotropy  is  defined  in  terms  of  an  effective  axial  ratio  8 
obtained  by  rotating  the  axes  in  wave  number  space  into  a 
plane  normal  to  the  radio  path  [Rufenach,  1975].  The  Gaus- 
sian and  power  law  spectral  forms  are  then  given  by 

Pn(k*,  Ky)  <*  exp  [-(«/  +  0V)/*.2]  (3> 

Pn(kx,  Ky)  oc  [1  +  «„'(«,'  +  f«;f]-="  (4) 

where  k0  =  2ir/L0  is  the  outer-scale  wave  number,  L0  being  the 
outer-scale  dimension;  82  =  cos2  \p  +  a2  sin2 \p;  \p  is  the  angle 
between  radio  path  and  magnetic  field  direction;  and  a  is  the 
axial  ratio.  The  power  law  variation  in  (4)  was  selected  in  this 
special  form  including  a  spectral  cutoff.  Under  certain  condi- 
tions this  form  is  amenable  to  the  integration  required  by  the 
closed  form  expression  in  (I). 

The  spectral  features  are  a  constant  spectral  density  for  «'  < 
k0,  where  k'2  =  kz2  +  B2Ky2,  and  a  monotonically  decreasing 
density  for  k'  >  k0.  The  power  law  spectrum  for  k'  <  k0  in  (4), 
Ph(k')  «■  k'~"3,  decreases  more  slowly  than  the  Gaussian 
spectrum  for  realistic  a3  ^  4;  therefore  the  power  law  ir- 
regularities represent  more  abrupt  spatial  density  changes  than 
the  Gaussian  spectrum.  The  power  law  spectrum  corresponds 
to  a  one-dimensional  spectral  index  a,  =  2  [Talarski,  1971], 
in  reasonable  agreement  with  reported  in  situ  measurements 
in  the  F  region  ionosphere  and  interplanetary  medium. 


'  Now  at  NOAA/Ocean  Remote  Sensing  Laboratory,  Miami,  Flor- 
ida    33149. 

Copyright©  1 976 by  the  American  Geophysical  Union. 


Model  Calculations 

In  this  section  the  normalized  cross-correlation  coefficients 
T;  are  developed  on  the  basis  of  anisotropic  spectral  shapes 
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(Gaussian  and  power  law)  given  by  (3)  and  (4).  The  closed 
form  results  based  on  power  law  irregularities  are  limited  to 
two  special  cases,  f3  =  1  for  a  constant  spectral  index  «3  =  4 
and  a  sufficiently  large  outer-scale  dimension,  whereas  a  gen- 
eral result  is  available  for  the  Gaussian  irregularities.  Further- 
more, it  is  shown  that  (/(A,)/(A2))  is  separable  into  two  factors, 
one  dependent  on  anisotropy  and  the  other  dependent  on 
wavelength  provided  the  outer-scale  dimension  is  sufficiently 
large.  Under  this  simplification  it  can  be  shown  that  V,  is 
independent  of  anisotropy. 

The  normalized  cross-correlation  coefficient  V,  based  on 
anisotropic  Gaussian  irregularities  using  (i)-(3)  and  Grad- 
shteyn  and  Ryzhik  (1965]  is  given  by 
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where 


A  = 


7T(X|     —    X2)z 


l; 


a  = 


<A,  +  A2)z 


T(A, 


tan  0&  =  A 
tan  0„  =  a 
tan  0,+a  =  a  +  A 
tan  0,_a  =  a  —  A 


L„ 

tan  6Afi  =  A/02 

tan  O.e  =  a/a* 

tan  e.e+ii,  =  (a  +  A)//32 

tan  0„,_4((  =  (<7  -  A)//32 


The  numerator  in  (5),  which  is  proportional  to  </(A,)/(A2)), 
reduces  to  the  0  dependence  given  by  Briggs  and  Parkin  [  1 963]: 


(/2(A,)>  oc    ]   -  Cos"20ff 

•cos"2  8  J  cos  4(0,, 


A,  =  A2 


The  variation  of  T,  based  on  the  anisotropic  Gaussian  irreg- 
ularities from  (5)  is  illustrated  in  Figure  I  for  several  wave- 
length separations  and  effective  axial  ratios.  The  abscissa  is  a 
measure  of  the  distance  below  the  irregular  layer;  the  near  field 
corresponds  to  L02  »  7rA0z,  whereas  the  far  field  corre- 
sponds to  L02  «  7rA0r,  where  A0  is  the  geometric  mean 
between  A,  and  A2,  AA/A„  is  the  normalized  wavelength  separa- 
tion, and  A„  is  the  arithmetic  mean.  The  variation  of  T,  in 
Figure  1  illustrates  several  interesting  features: 

1.  The  cross-correlation  coefficient  V,  is  dependent  on  the 
radio  wavelength  separation,  the  angle  of  incidence,  and  the 
physical  properties  of  the  irregularities  including  the  abrupt- 
ness of  the  density  fluctuations  (spectral  shape),  axial  ratio, 
and  outer-scale  dimension.  The  dependence  on  axial  ratio  and 
angle  of  incidence  is  included  in  the  ji  dependence.  Changes  in 
T,  are  most  pronounced  for  AA/A0  >  2u%  and  La2  <  7rA0z. 

2.  The  cross-correlation  coefficient  T;  is  essentially  inde- 
pendent of  fi  and  approximately  equal  to  1  for  all  AA/A0 
provided  La2  »  nX0z. 

No  closed  form  expression  could  be  found  for  V,  based  on 
the  anisotropic  power  law  form  in  (4).  Two  simplifications 
were  considered  in  an  attempt  to  obtain  a  closed  form  expres- 
sion. First,  the  irregularities  are  considered  isotropic,  d  =   I 
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Hg  I  Model  calculations  of  cross-correlation  coefficient  based 
on  anisotropic  Gaussian  irregularities.  The  abscissa  is  a  measure  of  the 
distance  below  the  irregular  layer  (near  and  tar  held ):  L„  is  (he  outer- 
scale  dimension,  and  AA,  A0  is  the  normalized  wavelength  separation. 
where  AA  =  A,  -  A2,  A„  =  (A,  +  A2)/2,  and  A0  =  (A,A2)'  >. 


with  a  constant  spectral  index  a3  =  4,  which  by  using  ( 1 
and  (4)  and  Gradshteyn  and  Ryzhik  [1965]  yields 


r,  = 


exp  (  —  A)  —  exp  (  —  <r) 


[1   -  exp  (-A  -  <r)]1/2[l   -  exp  (A  -  cr)}1 


(6) 


This  expression  allows  the  comparison  of  V,  based  on  iso- 
tropic Gaussian  and  power  law  irregularities  as  given  in  Figure 
2.  The  differences  in  V,  for  Gaussian  and  power  law  irregular- 
ities clearly  show  the  dependence  of  l';  on  spectral  shape. 
The  large  differences  in  f,  for  the  relevant  approximation. 
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Fig.  2.  Model  comparison  of'.cross-correlation  coefficients  based 
on  isotropic  power  law  and  Gaussian  irregularities.  The  special  lorm 
tor  the  power  law  spectrum  includes  a  spectral  cutolf  and  constant 
spectral  index  a3  =  4. 
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L02  »  wX0:,  suggest  that  further  investigation  of  this  approxi- 
mation is  required.  For  a  sufficiently  large  outer  scale  and 
substitution  of  either  (3)  or  (4)  into  ( 1  )  it  can  be  shown  that 


./(A,)/(A2)>  a  F(g,  A)f(rf) 


(1) 


where  F(a ,  A)  is  dependent  on  A,  and  A2  and  f(tf)  is  dependent 
on  anisotropy.  Therefore  for  A,  =  A2.  (/2(A,)>  =  iF(\2))  &  /(/}), 
and  it  follows  that  V,  is  independent  of  anisotropy.  For  ex- 
ample, substituting  the  power  law  irregularities  in  (4)  into  ( I ) 
with  k,  =  k  cos  8  and  ny  =  k  sin  6  and  assuming  L0l  »  7rA,z  [I 
+  (ffl  -  1  )  sin2  ft],  where  i  =  1,2,  we  have  [Gradshteyn  and 
Ryzhik.  1965] 

F(<r,  A)  =   A(a,-2,/-'  -  r""-2"2 

/OS)  =  t-  /       [1  +  G32  -   l)sinJ  6]"""  d8 

Following  a  similar  procedure  for  the  Gaussian  irregularities, 
we  have 


F(a,  A) 


1(0) 


<  (3/34  +  202  +  3) 


(10) 


(11) 


Indeed,  even  though  a  closed  form  expression  for  the  ani- 
sotropy based  on  the  power  law  form  could  not  be  found,  it  is 
not  needed,  since  the  normalized  cross-correlation  coefficient 
is  independent  of  anisotropy.  Furthermore,  the  relevant  ex- 
pression for  this  coefficient  can  be  given  in  a  slightly  different 
form: 

/AXv--»" 

l 


AX 

2A, 


(12) 


A   further  simplification  is  available  if  we  assume  A„   =   A0, 
which  is  reasonable  provided  AX/X„  <   1.4: 


r, 


i  - 


(13) 


\2Xo/  J 

which  gives  the  cross-correlation  coefficient  in  terms  of  the 
wavelength  separation  and  spectral  index  as  illustrated  in  Fig- 
ure 3.  The  principal  result  is  that  a  flatter  spectral  shape, 
smaller  a3,  is  associated  with  smaller  cross-correlation 
coefficients.  For  the  purpose  of  the  present  work,  ( 12)  and  ( 13) 
are  considered  the  most  useful  representation  of  I',  and  hence 
will  be  compared  with  measurements  in  the  following  section. 

Discussion 

Measurements  of  the  cross-correlation  coefficients  have 
been  extensively  reported  by  using  ionospheric  scintillation 
signals,  while  only  limited  measurements  are  available  for 
interplanetary  scintillation.  The  correlation  coefficient  for  the 
ionospheric  measurements  varies  over  a  wide  range  for  results 
at  similar  wavelength  separations  (see  discussion  of  Aarons  et 
al.  [1967]).  The  cause  of  these  large  variations  is  not  well 
understood;  however,  one  likely  explanation  is  a  possible 
strong  dependence  on  scintillation  level.  Other  possibilities  are 
changes  in  spectral  shape  and  the  effects  of  an  inner-scale 
dimension,  which  is  important  when  it  is  approximately  equal 
to  the  Fresnel  radius.  The  theory  in  the  present  work  is  based 
on  small  scintillation  levels  and  neglects  the  effects  of  the  inner 
scale.  In  practice,  comparison  of  measurements  at  wide  wave- 
length separations  with  theory  may  be  difficult,  since  wide 
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fig.  3.  Model  calculations  ol  cross-correlation  coefficient  based 
on  a  power  law  spectrum  with  an  infinite  outer-scale  dimension  and  a 
variable  spectral  inde\  a3. 

separations  usually  produce  large  scintillation  levels  at  the 
longer  wavelength,  which  is  not  covered  by  the  theory  in  the 
present  work. 

The  simplified  model  used  here  describes  the  correlation 
coefficients  for  ionospheric  scintillation  signals  caused  by  F 
region  irregularities  generally  considered  to  be  aligned  along 
the  magnetic  held  lines  and  lor  interplanetary  scintillation 
signals  caused  by  irregularities  usually  considered  isotropic  or 
nearly  isotropic.  Two  radio-stellar  scintillation  measurements, 
ionospheric  [Aarons  et  al..  1966]  and  interplanetary  [Little  et 
al.,  1966],  were  selected  as  the  measurements  most  likely  asso- 
ciated with  small  scintillation  levels. 

The  measured  cross-correlation  coefficients  I";  are  compared 
with  the  model  results  of  (13).  These  results,  based  on  V, 
independent  of  fi,  are  given  in  Table  1,  which  illustrates  that 
the  model-deduced  a3  values  are  in  reasonable  agreement  w  ith 
direct  in  situ  measurements.  Small  deviations  of  V,  may  be 
caused  by  statistical  fluctuations  in  measured  values.  There- 
fore the  measurements  of  the  cross-correlation  coefficient 
should  include  some  measure  of  the  statistical  error  limits. 

Although  the  measurements  of  the  cross-correlation 
coefficient  alone  yield  limited  information  about  the  irregular- 
ities, measurements  of  this  coefficient  in  conjunction  with  a 
full  autospectral  and  cross-spectral  analysis  could  lead  to  a 
more  comprehensive  understanding  of  the  wave  propagation 
effects  and  hence  a  better  description  of  the  irregularities. 

TABLt  I.     Comparison  of  Model  Parameters  With  Measured 
Cross-Correlation  Coefficients 


Source 


Measured 

V,  \a.  m         AX.  \0 


Interplanetary  scintillation  (0.5) 

at  81.5  and  178  MHz  0.65 

[Little  etai.  1966]  (0.8) 

Ionospheric  scintillation  (0.5) 

al  I  13  and  228  MHz  0.7 

[Aarons  etai.,  1967]  (0.9) 


49 


.87 


0.74 


0.68 


(3.5) 

4 
(5) 

(3.3) 

4.2 
(>5) 


Parentheses  indicate  estimates  ol  the  upper  and  lower  bounds  for 
the  coefficient. 
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Conclusions 

Cross-correlation  models  of  scintillation  show  a  strong  de- 
pendence on  radio  wavelength  separation  and  the  physical 
properties  of  the  scattering  medium.  Furthermore,  these  ex- 
pressions, based  on  a  shallow-modulated  phase  screen,  show 
that  the  outer-scale  dimension  and  anisotropy  are  less  impor- 
tant provided  the  outer-scale  dimension  is  sufficiently  large  if 
the  normalized  cross-correlation  coefficient  is  considered.  The 
measurements  of  this  coefficient  could  be  especially  useful  in 
conjunction  with  other  available  methods  such  as  autospectral 
and  cross-spectral  analysis  in  inferring  information  about  the 
scattering  medium. 
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MICROWAVE   FM-CW  DOPPLER  RADAR 

FOR 

BOUNDARY   LAYER   PROBING 
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Abstract.     A  microwave  FM-CW  radar  can  obtain 
the  complete  spectrum  of  radial    velocities  of 
both  precipitation  particles  and  refractive-index 
fluctuations   in  the  optically  clear  air.     Hereto- 
fore the  extraction  of  the  Doppler  spectrum  from 
this  type  of  radar  was  believed  to  be  a  formid- 
able,  if  not  impossible,    task.     We  have  imple- 
mented a  Doppler  processing  technique  that  uses 
a  data  acquisition  system  developed  for  pulsed 
Doppler  radar.     We  present  Doppler  spectra  ob- 
tained with  a   zenith-pointing  FM-CW  radar  that 
demonstrate  this  new  capability.      In  addition  to 
the  strong  refractive-index   layers  observed  by 
the  FM-CW  radar  in  the  optically  clear  air,   there 
is  evidence  that  scattering  from  a  background 
continuum  of  Cn2  can  be  detected  when  a  Doppler 
operating  mode  is  employed. 

High  resolution  probing  of  the  atmosphere  with 
a  microwave  FM-CW  radar  was  first  demonstrated  by 
Richter   [1969].     The  FM-CW  radar,   normally  oper- 
ated in  a  zenith-pointing  mode,   has   been  used  as 
a   boundary  layer  probe  to  detect  clear  air  re- 
fractive-index fluctuations  with  a   range  (height) 
resolution  of  less   than  2  m   [Richter,   1969;   Gos- 
sard  et  al.,    1970a;   Bean  et  al .,    1971;   Richter 
et  al . ,   1973].     Clear  air  radar  echoes   in  the 
boundary  layer  are  usually  found  in  layers,  often 
with  wavelike  structure   [Gossard  and  Richter, 
1970b;   Gossard  et  al.,    1971,    1972].     Radar  re- 
flectivity for  scattering  from  turbulent  fluc- 
tuations in  refractive-index  is  given  by  n  =  0.38 
Cn2   x-1/3   [Ottersten,    19691   for  homogeneous   iso- 
tropic turbulence  where  Cn2  is  the  radio  refrac- 
tive-index structure  constant  and  x  is  the  radar 
wavelength.     The  original   motivation  for  adding 
Doopler  Drocessinq  to  the  FM-CW  radar  was  to 
obtain  data  that  would  reveal   the  role  that  wind 
shear  may  play  in  the  production  of  turbulence 
associated  with  scattering  layers. 

Although  the  frequency  of  the  detected  siqnal 
depends  on  both  range  and  velocity  for  an  FM-CM 
radar,   the  complete  Doppler  velocity  spectrum  can 
be  measured  in  each  range  resolution  cell   by 
measuring  the  change  in  phase  of  the  signal    from 
sweep-to-sweep.     The  Doppler  velocity  spectrum  is 
measured  from  the  radar  siqnal   obtained  during 
many  sweeps,  whereas  the  power  spectrum  of  the 
signal   obtained  durinq  each  sweep  is  measured  for 
conventional   FM-CW  data  processing.     Doopler 
processing  has   been  used  with  FM-CW  radars  that 
measure  sea  state   [Barrick,    1973]   but  these 
radars,  operatinq  at  HF,   transmit  siqnals  whose 
phase  repeats  from  sweep- to- sweep,   thereby  en- 
ablinq  the  phase  changes  of  the  return  signal    to 
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be  measured.     The  transmitted  signal    for  micro- 
wave FM-CW  radars,   obtained  from  YIG-tuned  tran- 
sistor oscillators,    is   not  Dhase  coherent  from 
sweep-to-sweep.   However,   the  time  delay   (range) 
between  transmitted  and  received  signals   is  only 
a   few  tens  of  microseconds  for  boundary  layer 
probing,   so,  the  signal   phase  at  the  output  of  the 
homodyne  detection  system  is  sufficiently  coher- 
ent from  sweep-to-sweep.     Therefore,   the  same 
processing   technique  used  for  the  HF  radar  data 
can  be  used  for  microwave  FM-CW  radars    [Strauch, 
et  al.,    1975]. 

Doppler  processinq  can  be  accomplished  in  a 
variety  of  ways  that  offer  flexibility  in  range 
and  velocity  resolution.     The  particular  way 
presented  here  provides   33  contiguous  range- 
resolution  elements,   from  0  to  a  selectable 
maximum  range.     Thirty-one  of  the  range  cells 
have  33  velocity  resolution  increments,   from  0  to 
plus  or  minus  a  selectable  maximum  velocity.     The 
first  and  last  range  increments  have  17  velocity 
resolution  elements,  and  the  sign  of  the  velocity 
is  not  resolved  in  these  range  cells;   i.e.,   the 
negative  velocity  portion  of  the  spectrum  is 
folded  onto  the  positive  portion.     An  arbitrary 
number  of  velocity  spectra  can  be  averaged, 
thereby  reducinq  the  variance  of  the  estimate  of 
each  spectral   density  value. 

Velocity  spectra  of  falling  raindrops  and  the 
height  profile  of  fall   speeds  measured  with  a 
zenith-pointing  FM-CW  Doppler  radar  are  shown  in 
Figure  1.     The  data  were  acquired  with  a  coherent 
integration  time,  Tc,  of  0.034  sec   (data  window 
for  a  single  spectrum  consisting  of  32  sweeps) 
and  an  averaging  time,  T/\,  of  1.7  sec   (averaging 
50  spectra);   the  entire  data  sample  was  acquired 
in  10  sec  (T0).     The  velocity  profile  (Fig.   la) 
is  a  profile  of  the  mode  of  the  averaged  velocity 
spectrum.     Figure  la  shows   the  fall   speed  profile 
with  a  height  resolution  of  32  m.     The  heights 
shown  are  above  ground  level    (AGL),  with  the 
radar  located  at  1500  m  MSL.     The  melting  layer 
[Battan,   1973,   p.    194]   is  indicated  by  the  change 
in  fall   speed  between  740  and  930  m  AGL.     Figure 
lb  is  a  plot  of  the  33  power  spectral   density 
values  measured  in  the  height  interval    224  to  256 
n.     Ground  clutter  appears  at  the  zero  velocity 
spectral    point  (in  the  middle  of  the  spectrum) 
and,  because  of  the  width  of  the  spectral   window, 
also  appears  at  the  two  adjacent  velocity  points. 
For  the  sweep  parameters  used  in  this  data  sam- 
ple,  the  interval   of  unambiguous  velocity  is 
±8  m  sec-1  and  the  velocity  distribution  is  not 
completely  encompassed  by  this   interval.     The 
velocity  spectrum  is  therefore  partly  folded,  and 
for  the  data   processing  scheme  used  here,   the 
folded  portion  of  the  spectrum  appears   in  adja- 
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Fiqure  1.   (a)  Modal  fall  speeds  of  raindroDs 
measured  with  FM-CW  DopDler  radar,    (b)  Averaqed 
velocity  soectrum  in  height  interval  235-257  m. 
(c)  Sample  DoDpler  spectra  after  apolyinq  thresh- 
old. 

cent  range  cells.  One  technique  used  to  estimate 
the  moments  of  the  spectrum  in  the  presence  of 
noise  is  to  discard  all  spectral  values  below  a 
threshold  level  and  compute  the  moments  based  on 
the  remaining  spectral  points.  Fiqure  lc  shows 
the  spectral  density  at  three  height  intervals 
after  a  threshold  level  has  been  subtracted. 

Figure  2  (a-c)  illustrates  results  obtained 
with  the  FM  Doppler  radar   when  a  strong  atmo- 
spheric refractive-index  scatterinq  layer  was 
observed  in  the  optically  clear  air.  The  data 
were  acquired  Drior  to  the  onset  of  convective 
mixing  to  minimize  the  contamination  of  the 
atmospheric  scattering  layer  by  insects  or  par- 
ticles such  as  seeds.  The  radar  antennas  were 
zenith-pointing  so  the  mean  radial  (vertical) 
velocity  was  approximately  zero.  Fiqure  2a  shows 
the  radar  reflectivity  measured  before  and  after 
the  FM-CW  DopDler  velocity  measurements  on  29 
June  1975.  The  background  intensity  setting  of 
the  display  oscilloscope  was  reduced  so  that  only 
the  strongest  returns  were  observed.  Figure  2b 
shows  the  Doppler  spectra  measured  in  the  scat- 
tering layer.  The  averaging  time  was  3.6  sec, 
and  the  total  observation  time  was  15  sec.   Ir, 
Figure  2a  the  radar  reflectivity  of  the  atmo- 


spheric scattering  layer  is  much  stronger  than 
that  of  other  targets  (nrobably  insects),  indi- 
cating a  large  Cn2-  Large  Cn-  values  may  often 
be  associated  with  relatively  strong  mechanical 
turbulence  so  spectral  widths  of  several  m  sec-1, 
as  in  Figure  2b,  may  be  characteristic  of  scat- 
tering from  the  strong  refractive-index  fluctu- 
ations found  in  layers.  Figure  2c  shows  spectra 
measured  from  scatterinq  at  altitudes  below  the 
strong  layer  but  much  higher  than  the  minimum 
observable  altitude.  These  spectra  were  measured 
at  the  same  time  as  those  shown  in  Fig.  2b. 
In  Figure  2c  ground  clutter,  detected  through 
the  antenna  sidelobes,  is  the  dominant  feature. 
It  appears  at  zero  velocity  and  the  two  adja- 
cent spectral  ooints.  The  spectra  measured  at 
the  height  interval  near  198  m  and  254  m  can 
be  attributed  solely  to  ground  clutter,  but  the 
spectra  at  367.5  and  424  m  altitudes  result 
from  ground  clutter  and  clear  air  returns  with- 
near-zero  velocity.  Since  Figure  2a  does  not 
reveal  anything  about  the  spatial  or  temporal 
structure  of  reflectivity  at  these  altitudes, 
it  was  necessary  to  examine  multiple  Drofiles 
of  the  spectra  to  insure  that  the  signals  were 
not  caused  by  insects.  Ground  clutter,  even  in 
moderate  winds,  was  always  confined  to  the 
three  spectral  ooints  at  and  adjacent  to  zero 
velocity. 
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Figure   2a.      Radar   scatterinq    intensity 
from   refractive-index    fluctuations    in   a 
strong   scattering    layer. 


163 


Strauch  et  al.t   Microwave  FM-CW  Doppler  Radar 


195 


Clear  Air  Layer 

Zenith  Pointing 

6-29-75 

0624  MDT 


,  1 158.5  m 
-5  0  *5 

m/sec 
Figure  2b.  Doppler  spectra  of  clear  air  return 
from  a  scattering  layer  (vertical  velocity). 

Another  early  morning  test  was  conducted  on  30 
June  when  a  strong  scattering  layer,  similar  to 
that  shown  in  Figure  2a,  was  observed  near  1300 
m  altitude.  The  spectra  measured  at  the  scatter- 
ing layer  (not  shown)  are  similar  to  those  in 
Figure  2b.  The  spectra  in  Figure  3  show  refrac- 
tive-index scattering  either  from  a  second  layer 
that  was  much  weaker  than  the  layer  at  1300  m,  or 
from  nonlayered  or  background  refractive-index 
fluctuations.  The  signal  spectra  from  this  sec- 
ond region  are  only  partially  masked  by  the 
strong  ground  clutter.  The  signal  spectra  were 
spatially  continuous  with  a  56.5  m  range  resolu- 
tion and  were  also  temporally  continuous  for 
several  minutes  during  Doppler  data  recording. 
If  these  returns  were  not  associated  with  a  lay- 
ered structure  whose  height  or  radar  reflectivity 
factor  changes  with  time,  it  would  be  very   diffi- 
cult to  detect  them  with  a  data  Drocessing  system 
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Figure  2c.  SamDle  Doppler  spectra  measured  below 
the  scatterinn  layer.  Spectra  at  198  and  254  m 
are   caused  solely  by  ground  clutter. 


-5     0    *5 
m/sec 
Figure  3.  Doppler  spectra  measured  in  a  region 
where  atmospheric  signals  were  not  observed  by 
the  FM-CW  radar  without  DoDoler  processing. 

that  measures  only  the  intensity  of  the  radar 
signal.  Backscatter  that  does  not  change  in  time 
or  height  would  not  be  distinguishable  from 
ground  clutter.  Doppler  processing  enables  us  to 
detect  refractive-index  scattering  much  weaker 
than  the  ground  clutter. 

The  FM-CW  radar,  heretofore  used  primarily  to 
observe  gualitati vely  the  structure  of  atmo- 
spheric layers  with  large  Cn2,  should  find  addi- 
tional meteorological  applications  because  it  can 
measure  Doppler  velocity  spectra.   It  may  prove 
very  useful  in  wind  measurements  in  the  boundary 
layer,  particularly  if  Doppler  processing  enables 
us  to  detect  weak  atmospheric  signals  that  cannot 
be  detected  by  radar  systems  that  measure  only 
the  scattered  intensity. 
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1. 


INTRODUCTION 


FM-CW  radars  have  been  used  for  high 
resolution  measurements  of  the  radar  reflectivity 
of  the  optically  clear  air  since  Richter  (1969) 
first  demonstrated  the  technique.   The  primary 
utilization  of  FM-CW  radar  has  been  in  qualita- 
tively portraying  the  structure  of  radar  reflec- 
tivity.  Frequently  the  radar  returns  in  optically 
clear  air  show  wave  motions  and  these  waves  have 
been  studied  extensively  [Gossard  et  al .  1970a; 
Gossard  and  Richter,  1970b;  Gossard  et  al.  1971, 
1972].   It  was  widely  believed  that  extracting 
the  Doppler  velocity  spectrum  of  distributed 
targets  with  this  type  of  radar  was  a  formidable 
task  because  the  signal  frequency  depends  on  both 
target  range  and  target  velocity.  However,  the 
phase  of  the  signal  obtained  from  repetitive 
sweeps  of  the  transmitted  frequency  depends  only 
on  target  velocity  and  the  Doppler  spectrum  is 
readily  obtained  by  power  spectrum  analysis.   We 
have  implemented  Doppler  processing  on  an  FM-CW 
radar  [Strauch  et  al.  1975]  and  have  demonstrated 
the  applicability  of  FM-CW  Doppler  radar  for  mea- 
surements of  the  Doppler  spectrum  of  hydrometeor 
scattering  as  well  as  radar  scattering  from  the 
optically  clear  air  [Strauch  et  al.  1976].   In 
this  paper  the  measurement  properties  of  FM-CW 
Doppler  radars  are  discussed  and  comparisons  are 
made  with  the  more  familiar  pulse  Doppler  radar. 


2. 


THE  RADAR  AMBIGUITY  FUNCTION 


The  measurement  properties  of  a  radar 
waveform  can  be  described  by  the  ambiguity 
function  [Deley,  1970].  The  ambiguity  function 
for  the  FM-CW  radar  waveform  without  Doppler 
processing  is  that  of  a  single  linear  FM  ("chirp") 
pulse  (Fig.  1)  and  is  given  by  [Deley,  1970]: 


XjCo.O)' 


jir6(t> 


sin[n(B/T6*4»(T-|6h)  rect[6/2T1  „j 
tt(B/T.W)  rectio/zi  j.u) 


T  is  the  sweep  duration,  B  is  the  sweep  band- 
width, 6  is  the  time  variable,  <f>  is  the  fre- 
quency variable,  and  rect[x]  is  1  if  |x|  <  1/2 
and  is  0  if  |x|  >  1/2.   A  3-dimensional  plot  of 
the  magnitude  of  this  function  shows  the  radar 
response  to  targets  with  time  delays  (ranges) 
and  frequency  shifts  (velocities)  that  differ 
from  those  of  the  target  of  interest  at  6  = 


=  0. 
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Figure  1.      Transmitted  signal  of  an  FM-CW  radar 
without  Doppler  processing .     f„  is  the  transmitted 
frequency  at  the  start  of  the  sweep  and  B  is  the 
sweep  width. 


Fig.  2  shows  a  top  view  of  the  magnitude  of  x,  • 
The  dark  area  represents  the  region  where  targets 
with  different  velocities  and  ranges  cannot  be 
resolved.   The  axis  of  this  area  is  the  line 
B/T  6  +  $  =  0  which  can  be  written  V  =  -  (XB/cT)R 
where  X  is  the  radar  wavelength,  c  is  the 
velocity  of  propagation,  V  is  the  target  velocity 
and  R  is  the  target  range,  with  R  and  V  relative 
to  the  target  of  interest .   Typical  sweep  param- 
eters for  the  boundary  layer  FM-CW  radar  without 
Doppler  are  T  =  0.05  s  and  B  =  100  mHz  so  the 
axis  of  the  ambiguity  area  is  V  =  -2/3  R  where 
R  is  in  m  and  V  is  in  m/s.   Thus  there  is  no 
simultaneous  range  and  velocity  discrimination 
for  meteorological  scatterers. 


f  8  +  c£  =o 
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Figure  2.      Central  peak  of  the  magnitude  of  the 
ambiguity  function  for  FM-CW  radar  without  Doppler 
processing . 

The   FM-CW  Doppler   radar  utilizes   a   re- 
petitive  sweep   as    illustrated    in   Fig.    3.     The 
ambiguity    function   for  this   transmitted  waveform 
is   given  by    [Deley,    1970]: 

X(6^)^^T'x1(6-nT.,,)^^f-H){^^        (2) 


for  | 6-nT' |  <  T,   n  =  -(N-l)  ...,  0,  ...  (N-l), 
and  zero  elsewhere.   T'  is  the  repetition  period 
and  N  is  the  number  of  sweeps  used  in  the  signal 
processing.   The  peaks  of  the  magnitude  of  this 
ambiguity  function  are  shown  in  Fig.  4.   Equation 
(2)  is  valid  for  T'  >  2T  but  the  peaks  of  the  ambi- 
guity function  are  the  same  as  those  shown  in  Fig. 
4  when  a  sawtooth  sweep  (T'=T)  is  used. 

The  range  ambiguities  for  the  FM-CW 
radar  with  repetitive  sweeps  occur  with  a  spacing 
of  cT'/2  and  the  velocity  ambiguities  are  spaced 
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Figure  3.     Transmitted  signal  of  an  FM-CW  Doppler 
radar. 
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Figure  4.      Peaks  of  the  magnitude  of  the  ambiguity 
function  of  an  FM-CW  Doppler  radar. 

by  X/2T'.  The  frequency  resolution  is  1/NT'  or 
the  velocity  resolution  is  X/2NT'.  The  time 
resolution  is  1/B  or  the  range  resolution  is  c/2B. 
The  range  resolution  is  the  same  as  that  for  a 
single  sweep.   Fig.  4  shows  that  the  range  and 
velocity  measurement  properties  of  the  FM-CW 
Doppler  radar  are  essentially  the  same  as  those  of 
a  pulse  Doppler  radar  with  one  exception:   targets 
whose  velocity  exceeds  the  maximum  unambiguous 
velocity  (V  )  appear  in  an  adjacent  range  resolu- 
tion cell  with  an  FM-CW  radar,  whereas  with  a 
pulse  radar  the  velocity  spectrum  folds  at  the 
same  maximum  velocity  but  the  target  remains  in 
the  same  range  resolution  cell.  With  either  type 
of  radar  we  need  additional  information  such  as 
that  provided  by  spatial  or  temporal  continuity  to 
resolve  the  folding.  There  are  no  practical 
differences  in  the  problems  encountered  in  re- 
solving ambiguities  with  either  type  of  radar. 
Thus,  an  FM-CW  Doppler  radar  with  sweep  bandwidth 
B  and  sweep  repetition  time  T'  will  have  essen- 
tially the  same  measurement  properties  as  that  of 
a  pulse  Doppler  radar  with  pulse  width  t  =  1/B  and 
pulse  repetition  time  T' . 

A  basic  limitation  with  both  pulse 

Doppler  and  FM-CW  Doppler  is  that  the  product  of 

the  maximum  unambiguous  range  and  the  maximum 

unambiguous  velocity  is  R  V  =  ±  cX/8  or  constant 

for  a  given  radar.  For  this  reason,  neither  radar 

technique  can  be  applied  to  acoustic  sounders  or 

laser  probes.   A  2  kHz  acoustic  sounder  has  a 

value  of  R  V  of  only  S.6  m  /s,  and  this  product 

X&2   m 
is  18.76  m   /s  for  a  visible  laser.  A  CO.  laser 


has  a  R  V  product  of  375  m  /s  and  thus  would  be 
m  m 

useful  only  for  extremely  short  ranges.  The 
acoustic  and  laser  systems  must  therefore  measure 
the  Doppler  spectrum  from  the  return  of  a  single 
pulse.  The  velocity  resolution  and  range  resolu- 
tion cannot  be  chosen  independently  when  the 
velocity  spectrum  is  measured  with  a  single  pulse. 
The  range  resolution  is  directly  proportional  to 
the  pulse  width  while  the  frequency  (velocity)  re- 
solution is  inversely  proportional  to  pulse 
width.  This  tradeoff  leads  to  acceptable  param- 
eters for  acoustic  sounders,  but  pulse  Doppler 
laser  systems  have  thus  far  found  limited  atmo- 
spheric use.   Although  the  FM-CW  Doppler  technique 
cannot  be  applied  to  acoustic  or  laser  systems, 
non-Doppler  FM-CW  radar  techniques  may  prove  to 
be  useful  in  both  types  of  atmospheric  probes. 

3.        PROCESSING  FM-CW  DOPPLER  RADAR  SIGNAL 

The  technique  used  to  measure  the 
Doppler  velocity  spectrum  of  each  range  resolution 
cell  of  an  FM-CW  radar  involves  spectral  analysis 
of  the  signal  obtained  from  N  consecutive  sweeps 
rather  than  the  signal  from  a  single  sweep  as  for 
conventional  FM-CW  radar.  A  complete  description 
of  the  data  processing  is  given  by  Strauch  et  al. 
(197S),  but  a  simple  explanation  is  available  by 
considering  the  form  of  the  output  voltage  of 
the  receiver. 

Fig.  5  shows  the  receiver  output 
voltage  for  two  stationary  targets.   In  the  top 
trace  the  target  range  is  such  that  the  period  of 
signal  frequency  is  an  exact  multiple  of  the 
sawtooth  sweep  repetition  time  (T) .  The  signal 
is  a  continuous  sinusoid  except  at  the  start  of 
each  sweep  where  the  local  oscillator  has  started 
a  new  sweep  while  the  signal  still  corresponds 
to  the  previous  sweep.  (A  short  high  frequency 
pulse  occurs  and  a  low  pass  filter  at  the  mixer 
output  causes  a  brief  transient  to  occur  at  the 
start  of  each  sweep.)   In  the  lower  trace  the 
range  is  arbitrary  so  the  period  of  the  signal 
frequency  is  not  a  harmonic  of  1/T.   In  both  cases 
however,  the  signal  is  repetitive  with  period  T. 
Therefore,  the  power  spectral  density  is  zero 
except  at  harmonics  of  1/T.  Note  that  the  power 
spectrum  of  a  single  sweep  (as  used  in  conven- 
tional FM-CW  data  processing)  is  continuous  with 
a  (sin  x)/x  envelope  but  with  repetitive  sweeps 
the  power  spectrum  of  a  single  target  is  discrete. 
The  power  spectrum  of  the  signal  shown  in  the 
top  trace  of  Fig.  5  consists  of  a  single  line 
at  f  =  3/T  (neglecting  retrace  effects)  while 
the  signal  shown  in  the  lower  trace  contains 
power  at  f  =  3/T  as  well  as  other  harmonics. 
The  important  point  to  note  is  that  all  stationary 
targets  (including  ground  clutter)  will  appear  in 
the  power  spectrum  at  harmonics  of  1/T. 


Fig.  6  shows  the  rece 
moving  target.  The  phase  of  th 
from  sweep  to  sweep  because  the 
The  rate  of  phase  change  is  the 
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4. 


CONCLUSION 


Figure  5.      Output  voltage  of  an  FM-CW  Doppler 
radar  receiver  for  stationary  targets.      Top  trace 
shows  a  target  at  a  range  Ri  =  3c/2B.     Bottom 
trace  shows  a  target  at  an  arbitrary  range  near 


Figure  6.     Output  voltage  of  an  FM-CW  radar 
receiver  for  a  moving  target. 


The  FM-CW  Doppler  radar  can  measure  the 
Doppler  velocity  spectrum  of  meteorological 
scatterers  (hydrometeors  and  clear  air)  with  the 
same  resolution  and  ambiguities  as  a  pulse  Doppler 
radar  whose  transmitted  signal  bandwidth  and 
repetition  rate  are  the  same  as  the  FM-CW  radar. 
The  choice  of  which  type  of  radar  to  use  for  a 
given  problem  must  be  made  on  considerations  other 
than  velocity  measurement  capability.   Some  ad- 
vantages of  FM-CW  Doppler  radar  compared  with 
pulse  Doppler  radar  are  the  very  short  (<  30  m) 
minimum  range,  the  exceptionally  good  range  re- 
solution (<  10  m) ,  and  the  selectable  range  re- 
solution.  Typically,  it  is  more  versatile  and 
less  expensive  than  pulse  Doppler  radars  capable 
of  clear  air  wind  measurements. 

There  are  also  disadvantages  of  FM-CW 
radars.   Data  processing  of  FM-CW  Doppler  data  is 
analogous  to  spectral  processing  of  pulse  Doppler 
data.   There  is  (as  of  this  time)  no  method  avail- 
able for  estimating  the  moments  of  the  Doppler 
spectrum  for  FM-CW  Doppler  signals  without  spectral 
processing  whereas  pulse  Doppler  signals  do  not 
require  spectral  analysis  to  obtain  moment  esti- 
mates.  A  second  disadvantage  of  FM-CW  Doppler 
radar  is  the  dual  antenna  system.   For  a  given 
total  aperture  the  angular  resolution  is  better 
with  a  pulse  Doppler  radar.   Therefore,  while  the 
FM-CW  Doppler  radar  can  be  used  for  a  variety  of 
research  problems,  its  primary  applications  are 
those  requiring  low  cost,  short  range,  and  good 
range  resolution.   It  should  be  viewed  not  as  a 
replacement  for  pulse  Doppler  radar  but  rather  as 
a  complement  to  it. 
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Figure  7.     Power  spectrum  of  the  output  signal 
of  an  FM-CW  Doppler  radar. 

frequencies.  The  power  spectral  density  plot  is 
therefore  a  range  and  velocity  map,  with  ground 
clutter  appearing  at  harmonics  of  1/T  and  moving 
targets  at  other  frequencies.   Each  harmonic  of 
1/T  corresponds  to  a  range  resolution  cell. 
Moving  targets  in  a  particular  range  resolution 
cell  appear  in  the  power  spectrum  at  frequencies 
near  the  corresponding  harmonic  of  1/T.   It  is 
readily  seen  that  the  maximum  Doppler  frequency 
shift  that  can  be  measured  unambiguously  is  1/2T 
because  at  that  frequency  it  is  not  possible  to 
determine  which  range  resolution  cell  the  signal 
corresponds  to.   The  spectrum  folds  into  adjacent 
range  cells  as  predicted  by  the  ambiguity  func- 
tion. 
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APPLICATION  OF  STATISTICAL  INVERSION  TO 

GROUND-BASED  MICROWAVE  REMOTE  SENSING 

OF  TEMPERATURE  AND  WATER 

VAPOR  PROFILES 


E.  R.  Westwater  and  M.  T.  Decker 
NOAA/ERL/Wave  Propagation  Laboratory 


Surface-based  observations  of  downwelling  microwave   ther- 
mal   emission   are   related   to   temperature  and  humidity  profiles 
via   a   standard   integral    equation   of  radiative   transfer .      Both 
in   clear  and   in   cloudy  atmospheres ,    statistical    inversion 
techniques   can  be   used   to   retrieve  profiles   from  a   data    vector 
of  brightness   observations   and  surface  meteorological    con- 
straints.     For   the   clear   case,    we  illustrate  accuracy  pre- 
dictions  and  profile   retrievals   for    (a)    single- frequency 
angular-scanned  data,     (b)    multi- frequency  angular  scanned  data, 
and    (c)    multi- frequency   zenith  data.      For   case    (c)    we   compare 
predicted  and  achieved  accuracies   in   a   recently   conducted 
joint   NOAA-JPL  radiometric  experiment.      Finally,    we  present 
retrievals   of  cloud-contaminated  radiometric  data. 


I .   INTRODUCTION 

The  continuous  measurement  of  temperature  and  humidity  in  the 
Earth's  boundary  layer  is  an  important  requirement  in  some  areas 
of  meteorological  research.   Ground-based  microwave  radiometric 
measurements  of  temperature  structure  show  promise  of  meeting  this 
need  and  the  technique  has  been  investigated  by  several  groups 
(Refs.  1,  2,  3,  and  4).   Limited  information  on  the  moisture  pro- 
file is  also  radiometrically  available  (Refs.  5  and  6) . 

In  this  review,  we  outline  the  application  of  statistical 


395 


170 


396  E.  R.  WESTWATER  AND  M.  T.  DECKER 

inversion  methods  to  a  few  of  the  increasingly  complex  measuring 
techniques  that  have  evolved  over  the  years.   For  each  method, 
statistical  inversion  appears  capable  of  extracting  maximum  infor- 
mation from  the  measurements. 

The  extent  to  which  inversion  theory  applies  to  a  problem 
depends  strongly  on  the  solution  of  the  direct  problem;  i.e.,  given 
the  profile,  can  we  calculate  the  measurements  to  within  the  experi- 
mental accuracy?   We  therefore  spend  some  time  discussing  the 
accuracies  of  microwave  thermal  emission  calculations. 

We  then  review  temperature  retrieval  results  from  single-  and 
multiple-frequency  angular  scanning  radiometers.   Finally,  we  con- 
clude with  recent  results  in  multi-frequency  sensing  of  temperature 
and  moisture  profiles. 


II.   MICROWAVE  ATTENUATION  AND  EMISSION  IN  CLEAR  AND  CLOUDY 

ATMOSPHERES 

Measurements  of  microwave  radiant  power  are  commonly 
expressed  as  an  equivalent  black  body  temperature,  or  brightness 
temperature,  T  .   Except  during  rain,  atmospheric  scattering  is 
small  relative  to  absorption.   For  a  nonscattering  atmosphere  in 
local  thermodynamic  equilibrium,  the  downward  brightness  tempera- 
ture at  frequency  v  is  given  by 

(ext)      r°°  rS 

TMv)  =  T,     t   +  J  T  a   exp  (-fa  (s')ds')ds  (1) 

b       b     v    >Q  v        JQ   v 

where  T  is  absolute  temperature  (K) ,  a   is  absorption  coefficient 

-1     (ext)  V 

(km  ) ,  T      is  brightness  temperature  external  to  the  Earth's 

atmosphere  (K) ,  i      is  transmission  through  the  atmosphere,  and  s 

is  path  length  from  the  receiver  to  emitting  volume  (km) .   In  the 

troposphere,  microwave  absorption  is  due  principally  to  molecular 

resonances  of  0   (60  GHz)  and  HO  (22  GHz)  and  to  clouds  and  rain. 

In  general,  the  absorption  is  a  strong  function  of  composition  and 

a  weak  function  of  temperature.   Thus,  around  22  GHz,  the  emission 

varies  principally  because  of  variations  in  water  concentration, 
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whereas  at  60  GHz,  the  emission  from  the  well-mixed  constituent  O 

depends  mainly  on  temperature.   For  ground-based  applications,  the 

(ext) 
term  T,      describes  discrete  external  sources,  such  as  the  Sun 
b 

or  Moon,  and  the  continuum  "big  bang"  contribution  of  2.9  K. 
Calculations  of  the  microwave  absorption  coefficient  are  shown  in 
Fig.  1. 


A.   Water  Vapor  Attenuation 

Water  vapor  attenuation  arises  from  the  rotational  transition 
at  22.235  GHz  and  the  nonresonant  contribution  of  submillimeter 
and  infrared  lines.   At  frequencies  below  100  GHz,  the  spectrum  is 
the  sum  of  a  resonant  term  and  a  contribution  from  the  higher  fre- 

n 

quency  lines  that  varies  as  v  .   An  excellent  summary  and  dis- 
cussion of  the  theoretical  experimental  basis  of  water  vapor  atten- 
uation calculations  are  given  by  Waters  (Ref.  7). 


10        20       30       40        50       60        70       80        90      100 

Frequency     GH? 


Fig.    1.      Microwave  atmospheric  absorption   in   clear  air, 
clouds,    and  rain.      a  =  absorption   coefficient ,    e  =  attenuation 
coefficient.       (1    bar  =   100  kPa) 
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For  remote  sensing  of  water  and  temperature,  we  must  accu- 
rately calculate  water  vapor  emission  and  attenuation  from  profiles 
of  meteorological  variables.   Since  several  equations  to  calculate 
vapor  attenuation  exist  in  the  literature  (Ref.  7),  we  thought 
that  a  comparison  of  more  recent  models  in  brightness  calculations 
would  be  at  least  suggestive  of  the  accuracy  to  which  the  clear  air 
direct  problem  is  solved  in  the  20-35  GHz  band.   Thus,  we  present, 
in  Table  1,  comparisons  of  calculations  of  brightness  temperature 
for  five  selected  radiosonde  profiles.   The  calculations  labeled 
BA  used  constants  derived  by  least  squares  from  the  absorption 
data  of  Becker  and  Autler  (Ref.  8);  L  labels  calculations  using 
constants  derived  by  Liebe  (Ref.  9)  using  dispersion  spectroscopy; 
finally  W  labels  the  results  using  parameters  given  by  Waters 
(Ref.  7).   BA  and  L  assume  the  Van  Vleck-Weisskopf  line  shape;  W 
uses  that  of  Gross-Zhevakin-Naumov.   When  compared  with  radio- 
metric accuracies  that  approach  1  K,  the  agreement  is  not  com- 
pletely satisfactory,  especially  for  the  profiles  with  larger 
water  content.   If  one  accepts  the  more  recent  results  (L  and  W) , 
the  agreement  is  within  5%. 

B.   Oxygen  Attenuation 

Beginning  with  the  classic  theoretical  paper  by  Van  Vleck 
(Ref.  10)  on  microwave  absorption  by  molecular  0  ,  a  large  amount 
of  theoretical,  laboratory,  and  atmospheric  research  has  been 
devoted  to  the  understanding  of  attenuation  from  this  constituent. 
As  a  consequence,  the  knowledge  of  0   absorption  parameters  and  of 
related  pressure  broadening  theory  has  steadily  increased.   Two 
recent  advances  are  of  note.   The  first  is  the  development  of  the 
dispersion  spectroscopy  technique  by  Liebe  and  its  application  to 
the  determination  of  the  spectroscopic  parameters  of  O   (Ref.  11). 
The  second  is  Rosenkranz's  (Ref.  12)  theoretical  attenuation  model 
which  accounts  for  overlapping  lines  in  the  oxygen  complex. 

As  in  the  previous  case  of  water  vapor,  we  wanted  to 
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TABLE    1 

Comparison   of  Calculated   Zenith  Brightness 
Temperatures   at   22   and   31   GHz  Resulting 
from   Various   Choices   of  Spectral 
Line  Parameters 


Liquid 

Pro- 

water 

22 

.235  GHz 

31.65  GHz 

file 

content 

BA 

L 

W 

BA 

L 

W 

1 

0.8 

23.4 

22.3 

21.4 

14.7 

15.0 

14.5 

2 

1.1 

28.6 

27.2 

26.1 

16.5 

16.9 

16.3 

3 

1.3 

31.1 

31.5 

30.1 

18.1 

18.5 

17.7 

4 

2.8 

68.2 

64.5 

61.5 

29.0 

30.1 

28.3 

5 

3.6 

74.9 

70.8 

67.5 

31.2 

32.4 

30.4 

determine  the  degree  to  which  contemporary  absorption  models  agreed 
with  each  other.   To  this  end,  we  performed  calculations  of  zenith 
brightness  using  three  absorption  models:   the  first  (RMC)  used 
the  Van  Vleck-Weisskopf  line  shape  with  constants  given  by  Reber, 
Mitchell  and  Carter  (Ref.  13);  the  second  (R)  used  Rosenkranz's 
(Ref.  12)  line  shape  and  the  constants  given  in  his  paper;  the 
third  (L)  used  Liebe's  measurements  (Ref.  11),  the  Rosenkranz  line 
shape,  and  Rosenkranz's  value  of  the  non-resonant  line  width.   The 
results  are  shown  in  Table  2. 

There  is  close  agreement  between  all  three  models  at  53.8  and 
55.5  GHz  and  R  and  L  agree  well  also  at  52.8  GHz.   The  difference 
between  RMC  and  the  other  two  at  the  most  transparent  channel, 
52.85  GHz,  is  almost  constant  ( ~   4.2  K)  and  occurs  primarily 
because  of  the  difference  in  absorption  prediction  in  the  pressure 
range  100-500  mb. 

C.   Comparison  of  Clear  Air  Emission  Measurement  and  Calculations 

Five-channel  microwave  observations  were  taken  at  Pt.  Mugu, 
California  and  were  kindly  provided  by  B.  Gary  and  N.  Yamane  of 
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TABLE    2 

Comparison   of  Calculated   Zenith   Brightness 
Temperatures    (K)    in    the   Oxygen   Band 
Resulting   from   Various 
Absorption  Models 

52.85                53.85  55.45 

Pro-          GHz                   GHz  GHz 

file   RMC R L BMC R L BMC R L_ 

1  194.8      190.6      191.3      251.2       250.8      251.2       281.5  281.6      281.7 

2  191.5      187.2      187.7       250.7       250.3       250.6      280.8  281.0      281.0 

3  193.8      189.6      190.0      257.0      256.8      256.9      289.7  289.8      289.9 

4  190.6      186.3      187.0      248.3      248.0      248.4      278.7  278.9      278.9 

5  189.9      185.5      186.0      252.4      252.1       252.4      287.4  287.6      287.6 


Jet  Propulsion  Laboratory  (JPL) .   Their  radiometer  was  similar  to 
the  SCAMS  system  used  on  the  Nimbus  6  satellite  (Ref.  14).   During 
the  three-week  period  of  observations,  thrice-a-day  radiosondes 
obtained  standard  meteorological  soundings  of  temperature,  pres- 
sure, and  humidity.   Calculations  of  brightness  temperature  were 
made  by  using  the  constants  of  Becker-Autler  for  water  vapor ,  and 
those  of  Liebe  for  O  .   The  comparison  of  measurements  and  cal- 
culations are  shown  in  Table  3.   Considering  the  difficulties  in 
making  absolute  radiometric  measurements  and  in  observing  the  same 
volume  of  air  with  radiosonde  and  radiometer,  the  agreement  in  the 
0   band  is  quite  good.   Note,  however,  the  relatively  large  vari- 
ance at  the  22  and  31  GHz  channels.   Because  of  the  difficulty  in 
obtaining  reliable  direct  measurements  of  humidity  profiles  by 
radiosondes  (Refs.  15  and  16),  these  differences  may  not  be  caused 
by  incorrect  absorption  coefficients. 

D.   Attenuation  by  Clouds  and  Rain 

Attenuation  from  a  distribution  of  spherical  particles  of  known 
dielectric  properties  can  be  calculated  by  classical  electromag- 
netic theory.   Depending  on  the  ratio  of  particle  size  to 
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TABLE    3 

Average  and  Root-Mean-Square    (rms)    Differences 

(K)    between  Measured   and   Calculated 

Brightness    Temperatures 

(N   =    24   Radiosonde 

Observations) 

Frequency    (GHz) 

Difference  22.234      31.65      52.85      53.85      55.45 

Average  2 .  5 

Root-mean-square  3.4 

Percent  12.6 


wavelength,  simplicity  or  complexity  prevails.   In  the  domain 
here  this  ratio  is  small,  called  the  Rayleigh  region,  attenuation 
is  independent  of  size  distribution  and  is  directly  proportional 
to  total  mass  of  droplets.   In  addition,  scattering  is  negligible 
relative  to  absorption.   For  large  particles,  Mie  theory  must  be 
used,  and  attenuation  depends  on  size  distribution  in  both  absorp- 
tion and  scattering.   For  our  purposes,  we  will  consider  water 
clouds  with  modal  radii  less  than  50  um  to  be  in  the  Rayleigh 
region  for  frequencies  less  than  100  GHz.   Calculations  of  water 

absorption  for  a  cloud  liquid  water  content  of  p, .   .  _  =  0.1  g/m 

liquid 

are  shown  in  Fig.  1.   Depending  on  the  frequency,  spherical  ice 
particles  absorb  from  one  to  two  orders  of  magnitude  less  than  an 
equivalent  amount  of  water. 

In  contrast  to  nonprecipitating  clouds,  rain  (and  hail)  both 
scatters  and  absorbs  microwave  energy.   The  attenuation  coefficient 
e  must  be  calculated  from  Mie  theory  for  both  absorption  and  scat- 
tering coefficients.   Calculations  of  e  for  a  moderate  rain  of 
12.5  mm/hr  are  also  shown  in  Fig.  1.   We  assumed  a  Laws  and 
Parsons  (Ref.  17)  size  distribution  for  this  rain  rate  (liquid) 
water  content  =  0.6  g/m3).   It  is  clear  that  rain  dominates  all 
other  sources  of  attenuation  except  in  the  vicinity  of  the  oxygen 
complex. 
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The  atmospheric  thermal  emission  spectrum  in  the  presence  of 
a  cloud  can  differ  considerably  from  that  obtained  under  clear 
conditions.   In  detail,  the  amount  of  contrast  depends  on  the 
height  profiles  of  temperature,  humidity,  and  liquid  content. 
However,  the  largest  contribution  to  the  difference  is  the  liquid 
thickness  with  the  emission  being  relatively  insensitive  to  the 
height  and  geometric  thickness  of  the  cloud  (Ref .  18) .   Table  4 
shows  estimated  rms  differences  between  clear  and  cloudy  bright- 
ness temperatures  for  the  July  climatology  of  Pt.  Mugu ,  California. 
These  differences  clearly  show  the  need  for  cloud  correction. 
Similar  calculations  for  ocean  climatologies  indicated  rms  dif- 
ferences about  twice  as  large  as  those  of  Table  4. 


III.   STATISTICAL  INVERSION  OF  GROUND-BASED  MICROWAVE  RADIOMETER 
DATA  TO  RECOVER  VERTICAL  TEMPERATURE  PROFILES 

Minimum-variance  statistical  inversion  is  used  to  estimate  a 
parameter  vector  p  from  a  data  vector  d  according  to  the  well- 
known  prescription 

p  =  <p>  +  <p>  d'T>  <d'  d'T>~  d'  (2) 

In  Eq.  (2),  p  is  the  estimator  of  p,  <•>  refers  to  ensemble 
averages  over  joint  distributions  of  p  and  d,  and  primes  denote 

TABLE  4 

Rms   Differences   between   Clear  and  Cloudy 
Zenith  Brightness   Temperatures 

Frequency,  Rms  difference, 

GHz K 

22.235  3.6 

31.65  7.6 

52.85  6.4 

53.85  2.0 

55.45  0.1 
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departures  from  mean  values.  The  assumptions  and  derivations 
leading  to  this  equation  are  given  by  Rodgers  (Ref.  19).  The 
covariance  matrix  of  this  estimate,  S    ,  is  given  by 

P  IT 

T  T 

S  _„  =  <(p  -  p)  (p  -  p)  >  =  <p'  p'  >  - 

T         T  -1        T 
<p'  d'  >  <d'  d'  >    <d"  p'  >,  (3) 


The  ith  diagonal  element  of  S   „  represents  the  residual  variance 

th   5-P 
of  the  estimate  of  the  i   parameter  and  is  a  direct  measure  of 

solution  quality.   If  p  represents  a  discretized  profile  of  some 

variable,  then  the  matrix  trace  of  S   ,  is  a  useful  measure  of 

P-P 
overall  solution  quality.   Here  p  usually  represents  vertical 

temperature  or  humidity  profiles  at  a  sufficiently  dense  set  of 

height  coordinates,  and  d  is  some  function  of  observed  brightness 

temperatures . 

The  application  of  these  equations  to  ground-based  (g.b.) 
sensing  of  meteorological  profiles  differs  in  several  respects 
from  the  corresponding  satellite  retrieval  problem: 

(a)  Satellite  retrievals  use  a  priori    statistics  appropriate 
to  a  latitudinal  region;  a  ground-based  application  requires  only 
single-station  statistics.   Consequently,  the  a  priori    variance  of 
the  g.b.  ensemble  is  usually  much  less  than  that  used  for  satel- 
lites. 

(b)  For  the  g.b.  problem,  direct  observations  of  the  desired 
profile  at  the  surface  can  usually  be  obtained.   This  can  be 
imposed  as  an  exact  constraint  on  the  inferred  profile,  which,  in 
addition,  further  reduces  the  a  priori    variance  at  all  levels, 
since  we  are  now  averaging  over  an  ensemble  with  fixed  surface 
conditions. 

(c)  A  practical  consequence  of  (a)  and  (b)  is  that  linear 
methods  are  frequently  appropriate,  because  of  the  relatively 
small  variation  about  the  initial  guess  profile. 
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A.   Temperature  Sensing  by  Inversion  of  Single-Channel  Angular- 
Scanned  Radiometric  Data 

Initially,  ground-based  temperature  sensing  was  attempted  by 
fixed-frequency  angular  scanning  methods  (Refs.  1,20,  and  21).   A 
typical  set  of  weighting  functions  is  shown  in  Fig.  2.   Although 
these  weighting  functions  attain  their  maxima  at  the  surface, 
linear  combinations  of  them  can  be  made  to  peak  at  various  alti- 
tudes yielding  a  spatial  resolution  that  degrades  with  altitude 
(Ref.  3). 

Weighting  functions  give  the  system  response  to  a  delta- 
function  input;  another  meaningful  system  characterization  is  the 
total  variance  of  the  observations,  and  its  partitioning  into  the 
contributions  from  all  relevant  meteorological  variables.   An 
example  of  this  analysis  is  shown  in  Fig.  3,  in  which  partial 
variances  in  T   from  fluctuations  in  temperature,  relative  humidity, 
and  pressure  are  shown  as  a  function  of  elevation  angle.   Although 

this  channel  is  in  the  O   band,  the  fluctuations  due  to  humidity 

o 
exceed  those  from  temperature  for  angles  greater  than  20 

The  reduction  in  "noise"  due  to  surface  constraints  is  shown  in 

Fig.  4,  where,  in  particular,  the  variance  in  T   due  to  pressure 

fluctuations  is  reduced  to  almost  zero.   However,  the  contamination 

of  the  temperature  "signal"  due  to  the  humidity  "noise"  is  still 

extensive  and  really  requires  a  water  channel  for  its  removal. 

As  mentioned  earlier,  the  diaqonal  elements  of  S   ;  are  a 

T-T 

measure  of  solution  quality.   Plots  of  the  square  roots  of  these 
diagonal  elements  as  a  function  of  altitude  indicate  the  expected 
standard  deviation  of  the  solution  over  an  ensemble  of  profiles. 
An  example  of  this  type  of  plot  is  Fig.  5,  which  shows  theoretical 
retrieval  accuracy  for  several  choices  of  operating  frequency  for 
the  August  climatology  of  Salt  Lake  City,  Utah.   These  calculations 
predict  an  accuracy  of  somewhat  better  than  1  K  up  to  3  km  in 
altitude.   Retrieval  of  profiles  from  radiometric  data  (clear 
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Fig.    2.      Temperature   weighting  functions   for   ground-based 
angular   scanning  at    54.5   GHz. 
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Fig.    3.      Contribution   to   fluctuations   in   brightness    tempera- 
ture  at    52.5   GHz   from   temperature ,    humidity ,    and  pressure. 
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Fig.    4.      Contribution    to   fluctuations   in  brightness    tempera- 
ture  at    52.5   GHz   from   temperature,    humidity ,    and  pressure . 
Constrained  surface   conditions . 


skies  only)  gave  accuracies  very  close  to  these  predictions  (Ref. 
21) .   Examples  of  profile  recoveries  from  single-channel  angular 
scan  data  are  given  in  Figs.  6  and  7. 

B.   Temperature  Sensing  by  Inversion  of  Multi-Spectral  Angular- 
Scanned  Radiometric  Data 

Although  the  simplicity  of  a  single-frequency  angular- 
scanning  radiometer  is  attractive,  scanning  with  a  multi-channel 
system  can  significantly  improve  retrieval  accuracy  (Ref.  22).   An 
example  of  the  amount  of  improvement  can  be  seen  in  Fig.  8  in  which 
theoretical  retrieval  accuracy  for  several  systems  is  shown  as  a 
function  of  altitude.   Table  5  gives  an  explanation  of  the  spec- 
tral combinations  of  Fig.  8;  combination  1A  refers  to  experi- 
mental noise  level  of  0.1  K  and  represents  somewhat  of  a  practical 
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Fig.    6.  Temperature  profile   derived  from  single- frequency 
angular  scanned  radiometer  data   at   Cincinnati ,    Ohio.      A  priori 
statistics   from  Dayton,    Ohio.      T  =   radiosonde  profile.      T   =  mean 
profile  for  constrained   surface   conditions .      T  =   inferred  profile. 
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Fig.    7.      Temperature  profile   derived   from   single- frequency 
angular   scanned   radiometer   data   at  Raleigh-Durham,    North   Carolina. 
A  priori    statistics   from  Greensborough ,    North   Carolina    -    radiosonde 
profile.      T  =   inferred  profile. 


TABLE  5 

Explanation   of  Spectral    Combinations 

Employed    to  Estimate   Temperature 

Profiles 


Combination 


Input  data 


Elevation  angle 
(deg) 


Frequency 
(GHz) 


5 
10 
15 

60 
90 

90 


54.5, 
54.5, 
54.5, 


53. 
52. 
52 


55.5 

55.5 

55.5 

54.5, 

53.5, 

53.5, 


55.5 
54.5 

54.5 


52.5,  53.5,  54.5,  55.5 
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Fig.    8.      Theoretical    accuracy   in   retrieving   vertical    temper- 
profiles   from   various   combinations   of  multi-spectral   multi- 
radiometer  data,      Denver,    Colorado    (after  Ref.    20). 
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limit  in  measurement  accuracy;  the  noise  levels  in  other  combina- 
tions were  obtained  from  comparison  of  measurements  and  calcula- 
tions of  brightness  temperature.   The  multi-spectral  angular-scan 
combination  1  improves  the  retrieval  accuracy  over  the  single- 
frequency  scans  by  a  margin  of  about  two  to  one. 

Typical  examples  of  the  low-altitude  temperature  structure 
that  can  be  recovered  is  shown  in  Figs.  9,  10,  and  11,  which  show 
retrievals  of  a  low  altitude  elevated  inversion,  a  ground-based 
inversion,  and  a  low-level  super-adiabatic  profile.   Note  expe- 
cially  the  improvement  in  the  recovery  of  the  elevated  inversion 
over  the  single-frequency  result  of  Fig.  7. 

IV.   RECENT  RESULTS  IN  INVERSION  OF  GROUND-BASED  MULTI -SPECTRAL 
RADIOMETRIC  DATA  TO  INFER  TEMPERATURE 
AND  HUMIDITY  PROFILES 

We  are  currently  investigating  the  feasibility  of  sensing  of 
temperature  profiles  from  an  ocean  data  buoy-mounted  radiometer. 
Because  of  buoy  motion,  the  previously  discussed  angular  scanning 
techniques  are  not  practical;  in  addition,  the  cloud  problem  dic- 
tates the  need  for  two  moisture  channels  to  sense  and  to  correct 
for  clouds.   Cloud  correction  algorithms  appropriate  for  microwave 
passing  sensing  have  been  published  by  Westwater,  et  al., 
Rosenkranz,  et  al . ,  and  Fowler,  et  al .  (Refs.  18,  23,  and  24). 

The  National  Weather  Service  desires  that  the  temperature  of 
layers,  100  mb  in  thickness,  be  determined  with  accuracy  ±  1  K. 
Although  temperatures  of  the  lowest  two  layers  could  be  useful, 
retrievals  to  500  mb  are  wanted.   Predictions  for  ocean  clima- 
tologies, using  Eq.  (3),  showed  that  under  clear  conditions,  a 
three-frequency  zenith  looking  radiometer  could  meet  the  lower 
altitude  requirements  and  could  be  reasonably  close  to  those  at 
the  higher  altitudes  (Ref.  18).   Accuracy  predictions  are  shown 
in  Fig.  12  for  several  systems  under  consideration;   the  tempera- 
ture weighting  functions  for  system  C  are  shown  in  Fig.  13. 
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Fig.    9.      Inferred  and   radiosonde   temperature  profiles   from 
multi-spectral   multi-angle   radiometer   data   for   0400,    April    28, 
1971.      A  priori    statistics   from  Denver,    Colorado.       (After  Ref .    20.) 
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Fig.    10.      Inferred  and   radiosonde   temperature  profiles   from 
multi-spectral   multi-angle   radiometer  data   for   0900,    April    28, 
1971. 
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Fig.    11.       Inferred  and  radiosonde    temperature  profiles   from 
multi-spectral   multi-angle   radiometer   data   for   1500,    Apri+    30,    1971 
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Fig.    12.      Comparison   of  several    radiometric   systems   in 
retrieving'  temperature  layers  of  100-mb   thickness   during  clear 
conditions   at   ocean   climatologies .      Five-station   rms   average. 
Instrumental    error  =   0.5K.      Systems:      A(52.8,    55.4,    58.8,    20.6, 
31.65    GHz);    B(54.0,    55.4,    58.8,    20.6,    31.65   GHz);    C(52.8,    54.0, 
55.4,    20.6,    31.65    GHz);    D(55.4,    58.8    GHz). 
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Fig.    13.      Temperature   weighting  functions   for   ground-based 
sensing  by  SCAMS   radiometer . 

As  mentioned  in  Section  II. D,  both  the  52.85  GHz  and  the 
53.85  GHz  channels  require  cloud  correction.   The  results  shown 
in  Fig.  14  indicate  that  with  the  addition  of  the  two  water  cor- 
recting channels,  and  with  a  careful  choice  of  frequency  in  the  O 
band,  retrieval  accuracies  approaching  those  in  clear  air  can  be 
obtained.   On  the  basis  of  the  calculations  shown  in  Figs.  12  and 
14,  the  radiometric  system  C  (SCAMS)  was  chosen  for  experimental 
verification  of  the  temperature  sensing  capability  of  the  buoy- 
based  system. 

The  experimental  program  to  confirm  the  theoretical  predic- 
tions is  being  conducted  jointly  by  National  Oceanic  and  Atmospheric 
Administration  (NOAA)  and  the  Jet  Propulsion  Laboratory.   During 
a  three-week  measurement  period  in  March  1976,  at  Point  Mugu , 
California,  21  suitable  radiometer-radiosonde  observations  were 
obtained.   Although  some  of  the  data  were  taken  when  there  were 
visual  observations  of  clouds,  the  radiometrically  estimated  liquid 
content  was  less  than  0.02  mm;  hence,  the  clear  air  retrieval 


188 


414 


E.  Ft.  WESTWATER  AND  M.  T.  DECKER 


0        0  5       10      15       2  0      2  5      3  0      3  5      4  0      4  5      5.0 
Standard  Deviation,  <K) 


Fig.    14.      Comparison  of  several   radiometric  systems  in 
retrieving   temperature  layers  of  100-mb   thickness  during  cloudy 
conditions    (liquid   thickness   <    4  mm  HO).      Five-station  rms  aver- 
age.     Instrumental   error  -   0.5  K.      Systems:   A (52. 8,    55.4,    58.8, 
20.6,    31.65  GHz);    B(54.0,    55.4,    58.8,    20.6,    31.65  GHz);    C(52.8, 
54.0,    55.4,    20.6,    31.65  GHz);    D(55.4,    58.8  GHz). 


algorithms  were  used  exclusively.   The  a  priori   data  base  was  two 
years  of  twice  daily  soundings  during  February,  March  and  April, 
taken  in  1973-1974.   The  statistical  summary  of  experiment  results 
are  compared  with  a  priori   predictions  in  Fig.  15.   Although  the 
observed  variability  of  the  21  profiles  about  the  three-month 
a  priori    is  somewhat  greater  than  the  theoretical  average,  the 
achieved  retrieval  accuracies  are  in  close  agreement  with  pre- 
dictions.  It  is  somewhat  unusual  that  theory  predicts  (a)  no 
reduction  in  variance  at  about  750  mb  above  the  surface,  and 
(b)  a  modest  reduction  in  variance  above  this  level.   The  experi- 
ment results  confirm  this  prediction. 

Low  resolution  information  on  the  water  vapor  distribution  is 
also  contained  in  the  five-channel  measurements.   Typical  water 
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Fig.    15.      RMS  accuracy   in   retrieval    of  100-mb   layer   averaged 
temperature ,      Pt.    Mugu ,    California ,    March   1976,    21   profiles . 

vapor  weighting  functions  for  the  SCAMS  system  are  shown  in 
Fig.  16.   Statistical  retrieval  algorithms  were  again  applied  to 
the  21  sets  of  radiometer  observations  to  infer  water  vapor  pro- 
files.  The  summary  of  results  is  shown  in  Fig.  17,  and  typical 
temperature  and  humidity  retrievals  are  given  in  Figs.  18  and  19. 

Another  set  of  observations  was  taken  by  JPL  at  Pt.  Mugu  in 
July  1976.   In  all,  22  concurrent  radiometric  and  radiosonde 
observations  were  obtained.   The  statistical  retrieval  algorithm, 
in  Eq.  (2),  was  used  to  estimate  the  cloud  liquid  water  content 
(LWC)  of  each  of  the  profiles.   As  mentioned  earlier,  we  classify 
a  profile  as  cloudy  if  the  estimated  LWC  is  greater  than  0.02  mm 
(a  LWC  of  0.02  mm  will  give  a  1  K  change  in  brightness  temperature 
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419 


in  the  window  channel).   With  this  classification,  17  of  the  22 
profiles  were  radiometrically  cloudy.   We  are  currently  investi- 
gating the  application  of  various  cloud  correction  algorithms  to 
these  data.   However,  with  a  very  simple  correction  method, 
namely,  no  correction  at  all,  the  upper  two  channels  can  yield 
useful  retrieval.   Examples  of  retrievals  obtained  during  cloudy 
conditions  are  shown  in  Figs.  20  and  21,  and  the  statistical  com- 
parison of  all  22  prociles  is  given  in  Fig.  22.   Although  there  is 
a  substantial  reduction  in  variance  in  the  region  from  50  to  150  mb 
above  the  surface,  it  is  likely  that  cloud  correction  can  reduce 
this  variance  still  further. 
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Fig.    20.      Example  of   temperature  profile   retrieved   from   two 
oxygen   channels   during   cloudy   conditions . 
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V.   CONCLUSIONS 

Statistical  retrieval  algorithms  have  proven  to  be  quite  use- 
ful in  ground-based  radiometric  sensing,  not  only  in  profile 
recovery,  but  in  making  a  reasonable  a   priori   prediction  of 
measurement  achievability .   Thus,  we  feel  we  can  confidently  answer 
questions  relevant  to  system  design,  such  as 

a.  what  is  the  climatological  variation  of  retrieval  accuracy? 

b.  for  a  given  number  of  channels,  what  is  the  optimum  loca- 
tion of  measurement  ordinates? 

c.  what  noise  levels  are  required  to  give  specified  retrieval 
accuracies? 

We  are  currently  investigating  extensions  of  the  statistical  tech- 
nique to  the  microwave  cloud  problem. 


SYMBOLS 

d  generalized  data  vector  (Eqs.  (2)  and  (3)) 

e   .  extinction  coefficient  of  rain,  km-    (Eq.  (l)) 
rain  '  v  ' ' 

p  generalized  parameter  vector  (Eqs.  (2)  and  (3)) 

p  statistical  estimator  of  p  (Eqs.  (2)  and  (3)) 

P  atmospheric  pressure,  mb   (Figs.  1,  3  and  4) 

r  relative  humidity  (Figs.  3  and  4) 

R  rain  rate,  mm/hr   (Fig.  1) 

s,s"  path  length,  km   from  receiver  to  emitting  volume 

(Eq.  (2)) 

S  covariance  matrix  of  random  vector  q  (Eq.  (3)) 

T  absolute  temperature,  K   (Eq.  (1),  Figs.  1,  3  to  7) 

T  average  absolute  temperature  (Fig.  6) 

T  (v)  brightness  temperature,  K   (Eq.  (1),  Figs.  3  and  4) 

(ext ) 

T  brightness  temperature,  K   external  to  the  Earth's 


b 


atmosphere  (Eq.  (1) 


V[T  ]       variance  in  brightness  temperature,  K    (Figs.  3  and  4) 
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v[T,  :P]    variance  in  brightness  temperature,  K    due  to  flue- 
fa 

tuations  in  atmospheric  profile  parameter  p  (Figs.  3 

and  4) 

a  absorption  coefficient,  km     (Eq.  (1) ,  Fig.  1) 

v  frequency,  GHz  (Eq.  (1)) 

p,  .   .  ,     density  of  liquid  water,  g/m3   (Fig.  1) 
liquid 

P 


absolute  humidity,  g/m    (Fig.  1) 
vapor 

a  standard  deviation  (Fig.  5) 


a  standard  deviation  of  instrumental  noise,  K   (Fig.  5) 
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DISCUSSION 

Susskind:      When  you  do  your  analysis  of  the  SCAMS  data,  do  you 
subtract  or  do  you  find  any  bias  in  the  brightness  temperatures? 
I  know  Dave  Staelin  mentioned  there  was  the  possibility  of  a  2° 
bias  in  the  measurements.   And  when  we  do  our  analysis  we  have  to 
subtract  something  from  the  brightness  temperatures. 

Westwater:      On  the  first  or  the  second  slide  that  I  showed,  we 
did  have  a  small  bias  in  the  upper  channel — a  54.5  channel  and 
this  was  a  bias  of  about  1.3°.   The  biases  in  the  other  two  chan- 
nels were  essentially  entirely  below  the  noise  levels.   These  were 
in  the  order  of  about  2/10  of  a  degree.   Now  with  resepct  to  that 
question,  we  also  did  retrieval  with  subtracting  a  bias  and 
retrievals  with  just  the  raw  data.   And  for  the  temperature 
retrievals  it  made  very  little  difference  in  the  RMS  errors.   But 
there  is  somewhat  of  a  bias  in  this  in  the  data. 

Susskind:      I  wonder  if  I  could  address  this  quickly  to  Dave  Staelin. 
You  mentioned  that  there  was  a  bias  of  approximately  2°  with  the 
SCAMS  measurement.   Is  that  still  there?   Namely,  that  due  to 
instrument  calibration. 

Staelin:      There  are  two  origins  for  bias  in  the  satellite  instru- 
ments.  One  is  the  instrument  calibration.   We  recalibrated  in 
orbit  using  NMC  data  yielding  corrections  on  the  order  of  a  degree 
or  so.   There  is  another  correction  in  the  case  of  our  data  from 
both  the  Nimbus  5  and  6  satellites,  which  I  did  not  discuss,  and 
that  is  the  transmittances.   Either  they  have  systematic  errors 
which  are  larger  than  anything  that  has  been  indicated  in  the 
laboratory  spectroscope  data,  to  date,  or  the  radiosondes  have 
systematic  errors  which  are  larger  than  their  manufacturer  would 
probably  like  to  accept.   This  is  still  a  residual  effect  on  the 
order  of  one  or  two  degrees.   But  we  have  yet  to  track  down  its 
origin.   It  can  be  removed  empirically  and  is  not  a  problem  now. 

Susskind :      We  do  find  roughly  a  systematic  difference  between 
the  observations  and  our  ability  to  calculate  them  of  approximately 
2°.   It's  hard  to  tell  if  it  is  in  the  measurement  or  in  our 
ability  to  calculate  them. 

Westwater :      There  is  one  other  parameter  in  the  Rosencrantz  theory 
that  is  quite  difficult  to  measure  by  Liebe's  laboratory  dis- 
persion technique.   This  does  not  affect  the  calculated  radiances 
at  the  strongly  attenuating  frequencies.   However,  at  a  frequency 
of  around  50  GHz  or  52  GHz,  they  are  much  more  sensitive  to  this 
parameter  that  was  not  determined  well  from  Liebe's  measurements. 
In  our  calculations,  we  used  the  value  of  the  nonresonant  param- 
eter that  was  given  by  Rosencrantz  himself  and  it  seemed  to  give 
a  much  better  agreement  with  our  measurements. 
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Fleming:      Would  you  care  to  comment  on  just  how  you  adjust  for 
clouds  when  you  sense  them? 

Westwater :      The  technique  that  we  originally  tried  was  to  estimate 
the  equivalent  clear  air  brightness  from  the  entire  set  of  radiance 
observations  and  then  use  the  equivalent  clear  brightness  in 
retrieval.   However,  we  ran  into  difficulties  in  applying  this 
technique  to  the  52.8  GHz  channel,  so  that  the  retrievals  you  saw 
were  uncorrected  brightness  measurements  at  53.8  and  55.45  GHz. 
We  are  still  trying  to  unscramble  the  eggs  again  and  what  has 
happened  to  the  cloud  correction  at  the  lower  attenuating  oxygen 
channel . 

Fraser:      Perhaps  I  misunderstood  your  last  slide.   I  understood 
you  to  say  that  you  were  quite  pleased  with  the  water  vapor 
retrieval.   But,  as  I  read  the  last  slide,  the  theoretical  and 
the  experimental  standard  deviations,  which  I  interpret  as  devia- 
tions in  the  radiosondes  observations,  except  for  50  to  70  milli- 
bars above  the  ground,  were  essentially  the  same.   If  they  are, 
then  why  are  you  so  pleased  with  experimental  data? 

Westwater :      The  slide  I  showed  at  the  end  was  the  clear  air  data 
that  was  taken  in  March.   And  at  least  the  total  integrated  water 
contents  agreed  quite  well  with  that  estimated  by  the  radiosondes. 
However,  in  the  period  in  July  we  did  not  obtain  adequate  agree- 
ment, primarily  because  of  the  cloud  correction  difficulties  that 
I  mentioned  before.   One  of  the  reasons  I  am  really  pleased  with 
the  data  is  we  really  expected  to  get  one  parameter  and  one  param- 
eter alone.   That  would  just  be  the  total  integrated  water  con- 
tent.  The  amount  of  structure  shown  in  the  retrievals  was  an 
order  of  magnitude  greater  than  anything  I  would  have  expected  or 
that  anyone  would  have  expected  from  a  weighting  function  which  is 
essentially  constant  with  altitude.   There  is  very  little  structure 
in  the  weighting  function  itself. 
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Atmospheric  Temperature  and  Moisture  Sensing  from  Ocean  Data  Buoys  by 
Microwave  Radiometry 

Ocean-based  data  buoys  are  currently  providing  useful  surface  meteorological 
observations  of  temperature,  pressure,  humidity,  and  wind.   The  utility  of 
buoy  observations  would  be  much  enhanced  if  vertical  profiles  of  these 
meteorological  parameters  could  be  measured.   We  report  here  on  theoretical 
and  experimental  studies  of  remotely  sensing  vertical  temperature  structure 
with  a  passive  microwave  radiometer. 

The  U.S.  National  Weather  Service  desires  that  the  temperature  of  layers, 
100  mb  in  thickness,  be  determined  with  accuracy  ±  1  K.   Although  data  up 
through  850  mb  would  be  useful,  retrievals  to  500  mb  are  wanted.   Since  the 
system  must  operate  under  a  variety  of  cloud  conditions,  ;i  large  portion  of 
our  theoretical  effort  was  to  retrieve  profiles  from  cloud-contaminated 
brightness  observations.   A  byproduct  of  our  system  is  some  information 
on  water  vapor  profiles  and  liquid  water  content. 

Theoretical  Retrieval  Accuracy  under  Clear  Conditions 

Although  an  angular-scanned  radiometric  system  was  initially  considered, 
this  technique  was  quickly  eliminated  by  the  difficulty  of  correcting  for 
buoy  motion.  A  vertically-pointing  two- channel  radiometer,  operating  in 
the  60  GHz  02-band,  showed  promise  of  meeting  accuracy  requirements  from 
the  surface  to  850  mb.  To  infer  profiles  to  500  mb ,  a  third  channel  is 
required.  Figure  1  shows  the  estimated  rms  retrieval  accuracy,  for  five 
ocean  climatologies,  for  several  multifrequency  systems. 

Theoretical  Retrieval  Accuracy  under  Cloudy  Conditions 

To  correct  oxygen-band  observations  for  clouds,  a  channel  sensitive  to 
water  vapor,  20.6  GHz,  and  one  sensitive  to  clouds,  31.65  GHz,  were  added. 
Our  cloud  correction  algorithm  determined  equivalent  clear-air  brightness 
from  the  multi- frequency  cloud- contaminated  measurements.   Figure  2  shows 
estimated  temperature  retrieval  accuracy  under  cloudy  conditions.   The 
results  in  figures  1  and  2  indicated  that  system  C  yielded  the  smallest  rms 
temperature  retrieval  error;  hence,  channels  operating  near  these  frequen- 
cies were  selected  for  field  evaluation. 

Experimental  Results 

Five- channel  microwave  observations  were  taken  at  Pt .  Mugu,  Calif,  and  kindly 
provided  by  B.  Gary  and  N.  Yamane  of  Jet  Propulsion  Laboratory  (JPL) .   Their 
radiometer  was  similar  to  that  used  on  the  Nimbus  6  satellite1.   During  the 
three-week  period  of  observations,  thrice- a- day  radiosondes  obtained  standard 
meteorological  soundings  of  temperature,  pressure,  and  humidity.   Before  the 
data  were  inverted,  calculations  of  brightness  temperature  from  radiosonde 
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profiles,  using  Rosenkranzs '  O2  line  shape  theory2  with  Liebes'  laboratory 
measurements  of  O2  spectroscopic  parameters3,  were  compared  with  .JPl.'s 
radiometric  observations.   Table  1  shows  rms  and  average  differences  between 
calculations  and  clear- air  observations.   Considering  the  difficulties  in 
making  absolute  radiometric  measurements  and  in  observing  the  same  volume 
of  air  with  radiosonde  and  radiometer,  the  agreement  is  quite  good.   After 
inserting  bias  corrections,  determined  from  11  visually  clear  profiles,  a 
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Figure   1.    Comparison  of  several  radio- 
metric systems  in  retrieving  tem- 
perature  layers  of  100-mb   thickness 
during  clear  conditions.    Five-sta- 
tion rms  average.    Instrumental 
error  =  0.5  K.    Systems: 
A  (52.  8,    55.  4,    58.  8,    20.  6,    31.  65   GHz), 
B(54.0,    55.  43    58.8,    20.6,    21.65   GHz), 
C(52.8,    54.0,    55.4,    20.6,    31.65  GHz), 
D(55.4,    58.8  GHz). 


Figure   2.    Comparison  of  several  radio- 
metric systems  in  retrieving  tem- 
perature  layers  of  100-mb  thickness 
during  cloudy  conditions    (liquid 
thickness   <  4  mm  H?_0).    Five-station 
rms  average.    Instrumental  error  = 
0.5  K.   System-.):   sevne  nomenclature 
as  Figure   1 . 


Table  1. 

Average  and  rms  differences  (K)  between  measured  and  calculated 
brightness  temperatures  (N  =  24  radiosonde  observation) 


Frequency  (GHz) 

22.235 

31.65 

52.85 

53.85 

55.45 

Aver.  diff. 

2.47 

1.67 

.18 

.14 

1.33 

rms  diff. 

3 .  39 

1.81 

1.77 

0 .  76 

1  .41 
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statistical  inversion  method  was  used  to  retrieve  21  profiles  of  both 
water  vapor  and  temperature.   Although  some  of  the  21  profiles  were 
obtained  when  there  were  visual  observations  of  clouds,  the  radiometrical ly 
estimated  liquid  content  was  less  than  0.02  mm;  hence,  the  clear-air 
retrieval  algorithms  were  used  exclusively.   Figures  3  and  1  show  theoretical 
and  achieved  retrieval  accuracies  for  temperature  and  absolute  humidity. 
Included  in  these  figures  are  the  rms  errors  in  profile  prediction  from 
surface  meteorological  observations  alone  and  from  a  3-month  mean  profile. 
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Figure   3.      Rms  accuracy   in  retrieval 
of  100  mb   layer  averaged  tempera- 
ture.     21  profiles. 


Figure   4.      Absolute  humidity   retrievals, 
Same  nomenclature  as  figure   3. 


Conclusions 

The  achieved  profile  retrieval  accuracies  are  quite  close  to  theoretical 
predictions  suggesting  that  an  adequate  modeling  of  the  direct  problem  was 
achieved.   Although  the  desired  accuracy  of  ±  1  K  was  not  reached  it  is  felt 
that  the  rms  difference  of  about  2  K  up  to  the  350-mb  level  is  encouraging. 
Another  set  of  observations  at  Pt .  Mugu  has  been  completed  but  is  not  yet 
analyzed.   Finally,  current  plans  include  operating  the  radiometer  at  Weather 
Station  P  in  the  Gulf  of  Alaska. 
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FEASIBILITY  OF  ATMOSPHERIC  TEMPERATURE  SENSING 
FROM  OCEAN  DATA  BUOYS  BY  MICROWAVE  RADIOMETRY 

E.  R.  Westwater,  M.  T.  Decker,  and  F.  0.  Guiraud 


The  feasibility  of  measuring  atmospheric  temperature  structure  by  using 
a  microwave  radiometer  mounted  on  an  ocean-based  data  buoy  has  been  investigated 
with  simulated  measurements.  The  accuracy  of  layer-averaged  temperature  re- 
trievals was  studied  as  a  function  of  radiometer  noise  level,  various  choices 
of  frequency,  number  of  channels,  layer  pressure  thickness,  clear  vs.  cloudy 
skies,  and  five  ocean  climatologies.  A  three-frequency  zenith  measurement  of 
O2  thermal  emission  (instrumental  noise  of  0.5  K)  made  during  clear  conditions 
can  be  mathematically  inverted  to  infer  100-mb  layer  averages  of  temperature 
with  rms  accuracies  that  range  from  0.5  K  at  the  lowest  altitudes  to  1.7  K  at 
500  mb.  To  correct  for  cloud  emission,  additional  brightness  measurements  are 
required  near  21  and  31  GHz.  With  the  five-channel  system  the  rms  temperature 
retrieval  error  for  cloudy  conditions  is  degraded  (relative  to  clear  air)  by 
at  most  0.3  K.  The  two  cloud-correcting  channels  also  yield  measurements  of 
integrated  liquid  water  and  water  vapor  content. 
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On  the  attenuation  of  sound  by  turbulence 

E.  H.  Brown  and  S.  F.  Clifford 

Atmospheric  Acoustics  Program,   National  Oceanic  and  Atmospheric  Administration,   Environmental 
Research  Laboratories,  Boulder,  Colorado  80302 
(Received  2  February  1976;  revised  2  July  1976) 

We  present  a  theory  of  attenuation  of  sound  by  turbulence.  The  mechanism  underlying  this  theory  is  the 
turbulence-induced  broadening  of  finite  beams  of  sound.  It  is  thus  conjectured  that  attenuation  of  sound  by 
turbulence  is  not  an  intrinsic  property  of  the  medium,  nor  even  of  its  dynamic  state,  but  depends  on  the 
particular  details  of  the  experiment,  such  as  beamwidth,  beam  orientation,  etc.  This  point  of  view  is  at  odds 
with  that  of  some  other  theories,  in  which  attenuation  by  turbulence  is  regarded  primarily  as  a  scattering 
process.  Some  conceptual  flaws  in  these  other  theories  are  pointed  out.  It  is  shown  that  the  present  theory 
yields  results  which  are  in  qualitative  agreement  with  observations. 

Subject  Classification:  [43J28.40,  [43128.60;  [43120.35. 


INTRODUCTION 

Ever  since  the  work  of  Tyndall1  in  1874  researchers, 
such  as  Duff, z  have  assumed  that  scattering  of  sound 
out  of  a  finite  beam  by  turbulent  temperature  and  ve- 
locity fluctuations  would  contribute  to  a  loss  of  acoustic 
energy — so-called  excess  attenuation — beyond  that  due 
to  classical  and  molecular  absorption.    By  molecular 
absorption  we  imply  both  that  due  to  oxygen  and  the  so- 
called  "anomalous  absorption"  due  to  nitrogen.    But, 
whether  the  magnitude  of  such  excess  attenuation 
reached  levels  high  enough  to  affect  applications  of 
acoustics  remained  an  unanswered  question  for  many 
years  and,  in  fact,  remains  a  subject  of  controversy 
today.    In  a  study  on  the  effects  of  meteorological  con- 
ditions on  sound  propagation  made  in  1953  Ingard8  con- 
cluded that  "most  of  the  time  in  the  case  of  short-range 
propagation  (over  distances  less  than  a  mile)  the  at- 
tenuation due  to  irregularities  In  the  wind  structure, 
gustlness,  seems  to  be  of  major  importance  in  com- 
parison with ..."  classical  and  molecular  attenuation, 
attenuation  caused  by  fog,  rain,  and  snow,  and  apparent 
attenuation  due  to  the  refractive  effects  of  wind  and 
temperature  gradients. 

The  experiment  of  Duff2  In  1898  produced  values  of 
total  attenuation  not  In  accord  with  predicted  values  of 
the  absorption  coefficient.    Duff  determined  the  maxi- 
mum distance  of  audibility  for  varying  numbers  of 
whistles,  and  found  attenuations  roughly  twice  the 
spherical  spreading  losses  despite  negligible  values  of 
classical  attenuation.    Measurement  across  a  quiet 
river  minimized  "ground  attenuation. "  Duff  briefly  con- 
sidered excess  attenuation  (due  to  scattering),  then  dis- 
missed the  possibility  In  light  of  the  low  wind  speeds  dur- 
ing the  tests.  He  ascribed  to  "radiation"  the  additional  at- 
tenuation now  known  to  depend  on  molecular  relaxation. 
In  1953  Delsasso  and  Leonard4  obtained  the  first  quanti- 
tative support  for  significant  levels  of  excess  attenua- 
tion.   To  minimize  ground  attenuation  they  measured 
the  losses  over  a  path  of  somewhat  over  a  mile  across 
a  deep  mountain  canyon  for  a  number  of  frequencies  and 
under  various  meteorological  conditions.    They  con- 
cluded that  "the  average  value  of  the  attenuation  in  the 
field  exceeds  the  measured  value  In  the  laboratory  In 
all  cases  from  22  to  81%, "  which  Implies  that  the  Im- 
portance of  excess  attenuation  may  roughly  equal  that  of 


ordinary  attenuation. 

In  1946  Blokhlntzev5  obtained  estimates  of  excess  at- 
tenuation using  the  primitive  scattering  theory  available 
at  that  time.    His  analysis  divided  the  turbulent  motion 
of  the  fluid  into  two  parts:   "macroscopic"  motions  with 
wave  numbers  less  than  some  value  K0,  and  "micro- 
scopic" motions  with  wave  numbers  greater  than /f0.  By 
Integrating  the  energy  scattered  by  the  microscopic 
components  of  the  turbulence  In  a  localized  scattering 
volume  on  the  path  over  that  part  of  a  sphere  with  scat- 
tering angle  greater  than  the  angle  ipf  that  a  beam  of 
sound  would  have  due  to  diffraction  alone,  Blokhlntzev 
derived  a  series  in  $f  for  the  excess  attenuation  which 
varied  as  the  i  power  of  the  frequency  and  gave  reason- 
able magnitudes  of  the  excess  attenuation  for  typical 
experimental  values  of  turbulence  parameters.    Light- 
hill*  Included  a  similar  theoretical  study  of  excess  at- 
tenuation due  to  scattering  by  velocity  fluctuations 
alone  in  his  article  on  the  Interaction  of  turbulence  with 
sound  waves.    Llghthlll  integrated  the  energy  flux  due 
to  the  farfleld  scattering  cross  section  over  all  angles 
on  a  spherical  surface  to  obtain  the  total  power  re- 
moved from  a  beam  of  sound.    This  approach  leads 
directly  to  a  quadratic  frequency  dependence,  whereas 
measurements  appear  to  behave  more  like  a  cube  root. 
A  field  experiment  by  Ingard  and  Wiener1  also  found  an 
amount  of  excess  attenuation  much  smaller  than  pre- 
dicted by  Llghthlll  and  a  frequency  dependence  much 
milder  than  quadratic. 

Beran8  and  Beran  et  al.9  attempted  an  intriguing  ex- 
periment by  mounting  a  sound  source  on  a  gilder,  then 
observing  the  sound  Intensity  on  the  ground  during  suc- 
cessive passes  as  the  glider  spiralled  down.    This  pro- 
cedure gave  both  total  (accumulated)  attenuation  and  at- 
tenuation profiles.    If  the  attenuation  varied  linearly 
with  path  length  the  derivative  of  the  profile  would  fur- 
nish the  attenuation  coefficient.    (We  shall  see  later, 
however,  that  the  dependence  is  not  linear.)   The 
studies  found  excess  attenuation  coefficients  varying 
from  0. 01  to  10  times  the  ordinary  (classical  plus  mo- 
lecular) coefficients,  and  that  large  excess  attenuation 
coefficients  correlated  closely  with  thin  wind-shear 
layers;  they  found  also  a  variation  with  frequency  much 
smaller  than  ordinary  attenuation.    Unfortunately, 
Gething10  has  brought  the  quantitative  value  of  the  re- 
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suits  of  these  studies  into  question  by  finding  an  error 
in  the  computer  program  used  to  calculate  the  ordinary 
attenuation  from  humidity  measurements.    Although 
the  error  implies  much  smaller  observed  values  of 
total  excess  attenuation,  the  conclusions  on  frequency 
dependence  and  on  correlation  with  wind  shear  appear 
to  remain  valid. 

Ingard11  studied  two  interesting  anomalies  in  atmo- 
spheric sound  propagation  that  cast  some  light  on  the 
problem  of  excess  attenuation.    He  showed  that  in  a  low- 
frequency  band  (about  300  to  600  Hz)  the  multipath 
effect  produced  by  interference  between  the  ground-re- 
ilected  wave  and  the  direct  wave  can  reduce  the  ex- 
pected signal  by  as  much  as  50  dB.    In  contrast,  at 
higher  frequencies  (say  6000  Hz)  multipath  effects  can 
produce  an  apparent  negative  excess  attenuation — that 
is,  received  signals  greater  by  up  to  50  dB  than  ex- 
pected from  average  attenuation-coefficient  calcula- 
tions.   Such  a  multipath  effect  arises  because  the 
transmissivity  depends  exponentially  rather  than  lin- 
early on  the  attenuation  coefficient,  so  that  a  path  with 
an  attenuation  slightly  less  than  the  average  over  the 
set  of  all  paths  acts  as  a  partial  "short  circuit,  "  con- 
tributing the  main  part  to  the  received  signal.    Howe12 
has  studied  an  attenuation  process,  an  example  of  the 
reverse  of  Lighthill's1'  mechanism  for  the  generation 
of  aerodynamic  sound.    Again,  however,  the  effect  is 
small,  amounting  at  most  to  2  or  3  dB/km. 

In  view  of  the  previous  conflicting  experimental  re- 
sults Aubry  el  al.     undertook  a  more  careful  experi- 
ment.   They  stationed  a  tethered  balloon  carrying  two 
microphones  and  a  package  of  sensors  for  wind,  tem- 
perature, and  humidity  at  various  heights  above  a  sound 
source  fitted  with  an  exponential  horn  on  the  ground. 
The  experiment  furnished  profiles  up  to  about  800  m  of 
both  total  attenuation  of  sound  at  a  number  of  frequen- 
cies and  the  meteorological  conditions.    The  authors 
concluded  that  "(1)  Within  the  range  of  meteorological 
conditions  studied  the  excess  attenuation  was  much 
smaller  than  the  molecular  attenuation.    It  was  gen- 
erally smaller  than  the  uncertainty  in  the  molecular 
attenuation.    (2)  Some  excess  attenuation  was  observed 
In  relation  with  larger  turbulent  intensity  on  April  16. 
This  excess  attenuation  seemed  to  increase  with  fre- 
quency and  reached  a  value  of  about  10  dB/km  at  4000 
Hz  ...  .    If  the  first  statement  is  confirmed  by  further 
experiments,  it  Is  most  significant  because  It  means 
that  In  average  conditions  the  excess  attenuation  could 
be  ignored  for  practical  pruposes. "  Immediately,  how- 
ever, a  question  of  the  meaning  of  "average  conditions" 
arises.    Through  most  of  the  experiment  the  values  of 
the  temperature  fluctuations  structure  parameter  C% 
varied  between  about  2x  10"5K2m"2/s  and  2xl0"8K2m"2/s, 
down  by  factors  of  over  one  hundred  to  one  thousand 
from  the  values  found  by  Neff15  on  a  typical,  mild  sum- 
mer morning  with  moderate  wind  (5  m/sec).    Under 
convectlve  conditions  cf.  may  reach  values  as  high  as 
0.1  K*m'*",  but  usually  ranges  between  lxlO'8K2m~2/s 
and  5xlO'8K2m'2/\    In  the  one  case  (statement  (2) 
above)  showing  a  significant  excess  attenuation  (roughly 
comparable  with  the  ordinary  attenuation),  the  mea- 
sured C%  reached  2xlO"4K2m"2/s — that  is,  a  more 


"typical"  value.    No  estimates  of  the  corresponding 
velocity  fluctuations  structure  parameter  C2,  were  in- 
cluded in  the  article.    The  low  values  of  C\  are  pos- 
sibly due  to  the  presence  of  cloud  cover  sufficient  to 
reduce  significantly  the  turbulent  heat  flux — but  no  in- 
formation on  such  conditions  was  included. 

DeLoach19  made  an  extensive  survey  of  most  of  the 
previous  experimental  and  theoretical  work  on  excess 
attenuation  and  also  introduced  a  variation  of  the  theory 
proposed  by  Blokhintzev.5    His  summary  of  experimen- 
tal results  concludes  that  "(1)  excess  attenuation  has  as 
much  effect  on  the  propagation  of  outdoor  sound  as 
ordinary  attenuation.    (2)  The  instantaneous  value  of  the 
excess -attenuation  coefficient  undergoes  rapid  fluctua- 
tions over  a  wide  range  of  magnitudes.    The  ratio  of 
the  excess-attenuation  coefficient  to  the  ordinary  at- 
tenuation coefficient  can  change  by  an  order  of  magni- 
tude in  the  period  of  a  few  minutes.     (3)  The  excess-at- 
tenuation coefficient  Is  a  function  of  altitude;  it  is  larg- 
er near  the  surface  than  at  higher  altitudes.     (4)  The 
excess  attenuation  exhibits  a  weak  frequency  depen- 
dence.   At  least  one  observer  has  noted  a  cube- root 
frequency  dependence.    In  any  case,  the  frequency  de- 
pendence of  the  excess  attenuation  is  much  milder  than 
that  of  the  ordinary  attenuation.    (5)  There  is  a  correla- 
tion between  the  excess  attenuation  and  gradients  in  the 
wind  speed.    The  more  irregular  the  wind,  the  greater 
the  excess  attenuation;  however,  the  excess  attenuation 
is  nonzero  even  when  the  wind  shear  is  negligible.    (6) 
The  data  from  at  least  one  Investigation  indicates  a  cor- 
relation between  the  average  magnitude  of  the  excess 
attenuation  and  the  time  of  day,  larger  values  being  ob- 
tained in  the  early  morning  than  in  the  late  afternoon.  " 

The  theory  proposed  by  DeLoach  follows  that  of 
Blokhintzev5  and  Lighthill6  in  integrating  the  scattering 
cross  section  over  solid  angle.    Unfortunately,  these 
theories  invoke  a  single  scatter  model  that  does  not 
conserve  energy.    DeLoach  assumes  that  any  energy 
that  is  scattered  is  lost  and  in  doing  so  he  ignores  the 
quite  significant  contribution  to  the  average  intensity  of 
the  energy  that  is  scattered  to  the  detector  by  off-axis 
irregularities  in  refractive  index.    The  theory  that  we 
propose  conserves  energy  and  there  is  supporting  the- 
oretical and  experimental  evidence  that  it  is  valid  in 
the  strong  turbulence  or  multiple  scatter  regime.19 

I.  ANALYSIS 

We  now  present  a  theory  for  the  existence  and  be- 
havior of  excess  attenuation  that  agrees  with  the  obser- 
vations listed  by  DeLoach,  explains  the  apparently 
contradictory  results  of  the  various  experimenters,  and 
is  based  on  the  well-developed  theories  of  forward 
propagation  through  turbulence  begun  by  Tatarskii17'18 
and  extended  by  Lutomirski  and  Yura, 19  and  Yura,20 
among  others.    We  note  that  the  forward-propagation 
theories  mentioned  deal  with  optical  propagation  through 
turbulence.    These  theories  remain  valid  for  acoustic 
propagation  if  most  of  the  energy  is  scattered  through 
narrow  angles.    A  discussion  of  this  assumption  will 
appear  below.    The  presence  of  refractivity  fluctuations 
produces  beam  broadening  of  any  finite  beam  in  excess 
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FIG.  1.  Geometry  of  an  acoustic  beam  propagating  through 
turbulence. 


of  that  due  to  diffraction  alone  {"R2  spreading").    As 
the  beam  cross-sectional  area  increases,  the  energy- 
flux  density  decreases,  and  any  receiver  smaller  than 
the  local  beam  diameter  will  measure  decreasing 
acoustic  intensities.     Forward  propagation  is  deter- 
mined19 by  the  point  source  "modulation  transfer  func- 
tion" or  MTF  defined  as  MTF(p,  L)  =  (Ps{p1  +  p,  L)P* 
x(p1;  L)),  where  the  angle  brackets  indicate  an  ensemble 
average  and  the  pressure  fields  Ps  produced  by  a 
spherical  wave  emitted  from  the  observation  point,  are 
measured  at  the  two  points  p,  and  p1+p  in  the  transmit- 
ting plane.    Tatarski17,18  shows  that  MTF(p,  L) 
=  exp[-jDw{p,  L)}  where  Dw(p,  L)=DI(p,  L)  +  D9(p,  L)  is 
the  wave  structure  function  and  Dt  and  D„  are  respec- 
tively, the  structure  function  of  the  logarithm  of  the 
amplitude  and  phase.    Since,  for  pathlengths  greater 
than  a  few  tens  of  meters,  Dx  is  insignificant  compared 
with  Dt,  we  conclude  that  beam  broadening  and,  thus, 
excess  attenuation,  as  defined  by  our  model,  are  de- 
termined primarily  by  the  phase  fluctuations  rather 
than  the  amplitude  fluctuations. 

The  fact  that  excess  attenuation  depends  on  beam 
broadening  caused  by  phase  fluctuations  has  an  im- 
mediately significant  consequence.    Phase  fluctuations 
of  a  beam  do  not  have  a  symmetric  path  weighting  func- 
tion, that  is,  interchange  of  transmitter  and  receiver 
affects  the  observations.    The  path  weighting  function 
includes18  a  factor  {L-s)5n  (with  s  the  distance  from 
the  transmitter  and  L  the  total  pathlength),  which  causes 
the  importance  of  the  refractivity  fluctuations  to  de- 
crease along  the  path:    the  most  significant  turbulence 
for  excess  attenuation  lies  directly  in  front  of  the  trans- 
mitter.   For  forward  propagation  the  structure  param- 
eter for  refractivity  fluctuations  C2  depends  on  c\.  and 
C*v  according  to  the  relation17 


c»U)  =  clr(2)/4r,  +  c*U)/cI> 


(i) 


assuming  horizontal  homogeneity,  where  T  is  the  mean 
temperature,  c  the  mean  speed  of  sound,  and  z  the 
height  above  the  ground.    Because  of  the  structure  of 
the  atmosphere  the  largest  values  of  C2U)  appear  near 
the  ground.    Then,  interchange  of  transmitter  and  re- 
ceiver on  a  vertical  propagation  path  will  produce  widely 
disparate  results  since,  in  one  case,  the  intense  turbu- 
lence will  lie  in  front  of  a  transmitter  situated  on  the 
ground  and,  in  the  other,  only  weak  turbulence  will 
appear  in  front  of  a  transmitter  elevated  by  a  balloon 


or  tower.    Thus,  even  discounting  differences  in  C2,, 
we  cannot  expect  an  experiment  such  as  that  of  Aubry 
et  al.u  to  give  the  same  magnitude  of  excess  attenua- 
tion as  that  obtained  from  the  experiment  of  Beran 
et  al.9   For  the  experiment  of  Delsasso  and  Leonard4 
the  chaotic  behavior  of  C\  over  rugged  mountainous 
terrain  makes  any  predictions  difficult.    As  one  ex- 
ample of  the  applications,  the  theory  clearly  implies 
one  cannot  obtain  the  proper  excess  attenuation  for 
monostatic  echosonde  observations  by  merely  doubling 
the  excess  attenuation  measured  on  a  one-way  path. 

In  the  following,  for  simplicity,  we  assume  zero 
ordinary  attenuation — that  is,  attenuation  due  to  the 
classical  and  molecular  absorption  coefficients,  which 
always  can  be  introduced  separately.    Beam  diameters 
are  defined  by  the  points  where  the  power  is  down  by 
the  factor  e'1  (4.  3  dB).    We  also  assume  that  the  beam 
diameter  is  larger  than  the  outer  scale  of  turbulence  so 
that  only  beam  spreading  occurs  and  the  beam  center  of 
gravity  does  not  wander  about  the  propagation  axis.    If 
this  is  not  the  case,  the  theory  can  be  modified  as  dis- 
cussed in  Fante23  to  include  both  short  and  long  term 
beam  spread.    Figure  1  shows  the  various  distances 
and  beam  diameters  involved  in  the  analysis.    D0  is 
the  diameter  of  the  source  and  Df  is  the  diameter  the 
farfield  beam  would  have  at  the  distance  L  if  only 
Fraunhofer  diffraction  were  involved,  so  that  D^  =  Df) 
+ 16  Lz/kzlfa  (with  k  the  wave  number  2irA).    D  is  the 
actual  diameter  of  the  beam  at  the  distance  L  due  both 
to  diffraction  and  turbulent  beam  spreading,  or  ZJ2 
=  Dz,  +  £%.    Since  the  total  acoustic  power  is  constant, 
the  long-term  average  intensity  (J)  at  L  is  simply  re- 
lated to  the  intensity  If  that  would  exist  at  L  in  the 
absence  of  turbulence  by  the  relation 


<J) /If  =  D>/I? 


(2) 


or,  defining  the  total  excess  attenuation  Ae  measured  in 
dBby  Ae  =  10\ogUf/(j)),  then, 

Ae  =  l0log(D*/D})  =  10  log(l  +  Df/D2).  (3) 

Clearly,  turbulent  beam  spreading  will  not  be  impor- 
tant for  short  paths  or  low  turbulence  intensities. 
Fortunately,  for  a  broad  range  of  parameters  Yura20 
has  already  obtained  the  solution  for  the  effective  tur- 
bulent beam  spreading  in  the  form 


Z)?  =  25A> 


it 


■ds{L-s)s,*Cil 


18/5 


(4) 


where  the  integration  over  the  beam  path  runs  from  the 
transmitter  to  the  receiver.    (Yura  obtained  this  re- 
sult by  employing  the  form  of  the  MTF  suggested  by 
Tatarski  for  a  weak-turbulence  model.    Fante23  showed 
that  this  form  also  applies  in  strong  turbulence,  where 
multiple  scattering  predominates,  to  a  reasonable  ap- 
proximation; therefore,  the  results  of  this  paper  apply 
even  when  the  pathlength  and  turbulence  strengths  ex- 
ceed the  weak  turbulence  constraints.    As  mentioned 
above,  the  application  of  the  theories  of  Yura,  Fante, 
and  Tatarski  to  acoustic  propagation  is  somewhat  sus- 
pect because  of  the  assumption  of  narrow-angle  scat- 
tering.   A  sufficient  condition  for  narrow-angle  scat- 
tering is  that  A  <<  /0  where  A  is  the  wavelength  of  the 
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TABLE  I.  Comparisons  of  excess  attenuations. 


o/  103 

o  x  10:| 

(Theor.) 

aexl03 

/(Hz) 

(dB/m) 

(dB/m) 

(exp)  (dB/m) 

1.63(//l000),/t 

125 

0.072 

0.85 

0.65 

0.82 

250 

0.285 

1.08 

1.75 

1.02 

500 

1.148 

1.31 

2.38 

1.29 

1000 

4.592 

1.58 

1.63 

1.63 

sound  and  la  is  the  smallest  scale  (microscale)  irreg- 
ularity in  the  refractive  turbulence  field.     For  typical 
values  of  the  microscale  /0~1  cm,  this  assumption  is 
not  valid  for  acoustic  wavelengths  in  the  kilohertz 
range.     However,  Clifford  and  Brown21  have  shown  that 
the  assumption  X«  /„  is  too  restrictive  and  that  the 
same  form  of  Dw  and  hence  the  MTF,  as  suggested  by 
Tatarski  and  applied  by  Yura,  should  apply  for  acoustic 
wavelengths  of  the  order  of  up  to  a  few  meters.    Then, 
assuming  the  receiving  point  in  the  farfield,  or  AL/kD\ 
»1,  and  substituting  Eq.  (4)  in  Eq.  (3)  immediately  gives 

/ie=101og{l  +  1.56/.12/5/J2or|Lrf^^)5/3C"(s)]6/  j,      (5) 

or,  for  the  case  of  constant  C2, 

^  =  101og(l+0.48fc12/5Z)j;L6/5Ci2/5).  (6) 

Either  Eq.  (5)  or  Eq.  (6)  provides  profiles  or  average 
values  of  the  "excess-attenuation  coefficient"  by  using 
the  definitions  ae=  BAjds  or  a~e  =  AjL.    The  above  re- 
sults remain  valid  up  to  ranges  where  the  wave  co- 
herence length20  decreases  to  values  comparable  with 
the  inner  scale  of  turbulence — at  distances  much  far- 
ther than  are  likely  to  be  of  practical  importance. 
(Note  that  the  weighting  factor  [(/_  -s)/Lf/i  appearing 
in  Eq.   (5)  differs  from  the  factor  (s//_)5/s  appearing  in 
Table  I  of  Yura24  because  our  integration  runs  from 
transmitter  to  observer,  while  Yura's  runs  from  a  test 
point  source  placed  at  the  observing  point  backwards 
towards  the  transmitter. ) 

Note  that  the  factor  (L  -s)5/s  in  the  integrand  of  Eq. 
(5)  always  weights  the  turbulence  near  the  transmitter 
most  heavily.    For  the  case  of  constant  C\  (such  as  for 
horizontal  paths)  the  asymmetry  of  the  path  weighting 
factor  has  no  effect  on  the  wave  propagation.    The  situa- 
tion is  quite  different  for  vertical  paths;  here,  the 
combination  of  path  weighting  asymmetry  and  atmo- 
spheric structure  produces  large  differences  in  the  ob- 
servations under  reflection  of  the  source-path-receiver 
combination.    We  cannot  expect  agreement  between  the 
results  obtained  with  the  transmitter  on  the  ground  and 
those  with  an  elevated  source.    A  further  Important  In- 
sight on  observations  results  from  the  theory  If  we  re- 
write Eq.  (5)  In  the  form 

Ae  =  10  logjl  +  61. 6(A>A)2*2/  %\f  ds  (^~J  "c$(s  )1      J. 

(7) 
Then — as  Is  appropriate  for  a  point  source — letting 
Do/X—  0  gives  the  not  unexpected  result  that 

A,  =  0  (8) 

for  a  point  source.    Clearly,  the  total  angular  beam- 


width  i|>=  3.  2\/irD0  of  the  antenna  has  an  important  in- 
fluence on  the  magnitude  of  the  expected  values  of  the 
excess  attenuation.    Thus,  the  value  of  41  should  be 
measured  and  included  in  any  experimental  report  on 
excess  attenuation.    Note  also  that,   since  the  factor 
klzli  appears  under  the  logarithm  in  Eq.   (5),  the  fre- 
quency dependence  varies  with  the  magnitude  of  Ae. 
For  Ae=  1  dB  the  dependence  is  approximately  quadratic; 
by  the  time  Ae  reaches  10  dB,   however,  the  exponent 
has  dropped  to  less  than  one. 

The  above  analysis,  that  results  in  the  excess  atten- 
uation given  in  Eq.   (5),  gives  only  a  measure  of  the 
average  reduction  in  received  intensity  due  to  turbulent 
refractive  index  fluctuation.    Of  course,  the  instanta- 
neous intensity  will  fluctuate  wildly  about  this  value 
such  that  a  sound  pressure  level  meter  will  record  dB 
readings  that  will  vary  significantly  with  averaging 
times.    To  calculate  the  perceived  sound  level,  infor- 
mation about  the  statistics  of  these  fluctuations  is  es- 
sential.   Clifford  and  Yura24  and  Fante23  have  studied 
this  problem  theoretically  and  conclude  that  the  stan- 
dard deviation  of  the  intensity  fluctuations  for  most 
paths  and  C\  values  of  interest  in  noise -propagation 
problems,  i.e.,   1  km  < is  10  km  and  C2~10"' m"2/3  is 
approximately  equal  to  the  mean  intensity  or,  more 
precisely,  a,~(J).    There  is  some  doubt  as  to  the  form 
of  the  probability  distribution  in  this  range  of  path- 
lengths  and  Cz„.    The  log-normal  probability  density  is 
probably  the  most  reasonable  assumption  but  one  must 
be  cautious  because  experimental  evidence  suggests23 
that  the  log-normal  density  tends  to  overestimate  the 
number  of  extreme  values. 

II.  ATMOSPHERIC  PROFILES 

The  above  discussion  emphasizes  the  need  for  atmo- 
spheric profiles  in  the  prediction  of  excess  attenuation. 
Although  mean  wind  and  temperature  profiles  produce 
chiefly  refractive  effects,  the  profiles  of  C\  and  C%  af- 
fect the  excess  attenuation  directly,  through  their  con- 
tribution to  C2  [as  given  by  Eq.  (1)],  and  by  the  effect 
of  the  C2,  profile  on  Ae  shown  in  Eq.   (5).    Since  we  hope 
to  apply  echosondes  eventually  to  the  remote  measure- 
ment of  the  same  turbulence  parameters  C%  and  C%, 
and  since  the  accuracy  of  such  measurements  depends 
on  knowing  the  values  of  Ae,  a  possible  difficulty  exists. 
Fortunately,  the  smallness  of  the  correction  for  A„  im- 
plies that  use  of  reasonable  mean  profiles  using  pa- 
rameters determined  by  ground  measurements  should 
give  acceptable  results. 

Both  the  height  and  the  structure  of  the  boundary 
layer  depend  strongly  on  whether  the  atmosphere  is 
stable  or  unstable — conditions  obtaining  mainly  during 
the  night  or  the  midpart  of  the  day,  respectively.    Here, 
for  illustrative  pruposes,  we  will  consider  only  typical 
daytime,  unstable  boundary -layer  profiles.    Such  a 
boundary  layer  possesses  three  regions,  differing  in 
structure:    the  shear  layer  (or  surface  layer)  extend- 
ing a  few  tens  of  meters  above  the  ground,  and  strongly 
influenced  by  the  surface  friction;  the  free -convection 
layer  reaching  up  to  about  one-tenth  the  total  height  z{ 
of  the  boundary  layer,  where  the  turbulent  heat  flux 
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FIG.  2.  Variation  of  turbulence  Intensities  with  altitude. 

remains  the  only  important  dynamic  parameter;  and 
the  mixed  layer  extending  to  z,  which,  as  the  name  im- 
plies, contains  well-mixed  velocity  fluctuations  of  ap- 
proximately constant  intensity.    As  a  result,  in  the  . 
mixed  layer  C^  is  roughly  constant;  then,  descending 
to  the  free-convection  layer,  C%  increases;  finally,  in 
the  shear  layer  C2,  approaches  a  curve  varying  as  z'zn. 
Thus,  the  mean  profile  of  C%  is  roughly  modeled  by  the 
empirical  curve 

CZy  =  A  +  B(z/zirz/9.  (9) 

Studies  of  boundary -layer  structure  relate  the  constants 
A  and  B  to  other  atmospheric  parameters,  but  these 
relations  need  not  concern  us  here.    In  addition,  the 
validity  of  such  profiles  terminates  at  some  height  re- 
lated to  the  thickness  of  the  laminar  flow  just  above  the 
ground.    The  behavior  of  C\  Is  somewhat  different. 
Experimental  studies  have  found,  Instead,  the  mean 
profile 

c*.=ciz/£,r4/8  do) 

throughout  the  boundary  layer.    Figure  2,  derived  from 
a  study  by  Kaimal  et  al. , M  shows  average  experimental 
C\  and  C\  profiles  for  a  typical  midday,  unstable 
boundary  layer  with  a  total  height  of2)  =  1.25xl0sm. 
(The  change  In  behavior  of  both  C%  and  C%  just  below  z 
=zt  Is  due  to  entralnment  from  the  flow  just  above  the 
boundary  layer. )    The  experimental  curves  in  Fig.  2 
are  expressed  approximately  by  the  equations 

Ci  =  0.04  +  0. 33  z'*1*  (11) 

and 

C^  =  2.92~4/8. 
At  heights  typical  of  echosonde  measurements,  C|  Is 
from  one  to  two  orders  of  magnitude  smaller  than  C\ 
but,  below  12. 5  m,  just  the  region  In  which  ground- 
situated  transmitters  and  receivers  would  be  located, 
Cy  becomes  considerably  larger  than  C%.    Of  course, 
Instantaneous  curves  of  C%  and  C%  may  vary  from  the 
profiles  given  In  Eq.  (9)  and  Eq.  (10),  and  the  con- 
stants Involved  also  may  vary  considerably  from  those 
InEq.  (11). 

III.  COMPARISON  WITH  EXPERIMENT 

Since  none  of  the  past  experimenters  have  known 
which  parameters  played  the  most  Important  roles  In 


excess  attenuation,  experimental  reports  invariably 
lack  key  values.    Thus,  to  compare  the  predictions  of 
the  present  theory  with  previous  observations  will  re- 
quire some  judicious  guesses.    As  an  example,  we  con- 
sider the  work  of  Delsasso  and  Leonard  who  give  a^  for 
a  horizontal  path.    In  their  experiment  they  calculated 
Ae  by  comparing  the  signal  from  a  microphone  at  a 
reference  distance  Z,r  =  104  ft  (32  ui)  with  the  signal 
from  a  microphone  at  the  distance  L  =  8652  ft  (2637  m), 
using  the  spherical  spreading  formula 

Ae  =  10  log (/,//)  -  10  log(L/Lr)2  =  10  logtirD/LDj2,        (12) 

where  Dr  Is  the  diameter  of  the  beam  at  Lr.  We  note 
that  Eq.  (12)  is  correct  only  if  LT  is  in  the  farfield.  In 
the  farfleld  case,  I?r  =  Dz0  +  \6  Lzr/kzDz0~16  Lzr/kzDz0.  Sub- 
stituting this  In  Eq.  (12)  immediately  gives  the  correct 
result  Eq.  (5).  By  using  the  farfield  relation  Df  =  LDr/ 
Lr  in  Eq.   (3)  we  obtain  Eq.   (12)  or,  in  another  form, 


(13) 


Ae  =  101og(l  +  LZTD\/ LZDZT), 

with  Dz  given  by  Eq.   (4). 

We  now  consider  what  will  happen  if  we  use  Eq.   (12) 
or  Eq.   (13)  to  reduce  the  experimental  data  even  if  the 
reference  microphone  position  Lr  lies  In  the  nearfield. 
This  procedure  is  equivalent  to  defining  a  new  (un- 
physical)  quantity  Ae  which,  for  appropriate  ranges  of 
parameters,  represents  an  approximation  to  the  phys- 
ically defined  excess  attenuation  A„.    Since  L^  =  I^ 
+ 16  L\/kzL^,  substituting  the  farfield  distance  *Z>§/8 
for  LT  shows  that  DT  varies  approximately  10%  from  D0 
over  the  entire  nearfield.    Thus,  the  value  of  Ae  Is 
given  approximately  by 


^lOlogd  +  L^/L2^). 


(14) 


Delsasso  and  Leonard  used  a  cannon  for  a  sound  source. 
Since  the  equivalent  aperture  Is  probably  represented 
by  a  region  of  nonlinear  interaction  rather  than  the 
mouth  itself,  we  arbitrarily  assume  that  LT  Is  in  the 
nearfield  and  that  D0  =  1  m.    Since  the  microphones 
were  mounted  on  masts  and  the  entire  experiment  took 
place  at  an  altitude  of  10  000  ft,  we  arbitrarily  assume 
C^=10"7m"8/'  and  c=335  m/sec. 

We  cannot  compare  our  theory  with  Delsasso  and 
Leonard's  summary  table  of  field  measurements  of  the 
total  of  ordinary  plus  excess  attenuation  since  these  are 
averages  over  a  wide  range  of  relative  humidity.    In- 
stead, we  choose  the  average  of  five  representative 
values  of  the  mean  of  their  maximum  and  minimum 
measurements  for  which  the  relative  humidity  Is  30% 
or  more;  then,  we  scale  the  measured  value  of  the 
ordinary-attenuation  coefficient  a  at  1000  Hz  by  the 
square  of  the  frequency  to  obtain  average  values  of  the 
experimental  excess  attenuation.    Table  I  gives  a  com- 
parison of  a,  the  theoretical  values  of  a]  from  Eq.  (14), 
and  the  experimental  values  of  a~,  derived  from  Delsas- 
so and  Leonard.    The  final  column  In  Table  I  shows  the 
expected  behavior  If  a~e  varies  as  the  {  power  of  the 
frequency.    The  close  agreement  with  the  theoretical  be- 
havior suggests  that  some  of  the  departures  of  the  ex- 
perimental values  are  due  to  the  small  number  of 
samples  In  the  average.    In  fact,  if  data  are  expressed 
by  using  a  fixed  L„  the  frequency  dependence  of  A,  ap- 
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pears  as  the  |  power  under  the  logarithm  and,  thus, 
the  dependence  will  vary  with  the  magnitude  of  Aa. 

We  now  consider  two  examples  of  the  true  excess  at- 
tenuation A,  on  vertical  paths,  one  with  an  elevated 
transmitter  as  in  the  experiment  of  Beran  et  al. ,  the 
other  with  a  ground-based  transmitter  as  in  the  experi- 
ment of  Aubry  et  al.    For  illustrative  purposes  we  use 
the  experimental  profiles  of  C%  and  C%  obtained  by 
Kaimal,  as  expressed  by  Eq.  (11).    When  T=283  K  the 
relation  for  C2,  becomes  C?,  =  8.  8x  10"6(C2K  +  0.  35  C*T). 
Suppose  in  the  first  case  that  the  receiver  is  at  z  =  1  m; 
and,  in  the  second  case,  the  transmitter  is  at  z  =  1  m; 
then,  the  Integral  appearing  in  Eq.  (5)  becomes  equal 
to  L  C|  or  L  cf,  where 


—      1    CL        /z\5/S 

C?,  =  y/     dzVj)     Cjfc)  (elevated  transmitte 

C*„  =  jj    te\r-j^)     Cfc)        (ground-based  t 


r) 
(15) 
rans- 


mitter). 


(16) 
Substituting  the  expression 

C^  =  8.8xl0'6(0.04  +  0.332"2/8  +  1.0152",/3)  (17) 

in  Eq.   (12)  and  integrating  gives 

C*  =  1.  3x  10-7(1  + 11 2"2/s  +  51  z_4/s).  (18) 

For  the  ground-based  transmitter,  however,  C2,  de- 
pends only  weakly  on  z.    Since  [(L  -  z)/L]5/s  peaks 
sharply  at  z  =  0,  substituting  z  =  0  in  Eq.  (16)  gives  a 
reasonable  approximation  for  the  integral,  that  is, 

C£«  4.6x10"*.  (19) 

We  now  apply  the  above  values  to  a  calculation  from  Eq. 
(5)  of  the  mean  excess  attenuation  coefficient  over  a 
600-m  path  for  a  4-kHz  beam  assuming  D0  =  1  m.    The 
results  are 

a~t  =  1 . 5  dB/km         (elevated  transmitter) 

and  (20) 

cTt  =  6. 0  dB/km  (ground-based  transmitter). 

These  results  show  almost  an  order  of  magnitude  dif- 
ference between  the  excess  attenuation  for  an  elevated 
transmitter  and  that  for  a  ground-based  transmitter 
for  the  same  path.    In  the  first  case,  the  excess  at- 
tenuation does  not  appear  very  important  but,  in  the 
second,  the  magnitude  has  risen  to  a  significant  value. 

IV.  CONCLUSIONS 

We  have  shown  that  forward -propagation  formulas 
applied  to  the  problem  of  excess  attenuation  lead  to  a 
theory  that  predicts  the  right  orders  of  magnitude  and 
the  correct  behavior  (with  regard  to  other  parameters) 
obtained  In  previous  experiments.    The  theory  gives 
values  of  the  excess-attenuation  coefficient  for  typical 
path  lengths  and  turbulent  Intensities  that  are  signifi- 
cant when  compared  with  ordinary  attenuation  coef- 
ficients, and  that  agree  well  with  observations.    When 
the  data  are  displayed  In  terms  of  a  fixed  near-field 
reference  distance  L„  the  frequency  dependence  ap- 


pears In  the  form  log(l  +  a/2/s)  which,  for  typical  mag- 
nitudes of  the  excess  attenuation,  appears  close  to  the 
/l/s  dependence  observed.    More  properly,  if  the  re- 
sults are  displayed  in  terms  of  the  nonturbulent  beam- 
width,  which  is  itself  a  function  of  frequency,  the  de- 
pendence changes  to  log(l+a/12/5).    For  downward 
transmission  the  results  include  (in  the  argument  of 
the  logarithm)  an  altitude  dependence  from  the  com- 
bined effect  of  a  factor  z8/5  and  the  rapid  decrease  of 
the  intensity  of  refractivity  fluctuations  C2.    For  low 
altitudes  the  magnitude  of  C2  depends,  first,  on  the  in- 
tensity of  velocity  fluctuations  C%  and — with  a  factor  of 
about  one-third — on  the  intensity  of  temperature 
fluctuations  C\.    Thus,  the  magnitude  of  the  excess  at- 
tenuation should  correlate  strongly  with  the  wind  shear, 
yet  not  fall  completely  to  zero  when  the  shear — and 
thus  C\ — vanishes.    Finally,  the  experimental  values 
of  the  excess  attenuation  depend  highly  on  the  geometry 
of  the  path;  typical  values  may  reach  an  order  of  mag- 
nitude higher  when  sound  propagates  upward  than  when 
it  propagates  downward.    Equation  (5)  and  the  com- 
ments following  Eq.  (8)  show  that  excess  attenuation  is  not 
an  intrinsic  property  of  air,  or  even  the  dynamic  state  of 
the  atmosphere.    Excess  attenuation  depends  strongly 
on  the  geometry  (that  is,  acoustic-beam  parameters) 
and  orientation.    Also,  as  indicated  above,  the  com- 
parison of  theory  with  existing  data  suffers  from  in- 
adequate reporting  of  both  equipment  parameters  and 
relevant  supporting  meteorological  information.    Hope- 
fully, the  design  of  future  experiments  will  include 
measurement  of  wind,  temperature  profiles,  C%,  and 
Cfr  as  well  as,  transmitting  aperture  characteristics. 
Without  this  sort  of  information  such  experiments  will 
have  only  limited  value. 

In  conclusion,  we  believe  that  substitution  of  the  ap- 
propriate parameters  in  the  theory  presented  here  will 
lead  to  reasonable  estimates  of  the  amount  of  excess 
attenuation  in  the  propagation  of  sound  or  noise  through 
the  atmosphere  if  refractive  effects  and  ordinary  at- 
tenuation are  handled  separately. 
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The  Range  Limitation  on  Radar-Acoustic  Sounding  Systems 
(RASS)  due  to  Atmospheric  Refractive  Turbulence 

STEVEN  F.  CLIFFORD  and  TING-I  WANG 


Abstracl-The  effects  of  acoustic  refractivity  fluctuations  on  the 
operation  of  a  radar-acoustic  sounding  system  (RASS)  have  been  cal- 
culated. Using  the  Born  approximation,  the  electromagnetic  field  scat- 
tered from  a  spherical  acoustic  pulse  whose  sphericity  is  perturbed  by 
transmission  through  the  turbulent  medium  between  the  source  and 
scattering  volume  was  determined.  The  resultant  system  gain  reduction 
factor  changes  the  dependence  on  range  R  of  the  total  received  power 
from  an  R  dependence  for  a  homogeneous  atmosphere  to  R~  '5 
in  strong  turbulence.  This  new  range  dependence  can  occur  at  distances 
of  the  order  of  a  few  hundred  meters  for  sufficiently  strong  turbulence. 

INTRODUCTION 

RECENTLY,  considerable  interest  has  been  generated  in 
the  potential  of  a  combined  radar-acoustic  sounder 
system  (RASS)  to  measure  temperature  profiles  in  the  lower 
atmosphere.  Marshall  et  al.  [1]  discuss  the  history  of  the 
technique  and  its  unique  advantages  for  atmospheric  probing. 

The  advantages  of  this  system  over  conventional  acoustic 
or  radiowave  sounding  of  the  clear  atmosphere  arise  from 
the  fact  that  the  RASS  system  scatters  a  radiowave  from  an 
effective  spherical  reflector  produced  by  a  collocated  acoustic 
sounder.  An  acoustic  pulse  of  wavelength  Aa  is  transmitted 
first,  and  then  a  radiowave  of  wavelength  \e  is  scattered  from 
the  refractivity  fluctuations  produced  by  the  wavefronts  of 
the  acoustic  wave.  The  acoustic  wave  satisfies  the  Bragg 
scattering  condition  for  backscatter  of  the  EM  wave  so  that 
Xq  =  A^/2;  hence,  as  long  as  it  maintains  its  proper  shape, 
the  spherical  acoustic  wave  perfectly  focuses  the  incident 
EM  energy  on  the  receiver  to  produce  a  large  gain  in  scattering 
efficiency  over  clear  air  scattering. 

The  purpose  of  this  paper  is  to  analyze  the  perturbing 
effects  of  the  intervening  turbulent  medium  that  destroy  the 
sphericity  of  the  acoustic  wavefronts  and  to  compute  the 
consequent  gain  reduction. 
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Fig.  1. 


Geometry  of  transmitters,  receivers,  and  scattering  volume 
for  RASS. 


electric  field  E0(r1)  incident  upon  the  volume  V.  The  origin 
of  coordinates  in  (1)  is  at  the  transmitter.  The  refractive  index 
fluctuations  must  satisfy  the  relation  t^  <  1  to  be  considered 
sufficiently  weak  for  (1 )  to  be  valid. 

For  the  RASS  problem  V1(r1)  is  due  to  the  transmitted 
acoustic  pulse,  that  has  the  form 


Vi(ri) 


So  Re 


0, 


eifear1+1//(r1) 


N\a  N\a       (2) 

R -</-!  <R+ — - 

2  2 


otherwise 


ANALYSIS 

From  Tatarski  [3],  we  can  calculate  the  electric  field, 
scattered  from  a  weak  refractive  index  perturbation  ri1  located 
at  position  r1  to  an  observer  at  r  (see  Fig.  1 )  from  the  integral 


Es(r) 
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2n   L 


eihe\r-rx\ 


d3rx 

v  \r-rt 


fh^i^cAi) 


(1) 


where  ke  =  2nj\e  with  \,  equal  to  the  wavelength  of  the 
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where  ka  =  27T/XQ  with  X0  the  acoustic  wavelength,  R  is  the 
range  to  the  scattering  volume,  and  N  is  the  total  number  of 
cycles  in  the  acoustic  pulse.  The  quantity  %q/R  is  the  refractive 
index  perturbation  at  rx  =  R.  We  take  the  real  part  in  (2) 
because  we  assume  that  r}1  is  pure  real.  The  factor  e^  is  in- 
cluded to  account  for  the  effects  of  the  refractive  turbulence 
that  the  incident  acoustic  wave  encounters  on  its  way  to  the 
scattering  volume.  It  is  this  quantity  that  causes  departures 
of  r)1  from  perfect  sphericity  and  degrades  system  perform- 
ance. The  quantity  in  brackets  is  the  total  acoustic  field 
incident  upon  the  scattering  volume.  Both  the  unperturbed 
field  (spherical  pulse)  and'  its  first-order  perturbation  are 
included.  If  we  call  this  total  acoustic  field  u  and  its  spherical 
pulse  component  u0,  then  clearly  (2)  is  equivalent  to  Uj  (rj)  = 
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Uo^r^e^ .  Now,  by  assumption  i7i(/i)  is  also  equal  to  v(r1); 
therefore,  \p  must  be  defined  by  i//  =  In  (u/u0).  Finally  we  let 
u  and  «0  be  represented  as  phasors,  i.e.,  u0  =  A0  exp  (is0) 
and  u  =  A  exp  (is);  then  \p  =  In  (A/A0)  +  i(s  -  s0)  where  ,4 
is  the  amplitude  of  the  total  acoustic  wave  and  s  is  its  total 
phase  and  A0  and  S0  are  the  amplitude  and  phase  of  the 
unscattered  wave. 

In  (1)  E0(r1)  is  the  incident  electromagnetic  signal,  a 
spherical  wave  emitted  from  a  source  collocated  with  the 
sounder,  i.e., 


obtain 


Eo(ri)  =  AQ- 


(3) 


This  field  also  suffers  degradation  due  to  the  intervening 
turbulence,  but  for  radiowaves  this  is  significantly  less  than 
for  acoustic  waves.  Inserting  (2)  and  (3)  into  (1 ),  we  obtain 


exp  [/Vi  +  X('-i)]  cos  [karx  +  s^r^] 


(4) 


where  sx  =  s  -  s0  and  \  -  In  A/A0. 

The  flux  of  scattered  power  in  watts/(meter)2  in  the  direc- 
tion toward  the  receiver  is  proportional  to  |  Es  |2,  and  we  are 
interested  in  its  average  value,  i.e.,  S  =  <£SES*>.  Substituting 
(4)  into  the  definition  of  S,  we  obtain 


*c4So2V 

c'ke(rl-r2)   eike\r~rx\    g—ike\r—  r2  \ 


\r 


(eX(r1)  +  x(r2)cos  [karx  +x1(r1)]  cos  [kari  + sx(ri)\). 

(5) 

Equation  (5)  is  a  good  approximation  to  the  radial  power 
density  if  R  >  \e.  We  assume  that  x  and  sx  are  random  vari- 
ables and  that  they  are  normally  distributed  In  Appendix  I 
the  expected  value  of  the  quantity  in  the  angle  brackets  is 
computed  to  be 

<ex(ri)+x<r2>  cos  [kgri  +Sl(ri)]  cos  [t/2+s,(f2)]> 


^-cos  [*0(/i  -r2)]e 


-2Dw(ri'r2) 


(6) 


where  Dw  is  the  wave  structure  function  defined  in  Tatarski 
[3] ,  [5] .  The  exponential  quantity  is  a  measure  of  the  acoustic 
waves  decreasing  coherence  as  it  propagates  through  the  inter- 
vening turbulent  medium.  (Note,  if  there  were  no  turbulence, 
exP  [  —  2Dw)  ~*  '•)  Substituting  this  expression  into  (5),  we 
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There  are  several  assumptions  that  can  be  made  to  simplify 
(7).  First,  the  fluctuations  in  the  wave  parameters,  e.g.,  ampli- 
tude and  phase,  have  the  properties  that  their  statistics  depend 
separately  upon  the  difference  in  coordinates  along  the  spheri- 
cal shell  perpendicular  to  the  radius  of  the  outgoing  wave  and, 
to  a  good  approximation,  upon  the  center  of  mass  of  the 
two  radial  dimensions.  (This  is  more  fully  discussed  in  Tatarski 
[4] .)  Therefore  we  may  write 


(8) 


Dw(rl,r2)  =  Dw[  rx  sin  0,  -  r2  sin  d2, 


where  6  is  the  angle  between  the  normal  to  the  wavefront 
at  an  arbitrary  position  and  the  z  axis.  Finally,  if  the  pulse- 
width  is  not  too  large,  i.e.,  7Va0  <^  R,  the  dependence  of 
Dw  upon  rx  and  r2  in  (7)  and  their  variation  in  the  denomin- 
ator is  sufficiently  weak  that  we  can  replace  rx  and  r2  by  R\ 
consequently, 


Dw(rl,r2)  =  Dw[R(smd1  -sinfl2)./J) 


(9) 


What  we  have  ignored  in  going  from  (8)  to  (9)  is  the  decrease 
of  longitudinal  coherence  in  the  propagating  wave.  Tatarski 
[4]  states  that  the  coherence  length  in  this  direction  is  of  the 
order  of/?  and  therefore  this  effect  is  negligible. 

With  (9)  substituted  into  (7),  after  integrating  out  the 
4>  variation  and  assuming  that  the  receiver  is  also  located  at 
the  origin  of  the  coordinates,  i.e.,  r  =  0, since Dw  hasazimuthal 
symmetry,  we  obtain  the  expression 


S  =  — —A/?)/  dri 
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In  (1 1),  7  is  the  smaller  of  the  acoustic  half-beamwidth  ya  or 
the  electromagnetic  half-beamwidth  ye,  and  (1 1)  is  normalized 
so  that  /(/?)  =  1  in  the  absence  of  turbulence,  i.e.,  when 
Dw  =  0.  The  double  integral  in  (10)  is  easily  integrated  by 
elementary  means  and,  when  evaluated,  it  takes  the  form 


74*,4£o2 


sin  [(ka-2ke)(N\j2)}    2 


(ka  -  2ke)(N\J2) 


(12) 


The  R~2  dependence  comes  from  the  spherically  diverging 
acoustic  wave.  (We  have  also  assumed  that  rx  ~  R  and  r2  ~ 
R  in  the  denominator  over  the  range  of  integration  in  (10).) 
If  /  =  1,  (12)  would  agree  with  the  expression  in  Marshall 
[2] .  In  general  /  <  1  and  produces  the  gain  reduction  caused 
by  the  intervening  turbulence.  All  that  remains  is  to  evaluate 
/from  (11). 


REFRACTIVE  TURBULENCE  ATTENUATION  FACTOR 

To  evaluate  /,  we  use  the  form  of  Dw  for  spherical  waves 
from  Lutomirski  and  Yura  [6]  , 


(\l2)Dw[R($)ne1  -sin02).*] 


-0.132;r2A:o2  f    dz  Cn2(z)  f    dK  K 

'o  JQ 
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-8/3 


(13) 


where  J0  is  the  zero  order  Bessel  function  of  the  first  kind  and 
Cn^  is  the  refractive  turbulence  structure  parameter,  an 
estimate  of  the  "intensity"  of  refractive  turbulence.  (The 
validity  of  the  assumption  that  we  can  use  an  optical  wave 
result  for  an  acoustic  wave  as  we  have  done  in  choosing 
the  particular  form  of  (13)  is  demonstrated  in  a  paper  by 
Clifford  and  Brown  [7] .)  Lutomirski  and  Yura  assume  that 
the  Kolmogorov  spectrum  of  turbulence  is  valid  such  that, 
in  the  so-called  inertial  subrange  between  some  inner  scale 
/0  and  some  outer  scale  L0,  this  universal  wavenumber  spec- 
trum applies 

*„(K)  =  0.033Cn*K-11l?,         L0~l  <K<10~1       (14) 

In  writing  (13),  we  have  assumed  L0  =  °°.  This  assumption 
is  valid  provided  L0  >  yR. 

Equation  (13)  can  be  simplified  by  integrating  out  the  A' 
variation.  Using  the  integral  table  of  Wheelon  [8]  and  letting 
u  =  z/R,  we  obtain 

(l/2)Dw  =  \A6ka2R813  |  sin  dx  -sin  02  |5/3 

•  J    duCn2(u)ubl3  (15) 

'0 


We  can  now  identify  a  single  parameter  D  where 

D=  \A6ka2R*l3  J  duCn2(u)u$l3 
Jo 

and  write  ( 1 1 )  in  the  form 


(16) 
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(171 


The  parameter  D  can  be  thought  of  as  the  total  amount  of 
integrated  turbulence  between  the  ground  and  the  scattering 
volume.  Note  that  the  i/5/3  weighting  inside  the  u  integral 
emphasizes  Cn2  values  at  higher  altitudes  (u  =  0  is  at  the 
ground). 

We  can  reduce  (17)  to  a  single  integral  by  assuming  that 
7  is  sufficiently  small  that  the  small  angle  approximation 
sin  0  ~  0  applies  in  both  integrals.  We  then  transform  vari- 
ables to  £  =  0j  —  62  and  2r?  =  6l  +  02.  This  produces  the 
expression 


8  n  C    2       /       t2 

-/     dtexpi-D^i3}]  dviv2 ) 


J: 


The  inside  integral  can  be  performed  by  elementary  means 
and  ( 18)  becomes 


/=-/    ^.vexp  [~//y6/S]    | 


3. 


3v 


lLM 


where  y  =  ij/7  and  H  is  a  new  parameter  defined  by 

H  =  DySi3  =  1  46^a2/?8'375'3  I  du  Cn2(u)u5'3 .       (20) 

'0 

(A  physical  interpretation  of  H  is  that  it  is  the  mean-square 
phase  difference  at  two  points  separated  by  a  distance  7/? 
along  the  acoustic  wavefront  at  a  range  R  )  Fig  2  shows  the 
behavior  of  1(H)  versus  H 

Since  1(H)  is  linear  in  the  log-log  plot  of  Fig.  2,  when  // 
becomes  large,  we  should  be  able  to  generate  a  convenient 
asymptotic  expression  in  this  region.  In  (19)  as  H  increases, 
the  exponential  truncates  the  integration  closer  and  closer 
to  y  =0;  therefore,  we  should  be  able  to  ignore  the  v  and  v3 
terms  compared  to  unity  and  also  increase  the  upper  limit 
to  infinity  with  negligible  error.  It  we  change  variables  to 
z  =  _v5/3,  the  integral  can  be  solved  by  elementary  means 
and  we  obtain 


/  =  -H-3lb  r(3/5)=  2.38/y-3/5 
5 

This  asymptote  is  the  dashed  line  in  Fig.  2. 
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Fig.  2.  Plot  of  gain  reduction  factor  for  RASS  system  due  to  atmos- 
pheric turbulence  effects  versus  H ',  parameter  expressing  amount  of 
integrated  turbulence  between  acoustic  source  and  scattering  volume 


In  Appendix  II,  we  derive  the  expression  for  the  received 
power  in  terms  of  the  various  system  parameters  in  the  form 


/>r  =  4.6X  II 


Q-n^£Zt  [fin  l(*a  -  2ke)(NXJ2)}Y 


R'< 


(ka  -2keXN\J2) 


go-  ^    7e  <  la 

ge2/ga-  if   le>ya 


where 


H 


46/ta2/?8'375/3  J 

Jo 


du  Cn2(u)ubl3 


1(H) 


(22) 


(23) 


and  7  is  the  smaller  of  the  acoustic  or  electromagnetic  half- 
beamwidths  ya  or  ye,  respectively,  and  1(H)  is  plotted  in  Fig. 
2.  In  (22),  ka  =  2vj\a  where  XQ  is  the  acoustic  wavelength, 
ke  =  2n/\e  where  Xe  is  the  electromagnetic  wavelength,  R 
is  the  range  to  the  scattering  volume,  ge  and  ga  are  the  elec- 
tromagnetic and  acoustic  antenna  gains,  respectively  N  is  the 
number  of  cycles  in  the  acoustic  pulse,  Cn2  is  the  acoustic 
refractive-turbulence  structure  parameters  [3,  p.  119]  and 
Pa  and  Pt  are  the  radiated  powers  of  the  acoustic  and  radar 
antennas,  respectively.  Fig.  3  illustrates  the  range  limitation 
as  determined  from  1(H)  as  a  function  of  ka,  y  and  Cn2  for 
both  3  dB  and  10  dB  reductions  in  received  signal  power, 
[f  we  use  the  asymptotic  form  of  1(H)  from  (21 )  we  obtain 


/>r  =  9.6X  10-" 


PlPaN'2K6lb 


/?18'5      I    cluCn2(u)u$i3 


3/5 


sin  [(*„  -2ke)(N\J2))\2\gahe,  7p<7„ 


(ka  -  2ke)(N\a)l2)         \ge2/haga).     ye>% 


I      1: 


d"\    ^"^^^s^,^ 

Js 
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Fig.  3.  Plot  of  3  dB  and  10  dB  range  limitation  curves  as  function  of 
acoustic  wavenumber  ka.  beamwidth  >,  and  strength  of  refractive 
turbulence  C„   . 


DISCUSSION 

We  have  calculated  the  effects  of  acoustic  retractivity 
fluctuations  on  the  operation  of  a  RASS  system.  Fig.  2  shows 
the  reduction  in  gain  one  would  observe,  over  that  calculated 
by  Marshall  et  al  [1]  or  Marshall  [2],  due  to  refractive 
turbulence  located  along  the  path  to  the  scattering  volume. 
This  turbulence  perturbs  the  sphericity  of  the  acoustic  wave- 
fronts  causing  reduced  effectiveness  in  focusing  the  incident 
electromagnetic  energy.  In  effect  the  acoustic  wavefionts 
became  "bumpier"  reflectors  as  the  wave  propagates  further 
into  the  medium  and  this  effect  causes  the  subsequent  gain 
reduction.  Equation  (24)  is  an  asymptotic  expression  for  the 
received  power  for  large  values  of  integrated  refractive  turbu- 
lence. This  expression  contains  an  additional  R~~%lb  decrease 
in  received  power  with  range  over  that  predicted  when  tur- 
bulence effects  are  ignored. 

APPENDIX  I 

The  quantity  in  the  angle  brackets  in  (5)  is  most  easily 
computed  by  expanding  the  cosine  terms  into  their  exponen- 
tial constituents,  i.e., 

<  >  =  \  (exp  \X(rx )  +  \(r2 )}  \e,k°ri  +,si  (ri  >  +  e~'k°r^  _"i  <ri  >] 

.   ry,ar2+'sl<>"2>  +  e"~l'fe°r2'~'n(r2)]).  (Al) 

We  intend  to  use  the  property  of  a  mean-zero  Gaussian  ran- 
dom process,  B.  that 


(exp(B))  =  c^2(B2). 


(A2) 


From  scattering  theory  we  know  that  it  is  reasonable  to  assume 
that  (Sx)  =  0  but  <\>  cannot  be  zero,  in  fact,  to  conserve 
energy  <x>  must  satisfy 


<X>  =  -o, 


for  H  >  1 ,  or  strong  integrated  turbulence. 


where  o2  is  the  variance  of  \  defined  bv 
(24)  x 

<\2  =  <l\-<x>l2> 


(A3) 


(A4) 
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The  relation  in  (A3)  follows  directly  from  the  fact  that  </>,       This  quantity  varies  from  zero  when  rx  =  r2  to  2os2  when 


the   expected    value   of  the   irradiance,  must   equal    its  un- 
perturbed value  I0,  i.e.. 


(/>      <uu*) 


/„ 


=  fex+,slfX-wi)=  1 


(A5) 


I  rx  |  >  |  r2  |.  When  the  plus  sign  applies  the  resulting  function 
has  a  minimum  value  of  2os2  when  \  rx  |  >  |  r2  I  and  a  maxi- 
mum of  4os2  when  r}  =  r2.  Consequently,  the  maximum 
error  we  can  make  by  dropping  the  second  term  is  a  factor 
of  two.  (Actually,  it  can  be  shown,  because  the  most  impor- 
tant region  of  integration  in  (5)  occurs  when  rt  =  r2.  that 
the  error  caused  by  ignoring  the  second  term  is  considerably 


where  u  is  the  total  acoustic  field 

After  subtracting  off  the  mean  value  of  x  in  the  exponents       less  than  a  factor  of  two.) 

We  now  direct  our  attention  to  the  terms  in  (A8)  that 
involve  x',  first  expand  in  the  usual  way 


and  using  ( A2),  we  obtain 

exp{2<x>  +  2ox2}  =  1 


(A6) 


and  obviously  (A3)  follows  from  (A6). 

In  (Al )  we  add  and  subtract  <x(rj  )>  =  (\(r2  )>  =  <X>  *o  make 
the  resulting  variable  mean  zero  and  we  obtain  four  resulting 
terms 

(  )  =  1  jyVl  ~r2)  +  2(\)  (gX'(rj  )  +  x'(r2)  +  i*i<r1  )-is1(r2)) 
4 

+  e_,'Vl  -r2)+2'x\ex'(r,  )+\\r2)-isl(rl  )+i»1(r2)) 
+  e,fca<rl  +r2)+2<X\ex  <rl  >  +  X  <»-2>  +  ,sl<rl  )  +  'M<r2>) 


2ox2  +  !<[xVi)  +  xV2)]2> 

=  -2ox2+[ox2+Cx(r1.r2)) 


(All) 


Combining  these  two  terms  we  note  that   the  result  is  the 
structure  function  for  x 


Z\(r1.r2)=2ox2  -  2Cx(r1,  r2). 


(A12) 


Taking    these    simplifications    into    account,  we  may    finally 
write  (A8)  as 


+  e~'ha<rl  +r2>+2lX1(eX(r1)+x  (r2)-is1(r1  )-is1*r2))} 


<> 


cos[*g(r,  -r2)]e-1/2D"(ri  r2>. 


(A13) 


where  x  =  X  -  ^X^  We  now  use  ( A3 )  and  ( A2 ).  After  dropping 
the  covariance  of  the  amplitude  and  phase  in  the  exponential 
term  because  of  its  smallness  compared  with  the  terms  re- 
tained, we  obtain 

<>  =  !  cos  [kjr^    -r2)\ 

-2ox2+|((x  (ri  )+x  (r2)|2>-|([s1<r1)-s1(r2)]2> 


+  Icos  [*0Ci  +r2)| 

-2ox2  +  ^([x  <rx)  +  \  (r2))2>-|([sl(r1)+Sj(r2)]2> 


(A/)  jne  quant]ty  Dw  is  defined  in  Tatarski  [5]  as  the  wave  struc- 
ture function  and  in  terms  of  the  log-amplitude  and  phase 
structure  function  is  given  by 


/>„ 


Dx+D5 


(A14) 


APPENDIX  II 

The  problem  considered  here  is  to  relate  the  expression 
in  (12)  to  that  of  Marshall  [2).  First,  Marshall  calculated  the 
total  power  received  in  terms  of  the  total  power  emitted  by 
the  acoustic  source.  In  (12),  S  =  <£s2)  and  from  antenna 
theory  the  total  power  received  Pr  is 


(A8) 


Pr  = 


4-nzr 


K2ge 


(A15) 


The  first  term  in  (A8)  differs  from  the  second  primarily  be- 
cause of  the  phase  difference  in  the  exponent  rather  than  the 
sum  as  in  the  second  term. 
Consider  the  function 


<M'i )  +  M'2)I2>  =  W  *2C,{rlt  r2) 


where  ge  is  the  electromagnetic  antenna  gain  and  z0  is  the 
characteristic  impedance  of  free  space.  Equation  (Al  5)  implies 
the  validity  of  the  local  plane  wave  assumption,  which  is  not 
obviously  applicable  in  case  of  a  focused  spherical  wave. 
(\9)  However,  in  Appendix  III  we  discuss  this  problem  and  find 
that  the  local  plane  wave  assumption  is  valid  where  the  beam- 
where  os2  is  the  phase  variance  and  Cs  is  the  phase  covariance  w,dth  of  the  focused  wave  is  less  than  1  rad.  Similarily  we  can 
function  defined  by  Cs(rx ,  r2 )  =  (sl(r1  )Sl(r2))  When  the  rela,e  the  total  lransmi,ted  Power  pt  to  the  quantity  A02/R2 
minus  sign  applies  (A9)  becomes  the  definition  of  the  structure  y  formula 
function  Ds,  i.e., 

*SL_=Pjge_ 

Ds(rl.r2)=2os2-2Cs(r1,r2).  (A10)  R2z0      4nR2  ' 
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After  inserting  these  two  expressions  into  (12)  we  obtain       and  noting  that  B  =  TqP0    °  286,we  obtain 
the  expression  for  the  total  backscattered  power  received 


''Vr'*' 


(*«  -  2ke) 


Zo2Ptge 
R2 

n\, 


AT  =  0.077  Ap. 


(A25) 


Substituting  (A25)  into  (A22),  the  expression  for  An/n  be- 
comes 


An 


2.1  X  10"7Ap. 


(A26) 


(k„  -  2k e) 


NX. 


(A17) 


Since  Ap  is  in  millibars  and  all  other  quantities  are  in  MKS 
units  we  should  convert  the  coefficient  2.1  X  10-7  to  that 
for   Ap   in  MKS    One  millibar  is  approximately   102   N/m2 

Now,  we  assume  that  XJ\a  -  2  in  the  coefficient  from  the       so  the  new  equation  is 

Bragg  condition  and  then  ( A 1 7 )  becomes 


An 


64R2 


(ka  -  2ke) 


NX„ 


=  2.1  X  10~9Ap 


(A27) 


(ka-2ke)\  — 


W) 


(A18) 


where  Ap  is  in  newtons/meter2.  The  only  remaining  task  to 
find  £02  is  to  relate  Ap  to  the  relevant  antenna  and  atmos- 
pheric parameters.  The  acoustic  pressure  fluctuation  produced 
by  a  point  source  with  power  flux  Sa(W/m2)  is 


Finally  we  must  construct  the  relation  between  £0  and  the 
acoustic  antenna  parameters.  From  (2)  to/R  —  An/n,  the 
refractive  index  perturbation  produced  by  the  acoustic  trans- 
mitter at  the  scattering  volume.  The  formula  for  atmospheric 
acoustic  refractive  index  is  given  by  [3] 


Ap=[2p0CSa]*'* 


(A28) 


where  p0  is  the  mean  density  of  air  and  C  is  the  speed  of 
sound  in  air,  both  quantities  at  STP.  The  power  density  at  a 
distance  R  is  related  to  the  total  acoustic  power  output  Pa 
(watts)  and  the  antenna  gain£a  by  the  relation 


n  =  7.9  —  X  10~5 
T 


(A19) 


S„  = 


4irR2 


(A29) 


where  P  and  T  are  the  atmospheric  pressure  and  temperature, 
respectively.  To  find  An  we  linearly  perturb  (A19) 


Substituting  (A29)  and  (A28)  into  (A27),  we  obtain  the  ex- 
pression for  the  refractive  index  perturbation 


(P0  +  Ap) 

n  +  An  =  7.9—^ X  10~5 

(Jo  +  AT) 


(A20) 


An  _  2.1  X  10~9     JPqCP^ 
■  n  R         V      2tt 


where  P0  and  T0  are  the  background  pressure  and  temperature 

and  Ap  and  AT  are  the  perturbations  produced  by  the  acoustic       Now,  since  £02  =  R2An2/n2  we  obtain 

sounder.  Retaining  terms  to  first  order  only,  we  obtain 

£02  =  7.0X  10-1 9Pagap0C 
(A21) 


An  Ap  P0AT 

—  =*  7.9  X  10-5  — -  7.9  X  10-5 


(A30) 


(A31) 


To 


T    2 
'0 


At  STP  T0  a  273  K.  and  P0  =  1013  mbar,  therefore  (A21) 
becomes 


(the    constant    factor    has    dimensions   of  meter2/newton). 
Again  at  STP  p0  =  1 .29kg/m3  and  C=  33 1  m/s,  therefore, 


An 


=  2.9X  10-7Ap-  1.07  X  10-6Ar. 


?o2  =  30X  lO-16/^.  (A32) 

(A22)      Inserting  (A32)  into  (A18)  we  obtain  the  final  expression 


For  an  adiabatic  process 

T  =  Bp   y     =Bp02*«  (A23) 

where  y  is  the  ratio  of  specific  heats  (7  ~  1 .4)  and  B  is  a  con- 
stant. After  linearly  perturbing  (A23) 


4.6  X  1 


sin 


A7,  =  0.286tf(/,or°  714AP 


(A24) 


R2 


(ka-2ke)[—f 


(*„  ~  2ke) 


W) 


(A33) 
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Equation  (A33)  agrees  with  result  of  Marshall  [2]  to  within      r1  and  0X ,  we  obtain 
about  30  precent.  The  difference  is  attributable  to  differing 
assumptions  about  the  values  of  T0,  P0,  p0  and  C. 

Finally  we  can  obtain  the  results  for  the  cases  ye  <  ya  and 
le  >  7a-  where  ye  and  7a  are  the  electromagnetic  and  acoustic 
half  beamwidths,  respectively. 


E,(R) 


ke2H0A0  sin  [(ka  -  2keWhj/2] 
■n2R  (ka  -  2keWKa/2 

•  exp  [i(2ke  -  *.)«]/! (7) 


M„ 


(A37) 


sin 


Pr  =  4.6X  10" 


ge2/ga. 


,N*PJ>t 
R2 


if    le  <  7a 

if  7e  >  7a 


AX, 
1     2 


where 


(ka-2ke)[^ 


I(R)  fi(l)- I    ddt  sine  i  exp  [iker  cos  9  cos  6l 

•  •'o  [^e''  sin  0  sin  0X  ] . 
( A34)      ^t  tne  reCeiving  plane,  8  =  ir/2,  hence 


where  we  have  used  the  appropriate  relation  ge 

—  2 
Sa  ^  la 


2 


f 


/1(7)=/     dd1  sin  8X  J0[ker  sin  8X 


(A38) 


APPEXDIX  III 

For  (A15)  to  be  used  to  evaluate  the  total  received  power, 
the  local  plane  wave  assumption  must  be  valid  in  the  vicinity 
of  the  receiving  antenna.  This  condition  is  not  satisfied  for  an 
antenna  located  at  the  focal  plane  of  a  focused  spherical 
wave.  The  range  of  validity  of  this  assumption  will  be  discus- 
sed in  this  appendix. 

Let  us  first  assume  that  there  is  no  turbulent  medium  be- 
tween the  receiver  and  the  spherical  acoustic  wave  fronts. 
Then  (4)  can  be  simplified  as 


It  is  difficult  to  evaluate  /(y)  for  arbitrary  y  without  intro- 
ducing further  approximations.  If  we  assume  that  y  •€  1 ,  then 
sin  8  =  8   In  this  case  /(7)  can  be  simplified  as 


f 

At 


/1(7)=/   rffliMol*.*!]  =y2 


Ji(kery) 
kery 


(A39) 


To  generate  a  perfect  section  of  spherical  wave  with  bea*mwidth 
ye,  the  transmitter  antenna  pattern  should  be 


F(r) 


VlVCene) 

kerye 


(A40) 


EAR 


keHoA0  f         ,      e'^ri  e>*e 

)  = ; J         dir1 —  cos(Vi)— 

2"       Jv(R)  V  \rx 


ike  I rj — r  I 


-r\ 
(A3  5) 


Because  we  use  the  same  antenna  for  both  transmitting  and 
receiving,  the  receiving  antenna  has  the  same  pattern  as  the 
transmitting  antenna  Hence  the  receiving  power  is 


Here,  the  transmitter  is  at  the  origin  of  coordinates  and  the 
receiver  is  at  r.  If  we  assume  that  |  rx  \  {^-R)  >  \  r  |,  then 
I  ra  —  r  \  can  be  replaced  by  R  in  the  denominator  and  by 
rx  +  r  [sin  8  sin  8X  cos  (0X  -  </>)  +  cos  8  cos  81]  in  the  ex- 
ponential, where  the  8  and  the  <p  are  the  angles  in  spherical 
coordinates.  Then  (A35)  becomes 


/ 


d2rEs  •£*F2(r) 


~Ke    ?0    H0 


sin  [(*„  -2keW\J2] 

(ka-2keyaa/2 


n3R- 


(NK) 


i 


drrF2(r)I2(y). 
(A41) 


a     N^a 

s(R)= /  dr, 

2nR      J      N\n 


exp  (2iker1 ) 


Inserting  (A39)  and  (A40)  into  (A41 ),  we  have 
2ke*$02A02  [sin  [(ka~2kemj2} 


Pr  = 


(kerx)        d8x  sin  0,  /       d<t>x 
Jq  ■'o 


n3R< 


<'VV,)2 


(ka-2ke)N\j2 


474     r 

■  2-v 2  L 

■e    le     y0 


dr 


Jx2(kery)Jx2(kerye) 


(A42) 


ke2le2  Jo  K2r*y2 

exp  {iker[sin  8  sin  0j  cos  (0j  -  0)  +  cos  8  cos  81]} 

(A^6t       ^ne   inIegra,lon  over  r  in  tne  above  equation  is  not  easy  to 
evaluate.  However,  because  y  is  the  smaller  of  ye  and  7a.  we 
where  7  is  the  smaller  of  the  acoustic  beamwidth  ya  or  the       will  discuss  the  case  ye  <  ya  and  ye  >  ya  seperately.  If  ye  < 
electromagnetic  beamwidth  ye.  Performing  the  integral  over       ya,  then  7  =  ye.  The  integral  in  this  case  is  simply  a  constant 
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If  ye  >  ya,  then  7  =  ya  <  ye.  The  most  important  contribu- 
tion to  the  integral  comes  from  the  region  in  the  vicinity  of 
7  =  M(kere).  In  this  case,  the  Bessel  function  Jx(kery)  — 
keryj2.  The  integral  can  be  simplified  as  [^  dr  Jl2(kerye)l 
(Ar).  Again,  this  is  a  constant.  Hence  ( A42)  can  be  written  as 


f    2A     2 


7V2 


sin  \(ka  -2kem„l2] 


(ka-2keWKJ2 


(A431 


Inserting    (A16)    and    (A32)    into    (A43),    we    have    (ga    = 
\/ya2  andge  =  \/ye2) 


Pr 


Pfa 


R2     ye4la2 


2       J  sin  [{*a 


2keWKa/2) 


(ka  -  2keW\,/2 


(A44) 


This  result  is  consistant  with  the  result  of  (A33)  which  is 
obtained  by  using  (A15)  to  calculate  the  received  power. 
Therefore,  we  have  proven  that  if  the  beamwidth  7  is  not  large 
(7  <  1  rad),  the  local  plane  wave  assumption  is  valid  even  in 
the  focal  plane  of  the  spherical  beam. 

The  dependence  of  Pr  on  the  P  and  the  7  of  (A44)  can  be 
expressed  as 


PtPaga-  ^  y  =  ie  <-ya 

PlPage2/ga'  if    7  =  7o  <7f 


(A45) 


The  physical  interpretation  of  (45)  is  as  follows.  If  7  =  ye  < 
ya,  the  transmitting  acoustic  and  EM  power  are  Paga  and 
Ptge,  respectively.  The  received  power  is  proportional  to  the 
product  of  the  acoustic  and  EM  power  and  the  square  of  the 
beam  size  ye2,  hence  Pr  -  PtgePagaye2  =  P,Paga,  which  agrees 
with  (A45).  However,  the  situation  changes  when  7  =  7a  < 
ye.  We  use  the  same  EM  antenna  as  transmitting  and  receiving 
antenna.  When  the  transmitting  beam  and  receiving  beam  have 
the  same  width,  all  the  power  can  be  picked  up  by  the  antenna. 
In  case  the  effective  receiving  beam  (7a)  is  smaller  than  the 
transmitting  beam  (7^,),  the  power  picked  up  by  the  EM 
antenna  is  only  ya2lye2  of  the  total  power.  Hence  the  receiving 
power  becomes  Pr  -  PtgePagaya2lya2he2)  =  PtPage2lga 
This  is  also  consistent  with  the  result  of  (A45) 
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ABSTRACT 

A  -implihed  acoustic  Doppler  wind  sensor  that  can  be  built  around  an  existing  sunder  i-  described.  The 
instrument  consists  of  two  fan-beam  transmitters  and  a  pencil-beam  receiver  in  an  orthogonal  contiguration. 
Considerable  improvement  in  signal-to-noise  ratio  over  previous  techniques  is  realized  with  this  approach. 
Field  tests  show  good  agreement  between  the  Doppler  sounder  measurement-  and  wind  measurements  with 
in  situ  sensors  on  a  150  m  tower.  The  system  operated  satisfactorily  in  an  airport  environment  under  log 
conditions  as  well  as  in  light  rain.  It  failed  onl\  during  periods  of  jet  aircraft  activity  directly  over  the  sounder 
and  under  conditions  of  moderate-to-heavv  rainfall. 


1.  Introduction 

In  recent  years  descriptions  of  various  acoustic 
Doppler  techniques  for  measuring  winds  have  appeared 
in  the  literature  (e.g.,  Beran  et  al.,  1971  ;  Beran  and 
Clifford,  1972;  Beran,  1975;  Balser  et  al.,  1976;  Kaimal 
and  Haugen,  1975).  The  monostatic  systems  used  in 
earlier  Doppler  experiments  had  a  major  drawback  that 
limited  their  usefulness  for  continuous  wind  profiling. 
Monostatic  echoes  are  produced  entirely  by  tempera- 
ture fluctuations  in  the  sampling  volume.  Therefore 
the  returns  tend  to  be  discontinuous  with  resulting  gaps 
in  the  wind  information.  Often  the  neutral  atmosphere 
yields  no  information  at  all. 

Bistatic  systems,  in  which  the  transmitting  and 
receiving  antennas  are  separated  in  space  but  aimed  at  a 
common  volume,  yield  more  continuous  returns  since 
both  wind  and  temperature  fluctuations  contribute  to 
the  scattering.  Wind  prohles  can  be  obtained  by  moving 
the  common  volume  up  and  down,  or  by  steering  one  of 
the  beams  either  mechanically  or  electronically. 
Alternative  systems  using  a  combination  of  fan-beam 
receivers  and  a  narrow-beam  transmitter  have  been 
tested  successfully  (e.g.,  Beran  et  al.,  1974;  Haugen, 
1976).  Such  systems  use  pulse  transmission  (the  spatial 
resolution  of  the  wind  measurement  is  a  function  of  the 
pulse  length  chosen)  and  time-gating  techniques  to 
track  the  acoustic  pulse  as  it  propagates  upward.  How- 
ever, with  fan-beam  receivers,  the  potential  for  poor 
signal-to-noise  ratio  exists,  since  the  elevation  coverage 
for  unwanted  noise  is  always  much  larger  than  that 
for  the  acoustic  pulse. 

In  the  approach  described  here  we  have  attempted 
to  improve  the  signal-to-noise  ratio  by  reversing  the 
positions  and  beam  patterns  of  the  transmitters  and 


receivers.  A  single,  vertically  pointing  receiver  collects 
the  scattered  returns  from  acoustic  pulses  generated  by 
two  fan-beam  transmitters  placed  in  an  orthogonal 
array.'  Doppler  shifts  in  the  two  transmitted  signals 
(of  differing  frequencies)  are  detected  and  converted 
to  velocity  information.  By  time-gating  the  received 
signal,  it  is  possible  to  get  useful  w  ind  profile  data  to 
heights  that  are  twice  the  antenna  separation  distance. 
In  such  a  system,  receiver  performance  can  be  optimized 
for  maximum  sidelobe  rejection.  Since  the  receiver 
points  in  the  direction  of  minimum  background  noise, 
a  further  advantage  is  gained  in  the  signal-to-noise 
ratio.  The  burden  ot  performance,  therefore,  falls  on 
the  transmitters,  which  now  have  to  radiate  sufficient 
acoustic  energy  over  a  wide  elevation  angle.  This 
problem  can  be  handled  by  proper  antenna  and  cuff 
design.  An  attractive  aspect  of  this  approach  is  the  case 
with  which  a  conventional  acoustic  sounder  can  be 
converted  for  Doppler  wind  measurement  by  the 
addition  of  a  few  off-the-shelf  commercial  components. 
The  system  discussed  here  was  developed  for  the  Air 
Force  Geophysical  Laboratories  (AFGLi,  for  low- 
altitude,  low-wind-speed  applications  in  an  airport 
environment. 

2.  Principle  of  operation 

The  theory  of  sound  propagation  and  scattering  has 
been  covered  in  sufficient  detail  elsewhere  (Little,  1969; 
Beran  and  Clifford,  1972'  and  will  not  be  repeated  here. 
The  derivation  of  wind  speed  from  the  measured 
Doppler  frequency  shift  for  the  bistatic  configuration 


1  Two  wind  sensing  systems  based  on  the  same  concept  have 
been  developed  recently,  one  by  J.  \\.  Wescott  (private  com- 
munication), the  other  by  Davev  (1976). 
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and  (4)  then  reduce  to 


Fig.  1.  Ray  geometry  for  Doppler  wind  sensing  in  the  x-z  plane. 
Ti  is  a  transmitter,  R  the  receiver  and  d  is  the  horizontal  distance 
between  them. 


described  here  is  best  explained  by  Fig.  1.  Vz  and  Vz 
are  the  horizontal  and  vertical  components  of  the 
instantaneous  wind  vector  \zz  in  the  x-z  plane,  which 
contains  the  transmitter  (Ti)  and  receiver  (R)  beams. 
The  Doppler  wind  velocity  (Vd)zz  is  the  component 
along  the  direction  bisecting  the  transmitter  and 
receiver  beams. 

If  A/i  is  the  frequency  shift  measured  at  elevation 
angle  8  in  the  transmitted  frequency  /i,  and  if  C  is  the 
velocity  of  sound  in  air,  the  Doppler  wind  equation 
for  the  x-y  plane  would  become 


A/.-^y^nfV9); 


en 


The  Doppler  wind  component  can  be  expressed  in 
terms  of  the  horizontal  and  vertical  wind  components 
as 


v*4 — W, 

\/l  COS0/ 

'-fe 


te 


/■>  COS0/ 


(5) 


(6) 


The  importance  of  time  averaging  cannot  be  over- 
emphasized since  the  V  z  contribution  could  seriously 
contaminate  horizontal  wind  measurements,  particu- 
larly at  the  higher  levels,  if  V  z  is  not  made  sufficiently 
small.  As  shown  in  Fig.  2,  the  sensitivity  of  the  Doppler 
wind  component  to  the  vertical  wind  velocity  exists 
for  all  scattering  angles  but  rises  very  rapidly  above 
0=60°.  The  length  of  the  averaging  period  required 
for  V ' t  to  approach  zero,  over  reasonably  flat  terrain, 
is  a  function  of  height.  In  the  unstable  convective 
boundary  layer,  a  3-5  min  averaging  period  may  be 
adequate  for  the  first  few  meters  above  the  ground,  but 
for  heights  on  the  order  of  1  km,  a  minimum  averaging 
period  of  15-20  min  is  needed.  In  thermally  stable  air, 
the  requirement  for  averaging  length  is  less  severe — 
a  5  min  averaging  time  should  be  adequate  at  all  heights 
within  the  stable  boundary  layer.  A  discussion  of  the 
relationship  between  length  scales  and  height  is  given 
by  Kaimal  (1973)  and  Kaimal  et  al.  (1976).  In  applica- 
tions where  such  long  averaging  intervals  are  unac- 
ceptable, as  in  airport  wind-shear  monitoring  or  when 
sloping  terrain  produces  a  nonzero  Vz,  simultaneous 
measurement  of  V z  is  essential  to  remove  its  contribu- 
tions in  Eqs.  (3)  and  (4). 

The  elevation  angle  range  between  10°  and  60°  is 
best  suited  for  Doppler  wind  measurement.  Below  10° 
the  strength  of  the  scattered  signal  drops  rapidly, 
approaching  zero  at  0° ;  above  60°  the  resolution  of  the 
horizontal  wind  measurement  is  degraded  by  the  large 
inclination  angle  in  Vd.  In  our  data  processing  routine, 
the  elevation  range  from  7°  to  63.5°  is  covered,  which 
corresponds  to  a  height  range  of  d/S  to  2d. 


(Vd)xz  =  lvxcos(^+^\-V,cos(^-^\~\.     (2) 


Equations  for  the  Doppler  frequency  shifts  A/i  and  A/2 
in  the  x-y  and  y-z  planes,  respectively,  reduce  to 


A/i=  (/i/C)[7,  cos*-  V.(l+smd)l 
A/i=  {U/C)\VV  cos6-  V.d+sin*)]. 


To  measure  Vz  and  Vv  accurately,  one  needs  either 
an  independent  measure  of  V,  or  a  method  of  averaging 
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the  readings  over  a  period  long  enough  to  insure  that      Flc  2.  Sensitivity  of  the  Doppler  wind  component  to  V,  relative 
Vz  =  0  (the  overbar  denotes  time  average).  Eqs.   (3)  to  Vz.  V,  is  defined  positive  upward. 
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Analog  Inputs  to  Computer 

1.  Doppler  Shift  (Af,) 

2.  Doppler  Shift  (Af2) 


W.  Tracking  Wove  Anolyzer 
G.  Transmit  Gate 
A.  Power  Amplifier 


Initiate  Pulse 


Fig.  3.  Block  diagram  of  the  acoustic  Doppler  sounder. 


3.  System  configuration 

The  Doppler  sounder  is  designed  to  provide  full 
control  over  all  operating  parameters  so  that  perform- 
ance characteristics  such  as  velocity  sensitivity,  wind 
speed  range  and  height  resolution  can  be  varied  to  suit 
the  requirements  of  a  particular  experiment.  All 
parameters  (with  the  exception  of  the  height  range 
which  depends  on  the  length  of  the  baseline)  are 
adjustable  either  through  dial  settings  on  the  instru- 
ment panels  or  by  changes  requested  through  the 
computer  keyboard. 

A  simplified  block  diagram  of  the  AFGL  system  is 
shown  in  Fig.  3.  The  system  is  built  around  a  standard 
NOAA  Mark  VII  acoustic  sounder  (Owens,  1975) 
and  utilizes  its  antenna  and  receiver  electronics  to 
collect  the  bistatic  returns  from  sound  pulses  emitted 
by  the  fan-beam  transmitters  Ti  and  T2.  The  carrier 
frequencies  /i  and  /2  for  the  two  transmitters  are 
generated  by  two  tracking  wave  analyzers  (Quan- 
Tech,  Model  304  TDL).  The  frequency  of  each  analyzer 
can  be  tuned  manually  over  a  range  of  1  to  5000  Hz. 
The  preferred  settings  for  AFGL's  low-level  applica- 
tions are /i= 3.6  kHz  and /2= 3.0  kHz.  These  settings 
provide  adequate  sensitivity  with  low  background  noise 
and  do  not  interfere  with  the  Mark  VII  acoustic 
sounder  frequency  options  (/3=2.0,  2.5  and  3.3  kHz). 

The  oscillator  outputs  are  applied  to  a  pair  of  trans- 
mission gates  (operated  synchronously  with  the  trans- 


mit gate  in  the  echo  sounder)  to  produce  the  tone  bursts 
that  drive  Ti  and  T2.  The  duration  of  the  tone  burst  is 
controlled  by  thumb-wheel  settings  on  the  acoustic 
sounder.  The  transmitters  are  driven  by  two  power 
amplifiers  (Crown,  Model  DC-300A  modified  for  mon- 
aural operation)  capable  of  delivering  300  W  to  each 
transmitter. 

The  three  transmitters2  (Ti,  T2,  T3)  are  pulsed 
simultaneously  under  software  control.  An  "initiate" 
pulse  generated  by  the  computer  not  only  opens  the 
transmitter  gates,  but  also  sets  the  delay  time  needed 
to  blank  out  any  ringing  in  the  receiver  antenna, 
initiates  the  ramp  voltage  (which,  multiplied  by  the 
received  raw  echo,  corrects  for  attenuation  due  to 
spherical  divergence  of  the  scattered  signals),  and 
starts  the  facsimile  recorder  scan  of  the  vertical  back- 
scatter  intensity  in  /3.  The  direct  transmissions  from 
Ti  and  T2  arrive  at  R  after  time  t  =  d/C  (neglecting  the 
wind  component  along  the  base  line).  Tracking  of 
Doppler  shifts  in/i  and/2  begins  soon  after  the  trailing 
edge  of  the  tone  burst  has  passed  the  receiver.  For 
extraction  of  the  Doppler  frequency  shifts  A/i  and  A/2, 
the  raw  echo  from  the  echo  sounder  is  fed  back  to  the 
inputs  of  the  two  tracking  wave  analyzers,  as  shown  in 
Fig.  3.  Bandpass  filters  in  the  wave  analyzers  reject 
all  unwanted  frequencies  in  the  raw  echo  and  measure 

*  The  receiver  antenna  R  switches  to  transmitter  T8  mode  for 
the  duration  of  the  tone  burst. 
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the  departure  of  the  first  moment  of  the  Doppler 
spectrum  from  the  transmitted  frequency.  Since  the 
passband  always  remains  centered  on  the  transmitted 
frequency,  the  measured  frequency  shift  is  insensitive 
to  small  drifts  in  the  frequency  setting.  Available  as 
outputs  from  the  tracking  wave  analyzers  are  analog 
signals  representing  the  frequency  shift  in  each  channel. 
These  signals  are  presented  to  the  multiplexer  inputs 
of  the  minicomputer  (Data  General,  Nova  820)  where 
they  are  sampled,  digitized  and  stored  in  temporary 
memory  locations  for  processing. 

A  critical  factor  in  the  design  of  any  acoustic  Doppler 
system  is  the  beam  pattern  of  the  transmitting  and 
receiving  antennas.  The  locus  of  all  scatterers  con- 
tributing to  signal  intensity  at  any  instant  is  an 
ellipsoid  that  has  its  foci  at  the  transmitting  and  receiv- 
ing antennas.  A  large  segment  of  the  ellipsoid  is  illu- 
minated by  the  fan-beam  transmitters,  so  it  is  impera- 
tive that  side-lobe  rejection  in  the  receiver  be  excep- 
tionally good.  It  is  desirable  to  limit  the  beamwidths 
of  the  transmitting  antennas  in  the  azimuth  direction, 
partly  to  conserve  power,  but  more  importantly  to 
minimize  reflections  from  nearby  objects.  Beam  pat- 
terns for  the  transmitting  and  receiving  antennas  at 
frequencies  near  the  upper  and  lower  ends  of  the 
operating  range  are  shown  in  Fig.  4.  (The  axis  of  the 
transmitting  antenna  is  tilted  upward  at  a  45°  angle 
from  the  horizontal  to  obtain  the  necessary  elevation 
range.) 

Fig.  5  shows  the  receiver  antenna.  The  1 .2  m  parabolic 
dish  and  driver-horn  assembly  are  part  of  the  standard 
NOAA  Mark  VII  acoustic  sounder,  but  the  cuff  design 
is  new  and  accounts  for  the  50  dB  side  lobe  attenuation 
at  90°  in  this  receiver.  The  cuff  is  a  1 .8  m  high,  six-sided 
structure  made  of  external-grade  plywood  and  lined 
internallv   with  5  cm  foam   absorber.   Sandwiched  in 


the  foam  is  a  lead  septum  that  effectively  blocks 
acoustic  transmission  through  the  cuff  walls.  Our 
selection  of  the  flare  angle  for  the  cuff  (16°)  is  based  on 
numerical  studies  of  gain  patterns  reported  bv  Strand 
(1971)  and  Adekola  (1977).  Their  studies  had  antici- 
pated optimum  side-lobe  rejection  at  this  flare  angle 
and  our  beam  pattern  measurements  confirm  their 
predictions. 

The  transmitting  antenna  consists  of  an  array  of 
three  sectoral  dispersion  horns  (Altec  Model  31.1-90) 
mounted  as  shown  in  Fig.  6a.  Each  horn  is  driven  by  a 
100  W  high-frequency  driver  (Altec  290-4G)  con- 
nected in  series  to  present  a  12  f2  load  impedance  to 
the  power  amplifier.  The  absorbing  cuff  (lined  with  the 
same  absorbing  material  used  in  the  receiver  cuff) 
fits  over  the  horn  enclosure  to  reduce  side-lobe  energy 
in  the  horizontal  plane.  A  view  of  the  electronic  hard- 
ware including  the  dual-channel  storage  scope,  mini- 
computer and  teletypewriter  is  shown  in  Fig.  6b. 

4.  Signal  processing 

A  minor  modification  of  the  tracking  wave  analyzer 
(schematic  available  on  request)  is  necessary  to  extract 
the  frequency-shift  information  from  its  phase-com- 
parator circuit.  The  voltage  output  is  a  nonlinear 
function  of  the  frequency  deviation  and  requires  lineari- 
zation before  it  can  be  used  in  the  Doppler  wind  com- 
putation. This  linearization  is  provided  by  the  computer 
software.  It  is  apparent  from  Fig.  7  that  the  sensitivity 
of  the  frequency  discriminator  is  a  function  of  filter 
bandwidth.  The  relationship  between  frequency  shift 
A/,  bandwidth  B  and  voltage  output  (E0)  can  be 
approximated  empirically  by 

£o=2.3sin(7rA/  IB),  (7) 

where  K0  is  in  volts. 


Fan-Beam  Transmitter 


Receiver 


Fig.  4.  Polar  patterns  of  the  acoustic  beam  in  the  fan-beam  and  transverse  directions  for  transmitters  Ti 
and  T2  and  of  the  acoustic  beam  for  receiver  R. 
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Thus, 

li=C-W+d*)i+hil+±T,  (8) 

where  r  is  the  duration  of  the  tone  burst. 

Expressions  for  V x  and  V„  in  terms  of  the  frequency 
discriminator  outputs  are  obtained  by  rearranging  Eq. 
(7)  and  substituting  for  A/i  and  A/>  in  Eqs.  (5)  and  (6). 


s;        1 


Fig.  5.  External  view   (a)  of  the  vertically  pointing  acoustic 


sounder,   and  internal   view    (b)   showing 
and  transducer. 


1.2   m   parabolic  dish 


The  frequency-discriminator  outputs  E0\  and  £02 
are  sampled  along  with  the  detected  intensities  in  /1 
and/2  at  time  ti  following  the  "initiate"  pulse  (where 
i=l,  2,  3,  .  .  .,  AT  and  N  is  the  total  number  of 
heights  requested).  The  elapsed  time  /,  equals  the  total 
transit  time  for  the  center  of  the  acoustic  pulse  to 
reach  height  h{  and  for  the  scattered  sound  from  that 
height  to  propagate  vertically  down  to  the  receiver. 


. 


<!t-       <x,*  .      ^jS 


Fig.  6a.  Fan-beam  transmitter  with  absorbing  cuff.  The  horn 
enclosure  protects  the  three  drivers  attached  at  the  rear.  6b. 
Electronic  components  including  storage  scope,  minicomputer 
(left)  and  teletypewriter  (center).  The  components  in  the  instru- 
ment rack  (from  above)  are  the  storage  scope,  sounder  electronics, 
two  tracking  wave  analyzers,  frequency  generator  and  three 
power  amplifiers. 
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Fig.    7.    Relationship   between   filter   bandwidth   and   frequency 
discriminator  output. 

The  averaged  wind  components  at  each  level  become 


Vx=- 


1BC 
jr/i  cos0 

2BC 
r/2  cos0 


[sin-»(£oi/2.3)],  (9) 


[sin->(£o,./2.3)].  (10) 


The  frequency  discriminator  output  from  any  single 
transmission  sequence  appears  spikey  as  seen  in  Fig.  8. 
Since  most  of  these  spurious  readings  are  associated 
with  either  a  signal  loss  or  a  large  external  noise  input, 
the  detected  echo  intensity  can  be  used  as  a  criterion 
for  eliminating  them  from  the  data  sample.  But  even 
more  effective  in  reducing  scatter  in  the  derived  wind 
information  is  a  moving  average  filter  applied  to  the 
voltage  outputs  £0i  and  £02-  No  significant  bias  is 
introduced  since  positive  and  negative  spikes  are  equally 
probable  in  each  scan.  The  width  of  the  moving  average 
is  set  equal  to  r,  the  duration  of  the  tone  burst,  to  retain 


Fig.  8.  Typical  Doppler  frequency  shifts  along  the  NtS  (top 
trace)  and  E-VV  (bottom  trace)  directions  from  a  single  scan 
sequence  displayed  on  a  storage  scope.  The  vertical  axis  denotes 
frequency  shift  and  the  horizontal  axis  time  delay.  The  blanked 
regions  correspond  to  the  time  interval  between  initiation  of  the 
transmit  pulses  at  Ti  and  T2  and  passage  of  the  direct  transmission 
across  R. 


the  spatial  resolution  of  the  velocity  measurement. 
To  accomplish  this,  E0\  and  £02  are  sampled  and 
digitized  once  every  millisecond  and  the  readings 
stored  in  memory.  Block  averages  over  time  interval 
zbr/2  are  then  constructed  around  readings  corre- 
sponding in  time  to  the  profile  levels  requested  by  the 
operator.  (The  software  can  accommodate  up  to  16 
separate  height  levels.)  The  block-averaged  data  are 
retained  in  memory  for  developing  the  time  averages 
that  are  printed  out  on  the  teletypewriter. 
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Fig.  9.  Scatter  diagram  of  wind  components  measured  at  31  m  by  the  tower  sensors 
and  the  Doppler  sounder.  The  V  and  U  components  correspond  to  the  N-S  and 
E-VV  components,  respectively. 
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Fig.  10.  Comparison  of  15  min  averaged  winds  measured  by  the  tower  sensors  and 
the  Doppler  sounder  during  a  12  h  observation  period. 


5.  Test  results 

Extensive  tests  were  conducted  at  the  NOAA  field 
site  on  Table  Mountain  to  compare  wind  measure- 
ments from  the  Doppler  sounder  with  measurements 
from  in  situ  sensors  (R.  M.  Young  Co.,  propeller-vane 
anemometer  Model  8002)  on  a  150  m  tower.  The  test 
site  is  a  flat,  slightly  elevated  area  about  2  mi2  in  extent. 
A  40  m  baseline  and  a  pulse  repetition  interval  of  2  s 
were  chosen  to  provide  maximum  accuracy  and  resolu- 
tion in  the  20-80  m  height  range  critical  to  the  fog 
modification  program  at  AFGL. 

During  the  initial  tests,  comparisons  were  made  at 
heights  of  31  and  67  m.  Only  15  min  averaged  wind 
components  were  compared  to  minimize  the  effect 
of  spatial  separation  (300  m)  between  the  two  systems. 
The  agreement  was  good  for  most  atmospheric  condi- 
tions. The  Doppler  sounder  did  not  operate  satisfac- 


-2  0  2 

Wind  Velocity  (ms"') 

Fig.  11.  Typical  velocity  profiles  under  stable  lapse  rate  conditions 
around  0400  MDT. 


torily  in  moderate-to-heavy  rainfall  but  was  unaffected 
by  light  showers  or  drizzle. 

In  Fig.  9  the  scatter  diagram  of  the  north  to  south 
and  east  to  west  wind  components  (denoted  by  V  and 
U,  respectively)  at  31  m  indicates  a  spread  of  approxi- 
mately ±0.5  m  s-1.  The  largest  departures  correspond 
to  periods  when  the  anemometer  was  in  the  shadow 
of  the  tower. 

Fig.  10  shows  the  time  history  of  the  mean  wind  field 
at  31  m  during  a  12  h  period  that  included  the  neutral 
hour  during  the  evening  transition  from  an  unstable 
to  a  stable  lapse  rate.  The  ability  of  the  Doppler  sounder 
to  track  the  wind  field  during  periods  of  greatly  reduced 
temperature  fluctuations  was  encouraging.  Plots  of  the 
data  taken  at  67  m  showed  much  the  same  behavior 
as  in  Fig.  10.  In  general,  the  agreement  between  the 
two  systems  was  what  would  be  expected  for  two 
identical  sensors  300  m  apart. 

To  determine  how  close  an  agreement  one  might 
expect  in  vertical  profiles  observed  with  the  two 
techniques,  we  computed  10  min  averaged  wind 
velocities  from  the  Doppler  sounder  at  5  m  height  inter- 
vals from  25  to  80  m.  Tower  profiles  were  also  obtained 
for  the  same  periods.  The  primary  objective  of  this  test 
was  to  establish  system  reliability  under  near  calm, 
slightly  stable  atmospheric  conditions.  A  sample  10 
min  profile  obtained  around  0400  MDT  is  shown  in 
Fig.  11.  Except  for  the  25  m  U  component,  which 
seemed  to  read  consistently  low,  agreement  was  good 
up  to  80  m  with  winds  <2  m  s_1. 

The  performance  of  the  Doppler  sounder  in  an  airport 
environment  was  qualitatively  assessed  after  the  system 
was  installed  at  AFGL's  Otis  Air  Force  Base  test  site 
in  September  1976.  The  single  major  source  of  acoustic 
interference  at  the  site  was  jet  aircraft  noise  from  an 
adjacent  runway.  The  wave  analyzers  successfully 
tracked  the  Doppler  frequency  shift  during  these 
periods,  including  take-offs,  and  failed  only  when  an 
aircraft  appeared  within  the  beam  width  of  the  receiver. 
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Fig.  12.  Effect  of  jet  aircraft  noise  on  the  Doppler  signal. 
Compare  with  Fig.  8-for  signal  in  the  absence  of  such  noise.  The 
amplitude  of  the  large  positive  and  negative  excursions  in  the 
trace  is  found  to  increase  in  proportion  with  the  audible  aircraft 
noise. 

A  typical  scan  of  the  frequency  shift  output  during 
one  take-off  is  shown  in  Fig.  12.  The  erratic  appearance 
of  the  trace  notwithstanding,  the  block-averaging 
technique  was  able  to  extract  the  velocity  information. 
Only  when  the  positive  and  negative  excursions  ex- 
ceeded the  bandwidth  of  the  frequency  discriminators, 
as  when  an  aircraft  was  fixing  immediately  overhead, 
did  the  measured  wind  velocities  depart  significantly 
from  in  situ  measurements.  Often,  the  net  effect  of 
any  such  noise  episode  on  the  10  or  15  min  averaged 
wind  velocity  was  negligible,  but  several  such  episodes 
within  a  single  averaging  interval  caused  the  velocity 
readings  to  be  underestimated. 

The  operational  limits  of  the  system  under  strong 
wind  conditions  were  not  tested  in  these  experiments. 
Experience  with  the  vertically  pointing  antenna 
described  here  indicate  that  wind-generated  noise 
becomes  significant  at  wind  speeds  >  10  m  s_1.  For  high 
wind  applications  the  useful  range  of  the  system  can 
be  extended  by  lowering  the  receiver  antenna  into  the 
ground,  bringing  the  cuff  opening  to  a  level  flush  with 
the  surface  of  the  ground. 
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ABSTRACT 

The  observed  depolarization  of  polarized  lidar  signals  scattered  from  virga  and  a  source  cloud  may  be 
interpreted  to  show  that  the  source  cloud  is  largely  glaciated,  and  the  virga  is  composed  of  ice  crystals  not 
randomly  oriented.  The  orientation  of  the  ice  crystals  in  the  virga,  generally  possible  only  in  a  nonturbulent 
atmosphere,  is  demonstrated  by  depolarization  ratios  greater  than  1.  The  cloud  processes  suggested  by  this 
observation  are  in  agreement  with  other  independent  observations. 


1.  Introduction 

The  study  of  cloud  characteristics  by  remote  sensing 
lidar  techniques  has  been  reported  by  Collis  (1965), 
Cohen  and  Graber  (1971),  Poultney  (1971),  Plass  and 
Kattawar  (1971),  Zuev  and  Balin  (1972),  and  others. 
Efforts  have  been  made  to  extend  the  method  to  in- 
clude polarized  radiation  and  polarization  sensitive 
detectors  by  Harris  (1969),  Tyabotov  (1969),  Schotland 
et  al.  (1971),  Pal  and  Carswell  (1973),  Balin  et  al.  (1974), 
Carswell  et  al.  (1974),  Cohen  and  Graber  (1974),  Derr 
et  al.  (1974),  Liou  and  Lahore  (1974),  and  others.  The 
remote  sensing  of  cloud  characteristics  by  lidar  has 
potential  in  cloud  physics  for  studying  transformations, 
transformation  rates,  and  the  spatial  distribution  of  ice 
and  water  in  clouds  and  precipitation.  Combined  with 
infrared  radiometry  lidar  is  useful  for  determining  the 
radiation  characteristics  of  clouds.  In  weather  modi- 
fication it  may  aid  in  evaluation  of  cloud  potential  for 
effective  seeding,  and  post-seeding  assessment  by  de- 
tecting the  degree  of  glaciation.  The  results  obtained 
by  many  authors  on  depolarization  of  lidar  signals  by 
clouds  are  not  completely  consistent,  primarily  because 
of  the  insufficiency  of  in  situ  data  necessary  to  evaluate 
the  validity  of  remote  sensing.  We  have  at  this  time 
only  an  accumulation  of  partial  data,  with  a  few  defini- 
tive observations,  to  explain  the  wide  variety  of  effects 
observed  (Pal  and  Carswell,  1973). 

A  recent  observation  of  the  depolarization  of  a  ruby 
lidar  beam  by  virga  and  its  cumulus  source  exemplifies 
the  significant  information  obtained  by  this  technique 
and  its  interpretation  demonstrates  both  the  firmness 
of  the  foundation  and  the  assumptions  necessitated  by 
remaining  basic  and  eventually  removable  uncertain- 
ties. The  new  lidar  observation  of  virga  reported  here 
illustrates  that  the  method,  under  some  meteorological 
circumstances,  provides  useful  interpretation  of  cloud 
characteristics  and  ambient  conditions.  Caution  in  the 


use  of  the  depolarization  technique  is  required  when 
cloud  density  is  so  high  that  multiple  scattering  may 
introduce  interfering  depolarization.  Assumptions  re- 
quired in  the  interpretation  of  the  data  are  discussed 
below. 

2.  Lidar  scattering  principles 

Linearly  polarized  electromagnetic  radiation  back- 
scattered  from  a  homogeneous  or  spherically  symmetric 
layered  sphere  remains  linearly  polarized  (Kerker, 
1969).  Nonspherical  shapes  generally  produce  some 
depolarization  in  backscatter  (Kerker,  1969;  Liou  and 
Lahore,  1974;  Dugan  et  al.,  1971).  Table  1  shows  results 
obtained  by  several  authors  from  theoretical,  experi- 
mental, or  field  studies.  This  evidence,  while  not  wholly 
consistent  nor  obtained  under  equally  well-defined  con- 
ditions, strongly  supports  the  view  that  since  liquid 
hydrometeors  are  approximately  spherical  and  frozen 
hydrometeors  (with  a  few  notable  exceptions)  are 
usually  nonspherical,  we  may  use  the  depolarization 
of  lidar  backscattered  radiance  to  determine  whether 
clouds  are  in  liquid  or  solid  state. 

Although  large  raindrops  depart  from  sphericity, 
Schotland  et  al.  (1971)  have  shown  by  laboratory  and 
field  studies  (the  latter  with  an  elevation  of  the  laser 
beam  of  30°)  when  diameters  lie  in  the  range  of  10-2000 
nm  the  depolarization  in  backscatter  is  less  than  0.03. 
Because  the  drop  sizes  in  the  source  cumulus  studied 
herein  were  probably  considerably  less  than  2  mm 
(Auer,  1967),  we  accept  that  the  depolarization  was  not 
due  to  distorted  raindrops;  however,  we  reserve  the 
opinion  that  definitive  laboratory  experiments  on 
larger  drop  sizes  are  desirable.  So  far  as  the  authors 
can  ascertain  such  experiments  have  not  been  performed. 

There  is  a  region  of  ambiguity  in  the  interpretation 
of  the  depolarization  ratio  from  Table  1,  but  low  values 
(<10%,    indicating   water   droplets   only)    and   high 
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Table  1.  Percent  depolarization  by  hydrometeors  according  to  several  authors. 
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values  (>30%,  indicating  substantial  glaciation)  can 
be  interpreted  consistently  with  all  the  authors  quoted. 

The  depolarization  ratio  is  defined  as  the  ratio  of  the 
backscatter  radiance  in  the  receiver  channel  that  ac- 
cepts radiation  polarized  perpendicular  to  the  emitted 
laser  polarization  to  the  backscatter  radiance  observed 
polarized  parallel  to  the  laser  polarization,  sometimes 
expressed  as  percentage.  One  hundred  percent  depolari- 
zation indicates  that  the  emitted  radiation  is  scattered 
in  such  a  way  that  equal  power  is  observed  in  each 
detector  channel.  Greater  than  100%  depolarization 
indicates  that  more  power  is  observed  in  the  detector 
channel  sensitive  to  polarization  perpendicular  to  that 
emitted  by  the  lidar.  We  comment  on  the  conditions 
under  which  this  can  occur  after  a  short  description  of 
the  lidar  system. 

The  lidar  system  has  an  output  of  1  J  in  a  10  ns  pulse 
at  a  rate  of  1  pulse  per  2  s.  The  wavelength  is  694.3  nm. 
The  laser  beam  divergence  is  0.5  mr.  The  Newtonian 
receiving  telescope  has  a  71  cm  diameter  primary 
mirror,  with  an  angular  field  of  view  of  2  mr.  The 
received  signal  is  split  into  two  beams  with  perpen- 
dicular polarization  by  a  Glan-Thompson  prism,  col- 
limated,  filtered  and  detected  by  photomultipliers. 
One  receiver  channel  (herein  called  parallel)  accepts 
components  radiation  polarized  parallel  to  the  emitted 
beam,  whose  polarization  vector  is  horizontal.  The 
second  channel  (perpendicular)  accepts  radiation  com- 
ponents polarized  perpendicular  to  the  emitted  beam. 

The  radiation  from  the  lidar  is  coherent  and  polarized 
horizontally.  However,  the  backscattered  radiation 
from  many  randomly  situated  particles  adds  inco- 
herently, that  is,  the  power  (rather  than  the  radiation 
amplitude  from  each  scatterer)  is  added  to  form  the 
total   signal.    A  nonspherical  backscatterer  generally 


introduces  a  component  of  polarization  other  than  the 
incident  polarization  (Liou  and  Lahore,  1974).  A  large 
number  of  randomly  ordered  ice  particles  can  produce 
no  greater  than  100%  depolarization,  by  symmetry. 
Thus,  observed  cases  of  more  than  100%  depolarization 
must  arise  from  oriented  groups  of  scatterers.  Dugan 
et  al.  (1971)  have  shown  that  hexagonal  prisms  of  ice 
in  a  nephelometer  rotate  the  polarization  of  the  incident 
beam,  when  scattered  at  angles  of  175°.  In  their  case 
the  incident  beam  was  horizontally  polarized.  The 
theory  of  scattering  from  irregular  particles  is  insuffi- 
cient to  precisely  account  for  this  experimental  result, 
but  is  shown  possible  in  principle  by  Liou  and  Lahore 
(1974). 

Depolarization  by  multiple  scatter  may  occur  in 
dense  water  clouds.  It  is  a  function  of  optical  depth, 
the  phase  function,  and  receiver  beamwidth.  It  can 
approach  depolarization  values  found  in  ice  clouds 
without  multiple  scatter  (Werner,  1974).  It  will  be  seen 
that  it  is  not  important  in  the  observation  presented 
here. 

3.  Observation 

Lidar  observations  of  virga  were  made  at  Boulder. 
Colo.,  on  20  August  1974  with  the  polarization  sensitive 
lidar  system.  Fig.  1  shows  typical  signals  received  in 
the  two  detector  channels  from  cumulonimbus  with 
virga.  The  larger  signals  in  both  channels  are  from  the 
cloud;  the  smaller  signals  at  shorter  range  are  due  to 
scatter  from  the  virga.  The  depolarization  is  the  ratio 
of  the  signal  in  the  perpendicular  channel  to  that  in  the 
parallel  channel.  In  this  case  the  cloud  shows  strong 
depolarization  and  the  virga  below  it  shows  depolariza- 
tion greater  than  100%.  The  cloud  base  height  was 
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Fig.  1.  Lidar  signals  received  from  cumulonimbus  and  depolarization  ratio  as  a  function  of  range.  Cloud 
base  height,  3819  m  above  ground ;  observation  angle,  30°  from  zenith. 


3819  m  above  the  ground,  which  lay  at  1800  m  MSL. 
The  virga  extended,  in  patches,  approximately  900  m 
below  the  cloud.  The  freezing  level  estimated  from  the 
1800  MDL  20  August  1974  sounding  at  Denver  was 
2713  m  above  the  ground,  but  the  different  time  of  the 
observation  (1500  MDL)  and  the  difference  of  location 
(approximately  48  km)  render  the  exact  freezing  level 
uncertain. 

4.  Discussion 

a.  Interpretation  of  the  measurement 

We  first  examine  the  question  of  whether  the  de- 
polarization effects  may  be  attributed  to  multiple 
scatter,  which  produces  depolarization  in  dense  water 
clouds.  An  estimate  of  the  magnitude  of  multiple 
scatter  may  be  made  if  the  absolute  backscatter  coeffi- 
cient at  the  base  of  the  cloud  is  known.  At  the  time  of 
this  observation  the  lidar  had  not  been  calibrated 
against  a  standard  target.  Therefore  many  cumulus 
clouds,  not  yet  precipitating,  and  typical  of  those  later 
glaciating,  were  examined.  These  showed  depolarization 
effects  less  than  4%  indicating  insufficient  optical  den- 
sity to  produce  large  multiple  scatter  effects.  We  may 
conclude  that  largely  spherical  particles  are  involved  in 
the  non-precipitating  cumulus ;  they  may  be  ice  spheres 
or  water  spheres.  The  initial  formation  of  ice  in  cumulus 
clouds  is  so  unlikely  to  be  spherical  (Auer,  1967)  that 
we  accept  the  hypothesis  that  the  cumulus  showing  no 
depolarization  are  water  clouds  of  density  below  that 
required  for  multiple  scatter. 

Most  of  the  cloud  described  in  Fig.  1  shows  depolari- 
zation near  80%,  indicating  (see  Table  1)  a  highly 
glaciated  condition.  The  depolarization  in  the  virga 
region  significantly  exceeds  100%.  By  the  arguments 
advanced  above,  the  virga  must  consist  of  nonspherical 
ice  particles  falling  in  a  nonturbulent  atmosphere  with 
an  average  orientation,  perhaps  as  found  in  falling 
leaves.  The  argument  for  orientation  does  not  depend 


on  the  details  of  the  scattering  process.  A  complete  lack 
of  orientation  would  prevent  depolarization  greater 
than  100%. 

It  may  be  questioned  whether  ice  has  an  optical 
rotatory  power  sufficient  to  enter  into  the  process.  Ice 
is  a  birefringent,  uniaxial  crystal,  but  its  birefringence 
is  so  extremely  low  («e— «o  =  0.0014)  that  it  is  unlikely 
to  be  involved  (Hobbs,  1974).  Here  »e  and  no  are  the 
extraordinary  and  ordinary  indices  of  refraction.  How- 
ever, the  theory  of  backscatter  from  non-uniform, 
crystalline  substances  is  not  capable  of  giving  immediate 
answers,  so  the  question  must  remain  open. 

Insufficient  information  exists  to  correlate  the  ob- 
served large  depolarization  with  specific  meteorological 
conditions.  However,  more  than  a  dozen  observations 
of  virga  have  shown  only  three  cases  of  greater  than 
100%  depolarization,  although  all  but  one  case  has 
shown  large  (>60%)  depolarization.  Qualitatively, 
depolarizations  of  more  than  100%  appeared  only  when 
cloud  appearances  showed  little  turbulence.  At  no  time 
has  virga  been  observed  to  give  greater  than  100% 
depolarization  when  cloud  appearances  showed  signs 
of  large  turbulence.  Thus,  observations  of  greater  than 
100%  depolarization  strongly  suggest  a  minimum  of 
atmospheric  turbulence. 

b.  Agreement  with  independent  observations 

A  typical  summer  day  in  Boulder  begins  cloudless, 
with  cumulus  composed  initially  of  liquid  droplets 
forming  over  the  continental  divide  and  drifting  east- 
ward, with  some  showery  precipitation  forming  toward 
the  Kansas  border  by  late  afternoon.  Eastward  of  the 
foothills  of  the  Rockies,  over  the  high  plains,  virga, 
almost  invariably  ice  (Toutenhoofd,  1975),  is  frequently 
observed.  Clouds  in  this  continental  area  often  are 
optically  less  dense  than  marine  clouds  (Auer,  1967), 
resulting  in  less  multiple  scatter  effects.  The  cloud  bases 
are  often  above  the  freezing  level  and  the  precipitation 
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forms  by  the  Bergeron-Findeisen  process.  The  clouds 
are  thus  glaciated,  at  least  partially,  and  the  precipita- 
tion often  appears  as  virga.  The  observation  presented 
above  gives  some  support  for  these  processes.  In  the 
early  stages  the  cumulus  is  composed  of  liquid  water 
droplets.  As  the  cloud  develops  by  updrafts  well  above 
the  freezing  level  it  glaciates  and  precipitation  is  ob- 
served below  the  cloud.  The  cloud  observed  closely 
followed  this  history. 

c.  Potential  uses 

In  conclusion,  we  may  state  that  this  new  lidar  ob- 
servation of  virga  and  cumulus  adds  further  evidence 
to  the  usefulness  of  lidar  in  differentiating  between  ice 
and  water  content  of  clouds.  Although  the  observation 
presented  here  is  not  surprising  to  cloud  physicists,  it 
shows  the  potential  of  lidar  remote  sensing  of  cloud 
processes.  Observations  of  the  relative  efficiency  of  ice 
formation,  drop  coalescence  in  precipitation,  and  the 
rates  of  cloud  glaciation  are  important  information  for 
cloud  physics  and  weather  modification  efforts  (Knight 
el  al.,  1974;  Cannon  et  al.,  1974;  Dye  el  al.,  1974).  The 
observations  may  be  carried  out  night  or  day  from 
ground  or  aircraft  and  offer  operational  information  for 
cloud  seeding  and  assessment.  Range  in  clear  air  is  not 
severely  limited ;  clouds  have  been  observed  with  useful 
signal-to-noise  ratio  at  45  km. 

Lidar  and  radar  supplement  each  other  in  cloud  ob- 
servations. Lidar  is  of  shorter  range  than  the  larger 
radars.  On  the  other  hand,  it  can  detect  clouds  with 
much  less  density  and  smaller  hydrometeor  size  dis- 
tribution than  radar.  The  observation  of  cirrus,  for 
example,  can  be  done  with  a  simple  lidar,  cheap  relative 
to  a  standard  weather  radar.  The  formation  and  growth 
of  clouds,  before  precipitation  allows  observation  by 
radar,  may  be  continually  observed  by  lidar.  Because 
the  interaction  of  visible  and  near  visible  radiation  with 
clouds  is  larger  than  that  of  microwaves,  the  penetra- 
tion of  lidar  is  less  than  that  of  radar.  The  combined 
use  of  lidar  and  radar  will  permit  extended  observa- 
tional capability  in  cloud  studies.  A  major  disadvantage 
of  present  lidar  systems  is  that  they  must  generally  be 
shut  down  in  precipitation.  Suitable  windows  over  the 
transmitter  and  receiving  telescope  will  undoubtedly 
be  developed,  and  radiation  at  a  wavelength  of  10.6  /im 
may  permit  some  penetration  of  severe  weather. 

Further  developments  underway  include  multiple- 
wavelength  backscatter  observations  to  obtain  informa- 
tion on  drop-size  distribution  (Post,  1975)  and  com- 
bined lidar  and  microwave  radiometric  observations  to 
estimate  water  content. 
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Lidar  observations  were  made  by  WPL-(NOAA)  of  the  cloud  of  pollution 
often  observed  near  the  Platte  River  Valley  north  of  Denver,  Colorado,  during 
the  EPA  sponsored  Denver  Air  Pollution  Field  Study  of  November  1973.  The  lidar 
was  located  at  the  Adams  County  Fair  Grounds,  near  Henderson,  during  the  period 
15-29  November.  During  this  time  four  days  of  data  were  obtained  on  smog 
conditions,  namely  16,  21,  26,  29  November.  This  data  is  reported,  analyzed 
and  compared  with  other  observations  taken  simultaneously.  From  the  lidar, 
estimates  may  be  made  of  total  aerosol  content  up  to  the  inversion  level, 
given  a  ground  calibration. 


235 


Imaging  Through  the  Atmosphere  75:48-54,  1976. 
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Abstract 

We  observe  the  turbulence- induced  scintillation  (twinkling)  of  a  single  star  to 
measure,  from  the  ground,  the  vertical  profile  of  refract ive- index  turbulence  in  the 
atmosphere.   A  linear  combination,  with  appropriate  weights,  of  the  strength  of  the  scin- 
tillations observed  with  receivers  of  various  spatial  wavelengths  allows  us  to  synthesize 
a  path  weighting  function  centered  at  a  specific  height.   The  central  height  and  height 
resolution  of  the  measurement  can  be  controlled  by  changing  the  relative  coefficients  and 
spatial  wavelengths  of  the  receiver  outputs.   Twenty-minute  measurements,  made  with  stars 
of  second  magnitude  or  brighter  and  with  a  36-cm  Schmidt -Cassegrain  telescope,  show  that 
the  atmospheric  turbulence  can  be  divided  into  four  independent  height  regions  with 
reasonable  accuracy.   The  measurements  of  the  different  spatial  wavelengths  are  made 
sequentially  with  the  same  telescope,  and  the  statistical  stationarity  of  the  atmosphere 
during  the  20-minute  observation  period  is  crucial  to  the  accuracy  of  the  deduced  profile. 
Stationarity  is  roughly  checked  by  continuously  monitoring  the  whole-aperture  scintil- 
lation of  the  star.   The  observed  profiles  agree  with  the  strength  and  general  shape  of 
accepted  models  of  the  atmosphere  and  with  profiles  obtained  from  aircraft -mounted  and 
previously  used  balloon-borne  in-situ  sensors. 

Introduction 

For  centuries,  it  has  been  known  that  observations  of  astronomical  sources,  particu- 
larly the  twinkling  of  stars  and  the  motion  of  stellar  images,  yield  information  about 
the  turbulence  in  the  atmosphere . (1 " 12)   Scintillation  measurements  have  usually  been 
used  by  astronomers  for  site-selection  purposes  but,  in  recent  years,  some  attention  has 
been  given  to  the  problem  of  deducing  the  vertical  profile  of  refract ive- index  turbulence 
from  ground-based  measurements  of  stellar  scintillation .  (° " *•*  J   The  application  of  these 
developments  to  the  design  of  an  optical  instrument  for  measuring  refract ive -  index 
turbulence  will  permit  the  gathering  of  synoptic  data  relevant  to  problems  of  ground- 
based  imaging  of  astronomical  and  orbital  objects. 

We  have  previously  discussed  (10)  the  feasibility  of  using  either  a  single-star  or  a 
double-star  pair  as  the  source  for  remote  probing  of  the  vertical  atmospheric  turbulence 
profile.   The  advantage  of  using  a  double  star  as  a  source  is  that  a  relatively  good 
height  resolution  would  be  obtained  by  use  of  the  crossed-path  techn ique . ( 1 1 )   However, 
there  are  few  useful  double  stars  in  the  sky,  so  it  seemed  to  us  worthwhile  to  build  a 
single-star  instrument  although  the  altitude-resolution  may  not  be  so  good  as  could  be 
obtained  from  the  crossed-path  method.   In  a  previous  paper,  (12)  we  discussed  a  technique 
for  measuring  the  atmospheric  turbulence  profile  aloft  by  using  a  single  star  as  a  source 
and  a  spatially-filtered  detector  array  as  a  receiver.    Here,   we  present  some  quanti- 
tative results  in  the  form  of  measured  vertical  profiles  of  refract ive -  index  turbulence 
at  Boulder,  Colorado  and  at  Mt.  Haleakala,  Hawaii.   A  comparison  of  the  ground-based 
measurements  and  airplane  in-situ  measurements  is  also  presented. 

Theory  and  Implementation 

The  general  philosophy  of  our  approach  is  to  view  the  spatial  structure  of  the 
stellar  scintillation  pattern  through  filters  that  pass  only  a  narrow  band  of  spatial 
frequencies.   By  observing  the  signal  intensity  through  filters  of  different  spatial 
wavelengths  and  combining  the  outputs  with  appropriate  weights,  we  obtain  a  set  of 
reasonably  sharp-peaked  path-weighting  functions  centered  at  different  heights,  and  so 
measure  the  vertical  turbulence  profile. 

If  we  assume  that  the  turbulence  is  described  by  a  Kolmogorov  spectrum,  then,  from 
Eq.  (12)  of  reference  12,  the  composite  path-weighting  function  resulting  from  a  combin- 
ation of  N   filters  is  given  by 
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Fig.  1.   Composite  path-weighting  functions  obtained  by  linearly  combining  the 
weighting  functions  of  three  different  spatial  wavelengths  (see  text  and 
Table  1  for  details.) 

Table  1.   The  peak  altitudes  and  relative  inverse  areas  (see  Eq.  (14))  of  each 

of  the  seven  weighting  functions   Wj^  shown  in  Fig.  1.  The   dj  are  the  spatial 

wavelengths  that  must  be  combined  to  produce  each   W,  the  relative  weights 
being   R2  and  R3 (R»=l) . 


Peak(km) 

altitude 

2.25 

3.75 

5.25 

7.5 

9.75 

12.75 

>14.5 

B*10"* 

2.39 

1.91 

2.57 

1.84 

1.38 

1.46 

0.87 

di(cm) 

5 

6.5 

7 

8.5 

10 

11.5 

14 

d2(cm) 

8 

9 

5 

6 

6.5 

7.5 

9 

d3(cm) 

15 

15 

11 

13 

15 

15 

7 

R2 

-  .65 

-  .6 

-  .38 

-  .35 

-  .27 

-  .24 

-  .73 

R3 

-  .33 

-  .36 

-  .53 

-  .56 

-  .66 

-  .67 

+  .23 
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The  C2  of  each  profile  value  is  given  by 


N 
i=l 


£  R.K.  e/3  aT2(d.)  , 


(2) 


where 


1.87x10"'  3 [  J  dz  W   (z)] 
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oj2(djL)  is  the  measured  irradiance  variance  of  spatial  wavelength   d^,   C^ 

3 ,  Ki  is  the  spatial  wavenumber  in 


In  Eq.  (2; 

is  the  refract ive -  index  structure  constant 

cm"1  and   z   is  in  km.   By  measuring  the  areas  under  the  curves  shown  in  Fig.  1  (for  W7 

we  cut  it  off  at  25  km),  we  obtain  the  calibration  factor  B  shown  for  each  layer  in  the 

second  line  of  Table  1. 


We  have  developed  a  system  that  uses  the  spatial  filtering  technique  to  make  an  on- 
line computation  of  the  ref act ive -  index  profile.   An  instrument  package  attached  to  a 
36  cm  Schmidt-Cassegrain  telescope  (Fig.  2)  sequentially  measures  the  variance  of  the 
intensity  scintillation  at  different  spatial  wavelengths.   The  instrument  package  supplies 
to  the  analog- to-digital  minicomputer  four  signal  voltages  proportional  to  the  following: 


a,  (d)  ,  the  standard  deviation  of  the 
spatially  filtered  signal  for 
a  specific  spatial  wavelength   d, 

d  ,  the  wavelength  of  the  spatial 
filter  , 

o-r         ,     the  log  -  irradiance  standard  devi- 
ation of  the  whole  telescope 
aperture , 

I     ,     the  irradiance  of  the  whole  tele- 
scope aperture. 
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Fig.  2.   The  telescope  and  the  attached 
instrument  box. 
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The  instrument  is  designed  for  use  with  stars  of  second  magnitude  or  brighter.   In 
r  to  guarantee  enough  signal-to-noise  ratio  (SNR) ,  we  first  pointed  the  telescope  to 
ro  magnitude  star,  Vega.   The  measurement  was  taken  at  Table  Mountain,  a  flat  mesa 
ted  12  km  north  of  Boulder,  Colorado.   Some  measurements  of  the  typical  C^  vertical 
iles  are  shown  in  Fig.  3.  The  "altitude"  shown  is  actually  slant  range  from  the 
rvatory  1.7  km  above  sea-level.   Zenith-angle  corrections,  amounting  to  less  than  2 
ent ,  have  been  neglected.   Variations  from  night  to  night  are  large,  extending  over  £ 
e  of  one  hundred  to  one.   Our  measurements  show  general  agreement  with  Hufnagel's 
1.(13)   Since  we  are  in  the  lee  of  the  Rocky  Mountains  where  mountain-wave  effects 
common,  we  expect  to  see  large  night  -  to-night  variations  of  the  vertical  C^  profile, 
pical  variation  over  a  period  of  two  and  one-half  hours  in  a  single  evening  is  shown 
lg.  4.   We  see  that  there  are  noticeable  changes  in  a  couple  of  hours. 
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Fig.  3.   Typical  optically  measured  C^ 
vertical  profiles  at  Boulder,  Colorado. 
Each  curve  is  the  average  of  the 
measurements  of  a  single  evening.   The 
dashed  line  represents  the  statistical 
average  profile  of  Hufnagel's  latest 
model. (13) 


Fig.  4.   Typical  variation  of  the  vertical 
Cn  profile  in  a  single  evening. 


The  instrument  was  then  moved  to  Maui,  Hawaii  and  installed  at  the  ARPA  Maui  Optical 
Station  (AMOS),  an  observatory  located  on  the  top  of  Mt .  Haleakala,  3  km  above  sea  level. 
The  night  -  to-night  variations  are  shown  in  Fig.  5.   Again  the  "altitude"  is  range  from 
the  observatory.   "Zenith-angle  corrections,  always  less  than  10  percent,  have  been 
neglected.   Hour-to-hour  variations  in  a  single  evening  are  shown  in  Fig.  6.   Both  Figs. 
5  and  6  show  variations  similar  in  magnitude  to  those  in  the  data  from  Colorado.   However, 
the  mean  value  of  C^  is  smaller  than  in  the  Colorado  data.   This  result  might  be  expected 
since  the  AMOS  observatory  is  on  an  isolated  peak  3  km  above  sea  level  whereas  the 
Colorado  measurements  were  taken  at  the  level  of  the  surroundings  and  in  the  lee  of 
2000  km  of  mountainous  terrain,  and  since  the  winds  aloft  (and  therefore,  presumably,  the 
wind  shear)  are  weaker  in  the  tropics. 
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Fig.  5.   Typical  optically  measured  C^ 
vertical  profiles  at  Mt.  Haleakala, 
Hawaii.   Each  curve  is  the  average 
of  the  measurements  of  a  single 
evening.   The  dashed  line  represents 
the  statistical  average  profile  of 
Hufnagel's  latest  model. (13) 


Fig.  6.   Typical  variation  of  the  vertical 
C^  profile  in  a  single  evening. 
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It  is  difficult  to  obtain  an  independent  confirmation  of  our  C*  measurements. 
Rawinsonde  data  are  available  but  such  wind  and  temperature  information  does  not  have 
sufficient  detail  to  make  estimates  of  C^ .   It  is  possible,  however,  to  derive   C„  from 
direct  small-scale  measurements  of  the  temperature  field,  and  we  made  measurements  of 
this  type  from  a  light  aircraft  over  Haleakala.   Only  the  lowest  data  point  obtained  with 
the  optical  instrument  could  be  compared  because  of  aircraft  altitude  limitations. 

We  derive  C^  by  assuming  that,  over  small  scale  sizes,  air  density  and  therefore 
C^  are  affected  primarily  by  temperature  irregularities,  and  very  little  by  variable 
pressure  and  composition.   At  optical  wavelengths, 


(^io-<); 


(4) 


where   P   is  the  pressure  in  millibars,   T  is  the  Kelvin  temperature,  and   C^   is  the 

temperature  structure  parameter.   Assuming  that  the  spectrum  of  turbulence  follows  the 

Kolmogorov  law,  a  single  sensor  mounted  on  an  aircraft  traveling  at  velocity   v,  and 

arranged  to  respond  to  angular  frequencies  from   to^  to   to j_j ,  may  be  used  to  measure   C.i 
It  can  be  shown  that(14] 


„  =     2.68[<T»>AV-N»] 
"T    (v/u.L)2/j-(v/u>H)2/ 


(5) 


where   <T2>^v  i-s  tne  mean-square  temperature  fluctuation,  and  N  is  the  noise  from  all 
sources,  principally  the  aircraft  engine  and  propellor. 

The  sensor  is  mounted  on  the  wing  of  the  aircraft,  and  consists  of  a  platinum  wire 
6pm  in  diameter,  wound  on  an  open  square  form  0.35  cm  on  a  side  and  2  cm  long.   The  low- 
frequency  cutoff  is  u>l  =  1.45  sec"1  (0.23  Hz),  and  the  high-frequency  limit   oiu   is 
2070  sec-1  (330  Hz).    A  detailed  description  of  the  measurement  of  C^  with  this  temper- 
ature probe  can  be  found  in  reference  14. 

Profile  measurements  were  made  during  spiral  descents  over  Haleakala,  as  there  is 
less  background  noise  at  reduced  engine  power.   In  Fig.  7,  we  compare 'aircraft  measure- 
ments and  optical  measurements  made  during  the  evening  hours  of  November  17,  18,  and  21, 
1975  over  Mt .  Haleakala. 
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Fig.  7.  Comparison  pf  aircraft  in-situ 
measurements  (solid  line)  and  optical 
measurements  (dotted  line). 


Fig.  8.  Two-dimensional  C^  contours 
above  Mt .  Haleakala,  Hawaii  during 
daytime  . 


There  are  several  difficulties  with  such  a  comparison.   First,  the  spatial  average 
of  the  lowest  optical  measurement  covers  about  3  km  in  height  whereas  the  aircraft 
measurement  is  averaged  over  a  height  range  of  only  75  m.   Also,  the  measurements  do  not 
exactly  correspond  in  time  or  space.   The  horizontal  variation  of  C„   can  be  seen  in 


240 


Wind 


3    2 


-20  10  0  10  20 

West      Sea  Level,  (km)      East 

Fig.  9.  Two-dimensional  C^  contours 
above  Mt .  Haleakala,  Hawaii  during 
daytime . 
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Fig.  10.   Two-dimensional  C*  contours 
above  Mt.  Haleakala,  Hawaii  during 
daytime . 


Figs.  8  -  10,  obtained  from  horizontal  aircraft  flights  along  the  direction  of  the  pre- 
vailing wind.   The  horizontal  separation  of  the  aircraft  and  optical  meaurements  was 
perhaps  a  kilometer  or  more,  and  one  can  see  that  a  considerable  variation  might  be 
expected  from  such  a  separation.   Allowing  for  these  factors,  we  feel  that  the  agreement 
is  quite  satisfactory. 

Conclusions 

We  have  demonstrated  that  the  vertical  C^  profile  can  be  measured   by  observing  the 
turbulence- induced  optical  scintillation  of  a  single  star   with  a  ground-based, spatially- 
filtered  telescope.   The  whole  atmosphere  can  be  divided  into  four  nearly  independent 
layers.   There  is  good  agreement  between  the  optical  remote  measurements  and  aircraft  in- 
situ  measurements.   Night -to-night  and  hour-to-hour  variations  have  been  observed  in  the 
measured  C*  profiles  taken  at  Boulder,  Colorado,  and  on  top  of  Mt .  Haleakala  in  Hawaii. 
This  is  a  potentially  useful  device  to  measure  the  vertical  turbulence  profile  provided 
that  a  sharp  altitude  resolution  is  not  required. 

The  primary  support  for  this  project  was  provided  by  RADC(OCSE),  Griffiss  AFB,  New 
York  13441  under  contract  F30602 -  74 -F- 0108 .   The  Scientific  Monitor  was  Raymond  P.  Urtz, 
Jr. 
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Lidar  Observation  of  a  Mixed-Phase  Altostratus  Cloud 
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Division  of  Atmospheric  Physics,  CSIRO,  Aspendale,  Victoria,  Australia,  3195 
(Manuscript  received  8  September  1976,  in  revised  form  15  March  1977) 

ABSTRACT 

Measurements  by  monostalic  lidar  of  linear  depolarization  ratios  and  backscatter  coefficients  in  an 
altostratus  cloud  revealed  a  horizontally  layered  structure.  Three  different  types  of  layers  were  observed. 
The  bottom  and  central  layers  had  depolarization  ratios  varying  from  0.3  to  0.4,  which  identified  them 
as  layers  containing  mainly  ice.  The  backscatter  coefficients  were  similar  to  those  found  in  cirrus  ice 
clouds.  A  central,  transient  layer  had  depolarization  ratios  characteristic  of  a  high-density  water  cloud, 
although  the  total  integrated  backscatter  of  2.3±1.2  was  high  for  this  type  of  cloud.  The  top  layer  had 
a  depolarization  ratio  of  0.2  at  the  cloud  base,  decreasing  to  0.04  at  the  cloud  center.  Backscatter  coeffi- 
cients ranged  up  to  30  km-1  and  the  total  integrated  backscatter  was  about  7.6±3.8.  This  value  is  con- 
siderably higher  than  the  range  of  values  predicted  for  water  or  cirrus  ice  clouds  and  one  possible  explanation 
is  that  specylar  reflection  was  occurring  from  horizontally  aligned  ice  crystal  plates. 

The  variation  of  backscatter  coefficient  within  each  layer  was  rather  regular,  with  a  maximum  at  the 
center  of  the  layers.  The  cloud  was  situated  in  a  stable  air  stream  and  its  evolution  appeared  to  be  slow. 


1.  Introduction 

The  potential  of  lidar  depolarization  for  discrimi- 
nation between  water,  ice  and  mixed  phases  in  clouds 
was  recognized  by  Schotland  ct  al.  (1971)  who  observed 
appreciable  depolarization  of  a  linearly  polarized  lidar 
beam  by  ice  crystals.  Although  depolarization  ratios 
approaching  unity  have  been  observed  in  some  ice 
clouds,  they  are  typically  about  0.4.  Sassen  (1974)  has 
since  shown  that  the  depolarization  ratio  is  dependent 
on  the  ratio  of  ice  crystal  to  water  droplet  concentration. 
The  theoretical  value  of  the  depolarization  ratio  for 
water  spheres  in  the  back  direction  is  zero  (Liou  and 
Schotland,  1971),  while  the  measured  value  near  the 
bases  of  water  cloud  is  about  0.03  (Sassen,  1974). 
However,  for  any  appreciable  cloud  thickness,  the 
depolarization  ratio  is  found  to  increase  almost  linearly 
with  increasing  cloud  penetration,  reaching  values  of 
0.4-0.5  within  a  depth  of  about  150  m  (Pal  and  Carswell, 
1973).  This  effect  is  due  to  multiple  scattering  of  radia- 
tion in  the  lidar  beam,  although  theoretical  studies  have 
as  yet  been  unable  to  simulate  the  measured  figures 
(e.g.,  Eloranta  1972;  Liou  and  Schotland,  1971). 

Depolarization  measurements  can  be  usefully  supple- 
mented by  measurements  of  the  backscatter  coefficients 
of  (he  clouds.  Plait  (1973)  has  shown  (hat  the  integrated 
backscatter  from  a  cloud  tends,  as  the  cloud  becomes 
denser,   to   a   value   which   is   related   by   a   constant 


'Present  affiliation:  Cooperative  Institute  for  Research  in 
Environmental  Sciences,  University  of  Colorado/NOAA,  Boulder, 
Colo.  80309  (until  September  1977). 


factor  to  the  backscatter  to  extinction  ratio  of  the  cloud 
particles.  This  quantity  varies  with  cloud  phase  and 
type  (Platt  and  Bartusek,  1974). 

Recently  a  high-power  ruby  lidar  system  was  in- 
stalled at  Aspendale  with  facilities  for  depolarization 
studies  and  fast  digitization  of  data.  Preliminary 
measurements  of  depolarization  ratios  in  cirrus  and 
water  clouds  have  broadly  verified  the  work  of  other 
authors.  These  results  will  be  published  elsewhere. 
Here  we  report  some  interesting  observations  of  de- 
polarization ratios  and  backscatter  coefficients  from  one 
altostratus  cloud  system  which  showed  a  vertical 
structure  of  distinct  layers  with  differing  optical 
properties. 

2.  Instrumental  and  experimental  technique 

The  Aspendale  system  is  a  monostatic  lidar  with 
facilities  for  rapid  comparison  between  normal  and 
depolarized  returns.  The  ruby  laser  has  an  output 
energy  of  1 .5  J  and  a  pulse  width  of  20  ns.  The  maximum 
pulse  rate  is  1  s_1.  The  reflected  light  is  imaged  by  a 
14-inch  Cclestron  telescope.  The  polarizer  is  placed 
near  the  telescope  focus  and  can  be  rotated  rapidly 
between  pulses.  The  photomultiplicr  output  voltage  is 
digitized  by  a  BIOMATION  8100  Recorder  with  a 
minimum  sampling  time  of  10  ns.  A  2100  Hewlett- 
Packard  computer  controls  the  laser  firing  time  and  the 
transfer  of  data  to  tape.  The  pulse  energy  is  also 
measured  and  recorded  and  received  amplitudes  are 
normalized  to  unity  pulse  energy.  Returns  from  cloud 
were    calibrated    by    comparison    with    returns    from 
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Fig.  1.  Time-height  representation  of  the  altostratus  cloud  over  the  total  time  of  observation.  The  dashed  contours  indicate  the 
main  separation  of  the  different  phases  when  data  were  available.  The  designation  of  phase  is  only  tentative.  Radiosonde  tempera- 
ture profiles  are  shown  at  0900  and  2100  local  apparent  time. 


clust-frcc  air  of  known  backscaltcr  coefficient  and 
corrected  for  attenuation  between  the  cloud  and  ground 
(Piatt,  1973).  The  estimated  error  in  calibration 
was  ±25%. 

For  the  present  experiment  the  lidar  was  fired  in  the 
vertical  every  5s  and  between  each  pulse  the  polarizer 
was  rotated  through  90°.  This  was  the  minimum  rate 
achievable  at  the  time  of  the  experiment.  The  optimum 
rate  of  rotation  of  the  polarizer  of  1  s^1  has  since 
been  achieved.  The  output  voltage  from  the  photo- 
multiplier  was  sampled  by  the  BIOMATION  recorder 
at  20  ns  intervals.  The  transmitted  lidar  pulse  had  a 
beamwidth  of  1  mrad  and  the  receiver  system  beam- 
width  was  adjusted  to  10  mrad.  The  wide  receiver 
aperture  enabled  better  penetration  of  the  cloud  via 
multiple  scattering  processes  (Piatt,  1973). 

3.  Analysis  of  data 

The  depolarization  ratio  6(z)  at  altitude  z  is  given 
by  Schotland  el  al.  (1971)  as 


5(z)  = [cxp(n,  -  r  i)J, 

/*(it,z)m 


(I) 


where  B(-w,z)i  and  mn,z),<  are  ihe  backseat trr  coeffi- 
cients at  altitude  z  for  I  he  perpendicular  and  parallel 
polarized  returns,  respectively,  The  exponential  term 
allows  for  a  difference  in  cloud  transmittancc  for  the  two 
components  due  to,  say,  preferentially  aligned  ice 
crystals,  but  here  as  in  Schotland  el  al.  (1971)  it  will  be 
taken  as  unity.  If  the  crystals  are  not  oriented,  then 
they  would  present  the  same  mean  extinction  cross 
section  to  cither  polarization.  The  transmittancc  could 
possibly    be   affected    by    differences    in    the    angular 


scattering  functions  in  the  back  hemisphere  affecting 
the  two  multiple  scattered  returns,  but  again  the 
random  orientation  of  the  crystals  would  be  expected  to 
partially  smooth  out  such  differences. 

In  this  case,  5(z)  is  given  simply  by  the  ratio  of  the 
return  intensities  I\(z)  and  Pu{z)  at  the  lidar  receiver. 
It  is  noted  that  other  terms  in  the  lidar  equation  such 
as  range,  receiver  gain,  etc.,  do  not  appear  in  the 
expression  for  8(z). 

A  fust  viewing  of  the  values  of  l\(z)  and  />u(z) 
revealed  a  situation  where  cloud  properties  were  varying 
slowly  in  the  interval  between  firings.  To  allow  for  a 
linear  change  of  l'u(z)  within  the  10  s  between  observa- 
tions of  this  quantity  5(z)  was  defined  as  the  ratio  of 
l\(z)  at  time  t  seconds  to  the  mean  of  Pn(z)  {I—  5)  and 
I'u(z)  (/+5).  The  data,  which  were  stored  on  tape,  were 
processed  by  computer  to  give  values  of  the  quantities 
«(«)(/)  and  |[Pn(«)(*-5)+Pii(«)(H-5)]  at  time  inter- 
vals of  10  s  minimum. 

4.  Observations 

Lidar  returns  were  obtained  from  an  altostratus 
cloud  during  the  period  from  1438  to  1525  hours2  on 
9  August  1975.  The  returns  were  obtained  sufficiently 
often  to  build  up  time-height  cross  sections  of  the  cloud 
as  shown  in  Figs.  1  and  2.  Periods  when  observa- 
tions were  not  made  are  shown  as  breaks  in  the  line 
defining  the  cloud  base.  The  designations  of  the  cloud 
phases  in  Figs.  1  and  2  arc  only  very  tentative,  being 
based  on  previous  depolarization  results  reported  by 
other  workers,  as  discussed  in  Section  1.  The  analysis 
of   the   integrated   backscattcr,  which   is  discussed  in 

*  Ix>cal  apparent  time. 
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Section  5b,  casts  doubt  on  the  reality  of  some  of  the  the  most  intense  layers  were  matched  to  the  upper  end 
above  designations.  of  this  range,  the  returns  from  the  weaker  ice  layers 

The  current  synoptic  map  showed  a  large,  complex,  measured  about  10  counts  in  the  case  of  /ln  and  only 
low-pressure  system  centered  about  000  km  east  of  about  4  in  B±.  The  "noise"  in  8 (z)  caused  by  this  effect 
Aspendalc.    A    front    had    passed    through    Aspcndalc      was  thus  about  25%. 

(luring  the  previous  24  h  and   the  cloud  was  situated  Fig.  3a  shows  the  return  from  a  layer  of  cloud  with 

in  a  rather  stable  air  mass  behind  the  front.  This  its  base  at  an  altitude  of  ?i.?iS  km  and  with  a  dcpolari- 
stability  is  evident  in  the  temperature  profiles  illustrated  zation  ratio  of  about  0.4,  which  is  typical  for  an  ice 
in  Fig.  1  which  were  measured  by  radiosonde  at  haver-      cloud  containing  very  little,  or  no,  water  (Sassen,  1974). 

Overlying  this  layer,  at  an  altitude  of  3.70  km,  is  a 
highly  reflecting  layer  with  a  very  low  value  of  5(z)  of 


ton,  some  40  km  west  of  Aspendalc 
5.  Discussion  of  results 


The  discussion  of  the  cloud  observations  is  divided 
for  convenience  into  three  sections.  In  Section  5a  the 
depolarization  patterns  from  some  single  lidar  returns 
during  the  period  1518  to  1524  are  discussed  in  detail, 
and  the  phases  of  the  particles  in  the  layers  arc  inter- 
preted in  terms  of  these  patterns.  In  Section  5b,  (he 
hackscatter  coefficients  and  (he  integrated  backscatter 
arc  evaluated  and  discussed  for  different  layers  and 
for  the  same  period  as  Section  5a.  Section  5c  is  devoted 
to  a  discussion  of  the  cloud  structure  and  its  evolution 
as  it  passed  through  the  lidar's  held  of  view. 

a.  Interpretation  of  depolarization  patterns 


about  0.03.  The  layer  is  thus  identified  as  a  water  cloud. 
A  second  layer  immediately  above  it  is  also  highly 
reflecting  but  has  an  increasing  depolarization  ratio  with 
increasing  altitude.  These  characteristics  identify  the 
layer  from  past  work  as  a  dense  water  cloud  with  a 
high  extinction  coefficient  (Pal  and  Carswell,  1973). 
The  depolarization  behavior,  coupled  with  an  absence 
of  returns  from  above  this  layer,  points  to  complete 
extinction  of  the  lidar  pulse. 

Fig.  3b  shows  the  situation  1  min  after  that  depicted 
in  Fig.  3a.  The  lower  water  layer  has  disappeared  and 
the  layer  at  3.90  km  has  both  a  smaller  depth  and 
backscatter  coefficient.  As  a  result,  the  laser  pulse  can 
now  penetrate  the  water  layers  to  reveal   two  further 


layers  above.  The  first  extends  from  about  3.9  to  4.5 
Four  displays  are  shown  in  Figs.  3a-3d  which  indicate      km  and  appears  to  be  an  ice  layer.  The  second  extends 


the   patterns    in    the    backscatter   and    depolarization 
observed  between  1518  and  1524. 

The  "noise"  evident  in  the  depolarization  ratio  is 
due  not  only  to  photon  noise  in  the  original  returns  but 
also  to  the  limited  resolution  of  the  HIOMATION 
recorder.  The  output  of  this  instrument  was  restricted 


from  about  4.5  to  5.4  km  and  within  this  range,  the 
depolarization  ratio  decreases  to  a  low  value. 

After  a  further  minute  and  three-quarters  (Fig.  3) 
the  lower  water  layer  at  3.8  km  has  nearly  disappeared 
and  the  topmost  layer  is  seen  to  be  nearly  1  km  deep. 
The   backscatter  from   the   layers  above   3.8   km   has 


to  0-128  counts.  When   the  backscatter  returns  from      increased  in  intensity  which  can  be  attributed  to  the 
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Vic.  2.  Time-height  representation  of  the  cloud  evolution  from  1518  to  1522  hours  0  August  l(>75.  Times  of  depolarized  returns 
are  shown  on  the  horizontal  axis.  Parallel  returns  were  received  ;il  intermediate  times.  The  letters  in  brackets  refer  to  depolarized 
returns  used  in  Tigs.  3a~3c.  The  representation  of  the  layer  intensities  is  only  qualitative,  and  the  phase  designation  is  tentative. 
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decreased  extinction  below  these  layers.  Above  4.6  km 
the  depolarization  is  apparently  very  small,  which 
would  indicate  that  this  layer  was  also  composed  of 
small  water  drops.  However,  the  zero  value  of  5(z) 
above  5  km  is  a  result  of  the  small  depolarized  returns 
from  this  region  being  unresolvable  by  the  BIO- 
MATION  recorder,  These  returns  can  Lie  better  re- 
solved if  a  logarithmic  amplifier  is  used  at  the  output 
of  the  lidar  receiver  photomulliplier  and  such  a  return 
is  shown  in  Fig.  3d.  Here  biz)  is  seen  to  fall  to  a  value 
of  about  0.04  at  5  km.  It  is  interesting  that  between  4.8 
and  5  km,  5(s)  gradually  decreases,  signifying  a  slow 
change  in  the  cloud  composition  from  a  predominantly 
ice  layer  to  what  is  apparently  a  water  layer  (Sassen, 
1974). 

b.  Interpretation  of  backscaller  characteristics  of  layers 

The  above  identification  of  cloud  layers  purely  in 
terms  of  their  depolarization  ratios  is  based  on  previous 
work.  Additional  information  on  the  nature  of  the 
cloud  layers  is  available  from  measured  backscatter 
coefficients  and  calculations  of  the  integrated  back- 
scatter.  The  following  analysis  indicates  that  this 
information  contradicts,  in  some  aspects,  designation 
of  the  "water"  layers  in  Figs.  1  and  2. 

The  total  backscatter  coefficient  B(ir)  is  equal  to  the 
sum  of  B(7t)m  and  B{r)L.  The  measured  backscatter 
B'(ir,z),  at  range  (altitude)  s  is  less,  due  to  attenuation 
of  the  lidar  pulse  during  its  passage  through  the  cloud. 
Thus 


B'(ir,z)  =  B(ir,z)  exj: 


2r){z")o(z")dz" 


(1) 


where  z0  is  cloud-base  altitude,  i){z")  a  multiple  scatter- 
ing factor  and  a{z")  the  cloud  extinction  coefficient. 
It  is  assumed  that  a{z")  and  rj(z")  are  both  equal  for 
the  two  polarization  directions. 

A  quantity  >'(ir)  is  denned  in  Piatt  (1973)  as 


7'(x)=        B'(*,z)dz, 


(3) 


where  /;  is  cloud  top  altitude.  If  it  is  assumed  that 
?)(z")  £=»?]  is  constant,  then  substitution  of  (2)  into 
(3)  and  integrating  gives 


where 


Y,(ir)=(A/2ij)[l-cxi>(~2),r,)],  (4) 


a{z")dz"     and     k  =  B{ir,z)/<r(z). 


The  assumption  that  rj  is  constant  is  not  always  valid 
(Kunkel  and  Weinman,  1976).  However,  Eq.  (4)  is 
convenient  for  the  analysis  of  cloud  data.  When  t, 
becomes  large,  y'{ir)  tends  lo  k/2rj.  Thus,  a  scries  of 
measurements  of  >'(*•)  for  different  values  of  r,  can 


give  an  experimental  value  of  k/2r)  (Piatt,  1973).  If  rj 
is  not  constant  then  an  effective  value,  k/2fj,  is  measured 
where 


1 


ka(z) 


exp- 


2r]{z")a{z")dz" 


it.     (5) 


Although  relatively  few  determinations  of  k/2fj  have 
been  made,  its  value  was  found  to  lie  between  0.3  and 
0.6  for  several  different  cirrus  and  cirrostratus  systems 
(Piatt,  1973;  and  unpublished  data),  and  that  a  similar 
range  of  values  occurred  in  some  middle-level  clouds 
(Piatt  and  Bartusek,  1974).  Some  of  this  variation  was 
due  to  the  use  of  different  receiver  beamwidths,  which 
varied  between  3  and  10  mrad.  fj  would  decrease  with 
increasing  beamwidth.  Also,  those  authors  calculated 
theoretical  values  of  k  for  two  water  clouds  as  0.64 
and  0.67,  respectively.  The  corresponding  value  of  fj 
for  water  clouds  is  estimated  to  lie  between  0.6  and  0.9 
(Kunkel  and  Weinmann,  1976),  so  that  k/2fj  for  water 
clouds  is  predicted  to  lie  within  the  range  of  0.36  to 
0.54.  However,  with  the  wide  receiver  beamwidth  of 
10  mrad,  the  value  of  fj  is  likely  to  be  at  the  low  end 
of  the  quoted  range. 

The  relevance  of  the  above  discussion  to  the  present 
article  is  that  some  of  the  values  of  yr{ir)  determined  for 
different  layers  in  the  altostratus  cloud  were  consider- 
ably higher  than  any  of  the  above  quoted  values,  even 
allowing  for  an  estimated  50%  error.  Values  of  y'(ir) 
are  listed  in  Table  1.  Some  of  the  layers  overlap  because 
values  were  calculated  from  two  separate  lidar  returns, 
as  indicated.  Except  for  layer  2,  none  of  the  layers  were 
opaque  to  the  lidar  pulse  so  that  values  of  y'(ir)  [Eq. 
(4)]  for  layers  1,  3  and  4  were  actually  less  than  the 
corresponding  values  of  k/2fj.  Values  of  y'(y)  for  each 
layer  above  the  first  were  corrected  for  attenuation  by 
the  layers  beneath,  using  the  mean  value  of  k/2fj  (the 
effective  backscatter  to  extinction  ratio)  measured  for 
cirrus. 

Layers  1  and  3  had  backscatter  (and  depolarization) 
values  which  were  similar  to  those  of  cirrus  clouds. 
However,  layers  2  and  4  had  backscatter  values  which 
were  respectively  about  2-4  times  and  8-16  times  the 
predicted  theoretical  values  for  water  clouds.  Despite 
assumptions  made  about  the  behavior  of  r)(z)  or  the 
transmittance  of  the  layers,  layers  2  and  4  apparently 

Taiiik  1.  Integrated  backscatter  through  different 
lasers  (if  I  lie  altostratus  (loud. 


Layer      Figure 
No.  No. 


Altitude 
(km) 


y'M 


VW 


5  a 
3a 
3c 
3c 


3.3  -3  65 
3.75-4.0 
3.85-4.6 
4  6  -5  6 


0.17 
1.42 
0.36 
2  30 


0  17±0.04 
2.3  ±1.2 

0.6  ±0.3 
7  6  ±3.8 


*  Corrected  for  attenuation  below  the  layer. 
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possess  backscattcr  characteristics  which  arc  different 
from  those  of  cither  cirrus  or  water  clouds,  while  their 
depolarization  characteristics  are  similar  to  those  of 
water  clouds.  Thus  the  interpretation  of  the  layers 
solely  in  terms  of  their  depolarization  characteristics 
must  be  called  into  question.  It  is  still  possible  that 
layer  3  could  have  been  a  water  cloud.  It  was  very 
dense,  and  attenuated  the  lidar  pulse  within  a  few 
hundred  meters.  This  interpretation  could  imply  that 
y'(ir)  was  in  error  by  more  than  100%,  which  is  a  possi- 
bility. However,  the  value  of  y'(ir)  for  layer  4  was  more 
than  an  order  of  magnitude  greater  than  that  predicted 
for  a  water  cloud  and  even  then  the  layer  did  not  seem 
to  attenuate  the  lidar  pulse  completely.  A  possible 
explanation  for  the  high  backscattcr  was  thaf  reflection 
was  occurring  from  horizontally  aligned  hexagonal  ice 
plates.  The  observed  temperature  range  in  layer  4 
( —  1 2  to  —  20°C)  was  just  that  range  in  which  hexagonal 
ice  plates  form.  The  low  depolarization  ratio  would  also 
be  consistent  with  this  explanation  (Liou  and  Lahore, 
1974).  Scattering  by  ice  plates  will  be  explored  further 
in  a  subsequent  paper.  Suffice  it  to  say  here  that  a  low 
depolarization  ratio  may  not  tirccssarily  imply  auto- 
matically a  cloud  of  water  droplets. 

c.  Cloud  structure  and  evolution 

In  the  time-height  representations  of  Figs.  1  and  2, 
spatial  and  temporal  variations  in  cloud  structure  could 
not  be  separated.  However,  there  arc  reasons  for  think- 
ing that  most  of  the  variations  were  spatial.  Although 
the  cloud  was  situated  in  a  complex  low-pressure  system 
it  was  not  in  an  active  frontal  zone,  but  in  an  area  of 
stability  to  the  rear  of  a  front.  Clouds  in  such  a  region 
arc  often  in  a  mature  phase  of  growth  and  layered  in 
structure  (Borovikov  cl  <//.,  1063;  Mason,  1971). 
Ascending  motions  are  rather  weak  (^1  cm  s"1)  and 
cloud  evolution  is  accordingly  quite  slow.  This  would  be 
particularly  true  for  mature  ice  layers,  such  as  the 
bottom  layer  in  Fig.  2,  which  are  known  to  evolve  more 
slowly  than  water  clouds. 

An  interesting  feature  of  the  cloud  structure  is  the 
local  maximum  in  cloud  backscattcr  coefficient  which 
tends  to  occur  at  the  center  of  each  layer.  This  structure 
is  shown  best  in  Fig.  3c,  particularly  for  the  ice  layers. 
Assuming  that  the  (loud  particle  size  distribution  was 
constant  with  height  in  each  layer,  the  variation  in 
backscattcr  coefficient  would  imply  similar  variations 
in  both  the  particle  number  density  and  the  cloud 
water  content.  One  possible  explanation  for  this  struc- 
ture is  that  the  cloud  initially  formed  in  thermally 
stratified  air  in  which  there  was  a  variation  in  cloud 
condensation  nuclei.  Certainly,  on  the  day  of  observa- 
tion, the  temperature  profiles  indicated  considerable 
stratification  (Fig.  1)  at  cloud  height  Another  factor 
which  might  be  important  is  variations  in  shear-induced 
mechanical  mixing. 


In  contrast  to  the  generally  stable  nature  of  the 
cloud,  the  dense  "water"  layer  observed  between  1506 
and  1521  at  about  3.8  km  must  have  represented  a  local 
active  growth  phase  in  the  cloud.  The  top  of  this  layer 
was  probably  defined  by  the  temperature  inversion 
near  4  km. 

6.   Summary 

Layers  with  very  different  optical  properties  have 
been  observed  in  an  altostratus  cloud  using  a  calibrated 
lidar  with  depolarization  facilities.  The  identification 
of  the  layers  as  given  in  Figs.  1  and  2  is  necessarily  very 
tentative  due  to  a  lack  of  any  definitive  set  of  lidar 
measurements  coupled  with  simultaneous  direct  sampl- 
ing of  cloud  particles.  Furthermore,  the  measured 
integrated  backscattcr  casts  doubt  on  whether  those 
layers  which  gave  a  small  depolarization  ratio  were 
actually  water  drop  clouds.  Very  high  backscattcr 
coefficients,  coupled  with  a  low  depolarization  ratio, 
were  observed  in  the  top  cloud  layers,  which  had  air 
temperatures  varying  from  —12  to  — 20°C.  A  possible 
explanation  advanced  to  explain  these  properties  is  that 
reflection  was  occurring  from  horizontally  aligned  ice 
plates. 

The  measurement  of  the  integrated  backscattcr 
•y'fV)  is  obviously  an  important  additional  quantity 
in  the  interpretation  of  cloud  lidar  depolarization 
measurements;  for  instance,  the  above  observations 
indicate  that  a  low  depolarization  ratio  may  not  un- 
ambiguously identify  a  water  cloud. 

One  method  of  testing  the  hypothesis  of  specular 
reflection  from  ice  crystals  would  be  to  take  lidar 
measurements  at  various  angles  to  the  vertical.  If 
specular  reflection  was  occurring,  then  the  measured 
lidar  backscattcr  would  decrease  dramatically  as  the 
lidar  was  scanned  away  from  the  vertical. 

Other  interesting  features  observed  in  the  cloud 
were  the  highly  opaque,  transient  "water"  layers  in  the 
center  of  the  cloud  and  the  regular  variations  of  back- 
scatter  within  each  layer.  In  fact,  each  layer  was 
bounded  and  defined  by  regions  of  low  backscattcr. 

In  order  to  make  the  integrated  backscattcr  measure- 
ments more  definitive,  the  dependence  of  f\  and  depolari- 
zation ratio  on  receiver  beamwidth  and  cloud  type  is 
at  present  under  study,  both  theoretically  and 
experimentally. 
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Experimental  Measurements  of  Atmospheric  Aerosol  Inhomogeneities 

Madison  J.  Post  and  Gordon  M.  Lerfald 

Wave  Propagation  Laboratory 
Environmental  Research  Laboratories/NOAA 
Boulder,  CO  80302 

Observations 

In  "clear  air"  a  lidar  may  depend  on  backscattering  from  aerosols 
for  its  signal.   Short-term  variations  in  the  signal  level  arise  from 
inhomogeneities  in  the  aerosols,  i.e.,  spatial  variations  in  the  number 
density,  size  distribution,  chemical  composition,  shape,  etc. 

We  have  used  two  instruments  to  measure  these  spatial  variations, 
a  focused  CO  lidar  (CW)  of  10.6  urn  wavelength  and  a  pulsed  nitrogen  lidar 
of  337  nm  wavelength.   The  infrared  system  responds  to  particles  of 
radius  0.5  -  5.0  urn  radius,  while  the  U-V  system  is  sensitive  to  nearly 
all  sizes  of  aerosols.   Particle  size  distributions  were  determined 
during  data  taking. 

■The  CO   lidar  points  into  the  wind  and  measures  the  Doppler  shift 
of  the  energy  backscattered  by  aerosols  moving  with  the  air.   Its 
sensing  volume  is  the  shape  of  a  garden  hose  -  20  m  long  and  3  cm  in 
diameter  -  positioned  30  m  above  the  ground.   The  total  energy  back- 
scattered,  or  0th  moment  of  the  Doppler  frequency  spectrum,  is  a  measure 
of  the  total  aerosol  loading.   By  assuming  Taylor  hypothesis,  one  can  then 
construct  a  spatial  history  of  the  aerosol  variations  from  the  time 
history  of  the  aerosol  variations.   The  distribution  and  structure 
functions  of  these  spatial  fluctuations  of  aerosols  are  then  computed, 
much  the  same  way  spatial  temperature  fluctuations  are  analyzed. 

The  basic  arrangement  for  the  U-V  measurements  involves  a  dual-beam 
bistatic  lidar  system  and  in-situ  sensors  of  wind,  temperature  and  humidity, 
The  lidar  system  is  located  next  to  a  tower  on  which  the  in-situ  sensors 
are  mounted.   A  beam-steering  arrangement  on  the  lidar  system  permits  the 
volumes  of  intersection  of  the  transmitted  laser  beams  and  receiver  tele- 
scope beams  to  be  positioned  in  the  plane  containing  the  tower  and  the 
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receiving  telescopes.   The  aerosol  backscatter  volumes  can  therefore 

be  positioned  in  height  and  any  desired  separation  between  the  backscatter 

volumes  can  be  chosen. 

The  humidity  sensor,  the  thermistor  probes  and  the  wind  instruments 
are  mounted  on  booms  attached  to  the  tower.   The  lidar  backscatter  volumes 
are  normally  positioned  near  the  in-situ  sensors.   Data  are  recorded  on 
a  14-channel  analog  tape  recorder  operating  at  a  tape  speed  of  1-7/8 
inches/sec.   The  lidar  pulse  rate  is  100  pulses  per  sec. 

Infrared  Results 

Preliminary  results  from  the  Doppler  lidar  data  indicate  that  the 

,   2/3 
aerosol  passive  additive  follows  approximately  the  expected  x    structure 

function  relation,  but  does  depart  from  it  in  several  significant  areas. 

During  daylight  conditions,  the  outer  scale  of  the  structure  function 

"rolls  off"  at  much  larger  separations,  typically  200-300  m,  than  should 

be  observable  for  isotropic  eddies  at  the  30-m  level.   This  suggests  a 

stretching  of  the  horizontal  dimensions,  or  pancaked-shaped  eddies,  perhaps 

due  to  organized  convection.   At  night,  the  outer  scale  drops  to  40-60  m, 

so  isotropic  theory  holds  for  this  more  stable  condition. 

2/3 
Another  observed  departure  from  the  expected  x    relation  appeared 

at  small  separations.   Consistently,  the  slope  of  the  structure  function 

was  greater  in  this  region,  typically  nearer  4/5  than  2/3,  a  20%  increase. 

Maximum  errors  in  data  taking  and  reducing  can  only  account  for  an  8% 

increase. 

The  day-night  change  in  the  level  of  the  structure  function  (the  night- 
time data  being  lower)  is  approximately  one  order  of  magnitude,  considerably 
less  than  the  variance  experienced  for  similar  temperature  fluctuations. 
Possibly  this  means  that  the  aerosols  are  not  strongly  coupled  to  the  temper- 
ature or  turbulence  fields,  or  that  the  source  is  different  for  the  aerosols. 

Distribution  functions  for  the  infrared  data  follow  a  consistent 
pattern  of  being  bell -shaped  but  skewed  toward  lower  levels.  That  is, 
excursions  of  the  signal  toward  high  levels  (or  high  aerosol  concentrations) 
occur  less  frequently  than  excursions  to  lower  levels. 
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Over  30  data  sets  were  taken,  spanning  all  seasons  but  Fall. 
No  significant  departure  from  the  general  results  reported  above  was 
observed.   Possible  variations  with  observation  level  will  be  investigated 
next. 

Analysis  of  Ultra-Violet  Data 

The  analog  taped  data  were  digitized  and  written  onto  digital  magnetic 
tape  for  analysis.   Individual  data  channels  are  computer-processed  to 
obtain  distribution  functions  and  an  intermittancy  function.   The  latter 
measures  the  distribution  of  times  for  recurrence  of  specified  signal 
values.   Cross  correlations  and  spatial  structure  functions  are  computed 
from  pairs  of  data  channels,  (e.g.,  the  two  lidar  backscatter  signals). 

One  of  the  primary  analysis  goals  is  to  obtain  information  on  the 
decay  rates  of  aerosol  eddy  structure  from  cross  correlations  for  different 
spacings  between  the  aerosol  backscatter  columns. 

At  the  time  of  this  writing  final  results  and  comparisons  are  not 
available,  but  they  will  be  presented  during  the  conference. 
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Remote  Doppler  velocity  measurements  of 
atmospheric  dust  devil  vortices 

R.  L.  Schwiesow  and  R.  E.  Cupp 

ERL/NOAA    Wave    Propagation    Laboratory,    Boulder, 

Colorado  80302. 
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We  report  here  what  we  believe  to  be  first  remote  mea- 
surement of  the  velocity  structure  in  a  small-scale,  natural 
atmospheric  vortex.  While  the  dust  devil  data  are  inter- 
esting in  their  own  right,  the  practical  demonstration  of  the 
applicability  of  the  optical  Doppler  technique  to  field  mea- 
surements on  natural  vortices,  such  as  for  waterspout  and 
tornado  research,  is  the  point  we  wish  to  stress. 

Basically,  the  cw  ir  (10.6-^m)  Doppler  system  measures 
the  line-of-sight  velocity  components  of  atmospheric  aero- 
sols within  the  diffraction-limited  focal  volume  of  the  opti- 
cal system.  This  sensing  volume  at  the  3%  irradiance  level 
is  approximately  a  cylinder  1.88  X  10~:i  r1  m  long  by  1.70  X 
10"'  r  m  diam,  where  r  is  the  range  in  meters,'  for  our 
present  system.  At  typical  ranges  the  azimuth  and  eleva- 
tion resolution  is  very  good,  but  the  range  resolution  ele- 
ment includes  the  entire  depth  of  the  vortex.  Because  the 
return  signal  is  aerosol-concentration  weighied,  good  range 
resolution  is  not  required  to  distinguish  the  vortex  from 
ambient  flows.  Principles  of  the  homodyne  extraction  of 
Doppler  velocity  information  from  the  return  signal  have 
been  discussed  elsewhere.-'  '' 

The  velocity  spectra  obtained  are  actually  line  integrals 
over  the  range  resolution  element,  weighted  by  the  aerosol 
backscatter  coefficient  at  10.6  ij.m.  Although  calculations 
on  water  aerosols  have  been  done  at  10.6  (im;  ir  backscat- 
ter data  for  dusts  are  not  available  in  a  form  suitable  for  di- 
rect use  in  our  analysis.  In  general,  one  expects  the  most 
significant  Doppler  return  from  aerosols  in  the  l-10-/jm 
diam  range,  whereas  visual  aspects  are  more  strongly  af- 
fected by  smaller  aerosols.  Our  qualitative  observations 
have  shown  that  some  visually  dense  dust  devils  are  only 
fair  ir  scatterers,  though  other  dust  devils  invisible  to  the 
eye  return  a  strong  Doppler  signal.  Only  estimates  of  the 
dimensions  of  the  vortices  were  made  since  an  investigation 
of  dust  devil  morphology  was  not  an  objective  of  this  studv. 

Data  were  collected  on  over  forty  dust  devils  during  .July 


1975  at  the  Gila  Indian  Reservation  south  of  Phoenix  and 
at  the  Nevada  test  site  of  ERDA.  Figure  1  reproduces  ve- 
locity spectra  from  a  small  representative  vortex.  The  vor- 
tex, at  approximately  300-m  range,  was  scanned  7  m  above 
the  surface.  The  visual  diameter  of  the  optically  thin  vor- 
tex at  this  height  was  approximately  2  m.  Correlation  with 
cinematography  taken  simultaneously  with  the  velocity 
data  reveals  that  the  corresponding  dust  devil  was  of  the 
broad,  turbulent  type  (vase  configuration),  which  often 
shows  subvortices,  rather  than  the  narrow,  intense,  singular 
variety. N  The  mean  wind  of  3.5  msec-1  was  perpendicular 
to  the  line-of-sight  direction,  so  that  ambient  velocity  ef- 
fects are  negligible  in  the  spectra  of  Fig.  1 . 

Although  the  data  will  be  analyzed  in  more  detail  later 
from  the  point  of  view  of  dust  devil  velocity  structure, 
three  preliminary  observations  can  be  reported. 

(1)  Peak  horizontal  velocity  components  in  dust  devils 
are  small.  We  observed  components  up  to  10  msec-1  near 
Phoenix  and  up  to  22  msec"1  at  the  Nevada  test  site  in 
these  series  of  tests.  Such  values  are  larger  than  those  ob- 
served with  cup  anemometers  at  other  locations9  but  are 
not  surprising  in  light  of  the  very  high  spatial  and  temporal 
resolution  of  the  ir  Doppler  system. 

(2)  The  characteristic  double-hump  velocity  spectrum 
associated  with  the  complex  vase  configuration  vortices,  ev- 
ident on  two  traces  in  Fig.  1,  gives  quantitative  evidence  for 
the  embedded  subvortices  inferred  by  Sinclair  from  direc- 
tion-vane data.'"  In  general,  subvortex  tangential  veloci- 
ties (one-half  the  peak  separation)  were  about  25%  of  the 
parent  vortex  rotational  velocity,  but  one  case  of  a  subvor- 
tex velocity  of  0.9  msec"'  in  a  1.4-msec~'  mean  rotational 
flow  was  observed. 

(3)  Data  taken  through  the  axis  of  the  vortex,  where 
only  turbulent  velocity  components  along  the  line  of  slight 
are  expected,  reveal  a  definite  periodicity  in  both  peak 
wind  observed  and  the  velocity  at  the  spectral  intensity 
peak.  This  suggests  either  the  effect  of  large,  slow  subvor- 
tices or  the  existence  of  waves  on  the  circumference  of  the 
main  vortex  itself.  Such  waves  may  be  the  precursor  of  the 
formation  of  embedded  subvortices. 

The  characteristic  behavior  of  the  velocity  spectra  in 
dust  devils  as  one  scans  across  the  diameter  from  the  visual 
edge  to  the  center  is  expressed  in  Fig.  1.  A  rather  sharp 
tangential  velocity  peak  at  the  edge  of  the  vortex  gives  way 
to  a  broader  spectrum  as  various  "velocity  components  con- 
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tribute  within  the  sensing  volume.  For  the  vase-type  vor- 
tices, the  broad  spectrum  breaks  into  double  peaks  as  sub- 
vortices  are  detected.  As  the  measurement  angle  moves 
toward  the  vortex  axis,  the  turbulent  spectrum  fills  in 
toward  zero  velocity.  When  the  mean  wind  is  a  significant 
fraction  (20%  or  more)  of  the  rotational  velocity,  the  lead- 
ing edge  of  the  vortex  (downwind  side)  has  a  more  sharply 
defined  spectrum  than  the  upwind  edge. 


For  practical  optical  applications,  the  remote  Doppler 
velocity  measurement  system  has  proven  utility.  Experi- 
ence has  shown  that,  partly  because  of  optical  simplicity 
and  the  ir  wavelengths,  such  a  system  can  operate  without 
realignments  or  adjustments  after  more  than  1500-km 
transport  on  a  heavy-duty,  four-wheel  drive  vehicle.  On- 
site  setup  time  was  demonstrated  to  be  less  than  10  min  on 
initial  starting  and  less  than  2  min  after  detector  cool- 
down.  Power  requirements  for  such  a  highly  mobile  sys- 
tem allow  it  to  be  self-contained  with  its  own  5-k W  genera- 
tor. It  has  been  found  that  effective  operation  is  facilitat- 
ed by  a  two-man  crew. 


This  reported  experiment  demonstrates  the  feasibility  of 
the  remote,  ir  Doppler  velocity  measurement  of  natural  at- 
mospheric vortices.  Application  of  the  system  to  water- 
spouts and  tornadoes  are  obvious  extensions  of  the  work. 


This  work  was  supported  in  part  by  NOAA  and  EPA. 


Velocity,    ms   * 
Fig.  1.     Representative  velocity  spectra  of  a  dust  devil  with  spec- 
tra from  the  outer  edge  to  the  center  of  the  vortex  corresponding 
to  the  bottom  and  the  top  of  the  figure,  respectively. 
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1. 


INTRODUCTION 


A  knowledge  of  the  velocity  structure 
of  atmospheric  vortices  can  be  useful  in  under- 
standing the  nature  of  some  damaging  winds  asso- 
ciated with  severe  local  storms.   We  have  used  a 
Doppler  lidar  technique  to  determine  certain 
aspects  of  the  flow  in  dust  devils  and  water- 
spouts.  Previous  studies  have  used  either  photo- 
grammetry,  as  for  example  Golden  (1974),  or  in 
situ   probes,  as  reported  by  Sinclair  (1973)  and 
Leverson,  et  at.    (1977). 

In  order  to  understand  the  experimental 
results,  one  must  understand  the  technique  used. 
Because  Doppler  lidar  is  not  yet  a  common  tool  in 
severe  storms  research,  and  because  the  applica- 
bility of  this  tool  extends  beyond  the  scope  of 
this  report,  we  explain  Doppler  lidar  principles 
and  implementation  in  some  detail.   Observations 
of  both  dust  devils  and  waterspouts  lead  to  simi- 
larities and  differences  in  the  interpretation  of 
the  results  obtained  from  the  two  types  of  vor- 
tices.  We  conclude  by  indicating  other  applica- 
tions of  Doppler  lidar  to  the  detailed  study  of 
tornado  and  cloud  dynamics  aspects  of  severe 
local  storms. 


2.1 


EXPERIMENTAL  TECHNIQUE 
Doppler  Lidar  Principles 


Optical  radiation  scattered  from  a  mov- 
ing target  will  be  Doppler-shif ted  in  frequency 
(wavelength)  because  of  target  motion.   This  fre- 
quency shift  is  quite  small.   The  fractional 
shift  is  the  order  of  the  particle  velocity 
divided  by  the  speed  of  light. 

Practical  Doppler  lidars  operate  with  a 
backscatter  geometry.  For  a  transmitter  laser  at 
10.59  urn  wavelength,  a  frequency  shift  of  189  kHz 
is  observed  for  a  1  ras-1  target  velocity  compon- 
ent along  the  lidar  line-of-sight .  A  single-axis 
lidar  can  only  measure  the  line-of-sight  or  long- 
itudinal component  of  the  velocity. 


The  lidar  transmitter  can  operate  with 
pulsed  or  continuous  wave  (CW)  output.   In  the 
latter  case,  range  resolution  is  achieved  only  by 
the  depth-of-focus  of  the  lidar  optics. 


2.2 


Implementation 


For  studies  of  the  velocity  structure 
of  atmospheric  vortices  we  have  chosen  to  use  an 
infrared,  CW  Doppler  lidar  with  a  CO2  laser.   A 
number  of  reasons  suggested  operation  in  the 
infrared  rather  than  the  visible.   These  reasons 
include  relative  eye  safety,  freedom  from  sky 
background  interference,  high  frequency  resolu- 
tion, heterodyne  or  homodyne  detection  and  con- 
version gain,  and  laser  power  efficiency. 

The  lidar  unit  uses  a  30  cm  transmit- 
receive  telescope  and  radiates  3W.   Data  is  re- 
corded on  4  channel  analog  magnetic  tape  and  on  a 
time-code-correlated  super  8  movie  film  using  a 
60  mm  camera  lens  boresighted  with  the  lidar 
axis.   Signal  detection  involves  homodyne  opera- 
tion (transmitter  and  local  oscillator  frequen- 
cies identical)  so  that  only  the  magnitude,  and 
not  the  sign,  of  the  longitudinal  velocity  compon- 
ent is  determined.   A  liquid-nitrogen-cooled, 
HgCdTe  detector  is  the  basic  signal  detector- 
mixer. 

This  Doppler  system  was  mounted  on  the 
starboard  side  of  a  Cessna  TC-207  aircraft.   Some 
of  the  characteristics  of  the  system  are  shown  in 
Table  1. 

Table  1 
Lidar  system  operational  characteristics 


range 

range  resolution  cell 
angle  resolution 
velocity  range 
velocity  resolution 
velocity  accuracy 


1  km,  demonstrated 

10  ml?  100  m  (-3  db) 

<0.2  mr 

0-250  ms"1 

1%  full  scale  (variable) 

±3  c.n  s_1 
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data  rate 

scan  range 
weight 
power  in 

2.3 


10  ms/full  spectrum 
54  fps  photographic 

±15°  az  and  el 

175  kg 

7  50  W 


3.2 


Waterspouts 


Available  Data 

Although  the  CW  infrared  lidar  exhibits 
very  good  resolution  in  azimuth  and  elevation, 
the  length  of  the  sensitive  volume  increases  with 
the  square  of  the  range  and  includes  essentially 
the  entire  vortex  in  the  line-of-sight  direction. 
Within  the  volume  sensed  by  the  lidar  will  be 
many  scatterers  having  different  longitudinal 
velocity  components.   It  is  not  possible  to 
characterize  this  velocity  ensemble  by  a  single 
value.   A  useful  way  of  characterizing  the  sam- 
pled velocity  information  is  by  means  of  the 
complete  velocity-component  spectrum  for  the 
array  of  scatterers. 

The  velocity  spectrum  can  be  thought  of 
as  arising  from  an  integral  of  the  distributed 
velocity  function  throughout  the  resolution 
volume,  weighted  by  the  aerosol  backscatter 
intensity  function  in  the  volume.   In  practice, 
this  means  that  the  data  comes  from  the  vortex 
since  the  ambient  atmosphere  scatters  much  more 
weakly  than  the  dust  or  cloud  droplets  in  the 
dust  devil  and  waterspout  respectively. 

Basic  velocity  spectra  can  be  corre- 
lated with  azimuth  or  location  with  respect  to 
the  vortex  axis.   As  the  resolution  volume  is 
scanned  across  the  vortex  by  aircraft  transla- 
tion, the  sudden  increase  in  velocity- integrated 
spectral  intensity  signals  the  edge  of  the  vis- 
ible funnel.   Further  detail  on  the  visual  as- 
pects of  the  funnel  is  obtained  from  the  bore- 
sighted  cinematography. 

3.        OBSERVATIONS 


3.1 


Dust  Devils 


Dust  devil  observations  with  a  truck- 
mounted  lidar  have  been  reported  by  Schwiesow  and 
Cupp  (1976).   The  spectral  data  showed  two  char- 
acteristically different  types  of  devils.   One 
class  of  spectra  exhibited  spectral  widths  of 
approximately  20%  of  the  maximum  observed  veloc- 
ity, characteristic  of  a  relatively  laminar  flow. 
Visually,  these  devils  had  a  high  aspect  ratio  of 
visual  length  to  diameter  and  a  cylindrical  con- 
figuration.  By  contrast,  highly  turbulent  devils 
were  observed  where  the  spectral  width  was  often 
80%  of  the  maximum.   The  configuration  of  these 
devils  was  roughly  inverted  conical  with  an 
aspect  ratio  near  5. 

Sequential  spectra  of  the  cylindrical 
devils  showed  a  smooth  transition  between  succes- 
sive traces  for  the  20  or  more  spectra  taken  on  a 
single  scan  of  the  vortex.   Turbulent,  conical 
devils  on  the  other  hand,  gave  spectra  where 
spectral  doublets  would  intermittently  appear  and 
disappear  from  the  data.   Examples  are  shown  in 
Schwiesow  and  Cupp  (1976).   Residual  turbulent 
velocities  of  typically  5  ms   were  observed  on 
the  vortex  axis,  where  a  laminar  flow  would  be 
expected  to  yield  zero  longitudinal  component. 


Two  characteristically  different  types 
of  waterspouts  were  also  observed.   In  contrast 
to  dust  devils,  both  spout  types  were  cylindrical 
and  of  very  high  aspect  ratio.   The  more  common 
type  exhibited  a  smoothly  progressing  series  of 
spectra  with  fractional  spectral  widths  of  approx- 
imately 20%.   A  less  common  type  of  waterspout 
was  the  "double-walled"  waterspout  also  mentioned 
by  Golden  (1974).   A  typical  composite  of  raw 
spectral  data  is  shown  in  figure  1. 


Figure   J.      Raw  spectral  data  for  double-walled 
waterspout.      The    "third  dimension"  for  each  trace 
is  relative  spectral  intensity  on  a   log  scale. 
Upper  composite   is   taken  on   the  same  spout  approx- 
imately 2  minutes  after  the   lower  composite. 

Spectra  to  the  far  right  of  each  com- 
posite in  figure  1  exhibit  the  same  character  as 
spectra  from  the  less  complex,  single-walled 
spouts.   Typical  spouts  observed  in  this  experi- 
ment did  not  extend  completely  from  cloud  base  to 
sea  surface.   For  example,  cinematography  and 
recorded  visual  observations  indicate  the  funnel 
length  of  the  spout  of  figure  1  was  100  ±30  m 
long,  or  approximately  15%  of  the  cloud  base  to 
ground  distance. 

Note  the  smooth  transition  of  spectral 
character  from  trace  to  trace  in  figure  1,  except 
for  the  sudden  onset  of  a  persistent  spectral 
doublet  at  6  to  7  m  from  the  vortex  axis.   Al- 
though all  velocities  are  shown  positive,  it  is 
obvious  that  the  spectra  must  be  reflected  about 
the  zero  velocity  axis  for  one  half  of  the  pass. 


4. 


4.1 


CONCLUSIONS 


Maximum  Horizontal  Velocity  Component 


A  useful,  although  not  particularly 
exciting,  result  is  the  maximum  observed  vortex 
tangential  velocities  in  a  horizontal  plane. 
From  the  spectra  it  is  objectively  easy  to  deter- 
mine the  maximum  velocity  with  intensity  above 
the  instrumental  noise.   For  example,  in  figure  1 
the  maximum  observed  horizontal  velocity  is 
approximately  10  ms   ,  although  the  pure  rotation 
part  of  this  value  is  somewhat  less  because  of 
slight  relative  motion  between  the  vortex  axis 
and  the  aircraft.   The  spectra  were  not  affected 
by  the  forward  motion  of  the  aircraft  because 
before  each  pass  the  lidar  azimuth  was  adjusted 
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to  bring  the  observed  airspeed  component  with 
respect  to  the  air  approximately  500  m  from  the 
aircraft  to  0  ±0.5  ins-1. 

In  the  Arizona  dust  devil  field  experi- 
ment the  maximum  observed  velocity  was  10  ms-1 . 
At  a  Nevada  site  where  devils  were  less  frequent, 
but  larger,  values  to  22  ms   were  measured.   The 
relationship  between  maximum  velocity  and  quali- 
tative statistics  is  consistent  with  notions  of 
the  buildup  and  release  of  instability.   These 
maximum  velocity  values  do  not  represent  upper 
limits  to  dust  devils,  but  do  represent  the  larg- 
est values  observed  from  more  than  40  devils 
measured. 

A  preliminary  value  from  20  waterspout 
passes  is  a  maximum  horizontal  velocity  component 
of  25  ms   ,  although  this  value  may  be  revised 
after  more  complete  analysis  is  done.   These 
passes  ranged  between  an  altitude  of  68  ±8  m 
(the  judged  lowest  safe  altitude)  to  cloudbase, 
and  in  every  case  were  above  the  spray  ring  on 
the  sea  surface.   Because  of  the  cylindrical 
shape  of  the  vortex,  it  is  our  opinion  that 
maximum  velocities  in  the  spray  ring  region  are 
not  higher  than  those  measured  above  the  68  m 
altitude,  but  we  have  no  direct  supporting  data. 
Some  waterspouts  were  probed  at  different  alti- 
tudes when  in  an  apparently  slowly  changing 
state,  but  these  height-profile  data  are  not  yet 
analyzed  except  for  maximum  velocity,  independent 
of  height  value. 

Spectral  progressions  show  that  the 
maximum  observed  horizontal  velocity  is  just 
inside  the  visible  funnel  wall. 
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4.2 


Vortex  Velocity  Structure 


The  variations  of  the  shape  of  the 
velocity  spectrum  as  the  sensing  volume  is 
scanned  across  the  vortex  can  be  correlated  with 
data  from  visual  imagery.   The  intermittent  spec- 
tral doublets  in  the  dust  devil  case  are  always 
associated  with  turbulent,  conical  vortices. 
These  spectral  signatures  are  taken  as  evidence 
for  embedded  subvortices,  which  are  not  coaxial 
with  the  parent  vortex.   Subvortex  tangential 
velocities  in  the  horizontal  plane  (one-half  of 
the  doublet  separation)  were  usually  about  25%  of 
the  parent  vortex  rotational  velocity,  but  one 
case  of  a_subvortex  tangential  rotation  velocity 
of  0.9  ms   in  a  1.4  ms-1  parent  rotation  was  ob- 
served.  Based  on  the  persistence  time  of  the 
doublets  in  the  progression  of  spectra,  we  esti- 
mate that  typical  subvortex  diameters  were  less 
than  10%  of  the  parent  vortex  diameter.   This 
size  ratio  means  that  quite  high  radial  acceler- 
ations may  be  present  in  the  subvortices  even 
though  their  rotational  velocities  are  compara- 
tively small. 

Spectral  doublets  in  the  waterspout 
case  are  taken  as  evidence  for  a  concentric,  two- 
vortex  structure  because  of  the  persistence  of 
the  doublet  feature.   In  contrast  to  the  dust 
devil  case,  double-walled  spouts  do  not  exhibit 
higher  turbulence  than  do  the  simpler  variety. 
Figure  2  shows  some  features  of  a  double-walled 
waterspout. 


Relative 

Wind 


Radius  (  m) 


Figure  2.  Reduced  spectral  data  for  a  double- 
walled  waterspout.  The  contour  is  for  a  3  db- 
down  point  of  spectral  intensity . 

A  number  of  conclusions  can  be  drawn 
from  the  reduced  spectral  data.   First,  note  the 
difference  in  slope  of  the  right  and  left  branches 
of  the  plot.   This  feature  is  because  of  relative 
motion  between  the  vortex  axis  and  the  aircraft 
in  a  longitudinal  direction.   The  spout  was 
viewed  on  the  starboard  side  of  the  aircraft  with 
the  storm  outflow  approaching  the  aircraft  from 
the  front  quarter.   Forward  in  time  is  right  to 
left  on  the  plot.   Therefore  we  can  conclude  the 
waterspout  was  cyclonic.   If  we  extrapolate  the 
linear  portions  of  the  plot,  we  conclude  that  the 
vortex  axis  was  approaching  the  aircraft  line-of- 
sight  with  a  3  ±0.5  ms   component  perpendicular 
to  the  flight  path. 

The  most  striking  feature  is  the  sudden 
onset,  at  approximately  6.5  m  from  the  vortex 
axis,  of  another  distinct  velocity  value.   This 
Is  from  the  rotation  of  a  separate  (in  backscat- 
ter  intensity  and  velocity)  inner  vortex,  we 
believe.   This  observation  is  consistent  with  the 
visual  data,  but  is  not  a  necessary  conclusion 
from  the  cinematography  alone.   This  structure 
invites  phenomenological  modeling,  which  is 
underway. 

Interaction  with  the  storm  outflow, 
which  is  the  ambient  environment  of  the  spout,  is 
quite  strong.   A  slight  increase  in  turbulence  is 
evident  on  the  downwind  edge  of  the  funnel  (to 
the  right)  where  some  shear  would  be  expected. 
Much  larger  turbulence  (spectral  width)  is  seen 
the  upwind  edge  of  the  spout  (to  the  left)  .   If 
one  extrapolated  the  linear  upwind  side  of  the 
plot  to  the  edge  of  the  funnel,  as  is  the  case  on 
the  downwind  side,  a  longitudinal  velocity  compon- 
ent of  approximately  14  ms   would  be  expected. 
However,  a  deficit  of  4  ms  :  is  evident  because 
of  interaction  with  the  ambient  flow  moving  past 
the  vortex  from  left  to  right  on  the  plot.  We 
suggest  that  strong  turbulent  mixing  distorts  the 
vortex  rotation  on  the  upwind  side  of  the  funnel. 
Dust  devils  also  show  Increased  turbulence  on  the 
upwind  side  of  the  vortex  as  a  result  of  interac- 
tion with  the  faster-moving  ambient  flow. 

The  third  vortex  shell  is  a  low-velocity 
element  existing  for  only  a  short  arc  on  the  up- 
wind side  of  the  spout.   This  feature  was  not 
evident  in  the  visual  data.   We  postulate  that 
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this  is  sub-visible  condensation  in  the  moist 
outflow  from  the  storm,  which  has  been  given  some 
rotational  component  and  backscatter  enhancement 
by  interaction  with  the  vortex  in  the  turbulent 
mixing  fashion  discussed  above. 

5.        OTHER  DOPPLER  LIDAR  APPLICATIONS 

5. 1       Tornados 

An  obvious  extension  of  this  work  is  to 
the  maximum  horizontal  component  of  the  rotational 
velocity  in  tornados  and  to  the  velocity  struc- 
ture in  tornados,  especially  the  question  of 
subvortices  and  velocity  variation  with  height. 
The  problem  of  a  safe,  highly  mobile  platform  is 
a  significant  one,  especially  if  a  range  of  1  km 
from  the  tornado  is  attempted. 

It  is  possible  that  the  present  air- 
borne infrared  Doppler  lidar  system  would  give 
usable  return  from  a  tornado  at  ranges  up  to  5 
km.   This  would  require  that  the  infrared  back- 
scatter  coefficient  of  a  tornado  be  approximately 
15  db  larger  than  that  of  a  waterspout.   This  is 
possible,  especially  considering  the  difference 
in  the  imaginary  part  of  the  refractive  index  of 
dust  and  water,  but  is  not  known.   System  improve- 
ments are  possible,  especially  in  data  processing. 
The  presently-used  scanning  spectrum  analyzer 
operates  at  a  0.5%  duty  factor.   Other  means  of 
spectral  analysis  are  under  consideration. 


5.2 


Cloud  Dynamics 


We  have  obtained  velocity  data  from 
young  cumulus  at  a  range  of  1.8  km.   At  this 
range  the  CW  lidar  has  no  range  resolution,  but 
the  signal  is  coming  from  the  strongest  backscat- 
ter region  in  the  beam,  which  is  the  air-to-cloud 
interface.   If  the  azimuth  of  the  lidar  is  set  to 
show  some  small  airspeed  component,  then  two  vel- 
ocity peaks  are  observed  —  one  from  the  cloud 
and  one  from  approximately  300  ra  from  the  air- 
craft.  The  difference  In  observed  velocity 
represents  the  longitudinal  component  of  the 
entrainment  into  the  cloud  at  the  level  scanned 
by  the  lidar.   That  is,  the  difference  in  longi- 
tudinal velocity  component  between  a  parcel  in 
the  region  of  the  aircraft  and  a  parcel  at  the 
condensation  interface  is  observed. 

Direct  applications  of  this  technique 
to  entrainment  and/or  mixing  beneath  a  growing 
cumulus,  especially  the  echo-free  vault,  at  the 
side  of  a  cumulus  at  various  altitudes,  and  at 
the  top  of  a  stratus  deck  can  be  envisioned,  for 
example. 
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Coherent  differential  Doppler  measurements  of  transverse 
velocity  at  a  remote  point 

R.  L.  Schwiesow,  R.  E.  Cupp,  M.  J.  Post,  and  R.  F.  Calfee 


We  consider  the  analysis  and  results  of  a  laser  remote  velocity  sensing  experiment  in  which  both  the  longitu- 
dinal and  transverse  velocity  components  at  one  location  were  simultaneously  measured  from  a  range  of  33 
m.  Fully  coherent  homodyne  detection  was  used  with  a  test  target  that  simulates  many  aspects  of  distribut- 
ed atmospheric  aerosol  targets. 


I.  Significance  of  the  Results 

This  paper  describes  the  concept  of  and  actual  results 
from  a  new  signal  processing  technique  for  Doppler 
velocity  measurements  at  ranges  of  at  least  30  m.  The 
significance  of  the  results  is  twofold:  ( 1 )  we  are  able  to 
measure  all  three  velocity  components  of  a  target  at  a 
remote  point  using  the  same  analysis  apparatus  for  each 
component  (although  in  a  time-shared  mode  with 
present  simple  hardware)  and  (2)  the  differential 
Doppler  analysis  is  carried  out  in  a  fully  coherent 
manner  with  the  advantages  of  conversion  gain,  detector 
noise  suppression,  and  narrow  bandwidth  detection, 
which  are  characteristic  of  optical  heterodyne  signal 
processing. 

II.  Technique 

The  technique  consists  of  illuminating  a  region  of  the 
atmosphere  with  two  coherent,  focused  beams  con- 
verging at  a  small  angle  (approximately  6  mrad  in  our 
test  case)  and  intersecting  at  a  common  focus.  A  scat- 
terer  in  the  focal  volume  simultaneously  scatters  ra- 
diation back  along  each  transmitted  beam  direction  and 
from  each  transmitted  beam  into  the  other.  If  the 
scatterer  is  in  motion,  the  frequency  of  the  scattered 
radiation  will  in  general  be  different  in  each  direction. 
At  the  single  detector,  the  four  scattered  signals  are 
combined  with  one  another  and  with  a  relatively  much 
more  powerful  optical  local  oscillator  in  a  homodyne  or 
heterodyne  mode  on  a  single  detector.  A  schematic 
diagram  of  the  optical  arrangement  is  shown  in  Fig.  1. 
The  output  of  the  detector  contains  a  triplet  of  rf  sig- 
nals. Modifications  of  this  basic  procedure,  such  as 
using  a  separate  detector  and  local  oscillator  offset  for 
each  received  signal  to  remove  sign  ambiguity,  are 
possible. 


The  actual  experiment  described  later  used  homo- 
dyne detection  for  simplicity.  Target  velocity  was 
controlled  to  assure  the  optical  homodyne  beat  was  well 
removed  from  zero  frequency  so  that  no  spectral  folding 
occurred.  For  purposes  of  general  analysis  it  is  easiest 
to  assume  heterodyne  operation  so  that,  in  even  the 
general  case  where  the  longitudinal  (line-of-sight)  ve- 
locity component  may  go  to  zero,  spectral  folding  about 
zero  frequency  is  avoided. 

For  a  scatterer  of  velocity  V  at  an  angle  d  with  the 
lidar  axis  (bisector  of  the  transmitter  beams)  and  an 
incident  beam  convergence  angle  of  (/>  between  beams 
as  shown  in  Fig.  2,  the  three  Doppler  frequency  shifts 
(from  the  fixed  local  oscillator-to-transmitter  frequency 
difference)  for  an  incident  laser  frequency  v  are 


and 


Ai'o  =  (-2i>V/c)(cos0cos#/2), 
Avi  =  (-2c WcMcosfl  cos0/2  +  sin0  sintf>/2), 

Ak2  =  (-2*  V7c)(cos0  cos</>/2  -  sin0  sin0/2). 
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Received  27  May  1976. 


The  optical  signals  with  these  frequency  shifts  yield  a 
rf  triplet  that  results  from  coherent  optical  heterodyne 
detection  in  the  photodiode  detector.  The  interbeam 
frequency  component  at  Aen  should  be  twice  the  in- 
tensity of  either  wing  of  the  triplet.  Approximating 
cos0/2  =  1  and  sin</>/2  =  <f>/2  since  </>  is  very  small,  we  can 
write  the  average  frequency  shift  of  the  triplet  from  the 
local  oscillator  offset  as  //,,  where 

/z.=  |<-2«V/c)cos0|.  (2) 

This  situation  is  illustrated  schematically  in  Fig.  3. 

The  rf  triplet  centered  at  //,  arises  from  a  linear 
translation  process,  namely,  the  subtraction  of  the  local 
oscillator  frequency  from  the  optical  triplet  frequencies. 
To  conveniently  measure ,  the  spacing  between 
frequencies  in  the  triplet,  the  resulting  rf  triplet  is 
passed  through  a  nonlinear  device  to  give  a  beat  fre- 
quency between  the  frequencies  comprising  the  triplet. 
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Fig.  1.  Schematic  indication  of  apparatus  used  for  the  coherent 
differential  Doppler  experiment.  The  laser  beam  is  divided  by  beam 
divider  BD  and  focused  at  the  sample  region  S  by  optical  elements 
L.  Scattered  radiation  is  collected  and  recollimated  by  the  same 
optical  system  as  used  for  the  transmitter.  At  beam  splitter  BS  the 
four  signals  (1  back  to  1,  2  into  1,  1  into  2,  and  2  back  to  2)  are  directed 
to  the  detector  D  where  they  are  combined  with  local  oscillator  LO 


Fig 


2.     Scattering  geometry   used   for   remote   lidar  sensing  of 
transverse  velocity  at  a  point. 


After  such  nonlinear  detection  the  frequency  difference 
between  the  center  of  the  triplet  and  either  sideband  is 
fr,  where 


/,  =  I  (-</V/c)d>  sinfll 


(3) 


This  triplet  spacing  frequency  is  a  result  of  a  rf  nonlin- 
ear detection  process.  An  additional  beat  between  the 
two  sidebands  of  the  triplet  will  occur  at  a  frequency  2/V 
and  will  be  down  in  intensity  by  a  factor  of  4  below  the 
signal  at  fr- 

To  a  very  good  approximation,  the  average  frequency 
of  the  triplet  is  proportional  to  the  longitudinal  (along 
lidar  axis)  component  of  the  velocity  Vl,  and  the  beat 
(difference)  between  either  sideband  and  the  center 
frequency  gives  the  transverse  (perpendicular  to  lidar 
axis)  component  of  the  velocity  VY  in  the  plane  of  the 
transmitted  beams. 

III.     Practical  Application 

A  key  consideration  for  the  practical  application  of 
the  technique  is  the  effect  of  atmospheric  refractive 
index  fluctuations  on  the  transmitted  and  received 
signals.  Heterodyning  requires  temporal  coherence 
along  each  ray  so  that  efficient  mixing  with  the  local 
oscillator  can  occur.  Each  separate  path  need  not  be 
phase  coherent  with  the  other,  since  the  signal  scattered 
back  along  the  transmitted  path  and  that  scattered  from 
one  path  to  the  other  are  mixed  separately  with  the  local 
oscillator.  The  question  of  atmospheric  phase  fluctu- 
ations is  treated  in  a  number  of  review  articles  including 
those  by  Hodara1  and  Lawrence  and  Strohbehn.2 

Our  analysis  contrasts  the  temporal  coherence  re- 
quirements of  the  coherent  system  with  the  more  fa- 
miliar spatial  coherence  requirements  associated  with 
amplitude  scintillation  patterns.  Experimentally,  one 
could  study  temporal  coherence  with  an  unequal-arm 
interferometer  and  spatial  coherence  by  two-aperture 
amplitude  correlations  in  the  far  field.    A  clear  under- 


standing of  the  difference  between  temporal  and  spatial 
coherence,  or  between  path-integrated  frequency  effects 
and  differential  phase  changes  across  an  aperture,  helps 
one  interpret  the  coherent  differential  Doppler  tech- 
nique. 

A.     Coherent  System 

For  the  geometry  of  Fig.  1,  we  consider  a  wavelength 
X,  pathlength  L,  transverse  velocity  Vt,  atmospheric 
structure  parameter  Cn  2,  effective  optical  aperture  for 
each  beam  in  the  system  Dt.,  and  beam  separation  d  at 
the  transmitter.  Note  that  the  convergence  angle  <j>  is 
just  d/L.  Temporal  phase  fluctuations  introduce  an 
rms  frequency  modulation1  given  by 


(A/2)' 


VTDe-u,i(\-2LCn' 


Strictly  speaking,  this  expression  applies  only  for  col- 
limated  beams.  We  use  this  form  for  a  useful  approx- 
imation to  our  situation.  To  evaluate  the  range  limit 
Lt  allowed  by  temporal  coherence  requirements,  it  is 
reasonable  to  require  ( A/2)1/2  to  be  some  small  fraction 
of  fr  from  Eq.  (3),  for  example,  1%.  Applying  this  re- 
striction results  in  a  limit 


LT=  (10-2dDe1/6/Cn)2/\ 


(4) 


which  is  independent  of  wavelength.  For  typical  at- 
mospheric boundary  layer  values  of  d  =  0.3  m,  De  =0.1 
m,  and  Cn  =  3  X  10-8  m-1/3,  the  range  is  limited  to  Lt 
=  1.67  X  103  m  by  temporal  coherence  considerations. 
Note  that  L-p  increases  with  increasing  beam  separation 
so  that  longer  coherent  ranges  are  possible  by  going  to 
a  larger  geometry.  This  increase  in  range  limit  with  d 
is  a  result  of  the  larger  fr  associated  with  increasing 
convergence  angle  4>. 

B.     Incoherent  System 

For  an  incoherent  system  that  relies  on  fringe  for- 
mation, the  important  coherence  consideration  is  spatial 
coherence  between  the  two  beams  that  form  the  fringes. 
The  effective  aperture  of  the  system  for  beam-to-beam 
coherence  is  the  extreme  ray  separation  d.  The  aper- 
ture over  which  the  rms  phase  difference  (fluctuation) 
is  less  than  1  rad  is  given  by1 

d  =  [2.9<A/27r)--LCn2]-:,/5. 


1—21,-— I 


AY 


A  '■ 


Fig.  3.  Optical  heterodyne  frequency  spectrum  showing  the  triplet 
centered  at  /;.  from  the  local  oscillator  (unresolved  in  practice)  re- 
sulting from  linear  detection  and  the  experimentally  resolved  intra- 
triplet  beat  at  fr  resulting  from  nonlinear  detection.  Frequency  //, 
is  proportional  to  the  longitudinal  component  of  the  velocity  and  fr 
is  proportional  to  the  transverse  component. 
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This  expression,  valid  for  collimated  beams,  is  used  for 
the  system  focused  at  33  m  as  an  approximation  for 
helpful  range  estimates  as  was  done  in  the  temporal 
coherence  case.  The  spatial  coherence  limit  on  range 
Ls  is  then 


Ls=  (A/2jrC)-d-v:V2.9. 


(5) 


For  the  same  conditions  as  for  the  temporal  limit,  with 
A  =  10.6  X  1CT6  m,  the  range  is  limited  to  Ls  =  8.11  X 
103  m  by  spatial  coherence  considerations.  Note  that 
the  spatial  coherence  limit  decreases  with  increasing 
beam  separation,  in  contrast  to  the  case  for  temporal 
coherence.  To  compare  the  ir  with  the  visible,  it  is  more 
meaningful  when  changing  range  to  fix  the  convergence 
angle  4>  than  the  beam  separation  d.  Recasting  Eq.  (5) 
with  convergence  angle  gives  the  expression 

Ls  =  [(X/27rCn)20-w:72.9):,/8, 

which  shows  that  the  0-fixed  range  satisfying  the  spatial 
coherence  criterion  goes  as  A3/4.  Using  this  ratio  gives 
a  limiting  range  for  the  visible  Ls(vis)  =  833  m,  which 
is  less  than  the  temporal  limit  in  the  ir  for  a  similar  ge- 
ometry. 

The  ratio  Lj/Ls  indicates  whether  the  coherent 
(heterodyne)  or  incoherent  (fringe)  technique  is  more 
severely  range  limited.    This  ratio  is  given  by 

LTILs  =  5.3U-2CV/;,D(,'/ad7/\ 

and  for  the  ir  conditions  assumed  has  a  value  Lj/Ls  = 
0.206.  In  the  ir  (for  the  assumed  conditions)  the  co- 
herent system,  which  relies  on  temporal  coherence,  is 
slightly  more  range  limited  than  the  incoherent  or  fringe 
system,  which  is  limited  by  spatial  coherence.  In  the 
visible,  however,  the  range  limit  for  the  coherent  tech- 
nique is  predicted  to  be  eighty  times  larger  than  that  for 
the  incoherent  technique. 

Note  that  this  discussion  of  atmospheric  coherence 
limitations  touches  on  only  one  aspect  of  the  four-way 
remote-sensing  systems  comparisons  among  coherent 
and  incoherent  techniques  operating  in  the  ir  and  the 
visible.  The  coherence  considerations  are  intended  to 
illuminate  the  coherent  technique  and  to  indicate  that 
atmospheric  refractive  index  fluctuations  should  not 
limit  the  reported  experiment. 

The  values  assumed  for  the  examples  above  are  based 
on  a  Cn  average  for  data  taken  30  m  above  the  surface.3 
A  smaller  range  limit  would  result  for  a  Cn  of  approxi- 
mately 3  X  10-7  m_1/3  observed  in  another  experiment 
done  1.6  m  above  the  terrain.4  In  this  case  the  temporal 
range  limit  given  following  Eq.  (4)  would  be  approxi- 
mately 360  m.  On  the  other  hand,  C„  approximately 
equal  to  1  X  10-8  m_1/3  is  more  reasonable  for  a  slant 
range  at  distances  beyond  500  m.  Values  for  the  at- 
mospheric structure  parameter  Cn2  from  experiments 
in  the  visible  are  also  used  in  the  range  limit  estimates 
for  ir  wavelengths  (10.6  nm).  Near  strong  ir  absorption 
lines  the  refractive  index  of  air  changes  markedly,5  but 
at  10.6  nm  the  atmospheric  transmission  exhibits  only 
very  weak  absorption  features.  In  the  absence  of  ab- 
sorption lines,  the  difference  between  the  refractive 
index  of  air  and  of  vacuum  (n  —  1)  changes  by  less  than 


5%  over  the  0.6-10. 6-/um  region.6  It  is  therefore  rea- 
sonable to  use  the  same  value  of  C„  2  for  the  visible  and 
10.6-^m  wavelengths. 

We  conclude  from  these  considerations  that  the  co- 
herent differential  Doppler  technique  in  the  configu- 
ration tested  is  not  restricted  by  atmospheric  coherence 
limitations  to  a  range  of  at  least  360  m.  Observed 
fringes  are  not  a  reliable  indicator  of  the  possibility  of 
efficient  heterodyne  detection  of  transverse  veloci- 
ties. 

To  be  useful  in  the  atmosphere  as  a  remote  probe, 
which  implies  a  need  to  sample  much  larger  volumes 
than  are  characteristic  of  laboratory  Doppler  velocim- 
eters,  as  well  as  more  stringent  coherency  requirements 
than  for  laboratory  systems,  a  practical  Doppler  velocity 
measurement  system  must  operate  when  a  number  of 
scattering  targets  with  a  distribution  of  velocities  are 
present  within  the  sampling  region  (focal  volume).  A 
distribution  of  velocity  components  with  a  characteristic 
spread  bV  will  give  rise  to  frequency  distributions  of 
magnitude 


and 


tfi,  ~2,4dV)/c. 


6/7-~«'(aV)0/c~  (0/2)5/,.. 


(6) 


The  expressions  above,  and  the  order  of  magnitude 
arguments  following,  are  not  to  be  thought  of  as  equa- 
tions applicable  to  all  situations.  Rather,  the  argu- 
ments discuss  typical  or  generalized  scale  sizes.  For 
example,  the  spread  in  longitudinal  velocity  compo- 
nents 6Vl  is  approximately  equal  to  that  for  the 
transverse  component  bVr  in  typical  boundary  layer 
situations.  For  purposes  of  scaling  argument  it  is  suf- 
ficiently accurate  to  characterize  the  velocity  spread  by 
a  representative  value  5V. 

In  our  Doppler  lidar  experience  the  range  of  the 
spread  is  typically  given  by 


0.1  <  hV/V  <  0.5. 


(7) 


Incidentally,  this  empirical  observation  for  Doppler 
lidar  is  in  contrast  to  the  usually  smaller  spreads  noted 
for  Doppler  radar.7  It  is  reasonable  to  expect  lidar 
spreads  to  be  larger  than  radar-derived  values  since  the 
small  tracers  (typically  2-10-^m  diam)  characteristic 
of  lidar  measurements  should  follow  the  fluctuations 
in  the  wind  field  more  faithfully  than  do  larger  hydro- 
meteors  or  chaff.  The  larger  volume  average  of  the 
radar  will  also  tend  to  smooth  out  some  of  the  variability 
present  in  the  smaller  lidar  sensing  volume.  In  any 
case,  for  small  0/2  it  is  clear  that 


Mi.  »  /•; 


(8) 


and  there  is  no  hope  of  observing  the  triplet  splitting 
due  to  transverse  velocity  components  in  the  frequency 
region  near  //,  when  a  number  of  targets  with  a  distri- 
bution of  velocities  are  present  in  the  sensing  volume. 
However  the  intratriplet  beats  are  distributed  only  over 
a  narrow  frequency  bandwidth  bfr  <  fr  and  are  in  fact 
observable  in  the  frequency  region  near  fr-  Frequency 
spectral  analysis,  over  the  region  0  to  ~  2//,  on  either 
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side  of  the  heterodyne  local  oscillator  offset,  gives  a 
measure  of  the  longitudinal  velocity  component  and  its 
variation  for  a  scattering  target.  Spectral  analysis  in 
the  region  0  to  ~  2/r,  where  typically  the  scale  rela- 
tionships fr  ~  (4>/2)fi  tanO  and  4>  $•  0.01  are  represen- 
tative, gives  a  measure  of  the  transverse  velocity  com- 
ponent and  its  variation.  For  unambiguous  analysis, 
the  local  oscillator  offset  should  be  chosen  to  be  signif- 
icantly larger  than  the  greater  of  2/V  and  /l. 

In  addition  to  the  signal  triplet  from  each  scattering 
center  that  we  have  analyzed,  additional  noise 
frequencies  must  be  considered  to  understand  the  re- 
sults and  applicability  of  our  experiment.  Frequencies 
from  nonlinearly  detected  intertriplet  beats,  when 
multiple  scattering  centers  are  simultaneously  con- 
tributing to  the  signal,  will  cause  noise  in  the  frequency 
region  near  fr-  If  there  are  n  simultaneous  scatterers, 
an  intratriplet  beat  signal  proportional  to  n  will  occur 
over  a  bandwidth  5/y,  while  an  intertriplet  beat  pro- 
portional to  approximately  n2  (in  the  limit  of  large  n) 
will  be  spread  over  a  much  larger  bandwidth  bfi.  For 
small  n,  the  fact  that  6/V  «  hfi  will  dominate  the  sig- 
nal-to-noise situation  so  that  the  SNR  will  increase  with 
increasing  number  of  scatterers.  In  the  limit  of  very 
large  n  the  SNR  near  fr  goes  to  zero.  More  research  is 
required  on  the  effect  on  SNR  from  a  distributed  target 
with  a  range  of  signal  intensities  as  well  as  a  range  of 
signal  frequencies.  Since  the  intensity  from  the  scat- 
terers varies,  the  effective  n  for  a  particular  situation 
can  be  chosen  to  be  less  than  the  actual  n  by  setting  an 
intensity  threshold  on  the  received  signal  spikes  before 
the  nonlinear  mixing  occurs.  The  fact  that  some  in- 
termediate value  of  n ,  rather  than  the  largest  possible, 
is  preferred  indicates  a  possible  preference  for  the  ir 
over  the  visible  for  practical  systems. 

Comparison  of  this  coherent  differential  Doppler 
technique  with  other  transverse  velocity  measuring 
schemes  helps  to  illuminate  this  method.  Incoherent 
differential  Doppler  or  incoherently  detected  real  fringe 
systems  detect  the  amplitude  modulation  of  the  nearly 
backscattered  signal  when  inhomogeneities  in  the  at- 
mospheric aerosol  distribution  pass  through  the  illu- 
minated region.8-10  Although  the  SNR  analysis  of  such 
systems  is  difficult,"  the  coherence  requirement  on  the 
two  beams  forming  the  fringes,  which  leads  to  Eq.  (5), 
must  be  satisfied  to  maintain  good  fringe  contrast. 
Temporal  coherence  requirements  apply  to  the  so-called 
"coherent  fringe  system"  discussed  by  Hughes  and 
Pike.1 '  In  this  context,  we  mean  by  coherency  that  two 
scattered  beams  are  collected  by  separate  optical  paths 
and  combined  at  the  detector,  rather  than  considering 
the  beam  interference  to  occur  at  the  scattering  volume 
and  then  to  be  collected  along  a  simple  optical  path  as 
in  the  incoherent  fringe  system.  This  coherent  fringe 
system  does  not  involve  the  use  of  a  local  oscillator  for 
heterodyne  conversion.  We  are  not  aware  that  such  a 
coherent  fringe  system  has  been  tried  in  the  atmosphere 
at  significant  ranges,  say  beyond  10  m,  although  the 
analysis  by  Drain12  suggests  that  coherent  processing 
is  preferred  over  incoherent  when  the  number  of  par- 
ticles involved  in  the  scattering  becomes  large.    None 


of  these  transverse  techniques  is  effective  in  measuring 
the  longitudinal  component  of  velocity. 

Operationally  the  coherent  and  incoherent  tech- 
niques can  be  contrasted  by  considering  velocity  mea- 
surement where  the  target  is  a  uniform,  white  diffuse 
scatterer  such  as  a  sheet  of  paper.  No  amplitude  vari- 
ations would  be  detected  as  the  paper  moved  through 
the  fringe  system.  However,  the  scattered  light  would 
be  shifted  in  frequency,  and  the  frequency  shift  detected 
by  a  coherent  system.  Another  contrast  is  apparent  if 
one  notes  that  the  incoherent  (fringe)  technique  is 
sensitive  only  to  the  velocity  component  perpendicular 
to  the  beam  angle  bisector,  whereas  the  coherent  tech- 
nique measures  only  the  longitudinal  (line-of-sight) 
velocity  component  along  the  beam.  The  coherent 
differential  Doppler  method  studied  here  measures  the 
small  difference  in  two  longitudinal  components  sepa- 
rated slightly  in  angle  to  determine  the  component 
transverse  to  the  beam  angle  bisector. 

The  present  full-coherent  approach  combines  the 
differential  Doppler  geometry  with  the  optical  homo- 
dyne  or  heterodyne  detection  already  successfully  ap- 
plied in  the  atmosphere  for  the  longitudinal  velocity 
component.1314  The  use  of  a  local  oscillator  requires 
that  the  coherence  limits  of  Eq.  (4)  must  be  satisfied  if 
efficient  heterodyning  is  to  occur. 

IV.  Instrumentation 

To  test  some  of  these  ideas,  velocity  components  of 
the  surface  of  a  belt  sander  moving  at  approximately  45° 
to  the  lidar  axis  were  measured  at  a  range  of  33  ±  0.2  m. 
The  lidar  path  varied  from  0.5  m  to  3  m  above  an  as- 
phalt surface  with  strong  solar  heating.  This  condition 
provided  a  worst-case  test  for  the  immunity  of  the 
technique  from  decohering  effects  and  from  background 
interference,  for  a  given  pathlength.  The  two  sensing 
beams  were  separated  at  the  transmitter  by  20  ±  0.5  cm, 
converging  on  the  target  at  approximately  6.05  mrad  ± 
3%.  The  focal  region  on  the  target  was  approximately 
5  mm  X  2  mm.  The  optical  system  for  each  coaxial 
transmit-receive  path  used  a  collecting  optics  area  of 
50  cm2  and  radiated  less  than  120  mW  at  10.6-nm 
wavelength.  The  aperture  of  each  optical  system  sub- 
tended approximately  1.8  mrad  in  the  plane  of  the  two 
beams  as  seen  from  the  target.  For  simplicity  and 
economy  the  four  received  signals  were  combined  with 
the  local  oscillator  on  a  single  nonlinear  (power  law)  ir 
detector.  The  resulting  rf  optical-beat  signal  and  the 
nonlinearly  detected  intratriplet  beat  signal  were  sub- 
sequently analyzed  with  a  conventional  scanning 
spectrum  analyzer  having  a  duty  cycle  of  approximately 
0.5%  coupled  to  a  signal  averager  with  a  5-sec  time 
constant. 

V.  Results 

The  belt  sander  target  approximated  a  distributed 
atmospheric  target  sufficiently  well  that  the  velocity 
spread  or  spectrum  width  of  the  return  analyzed  with 
a  5-sec  time  constant  satisfied  the  inequality  (8).  That 
is,  there  was  no  evidence  of  a  triplet  structure  in  the 
velocity  spectrum.  The  spectral  full  width  at  half- 
maximum  at  the  expected  triplet  center,  neat  500  kHz 
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for  a  2.5-msec  '  longitudinal  velocity  component,  was 
20%  ±  5%,  or  bfJfL  =  0.2  ±  0.05. 

The  frequency  spread  is  partly  attributed  to  the  ve- 
locity changing  rapidly  within  times  shorter  than  the 
analysis  time  as  a  result  of  observed  vibration,  for  ex- 
ample, rather  than  solely  to  multiple  velocities  existing 
in  the  sensing  volume  at  any  instant.  Thus  this  target, 
while  simulating  some  aspects  of  a  velocity-distributed 
multiple-target  situation,  does  not  represent  an  atmo- 
spheric aerosol  target  well  enough  to  prove  definitely 
the  feasibility  of  the  technique  for  such  an  atmospheric 
target.  However,  the  experimental  results,  together 
with  the  analysis,  do  give  a  reasonable  expectation  that 
transverse  velocity  measurements  are  possible  from 
aerosol  targets  at  ranges  beyond  30  m.  Even  with  no 
averaging  time,  the  scanning  spectrum  analyzer  would 
not  be  expected  to  observe  the  rf  triplet  from  the  in- 
tensity-fluctuating variable-frequency  signal,  since  the 
time  to  scan  the  triplet  spread  of  2fr  was  equal  to  or 
greater  than  the  duration  of  each  signal  burst. 

In  order  to  measure  the  instantaneous  triplet  spacing 
and  thereby  determine  the  frequency  fj  and  the 
transverse  component  of  the  target  velocity,  the  rf  signal 
bursts  from  the  detector  were  amplified  by  40  dB,  fed 
through  a  series  diode,  and  analyzed  by  the  same 
time-averaged  scanning  spectrum  analyzer  used  to 
study  the  spectrum  near  the  longitudinal  component 
frequency.  The  spectrum  analyzer  sweep  range  was 
changed  by  a  factor  of  5  X  10"',  near  the  factor  </>/2 
difference  expected  from  Eqs.  (2)  and  (3). 

The  intratriplet  beat  expected  was  observed  at  a 
frequency  fr  near  3  kHz  corresponding  to  a  transverse 
velocity  component  of  approximately  2.5  msec-1.  Two 
departures  from  the  idealized  situation  were  evident. 
First,  the  spectral  full  width  at  half-maximum  of  the 
transverse  frequency  was  50%  ±  10%,  or  bfrlfr  =  0.5  ± 
0.1,  although  one  would  expect  the  velocity  distribution 
statistics  to  be  the  same  for  both  longitudinal  and 
transverse  velocity  components.  The  increased  spectral 
width  for  the  transverse  component  is  attributed  to 
geometric  broadening.  Each  beam  subtended  an  angle 
greater  than  25%  of  the  beam  separation.  In  relation 
(6)  a  spectral  width  dfr/fr  can  arise  from  both  a  velocity 
spread  8V/V,  common  to  both  components,  and  from 
a  distribution  in  convergence  angle  b4>/4>,  which  strongly 
affects  only  the  transverse  component.  Secondly,  a 
weak  spectral  peak  was  observed  at  a  frequency  2fr  with 
an  intensity  less  than  10%  of  the  peak  at  fr-  The 
weakness  of  this  intratriplet  beat  with  respect  to  the 
expected  25%  of  the  fr  intensity  is  attributed  to  the 
nonlinear  character  of  the  mixing  process  in  the  simple 
series  diode. 

Infrared  Doppler  lidar  sensing  of  longitudinal  (along 
the  line-of-sight)  velocity  components,  at  ranges  of  at 
least  1  km  using  velocity-distributed  targets,  is  a  well- 
established  technique.  To  help  establish  the  validity 
of  this  newer  technique,  variations  in  the  transverse 
velocity  component  experiment  were  tried.  These  tests 
produced  the  expected  results  and  strengthened  con- 
fidence in  the  technique  analysis  presented  earlier  in 
the  paper. 

First,  an  increase  in  the  angle  between  the  lidar  axis 


and  the  constant- velocity  target  velocity  from  30°  to  60° 
shifted  the  peak  of  the  fr  frequency  distribution  by  the 
expected  factor  of  1.7  ±  10%  for  the  change  in  transverse 
velocity  component. 

Second,  rotation  of  the  plane  of  the  intersecting 
beams  by  90°  about  the  beam  angle  bisector,  so  that  the 
beam  plane  was  perpendicular  to  the  plane  containing 
the  lidar  axis  and  the  target  velocity,  resulted  in  a 
transverse  frequency  fr  <  0.1  kHz,  consistent  with  the 
expected  value  0  (no  triplet  splitting).  This  accuracy 
limitation  is  not  fundamental  but  arises  from  the 
zero-beat  width  of  the  spectrum  analyzer  at  the  setting 
used.  The  longitudinal  frequency  spectrum,  in  the 
region  of  ft  ~  500  kHz,  underwent  no  detectable  change 
when  the  beam  plane  was  rotated. 

The  third  verification  test  consisted  of  simulta- 
neously reducing  the  beam  separation  and  increasing 
the  individual  beam  aperture,  leaving  the  outer  limits 
of  the  optical  system  unchanged.  For  each  stage  of  the 
two-step  beam  separation  modification,  the  transverse 
frequency  spectrum  of  fr  was  observed  to  increase  in 
integrated  intensity,  to  shift  in  peak  value  to  lower 
frequency,  and  to  broaden.  The  spectral  intensity  in- 
crease was  consistent  with  that  resulting  from  increasing 
the  original  50-cm2  optics  area  to  85  cm2  and  then  to  100 
cm2  for  each  beam.  The  reduction  of  fr  at  the  spectral 
peak  is  a  result  of,  and  qualitatively  proportional  to,  the 
reduction  in  effective  mean  interbeam  convergence 
angle  <j>.  Geometric  broadening  due  to  both  increasing 
b(p  and  decreasing  4>  is  responsible  for  the  increasing 
width  of  the  spectrum.  During  the  decreasing  separa- 
tion and  increasing  aperture  system  modification,  no 
part  of  the  frequency  spectrum  above  the  original 
spectral  peak  changed,  which  is  expected  if  the  maxi- 
mum-convergence-angle portion  of  the  optical  system 
remained  unchanged. 

A  fourth  check  of  the  experiment  was  to  determine 
if  the  sensing  paths  really  intersected  at  the  target  and 
were  coherent.  On  a  thermally  sensitive  screen  the 
10.6-Mm  wavelength  field  intensity  at  the  target  con- 
sisted of  three  interference  fringe  maxima  within  an 
overall  envelope  5  mm  X  2  mm.  The  long  dimension 
of  the  pattern  was  in  the  plane  of  beam  intersection, 
consistent  with  the  diffraction-limited  spot  size  of  the 
single  beam  aperture  dimensions,  which  were  in  a  ratio 
of  approximately  4:10  parallel  and  perpendicular  to  the 
intersection  plane,  respectively.  The  measured  fringe 
spacing  of  1.75  mm  ±5%  agreed  well  with  a  calculated 
value  of  the  fringe  spacing,  d  =  A/0  =  1.75  mm  ±  3%. 
The  pattern  at  the  target  also  rotated  90°,  as  expected, 
when  the  plane  of  beam  intersection  was  rotated  by  90° 
about  the  convergence  angle  bisector. 

VI.     Conclusions 

We  conclude  from  this  experiment  that  it  is  possible 
to  measure  remotely  at  one  point  in  the  flow  field  all 
three  velocity  components  of  a  target,  both  transverse 
to  and  along  the  optical  line  of  sight,  simultaneously,  by 
using  a  fully  coherent  optical  homodyne  (and  by  simple 
extension,  heterodyne)  technique.  The  measurement 
is  made  effectively  from  a  single  location.  In  addition, 
the  analysis  and  experiment  give  reasonable  expectation 
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that  the  technique  will  work  on  multiple  targets,  oc- 
curring intermittently  throughout  the  sensing  volume, 
with  a  significantly  wide  distribution  of  velocities. 
With  readily  available  apparatus,  interbeam  conver- 
gence angles  as  small  as  6  mrad  pose  no  difficulty  in 
practice. 

The  practical  limits  of  the  technique,  with  respect  to 
the  statistics  of  signal  distribution  in  time  and  fre- 
quency and  with  respect  to  minimum  convergence 
angle,  remain  to  be  determined. 

We  appreciate  the  continuing  interest  in  and  helpful 
technical  support  of  this  work  by  V.  E.  Derr.  R.  G. 
Strauch  aided  in  clarifying  the  system  noise  charac- 
teristics and  over  all  presentation  of  the  ideas.  C.  G. 
Little  helped  to  identify  the  optical-path  relationship 
with  the  frequency  triplet.  This  work  was  supported 
in  part  by  the  U.S.  Army  Research  Office  under  order 
ARO  9-76,  by  the  Nuclear  Regulatory  Commission 
under  agreement  AT(49-25)-1004,  and  by  the  Envi- 
ronmental Protection  Agency  under  task  EPA-IAG-D5 
(E77BEB). 
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BOUNDARY  LAYER  WIND  MEASUREMENTS  WITH  AN  FM-CW  RADAR 

R.  B.  Chadwick,  W.  C.  Campbell,  K.  P.  Moran ,  and  R.  G.  Strauch 

NOAA/ERL/Wave  Propagation  Laboratory 

Boulder,  Colorado  80302 


1.        INTRODUCTION 

An  FM-CW  radar  equipped  with  Doppler 
data  processing  is  able  to  measure  the  velocity 
spectra  of  both  hydrometeor  scatterers  and  re- 
fractive-index fluctuations  in  the  optically  clear 
air  [Strauch  et  al.   1976].   The  FM-CW  Doppler 
radar  is  therefore  potentially  able  to  measure 
wind  profiles  in  all  weather  conditions.   The  FM- 
CW  radar  without  Doppler  capability  has  been  used 
primarily  as  a  high  resolution  probe  of  the  re- 
flectivity structure  of  the  optically  clear  air. 
It  has  usually  detected  scattering  from  layered 
regions  but  could  not  detect  spatially  continuous 
radar  scattering  even  at  low  altitudes.  However, 
the  addition  of  Doppler  processing  to  the  FM-CW 
radar  means  that  it  can  be  used  in  different  and 
more  versatile  modes.   For  example,  the  FM-CW 
radar  has  heretofore  operated  almost  exclusively 
as  a  zenith-pointing  device;  with  Doppler  pro- 
cessing it  will  usually  be  operated  off  the  zenith 
to  measure  horizontal  wind  components.   Without 
Doppler  processing  the  FM-CW  radar  typically 
operates  with  a  range  resolution  of  a  few  meters; 
with  Doppler  it  has  applications  as  a  wind  sensor 
with  coarse  range  resolution  as  well  as  applica- 
tions requiring  fine  resolution.   The  FM-CW  radar 
without  Doppler  processing  uses  integration  times 
of  a  few  seconds  so  that  the  spatial  structure  of 
reflectivity  can  be  measured  in  detail  as  it 
passes  overhead;  an  FM-CW  Doppler  radar  may  use 
integration  times  of  more  than  one  minute  to 
measure  wind  profiles.   The  FM-CW  radar  without 
Doppler  capability  is  relatively  insensitive  to 
reflectivity  structure  that  does  not  change  in 
height  or  with  time;  with  Doppler  processing  the 
presence  of  scattering  from  non- layered  regions  of 
the  atmosphere  is  readily  detected,  even  if  the 
signals  are  much  weaker  than  the  background  ground 
clutter.   Therefore,  the  FM-CW  Doppler  can  mea- 
sure wind  profiles  in  regions  where  the  non- 
Doppler  FM-CW  radar  detects  no  scattering  layers. 

Green  et.  al.  (197S)  report  the  mea- 
surement of  winds  in  the  optically  clear  air  by 
measuring  spatially  continuous  scattering  between 
4  and  16  km  altitude  with  a  7-m  pulse  Doppler 
radar.   When  we  compare  the  sensitivity  of  an  FM- 
CW  radar  to  that  of  the  7-m  pulse  radar  using  the 
techniques  of  Chadwick  and  Little  (1973),  we  find 
that  we  should  detect  the  same  refractive-index 
fluctuations  at  an  altitude  of  1  km  with  an  FM-CW 
radar  that  the  7-m  pulse  radar  detects  at  10  km 
altitude.   Because  refractive-index  fluctuations 
at  1  km  altitude  are  much  stronger  than  those  at 
10  km  altitude  the  FM-CW  Doppler  radar  can  be 
expected  to  measure  boundary  layer  wind  profiles. 

2.        RADAR  SENSITIVITY 

The  minimum  detectable  radar  reflecti- 
vity of  an  FM-CW  Doppler  radar  is  given  by: 
(Strauch,  1976) 


256  R  k  T  a 
op  v 


where     k  is  the  Boltzmann  constant 

T   is  the  operating  temperature  of 
the  receiver 

R  is  the  range 

Ov  is  the  standard  deviation  of  the 
Doppler  velocity  distribution 

P  is  the  transmitted  power 

Ag  is  the  effective  antenna  aperture 

AR  is  the  range  resolution 

X  is  the  radar  wavelength 

AV  is  the  velocity  resolution  of  the  radar 

and       Tq  is  the  total  observation  time. 

The  radar  reflectivity  is  related  to  the  re- 
fractive-index fluctuations  in  the  inertial 
subrange  by:   (Ottersten,  1969) 


n  =  0.38  C  X 
n 


■1/3 


(2) 


where  C^  is  the  refractive-index  structure 
constant.   We  can  predict  the  minimum  C2  needed 
for  detection  using  the  following  parameters 
that  apply  to  the  Wave  Propagation  Laboratory 
FM-CW  radar: 

T   =  527  K 
op 

P   =  200  Watts 

A   =  2.33  m2 
e 

AR  =  32  m 

A   =  0.1  m. 
o 

The  width  of  the  Doppler  spectrum  is  assumed 
to  be  1  m/s.   A  velocity  resolution  of  15/32  m/s 
and  a  total  observation  time  of  64  s  are  assumed. 
The  minimum  value  of  Cj*  that  can  be  detected  at 

1  km  range  is  5  x  10"17  m'2/l .      (The  minimum 
detectable  reflectivity  factor  for  hydrometeor 
scattering  is  -47  dBZ  at  1  km  range.)   Measure- 
ments made  by  Kropfli  et.  al.  (1968)  and  Ochs  and 
Lawrence  (1972)  indicate  that  a  radar  with  this 
sensitivity  should  be  able  to  measure  wind  pro- 
files in  the  lowest  1  to  2  km  of  the  optically 
clear  atmosphere  in  nearly  all  the  cases  measured 
by  the  in  situ  sensors.   This  conclusion  is  sup- 
ported by  the  experimental  data  that  we  have 
obtained  since  Sept.  1975  with  our  FM-CW  radar 
operating  in  the  adverse  conditions  of  relatively 
dry  air  masses  in  Colorado. 


3. 


WIND  MEASUREMENTS 


/if  P  A  AR/X  (AV)T 
t  e     ov    o 


(1) 


The  Doppler  processing  scheme  for  FM-CW 
radars  is  described  by  Barrick  (1973)  and  Strauch 
et.  al.  (1976).   Strauch  and  Chadwick  (1976)  give 
a  simplified  description  of  how  the  spectral 
indicies  of  the  power  spectrum  of  the  signal 
obtained  from  repetitive  sweeps  correspond  to  both 
target  range  and  target  velocity.-  Figs.  1-3  show 
examples  of  this  range/velocity  display  with  radar 
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Range/Velocity 


Figure  1.      Power  spectrum  of  the  FM-CW  radar  re- 
turn from  the  optically  clear  air.      Spectrum 
shown  is  the  average  of  39  spectra  obtained  in 
20  s.      Spectrum  calculations  were  performed  off- 
line by  minicomputer. 


Range/Velocity 


Figure  2.     Real-time  display  of  the  power  spectrum 
of  FM-CW  radar  signals.     Sharp  lines  are  ground 
clutter  at  consecutive  range  resolution  cells 
while  signal  spectra  occur  at  spectral  points 
corresponding  to  non-zero  velocity. 


Time 


Figure  3.      Time-height  display  of  the  range /velocity 
data  obtained  in  real  time  from  radar  returns  in 
the  optically  clear  air. 

returns  from  the  optically  clear  air.  Fig.  1  shows 
the  average  of  39  power  spectra  that  were  cal- 
culated off-line  with  a  minicomputer.   The  mixer 
output  signal  was  digitized  and  tape  recorded  and 
each  of  the  39  spectra  were  obtained  from  32  radar 
sweeps.   Ground  clutter  appears  as  a  sharp  line  at 
the  spectral  index  values  on  the  axis  labeled  as 
range/velocity  (at  zero  velocity)  while  the  spectra 
of  moving  targets  are  broader  and  are  displaced 


from  the  zero-velocity  lines.   The  strong  signal 
spectra  in  the  range  intervals  near  399  m  are 
actually  folded  in  velocity;  it  is  not  possible  to 
tell  from  this  display  whether  the  velocities  are 
toward  or  away  from  the  radar.   (The  ambiguity  is 
easily  resolved  with  clear  air  returns  by  simply 
increasing  the  elevation  angle  of  the  radar 
antenna  to  reduce  the  Doppler  shift  caused  by 
horizontal  winds.)   Fig.  2  shows  a  similar  display 
obtained  from  the  output  of  the  real-time  spectrum 
analyzer.  Again,  the  ground  clutter  appears  as  a 
sharp  line  so  that  the  presence  of  strong  ground 
clutter  does  not  prevent  the  detection  of  weak 
atmospheric  returns  if  the  Doppler  spectrum  is 
shifted  sufficiently  by  the  horizontal  wind.   Fig. 
3  shows  the  same  type  of  output  on  a  time/range 
display.  In  this  display,  the  power  density  of  the 
spectrum  analyzer  output  modulates  the  intensity 
while  the  film  advances  slowly.   The  y  axis  is  the 
range/velocity  axis.  The  horizontal  lines  on  the 
film  are  the  ground  clutter  corresponding  to 
consecutive  range  intervals  while  the  signal 
spectra  are  displaced  from  the  clutter  by  the  mean 
wind  which,  in  this  case,  has  a  periodic  component. 
One  component  of  the  horizontal  wind  can  be  ob- 
tained from  data  of  this  type.   In  order  to  mea- 
sure the  vector  wind  we  have  mounted  the  dual 
antennas  on  a  fully  steerable  mount.   We  have 
operated  at  full  rf  power  at  elevation  angles  as 
low  as  30  deg. 

We  operated  our  Doppler  FM-CW  radar  for 
a  two-week  period  in  September  1975  in  south- 
eastern Colorado  near  a  152-m  tower  and  a  tethered 
balloon  system.   The  tethered  balloon  was  instru- 
mented to  measure  temperature,  humidity,  wind 
speed,  and  direction  for  elevations  up  to  600  or 
700  m.   This  equipment  was  described  by  Morris  et. 
al.  (1975).  The  location  near  Haswell,  Colorado, 
is  a  typical  high  plains  meteorological  regime 
in  which  active  convection  develops  during  clear 
days.   The  data  described  here  were  collected  on  a 
day  when  ground  fog  was  present  at  0700  MDT.  The 
fog  "burned  off"  and  was  followed  by  a  2/10  cover 
of  strata  cumulus  by  0900.   At  1100  the  sky  was 
completely  clear.   To  further  characterize  the 
meteorology,  temperature  and  humidity  soundings 
from  the  tethered  balloon  are  shown  in  Fig.  4.  The 
ascent  occurred  from  1112  to  1128  and  the  descent 
occurred  from  1128  to  1142. 

At  1140,  the  radar  was  operating  with  an 
elevation  angle  (from  horizontal)  of  60°;  the 
maximum  observed  range  was  1171  meters,  and  the 
maximum  unambiguous  horizontal  velocity  of  the  radar 
was  +_  5.0  m/s.   Because  of  the  existence  of  a 
strong  capping  inversion,  we  assume  that  the 
vertical  velocity  is  negligible  compared  to  the 
horizontal  velocity.  We  averaged  39  velocity 
spectra  from  each  range  interval  to  arrive  at  a 
range/velocity  map  representing  10  s  of  data. 
With  a  computer  algorithm,  we  estimated  the  mean 
radial  velocity  and  derived  profiles  of  a  com- 
ponent of  the  horizontal  wind  along  a  given 
direction.   A  profile  of  the  wind  component  along 
225°  azimuth  is  shown  in  Fig.  5  with  profiles  of 
the  same  component  obtained  over  30  min  by  the 
tethered  balloon  Boundary  Layer  Profiler  (BLP) 
system.   The  agreement  is  remarkably  good  con- 
sidering that  the  BLP  was  located  "V  300  m  to  the 
east  of  the  radar  and  the  radar  data  are  averaged 
over  only  10  s.   An  estimate  of  how  the  radar  data 
change  with  time  is  provided  by  the  next  four  wind 
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Figure  4.      Temperature   (T)  and  relative  humidity 
(BR)  profiles  measured  by  tethered  balloon. 
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Figure  5.      Wind  profiles  on  225°  bearing  as  mea- 
sured by  FM-CW  radar  and  tethered  balloon.      The 
small  circles  are  from  a  rawinsonde   launched  at 
1100. 
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Figure  6.      Four  wind  profiles  on  225°  bearing  as 
measured  by  FM-CW  radar  at   10-sec  intervals. 

profiles  plotted  in  Fig.  6.   The  radar  wind  pro- 
files from  Figs.  5  and  6  show  the  radar  wind  data 
at  225°  over  a  SO-s  interval.   Fig.  7  shows  the 
radar  wind  component  along  the  315°  azimuth  at 
approximately  the  same  time  as  that  measured  by 
the  BLP.   It  is  clear  that  the  strong,  persistent 
shear  layer  is  along  the  225°  azimuth  only.   Fig. 
8  shows  the  four  10-s  averages  of  the  radar- 
derived  wind  component  immediately  prior  to  the 
profile  in  Fig.  7.   Note  how  rapidly  the  wind  was 
changing  in  the  lower  levels  compared  with  the 
225°  azimuth  wind. 
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Figure   7.      Wind  profiles  on  315°  bearing  as  mea- 
sured by  FM-CW  radar  and  tethered  balloon. 
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Figure  8.      Four  wind  profiles  on  315"  bearing  as 
measured  by  FM-CW  radar  at   10-sec  intervals. 

4.        CONCLUSION 

An  FM-CW  Doppler  radar  can  measure  wind 
profiles  in  the  lower  atmosphere  in  the  optically 
clear  air.   Since  the  measurement  of  winds  in. the 
presence  of  hydrometeors  is  readily  achieved  with 
Doppler  radar  (Strauch  et.  al.  1976),  the  FM-CW 
Doppler  radar  has  potential  for  important  appli- 
cations as  a  device  for  measuring  winds  in  the 
lower  atmosphere  in  all  weather  conditions.   Such 
a  device  may  be  useful  for  measuring  wind-shear 
hazards  at  airports,  predicting  dispersal  of  air 
pollutants  in  valleys,  near  cities,  or  near  power 
plants,  and  predicting  the  formation  and  dispersal 
of  fog.   It  will  also  enable  us  to  determine  the 
role  that  wind  shear  plays  in  the  formation  of 
layers  of  high  radar  reflectivity.   In  addition, 
the  second  moment  of  the  Doppler  spectrum  can  be 
used  to  estimate  turbulent  dissipation  rates 
which  are  important  in  understanding  boundary 
layer  dynamics. 
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1. 


INTRODUCTION 


Mechanical  forcing  produced  by  cold 
outflow  at  downdraft  bases  is  recognized  by 
thunderstorm  researchers  as  a  powerful  mechanism, 
often  vital  to  storm  sustenance  and  propagation. 
The  conceptual  models  of  Newton  and  Newton  (1959) , 
Browning  (1962),  and  others  describe  this  mecha- 
nism and  emphasize  that  when  there  is  substantial 
vertical  wind  shear  in  the  storm  environment, 
updrafts  and  downdrafts  with  opposing  horizontal 
momentum  can  coexist  adjacent  to  each  other  and 
interact  to  maintain  a  quasi- steady  configuration 
often  associated  with  severe  or  tornadic  storms. 
More  often  steadiness  is  not  achieved;  instead, 
outflowing  downdraft  air  stimulates  the  formation 
of  new  and  separate  convective  cells,  thus  main- 
taining a  multi-cell  storm  by  discrete  propaga- 
tion. Convergence  and  lifting  are  especially 
intense  where  cold  thunderstorm  outflow  collides 
with  outflow  from  another  storm  or  with  a  sea- 
breeze  current.   Indeed,  the  latter  situation  has 
been  observed  in  association  with  several  south 
Florida  tornados  and  waterspouts  (Holle  and  Maier, 
1974;  Boyd,  1965;  Gerrish,  1969;  Senn  et  al., 
1969) .   In  fact  many  south  Florida  tornados  occur 
when  synoptic  sc^le  shear  is  weak  and  local  winds 
are  dominated  by  thunderstorms  and  the  sea  breeze 
(Senn  et  al.,  1969).  The  bulk  of  summer  rainfall 
in  this  area  is  derived  from  numerous  convective 
storms  of  moderate  intensity,  formed  and  main- 
tained under  the  influence  of  sea  breeze  and 
intra-cell  interactions  (Pielke,  1973).  Often  the 
cells  form  lines  or  clusters,  and  rainfall  pro- 
duction is  greatly  enhanced  when  individual  cells 
merge  to  form  larger  and  more  intense  storms 
(Simpson  and  Woodley,  1971;  Woodley  et  al.,  1971). 

In  this  paper  we  present  three  dimen- 
sional air  flow  patterns  obtained  by  the  Univer- 
sity of  Miami  dual  Doppler  radar  system,  which 
document  the  role  of  downdraft  interaction  in 
promoting  one  cell  merger  as  described.  We  feel 
these  observations  are  highly  relevant  to  weather 
modification  efforts,  particularly  in  south 
Florida  where  researchers  aim  to  effect  mergers  by 
cloud  seeding  (Simpson  et  al . ,  1972).  The  utility  of 
multiple  Doppler  radar  in  thunder.storm  research  is 
discussed  in  light  of  the  fact  that  quasi-real 
time  processing  of  multi-Doppler  data  may  soon  be 
possible  (Lhermitte,  1975). 

2.        CONDITIONS  IN  THE  STORM  ENVIRONMENT 

During  the  summer  of  1973  the  University 
of  Miami  dual  Doppler  system  was  operated  in  south 
Florida  in  conjunction  with  the  Florida  Area 
Cumulus  Experiment  (FACE),  conducted  by  the 
National  Oceanic  and  Atmospheric  Administration  - 
Experimental  Meteorology  Laboratory  (NOAA-EML) . 
Its  purpose  was  to  study  convective  rainstorms  in 
the  south  Florida  area  and  to  test  the  results  of 
dynamic  seeding  on  Florida  cumulus  clouds  (Staff, 
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Figure   1.      During  FACE  1973  the  University  of  Miami 
dual  Doppler  system  was   located  just  south  of  Lake 
Okeeohobee.     The  dashed  line  indicates  the  total 
area  of  dual  Doppler  coverage,   but  this  study  is 
concerned  with  dual  Doppler  measurements  in  the 
heavily  outlined  square.      The  University  of  Virginia 
surface  instrument  network  covers  the  stippled  area. 

EML,  1974).   For  this  experiment  the  University  of 
Miami  radars  were  located  near  the  south  shore  of 
Lake  Okeechobee,  as  shown  in  figure  1.  The  radars 
were  separated  by  about  35  km,  and  were  able  to 
provide  dual  Doppler  observations  within  the  area 
delineated  in  the  figure  by  dashed  lines.  Mea- 
surements to  be  discussed  in  this  paper  are  con- 
fined to  the  37  km  x  37  km  square  bounded  in  the 
figure  by  solid  lines.  These  results  pertain  to  a 
complex  of  thunderstorm  cells  that  was  observed  on 
the  afternoon  of  July  30,  1973.   Dual  Doppler  data 
were  collected  from  13:48  to  17:17  EDT  on  that 
day,  but  this  analysis  is  concerned  with  develop- 
ments between  15:30  and  16:30. 

Figure  2  depicts  a  series  of  WSR  57  PPI 
photographs  that  show  the  evolution  over  a  90 
minute  period  of  radar  echos  near  the  area  of  dual 
Doppler  coverage.   We  will  consider  flow  patterns 
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f  "'""       figure  2.     PPI  photographs  show 

s-<         the  evolution  of  the  elongated 
complex  which  was  the  object  of 
dual  Doppler  radar  study.     In- 
dividual thunderstorm  cells 
labelled  in  the  16:00  and  16:15 
frames  are  discussed  in  the  text. 
Doppler  radar  locations  and  the 
Doppler  analysis  area   (37.5  km  x 
37. 5  km)  is  included  for  refer- 
ence  (see  figure  1).     All  times 
are  EDT,  and  the  contour  levels 

are  drawn  for  radar  reflectivity  factors  of  16, 

30  and  41  dBZ. 

in  the  echo  region  containing  cells  1  and  2,  which 
are  pointed  out  in  the  16:00  photo  of  the  figure. 
Cells  1  and  2  present  a  convenient  situation  for 
dual  Doppler  analysis  for  several  reasons.  They 
are  in  an  optimum  location  around  16:00,  and  until 
about  16:10  the  pair  is  distinguishable  from 


Figure  3b.     Profile  of  equivalent  potential  tem- 
perature,   0£,  versus  height  from  the  15:30  EDT 
central  site  sounding   (left),   and  the  wind  profile 
from  MIA  at  16:00  EDT. 

surrounding  cells  and  thus  can  be  treated  to  some 
extent  as  a  separate  cell  complex.  Furthermore, 
the  eventual  dissipation  of  cell  2  and  the  merging 
of  cell  1  with  cell  3  (see  the  16:15  photo)  is  an 
interesting  development  which  we  will  attempt  to 
explain  with  the  help  of  the  Doppler  measurements. 

Synoptic  conditions  over  south  Florida 
on  this  day  are  described  as  "weakly  disturbed" 
(Staff,  ERL,  1974)  due  to  the  presence  in  the  area 
of  a  stationary  trough  with  minor  perturbations. 
The  Showalter  stability  index  is  +4  for  the  8:00 
EDT  Miami  sounding,  and  slightly  less  than  +3  for 
the  14:30  EDT  sounding  at  Central  Site  (shown  in 
figure  1) .  The  latter  sounding  is  shown  in  figure 
3a.   Small  circles  on  the  temperature  sounding 
indicate  a  suggested  in-cloud  profile  referring  to 
a  parcel  which  entrains  saturated  air  of  environ- 
ment temperature  according  to  1/M  dM/dZ  =  0.2, 
where  M  is  parcel  mass  and  Z  is  height  in  kilometers 
The  entrainment  calculation  is  discussed  in  Frank 
(1976). 
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Figure  3a.      Central  site  Bounding  for  14:30  EDT,  about  one  hour  earlier  than  the  dual  Doppler  observations 
presented  in  this  study.     Circles  refer  to  an  updraft  of  1  km  radius  which  entrains  saturated  air  at  the 
environment  temperature,  assuming  entrainment  coefficient  K  =  0.2. 
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In  figure  3b  the  wind  profile  from  the 
15:00  EDT  MIA  sounding  is  shown  along  with  a  pro- 
file of  equivalent  potential  temperature,  6p,  de- 
rived from  the  central  site  sounding.   Southerly 
winds  of  5  to  8  ms  '  in  the  lowest  4  km  give  way 
to  8  to  10  ms   northeasterly  winds  above  7  km, 
with  weak  easterly  flow  between.   Warm,  moist  air 
gives  rise  to  large  6£  below  2  km,  confirming  that 
abundant  moisture  is  available  to  drive  convection. 
Between  2  km  and  5  km,  on  the  other  hand,  8p_  is 
relatively  low,  so  evaporative  cooling  and  down- 
draft  formation  are  favored  in  this  layer. 

The  radar  echo  pictures  in  figure  2  show 
that  the  cells  we  are  to  describe  are  part  of  an 
elongated  complex  which  has  new  cells  periodically 
developing  on  the  northeast  end.   Individual  cells 
move  almost  straight  northward,  from  190°  at 
about  8  ms  ' ,  and  the  complex  simultaneously  pro- 
pagates toward  the  northeast  as  new  cells  appear. 
Careful  study  of  a  more  complete  set  of  photos 
(not  all  included  in  figure  2)  reveals  that  cells 
toward  the  southeast  dissipate  while  those  on  the 
northwest  grow  and  tend  to  merge.   It  appears  that 
the  complex  is  fed  primarily  by  air  that  originates 
at  low  levels  on  the  west  side,  and  this  supposi- 
tion is  reinforced  by  photographs  taken  from 
research  aircraft,  revealing  a  shelf-like  struc- 
ture just  above  cloud  base  on  the  west. 

The  propagation  of  this  complex  along  a 
line  from  southwest  toward  northeast  suggests  the 
presence  of  a  convergence  line,  perhaps  associated 
with  colliding  outflows  from  thunderstorms  dissi- 
pating at  this  time  to  the  south  and  to  the  north- 
west.  Winds  measured  in  the  University  of  Virginia 
surface  network  (shaded  in  figure  1)  were  southerly; 
it  is  likely  that  they  had  a  westerly  component  in 
the  area  toward  the  west. 

3.        VERTICAL  VELOCITY  PATTERNS 

The  Doppler  observations  are  derived 
from  a  succession  of  three  dimensional  scan  se- 
quences accomplished  by  the  coplanar  scanning 
technique  of  Lhermitte  and  Miller  (1970).   Each 
sequence  covers  about  seven  minutes,  during  which 
time  ten  planes  tilted  at  0°,  2°,  ...,  18°  are 
scanned.  Horizontal  slices  are  constructed  for 
each  sequence  at  400  m  intervals  up  to  5600  m, 
with  data  for  each  slice  represented  on  a  1  km 
horizontal  grid.   Using  quasi -horizontal  two- 
dimensional  velocities  measured  by  the  radars,  we 
integrate  the  continuity  equation  to  arrive  at 
vertical  velocities.   Incompressible  flow  is 
assumed  and  contamination  of  measured  quasi- 
horizontal  velocity  fields  by  vertical  target 
motion  is  ignored.  Details  of  the  technique  used 
and  uncertainties  in  the  results  are  discussed  by 
Frank  (1976).  The  field  of  horizontal  motion  is 
quite  accurately  determined,  but  some  vertical 
velocities  may  be  in  error  by  as  much  as  several 
meters  per  second.  Nevertheless  updraft  and  down- 
draft  locations  and  other  salient  features  of  the 
vertical  velocity  field  are  well  represented  at 
scales  larger  than  one  kilometer. 

The  analysis  is  focused  on  four  se- 
quences, with  starting  times  at  15:42,  15:56, 
16:03  and  16:10  EDT.  Vertical  velocity  fields  for 
these  sequences  are  shown  in  figure  4  for  hori- 
zontal planes  at  400  m,  2000  m,  and  3600  m  heights; 
sparse  data  prevented  the  computation  of  w  fields 


at  higher  levels.   In  the  figures,  numerals  re- 
present downward  velocities  in  meters  per  second, 
while  letters  represent  upward  velocities,  for 
example,  A  =  1  ms  ' ,  B  =  2  ms  '  ,  etc.   Contours 
are  drawn  for  w  =  0,  with  updrafts  areas  shaded. 
The  locations  of  cells  1,  2,  and  3  are  indicated 
in  figure  4b. 

At  the  400  m  subcloud  level  (figure  4a) 
we  see  that  vertical  motion  is  weak  and  predomi- 
nantly downward  except  at  16:10,  when  significant 
updraft  occui :,   in  the  rapidly  developing  echo 
between  cells  1  ind  3.   However,  the  patterns  of 
vertical  flow  show  strong  features  and  rapid 
evolution  at  2000  m  and  3600  m.   Updrafts  domi- 
nate cell  1  and  cell  2  at  15:42  (cell  3  is  not 
covered  at  this  time),  increasing  with  height; 
the  flow  is  typical  of  the  late  cumulus  stage.   No 
significant  downdraft  has  developed,  but  a  sub- 
stantial amount  of  precipitation  is  present  at 
this  time,  as  evidenced  by  the  15:45  radar  echo 
shown  in  figure  2.   An  additional  cell  is  seen 
to  the  south  of  cell  2  at  15:42,  but  the  evolution 
of  this  cell  cannot  be  traced  because  the  echo  is 
of  insufficient  strength  (perhaps  a  result  of 
attenuation)  to  allow  Doppler  measurements  at 
later  times.   The  echo  history  of  figure  2  shows 
that  this  area  dissipates  about  16:00. 

Circulation  indicative  of  the  mature 
stage  is  evident  in  cells  1  and  2  at  15:56.   Down- 
draft  dominates  in  the  observed  portions  of  cell 
2,  although  some  updraft  is  apparent  at  3600  m, 
probably  extending  to  higher  levels.   In  cell  1 
the  downdraft  is  less  extensive  and  weaker,  sug- 
gesting a  slightly  less  advanced  stage  of  develop- 
ment than  cell  2.   At  16:03  we  see  weaker  down- 
draft  at  2000  m  and  a  substantial  shrinking  of 
the  radar  echo  at  3600  m  as  cell  2  begins  to  dis- 
sipate.  At  the  same  time  cell  1  exhibits  an  in- 
tensified downdraft  at  2000  m,  but  at  3600  m 
both  updraft  and  radar  echo  have  increased.   In 
addition,  the  filling  in  of  the  echo  pattern  ' 
between  cells  1  and  3  points  to  stimulated  con- 
vective  activity  in  that  area.  Cell  3  is  char- 
acterized at  this  time  by  updraft  at  400  m  and 
2000  m,  although  there  is  not  yet  sufficient  echo 
to  yield  Doppler  data  at  3600  m. 

At  16:10  cell  2  is  essentially  dissipat- 
ed, while  vigorous  convection  in  the  cumulus  stage 
is  now  apparent  in  the  adjacent  area  to  the  north- 
west.  Cell  3  displays  a  well  organized  updraft, 
with  the  appearance  of  downward  flow  at  2000  m 
suggesting  the  onset  of  the  early  mature  stage. 

The  most  interesting  event  revealed  by 
these  results  takes  place  near  cell  1  around  16:10. 
While  downdraft  began  in  this  cell  by  16:03  and 
is  apparent  on  the  north  and  east  at  16:10,  the 
cell  does  not  dissipate  in  the  manner  of  cell  2. 
Rather,  the  updraft  that  remains  appears  to 
merge  with  upward  flow  in  the  adjacent  new  growth 
to  the  southwest,  and  an  intense  updraft  results 
on  the  southwest  edge  of  what  was  previously 
labeled  cell  1.  The  updraft  velocity  here 
reaches  at  least  15  ms  '  (denoted  by  0  in  figure 
4c)  at  the  3600  meter  height;  this  is  the  most 
intense  updraft  observed  in  this  storm  complex. 
Due  to  uncertainties  discussed  in  Frank  (1976) 
this  is  very  likely  an  underestimate  of  the  true 
peak  updraft,  and  furthermore  it  is  likely  that 
the  updraft  is  even  stronger  higher  up  in  the 
cell. 
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Figure  4a.      Vertical  velocity  field  in  a  horizontal  plane  at  400  meters  height  derived  from  dual-Doppler 
radar  measurements.      Speed  is  represented  at  one  meter  per  second  intervals  by   letters    (upward)  or 
numerals    (downward);   updrafts  are  shaded.      Times    (all  EOT)  refer  to  the  beginnings  of  respective  seven 
minute  dual-Doppler  scan  sequences.      Heavy  curves  outline  the  radar  echo  near  the  ground  as  seen  by  the 
U.   of  M.     Doppler  radars. 


Figure  4b.      Vertical  velocity   (m  s'1)  as  in  figure  4a  except  height   =  2000  meters. 


Figure  4c.      Vertical  velocity    (m  a'1)   as  in  figure  4a  except  height  =  3600  meters. 
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PATTERNS  OF  INFLOW  AND  OUTFLOW 


Evolution  of  the  flow  pattern  in  this 
rapidly  changing  complex  is  further  illustrated 
by  several  height  profiles  of  lateral  inflow 
(i.e.,  inflow  through  the  side  boundaries  of  the 
radar  echo)  shown  in  figure  5.  These  curves 
represent  inflow  (m3  s  )  per  400  m  height  in- 
terval, and  were  obtained  at  by  integrating  the 
component  of  horizontal  velocity  normal  to  the 
echo  boundary  along  a  closed  rectilinear  curve 
surrounding  the  contiguous  echo  area.  More 
precisely,  the  contiguous  area  that  is  considered 
is  the  one  for  which  Doppler  velocities  are  avail- 
able, and  therefore  is  not  identical  to  the  one 
with  the  radar  echo. 
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Figure  5.     Net  inflow  (mi8~l  per  400  m  height)   to 
the  region  for  which  Doppler  measurements  are 
available;   this  region  is  called  the  "Doppler 
echo"  and  is  not  identical  with  the  precipitating 
region.     Inflow  dominates  between  1  km  and  4  km 
at  all  times,   and  dramatic  outflow  at  15:56  is 
confined  to  the  lowest  1  km. 

The  15:42  inflow  profile  shows  weak 
outflow  in  the  lowest  500  meters,  topped  by  well- 
defined  inflow  extending  above  4  km  and  totaling 
approximately  8  x  107  m  s"1.  The  area  for  which 
this  profile  applies  includes  cells  1  and  2,  and 
the  predominance  of  inflow  reflects  the  vigorous 
growth  characterizing  both  these  cells  while  they 
are  in  the  cumulus  stage.  At  the  higher  levels  we 
see  relatively  weak  outflow,  a  fact  consistent 
with  the  divergence  expected  at  the  summit  of  a 
penetrating  jet  or  vortex  bubble.   In  the  15:42 
sequence  the  Doppler  radars  covered  essentially 
the  entire  height  of  the  storm.  This  is  not  true 
of  later  sequences,  hence  the  top-level  outflow  is 
not  observed  in  them. 

The  curve  in  figure  5  for  15:56  also 
applies  to  cells  1  and  2,  and  a  dramatic  change  is 
apparent  as  the  cells  enter  the  mature  stage.  The 
striking  feature  at  this  time  is  an  outflow  layer 
confined  to  the  lowest  1000  meters,  through  which 
there  is  an  outflow  of  4  x  107  m3  s"1  Substantial 
inflow  of  air  (6.1  x  107  m3  s"1)  continues,  but  is 
now  concentrated  at  about  3  km  height  rather  than 
around  the  1.8  km  level  as  was  the  case  fourteen 
minutes  earlier.  The  height  interval  in  which 
inflow  occurs  at  15:56  is  seen  to  correspond 


roughly  to  the  region  of  low  9g  noted  in  figure 
3b.   It  is  therefore  likely  that  much  of  this 
inflow  feeds  downdrafts  that  create  the  low  level 
outflow,  with  the  remainder  sustaining  continuing 
updrafts  at  higher  levels. 

It  is  more  difficult  to  interpret  the 
third  (16:10)  inflow  profile,  which  no  longer 
involves  cell  2  but  includes  cells  1  and  3  and 
the  active  intervening  region.  Cells  1  and  2 
progressed  almost  simultaneously  through  the 
cumulus  and  mature  stages  (with  cell  2  always 
slightly  more  advanced).   In  the  16:10  case 
matters  are  complicated  by  the  fact  that  cell  1 
has  reached  a  mature  stage  and  is  producing  some 
outflow  while  vigorous  cumulus- stage  activity 
proceeds  nearby.   In  addition,  the  merger  dis- 
cussed earlier  has  stimulated  a  strong  updraft 
near  the  top  of  the  observed  height  interval. 
Thus  at  this  time,  we  see  moderate  outflow  of 
1.4  x  177  m3  s  a  in  the  lowest  1 . 5  km  probably 
associated  mostly  with  the  proximity  of  cell  1, 
but  this  is  far  outweighed  by  the  inflow  seen 
throughout  the  rest  of  the  observed  region. 
Observed  inflow  totals  7.8  x  107  m3  s   ,  and 
actual  inflow  into  this  part  of  the  storm  is 
certainly  larger  as  it  is  evident  that  the  ob- 
served height  interval  does  not  include  all 
significant  inflow.  Most  inflow  occurs  well  above 
2  km,  unlike  that  seen  in  the  early  stages  repre- 
sented at  15:42,  and  reflects  the  fact  that  up- 
drafts are  now  higher  than  they  were  at  the  earlier 
time  (see  figure  4) .   In  particular  the  updraft  of 
cell  1  accounts  for  much  of  the  inflow  seen  at  the 
highest  observed  level. 

5.        FACTORS  INFLUENCING  TI'E  OBSERVED  MERGER 

In  the  introduction  we  mentioned  that 
in  Florida  the  merging  of  small  isolated  rain- 
storms has  been  found  to  have  important  impact  on 
overall  precipitation  production  from  local  con- 
vective  storms.   For  example,  Simpson  and  Woodley 
(1971)  and  Woodley  et  al .  (1971)  cite  ob- 
served cases  in  which  rain  production  by  storms 
resulting  from  mergers  of  smaller  cells  exceeds 
by  an  order  of  magnitude  the  rain  output  that 
could  be  expected  from  the  individual  components 
had  merging  not  occurred.  This  finding  has  in 
fact  prompted  researchers  to  adopt  cloud  seeding 
techniques  designed  specifically  to  promote  such 
mergers  (Simpson  et  al . ,  1972).  Although  results 
have  been  encouraging,  it  appears  that  improved 
understanding  of  the  dynamics  of  mergers  is 
essential  to  a  successful  modification  program. 
Although  the  case  presented  here  is  not  particular- 
ly spectacular  in  terms  of  precipitation  amounts, 
it  is  hoped  that  these  rather  unique  observations 
will  shed  some  light  on  the  subject  of  mergers. 

Evidently  in  the  present  results  timing   is  a 
crucial  factor.  The  stage  is  set  by  the  presence 
of  cells  (1  and  3)  in  an  active  stage  of  their 
temporal  development  at  the  precise  time  that 
strong  new  activity  is  taking  place  adjacent  to 
them.  Of  course  this  is  not  surprising,  as  we 
expect  a  merger  resulting  in  strengthened  activity 
to  involve  juxtaposition  of  active  cells,  and  merger 
is  favored  if  component  cells  are  in  similar 
stages  of  development. 

However,  in  this  case  it  appears  that 
merger  is  further  promoted  by  the  timely  collapse 
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of  cell  2.  As  mentioned  earlier,  the  outflow 
from  this  cell  as  it  matures  and  dissipates  is 
instrumental  in  stimulating  convection  to  the 
southwest  of  cell  1  at  a  time  when  cell  1  and 
3  are  still  quite  active.   It  may  be  conjectured 
that  had  the  timing  been  different,  the  new  con- 
vection might  not  have  matched  that  in  the  exist- 
ing cells  enough  to  allow  the  merger. 


8. 


REFERENCES 


6. 


CONCLUSIONS 


In  short,  Doppler  data  support  the  con- 
clusion, suggested  by  the  radar  echo  evolution 
shown  in  figure  2,  that  the  rapid  development  of 
convective  activity  within  and  between  cells  1 
and  3  results  in  merging  of  the  cells  around  16:15 
and  is  intimately  associated  with  the  collapse  of 
cell  2.  Although  we  must  keep  in  mind  that  only 
one  specific  case  is  described  here,  it  is  impor- 
tant to  recognize  the  role  of  the  collapsing  cell 
in  this  event.   In  cloud  clusters,  where  a  poten- 
tial for  merger  exists,  cells  in  the  late  mature 
or  dissipating  stages  will  often  be  found  in  the 
vicinity  of  active  cells  that  may  be  ripe  for 
merger.   These  results  demonstrate  that  cells 
approaching  their  demise  may  strongly  influence 
the  behavior  of  neighboring  cells,  and  must  be 
considered  when  assessing  the  potential  for  growth 
and  merger  in  convectively  active  areas. 

In  south  Florida,  modification  efforts 
have  followed  the  "dynamic  seeding"  approach  in 
which  the  aim  is  to  enhance  the  intensity  and 
duration  of  updrafts.   The  present  results  suggest 
that  coordination  of  seeding  activity  with  local 
downdraft/outf low  events  might  vastly  improve  the 
chances  of  promoting  mergers  when  the  effect  of 
seeding  would  otherwise  be  marginal  or  inadequate. 
While  additional  and  more  quantitative  studies 
similar  to  the  one  presented  here  might  tell  us 
whether  or  not  such  coordination  would  be  fea- 
sible and  how  to  accomplish  it,  the  actual  imple- 
mentation would  require  quasi-real-time  avail- 
ability of  air  flow  measurements.   Lhermitte 
(1974,  1975)  has  described  a  data  processing 
method  that  provides  real-time  display  of  multi- 
Doppler  measurements,  and  that  method  is  employed, 
except  for  the  necessary  data  telemetry,  in  the 
University  of  Miami  system.   We  feel  that  this 
observing  capability  can  help  optimize  the  use 
of  resources  available  for  cloud  seeding  opera- 
tions, and  will  in  fact  be  an  essential  part  of 
many  future  weather  modification  efforts. 
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1. 


INTRODUCTION 


During  the  month  of  March  1976  in  the 
state  of  Washington  on  the  Olympic  Peninsula,  the 
WPL-NOAA  dual  Doppler  radar  system  was  operated  in 
conjunction  with  a  rain  scavenging  experiment  con- 
ducted by  Battel le,  Northwest  Laboratories.  As  the 
frontal  storms  arrived  at  the  coast  from  the  west, 
radars  scanned  areas  within  their  75  km  range. 
From  the  data  taken  during  these  scans,  we  were 
able  to  reconstruct  some  of  the  motion  fields 
within  these  storms. 

2.        TECHNIQUE 

The  two  radars  were  located  on  top  of 
Bahokus  peak  at  the  tip  of  Cape  Flattery  and  at 
the  Quilliute  Airfield  near  Forks,  Washington 
(Figure  1).   The  radars  scanned  in  a  series  of 
tilted  planes  (Lhermitte  and  Miller,  1970)  in  1° 
increments.   Because  of  blockage  and  trees  at 
both  sites,  the  lowest  COPLAN  scanned  was  not  at 
0°  but  varied  from  1-1/2°  to  3-1/2°  depending  upon 
the  azimuth.   The  beamwidth  of  the  radars  was 
about  0.9°  and  there  were  between  32  and  64  range 
gates  separated  by  450  m  for  each  radar  beam. 
The  data  were  smoothed  in  COPLAN  space  to  obtain 
better  statistical  estimates.   By  this  smoothing 
operation,  the  standard  deviation  of  the  error  in 
the  velocity  was  made  less  than  20  cm/s  for  the 
128  samples  used  for  each  pulse  volume  (Miller  and 
Strauch,  1974). 


Horizontal  projections  of  the  wind 
fields  were  calculated  in  a  series  of  horizontal 
planes  by  ignoring  the  component  of  velocity 
normal  to  each  tilted  plane  and  using  only  the 
calculated  component  of  velocity  in  each  plane. 
The  contribution  of  error  in  the  horizontal  wind 
fields  using  this  technique  was  small  since  a 
calculation  of  the  magnitude  of  the  normal  com- 
ponent of  velocity  showed  it  to  be  small  (<  2  m/s). 
Since  the  plane  angles  were  less  than  12°,  this 
further  reduced  the  contribution  of  this  component 
to  errors  in  the  horizontal  wind  fields.   Mathe- 
matically the  contribution  to  the  horizontal  com- 
ponent is  u  sin  a,   where  u  is  the  component  of 
velocity  normal  to  the  plane  and  a  is  the  angle  of 
the  plane  relative  to  the  ground. 


5. 


RESULTS 


Figure  2  shows  an  example  of  the  hori- 
zontal motion  field  relative  to  the  mean  hori- 
zontal motion  at  2  km  height.   Some  of  the  motion 
at  the  upper  righthand  side  of  the  figure  shows  a 
vortex-like  structure  about  5  km  across.   Other 
divergence  and  convergence  patterns  also  appear 
in  the  figure  with  some  regions  extending  for 
distances  of  7  km  or  more.   Figure  3  shows  more 
data  taken  at  a  height  of  2  km  over  a  ridge  of 
hills  that  are  parallel  to  the  Strait  of  Juan  de 
Fuca  and  over  the  straits  themselves.   One  can  see 
definite  cellular  structure  not  only  over  the 
straits,  but  also  over  the  land,  with  scales  of 
5  to  6  km.   Figure  4  shows  another  set  of  observa- 
tions in  the  same  region  15  minutes  later.   In  this 
figure  there  are  fewer  measurements  over  the 
staits  because  the  precipitation  there  had  dimin- 
ished, offering  fewer  radar  targets  as  air  motion 
tracers.  Over  the  land,  there  was  more  precipita- 
tion forming,  and  this  is  visible  as  new  velocity 
structure  to  the  south. 

The  next  two  figures,  5  and  6,  represent 
more  data  taken  12  minutes  apart.   Data  for  figure 
5  are  the  same  as  data  appearing  in  figure  2,  en- 
larged to  show  more  detail.   Some  of  the  features 
in  the  structure  appearing  in  figure  5  also  appear 
in  figure  6,  but  are  displaced  horizontally.  For 
example,  the  divergence  pattern  centered  at  x  = 
29,  y  =  -24  in  figure  5  appears  in  figure  6 
centered, at  x  =  31,  y  =  -21,  to  be  somewhat  dis- 
torted compared  with  figure  5.   The  convergence 
pattern  centered  at  x  =  23,  y  =  -20  with  the 
vortex  at  the  upper  end  in  figure  5  appears  in 
figure  6  centered  at  x  =  26,  y  =  -19  with  the 
convergence  line  lengthened  and  lacking  the  vortex 
that  appeared  in  figure  5.   In  addition,  a  whole 
new  cell  is  showing  at  the  top  in  figure  6,  having 
formed  since  the  data  for  figure  5  was  taken. 


Figure  1.      Location  of  the  two  NOAA-WPL  Doppler 
radars.     Scale   (in  km)  is  also  used  for  refer- 
ence in  later  figures. 
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Figure  2.      Horizontal  projection  of  the  velocity  field  onto  a  plane  2  km  above  sea   level.      A  mean  wind 
vector  of  11  m/s  from  the  SWW  has  been  removed  in  order  to  see  the  detailed  structure  of  the 
velocity  fluctuations.      Taken  March   16,    1975  &  14:23. 


Figure  3.      Horizontal  projection  of  the  velocity  field  onto  a  plane  2  km  above  sea  level.      A  mean  wind 
vector  of  13  m/s  from  the  SWW  has  been  removed  in  order  to  see   the  detailed  structure  of  the 
velocity  fluctuations.      Note  the  cellular-like  structure  delineated  by  regions  of 


convergence  and  divergence.      Taken  March   16,    1975  @  12:00. 
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Figure  4.      Horizontal  projection  of  the  velocity  field  onto  a  plane  2  km  above  sea   level.      A  mean 
wind  vector  of  13  m/s  from  the  SWW  has  been  removed  in  order  to  see  the  detailed  structure  of 
the  velocity  fluctuations.      Note  the  cellular- like  structure  delineated  by  regions  of 
Y  convergence  and  divergence.      Taken  March  16,    1975  @  12:15. 
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Figure  5.     Horizontal  projection  of  the  velocity 
field  onto  a  plane  2  km  above  sea   level.     A  mean 
wind  vector  of  11  m/s  from  the  SWW  has  been  re- 
moved in  order  to  see  the  detailed  structure  of 
the  velocity  fluctuations.      Co-ordinates  are 
relative  to   the  map  in  figure   1.      Taken  March 
16,    1975  &  14:23. 


Figure  6.     Horizontal  projection  of  the  velocity 
field  onto  a  plane  2  km  above  sea  level.     A  mean 
wind  vector  of  11  m/s  from  the  SWW  has  been  re- 
moved in  order  to  see  the  detailed  structure  of 
the  velocity  fluctuations.      Co-ordinates  are 
relative  to  the  map  in  figure   1.      Taken  March 
16,    1975   §   14:35. 
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4.  DISCUSSION  AND  CONCLUSIONS 

The  velocity  data  presented  show  that 
the  coastal  storms  have  scales  of  motion  approxi- 
mating 5  to  7  km,  and  in  some  cases  show  very 
definite  cellular  structure  with  scales  of  approxi- 
mately 5  km.   Some  of  the  features  in  the  velocity 
fields  appear  to  hold  their  identity  for  at  least 
12  minutes  and  to  move  horizontally  at  a  much 
slower  rate  than  the  average  wind  speed.  The 
patterns  that  appear  may  be  functions  not  only 
of  the  dynamics  of  the  atmosphere,  but  also  of 
the  local  topography,  which  is  certainly  not  level 
for  the  Olympic  Peninsula.  Much  more  analysis 
will  have  to  be  done  to  separate  these  two  effects. 
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(Received  in  final  form  30  September,  1975) 

Abstract.  Three-dimensional  air  motion,  observed  with  radar  in  a  convective  planetary  boundary 
layer  under  light  wind  conditions,  is  organized  in  cellular  structures  scaled  from  2  to  5  km;  simul- 
taneous acoustic  echosonde  measurements  indicate  that  near  the  ground  there  are  smaller  cells  than 
those  observable  by  the  radar.  At  heights  of  400  m,  cell  scales  become  as  large  as  those  observable  by 
the  radar.  Pressure  fluctuations  at  the  ground  measured  with  spatial  pressure  transducers,  at  the  same 
time  as  the  radar  and  echosonde  observations,  traveled  at  the  same  speed  and  direction  as  the  radar 
volume-averaged  wind.  The  length  scale  determined  at  the  ground  with  pressure  fluctuation  data  was 
between  1.2  and  2.4  km.  smaller  than  the  largest  radar-measured  motion  scales. 


1.  Introduction 

Measurements  of  the  wind  field  in  the  planetary  boundary  layer  can  help  us  determine 
diffusion  properties,  length  scales  that  contain  maximum  energy  (and  thus  knowledge 
as  to  how  energy  is  input),  and  the  nature  of  atmospheric  motions. 

The  way  the  energy  is  distributed  in  the  boundary  layer  depends  on  the  type  of 
atmospheric  motion  which  in  turn  depends  on  atmospheric  properties  such  as  wind 
speed  and  temperature  gradient.  For  example,  when  Woodcock  (1942)  observed  the 
soaring  habits  of  gulls  over  the  ocean,  he  found  their  patterns  dependent  upon  the 
temperature  difference  between  the  air  and  ocean-surface  temperature  and  the  horizon- 
tal wind  speed.  At  low  wind  speeds,  the  soaring  was  circular,  changing  to  line  soaring 
at  high  wind  speeds.  The  circular  soaring  indicated  presence  of  large  convection  cells 
at  lower  wind  speeds. 

Taylor  (1958)  observed  that  near  the  ground  during  day-time  convection,  there  was 
evidence  of  organized  thermal  structures  extending  vertically  for  several  metres  super- 
imposed on  a  background  of  random  disturbances.  Vulf'son  (1961)  considered  these 
small  thermals  as  jets  and  with  a  statistical  model,  he  inferred  the  average  diameter 
to  be  on  the  order  of  50  to  100  m  to  heights  of  3  km.  Telford  and  Warner  (1964) 
examined  how  the  vertical  temperature  flux  was  carried  by  eddies  much  smaller  than 
the  thermals  which  were  the  obvious  feature  of  the  temperature  records.  However,  the 
importance  of  these  smaller  eddies  in  the  transport  of  temperature  fluctuations  de- 
creased with  height.  In  a  later  paper,  Warner  and  Telford  (1967)  found  temperature 
pulse  widths  to  be  about  300  m  in  diameter  below  a  height  of  3  km.  While  these  dia- 
meters were  at  variance  with  Vulf 'son's  observed  diameters,  lapse 'rate  data  were  not 
available  to  compare  the  effects  of  thermal  stability  between  the  two  sets  of  observa- 
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tions.  The  lapse  rate  has  a  particularly  important  effect  on  the  diameters  at  low  levels 
as  shown  by  Frisch  and  Businger  (1973).  High-power  radar  observations  by  Hardy  and 
Ottersten  (1969)  and  by  Konrad  (1970)  showed  convection  cells  originating  several 
hundred  metres  above  the  surface  with  disorganized  returns  having  scale  sizes  between 
100  and  200  m  in  diameter  near  the  surface,  increasing  to  well-developed  cell  structures 
1  to  3  km  in  diameter  at  heights  of  over  a  kilometer.  With  an  instrumented  aircraft, 
Lenschow  (1970)  found  convection  scales  800  m  in  diameter.  With  wind  shear  present, 
the  types  of  motion  can  change  dramatically.  For  example,  LeMone  (1973)  found  two- 
dimensional  horizontal  roll  vortices  2  km  wide  in  the  convective  boundary  layer  when 
the  wind  speed  was  in  excess  of  7  m  s-1. 

Our  calculations  use  data  from  a  dual-Doppler  radar  system,  an  acoustic  echosonde, 
and  a  microbarograph  array  to  describe  features  of  the  convective  boundary  layer. 
The  Doppler  radar  system  determined  the  three-dimensional  wind  fields  over  a  hori- 
zontal area  of  5  x  5  km2  to  a  height  of  1  km.  Chaff  was  used  as  an  air  motion  tracer. 
The  echosonde  was  used  to  infer  the  spatial  scales  of  the  fluctuations  of  temperature 
variance  observed  in  the  convective  boundary  layer,  for  comparison  with  the  velocity 
spatial  scales  observed  by  the  dual-Doppler  radar  system.  The  micro-barograph  array 
gave  the  size,  direction,  and  speed  of  pressure  disturbances  at  the  ground. 

2.  Measurement  and  Analysis  Techniques 

2.1.    DUAL-DOPPLER  RADAR. 

This  work  used  the  COPLAN  scanning  method  originated  by  Lhermitte  and  Miller 
(1970).  The  dual-Doppler  techniques  used  for  the  total  three-dimensional  wind  field 
measurements  are  summarized  here;  a  comprehensive  discussion  of  them  can  be 
found  in  Miller  and  Strauch  (1974). 

To  obtain  velocity  estimates  of  the  air  motion,  each  radar  needs  targets  that  follow 
the  air  motion.  These  targets  can  be  chaff  (a  reflective  coated  mylar  filament  cut  to  \ 
wavelength)  or  precipitation.  Since  the  targets  move  randomly,  the  return  signal 
fluctuates  in  both  phase  and  amplitude.  The  signal  is  converted  to  a  spectrum  of  the 
velocity  component  parallel  to  the  beam  axis  of  each  radar.  The  spectrum  is  weighted 
by  the  backscattering  cross-section  of  the  particles  moving  at  each  particular  velocity 
within  the  pulse  volume.  The  weighted  average  of  this  velocity  spectrum  is  the  mean 
radial  velocity  of  the  particles.  We  obtain  the  true  air  motion  by  combining  radar 
radial  velocity  measurements  with  the  equation  of  mass  continuity  and  an  independent 
estimate  of  the  mean  terminal  fall  velocity  of  the  radar  targets.  Such  determinations 
of  three-dimensional  air  motion  by  dual-Doppler  radar  have  been  presented  by  Frisch 
et  al.  (1974),  Miller  and  Frank  (1974),  and  Kropfli  and  Miller  (1974). 

We  calculate  the  spatial  spectra  of  the  velocity  fields  with  the  maximum  entropy 
spectral  analysis  technique  because,  for  short  data  samples,  it  provides  spectral 
estimates  with  higher  resolution  at  a  given  confidence  level  than  classical  methods  do 
(Burg,  1967;  LaCoss,  1971;  Markel,  1972;  Ulrych,  1972;  Chen  and  Stegen,  1974). 
In  many  problems,  better  frequency  resolution  can  be  achieved  by  increasing  the 
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length  of  the  data  sample.  However,  in  our  case  the  length  of  the  data  sample  is 
determined  by  the  size  of  the  area  covered  with  chaff,  which  is  not  under  the  complete 
control  of  the  experimenter. 

When  we  first  calculated  spectra  from  the  dual-Doppler  radar  data,  using  the  con- 
ventional maximum  entropy  technique  described  by  Burg  (1967),  the  limited  sample 
size  introduced  large  errors  into  the  estimates  of  the  autocorrelation  functions.  Such 
errors  can  make  the  function  mathematically  inadmissible.  Under  certain  conditions 
the  inadmissible  autocorrelation  functions  caused  invalid  peaks  in  the  maximum 
entropy  spectrum  that  could  easily  lead  to  a  complete  misinterpretation  of  the  spectra. 
Therefore,  a  more  general  algorithm  was  developed  that  safeguards  against  these 
errors.  This  algorithm  tapers  the  possible  inadmissible  estimate  of  the  correlation 
function  in  an  unconventional  manner  that  causes  it  to  be  admissible.  This  allows  use 
of  more  lags  in  the  autocorrelation  function  for  a  given  data  sample  size.  This  new 
processing  procedure  is  described  by  Strand  and  Chadwick  (1975).  All  spectra  in  this 
study  were  calculated  with  this  'tapered'  version  of  the  maximum  entropy  technique. 

2.2.  Echosonde 

The  theory  of  acoustic  sounding  has  been  discussed  by  Little  (1969)  and  its  potential 
uses  described  by  Beran  and  Hall  (1973).  An  echosonde  system  similar  to  the  one  used 
in  this  experiment  has  been  described  by  Owens  (1974).  The  echosonde  was  operated 
in  a  direct  vertical  backscatter  mode.  The  intensity  of  the  backscattered  acoustic  waves 
may  be  calculated  as  a  function  of  the  magnitude  of  the  fluctuations  in  the  refractive 
index  of  the  medium  if  it  is  assumed  that  the  fluctuations  result  from  isotropic 
turbulence.  The  theory  of  interactions  of  sound  waves  with  the  turbulent  atmosphere 
has  been  investigated  by  many  authors  (e.g.,  Tatarski,  1961).  In  the  direct  backscatter 
mode,  the  scattering  cross-section  is  a  function  only  of  C„  which  depends  on  the 
turbulent  kinetic  energy  dissipation  rate,  e,  and  on  the  rate  of  destruction  of  tempera- 
ture fluctuations.  Such  actions  between  acoustic  waves  and  the  atmosphere  have  been 
used  to  investigate  atmospheric  phenomena  such  as  gravity  waves  and  plumes  (Bean 
et  al,  1973;  Emmanuel  et  al,  1972;  Hooke  et  al,  1973;  Wyckoffe/  al,  1973;  Frisch 
and  Clifford,  1974;  Kjelaas  et  al,  1975).  When  the  boundary  layer  is  unstable,  the 
echosonde  shows  large  values  of  C,  intermittent  in  time  and  coherent  from  a  height 
of  about  50  m  to  a  few  hundred  metres.  These  have  been  associated  with  plumes  or 
families  of  plumes  that  are  generated  in  the  surface  layer  and  carried  aloft  by  some 
scale  of  motions  larger  than  the  plumes,  as  suggested  by  LeMone  (1973)  and  Kjelaas 
and  Ochs(1974). 

2.3.  MlCROBAROGRAPH  ARRAY 

The  microbarograph  used  in  this  study  (Cook  and  Bedard,  1971)  consisted  of  a 
variable-capacitance  differential  pressure  sensor  in  conjunction  with  an  acoustic  high- 
pass  filter.  This  instrument  measures  pressure  fluctuations  with  periods  from  1  to 
1000  s  and  has  a  noise  level  of  10-3  //bar.  The  data  from  a  triangular  array  of  micro- 
barographs  spaced  about  300  m  apart  were  used  to  determine  the  correlation  distance. 
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speed,  and  direction  of  arrival  of  pressure  fluctuations  at  the  ground.  This  was  done 
by  'steering'  the  array  beam;  i.e.,  by  systematically  varying  the  phase  relationships 
between  different  sensors  (see  Gossard  and  Hooke,  1 975,  pp.  337-341).  For  the  analysis 
of  our  pressure  data,  we  used  Young's  algorithm  for  digital  array  processing  (Young 
and  Hoyle,  1975).  The  technique  has  been  described  by  Kjelaas  et  al.  (1975)  who  used 
it  to  study  a  storm-generated  system  of  gravity  waves. 

3.  Experiment  and  Results 

A  site  near  Haswell,  Colorado,  was  the  location  of  the  measurement  program.  We 
determined  the  average  value  of  the  Richardson  number  from  measurements  on  a 
152-m  tower  and  from  a  laser  triangle  located  2  m  above  the  ground  (Kjelaas  and 
Ochs,  1974).  The  tower  and  laser  triangle  were  in  the  vicinity  of  the  echosonde  and 
microbarograph  array.  Radar  targets,  consisting  of  aluminium  coated  mylar  rods 
1-|  cm  in  length  and  0.0025  cm  in  diameter,  were  dispersed  from  an  airplane  at  about 
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Fig.  1 .     Projections  of  the  velocity  vectors  in  a  series  of  horizontal  planes.  The  volume-averaged 
wind  (5  m  s_1  in  the  negative  A-direction)  has  been  removed.  Dimensions  are  in  metres. 
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Fig.  2.     Projections  of  the  velocity  vectors  in  a  series  of  horizontal  planes.  The  volume-averaged 
wind  (5  m  s_1  in  the  negative  x-direction)  has  been  removed.  Dimensions  are  in  metres. 


1230  MDT  on  10  August  1972.  As  soon  as  the  chaff  had  diffused  enough  to  fill  a 
significant  volume  (after  a  time  of  about  25  min),  radar  data  were  taken  in  conjunction 
with  data  from  the  acoustic  echo  sounder  and  microbarograph  array.  The  wind  speed 
was  about  5ms-1  from  the  SE,  and  the  Richardson  number,  measured  between  33 
and  2  m,  was  —2. 

3.1.  Velocity  fields 

The  mean  wind  velocity  was  obtained  by  averaging  all  of  the  radar  velocity  measure- 
ments in  the  scan  volume  (about  5  km  x  5  km  x  1  km).  Velocity  fields  are  displayed  by 
projecting  the  vector  field  onto  sets  of  orthogonal  planes :  one  set  parallel  to  the  ground, 
and  two  vertical  sets  parallel  and  perpendicular  to  the  volume-averaged  wind  direc- 
tion. To  display  more  detail  in  the  velocity  field,  the  volume-averaged  velocity  was 
removed  from  each  velocity  vector  to  obtain  a  fluctuation  field.  The  errors  in  the 
estimate  of  these  fluctuations  are  less  than  4  cm  s_1  in  the  horizontal  and  less  than 
15  cm  s_1  in  the  vertical. 


283 


hi) 


A.  S.  FRISCH  ET  AL. 


Figures  1  and  2  show  the  velocity  vectors  projected  onto  a  series  of  horizontal 
planes.  The  data  are  plotted  in  a  coordinate  system  whose  origin  is  the  center  of  the 
baseline  joining  the  radars.  The  x-axis  is  horizontal  and  perpendicular  to  the  baseline. 
The  z-axis  is  vertical.  At  z=  100  m,  the  horizontal  field  diverges  over  most  of  the  area 
measured.  As  z  increases,  an  organized  rotational  pattern  in  the  velocity  fluctuation 
field  emerges.  This  is  especially  apparent  at  z  =  600  m,  where  two  complete  vortices 
and  a  third  incomplete  vortex  may  be  seen  within  the  chaff  cloud.  The  largest  has  a 
diameter  between  2.5  and  3.0  km  and  the  smallest  has  a  diameter  of  about  1.2  km. 

Figures  3  and  4  are  projections  of  the  velocity  vectors  onto  planes  approximately 
parallel  to  the  volume-averaged  wind.  In  the  plane  y=  —900  m  (Figure  3),  convective 
cellular  structure  is  apparent,  with  two  downdraft  regions  approximately  3.5  km  apart 
having  vertical  velocities  slightly  less  than  1  m  s_1.  Adjacent  to  the  left-hand  region 
of  downward  moving  air  is  upward  moving  air.  The  magnitude  of  this  updraft  is 
somewhat  less  than  that  of  the  downdraft.  This  feature  is  coherent  through  all  planes 
between  y=  —600  and  600  m.  In  Figure  4  some  closed  vortices  are  to  be  seen  in  the 
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Fig.  3.     Projections  of  the  velocity  vectors  on  vertical  planes  parallel  to  the  volume-average  wind. 

The  volume-averaged  wind  has  been  removed  from  each  vector.  The/  scale  gives  the  relative  location 

of  each  plane.  Dimensions  are  in  metres. 
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Fig.  4.     Projections  of  the  velocity  vectors  on  vertical  planes  parallel  to  the  volume-averaged  wind. 

The  volume-averaged  wind  has  been  removed  from  each  vector.  The  y  scale  gives  the  relative  location 

of  each  plane.  Dimensions  are  in  metres. 


plane  y=  —600  m  between  .r=5400  m  and  x  =  7200  m  from  z  =  800  mto:=  1200  m. 
Part  of  another  rotating  feature  can  be  seen  in  the  v  =  0  plane  at  z  —  0  to  z  =  700  m  for 
x>6300  m.  At^=  —300  m  this  rotation  is  even  more  apparent  and  this  type  of  motion 
can  be  traced  to  the  v  =  900  m  plane. 

Figures  5  and  6  show  the  projections  of  the  velocity  vectors  in  vertical  planes  per- 
pendicular to  the  volume-averaged  wind.  Between  the  planes  x  =  3300  m  (Figure  5) 
and  x  =  5100  m  (Figure  6),  one  can  again  see  a  cellular  structure  with  distinct  updraft 
and  downdraft  regions.  The  cells  extend  from  the  lowest  plane,  z—  100  m,  to  a  height 
of  z  =  800  m.  Their  scale  in  the  y  direction  is  approximately  2  km.  A  portion  of  this 
cell  can  be  seen  at  x  =  4200  m,  where  a  rotary  motion  starts  to  appear  from  v  =  0  to 
2100  m  and  from  z  =  300  to  700  m.  This  motion  is  coherent  through  x  =  6000  m  before 
it  disappears  at  x  =  6300  m.  In  addition,  at  x  =  4800  m,  part  of  another  cellular-like 
structure  appears  with  the  motion  field  counter-rotating  relative  to  the  other  cell. 
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3.2.  Velocity  spectra 

Spatial  power  spectra  of  velocity  give  the  distribution  of  kinetic  energy  density  as  a 
function  of  wavelength.  Such  spectra  have  been  estimated  from  velocity  measurements 
obtained  from  instrumented  towers  or  aircraft  (e.g.,  Lumley  and  Panofsky,  1964; 
Panofsky,  1973;  Pasquill,  1972).  Because  the  Doppler  radar  measurements  yield  a 
three-dimensional  velocity  field  over  a  volume  of  the  planetary  boundary  layer,  it  is 
possible  to  calculate  estimates  of  the  spatial  velocity  spectra  within  that  volume. 
Comparing  these  spectra  with  spectral  estimates  found  by  other  techniques  under 
similar  atmospheric  conditions,  we  can  judge  the  generality  of  our  observations.  We 
chose  the  horizontal  plane  600  m  above  the  ground  for  analysis  and  calculated  the 
spectra  of  the  orthogonal  velocity  components  u,  v  (Figure  7).  We  calculated  spectral 
estimates  of  only  the  */  and  v  components,  since  they  are  much  less  sensitive  to  errors 
in  the  integration  of  the  equation  of  continuity  than  the  vertical  component  (Miller 
and  Strauch,  1974).  The  results  are  shown  as  k4>uux(k),  etc.,  vs  logA:,  where  k  is  the 
wavenumber  in  the  direction  determined  by  the  subscript  after  the  comma  in  4>. 
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Fig.  5.     Projections  of  the  velocity  vectors  on  vertical  planes  perpendicular  to  the  direction  of  the 

volume-averaged  wind.  The  volume-averaged  wind  has  been  removed  from  each  vector.  The  x-scale 

gives  the  relative  location  of  each  plane.  Dimensions  are  in  metres. 
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Fig.  6.     Projections  of  the  velocity  vectors  on  vertical  planes  perpendicular  to  the  direction  of  the 

volume-averaged  wind.  The  volume-averaged  wind  has  been  removed  from  each  vector.  The  x-scale 

gives  the  relative  location  of  each  plane.  Dimensions  are  in  metres. 


The  spectrum  of  the  u  component  in  the  x  direction  shows  two  peaks,  one  at  an  approx- 
imate wavelength  of  5  km,  and  the  other  at  2  km.  Examining  the  r  =  600-m  plane  in 
Figure  2,  one  can  see  parts  of  three  counter-rotating  features.  In  the  smaller  cell, 
located  at  x  =  6000  m  and  j'  =  0,  the  u  component  reverses  itself  in  a  distance  of  1  km, 
which  corresponds  to  a  wavelength  of  2  km.  Considering  the  features  centered  at 
.v  =  4000  m  and  v  =  0,  the  //component  reverses  itself  in  a  little  over  2.5  km  which  would 
give  a  wavelength  of  5  km,  corresponding  to  the  second  peak  in  the  <$>uu,x{k)  spectrum. 
The  y-component  spectrum  appears  to  behave  in  a  similar  manner  in  the  x  direction 
although  the  spectral  peaks  are  shifted  toward  longer  wavelengths  compared  to  the  « 
spectral  peaks.  The  spectra  of  the  //  component  in  the  y  direction  show  a  major  peak 
at  slightly  greater  than  3  km  with  a  smaller  one  slightly  under  2  km.  Again  looking  at 
the  velocity  field  projection  in  Figure  2  at  600  m,  the  u  component  in  the  larger  cell 
reverses  itself  within  about  1.5  km  in  the  y  direction  and  about  1  km  in  the  smaller 
cell.  These  correspond  to  scale  sizes  of  3  and  2  km,  respectively.  Similarly,  the  v 
spectrum  in  the  y  direction  has  peaks  at  5  and  2  km,  associated  with  scales  appearing 
in  Figure  2. 
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Fig.  7.     Wavenumber  spectra  for  the  components  perpendicular  and  parallel  to  the  mean  wind. 
(Here  the  mean  wind  (v  component)  is  in  the  Y  direction.) 


3.3.    ECHOSONDE  DATA 

The  echosonde  was  located  at  approximately  x  =  8000  m  and  _y  =  300  m  in  the  radar 
coordinate  system  in  which  the  origin  is  at  the  center  of  the  radar  baseline.  The  x-axis 
is  horizontal  and  perpendicular  to  the  baseline.  Figure  8  shows  the  echosonde  facsimile 
record  for  a  time  interval  that  includes  that  of  the  dual-Doppler  radar  observations. 
The  darker  the  record,  the  stronger  the  backscattered  signal.  Thus  the  plot  displays 
echo  strength  as  a  function  of  time  and  height.  It  shows  the  acoustic  intensity  increasing 
and  then  decreasing  over  periods  of  a  few  minutes  except  near  the  ground  (<  100  m) 
where  the  intensity  is  more  continuous.  Near  the  ground  the  periods  are  shorter. 
Furthermore,  the  larger  values  of  C\  seem  to  last  longer  than  do  weak  values  of  CT. 
Since  there  is  an  updraft  in  the  convective  boundary  layer  less  than  50%  of  the  time 
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Fig.  8.     Acoustic  backseat tered  intensity  vs  time  and  height. 

(Frisch  and  Businger,  1973),  either  some  of  the  temperature  fluctuations  causing  the 
large  acoustic  echoes  are  in  part  of  the  downward  moving  air,  or  the  angular  resolu- 
tion of  the  acoustic  beam  is  insufficient  to  separate  the  structure  in  the  lower  part  of 
the  records. 

Higher  in  the  boundary  layer,  acoustic  Doppler  measurements  have  indicated  that 
most  of  the  larger  values  of  C\  are  associated  with  upward  moving  air  (Beran  et  al., 
1971).  Unfortunately,  the  chaff  did  not  fill  the  region  above  the  echosonde  (as  can  be 
seen  in  Figure  1,  recalling  the  fact  that  the  echosonde  was  at  x  =  8000  m  and>>  =  —300 
m).  Thus  it  is  not  possible  to  compare  directly  the  echosonde  data  with  the  radar 
measurements.  Adopting  Taylor's  hypothesis  using  5  m  s~x  as  the  mean  wind  speed, 
one  can  see  that  near  the  ground  the  fluctuations  of  Cj  are  of  much  smaller  scale  than 
the  distances  between  updrafts  in  the  radar  data.  The  radars  can  only  resolve  features 
larger  than  300  m,  and  thus  may  be  filtering  out  the  smaller  scales  resolved  by  the 
echosonde. 

At  approximately  400  m,  the  echosonde  record  shows  two  very  strong  echoes  at 
1300  and  1318  MDT  (roughly  the  time  of  the  Doppler  radar  measurements).  Again 
using  Taylor's  hypothesis,  the  separation  distance  is  roughly  5  km  -  comparable  to 
the  distance  between  updrafts  observed  by  Doppler  radar.  Although  these  are  only 
two  events,  a  similar  scale  was  observed  by  Fitzjarrald  (1975)  using  more  echosonde 
data  and  longer  time  intervals.  The  similarity  of  the  updraft  separation  distances  to 
the  separation  distances  between  the  large  values  of  C\  indicates  that  the  large-scale 
updrafts  may  be  important  in  transporting  the  temperature  fluctuations  upward  above 
the  surface  layer,  as  suggested  by  LeMone  (1973)  and  Kjelaas  and  Ochs  (1974). 

3.4.    MlCROBAROGRAPH  ARRAY 

Because  of  high  noise  in  the  pressure  data  and  because  the  chaff  volume  was  not  over 
the  array  (located  near  the  echosonde),  it  was  not  possible  to  compare  the  pressure 
fluctuations  directly  with  patterns  seen  in  the  radar  data.  Using  cross-spectrum  analysis 
to  process  the  micro-barograph  array  data,  we  found  that  most  of  the  energy  of 
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coherent  pressure  fluctuations  was  in  a  frequency  band  between  8.8xl0~4  and 
4.7  x  10" 3  Hz.  The  propagation  velocity  of  these  coherent  fluctuations  was  the  same 
as  the  radar  volume-averaged  wind.  The  corresponding  scales  of  the  pressure  distur- 
bances were  between  1.2  and  2.4  km,  i.e.,  in  the  same  range  as  one  of  the  spectral 
peaks  of  <fiuu>x(k).  However,  at  lower  frequencies  (longer  wavelengths)  the  spectral 
estimates  were  unusable  because  of  contamination  by  contributions  due  to  power-line 
fluctuations. 

4.  Discussion  and  Conclusions 

The  observations  we  have  described  show  the  kinematic  structure  of  convection  cells 
in  the  boundary  layer.  The  maximum  kinetic  energy  in  the  residual  velocity  field  in  a 
horizontal  plane  600  m  above  the  ground  was  at  scales  between  2  and  5  km,  with 
slightly  more  energy  in  the  along-wind  component  than  in  the  transverse  component. 
Pennell  and  LeMone  (1974)  found  that  most  of  the  momentum  flux  in  the  unstable 
trade-wind  boundary  layer  over  the  ocean  occurred  at  scales  between  800  m  and  10 
km,  with  two  peaks  at  800  m  and  6  km,  comparable  to  the  peaks  in  our  spectral  data 
(Figure  7).  During  BOMEX,  Grossman  (1973)  observed  similar  scales  in  the  u  and  v 
spectra  with  peaks  occurring  in  the  2  to  3  km  wavelength  range.  The  echosonde  data 
indicate  that  near  the  ground,  scales  smaller  than  the  radar  grid  resolution  are  im- 
portant, with  a  transition  to  the  dominance  of  the  larger  scale  motion  as  the  height 
above  the  ground  increases.  This  is  in  agreement  with  observations  of  Telford  and 
Warner  ( 1 964)  showing  that  near  the  ground,  small  scales  are  important  in  transferring 
temperature  fluctuations  vertically,  with  larger  scales  becoming  more  important  with- 
increasing  height. 

The  surface  pressure  data  indicate  that  there  is  at  least  one  scale  size  in  the  range 
between  1.2  and  2.4  km  that  propagates  at  the  same  speed  and  direction  as  the  wind 
velocity  averaged  over  the  first  kilometre  of  the  atmosphere.  We  cannot  say  with 
certainty  from  the  present  data  whether  or  not  the  velocity  features  revealed  by  the 
Doppler  radar  are  correlated  with  the  pressure  fluctuations  at  the  ground. 

Comparison  of  our  spectral  results  with  those  of  other  investigators  (Grossman, 
1973;  Pennell  and  LeMone,  1974)  suggests  that  the  velocity  patterns  or  structures  in 
the  unstable  boundary  layer  may  be  similar  over  the  ocean  and  over  land. 
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ABSTRACT 

In  this  paper  we  report  the  results  of  measurements  of  turbulent  kinetic  energy  dissipation  rates  within 
a  convective  storm.  The  measurements  were  obtained  with  two  Doppler  radars,  one  scanning  the  storm  from 
a  distance  at  low  elevation  angles  and  the  other  pointing  vertically  with  the  storm  passing  overhead.  With 
the  scanning  radar  we  measured  the  wind  shear  in  the  radial  velocity  field  and  the  turbulent  kinetic  energy 
dissipation  rates  within  the  storm.  These  dissipation  rates  showed  good  agreement  with  those  measured  by 
the  zenith-pointing  radar  data;  dissipation  rates  ranged  from  30  cm2  s-3  to  greater  than  3500  cm2  s~3  in  the 
region  between  the  updraft  and  downdraft. 


1.  Introduction 

The  spatial  distribution  of  turbulence  within  severe 
storms  is  of  interest  in  studies  of  hazards  to  aircraft, 
the  diffusion  of  seed  material  within  storms,  the  micro- 
physics  of  drop-size  growth  and  hail  formation,  and 
the  basic  physics  of  turbulence  itself.  In  the  past, 
turbulence  measurements  in  convective  storms  have 
been  made  primarily  with  sensors  on  aircraft  (Steiner 
and  Rhyne,  1962;  Sand  et  at.  1974).  However,  the 
volume  of  the  storm  that  can  be  sampled  by  an  air- 
craft is  small  compared  with  the  total  volume,  and  a 
long  time  is  required  to  collect  even  such  a  limited 
sample.  On  the  other  hand,  Doppler  radars  can  sample 
■almost  the  complete  volume  of  a  storm  in  a  very  short 
time,  collecting  enormous  amounts  of  spectral  informa- 
tion about  the  movements  of  scatterers  within  the 
storm.  This  information  includes  the  radial  component 
of  the  mean  velocity  of  the  scatterers  in  the  pulse 
volume,  obtained  from  the  Doppler  shift  of  the  mean 
(first  moment)  frequency,  and  the  variance  of  scatterer 
velocity  within  the  pulse  volume,  obtained  from  the 
width  (second  central  moment ;  hereinafter  referred  to 
as  the  second  moment)  of  the  Doppler  spectrum. 

The  second  moment  of  the  spectrum  contains  in- 
formation about  turbulence  that  can  be  used  to  calcu- 
late the  turbulent  kinetic  energy  dissipation  rate  when 
other  contributors  to  the  second  moment  can  be 
ignored  or  calculated  (Frisch  and  Clifford,  1974; 
Gorelik  and  Mel'nichuk,  1963,  1968).  We  used  this 
method  to  calculate  the  spatial  distribution  of  turbulent 
kinetic  energy  dissipation  rate  in  a  severe  storm  in 
northeastern  Colorado  on  9  July  1973.  With  one 
Doppler  radar  we  scanned  the  storm  from  a  distance 
at  low   elevation   angles.   The   storm  passed   almost 


directly  over  a  second  radar,  whose  antenna  was  pointed 
vertically  to  obtain  a  time-height  cross  section  of  verti- 
cal velocity  through  the  storm  as  it  passed  overhead. 
From  the  second  moment  of  the  spectra,  obtained  with 
the  distant  radar,  we  calculated  turbulent  dissipation 
rates;  these  were  compared  with  dissipation  rates  calcu- 
lated from  the  first  moment  data  acquired  at  a  height 
of  4.5  km  by  the  vertically  pointing  radar.  In  one 
region  common  to  the  two  radars  the  values  from  the 
second  moment  of  the  Doppler  spectra  varied  between 
280  and  800  cm2  s~3,  showing  good  agreement  with  the 
first  moment  value  which  was  700  cm2  s-3. 

2.  Method 

There  are  three  potentially  important  contributors  to 
the  width  or  second  moment  of  the  Doppler  spectrum 
for  a  narrow  beam  radar :  turbulence,  wind  shear  and 
the  spread  of  particle  fallspeeds.  If  we  can  determine 
the  contributions  of  the  last  two,  we  can  isolate  the 
contribution  of  turbulence  for  use  in  our  calculations. 
If  we  assume  the  turbulence  to  be  homogeneous  and 
isotropic  we  can  then  calculate  the  turbulent  kinetic 
energy  dissipation  rate  e. 

The  contribution  of  fallspeed  to  the  second  moment 
is  <td2  sin20,  where  0  is  the  elevation  angle  and  <jd2  the 
variance  of  particle  fall  velocity  in  quiet  air.  The  spread 
of  particle  fallspeeds  is  nearly  independent  of  rainfall 
rate  and  is  about  1  m2  s~2  (Lhermitte,  1963).  Thus,  for 
the  low  elevation  angles  (<15°)  at  which  the  distant 
radar  scanned  the  storm,  the  fall  velocity  contribution 
is  less  than  ^  m2  s~2  and  may  be  ignored. 

The  contribution  of  wind  shear  to  the  second  moment 
is  most  easily  discussed'  in  terms  of  (i)  shear  in  the 
radial  velocity  along  the  radial  direction,  i.e.,  parallel 
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to  the  beam  axis,  and  (ii)  shear  in  the  radial  velocity 
transverse  to  the  beam  axis. 

The  contribution  of  shear  parallel  to  the  beam  axis  is 
(Sirmans  and  Doviak,  1973) 


o2=  (krky/u, 


(i) 


where  kr  is  the  component  of  the  shear  parallel  to  the 
beam  (s_1)>  and  h  is  the  radar  range  resolution  (m). 

The  contribution  of  shear  transverse  to  the  beam 
axis  is  given  by  (Sloss  and  Atlas,  1968) 


a2=  (0.3kR<t>)2, 


(2) 


where  k  is  the  shear  of  the  radial  velocity  across  the 
beam  (s_1)>  R  range  (m),  and  </>  the  one-way,  half- 
power  beamwidth.  It  is  convenient  to  divide  the  trans- 
verse shear  into  two  perpendicular  components,  k2=kv2 
-\-kh2.   Then   the   total   contribution  of  shear   to   the 


second  moment  is  given  by 

<xs2=  (kh2+k2)(0.3R<j>)2+k2h2/12. 


(3) 


A  scanning  Doppler  radar  can  measure  the  mean 
radial  velocity  throughout  a  storm,  scrkr,  kh  and  kv  can 
be  calculated.  The  beamwidth  of  our  antenna  was  0.9°, 
the  range  R  was  between  40  and  55  km,  and  the  resolu- 
tion h  was  75  m.  Therefore,  it  is  clear  from  Eqs.  (1) 
and  (3)  that  the  second  moment  contributions  from 
kv  and  kh  are  about  an  order  of  magnitude  greater  than 
that  from  kr.  The  second  moment  remaining  after  re- 
moval of  the  shear  contribution  is  a  result  of  small- 
scale  velocity  fluctuations  within  the  radar  pulse 
volume.  For  narrow  beam  radars  the  second  moment 
produced  by  these  fluctuations  is  related  to  the  turbu- 
lent structure  by 


*-f 


:/kwk)[i- ^if^io  i  a 


(4) 


where  #n(k)  is  the  radial  component  of  the  spectral 
density  tensor  of  the  velocity  field,  Fp(k)  the  filter 
function  of  the  radar  illumination  pattern,  and  k  the 
vector  wavenumber.  Thus  the  Doppler  spectrum  width 
depends  not  only  on  the  velocity  spectrum  along  the 
radar  beam  axis,  but  on  the  beam  illumination  function. 
The  beam  illumination  function  depends  on  the  physi- 
cal width  of  the  beam  (Frisch  and  Clifford,  1974)  and 
thus  varies  with  distance  from  the  radar. 

If  we  assume  that  the  scales  of  motion  within  the 
pulse  volume  that  cause  the  measured  an2  lie  within  an 
inertial  subrange,  we  can  relate  the  turbulent  kinetic 
energy  dissipation  rate  e  to  an2  (Frisch  and  Clifford, 
1974) : 


1/  an2  \* 
a \ 1. 26 A/  ' 


(5) 


where  .4  =  0.53  (Wyngaard  and  Pao,  1972)  and  a,  the 
beamwidth  parameter,  is  Rd/1.66  for  a  Gaussian  beam 


or  0.0094i?  for  our  radar,  where  R  is  the  pulse  volume 
range  from  the  radar  (m)  and  8  the  one-way  half-power 
beamwidth.  Eq.  (5)  applies  when  the  antenna  beam- 
width  is  much  larger  than  the  range  resolution.  To 
confirm  the  validity  of  their  method  of  estimating 
dissipation  rates,  Frisch  and  Clifford  (1974)  compared 
their  radar-measured  dissipation  rates  with  those  mea- 
sured from  an  instrumented  tower  and  found  good 
agreement. 

In  applying  this  method  to  a  thunderstorm,  we  as- 
sume that  the  outer  scale  of  the  inertial  subrange  is 
larger  than  the  maximum  dimension  of  the  beam  il- 
lumination function.  This  assumption  seems  reasonable 
since  aircraft  observations  in  thunderstorm  inflow 
regions  indicate  that  the  velocity  spectra  behave  in  the 
manner  characteristic  of  an  inertial  subrange  (Foote 
and  Fankhauser,  1973),  with  the  inertial  subrange 
existing  at  wavelengths  as  large  as  4  km.  Aircraft 
penetrations  of  thunderstorms  by  Steiner  and  Rhyne 
(1962)  have  also  yielded  one-dimensional  spectra  char- 
acterized by  an  inertial  subrange  having  an  outer  scale 
of  several  kilometers. 

3.  Experiment  and  results 

Data  were  collected  for  a  storm  on  9  July  1973 
during  the  field  program  of  the  National  Hail  Research 
Experiment  (NHRE).  Two  Doppler  radars  from  the 
Wave  Propagation  Laboratory  (WPL),  situated  50  km 
apart  along  an  approximately  north-south  line,  ob- 
served the  storm.  Additional  observations  made  with 
instrumented  aircraft,  a  10  cm  radar  and  a  surface 
meteorological  network  assisted  in  interpreting  the 
Doppler  radar  data.  The  storm  passed  over  the  south 
radar  which  was  zenith-pointing,  and  moved  in  a 
southerly  direction  at  approximately  7  m  s_1  (Chalon 
el  al.,  1976).  This  storm  produced  pea-sized  hail,  mixed 
with  rain.  A  few  larger  hailstones,  up  to  1.5  cm  in 
diameter,  were  collected  on  the  ground.  [The  storm  is 
described  by  Browning  el  al.  (1976).] 

The  moments  of  the  Doppler  spectra  were  estimated 
from  the  power  spectral  densities  calculated  from  128 
complex  radar  samples  that  were  acquired  in  65  ms.  A 
Hamming  weighting  function  was  used.  Prior  to  cal- 
culating the  moments  a  velocity  window  was  applied 
to  the  signal  plus  noise  power  spectrum  so  that  the 
noise  spectrum  was  eliminated  except  for  those  spectral 
points  that  also  contained  signal  power.  The  velocity 
window  extended  from  both  sides  of  the  mean  velocity 
to  the  points  where  the  spectral  power  exceeded  the 
mean  noise  level  by  3  dB. 

Fig.  1  shows  radar  reflectivity,  radial  velocity  and 
the  width  of  the  spectra  measured  by  the  north  radar 
in  a  vertical  plane  through  the  two  radar  locations. 
(The  reflectivity  contours  are  not  corrected  for  attenua- 
tion.) This  plane  is  approximately  parallel  to  the  direc- 
tion of  echo  motion.  The  direction  of  echo  motion,  to 
the  right  in  Fig.  1,  is  away  from  the  radar  so  that 
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radial  velocity  field  shows  air  motion  toward  the  region 
of  high  reflectivity.  Behind  and  at  the  same  level  of  the 
44  dBZ  contour,  the  radial  velocity  field  shows  the  air 
motion  to  be  toward  the  high-reflectivity  region.  At 
the  top  and  behind  the  44  dBZ  contour  the  radial 
velocity  field  shows  motion  away  from  the  high- 
reflectivity  region.  Data  obtained  by  the  zenith-pointing 
radar  showed  a  strong  updraft  just  ahead  of  this  high- 
reflectivity  region    (>44  dBZ).  The  data  in   Fig.    1 
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Fig.  1.  Contours  of  radar  reflectivity,  radial  velocity  and  sec- 
ond moments  of  the  Doppler  spectrum  in  a  vertical  plane  through 
the  two  Doppler  radars.  The  echo  motion  (measured  by  the  north 
radar)  was  approximately  parallel  to  this  plane  and  the  storm  was 
moving  away  from  the  north  radar.  Positive  radial  velocity  is  in 
the  direction  of  echo  motion.  Shaded  region  is  the  trailing  edge 
of  the  updraft.  Data  are  measured  with  a  3  cm  radar  located 
about  55  km  NNW  of  the  storm.  Zenith-pointing  radar  was 
located  at  y=3.7  km. 

positive  velocities  are  in  the  direction  of  echo  motion. 
When  we  use  the  radar  echo  as  the  frame  of  reference, 
i.e.,  subtract  7  m  s_1  toward  the  south  from  the  total 
velocity,  the  reflectivity  and  radial  velocity  measure- 
ments show  that  within  the  highest  reflectivity  regions 
(>44  dBZ),  the  N-S  component  of  relative  air  motion 
was  approximately  zero.  Ahead  of  (i.e.,  in  the  direction 
of  storm  motion)  and  below  the  44  dBZ  contour  the 
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Fig.  2.  Radar  reflectivity,  radial  velocity,  and  second  moments 
of  the  Doppler  spectrum  at  5  km  altitude.  Data  are  measured 
with  a  3  cm  radar  located  about  55  km  NNW  of  the  storm. 
Positive  radial  velocity  is  in  the  direction  of  echo  motion.  Zenith- 
pointing  radar  was  located  at  x=8.3,  y  =  3.7  km. 
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suggest  convergence  of  the  air  entering  the  storm  at 
low-  and  mid-level,  and  divergence  of  the  air  at  the 
top  of  the  updraft. 

The  radial  velocity  fields  shown  in  Fig.  1  can  be 
used  to  calculate  the  shear  components  kv  and  kT  in  the 
vertical  plane  passing  through  the  two  radars.  Calcu- 
lating kv,  we  find  it  to  be  largest  in  the  rear  of  the  storm 
with  a  maximum  value  of  about  6X  10~3  s_1. 

The  radial  shear  component  kr,  also  calculated  from 
the  radial  velocity  in  Fig.  1,  has  a  maximum  value  of 
10-2  s_1  at  a  height  of  4  km,  between  y=  3  km  and  y=  4 
km,  i.e.,  between  the  low-  and  mid-levels  of  the  storm 
and  slightly  in  front  of  the  high-reflectivity  region  in 
the  direction  of  echo  motion.  Part  of  an  updraft  (de- 
noted by  the  shaded  area  in  Fig.  1)  was  observed  by 
the  south  radar  with  its  antenna  pointing  vertically  as 
the  storm  passed  overhead  (Strauch  and  Merrem,  1976). 
This  region  contained  updraft  velocities  as  high  as  16 
m  s_1.  After  the  echo  advected  less  than  3  km,  the 
zenith-pointing  radar  observed  downdrafts  as  large  as 
12  m  s-1.  This  horizontal  shear  of  the  vertical  wind 
does  not  contribute  appreciably  to  the  width  of  the 
Doppler  spectrum  observed  by  the  north  radar  because 
the  elevation  angle  of  the  radar  antenna  in  the  region 
of  high  shear  was  less  than  8°.  Second-moment  contours 
measured  by  the  north  radar  show  a  distinct  maximum 
at  altitudes  between  4  and  8  km,  just  ahead  of  the  high- 
est reflectivity  region  which  is  also  the  region  between 
the  updraft  and  downdraft. 

Fig.  2  shows  mid-level  contours  in  a  horizontal 
plane  at  a  height  of  5  km.  Comparing  contours  of 
reflectivity  and  radial  velocity  we  note  strong  con- 
vergence of  air  overtaking  the  storm  from  the  north 
and  air  entering  the  storm  from  the  south  near  the 
highest  reflectivities.  The  velocity  variance  is  large  in 
a  region  about  5  km  in  diameter,  just  ahead  of  the 
high-reflectivity  core  (at  x=  7  km,  y=3  km).  The  third 
component  of  shear,  kh,  was  calculated  from  the  radial 
velocity  fields  in  Fig.  2.  These  values  are  generally 
very  small  but  show  a  maximum  of  4X10-3  s-1  at  the 
southwest  edge  of  the  coverage  area.  The  total  shear 
contribution  to  the  spectrum  width  measured  by  the 
north  (low-angle)  radar  was  only  a  small  portion  of  the 
total  width  in  the  region  where  the  highest  second 
moments  were  observed.  Therefore,  the  high  second 
moment  values  shown  in  Figs.  1  and  2  portray  regions 
with  high  turbulent  kinetic  energy  dissipation  rates. 
The  largest  spectral  widths  were  measured  just  ahead 
of  the  high-reflectivity  region,  where  a  transition  be- 
tween updraft  and  downdraft  occurred  (Browning 
•'  al.,  1976). 

From  the  second  moments  measured  by  the  north 
radar  scanning  at  low  elevation  angles  (maximum  of 
15°),  we  calculated  the  turbulent  kinetic  energy  dis- 
sipation rate  «  using  Eq.  (5)  after  correcting  for  the 
shear  contribution  to  the  velocity  second  moment.  If 
the  total  shear  contribution  to  the  width  of  the  Doppler 
spectrum  is  less  than  50%,  it  was  removed  from  the 
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Fig.  3.  Dissipation  rates  measured  by  the  scanning  radar  at 
5  km  altitude  (top)  and  in  the  same  vertical  plane  shown  in  Fig.  I 
(bottom).  The  solid  line  is  the  44  dBZ  reflectivity  contour  and  the 
dashed  line  is  the  14  m2  s-2  second  moment  contour.  The  dissi- 
pation rate  is  not  estimated  when  the  shear  contribution  to  the 
width  is  more  than  half  the  total  width. 

total  width  and  a  corrected  variance  for  turbulence 
only  was  calculated.  If  the  shear  contribution  was 
greater  than  50%  of  the  total,  the  width  measurement 
was  not  used  for  dissipation  rate  calculations.  The 
measured  first  and  second  moments  of  the  Doppler 
spectrum,  obtained  with  a  range  spacing  of  600  m  and 
an  elevation  and  azimuth  spacing  of  about  900  m,  were 
interpolated  to  a  900  m  Cartesian  grid  using  linear 
interpolation.  The  dissipation  rates  were  calculated 
from  the  interpolated  values  of  the  first  and  second 
moments  at  various  locations  throughout  the  storm. 
The  wind  shear  was  calculated  from  finite  differences 
of  the  interpolated  mean  radial  velocity  at  adjacent 
grid  points.  The  interpolation  process  filters  the  mea- 
sured data  field  and  thereby  attenuates  scale  sizes  on 
the  order  of  the  grid  spacing.  Hence  velocity  fluctua- 
tions at  scale  sizes  large  compared  to  the  pulse  volume 
are  treated  as  shear  and  their  contributions  to  the 
width  of  the  spectrum  are  removed.  Velocity  fluctua- 
tions on  scale  sizes  of  the  order  of  the  pulse  volume  are 
not  treated  as  shear  because  mean  velocity  fluctuations 
on  these  scale  sizes  are  not  distinguishable  from  sta- 
tistical uncertainties  in  the  estimate  of  the  mean  ve- 
locity. This  means  that  we  may  not  have  removed  the 
effects  of  all  velocity  fluctuations  at  scale  size  greater 
then  the  pulse  volume.  For  this  reason  we  did  not 
attempt  to  calculate  the  dissipation  rate  when  the 
shear  contribution  was  greater  than  50%  of  the  total 
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Fig.  4.  Vertical  air  motion  measured  by  the  zenith-pointing 
radar.  Vertical  velocity  measurements  were  corrected  for  the 
fall  velocity  of  the  particles  in  still  air.  Note  that  high  dissipation 
rates  were  measured  between  updraft  and  downdraft.  The  spatial 
scale  was  obtained  by  assuming  x=t<l,  where  u  was  approxi- 
mately 7  m  s_1. 

spectrum  width.  Fig.  3  shows  the  calculated  dissipation 
rates  in  the  same  vertical  plane  (bottom)  shown  in 
Fig.  1  and  the  same  horizontal  plane  (top)  shown  in 
Fig.  2.  The  calculated  dissipation  rates  vary  by  two 
orders  of  magnitude  in  different  areas  of  the  storm.  In 
the  rear  of  the  storm  (relative  to  the  radar  echo  motion) 
the  dissipation  rates  are  small  (<30  cm2  s~3).  In  the 
region  with  the  highest  second  moment,  the  rates  are 
>  2000  cm2  s-3 ;  the  highest  dissipation  rate  found  was 
3600  cm2  s-3  which  considerably  exceeds  the  rates 
usually  associated  with  severe  clear  air  turbulence 
(Trout  and  Panofsky,  1969).  The  position  of  the  high- 
est value  of  e  shown  in  Fig.  3  (~3600  cm2  s-3)  coincides 
with  the  region  between  the  updraft  and  downdraft 
shown  in  Fig.  1.  The  region  can  be  seen  more  readily  in 
Fig.  4  which  shows  it  to  be  also  a  region  of  large  hori- 


vertical  velocity  [_Dww(r)^\  at  an  altitude  of  4.5  km 
was  calculated  from  the  vertical  velocity  measurements 
taken  every  f  s  as  the  storm  advected  overhead.  As- 
suming Taylor's  hypothesis  to  be  valid,  the  temporal 
record  can  be  treated  as  a  spatial  record  with  r=ut, 
where  u  is  the  average  horizontal  motion  of  the  storm 
(7  m  s_1)  and  /  time.  The  radar  pulse  volume  was  75  m 
in  depth  by  about  65  m  in  diameter  at  the  height  of 
4.5  km.  For  values  of  r  where  Dww{r)  varied  as  r', 
Dww(r)  is  related  to  the  dissipation  rate  by 


Dww(r)  =  Behi=Bei(ut)i, 


where 


Dww(r)=[w{x)—w(x-)rr)~¥=\_w{x)—w(x+ut)lf     (6) 

and  B  is  a  constant  equal  to  1.4  (Record  and  Cramer, 
1966;  Tatarski,  1961).  The  vertical  velocity  time  record 
was  240  s  long,  and  in  computing  Dww(r)  we  used 
delays  up  to  40  s.  We  assumed  that  the  changes  in  the 
particle  fall  velocity  in  still  air  were  unimportant.  At  a 
height  of  4.5  km  (above  ground  level)  and  with  a  mean 
horizontal  wind  speed  of  7  m  s-1,  Eq.  (6)  yielded  an 
average  value  of  <=700  cm2  s-3.  The  temporal  record 
of  vertical  velocity  corresponds  to  the  location  (Fig.  3) 
where  the  scanning  radar  measured  e  values  ranging 
from  280  to  almost  800  cm2  s-3.  Thus  there  is  reason- 
able agreement  between  the  two  entirely  different  radar 
measurement  techniques. 

Although  we  had  no  direct  measurements  with  which 
to  compare  our  calculated  results  for  this  storm,  data 
taken  by  aircraft  penetrating  other  storms  verify  that 
our  indirectly  derived  values  were  consistent  with 
direct  measurements.  For  example,  using  storm  data 
from  Steiner  and  Rhyne  (1962),  we  found  maximum 
values  of  e~  104  cm2  s~3.  Using  Foote  and  Fankhauser's 
(1973)  velocity  spectra  from  another  storm,  we  calcu- 
lated values  for  e  of  about  620  cm2  s-3  in  the  outflow 
and  68  cm'2  s~3  in  the  inflow  regions.  Dissipation  rates 
of  3000  cm2  s-3  were  measured  by  Sand  et  al.  (1974)  in 
another  northeast  Colorado  thunderstorm.  Thus,  our 
values  lie  within  the  range  of  values  found  by  other 
investigators. 

Another  check  on  the  order  of  magnitude  of  the  dis- 
sipation rate  is  given  by  e^</3//  (Tennekes  and  Lumley, 
1972)  where  q  is  the  average  velocity  variation  within 
the  storm  and  /  a  characteristic  scale  for  the  storm. 
Examination  of  Figs.  1  and  2  indicates  that  the  varia- 
tion in  the  mean  radial  velocity  field  is  ~8-10  m  s_1 
and  the  scale  of  the  storm  is  ~  10  km.  This  yields 
t~500  to  103  cm2  s~3,  which  is  in  the  range  of  values 


zontal  shear  of  the  vertical  velocity  (3X  10~2  s  ')•  The  we  calculated  from  our  storm  measurements. 

high  dissipation  rate  found  here  is  expected  because  of 

shear  production  of  turbulent  kinetic  energy.  .    yy 

We  compared  values  of  t  calculated  from  the  second 

moment  measured  by  the  scanning  radar  with  those  Aircraft    measurements    of  '  the    turbulent    kinetic 

calculated  from  the  first  moment,  i.e.,  from  mean  ve-  energy  dissipation  rate  with  in  situ  sensors  provide 

locity  measurements  acquired  by  the  vertically  pointing  data  along  the  flight  path,  but  during  the  time  required 

radar.  The  transverse  structure  function  of  the  mean  for  the  aircraft  to  make  a  single  pass  through  the  storm, 
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the  radar  can  obtain  estimates  throughout  the  entire 
storm.  For  example,  the  radar  data  we  used  were 
acquired  in  160  s.  In  addition,  the  probability  is  small 
that  the  aircraft  will  pass  through  the  most  turbulent 
region  of  a  storm,  and  the  safety  of  doing  so  is  question- 
able. Kyle  (1974)  used  an  aircraft  measurement  to 
arrive  at  an  average  dissipation  rate  of  512  cm2  s~3 
throughout  the  height  of  a  storm  to  compute  the  diffu- 
tion  of  seed  material.  An  aircraft  flying  through  the 
storm  we  studied  might  well  have  measured  this  average 
value  depending  on  the  track  and  record  length  used. 
However,  the  radar  measurements  show  that  the  dis- 
tribution of  e  is  not  constant,  and  any  model  for  diffu- 
sion within  this  storm  must  include  a  small  but  intense 
turbulent  region  at  mid-level. 

Dissipation  rates  measured  by  aircraft  in  clear  air 
turbulence  are  summarized  by  Trout  and  Panofsky 
(1969).  The  highest  rate  they  report  is  1160  cm2  s-3 
with  a  geometric  mean  of  675  cm2  s-3  for  "severe 
turbulence."  They  believe  the  average  estimates  to  be 
conservative  and  may  easily  be  in  error  by  50%.  The 
rates  we  calculated  using  the  Doppler  radar  measure- 
ments range  from  their  classification  for  "light  turbu- 
lence" to  greater  than  their  numbers  for  "severe  turbu- 
lence." The  highest  dissipation  rates  we  measured  were 
in  the  area  between  the  updraft  and  the  downdraft; 
an  aircraft  would  certainly  have  experienced  severe 
turbulence  in  that  region. 

5.  Conclusion 

The  three-dimensional  scalar  field  of  the  second  mo- 
ment of  the  Doppler  spectrum,  measured  in  a  convec- 
tive  storm  by  a  Doppler  radar  scanning  at  low  elevation 
angles,  shows  regions  of  high  shear  and  severe  turbu- 
lence. Shear  of  the  radial  velocity  can  be  estimated 
from  the  gradients  of  the  radial  velocity  field,  so  the 
contribution  of  shear  to  the  width  of  the  spectra  can 
be  assessed.  Turbulent  kinetic  energy  dissipation  rates 
can  be  derived  from  the  portion  of  the  second  moment 
that  is  not  related  to  the  shear.  Dissipation  rates 
derived  from  the  second  moment  of  the  Doppler  spectra 
measured  in  a  northeast  Colorado  thunderstorm  ranged 
from  rates  associated  with  little  or  no  turbulence  to 
rates  associated  with  severe  turbulence.  The  highest 
di  sipation  rates  were  found  in  the  mid-levels  of  the 
storm  where  there  was  large  shear  between  the  updraft 
and  downdraft.  Remote  measurement  of  the  dissipation 
rate  throughout  the  storm  provides  essential  data  for 
calculating  the  diffusion  of  seed  material  injected  along 
a  line  or  at  a  point.  It  is  also  potentially  important  in 
identifying  hazardous  areas  for  aircraft. 
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The  Wave  Propagation  Labor;,  .orv  of  NOAA  has  de- 
veloped a  frequency-modulated,  continuous-wave,  clear 
air  radar  with  a  Doppler  capability  for  measuring  both 
the  mean  wind  and  turbulent  intensity.   In  this  paper, 
observations  of  turbulence  are  shown  anJ  related  to 
the  background  wind  and  temperature  structure.   The 
radar's  capability  for  measuring  the  structure  param- 
eters of  both  velocity  and  refractive  index  is  dis- 
cussed. 
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SUMMARY 


1 


INTRODUCTION 


It  has  been  known  for  some  time  (Richter.  H)69)  , 
that  frequency-moduli  ted ,  continuous-wave  I FM-CW) 
radar  has  the  capability  of  revealing  main  details  of 
clear-air  structures  in  the  planetary  boundary  layer. 
Its  value  lies  mainly  in  its  ability  to  "see"  structure 
close  to  the  radar  (near  the  ground),  and  in  the  fine 
resolution  with  which  the  atmosphere  can  be  observed. 
It  is  fundamentally  very  flexible,  and  the  range  reso- 
lution, observed  range,  and  integration  time  can  be 
varied  more-or-lcss  at  will. 

The  capabilities  o(   the  R1-CW  radar  for  observing 
the  atmosphere  attracted  considerable  attention  for 
some  time  after  its  invention,  and  much  was  learned 
about  wave  motions  and  convection  in  the  lower  atmos- 
phere (Gossard  et  al.,  1970;  Atlas  ct  al . ,  1970;  Bean 
ct  al.,  1972).   However,  acoustic  sounders  were  under 
development  .it  about  the  same  time  (Little,  1969; 
McAllister,  19(>8),  and  the  acoustic  sounders  had  the 
great  advantage  that  Doppler  velocity  information  was 
easy  to  extract  from  the  backseat  I c rod  signal.   Al- 
though it  was  well  known  that  Doppler  velocity  infor- 
mation about  discrete  targets  could  be  obtained  bv  the 
FM-CW  radar,  it  was  widely  believed  that  the  extraction 
of  velocity  information  from  backscatter  that  was 
continuous  in  range  was  impossible  because  this  kind  of 
radar  uses  the  frequency  difference  between  the  out- 
going and  returning  signal  to  get  range  information. 
How,  then,  could  the  backseat tercd  signal  also  be  used 
to  provide  Doppler  velocity  information? 

Strauch  ct  al.  (1975)  of  NOAA's  Wave  Propagation 
Laboratory  have  recently  describ"d  the  theory  of  how 
Doppler  information  can  be  extracted  through  digital 
processing,  and  demonstrated  the  technique  (Strauch  et 
al.,  1976)  hv  observing  the  fall  velocity  of  rain  and  ! 
snow.   The  essence  of  the  technique  is  to  observe  phase' 
changes  in  the  return  signal  from  sweep  to  sweep.   They, 
further  pointed  out  the  potential  of  the  radar  for 
clear-air  studies  and  showed  examples  of  clear  air 
vertical  velocity. 

2    -   MEAN  WIND  OBSEIUAI  IONS 

Still  more  recently,  Chadwick  et  al.  (1976)  have 
made  clear-air  observations  of  the  horizontal  wind 
velocity  and  discovered  the  startling  fact  that  the 
Doppler  information  is  fundamentally  available  even 
without  additional  digital  data  processing  if  the  FM-CW 
radar  is  suitably  configured.   This  is  because  the 
output  of  this  radar  appears  in  the  frequency  domain. 
The  equipment  configuration  is  similar  to  that  used  by 
Richter  (1969),  the  only  changes  being  in  parameters. 


Ine  IM  sweep  period  used  by  Richter  was  SO  ms  while 
Chadwick  ct  al.  (1976)  used  a  few  ms  sweep  period. 
Richter  coherently  processed  over  only  one  sweep  while 
Chadwick  ct  al.  coherently  processed  over  SO  or  so 
sweeps.   An  example  of  velocity  spectra  displayed  on  ar 
A  Scope  without  digital  processing  is  shown  in  Figure 
I.   Figure  2  (from  Chadwick  et  al.)  shows  the  corre- 
sponding wind  profile  acquired  along  an  azimuth  of  22S 
at  an  elevation  angle  of  45°.   The  profile  is  compared 
with  winds  measured  by  a  captive  balloon  (solid  lines) 
at  the  beginning  times  of  ascent  and  descent  indi- 
cated.  The  circles  show  a  RAW1NS0NDE  ascent  made 
at  the  same  time.   The  radar  sounding  represents  a 
10- second  average,  whereas  mary  minutes  were  needed 
for  the  balloon  soundings.   In  the  system  used  by 
Chadwick  ct  al.,  the  radial  wind  and  wind-shear 
data  can  easily  be  displayed  on  a  PP1,  revealing 
the  clear-air  wind  structure  over  a  volume  in  the 
vicinity  of  the  radar. 


I  ig.  1   A-SC0rp.  DISPLAY  or  CLEAR  AIR  DOPPLER  WIND 
SPECTRA.  SIMMS  ARE  FROM  (.ROUND  CLUTTER  AND  REPRE- 
SENT ZERO  VEI.OCm  POINT  IN  RANGE  CELLS  SPACED  122 
METERS  APART  I  ROM  1(>5  M  RANGE  OUT  10  1805  M.   THE 
VELOCITY  SCALE  IS  20  M/S  BETWEEN  SPIKES:   THE 
CLEAR-AIR  SPECTRA  ARE  Till  BROAD  PEAKS  SHIFTED  FROM 
ZERO  BY  THE  HORIZONTAL  WIND. 
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Fig.  2   FM-CW  RADAR  AND  TETHERED  BALLOON  WIND  PROFILES 
FOR  16  SEPTEMBER  197S.   WIND  COMPONENT  IS  AT  225° 
AZIMUTH.   SMALL  CIRCLES  SHOh  RESULTS  OF  RAIV1NS0NDE 
RELEASE  AT  1100  MDT.   TETHERED  BALLOON  AND  RAWIN- 
INS0NDE  RELEASE  ABOUT  300  M  EAST  OF  RADAR  SITE. 
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Ym"-uv  h/ititr'  radar 


The  mean  radial  velocity  is 
placement  of  the  hind  velocity  sp 
shown  in  Fi  .mire  1.   However,  the 
velocity  spectrum  is  a  result  nf 
lent  air  motions  toward  and  away 
the  range  cell  or  of  shear  of  the 
verse  or  parallel  to  the  beam  axi 
transverse  to  the  beam  axis  can  v 
by  scanning  the  beam;  shear  paral 
be  found  from  the  range  cell-to-e 
and  slicar  effects  then  lcmoved. 
pointing  vertically,  the  shear  co 
always  negligible  because  the  mca 
ncnt  is  then  almost  always  small. 
spectra  measured  by  Doppler  radar 
in  terms  of  mechanical  turbulence 
and  Clifford,  1974). 


found  from  the  dis- 
cctruin  from  ;ero  as 
finite  width  of  the 
either  random  turbu- 
from  the  radar  within 

rad i a  1  w ind  trans- 
s.   However,  shear 

uia  I  1  y    he    dc  t  e  rrni  ned 
lei    to    the    beam   can 
ell    wind    information, 
Mien    the   radar    is 

ponent  is  nearly 
n  radial  wind  compo- 
Thus  the  width  of 
s  can  be  interpreted 

intensity  (Frisch 


Figure  3  shows  an  example  of  a 
cord  obtained  on  29  April  1976  with 
ing  vertically.   The  left  side  show 
backscatter  on  a  heieht  vs  time  dis 
display  of  log  intensity  vs  height 
left-hand  solid  curve.   The  hacksca 
a  direct  measure  of  the  turbulent  s 
Cfl,  as  demonstrated  by  Otterstrn  (1 
spectra  in  87  m  height  increments  a 
curves  at  the  right.   As  in  Figure 
is  also  a  velocity  axis.   In  this 
velocity  is  zero  within  the  error  o 
display  so  the  peaks  of  the  spectra 
city.   The  velocity  range  from  peak 
and  the  corresponding  height  range 
and  second  moments  of  the  spectra 
the  mean-value  theorem  using  the  tr 


FM-CW  radar  rc- 
the  antennas  point 
intensity  of  the 
play.   An  A  Scope 
i s  shown  by  the 
ttcred  intens  i  ty  is 
tructurc  parameter 
!)(>*)).   The  bopplcr 
re  shown  by  the 
1 ,  the  range  axi s 
asc  the  vertical 
f  reading  from  the 
arc  at  zero  vclo- 
-ro-peak  is  10  m/s 
is  87  m.   The  first 
ere  calculated  from 
ipeioidal  rule. 


On  29  Apri 1  there  was  a  nearly  stationary  front 
along  the  eastern  slope  of  the  Rooky  Mountains  so  the 
boundary  layer  displayed  by  the  radar  was  in  a  nearly 
steady-state  condition.   I'.'e  therefore  have  compared  the 
radar  data  with  the  RAWlNSONDi;  data  from  Denver, 
Colorado,  almost  60  km  from  Roulder  where  the  radar 


TIME  HEIGHT  DISPLAY 
20  mis 
1500*" 


was  located.   The  RAWlNSONDi!  data  taken  at  0501)  MST 
shows  the  frontal  inversion  to  be  I  loo  meters  above 
the  ground  in  remarkable  agreement  with  the  thin, 
intense  scattering  layer  on  the  radar  record.   Ihc 
sounding  data  arc  shown  in  Figure  4  with  the  wind 
variance  profile  for  comparison.   Ihc  variance  reaches  I 
a  maximum  below  the  inversion,  falling  off  to  less 
than  a  tenth  of    its  maximum  value  above  the  inversion. 
The  structure  parameter  C~    (or  e<|ti  i  va  I  cut  1  y  ,  the  back- 
scattered  intensity)  has  a  strong  maximum  at  the  base 
of  the  inversion,  in  agreement  with  a i re raf t -bo rne- 
ref  Tactometer  results  reported  by  Cossard  (  I  !>(>(! )  and 
with  bal loon-borne- re fractometcr  results  reported  by 
bane  (1967). 
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Pig.  3  BACKSCATTERED  INTENSITY  VS  HEIGHT  AND  TIME 
KITH  WIND  SPECTRA  SHOWN  At  FAR  RIGHT.   SPECTRA  ARE 
CENTERED  ON  ZERO  VELOCITY  BECAUSE  RADAR  IS  POINTING 
VERTICALLY, 


0     10    20    JO 
Tc.-np  CC)  Knots 

Fig.    k        METEOROLOGICAL  SOUNDING   DATA 
FROM  THE   DENVER   RAW IN  AND  TURBULENT 
DISSIPATION  RATE    e  AND  C  d    MEASURED 
BY  THE   RADAR. 

4  -  CONCLUSIONS 

"I lie  FM  Doppler  radar  is  a  powerful  new  research 
tool  for  studying  wind  structure  and  turbulence  in 
the  planetary  boundary  layer.  If  it  can  be  established 
that  it  can  operate  to  several  km  ranges  a  large  per- 
cent of  the  time,  it  will  have  many  practical  appli- 
cations as  well  as  research  applications.   These  in- 
clude the  monitoring  of  wind  shear  and  severe  turbu- 
lence in  the  neighborhood  of  airports. 
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A  DUAL  DOPPLER  RADAR  STUDY  OF  THE  URBAN  BOUNDARY  LAYER: 
A  SUMMARY  OF  METROMEX  RESULTS 

Robert  A.  Kropfli 


The  two  WPL/NOAA  Doppler  radars  participated  in  METROMEX  from  July  15,  1975 
through  August  15,  1975  in  an  effort  to  document  the  three-dimensional  wind 
field  in  the  urban  planetary  boundary  layer.  Convective  motions  within  the 
PBL  were  utilized  to  distribute  aircraft-dispensed  chaff  to  heights  of  2  km 
and  over  areas  as  large  as  250  km^.  Coplane  scanning  and  analysis  revealed 
the  presence  of  persistent  horizontal  rolls  for  three  of  the  seven  cases 
analyzed.  Persistent  localized  updrafts  were  observed  over  the  heavily 
industrialized  locations  within  the  Metropolitan  St.  Louis  area.  Numerous 
other  features- were  also  revealed  in  the  wind  fields  generated  for  the 
seven  cases  presented  in  this  report. 
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DUAL-DOPPLER  RADAR  OBSERVATIONS  OF  THE  CONVECTIVE 
MIXING  LAYER  AT  ST.  LOUIS 

R.  A.  Kropfli  and  N.  M.  Kohn 
NOAA/ERL/Wave  Propagation  Laboratory 
Boulder,  Colorado  80302 


1.  INTRODUCTION 

Since  1971  the  urban  planetary  boundary 
layer  in  the  St.  Louis  metropolitan  area  has  been 
under  intensive  study  as  part  of  the  Metropolitan 
Meteorological  Experiment  (METROMEX) .   During  the 
summer  of  1975  the  Wave  Propagation  Laboratory 
(WPL)  of  NOAA  joined  forces  with  the  5  other  par- 
ticipating agencies  and  the  WPL  dual-Doppler  radar 
system  was  used  to  study  the  urban  wind  field  in 
clear  air  and  in  precipitation.   This  paper  pre- 
sents a  preliminary  sampling  of  three-dimensional 
wind  fields  within  the  urban  planetary  boundary 
layer  on  six  clear  days.  These  data  were  selected 
because  they  were  all  taken  on  clear  days  over 
the  same  general  area  of  the  city  during  mid- 
afternoon.   Thus  in  this  analysis  the  number  of 
important  variables  that  might  affect  the  flow 
field  is  reduced  to  two:   the  static  stability 
and  the  mean  environmental  wind.   Patterns  that 
are  repeated  on  several  days  may  thereby  be  more 
easily  related  to  their  causative  factors.   Later 
studies  will  include  rural-urban  comparisons  and 
hopefully  will  lead  to  knowledge  of  the  relative 
importance  of  surface  roughness  and  heat  island 
effects. 

2.  METHODOLOGY 

The  coplan  method  of  scanning  and  data 
reduction  described  by  Miller  and  Strauch  (1974) 
was  used  here.   This  method  has  been  adequately 
discussed  in  the  literature  and  has  been  recently 
used  with  minor  variations  to  measure  flow  fields 
in  diverse  meteorological  situations  such  as  a 
sea  breeze  (Lhermitte  and  Gilet,  1975),  a  tornadic 
storm  (Ray  et  al . ,  1975),  a  non-tornadic  convec- 
tive  storm  (Kropfli  and  Miller,  1976),  and  snow 
(Frisch  et  al.,  1974).   In  this  experiment 
dry  convection  was  observed  in  the  urban  boundary 
layer  by  having  chaff  continuously  distributed 
from  an  aircraft  flying  repeated  15  km  paths  across 
the  wind  at  500  m  AGL.   On  most  days  convective 
and  diffusive  processes  carried  the  chaff  over  an 
area  of  a  few  hundred  square  kilometers  throughout 
most  of  the  mixing  layer  (y  2   km)  .   Typical  chaff 
densities  were  10  to  10  per  km  . 

On  one  of  the  six  days  (7/27/75)  the 
aircraft  was  not  available  and  chaff  was  released 
from  a  car  travelling  through  downtown  St.  Louis. 
Convection  carried  the  chaff  to  nearly  2  km  and 
these  results  are  also  shown  below. 

The  two  x-band  radars  were  located 
relative  to  the  city  as  shown  in  Figure  1.   All 
data  shown  are  given  in  a  right-handed  coordinate 
system  with  the  origin  at  the  midpoint  between 
the  radars,  y  increasing  from  the  origin  along 
the  baseline  to  the  C  radar  and  the  z  axis  positive 
upward. 


C  RADAR 
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Figure   1.      Radar  locations   relative   to  St.    Louis 
metropolitan  area. 


The  data  was  passed  through  a  Gaussian 
filter  in  coplan  space.   Some  results  shown  here 
were  run  with  a  2  km  wide  spatial  filter  and 
other  higher  resolution  data  were  run  at  1.2  km. 
Figure  captions  will  note  the  differences. 

3.        RESULTS 

Observations  on  7/27/75  were  the  only 
ones  made  in  which  ground-released  chaff  was 
used.   The  release  was  made  in  downtown  St.  Louis 
between  the  Gateway  Arch  and  Forest  Park  having 
x,y  coordinates  (23,9)  and  (29,11)  respectively 
in  Figure  2.   A  mean  echo  speed  of  2.8  m/s  was 
removed  from  the  velocity  field  in  this  figure. 
The  complete  set  of  flow  patterns,  of  which 
Figure  2  is  a  part,  shows  that  the  size  of  the 
observable  flow  field  is  three  times  larger 
in  area  at  1200  m  than  it  is  at  250  m  due  to  the 
diffusion  of  the  chaff  as  it  rises.   Near  the 
surface  the  echo  remained  relatively  compact  during 
the  40  minute  observation  time  and  was  observed 
to  drift  with  the  same  velocity  as  the  mean 
Doppler  velocity  in  the  lowest  plane.  The  large 
scale  divergence  pattern  at  1500  m  in  Figure  2 
persisted  over  this  time  interval  whereas  the 
smaller  scale  structure  at  mid- levels  (1000  m) 
became  unrecognizable  after  about  10  min. 

2 
An  area  over  200  km  was  filled  with 
echo  after  the  aircraft  chaff  release  on  7/28/75. 
The  horizontal  eddy  fields  (mean  removed)  are 
shown  in  Figures  3  and  4  at  two  times,  31  minutes 
apart  on  this  day.   The  300  m  planes  show  eddy 
flow  away  from  the  baseline  with  a  line  of  convergence 
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Figure  2.      Horizontal  eddy  wind  fields  for  1509  CDT  on   7/27/75.      Mean  wind  of  2.8  m/s  and 
north  pointing  vectors  are  indicated.      Gaussian  spatial  filter  width  was  2.0  km. 


parallel  to  the  baseline  and  nearly  along  the 
mean  flow.  The  means  were  taken  over  the  entire 
chaff  volume  in  all  cases  shown  here.  Other  data 
show  that  this  feature  persisted  for  more  than  an 
hour.  Just  a  few  km  to  the  right  of  the  convergence 
line  in  the  300  m  level  of  Figure  3  was  an  equally 
persistent  line  of  divergence  at  x  =  26  km.   At 
mid-levels  smaller  scale  features  on  the  order  of 
4  km  could  not  be  identified  for  more  than  10  min 
but  they  did  appear  to  be  moving  with  the  mean 
Doppler  wind,  shown  in  the  figure. 


The  1300  m  levels  of  Figures  3  and  4 
show  a  line  of  divergence  at  x  =  22. S  km  which  is 
directly  above  the  line  of  convergence  near  the 
surface.  This  convergence-divergence  pair  is  a 
manifestation  of  an  updraft  being  reduced  to  zero 
as  it  reaches  the  top  of  the  mixing  layer.   Results 
for  other  days  also  exhibit  these  large  scale 
features  in  the  convergence-divergence  patterns. 
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Fiqure   3.      Horizontal  eddy  wind  fields  for  1506  CDT  on   7/28/75. 

indicated.      Gaussian  spatial  filter  width  was  2.0  km 
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Figure  4.      Horizontal  eddy  wind  fields  for  1537  CDT  on   7/28/75.      Arrow 
scaling  and  spatial  filtering  is  the  same  ae  Figure  3. 
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Figure  5.      Vertical  eddy  wind  field  for  1506  CDT 
on  7/28/75  at  y  =  4  km  looking  downwind.      Arrow 
sealing  and  spatial  filtering  is  the  same  as 
Figure  3. 

A  vertical  view  x>f  the  eddy  field  is 
presented  in  Figure  5.   The  plane  shown  is  nearly 
across  the  mean  wind  direction.   Clearly  shown 
is  a  large  roll  vortex  about  8  km  across  and  about 
2.3  km  deep.   This  roll  structure  appears  similar 
to  that  observed  in  the  planetary  boundary  layer 
by  LeMone  (1973),  and  has  nearly  the  same  width  to 
depth  ratio  reported  by  her.   Other  examples  of 
such  structures  are  shown  below. 

Data  not  shown  here  indicates  that  the 
roll  circulation  in  this  eddy  field  extended  through- 
out the  echo  for  at  least  8  km  along  the  mean-wind 
direction.   The  updraft  strength  at  the  800  m 
level  on  the  right  edge  of  this  roll  was  about 
1  m/s.   This  pattern  persisted  throughout  the 
observations,  about  one  hour.   A  smaller  roll 
circulation  of  the  same  sense  is  shown  on  the 
right  of  Figure  5. 

It  is  curious  that  the  chaff  density 
in  the  region  between  these  rolls  at  x  =  25  km 
was  always  very  low  even  though  the  chaff  dispens- 
ing aircraft  repeatedly  ran  a  course  from  (14,2) 
to  (33,-4)  and  the  release  was  continuous.   Seem- 
ingly the  flow  pattern  carried  the  chaff  away 
from  this  line  and  concentrated  it  in  other  areas. 

The  case  of  7/31/75  was  one  of  much 
stronger  environmental  wind  of  8  m/s  roughly  normal 
to  the  baseline  in  the  +x  direction.   The  eddy 
fields  of  Figure  6  show  nearly  parallel  rows  of 
convergence  and  divergence  at  300  m  and  at 
1050  m.   It  can  be  seen  that  convergence  near 
the  surface  overlaps  with  divergence  above  so  that 
an  integration  of  the  continuity  equation  results 
in  near- zero  vertical  velocities  near  the  top  of 
the  mixing  layer. 
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Figure  6.      Horizontal  eddy  wind  fields  for  1436  CDT 
on   7/31/75.      Mean  wind  of  7. 9  m/s  is  indicated. 
Gaussian  svatial  filter  width  was   1.2  km. 


the  300  m  and  1300  m  levels  of  Figure  8  that 
convergence  superimposes  with  divergence.   The 
alignmer.t  of  the  convergence  lines  corresponds 
closely  to  the  direction  of  the  mean  Doppler- 
derived  wind.   Figure  9  displays  a  roll  couplet 
that  in  the  xz  plane  at  y  =  5  km  that  was  aligned 
along  the  wind  vector  for  at  least  5  km.   Note 
the  nearly  zero  vertical  velocities  near  the  top 
of  the  field  as  would  be  expected  near  the  top  of 
the  mixing  layer.   Unfortunately  no  temperature 
sounding  data  are  available  as  of  this  writing 
to  determine  the  exact  depths  of  the  mixing  layer 
on  these  days. 


Again  a  roll  structure  is  exhibited  in 
the  vertical  yz  plane  in  Figure  7.   This  4  km 
wide  roll  was  seen  to  extend  along  the  x-axis 
throughout  the  echo  for  more  than  8  km. 

The  surface  environmental  winds  on 
8/4/75  were  similar  to  those  on  7/28/75  and  the 
large  scale  features  in  the  eddy  field  near  the 
surface  were  also  similar  as  shown  in  Figure  8. 
Although  there  are  gaps  in  the  data  at  300  m  it 
can  be  seen  that  a  line  of  convergence  near  the 
line  x  =  25  Vm  is  paralleled  by  two  lines  of 
divergence.   Similar  to  other  cases  we  see  in 
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Figure   7.      Vertical  eddy  wind  field  for  1436  CDT 
on  7/31/75  at  x  =  26  km  looking  downwind.     Arrow 
scaling  and  spatial  filtering  is  the  same  aa 
Fioure  5. 
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Figure  8.      Horizontal  eddy  wind  fields  for  1447  CDT  on  8/4/7S.     Mean  wind  field  of  4.6  m/s  is 
indicated.      Spatial  filter  width  was   2.0  km. 
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Figure  9.      Vertical  eddy  wind  fields  for  1447  CDT 
on  8/4/75  approximately  along  the  mean  wind 
direction.      Spatial  filter  width  and  ar-row  scaling 
is  the  same  as  in  Figure   7. 
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Figure   10.      Horizontal   total  wind  field  for  8/11/75 
Mean  wind  field  of  2.4  m/s  is  indicated.      Spatial 
filter  width  was   2.0  km. 


The  total  horizontal  wind  field  at  550  m 
in  Figure  10  shows  surprisingly  large  changes  in 
total  wind  direction  on  8/11/75.   These  data  were 
taken  over  East  Alton  about  30  km  downwind  of 
downtown  St.  Louis  and  may  indicate  a  downstream 
urban  induced  wind  perturbation.   A  horizontal 
roll  in  the  eddy  field  nearly  identical  to  that 
observed  on  7/28/75  (see  Figure  5)  is  displayed 
in  Figure  11. 

The  last  example  is  shown  in  Figure  12 
for  8/12/75.   As  on  8/11/75  these  data  were  taken 
about  30  km  downwind  of  downtown  St.  Louis  near 
East  Alton,  Illinois.   In  this  case  a  small 
scale  vortex  most  clearly  seen  in  the  horizontal 
plane  at  850  m  was  observed  to  move  across  the 
mean  flow  at  about  5.5  m/s.  This  was  the  only 
small  scale  feature  that  was  observed  to  move  with 
a  velocity  much  different  from  the  mean  wind. 
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Figure   11.      Vertical  eddy  wind  field  for  1612  CDT 
on  8/11/75  at  y  =  -19  km  looking  upwind.      Spatial 
filtering  and  arrow  scaling  is   the  same  as  in 
Figure  9. 
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Figure   12.      Horizontal  eddy  wind  field  for  1515  CDT  on  3/12/75.      Mean  wind  of  4.4  m/s  is 
indicated.      Spatial  filter  width  was   2.0  km. 


4. 


SUMMARY 


A  preliminary  sampling  of  wind  fields 
in  the  urban  boundary  layer  has  been  given  for  six 
days  in  which  clear  conditions  prevailed.   The 
most  striking  aspect  of  the  eddy  fields  was 
the  complexity  of  the  patterns  on  scales  from  2  to 
15  km.   One  feature  that  did  appear  on  several 
days  was  a  long-lasting  horizontal  roll-vortex 
pattern  oriented  along  the  wind.   Large  scale 
divergence  fields  near  the  surface  were  often  seen 
to  be  accompanied  by  divergence  of  the  opposite 
sign  at  higher  levels.   Chaff  was  seen  to  disperse 
very  quickly  within  the  convective  boundary  layer, 
whether  released  from  the  ground  or  from  aircraft. 
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PERSISTENT  HORIZONTAL  ROLLS  IN  THE  URBAN  MIXING  LAYER 
AS  REVEALED  BY  DUAL  DOPPLER  RADAR 

R.  A.  Kropfli  and  N.  M.  Kohn 

NOAA/ERL/Wave  Propagation  Laboratory 
Boulder,  Colorado  80302 


1. 


INTRODUCTION 


The  general  objective  of  the  Wave  Propaga- 
tion Laboratory  (WPL)  in  METROMEX  (Metropolitan 
Meteorological  Experiment)  is  to  study  the  nature 
of  the  perturbation  wind  field  within  the  urban 
convoctive  mixing  layer  during  clear  conditions. 
The  observational  effort  was  concentrated  during 
the  mid-.ifternoon  hours  since  it  was  found  that 
convectivc  motions  were  necessary  for  the  echo- 
producing  chaff  to  be  dispersed  throughout  the 
mixing  layer  from  the  surface  to  several  kilom- 
eters in  height.   Specific  questions  that  may  be 
resolved  by  these  measurements  are  the  following: 
1)  How  is  the  perturbation  wind  field  affected  by 
profiles  of  mean  wind  and  temperature?  2)  How 
significant  is  the  heat  island  and  increased 
surface  roughness  on  the  urban  wind  field?  31  Are 
there  frequently  occurring,  persistent  wind 
patterns  over  a  large  metropolitan  area?  4)  Can 
such  patterns  explain  the  downwind  precipitation 
anomaly  that  has  been  documented  by  other  METROMEX 
participants  (Scinonin  and  Changnon,  1974)? 
Answers  to  such  questions  will  impact  on  air 
quality  in  large  metropolitan  areas  and  may  shed 
light  on  the  extent  to  which  large  cities  inad- 
vertently modify  the  local  climate. 


2. 


METHOD  OF  DATA  COLLECTION  AND  ANALYSIS 


The  two  X-band  Doppler  radars  used  in  these 
clear  air  observations  have  been  used  in  a  sim- 
ilar fashion  to  observe  air  motions  in  severe 
storms  (Kropfli  and  Miller,  1976).   Details  of 
the  coplan  method  of  generating  wind  fields  from 
radial  velocities  measured  by  two  Doppler  radars 
have  been  documented  elsewhere  (Miller  and 
Strauch,  1974)  so  that  only  the  essentials  will 
be  mentioned  here.   The  two  radars  are  set  to 
scan  synchronously  through  a  common  tilted  plane 
passing  through  the  echo  and  the  radar  baseline. 
After  completion  of  a  scan,  the  tilt  angle  is 
incremented  and  a  similar  scan  is  performed.   The 
process  is  repeated  until  the  entire  echo  volume 
is  observed.   The  duration  of  such  a  volume  scan 
in  this  experiment  was  about  1  min,  which  is 
small  compared  with  time  scales  important  in 
kilometer-deep  convection.  Aircraft  dispensed 
chaff  was  used  to  trace  air  motions. 

3.    ANALYSIS  OF  7/28/75  WIND  EIELD 

The  St.  Louis  metropolitan  area  and  the 
region  extensively  probed  by  the  Doppler  radars 
are  shown  in  Figure  1.  Superimposed  on  this  map 
is  the  field  of  potential  temperature  at  300  m 
for  7/28/75.   These  temperature  measurements  were 
obtained  by  the  University  of  Wyoming  aircraft* 
and  they  will  be  related  to  the  boundary  layer 
wind  field.   Note  that  the  solid  block  in  this 
figure  is  the  area  displayed  in  Figures  2  and  4. 

*Tnis  temperature  map  was  taken  from  the  Univ.  of 
Wyo.  M.S.  Thesis  by  K.K.  Won(;  entitled  "Urban  per- 
turbations on  the  mixing  layer  airflow  in  St. Louis. 
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Figure  1.      St.    Louis  metropolitan  area  with  super- 
imposed  6  contours  at  300  m  AGL  derived  from 
University  of  Wyoming  aircraft  data  at  ^  1420 
CDT  on  7/28/7S.      Solid  square  indicates  region 
within  which  chaff  drops  were  made  and  is  the 
region  displayed  in  Figures   2  and  4. 

The  total  wind  field  near  the  mid-point  of 
the  convectively  mixed  layer  on  7/28/75  is  shown 
in  Figure  2a.   This  wind  field  represents  an 
average  of  17  volume  scans  taken  during  a  70-min 
period.   All  other  wind  fields  presented  for  this 
date  also  represent  such  long  term  averages.  It 
is  apparent  that  the  mean  wind  is  fi-om  about  20° 
at  about  4  m  sec   .  The  chaff-dispensing  air- 
craft had  been  flying  a  pattern  across  the 
northeastern  edge  of  the  wind  field  from  a  point 
on  the  northern  tip  of  St.  Louis  to  just  NE  of 
East  St.  Louis  on  this  day.   Note  that  an  area  of 
approximately  250  km2  was  filled  with  chaff  to 
the  extent  that  reliable  wind  measurements  were 
possible. 

The  mean  velocity  of  the  entire  chaff  cloud 
was  removed  from  the  data  and  the  resulting  per- 
turbation wind  field  at  0.3  km  is  shown  in  Fig- 
ure 2b.   Immediately  apparent  in  Figure  2b  is  a 
12  km  line  of  convergence  extending  about  10°  to 
the  right  of  the  mean  wind  direction  at  this 
level.   Adjacent  to  this  line  of  convergence  is 
a  line  of  divergence  3  or  4  km  to  the  NW  and  a 
less  obvious  region  of  divergence  to  the  SW. 
There  is  also  a  localized  area  of  enhanced  con- 
vergence which  did  not  move  with  the  mean  wind 
on  the  NE  end  of  the  convergence  line.   This 
1 . 5  km  diameter  region  had  a  convergence  of 
1.4  x  10  3  sec  '  in  contrast  to  values  of  about 
half  this  amount  farther  downstream  along  the 
convergence  line. 
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Figure  2a.      Total  wind  field  at  0.8  km  AGL  on 
7/28/7S.      Winds  are  obtained  from  an  average 
of  17  volume  scans   taken  during  a   70  min.  period 
ending  at  15S7  CDT.      The  Gateway  Arch  is  indi- 
cated by  the  dot  just  to  the  nest  of  the 
Mississippi  River  at  the   location  X=22.6, 
Y=8.S. 


Figure  2b.      Eddy  wind  field  at  0.3  km  AGL.      Winds 
are  obtained  from  an  average  of  17  volume  scans 
taken  during  a   70  min  period  ending  at   1S57  CDT. 
The  mean  wind  over  the  entire  chaff  cloud  has 
been  subtracted  from  these  data. 


It  appears  that  this  convergence  pattern  is 
the  result  of  heat  sources  within  the  heavily 
industralized  area  around  Granite  City  and  the 
central  business  district  to  the  SW.  There  is 
reasonable  consistency  between  the  convergence 
line,  shown  as  a  heavy  J.i?hed  line  in  Figure  1, 
and  the  thermal  ridge  also  shown  in  the  figure. 
The  thermal  pattern  at  300  m  indicates  a  0.2° 
contrast  between  the  region  of  convergence  and 
neighboring  regions  of  divergence  to  either  side. 

At  the  time  of  this  writing,  surface  tem- 
perature maps  had  not  been  constructed,  but  it  is 
believed  that  this  line  of  convergence  follows  an 
elongated  heat  island  from  Granite  City  and 
across  the  St.  Louis  central  business  district 
just  west  of  the  Gateway  Arch.  The  Mississippi 
River  to  the  west  of  Granite  City  and  the  small 
lake  to  the  east  contributed  to  this  temperature 
contrast. 

Most  illustrative  of  the  character  of  the 
perturbation  field  is  the  series  of  vertical 
cross-sections  shown  in  Figure  3.   These  cross- 
sections  are  taken  at  a  spacing  of  2  km  along  the 
lines  indicated  in  Figure  2a.  From  the  similarity 
of  the  velocity  patterns  on  different  vertical 
cross-sections  it  is  apparent  that  the  mode  of 
convection  favored  on  this  day  was  the  horizontal 
roll  oriented  nearly  along  the  mean  wind.   Three 
such  rolls  can  be  seen  on  each  cross  section. 


Y=2km 


14     16    18   20  22  24  26  28   30  32 
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Figure  3.      Vertical  cross- sections  of  eddy  wind 
field  through  lines  indicated  in  Figure   2a. 
This  is  from  the  same  data  set  used  in  Figure   2. 
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Figure  4a.      Same  as  Figure  2a  except  this  figure 
represents  an  average  of  15  volume  scans  over 
a  20  min  period  ending  at  1445  CDT  on  8/4/75. 
Height  is  0.8  km  ACL. 

The  largest  roll,  located  over  East  St.  Louis, 
has  a  counterclockwise  circulation  when  observed 
from  the  NF.  and  has  the  urban  heat  island  as  its 
source.   An  intermediate-sized  roll  of  the  same 
sense  is  located  to  the  west.   Less  well  defined 
and  much  smaller  is  a  clockwise  roll  between  the 
two  larger  rolls.   The  main  updraft  at  X  =  23  km 
had  a  magnitude  of  up  to  1  m  sec  '  for  the  1  hr 
period;  single  volume  scans  indicated  that  the 
updraft  may  have  been  as  high  as  2  m  sec  '  over  a 
short  time  period.   An  explanation  for  the  size 
differences  in  these  rolls  is  be  offered  after 
the  discussion  of  the  8/4/75  data. 

4.    ANALYSIS  OF  8/4/7S  WIND  FIELD 

Figure  4a  shows  that  the  total  mid- level 
wind  field  on  8/4/75  was  very  similar  to  that  on 
7/28/75  (see  Figure  2a) .   The  mean  wind  in  the 
lower  half  of  the  mixing  layer  differed  by  less 
than  1.5  m  sec  '.  As  will  be  discussed  later,  the 
notable  difference  between  the  total  wind  fields 
on  these  two  days  was  the  lack  of  shear  on 
8/4/75.   All  data  shown  for  this  day  represent  an 
average  of  15  volume  scans  during  a  20-min  period. 

As  one  would  expect,  the  vertical  component 
is  small  near  the  top  of  the  boundary  layer  as 
shown  in  the  vertical  cross-sections  of  Figure  5. 
These  cross-sections  are  taken  through  the  lines 
indicated  on  Figure  4a.   Figure  5  again  shows 
that  the  convective  structure  was  in  the  form  of 
horizontal  rolls,  although  of  equal  size  on  this 
occasion. 


Figure  4b.      Same  as  Figure  2b  except  this  figure 
represents  an  average  of  15  volume  scans  over 
a  20  min  period  ending  at  1445  CDT  on  8/4/75. 
Height  is  0.  3  km  AGL. 
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Figure  5.      Vertical  cross- sections  of  eddy  wind 
field  through  line  indicated  in  Figure  4a. 
Tliis  is  from  the  same  data  set  used  in  Figure  4. 
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It  sliould  be  emphasized  that  the  features 
described  above  were  long- lasting  on  both  days 
and  were  apparent  in  the  data  regardless  of  how 
the  averages  were  taken.  The  roll  structure  was 
indicated  even  when  single  volume  scans  were 
considered.   In  such  "instantaneous"  samples, 
however,  there  were  smaller  less  persistent  fea- 
tures that  were  smoothed  out  in  the  longer-term 
averages . 


S. 


CONCLUSIONS 


The  hodograph  in  Figure  6  indicates  the  mean 
radar-derived  wind  at  each  level  for  the  two 
cases  considered  here.   It  is  evident  that,  while 
the  mean  wind  in  the  lower  half  of  the  boundary 
layer  was  not  very  much  different,  there  was  in 
fact  a  significant  difference  in  the  shear  on  the 
two  days.   The  cross-roll  component  of  shear  on 
7/28/75  was  1.5  x  10  3  sec  '  and  nearly  zero  on 
8/4/75.   It  is  suggested  that  tiiis  difference  may 
account  for  the  difference  in  roll  size  on  these 
two  days.   Rolls  of  opposite  senses  were  the  same 
size  on  8/4/75  (the  no-shear  case)  hut  were  very 
different  in  size  when  the  cross-roll  shear 
existed  on  7/28/75.   It  is  suggested  that  the 
cross-roll  lirear  wind  shear  enhanced  the  rolls 
having  CCW  sense  in  Figure  3  but  acted  to  sup- 
press the  CW  roll.  The  reason  for  the  CCW  roll 
on  the  left  of  this  figure  being  larger  than  the 
CCW  roll  on  the  right  is  presumably  that  the 
heat  island  forced  this  roll,  while  there  was  no 
equivalent  forcing  for  the  CCW  roll  on  the  right. 
Since  there  was  no  shear  in  the  boundary  layer  on 
8/4/75  there  was  no  such  enhancing-suppressing 
mechanism,  and  the  rolls  are  the  same  size  in 
Figure  5.   A  stream  function  analysis  of  a  hypo- 
thetical wind  field  derived  from  the  superposi- 
tion of  counter-rotating  horizontal  rolls  and 
linear  cross-roll  shear  supports  this  interpre- 
tation. 

These  observations  indicate  "-hat  under 
certain  conditions  the  horizontal  roll  mode  of 
convection  is  dominant  over  an  urban  area.   Shear 
does  not  seem  to  be  a  necessary  condition  for  the 
existence  of  these  rolls.  Although  horizontal 
rolls  have  been  predicted  by  theory  (Brown,  1972) 
for  an  inflection  point  instability  in  a  strati- 
fied Ekman  boundary  layer,  and  their  existence 
has  been  deduced  from  tower  and  aircraft  mea- 
surements (LeMone,  1973),  such  rolls  have  not,  to 
the  authors'  knowledge,  been  observed  in  con- 
nection with  strong  forcing  from  an  urban  heat 
island.  The  orientation  and  relative  sizes  of 
these  persistent  rolls  can  be  understood  in  terms 
of  urban  thermal  effects,  mean  wind  direction, 
and  wind  shear.   Other  cases  with  different 
boundary  layer  wind  profiles  that  have  not  been 
shown  here  also  reveal  persistent  features  in  the 
wind  patterns.   In  these  cases  however  the  hori- 
zontal roll  structure  is  not  observed.   These 
cases  are  also  being  investigated  and  will  be 
reported  at  a  later  time. 

These  experiments  have  shown  that  hundreds 
of  square  kilometers  of  the  clear  boundary  layer 
wind  field  can  be  monitored  over  extended  periods 
of  time  by  dual -Doppler  radar.   The  data  reduc- 
tion and  analysis  problem,  while  still  a  for- 
midable task,  is  becoming  manageable. 


Figure  6,      Radar  derived  hodograph  for  7/28/75 
and  8/4/75.      Heights  are  in  km. 
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ABSTRACT 

The  NOAA/WPL  dual-Doppler  radar  system  has  been  used  to  determine  the  three-dimensional  kinematic 
structure  of  a  convective  storm  during  its  decaying  stage  which  grew  in  a  weakly  sheared  environment.  The 
internal  flow  appears  similar  in  many  respects  to  the  Wokingham  storm  described  by  Browning  and  Ludlam 
even  though  the  latter  existed  in  a  strongly  sheared  environment.  Among  the  similar  features  are  an  upshear 
tilted  updraft,  a  surface  gust  front,  the  intrusion  of  middle-level  cool  dry  air,  a  precipitation-filled  down- 
draft,  and  a  vortex  pattern  suggestive  of  obstacle  flow. 

Quantitative  flux  results  are  presented.  Profiles  of  mass,  water  vapor,  energy,  momentum  and  vorticity 
fluxes  were  computed  using  the  Doppler  data  and  other  supporting  data  from  the  National  Hail  Research 
Experiment  surface  network  and  upper  air  soundings. 


1.  Introduction 

It  has  been  widely  recognized  that  a  comprehensive 
understanding  of  convective  storms  must  have  as  a 
basis  the  interaction  of  microphysical  and  dynamical 
processes.  As  emphasized  by  Mason  (1969),  "Progress 
has  been  hindered  by  a  poor  appreciation  of  interrela- 
tions between  the  air  motion  and  the  microphysical 
events  which,  acting  in  concert,  culminate  in  the  release 
of  precipitation."  Laboratory  investigations  have 
added  greatly  to  our  understanding  of  the  microphysical 
processes  involved  in  the  formation  of  raindrops,  snow- 
flakes  and  hailstones.  However,  these  investigations 
usually  have  been  performed  in  a  controlled  environ- 
ment of  uncertain  relevancy  to  the  real  atmosphere. 
In  addition,  numerical  calculations  of  microphysical 
processes  have  been  performed  and  again  the  weakness 
has  been  a  lack  of  knowledge  of  the  environment  in 
which  these, processes  actually  take  place.  In  particular, 
incomplete  information  about  kinematics,  for  example 
the  updraft  and  downdraft  structure  and  vorticity 
distribution,  has  been  a  shortcoming. 

The  three-dimensional  wind  field  described  here  for 
a  convective  storm  in  northeast  Colorado  is  the  first 
step  in  an  analysis  plan  that  will  eventually  include  the 
microphysics.  At  this  time  we  have  computed  three- 
dimensional  streamlines  for  a  storm  velocity  field 
determined  from  measurements  with  the  NOAA/Wave 
Propagation  Laboratory  3  cm  wavelength  dual-Doppler 
radar  system.  These  streamlines  have  been  used  to  infer 
air  parcel  trajectories  within  the  storm.  Precipitation 
fallspeeds  determined  from  modeled  microphysical 
growth  processes  must  be  combined  with  these  wind 


fields  to  deduce  the  needed  precipitation  and  cloud 
particle  trajectories.  Such  particle  trajectories  clearly 
have  implications  regarding  optimal  artificial  seeding 
for  hail  suppression  or  precipitation  enhancement.  A 
study  of  storm  kinematics  and  microphysics  is  currently 
being  pursued  in  collaboration  with  the  National  Hail 
Research  Experiment  (NHRE). 

In  acquiring  the  initial  radial  velocity  data  we  have 
used  the  coplane  method  of  scanning  first  suggested  by 
Lhermitte  and  Miller  (1970).  The  results  presented 
here  are  from  three  separate  volume  scans  of  a  thunder- 
storm which  occurred  on  28  July  1973  in  northeast 
Colorado.  The  observations  were  made  around  1730 
(all  times  Mountain  Daylight  Time)  while  the  storm 
was  over  the  NHRE  surface  mesonet  in  which  tem- 
perature, pressure,  humidity,  wind  speed  and  direction 
were  measured  and  hail  samples  were  collected.  The 
Doppler  results  show  the  kinematical  structure  during 
a  5  min  period  near  the  end  of  the  storm's  mature  state. 
A  preliminary  description  of  this  storm  is  given  by 
Kropfli  and  Miller  (1975). 

2.  The  coplane  method 

The  coplane  method  for  coordinated  scanning  with 
two  Doppler  radars  is  fully  described  by  Miller  and 
Strauch  (1974)  in  which  an  error  analysis  is  also 
included.  Only  a  brief  overview  is  presented  here.  The 
Doppler  radars  are  synchronized  to  scan  in  a  common 
plane  tilted  15°  or  less  from  the  horizon.  After  each 
10  s  scan,  the  tilt  angle  is  changed  by  a  radar  beamwidth 
(~  1°)  and  the  next  plane  is  scanned.  The  entire  storm 
volume  scan  is  completed  in  160  s.  Because  of  the  way 
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the  data  are  acquired,  a  cylindrical  coordinate  system 
with  its  axis  along  the  baseline  between  the  radars  is 
used. 

Radial  velocity  estimates  are  made  frjom  data  ac- 
quired with  each  radar  by  means  of  a  pulse-pair  tech- 
nique by  Rumler  (1968).  From  his  results,  the  standard 
deviation  of  the  pulse-pair  estimate  of  radial  velocity 
is  about  0.1  to  0.5  m  s_1  for  signal-to-noise  power  ratios 
>5  dB.  These  radial  velocities  are  vectorially  combined 
to  yield  the  two-dimensional  velocity  field  within  each 
tilted  plane.  A  correction  for  particle  fall  velocity  is 
then  made  with  an  empirical  relationship  from  Joss  and 
Waldvogel  (1970).  This  relationship  provides  an  esti- 
mate of  the  terminal  velocity  W  as  a  function  of  the 
measured  reflectivity  factor  Z.  Because  of  the  weak 
dependence  of  VT  on  Z,  i.e.,  Vt^Z0-1,  we  have  found 
that  the  estimate  of  the  vertical  air  velocity  w  is  in- 
sensitive to  errors  in  Z.  Setting  the  entire  Z  field  to 
zero,  for  example,  changed  the  computed  w  field  by  no 
more  than  1  m  s_1  for  these  data.  To  obtain  the  com- 
ponents normal  to  each  plane,  the  mass  continuity 
equation  in  the  form  V  •  \j>  (z)  V]  =  0  (p  is  air  density, 
z  the  vertical  coordinate,  and  V  the  vector  air  motion), 
is  integrated  in  this  cylindrical  coordinate  system.  The 
boundary  condition  requires  that  the  vertical  velocity 
vanish  at  the  surface  of  the  earth.  Finally,  an  inter- 
polation procedure  is  used  to  transform  wind  fields  to 
a  Cartesian  coordinate  system. 

3.  Storm  environment 

-  Five  rawinsondes  were  released  from  different  loca- 
tions within  50  km  of  the  NHRE  test  area  at  1800,  just 
30  min  after  the  dual-Doppler  measurements.  These 
soundings  showed  that  the  convective  condensation 
level,  assumed  to  represent  cloud  base,  was  at  610  mb 
or  4.1  km  (all  heights  above  mean  sea  level  except 
where  indicated  otherwise).  Ground  level  is  at  1.5  km 
in  the  test  area. 

These  soundings  and  five  others  at  about  1620  indi- 
cated that  the  mixing  ratio  in  the  lowest  kilometer  of 
the  subcloud  layer  was  6.2  g  kg-1  with  little  change 
observed  in  both  time  and  space.  A  parcel  lifted  dry 
adiabatically  from  near  the  surface  to  cloud  base  and 
then  pseudoadiabatically  to  500  mb  would  have  been 
3°C  warmer  than  the  environment.  Cloud  top  was  ob- 
served near  the  tropopause  at  13  km.  This  was  2.5  km 
above  the  airflow  measurements  discussed  here. 

A  hodograph  of  relative  winds  determined  from  the 
average  of  the  five  soundings  at  1800  is  shown  in  Fig.  1. 
A  3  m  s_1  echo  advection,  determined  by  inspection  of 
the  echo  positions,  has  been  removed  from  the  plotted 
winds  to  display  the  environmental  winds  relative  to 
the  moving  storm.  The  subcloud  relative  winds  were 
less  than  3  m  s_1  from  the  southeast,  and  middle  and 
upper-level  relative  winds  were  approximately  10  m  s_l 
from  the  west.  Weak  shear  (9X10-4  s_1)  is  indicated 
from  cloud  base  to  the  tropopause. 
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Fig.  1.  Hodograph  of  relative  winds  synthesized  from  five 
rawinsondes.  A  3  m  s_1  storm  motion  toward  the  east  has  been 
removed.  Heights  are  kilometers  above  mean  sea  level. 


A  time-height  distribution  of  equivalent  potential 
temperature  (de)  is  shown  in  Fig.  2.  This  plot  reveals 
a  layer  of  air  centered  at  5  km  with  de=  325  K  compared 
with  values  of  ~334  K  near  the  surface  at  around  1600. 
This  potentially  cool  dry  layer  aloft  contributed  to 
downdraft  generation  (Fawbush  and  Miller,  1954)  by 
supplying  unsaturated  air  which  could  be  cooled  by 
evaporation.  The  passage  of  this  layer  from  the  area 
around  1700  preceded  the  decay  of  the  storm  by  30  min. 

4.  Radar  echo  evolution 

The  NHRE  10  cm  radar  at  Grover  scanned  the  storm 
from  about  1600  until  it  had  dissipated  at  about  1814. 
Fig.  3  shows  the  radar  reflectivity  structure  near  cloud 
base  at  15  min  intervals  centered  on  the  time  of  the 
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Fig.  2.  Time-height  distribution  of  equivalent  potential  tempera- 
ture (0„)  from  five  soundings  released  at  Grover. 
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Fig.  3.  Cloud  base  radar  echo  from  10  cm  radar  at  Grover  at 
the  times  shown.  The  outer  contour  is  30  dBZ,  and  the  increment 
10  dB.  Solid  lines  superimposed  on  the  1730  frame  show  the  areas 
covered  by  the  two  Doppler  radars.  The  boundaries  of  the  NHRE 
test  area  are  shown  by  the  thin  solid  line. 


dual-Doppler  measurements,  i.e.,  1730.  At  this  time 
the  echo  top  was  near  12  km  with  the  cloud  top  about 
1  km  higher.  The  high-reflectivity  core  was  decreasing 
during  the  15  min  period  prior  to  the  Doppler  measure- 
ments. This  decrease  suggests  that  the  observations 
described  here  were  during  the  decaying  phase  of  the 
storm's  mature  stage.  However,  the  peak  reflectivity 
remained  in  excess  of  50  dBZ  during  these  observations. 
Following  these  observations  the  storm  weakened  at  a 
more  rapid  rate. 


5.  Kinematical  description 

A  series  of  horizontal  projections  of  wind  velocity 
relative  to  the  moving  storm  are  shown  in  Figs.  4  and  5. 
A  3  m  s_1  eastward  component  of  echo  advection  has 
been  removed  from  the  original  vectors.  The  coordinate 
system  used  in  all  flow  patterns  has  its  origin  at  the 
midpoint  of  the  baseline  between  the  radars.  Since  the 
baseline  that  defines  the  y  axis  is  only  5.9°  away  from 
true  north,  the  x  direction  is  nearly  eastward  and 
approximately  in  the  direction  of  storm  motion.  These 
figures  display  the  flow  field  at  1728:44  and  1734:09 
which  were  the  starting  times  for  these  two  volume 
scans.  Below  the  flow  patterns  are  shown  both  the 
reflectivity  (solid  lines)  and  the  updraft  contours 
(dashed  lines)  obtained  from  the  Doppler  radars.  The 
lower  boundary  is  assumed  rigid  (w=0)  so  only  reflec- 
tivity is  shown  in  the  z=  1.5  km  plane  at  the  surface. 
In  order  to  minimize  the  effects  of  attenuation  at  the 
3  cm  wavelength,  the  larger  of  the  two  reflectivity 
estimates  available  from  the  two  Doppler  systems  were 
used  in  these  drawings.  It  should  be  recognized  that  the 
entire  cloud  mass  cannot  be  observed  with  these  radars 
since  only  precipitation-sized  particles  are  detected. 

At  1728:44  the  most  apparent  feature  of  the  surface 
wind  field  (z=  1.5  km  in  Fig.  4)  is  the  highly  divergent 
flow  coincident  with  the  high-reflectivity  region.  A  peak 
divergence  of  8X 10-3  s_1  is  found  only  1  km  east  of  the 
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Fig.  4.  Two-dimensional  relative  airflow  in  horizontal  planes  at  heights  1.5  (surface),  4.5  (~cloud  base),  7.5  and  10.5  km  MSL. 
At  the  bottom  are  reflectivity  contours  at  16,  24,  32  and  40  dBZ.  The  vertical  velocity  contours  (dashed  lines)  are  —5,  —1,  +3,  +7 
and  +11  m  s_1.  The  time  of  these  results  was  1728:44  MDT. 
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Fig.  5.  As  in  Fig.  4  except  at  1734:09  MDT. 


southernmost  40  dBZ  area.  There  exists  a  similar 
coincidence  of  divergent  flow  with  high  reflectivity  for 
the  40  dBZ  region  to  the  north.  A  local  maximum  of 
4X 10-3  s_1  is  found  less  than  1  km  northeast  of  the 
northern  40  dBZ  region.  This  correspondence  of 
divergent  flow  with  high  reflectivity  is  consistent  with 
the  notion  that  gravitational  loading  by  the  precipita- 
tion is  important  in  the  initiation  and  maintenance  of 
the  downdraft. 

The  plane  at  z=  4.5  km  clearly  shows  upward  moving 
inflow  air  on  the  eastern  half  of  the  storm.  This  air,  the 
lower  edge  of  the  updraft,  enters  the  storm  from  the 
ESE  with  a  vertical  velocity  of  3  m  s_1.  It  is  detrained 
into  the  downdraft  and  is  seen  to  descend  at  about 
4  m  s-1  in  the  center  of  the  storm  at  this  level.  At  7.5 
km  the  inflow  air  had  penetrated  the  eastern  two-thirds 
of  the  storm.  A  3  m  s-1  updraft  contour  runs  from  the 
x,  y  coordinate  (42,  17)  to  the  position  (38,  6)  with  the 
entire  region  to  the  east  of  this  line  in  a  vigorous  up- 
draft. Regions  of  cyclonic  curvature  to  the  south  and 
anticyclonic  curvature  to  the  north  can  clearly  be  seen 
in  the  horizontal  flow  pattern  especially  at  10.5  km. 
It  is  apparent  that  this  feature  is  a  result  of  the  outer 
portions  of  the  updraft  beginning  to  take  on  upper  level 
westerly  environmental  momentum. 

Near  the  top  of  the  observed  flow  (z=  10.5  km)  the 
updraft  had  attained  a  peak  value  of  19  m  s-1  compared 


with  an  estimate  of  25  m  s_1  from  parcel  theory.  The 
sparse  data  between  10.5  and  11.5  km  (not  shown)  indi- 
cated divergence  values  between  5X10-3  and  8X10-3 
s_1  in  the  updraft  region.  Divergence  here  reflects  de- 
celeration of  the  upward  airflow  and  its  subsequent  con- 
version to  upper  level  outflow  into  the  anvil. 

Cloud  top  (where  w=  0)  was  observed  to  be  at  13  km 
as  determined  from  the  NCAR  Saberliner  dropsonde 
flight  at  1712. '  Thus  a  divergence  of  7.6X  10~3  s_1  would 
be  required  to  reduce  the  19  m  s-1  updraft  to  zero  in 
the  2.5  km  interval  between  the  very  highest  level 
velocity  measurement  at  10.5  km  and  cloud  top.  Such 
a  value  is  consistent  with  divergence  measurements 
near  this  height. 

Fig.  5  also  shows  the  horizontal  velocity  components, 
reflectivity,  and  vertical  velocity  contours  but  at 
1734:09,  5  min  and  28  s  after  the  volume  scan  shown 
in  Fig.  4.  Many  of  the  features  at  the  earlier  time 
remain;  however,  both  updraft  speeds  and  reflectivity 
do  show  some  signs  of  weakening.  On  the  other  hand, 
the  downdraft  at  10.5  km  has  intensified  from  near 
zero  ft)  12  m  s_1. 

Vertical  (x,y)  cross  sections  of  the  relative  velocity 
components  in  the  plane  of,  the  echo  motion  and  through 
the  northern  updraft  core  at  1728:44  and  1734:09  are 


1  Personal  communication  with  J.  C.  Fankhauser. 
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shown  in  Figs.  6a  and  6b.  Note  the  general  collapsing 
of  the  precipitation  region  as  evidenced  by  the  descent 
of  the  reflectivity  contours.  The  velocity  field,  par- 
ticularly the  vertical  motion,  exhibits  a  decrease  in 
magnitude.  The  salient  features  in  these  figures  are 
summarized  schematically  in  Fig.  7.  Included  are  the 
middle-level  (6  km)  intrusion  of  potentially  cool 
(0e«326  K,  see  Fig.  2)  dry  air  from  the  backside,  a 
precipitation-filled  downdraft  with  reflectivities  in 
excess  of  36  dBZ,  and  a  gust  front  consisting  of  air 
originating  near  the  6  km  level.  Note  that  only  the 
portion  of  the  storm  contained  within  the  dashed  lines 
of  Fig.  7  was  visible  to  the  Doppler  radars,  and  not  the 
entire  cloud  mass.  Certain  details  in  the  reflectivity 
structure  appear  to  be  consistent  with  the  flow  pattern. 
Note,  for  example,  the  indentation  of  the  reflectivity 
contours  on  the  backside  near  middle  levels.  This 
indentation  is  undoubtedly  the  result  of  erosion  of  the 
precipitation-filled  volume  by  the  intrusion  of  relatively 
dry  air.  The  reflectivity  contours  on  the  front  side  show 
a  migration  of  precipitation  toward  the  back  of  the 
storm.  This  area  is  seen  to  be  within  the  inflow  region. 
Fig.  8  displays  a  vertical  (y,z)  cross  section  transverse 
to  the  storm  motion  at  1728:44.  The  view  is  into  the 
storm  or  toward  the  west.  This  figure  demonstrates  the 
complex  three-dimensionality  of  the  storm  in  contrast 
to  the  impression  given  by  Fig.  6.  Note  that  in  Fig.  8  a 
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Fig.  6a.  Vertical  (x,z)  cross  section  of  relative  velocities  with 
superimposed  20,  28  and  36  dBZ  reflectivity  contours  at  1728:44 
MDT  (a)  and  1734:09  MDT  (b).  These  planes  are  oriented 
parallel  to  the  direction  of  echo  motion.  The  arrow  tail  indicates 
the  location  of  the  measurement. 


Outflow  Gust  Front 

Fig.  7.  Schematic  representation  of  salient  kinematic  features. 
Dashed  lines  roughly  indicate  region  of  the  measured  flow  field. 

line  of  near-zero  vertical  air  motion  at  about  6  km 
divides  ascending  from  descending  air.  Below  this  level 
air  in  the  downdraft  is  generally  moving  toward  the 
viewer  whereas  higher  level  air  in  the  updraft  is  moving 
away  from  the  viewer. 

Streamlines  were  calculated  for  initial  points  near  the 
storm  edge  for  the  scan  beginning  at  1728:44.  Fig.  9 
displays  a  sampling  of  these  three-dimensional  stream- 
lines that  enter  the  storm  at  the  5.5  km  level.  Wide 
arrows  indicate  that  several  air  parcels  which  followed 
approximately  the  same  path  were  combined  and  that 
a  larger  volume  of  air  was  involved  in  the  flow.  In  order 
to  give  a  rough  estimate  of  speed  we  have  indicated 
times  in  the  figure  to  specify  how  long  an  air  parcel 
would  take  in  traversing  a  particular  streamline.  It 
should  be  emphasized  that  these  streamlines  represent 
the  flow  at  a  particular  instant  and  can  be  interpreted 
as  parcel  flow  only  in  the  steady  state.  Although  the 
storm  rapidly  decayed  after  these  observations,  it  is 
believed  that  the  streamlines  give  a  general  representa- 
tion of  air  parcel  flow  during  the  earlier  mature  stage 
when  the  echo  structure  was  less  variable. 

Fig.  9  shows  that  the  gust  front  on  the  storm's  right 
forward  flank  at  the  surface  has  its  source  on  the  left 
rear  flank  at  5.5  km.  Air  descends  anticyclonically  from 
the  left  rear  portion  of  the  storm  and  exits  under  the 


0         3         6         9         12         15         18    y  — 
Distance  North  of  Baseline  Midpoint  (km) 

Fig.  8.  Vertical  (y,z)  cross  section  of  relative  velocities  at 
*  =  40.2  km  with  superimposed  20,  28  and  36  dBZ  reflectivity 
contours  at  1728:44  MDT.  This  plane  is  oriented  normal  to  storm 
motion.  The  viewer  is  looking  upstream  into  the  storm. 
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Fig.  9.  Streamlines  entering  storm  at  5.5  km  level.  Dashed  lines 
indicate  25  dBZ  reflectivity  contours. 


updraft  at  the  surface.  The  source  air  for  the  northern 
portion  of  the  gust  front  is  air  entering  from  the  left 
forward  flank,  that  becomes  entrained  into  the  anti- 
cyclonic  downdraft.  Air  entering  at  this  level  on  the 
right  rear  flank,  descends  with  little  rotation  and  exits 
at  the  rear  about  0.5  km  from  the  surface.  Some  of  the 
inflowing  air  that  starts  at  the  lower  edge  of  the  up- 
draft is  detrained  into  the  downdraft  and  also  exits  near 
the  surface  on  the  backside.  Air  entering  on  the  right 
flank  and  right  forward  flank  moves  upward  with 
cyclonic  curvature  and  exits  near  the  11  km  level. 
Most  of  the  broad  sheet  of  upward  moving  air  near  the 
forward  central  edge  of  the  storm  at  this  level  moves 
directly  upshear  with  a  25°  backward  tilt.  It  ascends 
with  little  rotation  and  eventually  exits  near  the  top 
of  the  scanned  volume.  However,  the  northern  portion 
of  this  sheet  splits  off,  turns  anticyclonically,  and  exits 
the  left  rear  flank  at  the  upper  levels. 

Surface  winds  derived  from  the  NHRE  mesonet  are 
displayed  relative  to  the  moving  storm  at  1730  (Fig.  10). 
Superimposed  in  the  figure  are  isochrones  of  sudden 
wind  increase  and  temperature  decrease  to  depict  the 
movement  of  the  gust  front  through  the  area.  A  broad 
area  of  surface  divergence  beneath  the  storm  is  ap- 
parent. The  station  at  the  southeast  corner  of  the 
NHRE  test  area  had  shown  light  (<3  m  s-1)  and  vari- 
able winds  just  prior  to  this  time.  The  sudden  increase 
to  11  m  s_1  is  interpreted  as  the  passage  of  the  gust 
front  indicated  schematically  in  Fig.  7.  At  this  time 
(~1730)  the  gust  front  is  seen  to  precede  the  echo  by 
7-14  km.  The  gust  front  was  also  accompanied  by  a 
rapid  decrease  in  de  from  335  K  at  1715  to  326  K  at 
1745.  As  shown  in  Fig.  2,  air  with  0e=  326  K  was  found 
near  the  5.5  km  level.  Using  6e  as  a  tracer  we  conclude 
that  the  air  just  behind  the  gust  front  must  have 
originated  near  the  5.5  km  level.  This  implies  that  the 


streamlines  in  Fig.  9  are  indeed  reasonably  representa- 
tive of  a  quasi-steady  state. 

The  gust  front  moved  at  more  than  twice  the  speed 
of  the  echo  motion  as  indicated  by  the  isochrones  of  the 
gust  line  in  Fig.  10.  Sixty  minutes  earlier  the  gust  front 
had  been  located  near  the  leading  edge  of  the  echo.  A 
factor  contributing  to  the  rapid  decay  of  the  storm  was 
undoubtedly  the  undercutting  of  the  updraft  by  the 
gust  front,  tending  to  reduce  the  forced  convergence 
in  the  surface  layer  ahead  of  the  storm.  In  addition, 
there  would  have  been  an  increase  with  time  in  the 
surface  area  between  the  gust  front  and  the  overriding 
updraft.  This  would  have  resulted  in  greater  mixing 


1600 


1700 


1730 


lOm/s 


15 


30  km 


Fig.  10.  Relative  surface  winds  (vectors)  from  NHRE  mesonet 
at  1730  MDT  with  superimposed  30  dBZ  contour  near  cloud  base. 
Also  shown  are  isochrones  of  temperature  break  (dashed)  and 
wind  gust  (solid)  derived  from  the  NHRE  mesonet.  The  +  sym- 
bols indicate  the  locations  of  the  Doppler  radars  A  and  B. 
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between  the  potentially  cold  air  in  the  gust  front  and 
the  warmer  updraft  air. 

There  are  some  similarities  between  the  kinematic 
structure  observed  in  this  storm  (see  Fig.  9)  and  the 
three-dimensional  model  of  the  Wokingham  storm 
described  by  Browning  and  Ludlam  (1962).  Briefly,  the 
following  are  apparent : 

1)  Both  storms  are  persistently  fed  from  opposite 
sides;  the  updraft  slopes  in  the  upshear  direction  from 
near  the  surface  and  the  downdraft  air  enters  the  back- 
side at  middle  levels. 

2)  The  downdraft  descended  from  middle  levels  with 
little  curvature  and  much  of  it  exited  the  backside  at 
the  surface. 

3)  Environmental  air  in  middle  and  upper  levels 
overtook  the  storm  and  flowed  to  either  side  as  if 
around  an  obstacle. 

4)  The  updraft  source  was  on  the  right  forward  flank 
of  the  storm. 

A  significant  difference,  however,  is  apparent  in  the 
structure  of  the  gust  front.  Browning  and  Ludlam 
(1962)  show  air  within  the  gust  front  entering  from  the 
left  forward  flank  near  3  km  AGL  and  passing  across 
the  front  of  the  storm  transverse  to  the  storm's  motion. 
They  show  air  within  the  gust  front  leaving  the  storm 
at  the  surface  near  the  right  rear  flank.  In  contrast  to 
this,  the  Doppler  result  shows  that  the  gust  front  air 
entered  the  storm  from  near  4  km  AGL  on  the  left  rear 
side  and  exited  at  the  surface,  moving  away  from  the 
storm  and  slightly  to  the  right  of  its  direction  of  motion. 

6.  Quantitative  results 

In  addition  to  a  qualitative  description  of  the 
kinematic  structure  within  thunderstorms,  other  quanti- 
tative information  can  be  derived  from  the  derived  air 
motions.  Software  has  now  been  developed  to  compute 
the  areal  and  volume  averages  of  any  of  the  computed 
field  variables  over  the  updraft  or  downdraft  regions. 
If  desired,  these  averages  can  also  be  computed  over 
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Fig.  11.  Updraft  mass  flux  profiles  for  entire  updraft  on  the 
right  (triangles)  and  for  "strong"  updraft  on  the  left  (circles).  A 
best  fit  by  eye  to  each  data  set  is  shown  by  the  straight  lines. 


any  region  in  which  any  other  field  variable  assumes  a 
specified  range  of  values. 

This  capability  was  used  in  computing  the  updraft 
mass  flux  pwA,  where  p  is  the  air  density  and  A  the 
updraft  area.  It  appeared  from  updraft  contours  such 
as  those  in  Figs.  4  and  5  that  nearly  all  of  the  updraft 
had  been  detected  by  the  radars  from  heights  of  8.0  to 
10.0  km  MSL.  Reliable  estimates  of  updraft  mass  flux 
were  made  through  these  levels  and  the  resulting  mass 
flux  profiles  are  shown  in  Fig.  11.  The  profile  to  the 
right  represents  the  mass  flux  in  the  entire  updraft 
(w>0)  and  the  profile  to  the  left  shows  the  upward 
mass  flux  by  air  with  w>4  m  s-1. 

These  profiles  show  that  the  total  updraft  was  weakly 
detraining  air  at  a  rate  of  0.026  km-1  in  this  region. 
[The  entrainment  rate  is  computed  from  (l/Fm) 
X  (dFm/dz)  where  Fm  is  mass  flux.]  It  is  also  seen  that 
no  air  was  detrained  from  the  portion  of  the  updraft 
with  !»>4ms"'  where  the  mass  flux  profile  is  constant. 
It  was  also  found  that  the  areas  of  the  entire  updraft 
(w>0)  and  the  "strong"  updraft  (w>4  m  s-1)  were 
nearly  constant  with  height  at  75  km2  and  41  km2, 
respectively,  in  this  height  interval.  Thus  84%  of  the 
mass  was  being  carried  upward  through  only  55%  of 
the  updraft  area. 

Table  1  is  a  summary  of  quantities  computed  from 
the  volume  scan  at  1728:44.  Included  in  the  table  are 
results  published  by  other  observers  for  comparison. 
Updraft  flux  quantities  were  derived  from  values  at 
8.5  km  where  the  entire  updraft  -was  observed.  The 
eastern  edge  of  the  updraft  was  missing  from  planes 
below  this  level.  Water  vapor  flux  in  the  updraft  was 
computed  under  the  assumptions  that  the  source  of 
the  updraft  was  near  the  surface  where  the  mixing  ratio 
is  known  (6.2  g  kg-1)  and  that  there  was  a  3%  per 
kilometer  entrainment  rate  below  the  8.5  km  level. 
Mass  flux  through  cloud  base  was  calculated  with  a 
similar  entrainment  assumption.  The  resulting  flux 
quantities  were  therefore  estimates  of  the  mass  and 
water  vapor  feeding  the  storm  from  below  cloud  base. 

The  updraft  energy  flux  through  the  8.5  km  level 
was  computed  from  the  standard  relationship 


'} 


,=  FJ  CPT'+Lq'+ -t- 


Primes  indicate  deviations  within  the  storm  from 
environmental  values.  The  temperature  excess  and 
moisture  excess,  T'  and  q' ,  were  computed  from  parcel 
theory  and  the  1800  MDT  soundings  at  Sterling  and 
Sidney.  These  soundings  were  located  east  of  the  storm 
and  therefore  more  accurately  described  the  inflow  air 
than  did  the  other  soundings.  It  was  assumed  that  the 
updraft  was  saturated  above  cloud  base.  The  kinetic 
energy  term  was  computed  from  measured  three- 
dimensional  velocities  and  was  found  negligible  com- 
pared with  the  temperature  and  humidity  terms.  Storm 
kinetic  energy,  however,  was  more  than  an  order  of 
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Table  1.  Quantities  computed  from  convective  storm  volume  scan  at  1728:44  MDT. 


Quantity 

Present  result 

Published  value 

Source* 

Updraft  mass  flux  at  cloud  base 

230Xl09gs-1 

335Xl09gs-' 

1 

Downdraft  mass  flux  at  3  km 

-^OXlO'gs-1 

Updraft  energy  flux  at  8.5  km 

1.9X1011  cals"1 

Updraft  vapor  flux  at  cloud  base 

l^XlOOgs"1 

3.4X109gs-1 

1 

Updraft  area 

75  km2 

85  km2 

1 

Downdraft  area 

87  km2 

Precipitating  volume  (>20  dBZ) 

2.4X103km3 

Vorticity  flux  (£w) 

1.8X10-3  ms~2 

Storm  kinetic  energy 

6.2X1013cal 

6.2X10I4cal 

2 

Environment  kinetic  energy 

2.6X1012cal 

Mean  updraft  speed  (storm  average) 

3.8  m  s-] 

4.4  m  s_I 

1 

Mean  downdraft  speed  (storm  average) 

-2.3  m  s"1 

Flux  of  eastward  momentum  (puw) 

-6.2  N  m"2 

Flux  of  northward  momentum  (pvw) 

1.3  N  nr2 

Updraft  detrainment  rate  {\/Fm)(dFm/dz) 

2.6%  km"1 

1.  Auer  and  Marwitz  (1968) — eight  northeast  Colorado  storms.  2.  Sellers  (1972) — average  summer  storm. 


magnitude  larger  than  that  in  an  equivalent  volume  of 
environmental  air.  The  last  term,  expressing  the 
potential  energy  due  to  a  vertical  displacement  z'  of 
the  density  surface,  was  also  negligible  for  reasonable 
values  of  z'. 

The  downdraft  mass  flux  was  computed  from  the 
density-weighted  average  of  the  downdraft  speed 
through  the  3  km  plane  in  which  most  of  the  downdraft 
was  observed. 

The  vertical  flux  of  the  vertical  component  of  vor- 
ticity per  unit  area,  when  averaged  over  the  storm 
volume,  fw,  was  large  and  positive  at  this  time  in  the 
life  cycle  of  the  storm.  As  will  be  shown  in  more  detail 
in  Section  7,  both  the  updraft  and  the  downdraft 
contributed  to  a  net  upward  flux  of  cyclonic  vorticity. 

Eastward  and  northward  components  of  momentum 
flux  were  computed  over  the  storm  volume  and  the 
results  are  also  shown  in  Table  1.  In  these  calculations 
the  u  (eastward)  and  v  (northward)  components  were 
taken  relative  to  the  environmental  winds  shown  in 
Fig.  1.  Knowing  that  storms  are  effective  in  the  vertical 
exchange  of  air,  we  expect  from  the  hodograph  that  air 
transported  from  the  surface  to  the  upper  levels  would 
have  a  strong  relative  component  toward  the  west  and 
a  somewhat  weaker  component  to  the  north.  The  rela- 
tive magnitudes  and  signs  of  the  momentum  flux  com- 
ponents in  Table  1  are  therefore  consistent  with  the 
hodograph  of  Fig.  1. 

Except  for  kinetic  energy,  the  measurements  appear- 
ing in  Table  1  are  similar  to  estimates  previously 
published.  These  results  indicate  that  dual-Doppler 
radar  is  a  powerful  tool  to  remotely  determine  important 
storm  parameters. 

7.  Vorticity 

The  most  striking  feature  of  the  horizontal  velocity 
fields  of  Figs.  4  and  5  is  the  locally  high  value  of  the 
vertical  component  of  vorticity.  Two  regions  of  high 


vorticity  are  seen  to  be  separated  along  a  line  having 
an  azimuth  about  20°  through  the  center  of  the  storm 
at  the  7.5  km  level.  Both  vortex  axes  appear  vertical  in 
contrast  to  the  updraft  axis  which  is  tilted  25°  from  the 
vertical.  The  southernmost  vortex  column  most  clearly 
seen  at  (39,  7)  in  the  7.5  km  plane  extends  from  below 
cloud  base  to  the  highest  level  of  the  Doppler  data, 
around  11  km.  The  peak  vorticity  in  the  column  is 
1.0X10-2  s_1  at  5.5  km,  while  the  generally  weaker 
anticyclonic  column  to  the  north  has  a  peak  value  of 
0.7X10-2  s_1  near  the  9  km  level.  This  weaker  column 
extended  from  the  5.5  km  level  to  the  top  of  the  ob- 
served wind  field.  Vorticity  profiles  within  the  core  of 
the  southern  vortex  are  given  in  Fig.  12  for  the  three 
volume  scans. 

One  possible  explanation  for  these  cyclonic  and  anti- 
cyclonic  vorticity  columns  is  that  the  storm  acted,  to 
some  extent,  as  an  obstacle  to  the  environmental  wind. 
This  resulted  in  the  generation  of  cyclonic  curvature 
on  the  right  flank  of  the  storm  and  anticyclonic  curva- 
ture on  the  left  flank  as  the  environmental  air  moved 
past  the  storm  from  behind.  Newton  and  Newton  (1959) 
arrived  at  a  similar  conclusion.  In-cloud  winds  were 
slower  than  the  environmental  winds  at  all  levels  which 
indicates  that  environmental  air  was  indeed  overtaking 
the  storm.  Therefore,  this  air  must  have  been  diverted 
to  some  extent  around  the  storm. 

As  indicated  in  Table  1,  a  strong  positive  correlation 
between  the  updraft  strength  and  vorticity  yielded  a 
large  net  upward  flux  of  cyclonic  vorticity.  It  should 
be  stressed  that  although  this  correlation  did  exist,  the 
updraft  and  vortex  axes  did  not  exactly  coincide.  The 
vortex  axes  were  located  near  the  interface  between  the 
updraft  and  downdraft.  Fig.  13  shows  a  plot  of  areal 
averages  of  updraft  strength  versus  vorticity.  It  is 
evident  that  the  downdraft  aided  in  the  net  upward 
transport  of  cyclonic  vorticity.  This  upward  flux  of 
vorticity  may  be  significant  in  light  of  the  large-scale 
vorticity  budget  of  Reed  and  Johnson  (1974).  They 
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Fig.  12.  Vertical  profiles  of  the  peak  value  of  the  vertical  com- 
ponent of  vorticity  at  the  times  shown.  These  values  were  taken 
along  the  axis  of  the  southern  vortex. 


have  shown  that  there  is  an  apparent  sink  of  vorticity 
near  the  surface  and  a  source  aloft  in  convectively 
active  regions.  It  is  possible  that  mesoscale  convective 
elements  not  resolvable  by  large-scale  measurements 
are  a  mechanism  for  the  generation  and  upward  trans- 
port of  synoptic-scale  vorticity.  Other  case  histories  are 
now  under  study  to  determine  the  generality  of  the 
{-w  correlation  and  its  possible  relationship  to  this 
synoptic-scale  vorticity  source-sink. 

Flux  profiles  of  vorticity  and  momentum  have  been 
generated  for  this  storm  but  are  not  presented  here. 
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8.  Summary 

The  NOAA/WPL  dual-Doppler  radar  system  has 
been  used  to  determine  the  kinematic  structure  of  the 
decaying  stage  of  a  convective  storm  which  grew  in  a 
weakly  sheared  environment.  The  following  features 
of  the  kinematic  structure  were  observed : 

1)  Divergence  was  coincident  with  high  reflectivity 
at  the  surface. 

2)  The  updraf t  was  fed  by  potentially  warm  (high  de) 
air  from  ahead  of  the  storm.  Potentially  cold  (low  6e) 
air  overtook  the  storm  and  participated  in  the  down- 
draft  circulation.  Similar  low  values  of  6e  were  measured 
just  behind  the  surface  gust  front  located  14  km  ahead 
of  the  forward  edge  of  the  radar  echo.  The  conclusion 
that  middle  level  air  (~5.5  km)  was  the  source  for  the 
gust  front  was  consistent  with  the  Doppler-derived 
three-dimensional  streamline. 

3)  Regions  of  cyclonic  and  anticyclonic  vorticity 
were  found  respectively  on  the  right  and  left  sides  of 
the  storm.  This  flow  pattern  indicates  that  the  mass  of 
air  within  the  storm  may  have  acted,  to  some  extent, 
as  an  obstacle  to  the  environmental  flow. 

4)  The  main  updraft  was  in  the  form  of  a  sheet  of 
upward  flowing  air  inclined  25°  in  the  upshear  direction. 
This  sheet  was  composed  of  two  jets  of  relatively  high 
speed  flow  separated  by  a  less  intense  updraft.  Peak 
updraft  speeds  of  19  m  s_1  were  observed  at  10.5  km 
(9  km  AGL). 

5)  The  kinematic  structure  of  this  storm  was  similar 
to  the  structure  of  the  Wokingham  storm  described  by 
Browning  and  Ludlam  (1962)  despite  the  fact  that  the 
latter  storm  developed  in  a  strongly  sheared 
environment. 

6)  Quantitative  nux  results  computed  from  the 
Doppler  data  generally  fell  within  the  range  of  prior 
observations.  A  detrainment  rate  of  0.026  km-1  was 
measured  in  the  updraft  from  8.0  to  10.0  km  MSL. 
Finally,  vorticity  and  vertical  velocity  were  found  to 
be  positively  correlated. 

There  are  significant  kinematical  differences  between 
this  storm  and  one  observed  in  the  same  area  only  a 
few  days  later  (31  July  1973)  as  reported  by  Miller  et  al. 
(1975).  These  differences  must  be  related  to  the  different 
environmental  conditions  within  which  each  storm  grew. 
For  example,  the  environmental  shear  on  31  July  was 
three  times  larger  and  more  moisture  was  available  than 
on  28  July.  A  comparison  of  several  case  histories  such 
as  these  should  lead  to  a  more  complete  understanding 
of  the  necessary  environmental  conditions  that  ulti- 
mately produce  a  particular  kinematic  structure  and 
precipitation  distribution. 
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1. 


INTRODUCTION 


Using  data  from  aircraft,  radar  (including 
Doppler),  surface  mcsonetwork,  and  rawinsondcs, 
Browning  ert  al_.  (1976)  were  able  to  synthesize  a 
schematic  model  of  an  evolving  multicell  hail- 
storm.  They  stated  that  such  storms  are  charac- 
terized by  a  succession  of  individual  cells, 
each  having  a  life  cycle  similar  to  the  one  de- 
scribed by  Byers  and  Braham  (1949).   Each  cell 
begins  as  a  cumulus  cloud,  usually  on  the  right 
flank,  which  grows  rapidly  in  the  vertical  as  it 
moves  into  and  toward  the  back  of  the  main  cloud 
mass.   New  cells  typically  exhibit  a  detectable 
radar  echo  in  about  15  min  near  the  -12°C  (~7km 
MSL)  level.   Radar-detectable  cells  continue  mov- 
ing through  the  main  cloud  mass,  producing  rain 
and  hail  at>  the  ground  and  eventually  dissipating. 
The  total  lifetime  of  each  identifiable  cell  is 
about  45  min.   This  overall  behavior  is  similar  to 
that  of  hailstorms  in  western  South  Dakota  as  de- 
scribed by  Dennis  et  al. (1970),  who  further  report 
that  merging  of  cells  with  the  main  radar  echo  is 
often  followed  by  bursts  of  heavy  rain  or  hail  at 
the  ground. 

This  paper  describes  the  sequen'  •;  of  events 
as  revealed  by  detailed  internal  airflow  measure- 
ments with  two  Doppler  radars,  in  a  similarly 
evolving  multicell  hailstorm  that  developed  on 
23  July  1974  in  northeastern  Colorado.   During  the 
1974  summer  field  program  of  the  National  Hail 
Research  Experiment*  (NHRE) ,  two  Wave  Propagation 
Laboratory  3- cm  mobile  Doppler  radars  were  oper- 
ated in  the  Lhermitte  and  Miller  (1970)  coplane 
scan  mode  for  data  acquisition.   These  radial 
velocity  and  reflectivity  data  were  combined  using 
coplane  analysis  (Miller  and  Strauch,  1974;  Doviak 
e_t  aj_.  ,  1976)  to  obtain  the  three-dimensional  air- 
flow. The  time-evolving  core  draft  and  the  in- 
ternal airflow,  including  draft  structure,  follow- 
ing the  merger  of  three  radar  cells  are  described. 

2.    STORM  ENVIRONMENT 

The  sounding  from  a  rawinsonde  released  at 
Grover,  Colorado,  at  1620  (all  times  MDT)  was 
assumed  to  represent  the  environmental  conditions. 
This  sounding  was  taken  4S  min  before  the  appear- 
ance of  the  radar  echo  and  was  located  20  km 
northeast  (downshear)  of  the  main  echo  complex. 
From  Fig.  1  it  can  be  seen  that  a  nearly  dry  adia- 
batic  layer  existed  in  the  subcloud  region.   As 
shown,  a  parcel  of  air  near  the  surface  lifted  dry 
adiabatical ly  to  the  convective  condensation  level 
(assumed  to  be  cumulus  cloudbase),  then  lifted 
moist  adiabatically  above  cloudbase,  was  3°C  war- 
mer than  the  environment  at  500  mb.   Note  that 


significant  negative  buoyancy  at  cloudbase  was 
probably  not  present.   This  is  contrary  to  the 
typical  situation  accompanying  the  more  severe 
storms  that  occur  in  this  area.   Marwitz  (1973) 
reported  that  inflow  air  for  these  storms  is 
almost  always  negatively  buoyant  just  below  cloud- 
base. This  would  tend  to  help  stabilize  the  sur- 
face layer  thereby  enabling  a  deep  moist  layer  to 
develop,  which  may  later  be  overturned  by  mechan- 
ical lifting.   A  lack  of  significant  negative 
buoyancy  was  also  found  in  a  non-steady  moderate 
intensity  thunderstorm  described  by  Miller  (1975). 

The  environmental  winds  (Fig.  2)  were  gener- 
ally easterly  in  the  surface  -layer  and  backed  to 
west- southwesterly  in  the  upper  levels.   Subcloud 
winds  were  light,  and  moderate  shear  (1.9x10  s   ) 
existed  in  the  cloud  layer.  These  are  considered 
distinguishing  environmental  characteristics  of 
multicell  hailstorms  (Marwitz,  1972).   Conditions 
accompanying  this  hailstorm  are  summarized  in 
Table  1. 

Table  1. 

Environmental  Conditions  on  23  July  1974  as 
Determined  From  the  1620  Grover  Rawinsonde 


Subcloud 


Water  vapor  mixing  ratio   8  gm  kg 


-1 


Mean  winds 


050  : 3. 5  m  s 


Cloudbase 

Height 
Temperature 

4.3  km  MSL 
3°C 

Cloud  layer  (base  to  14  km) 
Mean  Winds 
Shear 

305° :  7m  s   ,   . 
232°:  1.9x10  s 

Layer  of  minimum  equivalent 
potential  temperature 
Height 
Thickness 
Mean  winds 

<  330  K 
5.8  km  MSL 
1.5  km      . 
325°:8.S  m  s 

3.    RADAR  ECHO  EVOLUTION 

A  series  of  low-level  constant  elevation 
scans  obtained  with  the  Grover  10-cm  radar  is 
shown  in  Fig.  3.  The  tracks  of  the  45  and  55  d3Z* 
reflectivity  factor  contours  are  also  shown.   The 
storm  is  seen  to  consist  of  two  main  multicell 
radar  echo  complexes,  an  easternmost  (E  prefix)  and 
a  westernmost  (W  prefix)  one.  Overall  echo  motion 
determined  from  the  reflectivity  was  from  325°  at 
6ms".  This  total  motion,  propagation  plus 
translation,  was  along,  and  2ms   slower  than 
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Fig.    1.      Temperatux-e   (T)  and  dewpoint  temperature 
"  (Tj)  profiles  from  Grover  rawinsonde  release. 
Isotherms  are  the  thin  solid  lines  that  slope 
upward  to  the  right  and  the  suboloud  water 
vapor  mi-xing  ratio   (g/Kc)   isopleth  is   the 
dashed  line  marked  8.      The  trajectory  of  par- 
cel ascent  along  the  dry  and  moist  adiabats 
is  shown  as  a  dashed  line. 
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Fig.    2.      Hodographs  of  environmental  and  in- storm 
horizontal  winds.      Heights  are  in  kilometers 
above:  mean  sea   level.      T)xe  minimum  equivalent 
potential  temperature   (6   )    layer  is  shown  as 
cross-hatchi'ig  along  the  environmental  wind 
hodograph.    Average  winds  over  the  suhcloud 
(V '),  minimum   G  layer   (V.J  and  upper  levels 
(v')  are  shown  as  vectors. 


the  mean  winds  in  the  layer  of  minimum  equivalent 
potential  temperature  (6  ).   New  echoes  tended  to 
form  on  the  flanks  of  the  main  echo  complexes. 
Those  cells  on  the  left  flank  (northeast  side) 
moved  cyclonically  into  the  main  echo,  whereas 
those  on  the  right  flank  (southwest  side)  moved 
anti-cyclonically .   From  the  analysis  of  airflow, 
described  in  Section  4,  it  was  found  that  this  was 
confluent  motion  into  the  main  updraft. 

The  location  of  hailstones  collected  at  the 
surface  by  NHRE  mobile  chase  teams  suggests  that 
hail  grew  in  the  easternmost  echo  complex.  Hail- 
stone diameters  ranged  mostly  between  1  and  2  cm 
with  some  as  large  as  2.5  cm.  However,  no  major 
hailfall  was  found. 

4.    INTERNAL  AIRFLOW 

Shown  in  Fig.  4  are  contours  of  vertical  air 
motion  and  horizontal  streamlines  on  several  hori- 
zontal planes.  These  planes  show  the  near-instan- 
taneous (total  radar  scan  time  was  about  3  min) 
picture  of  airflow  in  the  volume  of  the  storm 
covered  by  the  two  Doppler  radars.  These  data 
were  obtained  shortly  after  cells  marked  EO,  F4, 
and  ES  in  Fig.  3  were  no  longer  distinguishable  as 
individual  radar  cells.   Some  ambiguity  must  al- 
ways exist  regarding  cell  merger,  depending  on  the 
criteria  used  to  define  a  radar  cell.   Here  the 
intent  was  to  relate  the  order  of  events  so  that 
cells  were  considered  indistinguishable  when  they 
were  enclosed  by  a  single  45  dBZ  contour.   Somewhat 
poor  temporal  and  spatial  resolution,  particularly 
in  the  Doppler  data,  did  not  warrant  following  the 
small-scale,  high  reflectivity  regions  or  "hot 
spots."  Complete  Doppler  scans  were  only  repeated 
every  10  min  or  so.   Also,  the  requirement  of  spa- 
tial smoothing  to  obtain  reliable  velocity  esti- 
mates degraded  the  resolved  spatial  scales  to  those 
larger  than  5  km.  This  is  consistent  with  the 
relative  smoothness  of  vertical  air  motion  contours. 

At  this  time  (17:51:34),  the  easternmost  echo 
complex  was  found  to  consist  of  a  large  updraft  on 
the  right  flank.  The  updraft  extended  outside  the 
detectable  echo  at  all  levels  as  shown  by  contours 
opening  to  the  south  at  the  echo  boundary.  A  cell 
(E6)  to  the  northeast  had  appeared  as  a  first  echo 
some  14  min  earlier  at  a  height  of  6.5  km. 

From  the  horizontal  streamlines*  (Fig.  4b),  it 
is  inferred  that  updraft  air  entered  the  storm  on 
the  right  flank  (southwest)  and  exited  on  the  left 
flank  (east-northeast).   The  horizontal  velocity, 
mostly  direction,  of  the  surface  outflow  downdraft 
air  is  consistent  with  this  air  having  originated 

from  the  layer  of  minimum  0  .   However,  no  9 

e  e 

measurements  were  obtained  at  the  surface  to  con- 
firm this  inference.  There  was  a  confluence  line 
near  the  center  of  the  echo  complex  particularly 
in  the  layer  from  5  to  8  km.   As  this  was  the  layer 
containing  most  first  echoes,  it  appears  that  the 
motion  of  echoes  growing  to  either  side  of  this 
line  was  in  response  to  a  kinematic  structure  that 
was  more  steady  than  the  precipitation  structure. 


*  Streamlines  are  shown  relative  to  the  ground. 
Echo  translation  was  slow  (<2m  s   as  deter- 
mined by  averaging  the  horizontal  winds  over 
the  storm  volume  scanned)  so  that  echo  motion 
was  dominated  by  propagation. 
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Fig.    3.      A  series  of  low-level  10-om 
radar  constant  elevation  angle 
scans.      The  radar  is   located  at 
coordinates   (0,    0).      Times  and 
values  of  maximum  radar  reflec- 
tivity factor  are  shown  on  each 
frame.      Contours  of  reflectivity 
are  at   10  dB  increments  above  25 
dBZ,    cross-hatched  for  35-45  and 
55-65  intervals.      Lower  frames 
show  45  and  55  dBZ   (contour) 
tracks  with  individual  cells 
marked  with  a  prefix  letter  for 
westernmost   (W)  and  easternmost 
(E) .      Numeral  suffixes  are 
roughly  in  chronological  order. 
Hailstones   (near  H)  were  collect- 
ed at  the  surface   10  km  northeast 
of  Briggsdale   (B)  marked  on  55 
dBZ  track  frame. 


0  -40  -20 

Distance  East  of  Grover  (km) 


In  fact,  when  one  considers  the  total  echo  motion, 
the  kinematic  structure  moved  from  280°  at 
<2  m  s"   implying  a  propagation  of  the  precipita- 
tion structure  from  342°  at  4.5  m  s   .  This  means 
that  the  precipitation  field  (radar  echo)  outran 
the  kinematic  perturbation  (deviation  from  en- 
vironmental flow)  because  of  propagation.   At  a 
later  time  (18:02  not  shown  here),  the  major  draft 
area  was  located  farther  back  in  the  storm  with 
precipitation  echo  in  front  of  it  suggesting  that 
the  inflow  was  being  cut  off.  This  storm  persist- 
ed for  about  2  hours,  remaining  intense  for  only 
30-45  min.   Previously,  Miller  (1975)  found  in  a 
case  study  of  another  storm  that  precipitation 
fell  into  inflow  air  thereby  cutting  off  the  up- 
draft  and  forcing  the  storm  to  decay. 

Representative  profiles  of  the  time-evolving 
core  draft  were  constructed  (Fig.  5)  by  following 
the  eastern  cell  complex.   These  profiles  are 
associated  more  with  a  larger  scale  airflow  cell 
than  with  individual  radar  or  visible  cells.   As 
noted  before,  such  interpretations  are  sometimes 


dictated  by  poor  spatial  and  temporal  resolution. 
During  the  growing  stage,  profile  at  17:28:54,  , 
there  was  a  secondary  updraft  maximum  of  10  m  s 
about  a  kilometer  above  cloudbase.   It  is  easy  to 
see  that  updraft  profiles  determined  from  tracking 
chaff  could  be  interpreted  as  having  updraft 
maxima  within  1-4  km  of  cloudbase  (Marwitz,  1973). 
For  example,  any  chaff  released  into  this  storm 
could  not  have  been  tracked  above  the  secondary 
maximum  since  the  echo  from  precipitation  exceeded 
30  dBZ  (Marwitz,  1973).  Whether  or  not  this  is  the 
explanation,  in  general,  it  seems  to  be  a  likely 
candidate  for  many  updraft  maxima  detected  at 
relatively  low  levels.  Here  an  updraft  maximum 
was  clearly  found  in  the  upper  levels. 

Since  the  cell  E6  was  distinguishable  both  as 
a  radar  echo  and  circulation  cell  for  most  of  its 
lifetime,  a  core  draft  profile  wras  also  constructed 
for  this  cell  and  is  shown  in  Fig.  6.  The  previous 
profiles  (Fig.  5)  are  interpreted  as  more  nearly 
representative  of  the  large-scale  updraft,  where- 
as the  profiles  in  Fig.  6  represent  the  evolution 
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Fig.    5.      Vertical  profiles  of  vertical  air  motion 
in  core  of  easternmost  draft  region.      These 
profiles  were  constructed  from  Doppler  radar 
scans  centered  at  times  shown.      Tfie  most 
intense  phase   (17: 51:34)   corresponds   to 
Fig.    4. 


within  any  single  cell.   Cell  F6  appeared  as  a 

first  radar  echo  at  17:37  near  6.5  km  (-12°C). 

Within  14  min  the  first  profile  (G  in  Pig.  6)  was 

obtained  when  the  echo  extended  to  the  ground. 

Maximum  upward  motion  of  13  m  s   was  found  aloft 

24  min  after  first  echo.   Downdrafts  were  found 

below  the  minimum  0   layer.   After  42  min,  the 

g   j 
cell  was  dissipating  with  only  weak  updrafts 

aloft.   This  sequence  is  qualitatively  similar  to 
the  one  described  by  Byers  and  Braharn  (1949)  . 
Cell  E6  reached  a  maximum  diameter  (of  20  dBZ  re- 
flectivity contour)  of  7.5  km  and  was  dissipating 
before  it  was  indistinguishable  from  the  rest  of 
the  easternmost  complex. 

5 .   SUMMARY 

Data  obtained  with  two  3-cm  Doppler  radars 
have  been  analyzed  to  reveal  the  temporal  and  spa- 
tial behavior  of  the  airflow  in  an  evolving  multi- 
cell  hailstorm.   The  airflow  and  individual  cell 
evolution  were  found  to  resemble  those  in  a  sche- 
matic model  described  by  Browning  ct  a_l_.  (1976). 
It  was  found  that  vertical  air  motions  in  the  main 
draft  were  most  intense  shortly  after  three  radar 
cells  had  merged.   Also,  maximum  radar  reflectiv- 
ity increased  to  65  dBZ  shortly  after  merger. 
Though  no  significant  hailfall  was  found,  hail- 
stones as  large  as  2.5  cm  diameter  were  collected. 
Their  location  suggested  that  the  hail  grew  in  the 
merged  cell  complex.   Insufficient  data  on  speci- 
fic times  of  hail  fall  preclude  determining  the 
most  probable  location  of  hail  growth.   However, 
there  seems  to  be  qualitative  agreement  with  the 
notion  of  hail  embryos  grown  in  so-called  "feeder" 
clouds  naturally  seeding  a  main  storm  complex  to 
continue  their  growth  to  hailstone  sizes  (e.g., 
Musil,  1970;  Dennis  and  Musil,  1973). 
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Fig.    6.      Core  draft  profiles  during  growth   (G), 
mature   (M),   and  decay   (D)  phases  of  cell 
E6.      The  heights  of  the  surface.    (S),   con- 
vective  condensation   level   (CCL)  and  tropo- 
pause   (T)  are  marked  on  the   left  vertical 
ax-is. 
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Structure  of  an  Evolving  Hailstorm,  Part  III : 
Internal  Structure  from  Doppler  Radar 
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ABSTRACT 

Two  X-band  Doppler  radars  observed  a  hailstorm  that  passed  directly  over  one  of  the  radars  during  the 
1973  National  Hail  Research  Experiment  (NHRE).  While  one  of  the  radars  scanned  the  storm  at  low 
elevation  angles  the  other  radar,  which  operated  simultaneously  in  a  zenith-pointing  mode,  measured  part 
of  an  updraft.  Observations  by  other  NHRE  participants  assisted  in  interpreting  the  radial  velocity  fields 
so  that  inflow  and  outflow  could  be  identified  from  the  scanning  radar  measurements.  The  peak  updrafts 
occurred  just  ahead  of  the  highest  reflectivity  while  the  strongest  downdrafts  were  found  only  6  km  behind 
the  updraft.  Strong  turbulence  was  generated  in  the  transition  region  between  updraft  and  downdraft  as 
evidenced  by  large  velocity  variances.  A  substantial  part  of  the  downdraft  appeared  to  have  been  fed  by 
air  that  had  ascended  in  the  updraft.  Low-level  velocity  fields  were  in  general  agreement  with  surface 
measurements  and  showed  the  outflow  toward  the  front  of  the  storm  in  the  gust  front  as  well  as  outflow 
opposite  the  echo  motion  behind  the  storm.  There  was  strong  outflow  opposite  the  direction  of  echo  motion 
at  the  top  of  the  storm  which  agreed  with  photographs  of  the  anvil  overhang. 


1.  Introduction 

The  observations  discussed  in  this  paper  were  made 
with  two  X-band  Doppler  radars  on  a  storm  that 
passed  directly  over  one  of  the  radars  near  Raymer 
during  the  1973  field  program  of  the  National  Hail 
Research  Experiment  (NHRE)  in  northeast  Colorado. 
The  two  radars  normally  were  operated  as  a  dual- 
Doppler  system  to  acquire  data  for  analysis  of  three- 
dimensional  wind  fields.  However,  when  a  storm  passed 
directly  over  one  radar,  it  was  operated  in  a  zenith- 
pointing  mode  while  the  second  radar  scanned  an 
azimuth  sector  encompassing  the  zenith-pointing  radar 
with  a  raster  scan  stepped  in  elevation.  Browning  et  al. 
(1968)  conducted  a  similar  experiment  to  observe  the 
horizontal  and  vertical  air  motion  in  a  shower,  except 
their  second  radar  scanned  in  elevation  at  a  single  fixed 
azimuth.  The  operational  mode  we  selected  enabled  us 
to  determine  the  two-dimensional  velocity  in  a  vertical 
plane  through  the  radars,  and  it  also  allowed  us  to  ob- 
serve the  reflectivity  and  one  component  of  air  motion 
throughout  the  storm  volume.  Several  storms  were 
observed  in  this  operating  mode,  but  the  Raymer 
storm  of  9  July  1973  discussed  here  combines  two 
fortuitous  factors  in  addition  to  the  extensive  measure- 
ments obtained  with  other  instruments: 

1)  The  storm  track  was  within  5°  of  the  line  joining 
the  radars.  Thus,  inflow  and  outflow  parallel  to  the 


1  This  research  was  performed  as  part  of  the  National  Hail 
Research  Experiment,  managed  by  the  National  Center  for 
Atmospheric  Research  and  sponsored  by  the  Weather  Modifica- 
tion Program,  Research  Applications  Directorate,  National 
Science  Eoundation.  ... 


direction  of  storm  motion  were  observed  as  radial 
velocity.  These  regions  were  clearly  seen  by  the  scan- 
ning radar  and  assisted  in  interpreting  the  measured 
radial  velocity  field  in  terms  of  the  storm  structure. 

2)  An  updraft  region  passed  directly  over  the  zenith- 
pointing  radar.  The  vertical  velocity  data  could  there- 
fore be  used  to  locate  the  updraft  precisely  in  relation 
to  the  storm  echo. 

2.  Doppler  radar  observations 

The  location  of  Doppler  radars  A  and  B  relative  to 
the  NHRE  operational  area  is  shown  in  Fig.  1.  The 
radars  were  separated  by  52.2  km  with  a  baseline  angle 
of  354°  from  north.  The  9  July  1973  hailstorm  passed 
directly  over  the  southern  radar  (Radar  A).  Fig.  1  also 
shows  the  reflectivity  contours,  just  below  cloud  base, 
measured  by  the  NHRE  10  cm  radar  located  at  Grover, 
Colo.,  at  the  time  the  storm  was  over  Radar  A.  Radar  A 
acquired  data  in  a  zenith-pointed  mode  from  1725:55 
to  1736: 15  MDT.  During  this  same  time,  Radar  B  was 
scanning  an  azimuth  sector  at  elevation  angles  of  0°  to 
15°  in  1°  steps.  The  16  elevation  steps  were  scanned  in 
160  s.  The  area  covered  by  Radar  B  during  its  initial 
scan  sequence  is  outlined  by  the  dashed  lines.  A  repre- 
sentative echo  motion  was  7  m  s_1  along  the  radar 
baseline  during  the  time  interval  of  interest  for  the 
Doppler  data.  Seven  meters  per  second  is  an  inter- 
mediate value  between  the  motion  of  the  storm  as  a 
whole  and  the  motion  of  individual  cells  (Part  I).  The 
dotted  line  in  Fig.  1  shows  the  coverage  of  the  zenith- 
pointing  radar  as  the  storm  advected  overhead.  The 
Doppler  radar  observations  pertain  to  cell  W4. 
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The  characteristics  of  the  X-band  Doppler  radars 
have  been  described  by  Frisch  el  al.  (1974),  but  will  be 
briefly  summarized  here.  The  complex  video  signals 
were  digitally  recorded  for  postanalysis.  The  zenith- 
pointing  radar  acquired,  data  at  24  fixed  heights  with  a 
dwell  time  of  0.065  s  corresponding  to  128  radar  samples 
in  each  height  increment.  From  these  data  the  complete 
Doppler  velocity  spectrum  was  obtainable  96  times  per 
minute  at  each  height.  The  radar  beamvvidth  of  0.9° 
provided  a  horizontal  resolution  better  than  250  m  at 
the  maximum  altitude.  The  height  resolution  was  75  m 
and  the  minimum  height  that  could  be  observed  was 
1.8  km  (MSL).  (The  radar  altitudes  were  1.5  km  MSL.) 
The  height  spacing  between  data  locations  was  600  m, 
with  the  lowest  location  centered  at  1.9  km  and  the 
highest  at  15.7  km  during  the  period  1725:55  to 
1728:05.  From  1728:05  to  1736:15  the  height  spacing 
was  300  m  with  the  lowest  location  centered  at  1.9  km 
and  the  highest  at  8.8  km. 

The  scanning  radar  used  the  same  dwell  time  (0.065  s 
for  128  radar  samples)  and  acquired  data  for  384  (16 
azimuth  X  24  range)  radar  resolution  elements  in  10  sec 
for  each  fixed  elevation  step.  Four  complete  elevation 
scan  sequences  were  made  during  the  12  min  observa- 
tion period.  The  0.9°  beamwidth  resulted  in  a  spatial 
resolution  of  600  to  800  m  at  the  location  of  the  storm. 
The  data  locations  were  separated  by  600  m  in  range 
and  about  1.5°  (1300  m)  in  azimuth.  The  entire  Doppler 
velocity  spectrum  was  calculable  for  each  measurement 
point  of  the  scanning  radar  so  the  radial  velocity, 
velocity  variance,  and  radar  reflectivity  were  estimated 
at  each  data  point. 

3.  Data  analysis  procedure 

The  radar  reflectivity  and  the  first  and  second  mo- 
ments of  the  velocity  spectra  were  estimated  from  the 
128  radar  samples  recorded  at  each  range  location.  A 
fast  Fourier  transform  algorithm  was  used  with  a  gen- 
eral purpose  computer  to  calculate  the  Doppler  velocity 
spectra.  Each  radar  acquired  data  for  approximately 
28,000  velocity  spectra  during  the  12  min  observation 
period,  so  that  estimates  of  the  spectral  moments  of 
the  signal  had  to  be  made  by  a  high  speed  computer 
from  the  Doppler  signal  plus  noise  data.  The  spectra 
were  estimated  from  the  128  radar  samples  and  the 
moments  were  computed  after  a  velocity  window  was 
applied  to  the  spectra.  The  velocity  window  ranged  on 
both  sides  of  the  peak  of  the  spectrum  to  points  where 
the  power  density  fell  to  within  3  dB  of  the  receiver 
noise  level.  The  windowed  spectra  were  manually 
checked  to  ensure  that  the  automated  method  selected 
the  correct  signal  spectra  and  properly  accounted  for 
velocity  folding.  The  first  and  second  moments  of  the 
velocity  spectra  were  also  estimated  with  a  "pulse-pair" 
algorithm  (Berger  and  Groginsky,  1973).  The  radar 
reflectivity  factor  Z  was  also  calculated  from  the  signal 
power  estimates.  The  radar  reflectivity  values  were  not 
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Fig.  1.  PPI  presentation  of  NHRE  10  cm  radar  reflectivity 
contours  near  cloud  base  at  1727  MDT  and  scan  regions  for  the 
Doppler  radars. 

corrected  for  attenuation  and  are,  therefore,  only  ap- 
proximate. The  vertical  air  motion,  IF,  was  estimated 
by  subtracting  the  terminal  fall  speed  of  the  particles, 
VT,  from  the  measured,  reflectivity-weighted  particle 
velocity,  V z.  The  terminal  fall  speed  of  the  particles 
was  estimated  using  the  empirical  relation  Vt=  2.6  Z0107 
of  Joss  and  Waldvogel  (1970)  as  suggested  by  Atlas 
el  al.  (1973),  with  a  correction  for  air  density  variations 
proposed  by  Foote  and  du  Toit  (1969).  Since  the  VT 
vs  Z  relationship  is  relatively  insensitive  to  Z,  the  esti- 
mate of  VT  should  be  accurate  to  within  ±1  m  s_1  in 
rain.  The  Joss-Waldvogel  empirical  equation  under- 
estimates the  fall  speed  if  hail  is  present  in  the 
pulse  volume;  consequently  the  updraft  would  be 
underestimated. 

The  reflectivity  factor,  mean  radial  velocity,  and  ve- 
locity variance  measured  by  the  scanning  radar  were 
interpolated  into  a  Cartesian  coordinate  system  with 
the  y  axis  along  the  radar  baseline.  The  various  quanti- 
ties were  then  contoured  and  displayed  in  horizontal 
and  vertical  planes.  Interpolation  smoothed  out  large 
gradients  because  adjacent  measurement  points  were 
used  to  calculate  values  on  a  Cartesian  grid.  Conse- 
quently, examination  of  the  original  measurements 
indicated  that  maximum  gradients  of  the  various  quan- 
tities were  reduced  by  a  factor  of  about  2  after  inter- 
polation. The  radial  velocity  sign  convention  is  such 
that  motion  away  from  the  radar  is  registered  as  posi- 
tive. The  vertical  motion  of  the  particles,  V2,  contrib- 
utes a  radial  velocity  component  of  magnitude  V z  sin  6 
to  the  velocity  measured  by  the  scanning  radar,  where 
6  is  the  elevation  angle  of  the  radar  antenna.  This  con- 
tribution was  always  less  than  1.5  m  s_1  in  this  experi- 
ment and  was  not  removed  from  the  radial  velocity 
fields  except  in  the  vertical  plane  "containing  both 
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Fig.  2.  Forty-second  sample  of  data  measured  by  the  zenith- 
pointing  radar.  Vertical  velocity  of  the  scattering  particles  of 
+5  m  s_1  indicate  updraft  in  excess  of  13  m  s_1.  Bars  denote 
predicted  standard  deviation  of  the  estimates. 
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radars  because  it  was  known  only  above  the  zenith- 
pointing  radar. 

In  the  region  where  both  radars  acquired  data,  two- 
dimensional  air  motion  was  calculated  by  combining 
the  observations  of  vertical  air  motion  by  the  zenith- 
pointing  radar  with  the  horizontal  air  motion  along  the 
radar  baseline  observed  by  the  scanning  radar.  The 
horizontal  component  of  motion,  Vh,  in  the  vertical 
plane  through  the  two  radars  was  derived  from  the 
measured  radial  velocity,  Vr,  using  the  relationship 
V h=  V z  sin  0+  Vh  cos  6.  The  two-dimensional  air  mo- 
tion field  was  corrected  for  echo  motion  by  removing  a 
7  m  s"1  component  from  the  horizontal  velocity. 

-...  Nature  of  the  data 

An  example  of  the  data  acquired  by  the  zenith- 
pointing  radar  is  shown  in  Fig.  2  to  illustrate  the 
temporal  variability  of  the  vertical  structure.  Sixty-four 
data  points  from  a  sample  obtained  in  the  updraft 
region  over  a  period  of  40  s  are  shown.  The  terminal 
fall  speed  computed  from  the  Joss-Waldvogel  equation 
varied  from  8.2  to  9.4  m  s_1  for  the  reflectivity  values 
shown  in  Fig.  2  (center),  so  the  maximum  updraft 
must  have  exceeded  13  m  s_1.  The  particle  velocity  Vz 
changed  6  m  s_1  in  8  s  with  little  change  in  reflectivity, 
demonstrating  that  rapid  changes  can  occur  in  the  up- 


draft. The  beamwidth  was  about  120  m  at  9.1  km 
altitude,  and  the  pulse  length  was  about  75  m.  The 
6  m  s_1  velocity  change,  therefore,  occurred  while  the 
echo  was  advected  about  \  beamwidth.  If  the  velocity 
change  had  been  caused  by  horizontal  shear  within  the 
updraft,  a  shear  of  10_I  s_1  would  have  been  required. 
A  vertical  velocity  gradient  of  7X10-2  s_1  in  an  up- 
draft of  10  m  s_1  would  also  account  for  the  velocity 
change. 

Fig.  2  can  also  be  used  to  estimate  the  accuracy  of 
the  measured  data.  The  standard  deviation  of  the  mean 
particle  velocity,  Vz,  (top  trace)  is  given  by  Miller  and 
Rochwarger  (1970)  as 

X<7 


FT 


where  T&  is  the  dwell  time,  X  the  radar  wavelength 
(0.0322  m)  and  a  the  width  of  the  velocity  spectrum. 
The  dwell  time  is  the  pulse  repetition  period  (512  /us) 
multiplied  by  the  number  of  pulses  making  up  the 
sample  from  each  volume  increment  (128),  so  To 
=  0.065  s.  The  average  width  of  the  spectra  (bottom 
trace)  is  about  2.5  m  s_1  so  the  standard  deviation  of 
the  mean  velocity  estimate  is  about  0.5  m  s_1.  The  re- 
flectivity estimates  (center  trace)  are  calculated  from 
128  radar  samples,  but  the  number  of  independent 
samples  is  given  by  Nathanson  (1969,  p.  89)  as 

Nr  = . 

X 

In  this  experiment  there  are  about  30  independent 
samples.  The  standard  deviation  of  the  reflectivity 
estimates  is  therefore  about  1  dB.  The  standard  devia- 
tion of  the  estimates  of  spectral  width,  a,  is  given  by 
(Miller  and  Rochwarger,  1970) 


■  3X(j  "I 
32TDi 


and  is  about  0.35  m  s_1  for  the  data  in  the  lower  trace 
of  Fig.  2. 

Fig.  3  shows  examples  of  vertical  profiles  of  vertical 
particle  velocity  measured  in  the  0.065  s  dwell  time. 
The  spatial  samplings  are  for  range  gate  spacings  of 
600  m  (at  1726:01  MDT)  and  300  m  (1735:01  and 
1730:31).  The  profile  measured  at  1726:01  illustrates 
the  vertical  variability  of  the  velocity  structure,  par- 
ticularly in  the  updraft  region  about  6.5  km.  At  1730: 31 
the  maximum  altitude  of  the  measurements  had  been 
reduced  from  15.7  to  8.8  km.  The  profile  in  the  center 
trace  of  Fig.  3  indicates  a  downdraft  existed  over  the 
radar  at  that  time.  The  profile  measured  at  1735:01  in 
the  back  portion  of  the  storm  shows  weak  downdrafts. 
Particle  velocities  as  high  as  + 12  m  s-1  were  measured 
in  the  updraft  at  1726:01,  but  4.5  min  later,  after  the 
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storm  had  advected  less  than  2  km,  velocities  of  —20 
m  s_1  were  measured. 

5.  Results 

a.  Air  motion  in  the  vertical  plane  through  the  radar  sites 

Fig.  4a  shows  the  time  vs  height  plot  of  the  10  cm 
radar  reflectivity  above  the  zenith-pointing  radar.  The 
dotted  line  outlines  the  time  and  height  of  the  data 
acquired  by  the  zenith-pointing  radar.  As  can  be  seen 
in  Fig.  4a  the  operator  of  the  zenith-pointing  radar 
reduced  the  maximum  observed  altitude  shortly  after 
the  upper-level  high  reflectivity  region  had  passed 
overhead.  Radar  B  scanned  all  of  the  echo  structure 
shown  in  Fig.  4a  except  for  the  very  earliest  and  latest 
portions. 

Fig.  4b  shows  contours  of  vertical  air  motion  derived 
from  the  Doppler  velocities  and  reflectivity  measured 
by  the  zenith-pointing  radar  using  the  Joss-Waldvogel 
equation  to  remove  the  VT  component.  Five-second 
averages  (8  values)  of  Z  and  V ' z  were  used  to  derive  an 
estimate  of  W  every  5  s,  or  35  m  for  an  echo  motion  of 
7  m  s^1.  The  time-height  values  of  W  represent  the 
region  inside  the  dotted  outline  of  Fig.  4a.  No  updrafts 
were  observed  below  6.5  km,  but  the  trend  of  the  data 
suggests  that  the  low-level  portion  of  the  updraft  had 
advected  past  Radar  A  before  1725.  The  boundary  of 
the  surface  outflow  passed  the  radar  at  1715  while  the 
leading  edge  of  the  low-level  echo  arrived  at  1725. 
Maximum  updraft  values  occurred  between  8.0  and 
10.3  km  altitude.  The  slope  of  the  updraft  contours 
indicates  that  the  updraft  was  tilted  toward  the  north — 
opposite  to  the  direction  of  echo  motion.  This  tilt  was 
about  20°  from  the  vertical  at  9  km  altitude.  Highest 
downdrafts  were  measured  between  3  and  5.5  km  alti- 
tude and  occurred  just  behind  the  updraft.  The  back 
portion  of  the  storm  contained  weak  downdrafts  in  the 
lower  levels,  but  near  the  highest  altitude  observed 
there  were  weak  updrafts,  even  after  the  portion  of  the 
storm  with  highest  reflectivity  had  advected  past. 

The  two-dimensional  air  motion  in  a  vertical  plane 
through  the  storm  observed  by  both  radars  is  shown  in 
Fig.  4c.  The  vector  representation  shows  the  air  motion 
relative  to  the  storm  in  the  region  outlined  by  the 
dotted  lines  in  Fig.  4a.  The  transition  between  strongest 
updraft  and  strongest  downdraft  probably  took  place 
over  a  distance  of  about  3  km,  and  as  we  shall  show  , 
strong  turbulence  was  generated  in  this  region.  The 
most  intense  part  of  the  downdraft  appears  to  have 
been  fed  by  air  which  had  ascended  in  the  updraft,  as 
postulated  by  Newton  (1963).  The  peak  downdraft 
occurred  in  the  region  of  highest  reflectivity  and  water 
loading  probably  contributed  to  the  downdraft. 

Reflectivity  contours  measured  by  Radar  B  in  the 
vertical  plane  through  the  radars  are  shown  in  Fig.  5a. 
The  highest  reflectivity  faetors  measured  by  the  3  cm 
radar  were  about  5(1  dBZ  and  occurred  at  an  altitude 
of  5.5  km  and  2  km  west  of  the  baseline  joining  the 
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Fig.  3.  Vertical  particle  velocity  (Vz)  profiles  measured  by  the 
zenith-pointing  radar  and  vertical  wind  (W)  estimates  derived 
from  the  Joss-Waldvogel  Vt~ Z  relation. 

radars.  The  3  cm  radar  reflectivity  contours  shown  in 
Fig.  5a  are  plotted  from  data  acquired  between  1727 
and  1729:40  while  the  radar  scanned  through  16  eleva- 
tion angles.  The  time-height  plot  of  10  cm  radar  re- 
flectivity factor  shown  in  Fig.  4a  is  a  30  min  history  of 
the  reflectivity  over  Radar  A.  Reflectivity  plotted  in 
Figs.  4a  and  5a  should  have  been  the  same  if  1)  attenua- 
tion of  the  3-cm  radar  was  negligible,  2)  the  storm  track 
was  from  354°  during  the  time  period  1720  to   1750, 

3)  the  storm  was  in  steady-state  during  this  time,  and 

4)  both  radars  were  properly  calibrated.  None  of  these 
conditions  was  precisely  satisfied.  Reflectivity  gradients 
at  the  leading  and  trailing  edges  of  the  storm  appear 
similar  in  the  two  plots,  although  the  measured  reflec- 
tivity values  were  greatly  different.  Attenuation  of  the 
3  cm  radar  signals  would  be  most  noticeable  at  mid- 
level  of  the  leading  edge  of  the  storm,  but  the  3  cm 
radar  reflectivity  contours  portray  a  structure  similar 
to  that  depicted  by  the  10  cm  radar. 

The  radial  velocity  field  (measured  by  Radar  B) 
shown  in  Fig.  5b  corresponds  to  the  time  and  location  of 
the  reflectivity  data  shown  in  Fig.  5a.  The  velocity  con- 
tours are  absolute  velocities;  there  is  no  correction  for 
the  echo  motion  and  no  correction  for  the  terminal  fall 
velocity  contribution.  Negative  velocities  are  directed 
toward  Radar  B  and  positive  velocities  are  directed 
away  from  it.  Strong  updrafts  were  measured  above 
Radar  A  during  the  time  these  data  were  collected  by 
Radar  B.  The  velocity  held  in  Fig.  5b  suggests  the 
location  of  the  updraft  even  without  verification  from 
Radar  A.  Air  feeding  the  updraft  entered  the  storm 
from  the  right  side  of  Fig.  5b  (Part  I),  big.  5b  indicates 
that  the  air  was  moving  into  the  storm  at  mid-levels 
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Fig.  4.  (a)  Time-height  presentation  of  10  cm  reflectivity  contours  measured  over 
the  zenith-pointing  Doppler  radar  and  the  scan  regions  for  the  Doppler  radars. 
(b)  Averaged  vertical  wind  contours  measured  by  the  zenith-pointing  radar  from 
1726  to  1736  MDT.  fc)  Two-dimensional  air  motion  relative  to  the  storm  echo 
motion  in  the  vertical  plane  through  the  two  Doppler  radars,  (d)  Averaged  velocity 
variance  measured  by  the  zenith-pointing  radar. 


with  a  horizontal  velocity  component  as  high  as  10  m  s-] 
relative  to  the  storm.  The  region  of  high  radial  velocity 
gradient  above  Radar  A  clearly  defines  the  interface 
that  existed  between  the  updraft  and  downdraft.  The 
measured  component  of  air  flow  at  the  rear  of  the 
storm  above  7.5  km  was  generally  similar  to  thai  in  the 
near  environment  as  measured  by  the  nearest  repre- 
sentative radiosonde.  Mid-level  air  was  overtaking  the 
storm  from  the  backside  at  6.5  to  8.5  km  altitude.  The 
outflow  at  the  top  of  the  storm  had  a  strong  northward 
component  of  more  than  15  m  sec-1  relative  to  the 
storm.  The  trend  of  the  radial, velocity  in  the  y  direc- 
tion suggests  that  weak  outflow  at  the  top  of  the  storm 
could  have  occurred  in  the  direction  of  echo  motion,  it 


seems  unlikely  that  this  implied  weak  outflow  would 
have  been  strong  enough  to  have  led  to  particle  re- 
circulation to  account  for  the  few  larger  hailstones 
found  in  this  storm.  The  velocity  field  shown  in  Fig.  5b 
is  in  agreement  with  photographs  which  show  a  small 
anvil  overhang  in  the  direction  of  echo  motion  (Part  II) 
and  a  large  anvil  overhang  toward  the  northeast.  The 
surface  anemometer  readings  of  13  to  17  m  s_1  are 
higher  than  the  velocities  seen  by  the  radar  in  the  gust 
front,  and  they  therefore  indicate  that  the  strongest 
low-level  outflow  in  the  direction  of  echo  motion  oc- 
curred in  the  lowest  few  hundred  meters;  this  was  not 
observed  bv  the  radar. 
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b.  Air  motion  in  horizontal  planes 

Fig.  6(a)-(c)  shows  the  radial  velocity  fields  measured 
by  Radar  B  at  3  altitudes.  These  data  were  acquired 
during  the  time  period  1727  to  1729:40.  The  lowest 
altitude  is  labeled  1.8  km,  but  the  antenna  pattern  at 
elevation  angles  corresponding  to  this  altitude  was  dis- 
torted by  ground  blocking  so  the  data  shown  for  this 
altitude  are  actually  more  representative  of  the  wind 
field  at  about  2.1  km.  The  radial  velocity  fields  in 
Fig.  6  are  not  corrected  for  echo  motion.  The  velocity 
field  at  low  altitude  reveals  outflow  in  the  direction 
opposite  the  echo  motion  and  also  outflow  in  the  gust 
front.  The  radial  velocity  field  at  6.5  km  (Fig.  6b) 
shows  the  strong  convergence  of  the  updraft  air  at  the 
south  or  leading  edge  of  the  storm  and  the  downdraft 
air  from  the  backside  that  was  overtaking  the  storm 
over  a  wide  area.  Two  regions  of  air  moving  into  the 
storm  (contours  labeled  —2m  s_1)  probably  correspond 
to  the  two  distinct  inflow  branches  toward  W4  and 
W5  as  identified  in  Part  I.  The  main  updraft  of  W4 
had  just  advected  past  Radar  A  at  this  altitude  when 
these  data  were  acquired.  The  maximum  radial  ve- 
locity shear  indicated  by  these  contours  is  about  5X  10~3 
s_1  whereas  the  data  prior  to  interpolation  indicate 
peak  shear  values  greater  than  10~2  s_1.  The  updraft 
and  downdraft  regions  of  the  storm  were  readily  dis- 
tinguished on  the  basis  of  the  radial  velocity  fields 
measured  by  Radar  B  because  inflow  and  outflow  paral- 
lel to  the  direction  of  storm  motion  was  observed  as 
radial  velocity.  The  low  and  mid-level  radar  data  in 
Fig.  6  show  that  the  cell  that  passed  over  Radar  A  was 
contiguous  with  a  line  of  cells  that  formed  about  30  km 
to  the  east. 

The  radial  velocity  contours  at  11.5  km  (Fig.  6c) 
show  the  strong  divergence  near  the  top  of  the  updraft. 
Particle  velocities  at  this  level  appeared  as  though  the 
particles  were  ejected  from  a  fountain.  The  motion 
relative  to  the  storm  was  strongly  toward  the  north 
over  a  wide  area  at  the  back  of  the  storm.  The  environ- 
mental winds  at  this  altitude  were  from  the  west- 
southwest  at  about  12  m  s_1,  corresponding  to  a  radial 
component  of  only  about  3  m  s_1.  Particle  velocity 
with  a  southerly  component  of  4  to  7  m  s-1,  nearly 
equal  to  the  echo  motion,  occurred  in  front  of  the  up- 
draft at  11.5  km  altitude  so  that  some  outflow  in  the 
direction  of  echo  motion  was  likely. 

c.  Distribution  of  turbulence  inferred  from  the  variance  of 

the  velocity 

There  are  three  major  factors  that  can  contribute  to 
the  variance  or  second  moment  of  the  Doppler  spectrum 
measured  by  a  radar  with  a  narrow  beamwidth:  wind 
shear,  turbulence,  and  the  spread  of  particle  fall  speed 
in  still  air  (Atlas,  1964).  The  contribution  to  the  vari- 
ance caused  by  fall  speeds  is  given  by  <td2  sin2  6  where 
CD2  is  the  variance  that  would  be  observed  in  still  air 
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Fig.  5.  (a)  Three-centimeter  radar  reflectivity,  (b)  radial  par- 
ticle velocity,  and  (c)  velocity  variance  measured  by  Radar  B  in 
the  vertical  plane  through  the  two  Doppler  radars.  The  region 
inside  the  dashed  lines  corresponds  to  the  scan  region  for  Radar  B 
shown  in  Fig.  4a.  The  shaded  region  in  b  indicates  radial  velocities 
that  exceed  the  echo  motion  of  7  m  s-'.  The  shaded  region  in  (c) 
indicates  where  the  zenith-pointing  radar  measured  the  main 
updraft.  Radar  B  was  located  at  y  =  52.2  km. 


at  vertical  incidence.  <rD2  is  about  1  m2  s-2  for  rainfall 
and  is  nearly  independent  of  rainfall  rate  (Lhermitte, 
1963).  For  hail  with  a  maximum  diameter  of  1.5  cm, 
as  occurred  in  this  storm,  <td2  is  4  to  6  m2  s~2  (Battan, 
1974).  The  variance  caused  by  wind  gradients  parallel 
to  the  radar  beam  is  given  by  (Sirmans  and  Doviak, 
1973) 
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Fig.  6.  Radial  particle  velocity  (absolute)  at  (a)  1.8  km  altitude,  (b)  6.5  km  altitude,  and  (c)  11.5  km 
altitude  measured  by  Radar  B  located  50  km  north  of  the  storm.  The  shaded  regions  indicate  radial 
velocities  that  exceed  the  storm  motion  of  7  m  s-1.  (d)  Velocity  variance  at  6.5  km  altitude.  The  scan 
regions  are  the  same  as  those  shown  in  Fig.  1. 
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where  Ur  is  the  radial  shear  (s_1)  along  the  beam  and  h 
is  the  pulse  length.  For  shear  across  the  beam,  the 
variance  contribution  is  given  by  (0.3  kT  i?*)2,  where 
kr  is  the  radial  shear  transverse  to  the  beam  (Nathan- 
son,  1969,  p.  207),  R  is  the  range,  and  <I>  is  the  one-way 
half-power  beamwidth. 

All  factors  that  contribute  to  the  variance  must  be 
considered  for  the  zenith-pointing  radar  but  the  fall 
speed  spread  can  be  neglected  for  the  quasi-horizontally 
scanning  radar  because  the  contribution  caused  by  fall 
speed  was  at  most  0.08  m2  s-2  in  rain  and  0.5  m2  s-2  in 
hail.  The  measured  variances  in  this  storm  were  much 
greater  than  0.5  m2  s~2  in  regions  where  hail  was  prob- 
ably present  and  much  greater  than  0.08  throughout 
the  storm.  Since  the  fall  speed  spread  was  negligible 
for  the  scanning  radar  and  since  the  radial  velocity 
field  was  measured  throughout  the  storm,  thus  making 
the  radial  shear  known,  the  turbulence  throughout  the 
storm  could  be  calculated  from  the  variance  field 
measured  by  the  scanning  radar  (Strauch  et  al.,  1975). 

The  velocity  variance  measured  by  Radar  A  is 
shown  in  Fig.  4d  and  the  variance  measured  by  Radar 
B  is  shown  in  Figs.  5c  and  6d.  Variance  data  from  the 
zenith-pointing  radar  were  contoured  after  smoothing 
by  taking  an  8-point  (5  s)  average.  High  variances  were 
observed  by  Radar  A  in  two  regions  of  the  storm:  at 
mid-levels  where  Radar  B  also  measured  high  variances 
and  just  below  cloud  base  where  Radar  B  did  not 
measure  high  variance.  The  low-level  band  of  high  vari- 


ance must  therefore  be  attributed  to  spread  in  particle 
fall  speeds.  In  fact,  shear  or  turbulence  would  have 
caused  Radar  B  to  measure  larger  variances  than  Radar 
A  because  the  pulse  volume  of  Radar  B  was  much 
larger.  The  large  variance  at  mid-levels  seen  by  Radar  A 
were  caused,  in  part,  by  shear  and  turbulence.  Fig.  2 
shows  that  its  beamwidth  was  too  large  to  resolve 
strong  local  horizontal  gradients  in  the  updraft,  so  this 
kind  of  local  shear  would  be  interpreted  as  turbulence 
in  its  contribution  to  the  variance.  Variances  measured 
by  Radar  B  (Figs.  5c  and  6d)  at  the  back  of  the  storm 
were  less  than  2  m2  s-2  and  can  be  attributed  to  vertical 
gradients  of  the  radial  velocity  since  the  vertical  shear 
of  5X10-3  s_1,  seen  in  Fig.  5b,  is  sufficient  to  cause  a 
variance  exceeding  2  m2  s-2.  On  the  other  hand,  the 
core  of  large  variance  between  5.5  and  9.5  km  in  Figs. 
5c  and  6d  cannot  be  attributed  to  shear  because  the 
large  shear  in  this  region  was  parallel  to  the  beam,  and 
its  contribution  to  the  variance  was  small  since  the 
pulse  length  was  only  75  m.  This  region  contains  large 
gradients  in  the  vertical  velocity  (Fig.  4c)  but  these 
gradients  do  not  contribute  significantly  to  the  variance 
observed  by  Radar  B.  We  conclude  that  the  high  vari- 
ance core  measured  by  Radar  B  was  caused  mainly  by 
turbulence  generated  by  the  large  horizontal  shear  of 
the  vertical  wind  at  the  interface  between  updraft  and 
downdraft.  The  dissipation  rate,  e,  derived  from  the 
velocity  variance  field  measured  by  Radar  B  varied 
from  less  than  30  cm2  s-3  at  the  back  of  the  storm  to 
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more  than  3000  cm2  s~3  in  the  region  between  the  up- 
draft  and  downdraft  (Strauch  el  al.,  1975).  These 
values  span  the  entire  range  of  values  measured  by 
aircraft  in  clear  air  turbulence. 

We  assumed  that  the  outer  scale  in  the  inertial  sub- 
range was  larger  than  the  largest  dimensions  of  the 
radar  pulse  volume  (800  m).  Energy  spectra  with  a 
—  5/3  power  law  to  scales  greater  than  1.5  km  have 
been  measured  with  penetration  aircraft  in  thunder- 
storms (Steiner  and  Rhyne,  1962).  The  radial  velocity 
fields  shown  in  Figs.  5b  and  6a  seem  to  indicate  that 
the  outer  scale  is  no  larger  than  the  radar  resolution 
since  they  do  not  contain  fluctuations  at  scales  of  1  to 
2  km.  However,  the  interpolations  used  to  transform 
the  measured  data  to  Cartesian  grid  points  filtered  the 
energy  spectrum  at  scale  sizes  between  the  radar  beam- 
width  and  the  outer  scale  so  the  radial  velocity  fields 
show  only  organized  motions.  Spectra  measured  with 
penetration  aircraft  in  severe  Oklahoma  storms  (Steiner 
and'  Rhyne,  1962)  showed  dissipation  rates  that  ex- 
ceeded those  measured  by  our  radar. 

6.  Conclusions 

The  Doppler  radar  measurements  described  consti- 
tute a  unique  data  set  because,  for  the  first  time,  a 
zenith-pointing  radar  observed  part  of  the  storm  as  it 
advected  overhead  while,  at  the  same  time,  a  scanning 
Doppler  radar  obtained  the  three-dimensional  field  of 
reflectivity,  radial  velocity,  and  the  velocity  variance 
of  the  radial  velocity  in  a  volume  that  included  the 
updraft  of  a  convective  storm.  The  Doppler  radar  data 
do  not  provide  the  total  picture,  but  they  display  more 
of  the  kinematic  structure  than  can  be  obtained  by 
other  instruments. 

The  data  obtained  by  the  scanning  Doppler  radar 
illustrate  both  the  utility  and  the  limitations  of  single 
Doppler  radar  measurements.  The  radial  velocity  field 
from  a  single  radar  cannot  yield  the  unambiguous  three- 
dimensional  wind  fields  that  can  be  derived  from  dual- 
Doppler  measurements;  however,  many  features  of  the 
overall  air  motion  in  convective  storms  can  be  inferred 
from  the  radial  velocity  fields.  This  is  especially  true  if, 
as  in  this  case,  the  primary  motion  of  the  air  entering 
and  leaving  the  storm  is  in  a  vertical  plane  radial  to  the 
radar. 

The  second  moment  of  the  Doppler  spectrum,  ob- 
tained by  a  Doppler  radar  scanning  the  entire  storm  at 


low  elevation  angles,  portrays  regions  of  high  shear  and 
turbulence.  The  turbulence  contribution  can  be  isolated 
because  shear  can  be  inferred  from  the  radial  velocity 
fields.  Measurement  of  the  second  moment  fields  and 
their  evolution  requires  only  a  single  radar.  These  data 
have  not  previously  been  fully  utilized  by  radar  mete- 
orologists, but  they  can,  in  principle,  provide  a  warning 
of  dangerous  turbulence  or  wind  shear  conditions  and 
can  aid  in  understanding  how  seed  material  or  tracers 
will  diffuse  in  a  storm. 

REFERENCES 

Atlas,   D.,    1964:  Advances  in  radar  meteorology.  Advances  in 
Geophysics,  Vol.  10,  Academic  Press,  318-478. 
— ,  R.  C.  Srivastava  and  R.  S.  Sekhon,  1973:   Doppler  radar 
characteristics   of  precipitation   at   vertical   incidence.   Rev. 
Geophys.  Space  Phys.,  11,  1-35. 

Battan,  L.  J.,  1974:  Doppler  radar  observations  of  a  hailstorm. 
J.  Appl.  Meteor.,  14,  98-108. 

Berger,  T.  and  H.  L.  Groginsky,  1973:  Estimation  of  the  spectral 
moments  of  pulse  trains.  International  Conf.  Information 
Theory.  Tel  Aviv,  Israel. 

Browning,  K.  A.,  T.  W.  Harrold,  A.  J.  Wyman  and  J.  G.  C. 
Beimers,  1968:  Horizontal  and  vertical  air  motion  and  pre- 
cipitation growth  within  a  shower.  Quart.  J .  Rov.  Meteor.  Soc, 
94,  498-509. 

Foote,  G.  B.,  and  P.  S.  du  Toit,  1969:  Terminal  velocity  of  rain- 
drops aloft.  J.  Appl.  Meteor.,  8,  249-253. 

Frisch,  A.  S.,  L.  J.  Miller  and  R.  G.  Strauch,  1974:  Three-dimen- 
sional air  motion  measured  in  snow.  Geophys.  Res.  Lett.,  1, 
86-89. 

Joss,  J.,  and  A.  Waldvogel,  1970:  Raindrop  size  distribution  and 
Doppler  velocities.  Preprints  Nth  Radar  Meteor.  Conf., 
Tucson,  Ariz.,  Amer.  Meteor.,  Soc,  153-156. 

Lhermitte,  R.  M.,  1963:  Motions  of  scatterers  and  the  variance 
of  the  mean  intensity  of  weather  radar  signals.  Sperry  Rand 
Res.  Center,  5RRC-RR-63-57,  25-28,  Sudbury,  Mass. 

Miller,  K.  S.,  and  M.  M.  Rochwarger,  1970:  On  estimating 
spectral  moments  in  the  presence  of  colored  noise.  IEEE 
Trans.  Inform.  Theory,  IT-16,  303-309. 

Nathanson,  F.  E.,  1969:  Radar  Design  Principles;  Signal  Proces- 
sing and  the  Environment.  McGraw-Hill,  626  pp. 

Newton,  C.  W.,  1963:  Dynamics  of  severe  convective  storms. 
Meteor.  Monographs,  5,  No.  27,  33-58. 

Simians,  D.,  and  R.  J.  Doviak,  1973:  Meteorological  radar  signal 
estimates.  NOAA  Tech.  Memo.  ERL-NSSL-64,  U.  S.  Dept. 
of  Commerce,  Norman,  Okla.,  80  pp.  [NTIS  No.  COM- 
73-11923/2AS], 

Steiner,  R.,  and  R.  H.  Rhyne,  1Q62:  Some  measured  character- 
istics of  severe  storm  turbulence.  National  Severe  Storms 
Project,  Report  No.  10,  U.  S.  Dept.  of  Commerce  [NTIS  No. 
N62-16401]. 

Strauch,  R.  G.,  A.  S.  Frisch,  and  W.  B.  Sweezy,  1975:  Doppler 
radar  measurements  of  turbulence,  shear,  and  dissipation 
rates  in  a  convective  storm.  Preprints  1 6th  Radar  Meteor. 
Conf.,  Houston,  Tex.,  Amer.  Meteor.  Soc,  83-88. 


335 


J.    of   Applied  Meteorology    15:259-263,    March    1976, 


A  Field  Observation  of  Atmospheric  Free  Convection 

D.  E.  FlTZJARRALD 

NOAA  Environmental  Research  Laboratories,  Boulder,  Colo.  80302 
(Manuscript  received  17  March  1975,  in  revised  form  1  December  1975) 

ABSTRACT 

Measurements  during  periods  of  atmospheric  free  convection  have  been  made  using  acoustic  echo  sounders 
and  conventional  wind  sensors  on  a  meteorological  tower.  Comparison  of  data  from  the  two  instrument 
systems  shows  good  agreement.  Fourier  analysis  of  the  data  indicates  that  the  predominant  horizontal 
scales  of  motion  are  approximately  six  times  the  depth  of  the  convecting  layer,  in  good  agreement  with 
laboratory  convection  experiments. 


1.  Introduction 

The  purposes  of  this  paper  are  twofold.  The  first 
is  to  analyze  and  interpret  time  variations  in  the 
velocity  and  temperature  structure  measured  during 
a  period  of  atmospheric  free  convection.  The  second 
purpose  is  to  compare  an  in  situ  measurement  of  wind 
with  an  acoustic  sounder  during  convective  activity. 

The  atmospheric  data  presented  below  are  taken 
from  sensors  which  are  fixed  in  position.  To  get  ap- 
proximation of  spatial  variations  using  Taylor's  hy- 
pothesis the  flow  irregularities  must  be  passively 
advected  past  the  measuring  point.  Spatial  distur- 
bances that  propagate  at  some  velocity  in  addition 
to  the  wind  will  cause  the  observer  to  misinterpret 
their  size.  Thus,  convection  rolls  that  are  lined  up 
along  the  wind  and  propagate  slowly  in  a  lateral 
direction  appear  the  same  as  large  convection  cells. 
Since  both  these  possibilities  are  observed  in  atmo- 
spheric convection,  single-point  measurements  of  time 
variations  will  not  yield  unambiguous  pictures  of  the 
spatial  changes.  In  the  interpretation  of  the  data 
given  here,  the  ambiguities  in  interpretation  of  time 
variations  will  be  noted. 

A  particularly  important  characteristic  of  turbulent 
convection  which  is  the  object  of  the  present  investi- 
gation is  the  predominant  horizontal  scale  of  motion 
observed  in  the  flow.  Laboratory  experiments  in  closed 
convection  boxes  using  air  as  the  working  fluid  (Dear- 
dorff  and  Willis,  1967 ;  Fitzjarrald,  1976)  have  estab- 
lished that  there  exists  a  predominant  horizontal  scale, 
which  depends  upon  the  amount  of  thermal  instability 
present.  At  high  thermal  instability  the  dominant 
horizontal  scale  measured  midway  through  the  layer 
is  found  to  be  several  times  larger  than  the  depth  of 
the  convecting  layer.  Other  laboratory  experiments, 
using  silicon  oils  or  water  as  the  working  fluid,  allow 
better  visualization  (Busse  and  Whitehead,  1974)  and 
have  clarified  the  process  by  which   the  convection 
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proceeds  from  the  readily  understood  convection  rolls 
through  a  series  of  flow  instabilities  to  a  complex 
superposition  of  time-varying  motion.  A  flow  insta- 
bility which  leads  to  motions  of  a  horizontal  scale 
similar  to  those  observed  in  turbulent  experiments  in 
air  has  been  termed  the  "collective  instability"  (Busse 
and  Whitehead,  1974).  While  no  theoretical  analysis 
has  yet  been  possible,  the  occurrence  of  similar  hori- 
zontal scales  in  different  experiments  suggests  that 
such  motions  are  ubiquitous  in  turbulent  convective 
flows. 

Of  course,  atmospheric  convection  differs  in  several 
respects  from  closed-box,  Rayleigh  convection  experi- 
ments. The  latter  are  symmetric  about  the  mid-plane 
with  a  cold  upper  boundary  and  hot  lower  boundary, 
while  the  atmospheric  convection  has  no  fixed  upper 
boundary  and  is  not  symmetric.  Atmospheric  con- 
vection generally  occurs  together  with  a  larger  scale 
wind  field,  so  that  there  is  shear  present  in  the  lowest 
layers.  No  shear  is  present  in  laboratory  convection 
experiments. 

In  spite  of  these  differences  Rayleigh  convection 
experiments  remain  the  best  candidates  with  which 
to  compare  measurements  of  the  horizontal  scale  in 
atmospheric  free  convection.  In  these  cases  the  shear 
is  confined  to  a  thin  layer,  with  the  Monin-Obuhkov 
length  L  being  quite  small.  The  velocity  and  tempera- 
ture variances  in  Rayleigh  experiments  and  atmo- 
spheric convection  above  the  shear  layer  scale  with 
the  convective  velocity  w+  and  temperature  T*  (Dear- 
dorff,  1970;  Willis  and  Deardorff,  1974;  Fitzjarrald, 
1976).  Until  reliable  measurements  of  the  dominant 
horizontal  scales  are  possible  in  experiments  that  more 
closely  resemble  the  atmosphere,  such  as  the  apparatus 
of  Willis  and  Deardorff  (1974),  the  Rayleigh  convec- 
tion experiments  are  the  closest  link  between  easily 
observed  and  controlled  laboratory  flows  and  atmo- 
spheric observations.   We   will    therefore   attempt   to 
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Fig.  la.  Time  variation  of  tower  wind  speed  at  150  m.  Mean 
wind  speed  of  4.6  m  s-'  has  been  removed,  and  values  scaled  by 
rms  wind  speed  of  1.4  m  s"1.  First  and  last  10%  are  tapered  to 
zero  using  cosine.  Data  are  filtered  and  decimated  using  d=l5. 
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lb.    Variance   spectra   of   wind    speed.    Highest   frequency 
unattenuated  by  low-pass  filter  is  0.37  min"1. 


compare  the  predominant  horizontal  scales  as  mea- 
sured in  laboratory  and  atmospheric  convection, 
taking  care  to  stay  well  away  from  the  boundaries 
in  both  cases. 


2.  Instrumentation  and  data  acquisition 

The  data  to  be  discussed  below  were  acquired  on 
10  August  1972  at  Haswell,  Colo.  We  shall  be  con- 
cerned with  horizontal  and  vertical  velocities  measured 
by  a  bivane  at  a  height  of  150  m  on  a  meteorological 
tower  and  with  acoustic  echo  sounder  data  from  a 
vertically  pointing  sounder.  Kjelaas  and  Ochs  (1974) 
have  described  the  tower  arrangement  and  compared 
surface  convergence,  as  measured  by  a  laser  array, 
with  the  acoustic  sounder  output.  The  measurement 
array  and  acoustic  sounder  setup  have  been  described 
in  detail  by  Gaynor  et  al.  (1974),  together  with  com- 
parisons of  vertical  vorticity  and  convergence  from 


the  laser  array.  Both  of  the  aforementioned  studies 
were  concerned  with  the  time  period  from  1400  to 
1500  local  time  on  10  August  1972,  while  in  the  present 
study  we  shall  analyze  the  entire  period  from  1300 
to  1600  local  time. 

The  acoustic  sounder  operated  at  2750  Hz  with 
40  ms  pulse  length  and  had  a  beam  width  of  approxi- 
mately 4°.  The  repetition  period  was  4  s,  and  the 
intensity  of  echo  return  for  each  sounding  was  digit- 
ized into  248  records,  resulting  in  a  height  resolution 
of  2.7  m.  Nine  digitized  values  centered  at  a  height 
of  300  m  were  averaged  together,  corresponding  ap- 
proximately to  a  25  m  thick  layer  centered  at  300  m. 

The  tower  data  were  transferred  from  the  original 
records  to  digital  tape  with  one  record  each  second. 
Four  of  these  records  were  averaged  together  so  that 
the  time  series  for  all  measured  quantities  were  iden- 
tical with  one  data  point  every  4  s. 

To  minimize  computations  and  to  concentrate  on 
frequencies  of  interest  in  the  present  case,  the  data 
have  been  low-pass  filtered  (Ormsby,  1961)  and  deci- 
mated; that  is,  the  digital  filters  were  centered  every 
d  data  points,  where  d  is  the  decimation  ratio.  The 
new  Nyquist  frequency  is  therefore  reduced  by  d  and 
becomes  5/2 d,  where  S  is  the  sampling  frequency 
(0.25  Hz).  The  low-pass  filter  was  chosen  to  have 
unity  gain  at  frequencies  below  0.75  S/2d,  with  a 
linear  decrease  to  zero  gain  at  the  reduced  Nyquist 
frequency  S/2d.  The  value  of  d  used  below  is  15, 
so  that  there  is  one  data  point  per  minute.  The  highest 
frequency  which  is  unattenuated  is  therefore  0.00625 
Hz.  The  half-widths  of  the  digital  filters  were  at  least 
10(i  in  all  cases  to  be  discussed  below.  The  mean  was 
removed  from  the  raw  data  before  filtering,  and  the 
values  were  scaled  by  the  rms  deviation. 


3.  Filtered  data  and  variance  spectra 

The  results  of  the  above  process  are  shown  in  Fig.  la 
for  the  wind  speed  measured  at  150  m  on  the  tower. 
To  avoid  difficulties  with  the  spectral  analysis  to  fol- 
low, the  first  and  last  10%  of  the  filtered  data  series 
have  been  tapered  down  to  zero  using  a  cosine  taper. 
The  mean  wind  speed  for  the  entire  time  sequence 
was  4.6  m  s~'  and  the  rms  deviation  from  the  mean 
by  which  the  values  in  Fig.  la  are  scaled  was  1.4  m  s_1. 
There  are  160  points  in  the  filtered,  decimated  time 
series  from  1300  to  1600.  Using  conventional  tech- 
niques the  variance  spectra  were  calculated  for  the 
data  of  Fig.  la,  and  the  spectral  results  are  shown  in 
Fig.  lb.  The  spectra  have  been  smoothed  so  that  the 
variance  at  frequency  /  has  been  replaced  by 

V'(f)=1iV(f-y)+±V(f)+\V(f+Af). 

A  strong  spectral  peak  is  seen  to  occur  at  a  period 
of  23  min,  a  periodicity  which  can  readily  be  iden- 
tified in  the  filtered  data  in  Fig.  la. 
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Using  identical  procedures  the  data  for  acoustic 
intensity  at  300  m  were  calculated  and  are  presented 
in  Fig.  2a.  Monostatic  acoustic  sounders  are  sensitive 
to  temperature  fluctuations  of  the  order  of  one-half 
the  acoustic  wavelength.  This  half-wavelength  is 
~7  cm  in  the  present  case.  In  convective  conditions 
the  echo  returns  are  strongest  in  the  center  of  con- 
vective elements  which  originate  at  the  surface  and 
weak  in  the  descending  air  between.  Facsimile  records 
of  the  echo  intensity  from  1400  to  1500  local  time 
have  been  presented  by  Gaynor  et  al.  (1974)  and  by 
Kjelaas  and  Ochs  (1974),  together  with  an  overlay 
of  the  surface  convergence.  A  detailed  study  of  acous- 
tic echo  intensity  within  convective  plumes  has  been 
presented  by  Hall  et  al.  (1975). 

It  is  clear  that  areas  of  strong  echo  intensity  are 
characterized  by. surface  convergence  and  rising  mo- 
tion. Thus,  analyzing  the  echo  intensity  gives  a  clear 
picture  of  time  variance  of  convective  elements  being 
advected  across  the  measuring  volume.  The  variance 
spectra  of  echo  intensity  at  300  m  are  shown  in  Fig.  2b. 


Local    Time 

Fig.  2a.  As  in  Fig.  la  except  for  acoustic-sounder  echo  intensity 
at  300  m. 


Frequency  Mm"1 

Fig.  2b.  As  in  Fig.  lb  except  for  variance  spectra  of 
echo  intensity  at  300  m. 
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Fig.  3b.  As  in  Fig.  lb  except  for  variance  spectra 
of  tower  vertical  velocity. 


The  dominant  peak  at  23  min  can  again  be  clearly 
seen.  Since  there  are  over  seven  waves  of  23  min 
periods  in  the  total  time  series,  it  is  believed  that 
this  is  a  significant  peak.  Examination  of  the  filtered 
data  shows  it  to  be  evident,  especially  in  the  data 
of  Fig.  la. 

In  Fig.  3a,  the  vertical  velocity  measured  at  150  m 
on  the  tower  is  presented.  We  see  that  there  is  more 
high-frequency  variance,  and  this  is  confirmed  by  the 
variance  spectra  in  Fig.  3b.  A  strong  peak  is  evident 
at  a  period  of  8  min.  In  addition,  a  strong  low-fre- 
quency peak  is  seen  at  a  period  of  80  min.  This  low- 
frequency  change  can  be  seen  in  the  data  of  Fig.  3a 
and  is  caused  by  the  period  of  very  strong  convection 
from  1400  to  1500.  No  significance  is  attached  to  this 
very  low  frequency  peak,  since  there  are  only  two 
waves  in  the  entire  time  series. 


4.  Discussion  of  results 

A  strong  peak  at  23  min  is  evident  in  both  the 
spectra  of  the  150  m  wind  speed  and  300  m  acoustic 
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intensity.  Inspection  of  the  data  of  Figs,  la  and  2a 
shows  that  these  two  time  series  are  indeed  highly 
correlated,  with  the  only  notable  exception  in  the 
entire  3  h  period  being  the  intensity  peak  at  1405 
that  corresponds  to  a  minimum  of  the  wind  speed. 
Obtaining  the  same  frequency  with  two  such  dis- 
similar instruments  indicates  that  this  frequency  does 
represent  a  significant  temporal  variation  in  the  flow. 

However,  the  same  frequency  is  not  apparent  in 
the  vertical  velocity  spectra  of  Fig.  3b.  Evidently, 
the  horizontal  wind  field  adjusts  well  to  the  large-scale 
oscillation  at  23  min  and  damps  out  the  higher  fre- 
quencies present  in  the  vertical  velocity.  The  oscilla- 
tions which  show  up  in  Figs.  1  and  2  represent  con- 
vective  elements  large  enough  to  have  significant 
small-scale  temperature  fluctuations  at  300  m  and  a 
significant  effect  on  the  wind  field.  The  depth  of  the 
layer  of  significant  motion,  as  measured  by  a  Doppler 
radar  sensing  chaff  (Frisch  and  Chadwick,  1975),  is 
~  1  km.  Therefore,  these  thermal  elements  are  well 
into  the  convecting  layer.  These  deep  convective  ele- 
ments of  low  frequency  that  are  evident  in  Figs.  1 
and  2  are  most  suitable  for  comparison  with  laboratory 
experiments  and  will  be  emphasized  here. 

Keeping  in  mind  the  limitations  of  inferring  spacial 
-scales  from  single-point  temporal  measurements,  the 
oscillation  of  23  min  corresponds  to  a  scale  of  6350  m 
using  the  mean  wind.  The  study  of  Kjelaas  and  Ochs 
(1974)  has  shown  that  there  is  very  little  shear  above 
the  90  m  level,  so  that  convective  elements  are  nearly 
vertical  as  they  are  advected  past  the  sensors.  The 
scale  found  above  is  in  good  agreement  with  that 
found  by  a  true  spatial  measurement  taken  with  the 
Doppler  radar  at  1300  local  time  (Frisch  and  Chadwick, 
1975). 

The  horizontal  wavelength  is  therefore  about  six 
times  the  depth  of  the  convective  layer,  which  is  in 
close  agreement  with  the  dominant  scale  obtained  in 
Rayleigh  convection  experiments  (Fitzjarrald,  1976). 
This  is  an  important  result  and  should  be  useful  in 
further  investigations  of  both  the  atmospheric  flows 
and  the  nature  of  convective  turbulence. 

As  was  noted  in  the  Introduction,  there  are  other 
possible  interpretations  of  the  time  spectra  presented 
here.  We  have  assumed  that  the  convective  cells  are 
of  indeterminant  but  rather  uniform  horizontal  extent 
and  are  simply  advected  past  the  sensor  by  the  mean 
wind.  An  equally  plausible  explanation  would  be  long, 
steady  convection  rolls  which  propagate  slowly  across 
the  sensors.  However,  in  the  absence  of  any  further 
indications,  such  as  aircraft  data  or  cloud  lines,  we 
must  regard  the  uniform  horizontal  advected  cells  as 
at  least  equally  probable.  Certainly,  both  convection 
rolls  and  cells  are  both  often  observed  in  atmospheric 
flows. 


5.  Conclusions  and  suggestions  for  further  work 

We  have  seen  an  indication  that  horizontal  scales 
of  motion  exist  in  atmospheric  free  convection  and 
scale  to  those  measured  in  laboratory  experiments. 
Further  work  along  this  line  should  include  examina- 
tion of  longer  time  series  to  increase  the  confidence 
in  spectral  peaks  which  were  found  here  and  aircraft 
data  to  determine  the  horizontal  extent  of  convective 
elements.  Data  taken  during  different  stability  condi- 
tions and  with  differing  convection  layer  depths  are 
necessary  to  establish  their  effects  on  the  horizontal 
scales  of  motion. 

An  investigation  of  the  vertical  dependence  of  hori- 
zontal scales  in  both  atmospheric  and  laboratory  con- 
vective flows  will  also  be  a  useful  contribution.  The 
upper  bounding  analyses  (Busse,  1969)  provide  a 
guide  to  the  vertical  variation  in  convection,  but  these 
theories  may  be  of  limited  use  in  analyzing  the  results 
of  real  flow  (Fitzjarrald,  1976). 

The  present  study  has  presented  further  comparison 
between  data  obtained  with  the  indirect  measurements 
of  acoustic  sounders  and  with  in  situ  measurements 
on  a  meteorological  tower.  Each  time  that  these 
instruments  are  used  their  usefulness  and  limitations 
become  more  apparent.  Further  studies  will  also  con- 
tribute to  this  knowledge. 

Preliminary  work  has  begun  on  analysis  of  the 
acoustic  sounder  records  obtained  during  the  GATE 
experiment  of  1974.  A  number  of  very  long,  mostly 
steady  convective  conditions  were  recorded  that 
should  provide  the  opportunity  to  investigate  the 
above-mentioned  topics. 
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ABSTRACT 

Acoustic  echo  sounder  (echosonde)  and  meteorological  tower  measurements  of  the  turbulent  velocity 
structure  parameters  D{r)  and  CV  and  the  rate  of  dissipation  of  turbulent  energy  i  are  compared.  The  two 
acoustic  Doppler  methods  attempted,  utilizing  pulse  differencing  and  Taylor  hypothesis  approaches,  show 
good  agreement.  The  small  discrepancy  in  these  parameters  between  the  tower  and  echosonde  is  explained 
by  the  wind  noise  and  ambient  noise  characteristics  of  the  echosonde  and  by  the  effects  of  pulse  volume 
averaging.  Time-averaged,  acoustically  derived  CV  values  are  compared  with  acoustic  facsimile  records  in 
both  stable  and  unstable  atmospheric  conditions.  The  temporal  and  (implicitly)  the  spatial  variations  of 
CV  were  observed  to  be  large,  and  correlated  well  with  echosonde-detected  waves,  turbulent  layers  and 
thermal  plumes.  The  hour-average  vertical  t  profiles  for  the  two  stability  cases  show  reasonable  comparison 
with  those  calculated  by  other  investigators. 


1.  Introduction 

The  ability  to  measure  the  intensity  of  velocity 
turbulence  in  the  atmosphere  either  in  situ  or  remotely 
has  been  of  great  concern  to  meteorologists  over  the 
years.  A  knowledge  of  the  turbulence  structure  can 
allow  a  derivation  of  the  dissipation  of  turbulent  energy, 
which,  at  times,  is  a  very  important  parameter  in  the 
energy  balance  of  the  atmosphere. 

The  next  section  offers  a  brief  discussion  of  the 
relations  between  measures  of  velocity  turbulence, 
acoustic  scattering  and  rate  of  dissipation  of  turbulent 
kinetic  energy  e.  Methods  of  measuring  e  are  identified  ; 
a  new  method,  based  on  an  acoustic  Doppler  echosond- 
ing  technique,  is  described  in  this  paper. 

2.  Velocity  turbulence  and  acoustic  scattering 

A  common  measure  of  the  velocity  turbulence,  the 
longitudinal  velocity  structure  function,  is  defined  by 
Tatarskii  (1971)  as 


Drr(T)=(lVr(r1)-Vr(rl+r)J), 


(1) 


where,  following  his  notation,  VT(ti)  is  the  velocity 
along  r  at  a  position  ri  and  Vt(ti-\-t)  is  the  velocity 
along  r  at  position  rx+r.  The  angle  braces  denote  a 
mean  value.  The  direction  of  r  relative  to  a  particular 
wind  component  will  depend  on  the  data  analysis 
method  and  will  be  described  later.  We  can  use  a 
similar  equation  for  F«(ri)  and  Ft(rt+r),  velocity 
components  perpendicular  to  r,  to  obtain  the  transverse 
structure  function  Du(r). 


For   locally   isotropic    turbulence,   Tatarskii    (1971) 
derived  the  spectral  form  of  the  structure  function 


Z>„(r)  =  2Z)l((r)+£>„(r)  =  2 


(1  — cosk-  r) 


X*n(k)rf3k,     (2) 


where  k  is  the  vector  wavenumber  and  0n(k)  the 
three-dimensional  spectral  density  function  of  the 
wind  velocity. 

The  structure  parameter  of  turbulent  velocity  C„  is 
related  to  the  velocity  structure  function  Z)n(r)  by 


CV(r)  =  - 


Z)n(r) 


(3) 


The  term  CV,  related  to  the  acoustic  refractive-index 
variations  of  the  atmosphere  caused  by  turbulent 
velocity  fluctuations,  is  one  of  the  important  parameters 
included  in  the  scattering  equation  of  acoustic  waves 
(Little,  1969) : 


cr(0)=O.O3£>COS20 


CV  CT2~ 

—  cos2(0/2)+O.13 — 

i_c2  PJ 


X(sin^/2)-1"3,     (4) 


where  a{d)  is  the  acoustic  power  of  wavelength  A  scat- 
tered, per  unit  volume,  per  unit  incident  power.  The 
quantity  6  is  the  scattering  angle  measured  from  the 
incident  direction,  k=2w/\,  c  is  the  speed  of  sound, 
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T  the  absolute  air  temperature  and  Ct2  the  temperature 
structure  parameter.  In  the  derivation  of  (4)  the 
Kolmogorov  spectrum  of  turbulence  is  assumed.  The 
value  of  C2  in  (4)  is  derived  from  the  longitudinal 
structure  function  D„{r). 

The  relation  between  the  velocity  structure  param- 
eter and  the  important  (but  difficult  to  measure)  rate 
of  dissipation  of  turbulent  kinetic  energy  e  is  (Tatarskii, 
1971) 

C2 

«*=—,  (5) 

where  /S~  2.  Eq.  (5)  assumes  locally  isotropic  turbulence 
and  that  the  data  are  measured  at  scales  less  than  the 
outer  scale  of  turbulence,  i.e.,  in  the  inertial  subrange. 
The  assumption  in  (5)  is  that  in  this  subrange 


£(£)<xe*£-5/3, 


(6) 


where  E(k)  is  the  scalar  spectral  energy  density  func- 
tion and  k=  |  k  | .  Eqs.  (2)  and  (3)  show  that  Cv2  can  be 
related  to  the  energy  density  for  any  component  and 
therefore  to  t.  The  proportionality  factor  /3  in  (5)  can 
be  determined  experimentally  by  measuring  E(k)  and 
C2  in  the  inertial  subrange  (Kaimal,  1973). 

Some  investigators  (e.g.,  Taylor,  1955;  Ball,  1961; 
Record  and  Cramer,  1966;  Volkovitskaya  and  Ivanov, 
1970)  have  used  the  definition  of  D„(i)  in  (1)  to  esti- 
mate «  using  meteorological  tower  data.  Eq.  (1)  was 
usually  altered  to  account  for  the  rather  slow  response 
of  the  instruments.  More  recently,  much  work  has  been 
done  (e.g.,  Ivanov,  1962;  Lenschow,  1970;  Taylor, 
1972;  Lenschow,  1974)  in  applying  the  spectral  defini- 
tion of  Z)n(r)  in  (2)  using  tower  and  aircraft  data. 

In  the  past  few  years  electromagnetic  Doppler  radar 
has  presented  a  new  data  source  for  turbulent  energy 
dissipation  measurements.  Gorelik  and  MePnichuk 
(1968)  and  Knyazev  (1971)  have  used  these  data  to 
obtain  e  employing  the  spectral  technique.  Mel'nichuk 
(1968)  used  Doppler  radar  data  to  derive  e  using  (1). 
Velocity  turbulence  can  also  broaden  the  width  of  the 
Doppler  spectrum  in  an  electromagnetic  radar  return 
(Kapitanov  ct  al.,  1972)  and  an  acoustic  return  (Brown, 
1974).  This  effect  allows  for  another  method  of  calcu- 
lating «  using  the  second  moment  of  a  Doppler  return. 
For  radar,  this  was  done  very  approximately  by 
Gorelik  and  Patsaeva  (1968)  and  in  much  more  detail 
by  Frisch  and  Clifford  (1974). 

The  very  brief  discussion  presented  above  on  velocity 
turbulence  and  its  relation  to  scattering  of  acoustic 
energy  in  (4)  suggests  three  possible  methods  of  ob- 
taining C„2  or  -Dn(r)  and  hence  e  using  echosondes. 
These  methods  were  also  alluded  to  by  Derr  and  Little 
(1970).  One  obvious  but  experimentally  difficult 
technique  would  be  to  use  (4).  Knowing  a(6)  from  the 
scattered  return  and  measuring  CV  from  monostatic 
backscatter  (0=  180°)  (Neff,  1975),  we  could  solve 
for  C„2  at  inertial  subrange  scales.  This  method  presents 


some  problems  as  discussed  by  Neff:  the  requirement 
of  extremely  accurate  instrument  calibrations  and  the 
failure  of  the  beam-filling  assumption  in  the  presence 
of  thin,  stable  lamina  in  the  boundary  layer.  A  second 
method  would  be  to  follow  the  work  of  Frisch  and 
Clifford  (1974)  who  used  radar  data  and  measure  the 
second  moment  of  the  acoustic  Doppler  return.  This 
would  allow  calculations  of  «  in  the  lower  few  hundred 
meters  where  radar  data  are  difficult  to  obtain  because 
of  ground  clutter;  the  acoustic  Doppler  return  would 
not  depend  on  the  presence  of  rain,  snow,  chaff  or  other 
scatterers  as  with  most  microwave  Doppler  radars.  The 
second-moment  technique  is  now  being  developed  using 
echosonde  data.  The  method  requires  considerable  care 
because  spectral  widening  does  not  result  from  velocity 
turbulence  alone,  but  to  noise,  finite  beamwidth  and 
pulse  modulation,  all  of  which  could  be  of  the  same 
order  (Spizzichino,  1974).  The  second  moment  inte- 
grates the  effect  of  the  turbulence  on  scales  up  to  the 
dimension  of  the  pulse  volume  (~30  m),  while  the 
angle  dependence  method  [Eq.  (4)]  measures  C„2,  the 
strength  of  turbulence  at  spatial  scales  (X/2)  sin(0/2) 
[~0.1  m],  where  X  is  the  acoustic  wavelength  and  6  is 
the  scattering  angle.  The  third  technique  of  deriving  e 
using  echosonde  data  would  be  to  obtain  Doppler 
derived  winds  and  use  (1)  to  calculate  D„(t)  or  Dh{t). 
Two  versions  of  this  method,  one  measuring  Drr(r)  and 
the  Other  Dtt{r),  were  used  in  this  study. 

The  Doppler  method  (as  it  will  be  termed)  is  simple 
and  measures  the  effect  of  the  turbulence  on  scales  up 
to  the  separation  of  the  pulse  volumes  (>30  m).  In  the 
future,  it  is  hoped  to  combine  all  three  techniques  to 
derive  e  from  measurements  at  various  scales.  The 
objective  of  the  current  work  is  to  prove  the  reliability 
of  the  Doppler-differencing  method  only. 

3.  The  experimental  method 

The  data  were  taken  from  an  August  1972  field  experi- 
ment conducted  near  Haswell,  Colo.  (Little  and 
Gossard,  1975).  The  site  consisted  of  a  150  m  meteoro- 
logical tower  equipped  with  bivanes  at  five  equally 
spaced  levels,  the  lowest  being  at  30  m  above  the 
surface  of  the  ground.  Three  echosondes  in  a  triangular 
array  were  located  about  300  m  northwest  of  the  tower. 
A  schematic  map  of  the  site  including  the  sounder  array 
is  shown  in  Fig.  1.  One  echosonde  was  pointed  vertically, 
and  the  other  two  were  tilted  so  that  their  antenna 
beams  intersected  at  about  150  m  above  the  surface. 

The  Doppler  frequencies  were  identified  using  a 
tracking  filter.  When  this  filter  tracks  during  a  period  of 
time  when  the  signal-to-noise  ratio  is  occasionally  low, 
the  resulting  averaged  winds  would  be  slightly  under- 
estimated compared  to  the  tower  values.  Using  the 
method  described  by  Beran  and  Clifford  (1972),  the 
component  of  the  wind  along  the  beam  was  calculated 
using  digitized  monostatic  acoustic  backscattered 
Doppler  and  intensity  returns.  Because  of  problems  in 
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Fig.  1.  Schematic  of  the  experimental  configuration  at  Haswell,  Colo.,  in  1972,  including 
the  three  echosondes  (A  vertical,  B  and  C  tilted  to  meet  A  at  a  common  sounding  volume) 
and  the  150  m  meteorological  tower  located  300  m  southeast  of  echosonde  A. 


the  electronics  of  one  of  the  echosondes,  the  fluctuating 
part  of  the  Doppler  wind  along  the  slanted  beam  in  the 
north-south  direction  (or  what  we  call  the  y  direction) 
was  not  available.  Except  for  the  common  volume,  the 
three  wind  components  were  not  measured  in  precisely 
the  same  region.  However,  averaging  the  derived 
structure  functions  for  no  less  than  5  min  and  up  to 
1  h  and  being  interested  in  data  taken  only  in  the 
inertial  subrange  seems  to  provide  adequate  average 
winds. 

Two  time  periods  were  chosen  for  analysis  to  repre- 
sent convectively  unstable  and  statically  stable  bound- 
ary layers.  The  three  echosondes  synchronously  pulsed 
every  8  s  during  the  stable  period  (0600-0700  MST 
5  August)  and  every  4  s  during  the  unstable  period 
(1400-1500  MST  10  August). 


Because  Cv2  is  a  scalar  function  of  the  vector  r,  we 
can  calculate  this  function  for  various  orientations  of  r 
relative  to  the  wind  components.  Using  (1)  and  (3)  we 
calculated  CM2  (for  r  horizontal  and  the  wind  vertical) 
and  C\x2  (for  r  horizontal  and  the  east-west  wind  com- 
ponent along  the  beam)  from  the  acoustic  Doppler  data. 
The  bivanes  on  the  five  levels  of  the  tower  allowed  us 
to  calculate  C,2  for  the  three  orientations  of  wind 
velocity  relative  to  the  horizontal  at  those  levels  using 
(1)  and  Taylor's  hypothesis.  The  velocity  orientations 
were  orthogonal,  being  vertical,  east-west  and  north- 
south.  The  C„z2  values  from  tower  and  sounder  could 
be  compared  exactly  at  similar  heights  above  the 
surface  while  the  CVI2  values,  with  the  velocity  vector 
tilted  from  the  horizontal  for  the  sounder  and  hori- 
zontal for  the  tower,  could  be  compared  only  approxi- 
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mately.  The  true  horizontal  wind  component  for  CV 
could  have  been  calculated  from  the  three-echosonde 
combination,  but  use  of  the  fluctuating  vertical  wind 
component  must  be  made  for  this  calculation.  This 
means  the  horizontal  and  vertical  values  of  C'„2  would 
not  be  independent,  making  the  usefulness  of  these 
measurements  somewhat  doubtful.  In  any  case,  a 
tilted  wind  component  for  CV  allows  for  a  measure  of 
the  degree  of  anisotropy  of  velocity  turbulence.  The 
normal  boundary-layer  convention  is  to  use  orthogonal 
components  relative  to  the  mean  horizontal  wind.  We 
are  forced  to  use  coordinates  relative  to  north  because 
data  from  echosonde  B  (Fig.  1)  were  noisy.  The 
boundary  layer  convention  requires  velocity  variance 
data  from  echosonde  B. 

The  velocity  structure  function  in  (1)  can  be  calcu- 
lated in  two  ways.  The  first  is  to  calculate  two-point 
vertical  velocity  differences  between  the  fixed  levels  of 
the  tower  and,  in  a  similar  way,  between  gates  on  an 
acoustic  pulse  return  (pulse  differencing).  This  is  a 
longitudinal  measure  of  the  structure  function  D„(r). 
The  second  method  uses  Taylor's  relation  Vt=  r,  where 
t  is  time,  V  the  average  horizontal  wind  and  r=  ;r!, 
to  transform  (1)  into  a  time  domain.  Then  we  calculate 
a  transverse  structure  function  D,,(r)  at  a  particular 
level.  For  the  echosondes,  V  was  calculated  using  the 
three  Doppler  components  from  the  three  sounders 
averaged  for  1  h.  Table  1  shows  the  comparison  of  the 
two  methods  for  r~35  m  and  centered  at  a  height  of 
150  m  after  using  (3)  to  compute  Cvz2.  We  use  the  C^2 
notation  for  both  longitudinal  and  transverse  measures 
for  simplicity.  Also  included  are  the  tower  data.  The 
comparison  is  fairly  good  when  we  consider  the  three 
orders  of  magnitude  difference  between  the  stable  and 
unstable  cases.  Through  the  remainder  of  this  work  the 
results  of  the  Taylor  method  are  reported  because  the 
results  are  closer  to  the  tower  values.  Also,  this  method 
allows  us  to  calculate  Cv2  at  fixed  levels  for  a  wide  range 
of  effective  separations  r. 

4.  Results 

An  example  of  the  calculated  results  of  the  vertical 
structure  function,  denoted  by  Dz  (a  notation  for  Du 
computed  using  the  vertical  winds),  is  presented  in 
Fig.  2  for  the  unstable  case  comparing  the  tower  and 
echosonde  values.  The  height  chosen  was  150  m.  An 


Table  1.  Results  of  two  methods  of  calculating  C«a  (m2  s~2  m~') 
for  r~35  m  at  a  height  of  150  m  above  the  ground,  averaged  for 
an  hour  in  each  case  using  echosonde  data.  Also  included  are  the 
tower  data  for  the  two  cases. 


Stability  case 


Pulse 
differencing 


Taylor 
hypothesis 


Tower 


0600-0700    5  August 
1400-1500  10  August 


1.30XKT3 
0.122 


0.78X10-3 
0.109 


0.58  X10-3 
0.084 


200    300 


Fig.  2.  The  vertical  velocity  structure  function  D:  for  the  tower 
(crosses)  and  echosonde  A  (dots)  for  the  unstable  period.  The 
r'  line  is  shown  for  reference.  The  decrease  of  the  slope  of  the 
echosonde  data  at  larger  scales  can  be  explained  by  pulse  volume 
filtering  of  the  one-dimensional  velocity  spectrum. 

r>  line  is  shown  for  reference.  Where  the  slopes  of  the 
curves  are  near  §  is  generally  considered  the  vicinity  of 
the  inertial  subrange. 

Some  of  the  flatness  associated  with  the  curve  of  the 
echosonde  data  may  be  the  result  of  some  wind  or 
instrument  (or  other)  noise.  These  noise  spikes  have 
been  carefully  identified  and  replaced  by  a  weighted 
average  of  the  four  data  points  on  each  side  of  the 
spike.  However,  some  random  noise  does  leak  through. 
This  will  be  shown  to  be  a  small  effect  for  the  average 
C„2  values. 

MacCready  (1953),  Taylor  (1955),  Ball  (1961), 
Mel'nichuk  (1968)  and  others  have  shown  the  falloff  of 
the  structure  function  from  the  §  slope  when  the 
separation  distance  r  is  of  the  order  of  the  height  of  the 
measurement  (in  this  case  150  m).  This  similar  behavior 
is  shown  in  Fig.  2  for  the  tower  data.  The  major 
discrepancy  between  echosonde-derived  and  tower- 
derived  Dz,  shown  in  Fig.  2,  is  the  echosonde  data's 
falloff  from  an  approximate  §  slope  at  smaller  r  than 
for  the  tower  data.  The  explanation  of  this  discrepancy, 
concerning  electromagnetic  radar  pulse  volume  filtering, 
is  given  by  Srivastava  and  Atlas  (1974).  They  showed 
that  energy  at  scales  large  compared  to  the  beam 
dimensions  can  be  reduced  for  a  one-dimensional 
spectrum  because  small  scales  in  orthogonal  directions, 
contributing  to  the  energy,  are  attenuated  due  to  the 
pulse  volume  filtering  compared  to  a  one-dimensional 
point-sensor  spectrum.  Fig.  6  of  their  work  gives  a  good 
qualitative  picture  of  their  argument.  Srivastava  and 
Atlas  used  a  Gaussian  illumination  function  which  is 
also  a  good  approximation  for  the  echosonde  (Hall  and 
Wescott,  1974). 

It  is  necessary  here  to  tie  their  results  briefly  into 
our  discussion  in  Section  2.  To  do  this,  we  will  follow  the 
spectral  definition  of  the  velocity  structure  function. 
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Haswell,  Colorado 


Fig.  3.  Acoustic  facsimile  record  with  overlayed  acoustic  Doppler  derived  values  of 
Cvz*  (XlO-2  m2  s-2  m_i)  with  r~i5  m  from  the  vertically  pointing  echosonde  block  averaged 
for  5  min  for  the  unstable  regime. 


Using  spherical  coordinates,  we  may  integrate  (2)  over 
the  angles  to  get 


Du(r)=Sir 


sin&ir\ 

1 —)*u(k)kMki,         (7) 

hr  J 


where  we  take  k\  as  the  wavenumber  along  the  beam 
and  r  is  measured  along  the  direction  of  k\.  The  velocity 
spectral  density  tensor  4>„(k)  is  given  by 


/      kS\E(k) 

</>„(&)  =    1 

\        k2  Jiirk2 


(8) 


for  isotropic  and  incompressible  turbulence.  Srivastava 
and  Atlas  obtained  the  equation  for  the  beam-filtered 
spectral  density  in  one  dimension,  i.e., 

rsin(W/2)-f 

*u(*) -*.(*)    exp(-<T2^22-CT3^32)       (9) 

L     kil/2     J 

after  assuming  a  Gaussian  illumination  function.  In 
(9),  kh  k2  and  £3  are  the  orthogonal  wavenumbers, 
/=  h/2  (where  h  is  the  pulse  length)  and 


<r,-=  0.30035,,    t=2,3, 


(10) 


with  B2  and  Bz  the  linear  dimensions  of  the  beam 
perpendicular  to  the  beam  axis;  B^B3  for  the  echo- 
sonde case.  Using  (9)  in  (7)  yields 


Dn(r)=Sir  1 U,(k)\ \kx*dk 

Jo    \         kir  I  L     kil/2     J 

Xexp[-<r?(£22+£32)].     (U) 


Eq.  (11)  gives  the  effect  of  the  beam  filtering  on  the 
velocity  structure  function  for  the  echosonde.  Assuming 
a  half-power  beam  width  between  4°  and  5°  (Hall  and 
Wescott,  1974),  5,  is  approximately  12  m  for  the  150  m 
level  and  for  the  vertical  echosonde.  The  pulse  length  h 
is  about  13.5  m  for  the  unstable  case. 

According  to  the  interpretation  of  the  beam  filtering 
in  (11)  given  by  Srivastava  and  Atlas,  the  smaller 
effective  scale  of  filtering  causes  a  lessening  of  the  energy 
falloff  at  and  beyond  what  we  may  call  the  outer  scale 
of  the  inertial  subrange  r=  L0  (refer  to  Fig.  2  of 
Srivastava  and  Atlas,  1974).  This  corresponds  to  the 
value  of  r  where  the  slope  becomes  less  than  f  on  the 
graph  of  Dz  for  the  tower  data  shown  in  Fig.  2.  The 
particular  value  of  r,  for  which  this  falloff  from  the  f 
slope  begins  for  the  echosonde  data,  depends  on  the 
variable  relation  between  the  outer  scale  of  turbulence 
and  the  effective  beam  size. 

Robinson  and  Konrad  (1974),  in  a  careful  spectral 
comparison  of  electromagnetic  radar  Doppler  wind 
fluctuations  and  winds  measured  by  an  aircraft,  showed 
a  decrease  in  spectral  density  of  the  Doppler  winds 
beyond  scales  of  about  100  m.  Although  they  attribute 
this  discrepancy  to  the  possible  low-frequency  drift  of 
the  aircraft,  it  could  be  that  the  difference  results  from 
the  pulse  volume  filtering  discussed  above.  Mandics 
(1971)  showed  a  similar  decrease  of  spectral  density  of 
acoustic  phase  difference  at  much  smaller  sizes  (5-1 1  m), 
which  he  explains  as  near  the  outer  scale  of  turbulence. 
His  measurements  were  taken  quite  close  to  the  ground, 
which  accounts  for  the  small  outer  scales. 

From  (1)  and  (3),  we  calculated  C„2  and  Cvz2  for 
the  unstable  and  stable  cases,  respectively,  with  r«35 
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m.  Fig.  3  shows  Cvz2  5  min  block  averaged,  contoured 
and  overlayed  on  the  echosonde  facsimile  record.  A 
detailed  explanation  of  echosonde  facsimiles  is  given  by 
McAllister  et  al.  (1969).  Fig.  4  shows  the  overlay  for 
CVx  averaged  for  5  min  for  the  stable  period.  Both 
cases  indicate  large  temporal  variability  but  correlate 
well  with  the  facsimile  records.  C„2  is  obviously  im- 
portant in  the  acoustic  scattering  equation  (4),  but  can 
also  be  related  to  two-point  velocity  differences  through 
(1).  The  larger  the  C2  values,  the  larger  the  velocity 
variability.  We  expect  this  variability  to  be  relatively 
large  within  the  thermal  plumes  of  Fig.  3  and  the  layers 
of  breaking  waves  in  Fig.  4,  as  well  as  near  the  surface 
in  both  cases.  Although  it  is  doubtful  relation  (5)  is 
valid  for  such  short  averaging  periods  of  C2,  the  large 
variability  of  Cv2  in  Figs.  3  and  4  do  tend  to  indicate  a 
large  intermittency  of  «. 

C2  was  not  calculated  above  300  m  in  Fig.  3  nor 
above  400  m  in  Fig.  4  because  the  signal-to-noise  ratios 
became  too  low  for  reliable  Doppler  data  above  those 
levels.  A  note  of  caution  must  be  introduced  when 
interpreting  the  contoured  C„2  values.  Signal-to-noise 
characteristics  are  at  their  best  for  the  darker  areas  of 
the  facsimiles  (except  when  these  darker  areas  represent 
wind  noise  on  the  transducer).  The  Doppler  wind 
measurements  and  therefore  the  dissipation  rates  may 
be  biased  toward  these  darker  areas.  Poor  signal-to- 
noise  ratios  would  increase  the  variance  of  the  Doppler 
estimates.  At  the  same  time,  the  tracking  filter  is  biased 
toward  zero  Doppler  shifts  when  a  low  signal-to-noise 
ratio  is  encountered.  This  zero  bias  would  decrease  the 


average  value  of  r  in  (3)  derived  irom  Taylor's  hy- 
pothesis and  therefore  increase  Cv2  and  e  [Eqs.  (3)  and 
(5)].  This  bias  of  echosonde-derived  Cv2  and  e  toward 
slightly  larger  values  compared  with  C2  from  tower- 
derived  measurements  is  especially  noticeable  in 
Table  1,  in  Fig.  5  and  in  the  lower  levels  of  Fig.  6.  A 
bistatic  system  recently  tested  at  the  Wave  Propagation 
Laboratory  shows  promise  in  overcoming  some  of  the 
above-stated  limitations  of  direct  backscatter  data. 
Scattering  at  angles  other  than  90°  and  180°  is  directly 
sensitive  to  C„2  [Eq.  (4)]  which  is  not  only  a  stronger 
scatterer  of  acoustic  waves  on  the  average,  but  usually 
is  more  widespread  in  the  boundary  layer. 

An  example  of  1  h  averaged  vertical  profiles  of  e 
derived  from  Cv2  (r~35  m)  using  (3)  for  the  unstable 
case  is  shown  in  Fig.  5  for  the  tower  and  echosonde  data. 
The  agreement  between  tower  and  echosonde  is  good 
and  constancy  of  t  with  height  above  the  surface  layer 
is  well  documented  (e.g.,  Lenschow,  1974). 

Assuming  stationarity  and  horizontal  homogeneity 
the  turbulence  kinetic  energy  budget  in  the  boundary 
layer  is  given  by 


g —    d t  av 

—u/T't w'(e'+p'/p)+ 

T  dz  p    dz 


(12) 


where  the  primes  denote  a  departure  from  a  mean 
value.  T'v  is  the  virtual  temperature,  e'  the  turbulent 
kinetic  energy  \_\{u'2-\-v'2-\-w'2)~\,  t  the  stress  and  dV/dz 
is  the  mean  vertical  shear.  The  nearly  constant  e  with 
height  in  Fig.  5  can  be  explained  by  the  sum  of  the 


Haswell,  Colorado 


0630 
Local  Time 
5  Auqust  1972 


Fig.  4.  As  in  Fig.  3  except  for  the  stable  case,  C„x2XlO  4  m2  s-2  m  ',  and  a  4  min  average. 
Note  that  the  contour  values  at  the  lower  levels  are  not  linearly  separated. 
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approximately  linearly  decreasing  buoyancy  generation 
term  with  height,  represented  by  the  first  term  in  (12), 
and  the  linearly  increasing  vertical  transport  term, 
represented  by  the  second  term  in  (12),  above  the 
surface  layer.  The  third  term  in  (12),  the  shear  genera- 
tion, is  quite  small  above  the  surface  layer  (Lenschow, 
1974).  As  a  further  check  on  the  data's  validity,  the 
unstable  surface  layer  equation  given  by  Wyngaard 
and  Cote  (1971),  i.e., 


200 


t= — (1+0.5 1 Z/Z,  | »)», 
kZ 


(13) 


was  used,  where  k  is  von  Karman's  constant,  u+  the 
friction  velocity,  and  L  the  Obukhov  length.  Using 
August  afternoon  data  from  the  1968  Kansas  boundary 
layer  experiment  (Izumi,  1971),  with  Z=  22.63  m, 
u+=0.33  m  s_1  and  Z/L=  —1.19,  gives  us  the  circle  in 
Fig.  5.  The  agreement  is  excellent.  Also,  the  hourly 
averaged  Richardson  number  for  the  Colorado  data  was 
calculated  to  be  —1.15  (Gaynor  et  al.,  1977)  between 
2  and  30  m,  which,  for  an  unstable  boundary  layer, 
should  be  (and  is)  close  to  Z/L. 

The  e  profile  for  the  stable  case  derived  from  C„x2 
(r~35  m)  is  shown  in  Fig.  6.  A  similar  decrease  with 
height  above  30  m  is  also  shown  in  the  results  of 
Readings  and  Rayment  (1969),  but  the  results  pre- 
sented here  are  about  an  order  of  magnitude  smaller 
than  their  calculations.  Using  values  of  w+  and  Z/L  for 
stable  cases  during  the  1968  Kansas  experiment  and 
using  an  equation  similar  to  (13)  for  the  stable  surface 
layer  from  Wyngaard  and  Cote  (1971),  we  calculate  * 
values  approximately  twice  as  large  as  those  in  Fig.  6. 
A  likely  reason  for  our  smaller  e  values  is  that,  at  the 
lower  levels,  e  may  be  based  on  structure  functions 
calculated  for  r  larger  than  the  outer  turbulence  scale. 
A  plot  similar  to  that  in  Fig.  2  for  both  tower  and 
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Fig.  5.  One-hour  averaged  vertical  profiles  of  the  rate  of  energy 
dissipation  t  for  the  tower  (dashes)  and  echosonde  A  (solid  line) 
during  the  unstable  period  derived  from  the  structure  function 
of  vertical  velocity. 
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Fig.  6.  One-hour  averaged  vertical  profiles  of  e  derived  from 
the  structure  function  of  the  east-west  velocity  component  from 
the  tower  (dashes)  and  the  east-west  tilted  velocity  component 
from  echosonde  C  (solid  line)  for  the  stable  case. 

echosonde  data  at  the  30  m  level  does  indicate  a  falloff 
from  a  §  slope  at  ground  r  =  15  m.  Because  we  are  using 
structure  functions  with  r=35,  e  is  calculated  from  D 
outside  the  inertial  subrange. 

In  the  stable  layer,  shear  generation  is  important 
and  buoyancy  generation  is  likely  small  as  is  vertical 
transport.  Eq.  (12)  does  not  contain  horizontal  trans- 
port terms,  which  may  be  important  in  these  layers  of 
Kelvin-Helmholtz  waves  shown  in  the  facsimile  records 
(Fig.  4).  The  tendency  for  t  values  to  increase  above 
90  m  may  be  the  effect  of  energy  dissipation  in  the 
vicinity  of  these  Kelvin-Helmholtz  layer.  Such  an  in- 
crease was  also  noted  by  Readings  and  Rayment  (1969) 
at  inversion  base. 

5.  Conclusions 

The  ability  of  the  echosonde  to  measure  the  turbulent 
velocity  structure  functions  D(t)  and  Cv2  using  Doppler 
techniques  has  been  demonstrated.  Assuming  an 
inertial  subrange,  the  rate  of  turbulent  dissipation  e  can 
be  calculated  for  time-averaged  data.  Compared  with 
the  pulse  Doppler  radar,  the  echosonde  can  provide 
values  of  t  below  the  lowest  height  a  radar  can  reliably 
detect  because  of  ground  return.  A  profile  of  e  can  then 
be  obtained  down  to  heights  of  the  order  of  40  m  with 
the  larger  echosondes  and,  perhaps,  down  to  the  order 
of  a  few  meters  with  the  new  microsounders  now  being 
tested  at  the  Wave  Propagation  Laboratory. 

As  discussed  earlier,  the  Doppler  method  of  obtaining 
the  rate  of  turbulent  energy  dissipation  is  only  one  of 
three  possible  acoustic  methods.  It  is  hoped  that  we 
can  explore  the  other  two  methods  in  the  future. 
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Measurement  of  Vorticity  in  the  Surface  Layer  Using 
an  Acoustic  Echo  Sounder  Array 

J.  E.  GAYNOR,  F.  F.  HALL,  JR.,  J.  G.  EDINGER*,  and  G.  R.  OCHS 

NOAA/KRl. /Wave  Propagation  Laboratory,  Boulder,  Colorado  80302 

The  earth's  atmospheric  surface  layer  is  usually  defined  as  that  region  of  the  lower  atmosphere 
(generally  below  about  10  m  above  the  earth's  surface)  where  surface  friction  causes  vertical 
fluxes  of  heat,  moisture  and  momentum  to  be  constant  with  height.  Within  the  surface  layer, 
either  in  response  to  surface  friction  or  to  the  atmosphere  above,  horizontal  circular  eddies  often 
develop.  These  circular  motions  may  provide  the  source  of  rotation  for  dust  devils  so  often  seen  on 
hot  and  dry  days  particularly  in  desert  regions.  Also,  at  larger  scales  {j\>  1  km  in  diameter)  regions 
of  warm  and  therefore  buoyant  upward  moving  air,  called  thermal  plumes,  may  acquire  rotation. 
These  plumes  may  extend  from  the  earth's  surface  to  more  than  a  kilometer  in  height  on  a  warm 
afternoon.  Fluid  dynamicists  quantify  this  horizontal  rotation  with  a  parameter  known  as  the 
vertical  component  of  vorticity.  Vorticity  is  very  difficult  to  measure  in  the  earth's  atmosphere 
at  scales  of  close  to  a  kilometer  because  the  calculation  involves  wind-speed  differences  over  hori- 
zontal distances  of  about  500  m.  The  winds  must  be  measured  quite  accurately  because  the  dif- 
ferences can  be  quite  small  and,  therefore,  the  errors  in  these  measurements  are  often  quite  large. 
This  work  describes  a  method  of  measuring  vertical  vorticity  at  scales  down  to  500  m  using  an 
array  of  three  acoustic  sounders  about  2  m  above  the  earth's  surface  which  overcomes  some  of 
the  accuracy  problems  mentioned  above.  We  relate  these  vorticity  measurements  to  other  atmo- 
spheric parameters  and  compute  temporal  spectra  of  these  quantities  to  help  explain  the  relation- 
ship between  vorticity,  thermal  plume  activity,  and  the  smaller-scale  dust  devils. 


Introduction 

In  the  earth's  atmosphere,  the  vertical 
component  of  vorticity  is  defined  as 


s     a* 


3v' 


(1 


where  v  is  the  north-south  component  of 
the  wind,  //  is  the  east-west  component, 
x  is  a  distance-measurement  in  the  east- 
west  direction  horizontal  to  the  earth's 
surface  (which  is  assumed  flat  in  (I)  for 
the  relatively  short  distances  considered 
here),  and  y  is  a  distance-measurement  in 
the   north-south   direction.   Because  £  is 


*Also  with  Atmospheric  Science  Dept.,  UCLA 


twice  the  local  average  angular  velocity, 
it  is  a  very  useful  measurement  which 
can  be  used  in  momentum  equations 
which  include  rotating  motion. 

Improved  methods  of  measuring  vor- 
ticity in  the  lower  atmospheric  layers  of 
the  earth  are  important  for  a  better 
understanding  of  atmospheric  dynamics. 
In  particular,  good  vorticity  measure- 
ments may  help  to  explain  how  vorticity 
organizes  into  dust  devils  in  the  unstable 
boundary  layer  (usually  the  layer  below 
1  km  above  the  earth's  surface)  and  how 
organized  cells  with  vorticity  help  in  the 
vertical  heat  transport  from  the  warm 
earth's  surface. 

This  paper  describes  an  acoustic  method 
for  measuring  relatively  small-scale  (0.5 
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km  <  x  or  y  <  8  km)  vorticity  in  the 
surface  boundary  layers.  Supporting  data 
were  obtained  from  acoustic  Doppler- 
derived  and  meteorological-tower  vertical- 
wind  speeds  (u)  and  laser  detection  of 
convergence/divergence  of  the  surface 
wind.  Divergence  of  air-flow  from  a 
two-dimensional  horizontal  area  is  mathe- 
matically defined  as 


D  =3X  +  9v 

dx       oy  ' 


(2) 


where  the  variables  are  as  those  defined 
in  ( 1  ).  If  the  air  is  flowing  into  the 
region,  then  we  have  convergence  (or  -D). 
Time  series  of  vorticity,  vertical  wind 
speed  and  convergence/divergence  data 
as  well  as  their  temporal  spectra  (plots 
of  the  variance  of  a  quantity  versus 
frequency)  indicate  that  these  param- 
eters are  all  closely  related  signatures 
of  convective  thermal  plume  activity. 
Thermal  plumes  are  regions  of  relatively 
warm,  buoyant  air  rising  from  the 
earth's  surface  particularly  on  warm  days. 


Instrumentation  and  Data  Acquisition 

The  data  were  acquired  at  Haswell, 
Colorado  during  a  summer  field  experi- 
ment in  1972,  usingechosondes  (acoustic 
echo  sounders,  Beran  etal.,  1971)  optical 
lasers  (Kjelaas  and  Ochs,  1974)  and  a 
150-m  meteorological  tower  equipped 
with  temperature  sensors  and  bivanes, 
which  measure  the  three  wind  compon- 
ents, at  five  levels  (Little  and  Gossard, 
1975).  The  site  is  situated  near  the  center 
of  a  shallow  "bowl-like"  depression, 
approximately  20  km  across  and  70  m  in 
depth  at  an  elevation  of  1307  m  MSL. 


The  terrain  is  flat  near  the  tower,  with 
clumps  of  sparse  buffalo  grass  15-cm 
high  for  a  minimum  of  3-km  radius  from 
the  tower.  Figure  1  is  a  map  of  the 
echosonde  configuration  in  relation  to 
the  optical  laser  array  and  to  the  tower. 
The  sensors  in  both  arrays  were  located 
approximately  2-m  above  the  prairie 
surface. 

The  method  of  calculating  the  vertical 
component  of  atmospheric  vorticity 
using  the  eehosondes,  each  operating  at 
a  different  audio  frequency,  and  pulsing 
simultaneously,  took  advantage  of  the 
eehosondes'  imperfect  side-lobe  rejection. 
Each  of  the  three  eehosondes  contained 
a  transducer  which  translates  an  elec- 
tronic pulse  into  an  acoustic  pulse  which 
propagated  nearly  vertically  into  the 
atmosphere.  However,  some  of  the 
acoustic  energy  also  "leaks  out"  hori- 
zontally with  the  earth's  surface.  When 
the  eehosondes  are  in  the  receiving  mode, 
this  side-lobe  acoustic  energy  from  the 
other  nearby  eehosondes  propagates  di- 
rectly to  the  receiving  echosonde.  Since 
each  sounder  is  operating  at  a  different 
frequency,  the  source  of  the  received 
side-lobe  can  be  determined.  Because 
the  velocity  of  sound  propagation  be- 
tween the  eehosondes  is 


VT  =  Cd  +  V 


(3) 


where  Cj  is  the  velocity  of  sound  in  dry 
air  (Cd  =  20.05  ^/TT  where  T  is  the  air 
temperature  in  K)  and  V  is  the  velocity 
caused  by  the  wind  vector  in  the  line 
between  two  adjacent  antennas,  all  that 
is  necessary  is  an  -accurate  measurement 
of  the  travel  times  of  the  sound  pulses 
propagating  in  each  direction  between 
antenna  pairs. 
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FIG.  1.    Location  map  of  the  echosonde  and  laser  arrays  and  the 
tower. 


Using  the  travel-times  of  these  direct 
pulses,  we  do  not  need  to  know  the  tem- 
perature of  the  air  to  obtain  Cj.  The 
average  of  the  two  travel-times  between 
antenna  pairs  would  be  the  expected 
travel-time  between  the  two  antennas  if 
there  were  no  wind  parallel  to  the  anten- 
nas. This  method  is  similar  to  that  used 
in  acoustic  anemometers  (Miyake  et  al., 
1971)  which  give  wind  speed  magnitudes 
in  the  direction  of  acoustic  propagation 
over  very  short  paths.  Once  Cd  and  Vj 
(from  the  time  of  travel  between  one 
echosonde  pair)  is  known,  we  can  com- 
pute V.  Obtaining  V  in  the  same  way  for 


all  three  echosonde  pairs,  we  calculate 
the  circulation,  C,  horizontal  to  the 
earth's  surface  using 

c  =  vaxa  +  vbxb  +  vcxc , 

where  the  V\  represent  the  wind  veloc- 
ities along  sides  a,  b,  and  c  of  the  echo- 
sonde triangle  and  the  X's  are  the  dis- 
tances along  each  side.  We  then  divide  C 
by  the  area  enclosed  by  the  array  to 
obtain  a  measure  of  vorticity  (essentially 
Stokes'  theorem). 

Accurately  measuring  the  time  required 
for   the  direct   pulse   to  travel   between 
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antenna  pairs  is  critical  for  the  vorticity 
calculations.  The  received  sound  intensity 
data  from  each  antenna  were  sampled 
every  2  msec  and  converted  to  digital 
form  for  computer  analysis.  The  pulse  re- 
petition period  of  the  antennas  was  4  sec, 
with  all  three  echosondes  synchronized. 
The  method  used  to  obtain  travel  times 
for  the  vorticity  calculations  was  a 
"centered-pulse"  technique.  The  first 
data  point  on  the  digital  tapes  which 
was  three  times  noise  was  found;  then 
the  next  point  which  was  back  down  to 
three  times  noise  was  located.  If  these 
two  points  were  found  to  be  within  a 
certain  specified  temporal  region,  the 
average  of  the  times  associated  with  the 
two  points  was  taken  as  the  center  of 
the  pulse.  This  was  assumed  to  be  the 
travel  time  of  the  direct  pulse.  The 
"noise"  periods  on  the  tapes  were  de- 
fined as  those  time  periods  between  the 
opening  of  the  receivers  and  the  earliest 
times  that  the  direct  pulses  could  be 
expected.  During  those  intervals  we 
assumed  the  antennas  were  only  receiv- 
ing some  background  noise  and  the 
digitized  received  intensities  averaged  for 
those  periods  were  assumed  to  represent 
this  noise.  At  times,  perhaps  due  to 
refraction  of  the  sound  path  from  strong 
gusts  of  vertical  wind  or  cross  wind,  or 
because  the  pulses  were  buried  in  ambient 
noise  (mainly  caused  by  wind  blowing 
against  the  transducers),  these  direct 
pulses  could  not  be  found  and  vorticity 
calculations  were  not  made  for  those 
times.  This  occurred  for  at  least  one 
sounder  pair  about  one-half  the  time  for 
the  50-min  run  considered  here.  The 
missing  points  were  replaced  with  a 
value    obtained    by    linear   interpolation 


between  neighboring  points. 

The  largest  error  in  the  vorticity 
results  comes  from  the  uncertainty 
in  the  exact  time  of  the  arrival  of  the 
center  of  the  pulse.  To  illustrate  what  a 
timing  error  can  do  to  the  results,  suppose 
an  average  10-msec  timing  error  around 
the  array  for  one  pulse  event  was  calcu- 
lated. (Because  of  the  temporal  narrow- 
ness of  the  pulses,  this  is  an  extreme 
error.)  This  will  result  in  an  error  of 
0.042  sec-1  for  an  instantaneous  vor- 
ticity measurement,  or  of  6.5  X  10"3  sec"1 
for  a  2.8-min  average.  Figure  2  shows 
that  this  error  is  relatively  small  when 
compared  to  the  calculated  values  of  the 
vorticity. 

The  results  of  the  vorticity  measure- 
ments are  shown  in  Fig.  2.  These  are  low- 
pass  filtered  using  the  Ormsby  digital 
filter  (1961)  such  that  variations  with 
periods  of  less  than  2.8  min  are  elimi- 
nated. The  filtering  was  necessitated  by 
the  size  of  the  array.  Using  an  advection 
speed  of  vorticity  fluctuations  of  4 
msec-1  taken  from  the  horizontal  wind 
speed  profiles  in  Fig.  4  and  a  resolvable 
scale  of  twice  the  average  length  of  the 
sides  of  the  echosonde  triangle  (Fig.  1), 
we  find  that  variations  of  periods  less 
than  2.8  min  cannot  be  resolved  with  an 
array  this  large. 

Measured  convergence/divergence  from 
a  laser  triangle  as  described  in  detail  by 
Kjelaas  and  Ochs  (1974)  for  the  same 
time  period  and  filtered  in  the  same 
way  as  the  vorticity  data  is  also  presented 
in  Fig.  2.  The  laser  technique  uses  the 
drifting  scintillation  pattern  caused  by 
wind-transported  refractive-index  irregu- 
larities in  the  atmosphere.  Using  a  laser 
transmitter  and  two  horizontally-spaced 
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FIG.  2.  2.8-min  low-pass  filtered  vorticity,  using  a  centered  pulse  tech- 
nique, and  convergence/divergence  between  1400-1450  (MDT)  on  10 
August  1972.  Note  the  different  vertical  scale  for  each  data  set. 


detectors  a  small  distance  apart  and 
located  about  300  m  from  the  trans- 
mitter, the  horizontal  average  of  the  wind 
perpendicular  to  the  path  of  light  can  be 
calculated.  This  method  requires  the 
assumption  of  a  uniform  refractive-index 
structure  constant  (Cn2 )  along  the  path, 
and  a  relation  between  the  slope  of  the 
normalized  covariance  of  the  logarithms 
of  the  signals  received  at  the  two  detec- 
tors at  zero  delay  and  the  average  hori- 
zontal wind  across  the  path  (Lawrence  et 
al.,  1972).  With  a  triangular  array  of 
transmitters  and  receivers  as  in  Fig.  1,  a 
relation  essentially  the  same  as  that  in 
Eq.  (2)  can  be  used  to  measure  the  hori- 


zontal divergence  within  the  array.  Sup- 
porting data  came  from  the  acoustically- 
derived,  Doppler,  vertical  velocities  (Beran, 
et  al.,  1 97 1 ).  This  method  gives  a  vertical 
velocity,  w,  with  an  accuracy  of  O.i 
msec-1.  Figure  3  shows  a  facsimile  record 
of  acoustic-echo  intensity  taken  from 
the  vertical  echosonde,  A,  (the  other  two 
echosondes  were  tilted)  for  the  unstable 
period  1400-1450  hrs.  The  overlaid  con- 
tours of  Doppler  vertical  velocities  indi- 
cate downward  motion  by  the  horizontal 
hatching.  The  acoustic  facsimile  in  Fig. 
3  is  a  time-height  cross-section  of  back- 
scattered  acoustic  intensity. The  vertically 
oriented  dark  streaks  which  are  widest  at 
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1400 


contour  interval  =  1  msec"1 
direction  indicated  by  arrows 


1430 
Local  Time.  10  Aug  1972 


1500 


FIG.  3.   Facsimile  record   from  vertically  pointing  sounder  during  the 
unstable  plume  time  period  on  10  August  1972,  with  overlayed  contours 
of  acoustic  Doppler-derived  vertical  velocities  in  intervals  of  1  msec-1 
Hashed  areas  indicate  sinking  motion. 


the  top  of  the  record  are  caused  by  wind 
noise  blowing  on  the  transducer  and 
echosonde  cuff.  The  less  sharp  regions 
darkest  at  the  base  of  the  record  and 
generally  disappearing  at  400  in  are 
backscattered  acoustic  signals  from  the 
warm  and  buoyant  plumes  naturally 
occurring  on  an  afternoon  with  an 
unstable  temperature  (or  density)  lapse 
rate  within  the  surface  layer.  At  the 
edges  and  within  the  plumes  we  expect 
considerable  turbulent  mixing  of  the 
warmer  air  in  the  plumes  with  the  cooler 
air  outside  them.  This  mixing  produces 
small-scale  ('V  0. 1  m)  temperature  differ- 
ences which  can  be  related  to  acoustic 
refractive  index  variations  (Tatarskii, 
1971)  that  cause  a  portion  of  the  sound 
to  be  scattered  back  (180°).  The  upward 
motion  agrees  well  in  time  with  the 
occurrence  of  plumes. 


Analysis  of  the  Data 

Profiles  of  the  average,  horizontal 
wind-speed,  wind  direction,  and  tempera- 
ture from  in-situ  measurements  on  the 
150-m  tower  between  1400  and  1500  hrs 
are  shown  in  Fig.  4.  The  2-m  level  wind 
has  been  derived  from  the  laser  array. 
The  Richardson  number  between  the  2-m 
level  and  the  30-m  level  averaged  for  the 
hour  was  computed  to  be  -1.15.  The 
Richardson  number  is  defined  by  the 
relation 


R 


g 


dzndz)  ' 


(4) 


where  g  =  9.8  msec-2 ,  the  acceleration  of 
gravity,  T0  is  the  average  temperature  in 
some  vertical  distance  ^z,-^-is  the  poten- 
tial temperature  change  in  that  layer,  and 
1^-  is  the  vertical  change  of  horizontal 
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TOWER  PROFILES 
Haswell.  Colorado.  1400  -  1500  Local  Time, 10  Aug.  1972 
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FIG.  4.  Average  horizontal  wind  speed,  wind  direction,  and  temperature  profiles,  using  the 
tower  data  between  1400-1450  (MDT)  on  10  August  1972.  The  surface  wind  speed  and  wind 
direction  are  taken  from  the  laser  array  data. 


wind  (vertical  wind  shear)  within  the 
layer.  The  potential  temperature  id)  is 
defined  as  that  temperature  correspond- 
ing to  an  adiabatic  increase  from  the 
level  of  measurement  to  that  level  corre- 
sponding to  an  atmospheric  pressure  of 
1000  nib.  Therefore,  ifjj  <  0,  we  have 
an  unstable  lapse  rate  within  the  layer. 
R  is  the  measure  of  the  relative  magni- 
tude of  vertical  mixing  due  to  buoyancy 
(the  numerator  in  Eq.  (4))  to  vertical 
mixing  due  to  vertical  shear  (the  denomi- 
nator). Lumley  and  Panofsky  ( 1964)  have 
pointed     out     that     "free"    convection 


occurs  fovR  <  -0.03.  During  the  period 
considered  in  this  paper,  the  lower  bound- 
ary-layer appears  well  within  the  free- 
convection  regime. 

The  filtered-vortieity  time-series  of 
Fig.  2  shows  a  maximum  positive  value 
of  0.27  sec"1  .  This  is  much  smaller  than 
the  measurements  of  Carroll  and  Ryan 
(1970)  using  a  paddle-type  vorticity 
meter,  but  is  close  to  those  obtained  by 
Fitzjarrald  (1973).  Fit/jarrald  averaged 
his    vorticity    results    for  about   20  sec. 

A  large  dust  devil  of  nearly  20-m  diam- 
eter moved  through  the  area  enclosed  by 
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the  arrays  at  around  1422-1423  hrs.  Vor- 
ticity  and  convergence  peaks  (negative 
of  divergence  is  a  positive  number)  in 
Fig.  2  approximately  agree  in  time  with 
the  arrival  of  the  dust  devil,  and  its 
observed  cyclonic-rotation  agrees  with 
the  positive  sign  of  vorticity.  Two,  small 
dust  devils  appeared  near  the  arrays  at 
1417-1418  hrs,  and  a  large  vorticity- 
peak  occurs  at  this  time  with  an  indica- 
tion of  a  broad  convergence-peak.  The 
apparent  ability  to  measure  the  effects 
of  rotation  of  a  dust  devil  over  such  a 
large  area  compared  with  the  relatively 
small,  dust-devil  core  size  is  in  disagree- 
ment with  a  hypothesis  of  Fitzjarrald 
that  the  effect  of  dust-devil  rotation 
does  not  extend  very  far  from  the  dust 
devil  itself.  Carroll  and  Ryan,  however, 
indicated  a  high  correlation  between 
the  direction  of  dust-devil  rotation  and 
their  environmental  vorticity  measure- 
ments. In  addition,  many  of  the  posi- 
tive vorticity  peaks  of  Fig.  2  agree  well 
in  time  with  the  more  intense  (darker) 
plumes  seen  in  Fig.  3. 

Temporal  spectra  were  computed  for: 
Doppler-derived  and  tower  vv;  vorticity; 
and  convergence/divergence;  all  for  the 
time  period  from  1400  to  1450  hrs.  All 
the  data  were  highpass  filtered  to  remove 
variance  of  periods  greater  than  1  7  min 
and  low-pass  filtered  to  remove  variance 
of  periods  less  than  1.6  min.  The  filter 
used  was  that  of  Ormsby  (1961)  which 
improves  upon  the  running  ("box") 
average  because  of  the  tapered  edges 
of  its  response  function.  A  fast-Fourier- 
transform  was  used  to  obtain  the  spectra 
and  the  estimates  were  smoothed  in  fre- 
quency space  using  a  simple  3-point 
running   average    to   increase   the  confi- 


dence in  the  spectral  peaks. 

Figure  5  shows  a  temporal  spectrum 
(variance  versus  frequency)  for  Doppler- 
derived  vv  from  echosonde  A .  The  50-min 
time  series  was  calculated  at  a  level  cen- 
tered at  71.5  m  above  the  surface  of  the 
ground.  The  echosonde  actually  illumi- 
nates a  nearly  cylindrically-shaped  volume 
approximately  30  m  in  diameter  by  30 
m  high.  The  vertical  wind  speeds  are 
representative  of  this  volume  as  opposed 
to  the  tower  vertical  wind  speeds  which 
are  essentially  point  measurements.  The 
echosonde-u'  measurements  were  taken 
every  4  sees  corresponding  to  the  pulse 
repetition  rate.  The  tower-n'  measure- 
ments were  taken  every  second  and  at  a 
height  of  61  m  above  the  surface.  Figure 
5  also  shows  the  spectrum  of  tower  w. 
The  tower  was  located  about  300  m 
upwind  from  echosonde  A.  The  bimo- 
dality  of  both  spectra  is  quite  evident. 
The  higher  frequency  peak  is  associated 
with  the  individual  plumes  as  seen  on 
the  acoustic  facsimile  in  Fig.  3.  If  we 
assume  the  plumes  are  advected  at  near 
the  speed  of  the  wind  in  the  boundary 
layer  (Hall  et  al.,  1975),  the  wind  pro- 
file in  Fig.  4  will  give  us  scales  of  around 
500  m.  This  is  comparable  with  approxi- 
mate plume  sizes  seen  by  Warner  and 
Telford  (1967)  and  Grant  (1965)  near 
the  surface.  The  peak  at  the  lower 
frequency  may  correspond  to  roll 
vortices  (LeMone,  1973)  or  cellular 
patterns  (Krueger  and  Fritz,  1961).  It 
is  doubtful  these  larger  structures  advect 
at  the  speed  of  the  mean  wind,  so  scales 
would  be  difficult  to  identify  with  mea- 
surements in  one  location. 

The  spectra  for  the  vorticity  and  con- 
vergence/divergence in  Fig.  6  do  not  show 
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FIG.  5.    Spectra     of    acoustic    Doppler-denved    and 
tower  w. 


a  clear  bimodality.  The  vorticity  does 
not  have  significant  variance  at  the  smal- 
ler scales  (higher  frequencies),  which  is 
in  agreement  with  the  results  of  Kaimal 
and  Businger  (1970)  that  small  individual 
plumes  do  not  rotate,  but  the  larger 
scale  plume  organizations  do  show  rota- 
tion. The  convergence/divergence  spec- 
trum indicates  that  the  small  and  large 
plumes  also  have  significant  convergence 
into  their  bases.  The  broad  regions  of 
rather  large  variance  in  vorticity  and 
convergence/divergence  at  lower  fre- 
quencies, although  not  located  at  pre- 
cisely the  same  frequency  as  the  second- 
ary peak  of  w  (Fig.  5),  suggest  that 
vorticity,  and,  to  a  lesser  extent,  con- 


vergence/divergence are  important  at  the 
frequencies  associated  with  the  larger- 
scale  roll  or  cellular  structures. 


Conclusions 

The  ability  of  an  echosonde  array  to 
measure  vorticity  in  the  surface  layer  has 
been  demonstrated  for  an  unstable 
boundary  layer.  A  few  dust  devils  in  and 
around  the  echosonde  array  indicate 
rotation  in  the  same  sense  as  the  larger- 
scale  vorticity-field  and  correspond  to 
vorticity  peaks  and  regions  of  conver- 
gence. Spectra  of  vertical  velocity  from 
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FIG.  6.  Spectra  of  vorticity  and  convergence/divergence.  Note 
the  different  vertical  scale  for  each  data  set.  Dv(f)  is  the  spectral 
density  of  vorticity  and  Dd(f)  is  the  spectral  density  of  conver- 
gence/divergence. 


acoustic  Doppler  methods  and  from  a 
nearby  meteorological  tower  show  a 
bimodality,  with  one  mode  associated 
with  the  individual  plume-scales  and  the 
other  peak  perhaps  due  to  larger-scale 
roll  or  cellular  organization.  Although 
the  convergence/divergence  spectrum 
indicates  significant  variance  at  the 
plume  scales,  the  vorticity  spectrum 
shows  little  variance  at  the  smaller 
scales  and,  in  particular,  significant 
variance  at  frequencies  approaching 
the  larger-scale  organization. 

The  authors  are  greatly   indebted  to 
J.    C.   Kaimal  and  C.   G.   Little  for  their 


very  helpful  suggestions  while  preparing 
this  manuscript. 
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1  . 


INTRODUCTION 


The  NOAA  Ship  OCEANOGRAPHER  was  out- 
fitted with  one  vertically  pointing  and  two  tilted 
acoustic  antennas,  all  gyro-mounted,  for  the  GARP 
Atlantic  Tropical  Experiment  (GATE).   Although  the 
tilted  antenna  data  quality  was  degraded  by  sea 
scatter  and  the  noisy  ship  environment,  the  ver- 
tical antenna  provided  good  quality  quantitative 
backscattered  data.   The  acoustic  facsimile  re- 
cords showed  long  periods  of  weak  thermal  plume 
activity  (compared  with  those  observed  over  land) 
produced  by  ocean  surface  temperatures  that  were 
consistently  0. 5  -  1 . 0°C  warmer  than  the  air  10  m 
above.   The  plume  activity  was  occasionally  broken 
by  periods  of  increased  atmospheric  stability  re- 
sulting from  outflows  of  slightly  cooler,  drier 
and  therefore  denser  air.   These  outflows  were 
generated  by  isolated  cumulonimbus  cells  and  per- 
sisted for  up  to  5  hours.   During  these  events, 
the  tropical  marine  mixed  layer  collapsed  from 
500-600  m  thickness  to  200  m  or  less.   Organized 
squall-line  activity  similarly  stabilized  the 
mixed  layer  for  up  to  17  hours.   Results  showing  a 
profile  of  the  fate  of  dissipation  of  turbulent 
kinetic  energy  immediately  following  an  outflow 
event  are  presented. 

Under  suppressed  (fair)  weather  condi- 
tions, "hummock"- shaped  echoes  appeared  at  times 
with  bases  near  the  top  of  the  mixed  layer  and 
above  the  plume  echoes.   Evidence  is  presented 
that  these  hummock  echoes  are  associated  with  low- 
level  tropical  cumuli.  Doppler-derived  vertical 
velocities  show  relatively  strong  upward  motions 
within  these  hummocks  compared  with  the  plumes 
below.   Preliminary  results  indicate  that  much,  if 
not  most,  of  the  scattering  in  the  plumes  and 
hummocks  is  associated  with  humidity  fluctuations. 

2.        C0NVECTIVE  OUTFLOWS 

Fig.  1  illustrates  the  spectacular 
alteration  of  the  mixed  layer  associated  with  a 
cold  air  butflow  (less  than  2°C  cooler  than  the 
.imbicnt  air)  generated  by  a  nearby  isolated 
tropical  convective  cell.   The  figure  shows  a 
time-height  facsimile  record  of  the  intensity  of 
the  backscattered  acoustic  returns  from  refractive 
index  fluctuations  at  the  X/2  scale  size  to 
which  the  acoustic  sounder  is  sensitive  when 
operating  in  the  backscatter  mode.   The  darker 
areas  correspond  to  more  intense  scattering  while 
the  lighter  areas  indicate  lack  of  scatter.   The 
occasional  vertical  dark  lines  are  caused  by  am- 
bient ship  noise.   The  dark  horizontal  echo 
centered  at  about  350  m  just  before  the  outflow's 
arrival  at  1620  represents  specular  acoustic 
reflection  from  the  Boundary  Layer  Instrumentation 
System  (BLIS)  balloon.  The  event  shown  in  Fig.  1 
appears  to  be  quite  similar  to  gravity  currents 
often  occurring  over  land  (Hall  e_t  aK  ,  1976). 
The  cooler  air  is  generated  within  the  cumulo- 
nimbus cloud  by  raindrop  evaporation  and  forced 
down  by  a  combination  of  the  air  parcel's  own 


negative  buoyancy  and  the  drag  on  the  air  by  the 
falling  raindrops.   The  arrival  of  the  cooler  and 
drier  air  strongly  increases  heat  and  moisture 
fluxes  from  the  sea  surface,  but  the  stability 
between  about  200  and  600  m  causes  strong  con- 
vergence of  these  fluxes  in  the  region  between 
these  levels.   The  undulating  dark  echoes  between 
these  two  levels  are  indicative  of  the  turbulent 
moisture  and  temperature  mixing  between  the  warmer 
and  moister  air  above  and  the  cooler,  drier,  and 
denser  air  below. 
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Figure   1.      Facsimile  record  of  an  outflow  generated 
by  a  nearby  convective  cell.     Overlaid  is  a  profile 
of  the  acoustically -derived  rate  of  turbulent  energy 
dissipation,    e,   averaged  between   1630  and  1730. 


Also  plotted  in  Fig.  1  is  the  rate  of 
turbulent  energy  dissipation,  e,  which  was  de- 
rived using  the  structure  function  of  vertical 
velocity  in  a  manner  similar  to  Gaynor  (1976). 
attempt  to  use  the  turbulence  widening  of  the 
Doppler  spectrum  failed  due  to  the  deleterious 
effects  of  strong  ambient  noise  and  the  inability 
to  obtain  adequate  spectral  resolution  even  at 
very  high  digitizing  rates.   The  vertical  velocity 
structure  function  is 


An 


D(Az)  =  [wfZj)  -  w(Zj  *  Az)]  , 

where  w(z,)  is  the  vertical  velocity  at  some 
level  zj  and  w(zj  +  Az)  is  the  vertical  velocity 
at  a  higher  level  Zj  +  Az .   The  overbar  indicates 
a  time  average.   In  our  case  the  levels  are  about 
35  m  apart.   The  squared  differences  are  averaged 
from  1630  to  1730  in  Fig.  1  and  only  velocities 
obtained  under  good  signal-to-noise  ratio  con- 
ditions are  included  in  the  average.   A  profile  of 
the  percentage  of  points  accepted  is  also  in^ 
eluded  in  the  figure.   In  the  inertial  subrange, 
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Figure  2.      Hurrmocky  echoes  with  mixing  ratio  time  series  evaluated  from  BLIS  data  at  450  m. 


0600 


the  energy  dissipation  is  related  to  the  structure 
function  by  (Tatarskii,  1971) 


.2/3 


8(Az)' 


The  marked  increase  in  e  around  250  m  could  be 
related  to  dissipation  occurring  in  the  layer  of 
strong  convergence  of  heat  flux  mentioned  above, 
or  it  may  be  caused  by  dissipation  of  energy 
in  the  gravity  waves  at  the  density  interface 
centered  on  the  temperature  inversion.   It  should 
be  noted  that  in  order  to  calculate  £  from  the 
structure  function  Az/z  <<  1  must  hold.   At  the 
lowest  level  of  our  calculations  (90  m) ,  the 
inequality  is  not  quite  satisfied  and  the  e  values 
may  be  slightly  smaller  than  if  a  smaller  Az  were 
used.   However,  the  e  values  of  Fig.  1  compare 


quite  favorably  to  those  calculated  by  Gaynor 
(1976)  over  land  using  a  similar  method.   His  e 


values  varied  from  5  x  10~6  m- 


for 


a  very 


stable  boundary  layer  to  1  x  10"-  m-  s"^  for  a 
free  convective  boundary  layer  and  compared  well 
with  nearby  tower  measurements. 

3.        HUMMOCKS 

Fig.  2  shows  acoustic  returns  during  a 
hummocky  period  with  the  mixing  ratio  calculated 
from  BLIS  data  at  450  m  overlaid  on  the  facsimile 
record.   The  hummocks  are  quite  moist  with  mixing 
ratios  at  times  peaking  over  17  g/kg.  The  strong- 
est indication  that  these  hummocks  represent 
clouds  is  presented  in  Figs.  3  and  4.  Availability 
of  all-sky  camera  photos  on  the  OCEANOGRAPHER 
provided  an  opportunity  to  correlate  the  appear- 
ance of  hummocks  on  the  acoustic  facsimile  with 
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Figure  3.      Hummocky  echoes  correlated  with   the  appearance  of  clouds  overhead  as  seen  by  an  all-sky 
camera,   and  condensation   level  calculated  from  surface  data. 
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low- level  cumuli  overhead.   Fig.  3  indicates  that 
the  correlation  is  good.   Quite  often,  however, 
low- level  cumuli  existed  overhead  with  no  hummocks 
recorded  by  the  sounder.   Because  acoustic  scat- 
tering is  caused  by  small-scale  temperature  and 
humidity  fluctuations  which  in  this  case  are  en- 
hanced by  mixing  of  clouds  with  the  environment, 
the  appearance  of  hummocks  or  lack  thereof  when 
clouds  are  overhead  suggests  important  differences 
in  the  small-scale  cloud  dynamics.   The  computed 
lifting  condensation  levels  agree  well  with 
hummock  bases  in  Fig.  3.   However,  for  a  larger 
sample,  Fig.  4  shows  that  hummock  bases  are 
slightly  higher  on  average  than  the  computed 
condensation  level. 
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Figure  4.      Scatter  diagram  of  the  computed  con- 
densation levels  versus  observed  hummock  base 
heights  for  all  GATE  hummock  occurrences . 


An  adaptive  linear  prediction  filter 
technique  (Griffiths,  1975)  was  used  to  extract 
vertical  acoustic  Doppler  and  velocity  infor- 
mation.  This  method  is  much  faster  and  more 
straightforward  than  the  standard  Fast  Fourier 
Transform  approach.   Contours  of  Doppler-derived 
vertical  velocity  are  shown  in  Fig.  5  for  a 
hummocky  case.   In  the  figure  the  zero  velocity 
line  is  located  between  the  clear  and  hatched 
areas.   The  adaptive  filter  technique  offers  a 
non-dimensionni  spectral  estimator,  the  magnitude 
of  which  is  inversely  proportional  to  the  width 
of  the  spectrum.  Its  peak  value  is  therefore  an 
indirect  measure  of  the  signal-to-noise  ratio  — 
the  larger  the  estimator,  the  more  reliable  the 
data.   Very  noisy  data  gave  peak  values  below 
50.   High  signal-to-noise  ratio  regions  increased 
the  peaks  well  above  1000.   A  minimum  cutoff  of 
200  was  chosen  as  optimum  when  the  estimator  was 
compared  to  regions  of  good  signal  on  the  acoustic 
facsimiles.   Vertical  velocity  data  are  omitted 
from  Fig.  5  when  this  measure  drops  below  the 
threshold.   Maximum  velocities  in  the  plumes  are 
of  the  order  of  1  m  s"  ,  in  the  hummocks  velocities 
range  up  to  2  m  s~*  because  of  vertical  accelera- 
tions caused  by  the  release  of  latent  heat.   The 
upward  motion  in  the  plumes  is  not  well  coupled 
with  the  motion  in  the  hummocks  for  this  time 
period.   When  the  sounder  is  in  a  region  of 
synoptic- scale  low-level  convergence,  a  much 
better  coupling  between  the  plumes  and  hummocks 
appears  on  the  acoustic  facsimile  and  vertical 
velocity  data. 

For  the  moist  tropical  marine  boundary 
layer,  we  must  consider  the  contributions  of  both 
temperature  and  humidity  fluctuations  to  acoustic 
scattering.   Over  most  land  areas,  humidity  is 
relatively  low  and  its  fluctuations  contribute 
very  little.  However,  because  the  tropical  marine 
mixed  layer  contains  at  least  an  order  of  magnitude 
more  water  vapor  than  the  continental  boundary 
layer,  contributions  due  to  moisture  fluctuations 
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Figure  5.      Contours  of  Doppler-derived  vertical  velocities  overlaid  on  facsimile  record  showing 
hummocky  echoes.      Hatched  areas  indicate  downward  motion  and  contour  intervals  are  0.5m  s    ' 
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must  be  considered.   If  we  assume  that  temperature 
and  humidity  fluctuations  at  acoustic  scattering 
scales  (y   0.1  m)  are  uncorrelated,  then  the  re- 
fractive index  fluctuations  caused  by  temperature 
and  humidity,  respectively,  are  given  by 
(Wesely,  1976) 


(C. 


IT 


and 


(1) 


(C  )   =  0.094 
n  P 


4p 


boundary  layer  offers  some  insight  into  the  tur- 
bulent dynamics  of  T  and  p,  both  correlated  and 
individually,  as  a  function  of  height  and  atmo- 
spheric conditions.   The  agreement  between  hummocky 
acoustic  echoes  and  clouds  overhead  and  the  absence 
of  hummocks  for  some  clouds  may  be  related  to  the 
small-scale  dynamics  of  developing  and  dissipating 
low-level  tropical  cumuli.   Dissipation  of  tur- 
bulent kinetic  energy  and  vertical  velocities 
measured  acoustically  are  expected  to  clarify  some 
aspects  of  mixed- layer  energetics  with  applications 
to  parameterization  of  the  dynamics  of  the  lower 
tropical  marine  boundary  layer  for  large-scale 
numerical  models. 


where  Cj  and  Cp  are  the  structure  parameters  of 
temperature  and  water  vapor  pressure,  respectively 
T  is  the  average  temperature,  and  p  is  the 
average  total  pressure.   Spectra  of  temperature 
and  water  vapor  pressure  were  calculated  from  a 
lb-min  aircraft  run  at  153  m  altitude  during  GATE 
(Fitzjarrald,  1976)  to  exemplify  the  relative 
importance  of  T  and  p  fluctuations  to  acoustic 
scattering  in  a  very  moist  environment.   On  the 
assumption  that  the  Kolmogorov  model  is  valid,  the 
spectra  have  been  extended  down  along  a  -5/3  slope 
to  describe  their  relative  magnitudes  at  scales  to 
which  the  acoustic  sounder  is  sensitive.   Using 
the  relation  $  (kj  =  0.25  c\j5/:5  (Friehe  et  al_ . , 
1975),  where  $  (k  )  is  the  one-dimensional  power 


5. 


REFERENCES 
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GATE  offered  an  unusual  atmospheric 
environment  for  acoustic  sounder  application.   The 
strength  of  scattering  from  the  dynamical ly  weak 
thermal  plumes  was  surprising  as  was  the  spectacular 
appearance  of  the  relatively  weak  convective 
outflows.   The  importance  of  humidity  fluctuations 
to  acoustic  scattering  in  the  tropical  marine 
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Acoustic  sounder  observations  of  thunderstorm  density 
currents  reveal  a  complicated  but  ordered  internal  structure. 
Fast-response  anemometers  on  a  150-m  tower  reveal  a 
succession  of  internal  shear  layers  which  occur  following  the 
leading  portion  or  nose  of  the  current.  The  measured  wind 
shear  revealed  by  the  anemometers  is  found  to  be  a  function 
of  the  temperature  differential  between  the  ambient  air  and 
the  interior  of  the  gust,  measured  near  the  surface.  An 
heuristic  model  is  developed  to  explain  this  observation. 


Density  currents  flowing  out  from  thunderstorms,  sometimes 
referred  to  as  gust  fronts  or  microfronts,  can  constitute  a 
hazard  to  the  landing  and  takeoff  of  aircraft.  The  associated 
wind  shear  results  in  the  aircraft  experiencing  rapid  changes  in 
air  speed;  vertical  shears  >  0.1  s"1  in  the  lowest  100  m  have 
been  shown  to  be  hazardous  to  large,  swept-wing,  jet-powered 
aircraft  in  a  study  by  Snyder1.  An  improved  knowledge  of 
density  current  dynamics  and  structure  is  also  important  in 
understanding  the  interaction  of  the  thunderstorm  with  its 
environment.  Since  thecoldairoutflows  fromstorms  are  statically 
stable,  but  highly  turbulent,  such  currents  exhibit  large  acoustic 
index  of  refraction  fluctuations,  leading  to  strong  acoustic 
echoes  when  the  flows  are  probed  with  sound  waves.  Using  an 
acoustic  sounder  as  a  guide  in  the  interpretation  of  meteoro- 
logical tower  data  we  present  new  observations  of  the  internal 
structure  and  shear  in  gust  fronts,  and  find  a  strong  correlation 
between  the  strength  of  the  current  and  its  temperature  contrast 
with  the  ambient  air. 


Wind  shear  measurements 

During  field  experiments  in  1972  and  1974,  five  different 
thunderstorm  density  currents  were  observed  at  the  National 
Oceanic  and  Atmospheric  Administration  (NOAA),  Haswell, 
Colorado  site.  The  meteorological  tower  at  Haswell,  150  m  tall 
and  located  300  m  from  an  acoustic  sounder,  was  instrumented 
at  30-m  intervals  with  fast  response  wind  and  temperature 
sensors;  data  were  recorded  at  1.0-s  intervals.  In  addition, 
heavy-duty  wind  sensors  were  located  at  15  m  and  150  m,  and 
were  able  to  withstand  the  high  winds  which  in  two  cases 
destroyed  the  fast  response  instruments. 

In  the  two  more  severe  storms  observed,  wind-generated 
noise  at  the  acoustic  antenna  masked  the  reception  of  echoes, 
but  for  the  other  cases,  the  internal  shear  structure  was  obseryed 
in  detail  with  the  sounder.  The  structure  for  the  August  11, 
1972  current  is  shown  in  Fig.  1.  This  outflow  originated  near  a 
line  of  small  thunderstorms  which  had  levelled  off  at  a  peak 
altitude  of  8.5  km  above  sea  level,  and  were  observed  to 
dissipate  20  km  NE  of  Haswell  at  2300  by  the  National  Weather 
Service  weather  radar  in  Limon,  Colorado.  When  last  observed 
the  storms  were  moving  6  ms-1  from  an  azimuth  of  330°.  The 
maximum  wind  speeds  within  the  current  were  5  m  s_I  from 
between  280  and  340  .  This  density  current  flow  was  opposed 
to  an  ambient  flow  of  10  m  s_1  from  135:  before  the  event, 
producing  a  vector  change  in  wind  speed,  Au  of  15  m  s"1.  A 
temperature  drop  of  2  C  at  30  m  occurred  with  the  passage  of 
the  microfront  or  head  of  the  current.  Maximum  shears  at  the 
lower  edge  and  in  the  interior  of  the  current  reached  values  of 
dul  dz  =  0. 1 3  s  "'  as  measured  by  the  tower  bivanes ;  the  strong- 
est shear  events  correlated  with  temperature  shifts  measured 
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Fig.  1     Acoustic  sounder  facsimile  record  obtained  on  August  1 1,  1972  at  Haswell,  Colorado,  of  a  density  current  originating  from  a  line 

of  weak  storms  more  than  20  km  away.  Wind  noise  associated  with  the  passage  of  the  current  nose  led  to  the  vertical  noise-lines  in  the 

upper  part  of  the  record  at  2320.    The  postulated  shears  and  temperature  gradients  at  the  edge  of  the  current,  and  in  descending  layers 

within  the  current,  are  revealed  as  darker  regions  on  the  facsimile  record  because  of  increased  acoustic  scattering  cross  sections. 
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Time  (  MDT) 

Fig.  2     Isotachs  inms"1  drawn  against  height  and  time  as  derived  from  wind  measurements  at  six  levels  on  the  Haswell  tower,  10-s  averaged 
data  for  the  density  current  of  August  5,  1972.  The  resulting  pattern  of  shear  is  consistent  with  the  layered  structure  shown  by  acoustic 

sounder  observations  of  much  weaker  currents  as  in  Fig.  I. 


on  the  tower  and  with  the  observation  of  scattering  regions  on 
the  acoustic  sounder  facsimile  record.  This  correlation  is  to 
be  expected  since  theory  predicts  that  the  acoustic  scattering 
is  produced  by  small  scale  temperature  fluctuations  associated 
with  turbulence  in  regions  of  temperature  and  wind  gradients. 

This  prediction  has  been  verified  quantitatively  by  Neff2  for 
a  number  of  cases  including  elevated  scattering  layers.  The 
thin,  tilted  echo  layers,  internal  to  the  current  but  above  the 
height  of  the  tower,  are  thus  presumably  of  such  an  origin. 
Although  not  verifiable  from  the  present  data,  the  local 
enhancement  of  the  shear  and  consequent  production  of  turbu- 
lence may  arise  from  internal  waves  generated  at  the  interface 
or  large-scale  overturning  within  the  current. 

Two  more  vigorous  density  currents  from  closer  and  larger 
thunderstorms  passed  the  tower  on  August  2  and  5,  1972.  In 
these  cases,  the  wind  noise  was  so  great  that  acoustic  records 
could  not  be  obtained.  By  using  the  August  1 1  facsimile 
record  as  a  guide  in  interpreting  the  wind  data  from  the  tower, 
however,  a  consistent  set  of  isotachs  could  be  plotted  for  the 
August  5  event  following  the  form  suggested  by  Fig.  1,  with 
tilted  shear  layers  gradually  sloping  or  descending  with  time. 
These  are  shown  in  Fig.  2,  plotted  from  data  averaged  over 
10  s.  One  minute  of  data  averaging  proved  to  be  too  long  to 
delineate  the  thin  shear  regions  within  the  currents;  therefore, 
internal  shear  layers  were  not  revealed  in  the  recent  compre- 
hensive thunderstorm  outflow  study  by  Goff4,  who  used  2-min 
wind  averages. 


From  Fig.  2,  it  is  im.nediately  obvious  that  the  vertical 
shear  du/  dz  in  the  lower  50  m  is  consistently  large  and  above 
the  aircraft  safety  criterion  set  by  Snyder1.  It  must  be  realised 
that  the  spatial  slope  of  the  higher  shear  zones  is  greatly 
accentuated  in  Figs  1  and  2;  if  one  assumes  the  zones  are 
advected  with  the  mean  wind,  the  actual  slopes  for  the  shear 
regions  at  100  m  are  found  to  be  <  2°.  The  fluctuating  nature 
of  the  shear  at  higher  levels  yields  an  undulatory  pattern  of 
shears  >  0.1  s_1.  Regions  where  this  critical  shear  value  is 
exceeded  are  shown  in  Fig.  3,  indicating  that  even  16  km  from 
this  quite  averagely-sized  prairie  thunderstorm  (with  radar 
echoes  extending  to  an  altitude  of  14.6  km),  the  clear  air  wind 
shear  exceeded  the  safety  limits  consistently  in  the  lower  100  m 
for  >  10  min.  Shortly  after  1946  on  August  5,  a  gust  of  more 
than  25  ms"1  destroyed  two  of  the  light  weight  propellers  on  the 
fast  response  sensors,  or  bivanes,  eliminating  further  data. 

The  even  more  energetic  density  current  of  August  2,  1972 
arose  from  a  storm  just  5  km  away  with  radar  tops  observed 
to  be  above  17  km.  Maximum  velocities  in  this  current  exceeded 
42  m  s  \  which  quickly  destroyed  all  bivanes  on  the  tower.  A 
recorded  wind  shear  of  0.26  s_1  was  observed  over  the  135-m 
separation  of  the  two  more  rugged  but  slower  response  wind 
sensors.  Thus  the  actual  shear  internal  to  the  current  (which 
otherwise  might  have  been  measured  with  30-m  height  resolu- 
tion provided  by  the  bivanes)  was  probably  greater  than  that 
recorded  over  the  greater  height  increment  separating  the 
rugged  sensors. 
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Fig.  3    Height  against  time  plot  of  those  regions  where  the  wind  shear  exceeded  0.1  s-1  for  the  August  5,  1972  density  current  at  Haswell, 

Colorado. 
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A  model  of  density  current  wind  shear 

A  feature  common  to  the  density  current  events  observed  was 
the  drop  in  temperature  with  the  arrival  of  the  first  gust. 
Empirically,  it  was  found  that  the  larger  the  temperature  drop, 
the  greater  the  observed  shear,  consistent  with  the  primitive 
equation  model  of  gust  fronts  by  Mitchell5.  This  suggested 
that  temperature  measurements  relatively  near  the  surface 
might  serve  as  a  quantitative  predictor  of  the  severity  of  density 
current  shears.  We  now  outline  a  simple  model  relating  tem- 
perature drop  to  wind  shear. 

An  obviously  relevant  parameter  in  density  current  modelling 
is  the  speed  of  the  current,  «,.  This  is  given  by  Turner6  as 


=  a[gH(Tt-Tt)ITt]1 


(1) 


where  g  is  the  acceleration  of  gravity,  H  is  the  depth  of  the 
current  following  the  head,  Ta  the  ambient  air  temperature, 
and  Ts  the  temperature  of  the  gust.  Equation  (1)  comes  from 
hydraulic  theory.  When  dissipative  processes  are  neglected  the 
constant,  a,  is  y/2.  Laboratory  investigations  yield  an  empirical 
value  for  a  of  1.1  (ref.  3). 

We  consider  first  the  shear  along  the  upper  boundary  of  the 
current  near  its  nose.  In  this  region  of  warm  air  overlying  the 
colder  current,  we  hypothesise  that  the  turbulence  generated 
there  self-adjusts  to  gradient  Richardson  numbers,  Ri  ~  0.2, 
as  observed  in  thin  inversion  surfaces  in  the  real  atmosphere 
(Turner6,  Hall  et  a/.').  From  the  definition  of  Ri  we  write 


du  _  }_gdQ  fdu 
Tz~  RiQ  dz     dz 


This  can  be  approximated  as 

dz  ~ 


Ri  T  Au 


(2) 


(3) 


where  the  vertical  gradients  are  assumed  to  occur  over  the 
same  depths,  the  temperature  lapse  rates  within  and  outside 
of  the  current  are  nearly  equal,  and  AT  —  T,  —  Tt,  measured 
near  the  surface.  Assuming  the  ambient  flow  velocity  is  zero, 
Au  =  ut.  Then  equation  (3)  becomes 


du 

dz 


aRi 


1    ^T\ 


HT  J 


(4) 


Taking  H  =  500  m,  which  the  sounder  reveals  to  be  a  charac- 
teristic value  for  a  number  of  such  currents  observed,  Ri  =  0.2, 
a  =  1 .1  and  T  =  300  K,  we  have 


du 

dz 


0.037(A7-)"2 


(5) 


For  AT  >  7  °C  at  the  upper  boundary  of  the  current,  equation 
(5)  predicts  wind  shears  >  0. 1,  the  safety  limit  derived  by 
Snyder1. 

At  the  lower  boundary  of  the  current,  where  the  shear  is 
actually  measurable  on  the  tower,  the  speed  must  go  to  zero 
through  some  boundary  layer  thickness  8.  We  can  then  use 
equation  (1)  to  estimate 


du       u, 
Tz  =  J 


(gHAT\ 


(6) 


Taking  again   H  ~  500  m  and   50  m  <  8  <  100  m   (typically 
observed  values)  we  have 


du 

0.044  (AT)112  <  —   <  0.089  (AT)"2 

dz 


(7) 


expressions  surprisingly  similar  to  equation  (5),  but  predicting 
shears  near  the  surface  somewhat  larger  than  at  the  upper 
boundary  of  the  current. 

A  summary  of  the  maximum  observed  wind  shear  for  five 
density  currents  as  recorded  at  Haswell  is  shown  in  Fig.  4, 
where  the  dated  data  points  show  the  values  recorded  by 
bivanes  on  the  150-m  tower,  except  for  the  August  2,  1972 
event.  Other  points  shown  were  recorded  by  Charba8  and  by 
Marks9  at  the  WKY  tower  near  Oklahoma  City.  The  Goldman 
and  Sloss10  data  were  obtained  at  the  150-m  Kennedy  Space 
Center,  Florida  tower.  A  least-squares  linear  fit  to  the  data, 
relating  wind  shear  to  temperature  drop  observed  in  the  density 
current,  is  shown  as  a  solid  line.  The  equation  for  this  line  is 


du 

dz 


0.024  A  T-r  0.03 


(8) 
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Fig.  4  Measured  wind  shear  plotted  against  temperature  drop 
from  the  ambient  atmosphere  to  the  density  current.  The  experi- 
mental data  points,  as  described  in  the  text,  nearly  fit  a  straight 
line,  while  the  overlay  stippled  area  represents  approximate  bounds 
on  the  shear  predicted  by  equation  (7). 


The  area  bounded  by  the  limits  of  equation  (7)  is  plotted  as  the 
stippled  overlay  which  agrees  well  with  the  data.  Equation  (5) 
would  plot  near  the  lower  bound  of  the  stippled  zone.  The 
non-zero  intercept  in  Fig.  4  probably  reflects  our  neglect  of  the 
background  shear. 

The  fact  that  the  observed  shear  varies  nearly  linearly  with 
AT  may  reflect  an  indirect  dependence  of  H  on  A  7*  as  suggested 
in  the  two-dimensional  primitive  equation  model  of  Mitchell6. 
Our  simple  heuristic  model  also  avoids  the  variability  in  the 
static  stability  of  the  ambient  air.  Equation  (7)  is  thus  useful 
mainly  to  set  approximate  bounds  on  the  shear  using  values  of 
H  typical  of  the  few  cases  observed  by  the  sounder. 

If  the  simple  relationships  shown  in  Fig.  4  prove  to  be  typical 
for  an  even  larger  data  set,  it  would  be  a  relatively  simple 
matter  to  measure  A7"  on  a  grid  surrounding  airports  to  warn 
of  the  wind  shear  produced  by  density  currents  moving  across 
the  area. 

Conclusions 

We  conclude  that  even  at  distances  >  16  km  from  thunder- 
storms, the  wind  shear  in  density  currents  from  such  storms 
can  be  a  hazard  to  aircraft  landing  and  taking  off.  Unless  such 
density  currents  are  delineated  by  blown  dust,  as  in  desert 
regions,  they  will  be  undetectable  to  the  unaided  observer.  The 
temperature  drop  associated  with  these  currents,  however,  gives 
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a  good  measure  of  the  wind  shear  to  be  expected.  In  addition, 
the  ability  of  the  acoustic  sounder  to  detect  such  turbulent 
shear  layers  may  provide  new  insight  into  the  internal  dynamics 
and  structure  of  such  currents  in  the  atmosphere. 
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Comments  on  "A  Mesoscale  Phenomenon  Revealed  by  an  Acoustic  Sounder" 

F.  F.  Hall,  Jr.,  and  W.  D.  Neff 

NOAA/ERL/Wave  Propagation  Laboratory,  Boulder,  Colo.  80302 
27  August  1976 


We  cannot  agree  with  the  interpretation  of  the 
acoustic  sounder  facsimile  record  published  by  Petersen 
and  Jensen  (1976).  The  narrow  band  acoustic  echo 
which  the  authors  interpret  as  a  specular  reflection 
from  a  mesoscale  front  separating  moist  land  breeze 
air  from  colder  air  is  not  supported  by  the  appearance 
of  the  facsimile  record  nor  by  the  wind  and  temperature 
data  presented  in  their  Fig.  2.  The  initial  rising  trace 
of  their  Fig.  1  lasts  for  2.5  h  and  passes  through  regions 
of  marked  turbulence  on  the  facsimile  record  as  at 
0545,  0615  and  0650.  How  can  the  hypothesized  sharp 
gradient  (<5m  in  thickness)  maintain  its  integrity 
through  such  turbulent  regions  ? 

Then  there  are  the  sudden  discontinuities  in  layer 
height  as  at  0635  and  0710.  In  the  latter  case  the  layer 
drops  over  70  m  instantaneously.  Such  transients  do  not 
occur  geophysically,  certainly  not  in  nonturbulent  en- 
vironments where  the  layer  appears  to  be  at  these 
times. 

But  let  us  assume  for  the  moment  that  a  smooth 
gradient  of  acoustic  refractive  index  is  the  explanation 
of  the  layer.  The  velocity  of  sound  c  is  given  by 

c=20.05Vf(l+0.14e/», 


so  that  we  must  consider  both  changes  in  absolute  tem- 
perature T  and  in  water  vapor  pressure  e  (p  is  the 
atmospheric  pressure)  in  calculating  the  change  in 
refractive  index  from  one  air  mass  to  the  next.  We  see 
from  Petersen  and  Jensen's  facsimile  record  that  the 
layer  passed  the  instrumented  117  m  level  on  the  Ris0 
tower  at  about  0635.  Referring  to  the  temperature 
trace  at  that  time,  we  find  that  there  are  no  inflections 
measured.  On  the  contrary,  there  is  a  smooth  linear  in- 
crease in  temperature  from  0600  to  0700.  Thus  we  must 
attribute  the  change  in  index  to  changes  in  water  vapor 
pressure.  Let  us  assume  that  the  humid  air,  conditioned 
by  passage  over  the  nearby  fjord  is  saturated  and  at  a 
temperature  of  3°C.  We  will  assume  that  the  land  air  is 
completely  dry.  Then  the  maximum  possible  difference 
in  the  index  of  refraction  is  A«=  1.05X10-3.  As  de- 
scribed by  Ottersten  (1970)  the  calculation  of  the  layer 
reflectivity  is  sensitive  to  the  precise  profile  of  refrac- 
tivity.  A  linear  gradient  through  a  depth  h  gives  a 
power  reflectivity  of  R=  (\^n/4irh)2.  Assuming  that 
h=\  m  and  X=0.2  m  yields  the  value  i2=2.8XlO-10. 
We  now  inquire  what  value  of  the  temperature  structure 
parameter  Ct2  would  provide  the  same  returned  power 
as  the  gradient  reflectivity  and  find  this  value  to  be 
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CV=  2X 10-3  K2  m~*.  This  value  is  somewhat  less  than 
hourly  averages  and  much  less  than  peak  values  of  the 
temperature  structure  parameter  observed  in  ground- 
based  and  elevated  inversions  (NefT,  1975). 

In  the  specularly  reflecting  layer  model  used  above, 
the  discontinuous  derivatives  of  the  index  of  refraction 
at  the  boundaries  of  the  layer  lead  to  a  maximum  esti- 
mate of  reflectivity.  More  realistic  profiles  with  smoothly 
rounded  edges  lead  to  reflectivities  many  orders  of 
magnitude  less  than  the  sharp  edged  model  (Ottersten, 
1970),  but  such  weakly  reflecting  layers  would  be  in- 
consistent with  the  observed  layer  echo  which  appears 
to  equal  in  intensity  the  return  from  the  turbulent 
ground-based  layer  in  Petersen  and  Jensen's  Fig.  1. 

The  shortest  pulse  usually  available  with  the  Aero- 
vironment  Type  300  Acoustic  Radar  used  by  the 
authors  is  /=50  ms,  providing  a  spatial  resolution 
d=16.7  m.  Their  "specular"  layer  measures  less  than 
10  m  thick  on  the  facsimile  record,  however.  The  more 
ragged  layer,  which  rises  to  about  200  m  shortly  before 
0800  and  descends  again  before  0900,  measures  to  be 
somewhat  thicker  than  the  minimum  resolvable  dis- 
tance, or  about  30  m,  as  one  might  expect  for  a  turbulent 
region.  We  believe  this  layer  is  the  land  breeze  interface : 
it  reaches  117  m  at  0745,  just  when  the  wind  and 
temperature  at  that  level  change,  and  descends  past 
117  m  at  0850  when  the  in  situ  instruments  also  show 
inflections. 

The  NOAA  Atmospheric  Acoustics  Group  has  made 
several  efforts  in  the  past  to  identify  unambiguously 
layers  in  the  stable  planetary  boundary  layer  producing 
specular  returns.  The  highly  stable,  low  wind  conditions 
at  Fairbanks,  Alaska,  seemed  to  offer  an  optimum  en- 
vironment for  such  tests.  However,  no  changes  in 
facsimile  intensity  could  be  found  for  two  acoustic 
sounders,  one  transmitting  vertically  and  one  tilted 
at  an  angle  of  35°  from  the  vertical  (Beran  et  al.,  1973). 
Indeed,  if  the  Petersen  and  Jensen  layer  were  a  specular 
reflector  and  the  layer  advected  with  the  low-level 


winds  of  about  1  m  s_1,  the  rise  of  the  layer  from  200  to 
500  m  in  26  min  would  lead  to  a  slope  of  the  layer  of 
greater  than  10°;  thus  the  specular  return  would  not 
be  seen  by  the  sensitive  main  beam  of  the  sounder  but 
instead  would  return  near  the  first  null  in  the  beam 
pattern. 

We  have  observed  fascimile  records,  similar  to  the 
authors',  that  have  proved  to  be  non-atmospheric, 
caused  by  acoustic  noise  background  or  equipment 
problems.  At  our  Haswell,  Colo.,  tower  site,  a  narrow 
band  of  wind  velocities  causes  the  carriage  cable  on 
the  tower  to  oscillate  and  clank  against  the  tower 
structure.  This  background  noise  can  be  nearly  syn- 
chronous with  the  sounder  returns,  producing  sloping 
and  curved  apparent  layers  in  the  records.  Occasionally, 
when  we  have  had  problems  with  triggering  the  trans- 
mit pulse  in  sounders,  secondary  pulses  nearly  syn- 
chronized with  the  pulse  repetition  rate  have  leaked 
through  our  diode  protective  bridge  causing  similar 
striped  patterns.  We  suggest  that  such  background  noise 
sources  or  equipment  problems  are  the  more  likely 
explanation  for  the  thin  layer  echoes  reported  by 
Petersen  and  Jensen,  and  that  specularly  reflecting 
layers  for  acoustic  energy  at  normal  incidence  have 
yet  to  be  observed. 
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Some  Properties  of  Convective  Plume  and  Small  Fair- Weather  Cumulus  Fields 
as  Measured  by  Acoustic  and  Lidar  Sounders 

Raul  Erlando  Lopez 
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31  January  1977  and  28  May  1977 

ABSTRACT 

Results  of  a  preliminary  experiment  are  described  in  which  a  lidar-acoustic  sounder  system  was  used  to 
measure  plume  and  cloud  width  and  depth.  These  parameters  are  shown  to  be  lognormally  distributed. 
By  applying  the  theory  of  the  genesis  of  the  lognormal  to  the  formation  process  of  convective  cells  it  is  sug- 
gested that  clear  air  plumes  and  small  cumulus  clouds  grow  by  the  merger  or  agglomeration  of  smaller 
elements. 


1.  Introduction 

In  spite  of  considerable  progress  in  the  formulation  of 
models  of  cloud  growth  and  development,  the  initiation 
of  cumulus  clouds  is  not  clearly  understood  at  this  time, 
the  existence  of  convective  plumes  and  bubbles  in  the 
planetary  boundary  layer  has  been  confirmed  by  various 
sensing  devices.  Among  these  the  following  examples 
can  be  mentioned:  instrumented  towers  (Kaimal  and 
Businger,  1970;  Taylor,  1958),  instrumented  aircraft 
(Vul'fson,  1961;  Warner  and  Telford,  1963),  acoustic 
sounders  (Hall,  1972),  and  ultrasensitive  radars  (Hardy 
and  Katz,  1969).  It  is  generally  supposed  that  water 
clouds  are  formed  when  these  plumes  and  bubbles  some- 
how break  through  the  stable  layer  that  usually  caps 
the  well-mixed  layer  in  convective  situations.  However, 
the  exact  mechanism  by  which  this  occurs  is  imperfectly 
understood. 

In  a  recent  paper  Coulman  and  Warner  (1976)  con- 
cluded from  aircraft  observations  that  successions  of 
parcels  of  air  from  the  convective  layer  produce  the 
larger  parcels  of  cooler,  moister  air  present  in  the  stable 
layer  beneath  cloud  base.  These  larger  parcels  were 
often  found  to  be  associated  with  fair  weather  clouds. 
The  implication  is  that  convective  elements  agglomer- 
ate in  the  formation  of  larger  parcels,  which  can 
eventually  form  water  clouds.  On  the  other  hand, 
Lopez  (1976)  analyzed  cumulus  cloud  populations  for 
many  different  geographic  and  climatic  situations 
around  the  world  and  found  that  cloud  and  radar  echo 
diameter,  height  and  duration  are  distributed  log- 
normally.  By  extending  the  stochastic  process  that 
determines  the  genesis  of  this  probability  law  to  the 
formation  process  of  clouds,  he  concluded  that  cumulus 
clouds  of  all  scales  are  probably  formed  by  the  pro- 
gressive union  of  smaller  elements.  Thus,  these  two 
sets  of  observations  would  indicate  that  cumulus  clouds 
ranging  in  size  from  the  small '  fair-weather  cumuli 
through  cumulus  congestus  and  cumulonimbi  are  formed 
and  grow  by  a  process  of  agglomeration  of  smaller  con- 
vective elements.  An  example  of  this  agglomeration  in 
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the  case  of  cumulus  congestus  is  the  merging  of  clouds 
very  often  observed  in  undisturbed  and  disturbed 
shower  production  (e.g.,  Woodley  et  al.,  1971;  Lopez, 
1976). 

The  present  paper  presents  some  preliminary  results 
of  an  experiment  designed  to  improve  the  understand- 
ing of  cloud  initiation.  A  high-power  (5  J)  ruby  lidar 
firing  at  one  pulse  per  second  and  using  a  71  cm  tele- 
scope was  utilized.  In  addition,  an  acoustic  sounder 
and  a  movie  camera  were  employed. 

2.  The  experimental  setup 

The  data  was  obtained  at  a  site  in  Boulder,  Colo., 
during  a  day  in  August  1976.  The  lidar,  the  acoustic 
sounder  and  the  movie  camera  employed  were  pointed 
at  the  zenith.  Thus,  clouds  and  convective  plumes  were 
monitored  as  they  drifted  over  the  site  with  the  ambient 
wind.  The  lidar  was  fired  once  every  second  and  the 
acoustic  sounder  once  every  12  s.  The  lidar  provided 
precise  measurements  of  the  heights  of  cloud  base  and 
cloud  top  above  ground  and  of  the  time  during  which 
the  clouds  were  over  the  instrument  (±1  s).  Similarly, 
the  acoustic  sounder  provided  measurements  of  the  time 
during  which  the  convective  thermal  s  were  overhead 
(±12  s).  An  estimate  of  the  wind  speed  at  cloud  base  of  7 
m  s_1  was  obtained  from  cloud  motion  vectors  calculated 
from  the  movie  photographs  and  the  range  obtained 
from  the  lidar.  From  this  wind  estimate  the  time  inter- 
vals during  which  the  clouds  were  overhead  were  trans- 
lated into  cloud  transect  lengths.  The  winds  in  the  well- 
mixed  layer,  where  the  convective  plumes  were  ob- 
served, were  estimated  at  3  m  s_1  by  extrapolating  the 
winds  at  cloud  base  with  an  exponential  wind  profile 
(Smith,  1973).  Thus,  convective  plume  transect 
lengths  were  also  estimated. 

It  is  possible  that  on  many  occasions  the  clouds  and 
plumes  did  not  go  directly  overhead  of  the  acoustic 
sounder  and  lidar.  By  assuming  a  geometrical  model 
for  the  plumes  and  clouds  and  by  using  a  statistical 
model,  it  is  possible,  as  Vul'fson  (1961)  has  done,  to 
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obtain  a  better  estimate  of  the  plume  and  cloud  diam- 
eter. For  the  purposes  of  this  preliminary  note  it  can 
be  assumed  that  the  plume  and  cloud  fields  are  popula- 
tions of  vertical  cylinders  which  are  transected  along 
a  straight  line  oriented  with  the  mean  wind  direction  by 
the  acoustic  sounder  and  lidar.  Using  the  statistical 
scheme  and  tables  developed  by  Vul'fson  (1961)  the 
plume  and  cloud  transect  lengths  distributions  have 
been  converted  into  plume  and  cloud  diameter 
distributions. 

3.  Results 

A  frequency  distribution  of  plume  widths  was  ob- 
tained from  the  acoustic  sounder  observations.  The 
data  were  derived  from  fascimile  records  which  provide 
a  time  history  of  the  strength  of  the  returned  signal  with 
height.  The  estimate  of  the  time  interval  during  which 
a  plume  was  overhead  was  obtained  by  counting  the 
number  of  contiguous  fascimile  traces  making  up  an 
identifiable  element  and  multiplying  this  number  by 
the  time  interval  between  traces  (12  s).  Using  the  wind 
speed  calculated  for  the  well-mixed  layer  (3  m  s_1)  an 
estimate  of  the  plume  transect  length  can  be  finally 
obtained  assuming  Taylor's  hypothesis.  The  system 
results  in  an  uncertainty  of  ±36  m  in  all  the  measure- 
ments. In  addition,  some  of  the  plumes  with  widths  less 
that  36  m  might  not  be  detected.  This  is  not  felt  to 
cause  a  severe  bias  in  the  distribution  of  plume  sizes 
since  the  average  diameter  of  plumes  as  recorded  in  the 
literature  (see  above)  ranges  from  50  to  300  m. 

Fig.  1  shows  the  frequency  distribution  of  plume 
transect  lengths  (large  dots).  The  data  have  been  plotted 
on  logarithmic  probability  paper — the  ordinates  on  a 
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Fig.  1.  Logarithmic  probability  graph  of  the  accumulated  fre- 
quency distribution  of  the  convective  plume  transect  lengths 
measured  with  an  acoustic  sounder.  The  straight  line  corresponds 
to  the  lognormal  distribution  that  best  fits  the  data.  The  tri- 
angles represent  the  distribution  of  plume  diameters  obtained  from 
the  transect  length  data. 


logarithmic  scale  and  the  abscissas  on  a  normal  prob- 
ability scale.  A  lognormal  distribution  would  thus 
describe  a  straight  line  on  this  coordinate  system.  As 
can  be  seen  from  the  graph  the  data  points  closely 
approximate  a  straight  line.  The  straight  line  in  the 
figure  corresponds  to  the  lognormal  distribution  that 
minimizes  the  value  of  chi-square  for  the  present  sample. 
This  minimum  value  is  1.15.  The  value  of  chi-square 
at  a  5%  level  of  significance  corresponding  to  this  data 
is  9.49,  so  that  the  hypothesis  of  lognormality  would 
not  be  rejected  at  the  5%  level.  In  fact  the  probabiltity 
of  obtaining  a  value  of  chi-square  as  high  or  higher  than 
the  value  obtained  for  the  observations  is  88%. 

It  is  interesting  to  note  that  the  lognormal  distribu- 
tion obtained  shows  no  indication  of  truncation  or 
biasing.  If  a  distribution  is  obtained  from  a  lognormal 
population  by  truncating  it  at  the  low  end  (not  includ- 
ing elements  below  a  certain  size),  the  resulting  log- 
probability  graph  would  curve  away  from  a  straight 
line  at  the  lower  end  indicating  lower  frequencies  of 
the  smaller  elements  than  called  for  by  the  pure  log- 
normal  distribution.  No  such  truncation  or  biasing  is 
apparent  in  the  present  distribution. 

The  triangles  in  the  graph  correspond  to  the  distribu- 
tion of  plume  diameters  obtained  from  the  transect 
length  data  using  Vul'fson  (1961)  techniques.  Again 
the  hypothesis  of  lognormality  cannot  be  rejected  at 
a  level  of  5%  or  better.  In  fact  the  best  lognormal  fit 
yields  a  value  of  chi-square  of  0.31  compared  to  1.15 
for  the  uncorrected  distribution.  The  geometrical  mean 
of  the  original  distribution  (54.5  m)  (intersection  of 
the  50%  ordinate  axis)  is  seen  to  be  higher  than  the 
mean  of  the  diameter  distribution  (28.0  m).  This 
seemingly  contradictory  result  (also  noted  by  Vul'fson 
in  his  data)  is  due  to  the  fact  that  the  statistical  model 
includes  the  very  small  convective  elements  that  are 
unlikely  to  be  intercepted  by  the  acoustic  sounder, 
and  which  contribute  in  a  negligible  amount  to  the 
frequency  distribution  of  transect  lengths.  In  the  de- 
rived distribution  of  diameters  they  will  appear 
significantly,  thus  lowering  the  mean  diameter  for  the 
entire  population.  If  only  those  plumes  which  were 
intersected  were  considered,  however,  their  average 
diameter  would  be  larger  than  the  average  length  of 
the  intercepted  chords. 

Cloud  transect  lengths  were  obtained  from  the  lidar 
observations.  The  data  were  derived  from  a  height  vs 
time  display  of  the  strength  of  the  returned  signal. 
A  procedure  similar  to  that  employed  with  the  acoustic 
sounder  was  used  to  obtain  cloud  transect  lengths.  The 
uncertainty  in  the  measurements  was  ±7  m.  In  some 
cases  of  considerable  vertical  wind  shear,  cumulus 
clouds  tend  to  tilt  with  height.  Under  those  conditions 
the  method  employed  in  this  study  to  measure  cloud 
transect  lengths  would  result  in  an  overestimate  of  the 
real  values.  An  inspection  of  the  height  vs  time  lidar 
display  of  the  data  as  well  as  of  the  movie  photographs 
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Fig.  2.  As  in  Fig.  1  except  for  cloud  transect  lengths  measured 
with  a  lidar  plotted  on  logarithmic  probability  paper.  The  tri- 
angles represent  the  distribution  of  cloud  diameters  obtained  from 
the  transect  length  data. 

taken  at  the  same  time  did  not  indicate  any  apparent 
tilting  of  the  clouds.  Actually  because  of  the  small 
depths  of  these  clouds  (80%  had  depths  under  100  m)  a 
strong  vertical  wind  shear  would  be  necessary  to  show 
appreciable  tilting. 

The  frequency  distribution  of  cloud  transect  lengths 
is  displayed  in  Fig.  2.  It  can  be  seen  that  the  widths  of 
the  clouds  detected  by  the  lidar  are  also  lognormally 
distributed.  Applying  a  chi-square  test  again  shows  that 
the  hypothesis  of  lognormality  for  the  distribution 
would  not  be  rejected  at  the  5%  level  of  significance. 
Again,  the  distribution  of  cloud  diameters  obtained 
from  the  cloud  transect  length  data  is  shown  by 
triangles.  This  corrected  distribution  is  also  lognormal 
at  better  than  the  5%  level  of  significance  and  yields 
a  smaller  chi-square  value  for  the  best  fit  than  the 
original  distribution.  The  diameters  in  the  mean  are  also 
smaller  than  the  transect  lengths  due  to  the  inclusion 
of  smaller  clouds  which  were  less  likely  to  be  inter- 
cepted by  the  lidar. 

The  depths  of  the  clouds  were  obtained  by  noting  the 
greatest  depth  observed  for  each  particular  cloud  from 
the  lidar  records.  In  general,  the  attenuation  of  visible 
lidar  beams  is  considerably  high.  For  a  ruby  lidar,  for 
example,  the  penetration  in  a  dense  cloud  would  only 
be  a  few  hundred  meters.  However,  in  many  cases  a 
lidar  beam  can  penetrate  several  layers  of  cloud  which 
together  obscure  the  sun.  Derr  (1977)  has  computed 
from  Mie  scattering  theory  the  penetration  of  different 
types  of  clouds  by  a  ruby  lidar  beam.  For  a  newly 
formed  low-density  cloud  he  obtained  penetration 
depths  of  357  m  for  a  signal-to-noise  ratio  of  10  and  715 
m  for  a  signal-to-noise  ratio  of  100.  The  clouds  observed 
in  this  study  were  very  small,  incipient  thin  clouds. 
On  the  basis  of  Derr's  computations  we  would  expect 
penetrations  of  around  400  m.  Actually,  a  few  hours 


after  the  small  clouds  were  measured,  a  larger,  denser 
cumulus  congestus  cloud  drifted  over  the  site  from  the 
mountains.  The  returned  signals  from  this  cloud  were 
in  general  2-3  times  as  intense  as  in  the  case  of  the 
early  clouds  and  came  from  depths  of  up  to  400-700  m 
inside  the  cloud.  The  small  clouds  used  in  this  study 
were  under  300  m  in  depth  and  about  80%  of  them  were 
under  100  m.  According  to  the  above  considerations  we 
feel  confident  that  the  cloud  depths  measured  were  real 
and  were  not  penetration  depths. 

The  frequency  distribution  of  depths  is  portrayed  in 
Fig.  3.  It  also  describes  very  closely  a  lognormal  dis- 
tribution, and  the  hypothesis  of  lognormality  would  not 
be  discarded  at  a  level  of  significance  of  5%  or  better. 

The  lognormal  distribution  can  be  considered 
(Aitchison  and  Brown,  1957)  the  frequency  distribu- 
tion of  a  variate  that  is  subject  to  the  law  of  propor- 
tionate effects,  i.e.,  a  variate  whose  change  in  value  at 
any  step  of  a  process  is  a  random  proportion  of  the 
previous  value  of  the  variate.  Thus,  something  that 
forms,  grows  or  changes  according  to  the  law  of  pro- 
portionate effects  will  yield  a  lognormal  size  distribu- 
tion. Lopez  (1976,  1977)  has  hypothesized  that  large 
cumulus  clouds  grow  and  develop  by  a  process  which 
follows  the  law  of  proportionate  effects,  thus  producing 
the  observed  lognormal  distributions  of  cloud  char- 
acteristics. Such  a  process  can  be  postulated  as  follows : 
In  a  given  region  many  small  convective  elements  are 
randomly  generated  throughout  the  subcloud  layer. 
These  agglomerate  randomly  into  larger  elements.  The 
larger  elements,  covering  a  greater  area,  intercept  a 
larger  number  of  other  elements  and  thus  grow  more 
rapidly  than  the  smaller  ones,  i.e.,  growth  proceeds 
according  to  the  law  of  proportional  effects.  In  this  way 
a  cloud  population  develops  where  the  eventual  size 
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Fig.  3.  As  in  Fig.  1  except  for  the  depths  of  clouds 
measured  with  a  lidar: 
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Fig.  4.  The  average  depth  of  all  the  clouds  within  each  cloud 
transect  width  interval  as  measured  with  a  lidar. 


those  clouds  with  smaller  widths  tend  to  have  large 
aspect  ratios  of  depth  to  width,  while  the  wider  clouds 
tend  to  be  as  deep  as  they  are  wide.  In  other  words, 
the  small  clouds  (supposedly  formed  by  a  few  convec- 
tive  elements)  tend  to  look  like  plumes,  whereas  the 
larger  ones  (supposedly  formed  by  the  merger  of  many 
convective  cells)  tend  to  look  like  bubbles. 

Fig.  5  shows  as  a  function  of  time  the  height  of  the 
base  of  the  clouds  above  ground  measured  with  the 
lidar.  A  fluctuation  with  a  duration  of  about  30  min 
can  be  seen.  This  time  interval  can  be  equated  to  a 
horizontal  distance  of  about  12  km  by  using  the  wind 
estimate  at  cloud  base  and  by  assuming  that  the  pattern 
of  cloud-base  height  remained  constant  as  the  clouds 
were  advected  over  the  site  by  the  wind.  This  mesoscale 
variation  could  have  been  due  to  wavelike  perturbations 
in  the  subcloud  layer  on  the  scale  of  about  12  km,  or  due 
to  time  changes  in  the  thermal  structure  of  the  boundary 
layer  on  the  scale  of  30  min. 


distribution  is  lognormal.  On  the  basis  of  that  interpre- 
tation, the  lognormality  of  plumes  in  the  boundary 
layer  and  small  fair  weather  cumuli  as  revealed  by  the 
present  measurements  suggests  that  the  convective 
plumes  and  small  clouds  also  grow  by  the  merging  or 
agglomeration  of  smaller  elements. 

It  is  interesting  to  notice  from  these  distributions 
that  on  the  average  the  small  clouds  are  2-3  times 
deeper  than  they  are  wide.  This  is  more  evident  in  Fig. 
4  where  the  average  depth  of  all  the  clouds  within  each 
cloud  transect  width  interval  is  portrayed.  Notice  that 


12  km  (Approximately) 


2200 1- 


2150 


2100- 


2050 


2000 


1950 


1900  ■- 


102   CLOUDS 


I     I     I     I     I     I     I     1     I     I     I     I     I     I 


12  18 

Time  (min) 


24 


J_l 


W 


Fig.  5.  The  height  of  the  average  cloud  base  above  ground  as  a 
function  of  time.  The  vertical  bars  represent  ±1  standard  devia- 
tion of  cloud  base  height  around  the  corresponding  average.  Time 
has  been  equated  to  horizontal  distance  by  using  the  wind  at 
cloud  base  and  by  assuming  that  the  cloud-base  height  patterns 
remained  constant  as  the  clouds  were  advected  by  the  wind  over 
the  site. 


4.  Summary  and  discussion 

It  has  been  shown  here  that  both  clear  air  convective 
plumes  and  small  cumulus  clouds  yield  lognormal  size 
distributions.  Similar  distributions  for  larger  cumulus 
clouds  have  been  interpreted  by  Lopez  (1976,  1977)  as 
an  indication  of  growth  by  the  agglomeration  of  smaller 
cloud  elements.  Applying  the  same  interpretation  to 
the  present  data  it  is  suggested  that  both  convective 
plumes  and  small  fair-weather  cumuli  are  formed  by  the 
agglomeration  of  smaller  elements. 

The  relationship  between  the  plumes  and  the  clouds 
cannot  be  ascertained  from  the  present  data.  However, 
the  concept  of  growth  by  agglomeration  in  both  clear 
air  plumes  and  very  small  cumulus  clouds  is  suggestive 
of  a  continued  process  of  grwoth  from  the  clear  air 
convection  to  the  cloud  stage.  In  any  case,  the  pre- 
liminary data  presented  in  this  note  are  an  indication  of 
the  capability  of  a  lidar-acoustic  sounder  system  to 
study  the  problem  of  cumulus  cloud  initiation  by 
convective  plumes  in  the  boundary  layer.  A  more  ex- 
tensive and  complete  experiment  is  planned  where  this 
system  will  be  supplemented  with  instrumented  tower 
and  aircraft  observations. 
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Abstract 

An  acoustic  echo  sounder  mounted  on  the  NOAA  ship 
Oceanographer  during  GATE  proved  to  be  a  valuable  tool 
for  investigating  the  structure  and  dynamics  of  the  tropical 
marine  boundary  layer  up  to  800  m  in  height.  Under  sup- 
pressed weather  conditions  the  facsimile-recorded  echo  in- 
tensity returns  depicted  a  mixed  layer  characterized  by  con- 
vective  plumes  rising  from  the  surface  of  the  water  to  400 
m.  Disturbed  weather  events  resulted  in  a  substantial  modifi- 
cation of  the  boundary  layer;  layered  structures  formed  that 
at  times  limited  the  depth  of  the  mixed  layer  to  100  m.  The 
Doppler  frequency  shift  of  the  acoustic  returns  made  it  pos- 
sible to  determine  the  vertical  velocity  field. 

1.  Introduction 

During  the  past  few  years,  acoustic  echo  sounders  have 
become  valuable  remote-sensing  tools  for  investigating 
the  lower  atmospheric  layers  of  continents.  For  example, 
facsimile-recorded  backscattered  echo  intensities  have 
been  used  to  study  atmospheric  stability  and  convective 
plumes  in  the  planetary  boundary  layer  (Hall  et  al., 
1975;  Wyckoff  et  al.,  1973;  Cronenwett  et  al.,  1972). 
Recently,  Neff  (1975)  has  shown  that  the  intensity  of 
acoustic  returns  can  be  related  to  the  strength  of  tem- 
perature fluctuations  in  a  quantitative  manner.  Beran 
et  al.  (1974)  have  succeeded  in  determining  wind  velocity 
from  the  Doppler  frequency  shift  of  acoustic  returns. 

Only  a  very  limited  amount  of  data  has  been  gathered 
in  the  ocean  environment  using  acoustic  echo  sounders 
(Ottersten  et  al.,  1974;  Mandics  and  Owens,  1975). 
GATE  presented  a  unique  opportunity  to  deploy  and 
operate  an  echo  sounder  over  the  ocean  in  conjunction 
with  a  number  of  other  boundary-layer  probes.  A  three- 
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axis  acoustic  echo  sounder  was  mounted  on  the  NOAA 
ship  Oceanographer  to  obtain  data  on  the  structure  of 
the  marine  boundary  layer  and  to  measure  .jwind  velocity 
in  the  subcloud  layer.  The  echo  sounder  was  in  opera- 
tion during  a  large  percentage  of  the  time  in  GATE, 
especially  during  Phases  2  and  3.  In  the  present  paper, 
we  describe  some  of  the  main  features  of  the  echo 
sounder  and  the  results  of  the  preliminary  data  analysis. 

2.  The  echo  sounder  system 

The  operation  of  the  acoustic  echo  sounder  is  de- 
pendent on  backscattering  produced  by  small-scale 
(about  one-half  acoustic  wavelength  in  size)  temperature 
and,  to  a  lesser  extent,  humidity  fluctuations.  Short 
bursts  of  acoustic  energy  were  transmitted  every  5  s  by 
the  echo  sounder  antennas.  The  acoustic  frequency  was 
selected  to  minimize  interference  by  the  ship's  ambient 
noise;  frequencies  between  2  and  3  kHz  were  used  dur- 
ing GATE.  After  the  transmission  of  the  pulse,  the  same 
antennas  served  to  collect  the  backscattered  acoustic 
energy  in  a  monostatic  fashion.  Sensitive  circuitry  in- 
corporating low-noise,  high-gain  amplifiers  and  narrow- 
band filters  was  used  to  condition  the  received  signals 
(Simmons  et  al,  1971).  The  data  were  recorded  on  14- 
channel  analog  magnetic  tape  for  later  digitization  and 
analysis.  In  addition,  the  intensity  of  the  vertically  back- 
scattered  signal  provided  valuable  information  on  the 
atmospheric  structure  as  displayed  on  a  facsimile  re- 
corder in  real  time. 

To  resolve  the  vector  wind  velocity,   three  acoustic 
antennas  were  located  on  the  forward  weather  deck  of 
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Fie.  1.  Facsimile  record  of  backscattered  acoustic  intensity  during  undisturbed  weather 
conditions,  from  the  Oceanographer  at  GATE  position  4. 


the  Oceanographer  about  8.5  m  above  the  water  line. 
One  was  pointed  vertically  and  two  others  were  elevated 
at  45°  and  separated  by  90°  in  azimuth.  Each  antenna 
consisted  of  a  1.2  m  parabolic  dish  fed  by  a  commercial, 
high-power  acoustic  transducer.  The  antennas  were  sur- 
rounded by  1.8  m  tall  anechoic  shielding  cuffs  to  reduce 
interference  from  airborne  ambient  noise  and  to  mini- 
mize the  annoyance  of  ship's  personnel  by  the  trans- 
mitted tone  bursts.  Depending  on  the  frequency  used, 
half-power  antenna  beamwidths  varied  from  5°  to  8°. 
To  compensate  for  the  ship's  pitch  and  roll  motions  the 
antennas  were  mounted  on  a  gyro-controlled  stable  plat- 
form. Rubber  vibration  isolation  pads  reduced  the  ship's 
structure-borne  noise  to  a  tolerable  level. 

The  ambient  noise  generated  by  the  ship's  engines 
proved  to  be  the  main  limitation  to  the  sounder's  per- 
formance. Calculations  based  on  the  estimated  strength 
of  scattering,  measured  ambient  noise  level,  and  known 
sounder  parameters  indicated  that  the  maximum  range 
of  the  sounder  should  be  about  300  m  (Mandics  and 
Owens,  1975).  Data  gathered  during  GATE  generally 
agreed  with  these  range  estimates;  however,  there  were 
occasions  when  returns  were  obtained  from  as  high  as 
800  m.  On  occasion,  heavy  rains  and  strong  surface 
winds  (12  m  s"1  and  higher)  produced  sufficient  acoustic 


noise  to  mask  any  returns,  and  thus  rendered  the 
sounder  inoperative. 

The  automatic  frequency-tracking  circuit  of  the  acous- 
tic receiver  was  able  to  resolve  the  Doppler  frequency 
shift  of  the  returns  as  long  as  the  received  signal-to-noise 
ratio  remained  above  3  dB  within  the  passband  of  the 
receiver  (30  Hz  for  the  vertically  pointed  antenna  and 
100  Hz  for  the  tilted  antennas).  Digital  spectral  analysis 
of  the  tape-recorded  data  is  being  performed  in  the 
laboratory  to  determine  Doppler  shifts  (and  the  corre- 
sponding velocities)  for  lower  signal-to-noise  ratios. 

3.  Typicol  suppressed  condition  results 

Fair  weather  (undisturbed)  conditions  existed  during 
a  large  percentage  of  the  time  at  the  positions  occupied 
by  the  Oceanographer.  Figure  1  illustrates  typical  time- 
height  facsimile  recordings  of  the  backscattered  acoustic 
intensity  obtained  from  the  vertical  antenna  under  these 
conditions.  Records  of  this  type  were  observed  94,  74, 
and  69%  of  the  time  when  the  sounder  was  in  operation 
during  Phases  1,  2,  and  3,  respectively.  Because  the 
acoustic  sounder  antennas  were  covered  and  the  equip- 
ment was  not  in  operation  whenever  it  rained,  the  data 
collected  were  biased  toward  undisturbed  conditions  for 
Phase  1  and  to  a  lesser  extent  for  Phases  2  and  3.  The 


376 


1144 


800 


600 


X400 
O 


200 


Vol.  57.  No.  9,  September  1976 


■  i  '  '  "    •"  " 


.JLJiy^^-i-^^-'  iUL^jiM . ,  .11 1  kJMM  LhiSlilLjiLjiiJLi 


1100  1200  1300 

TIME  (GMT)  AUGUST  3,  T974 


1400 


Fie.  2.  Facsimile  record  of  backscattered  acoustic  intensity  with  the  presence  or  absence  of 
clouds  (solid  white  line)  and  calculated  lifting  condensation  level  (dashed  white  line),  from  the 
Oceanographer  at  GATE  position  1. 


sounder  was  in  operation  for  33,  64,  and  83%  of  the 
time  during  Phases  1,  2,  and  3,  respectively. 

In  Fig.  1,  darker  regions  correspond  to  more  intense 
scattering  while  white  areas  indicate  the  lack  of  scatter. 
The  gradual  darkening  of  the  record  with  height  is 
caused  by  the  amplification  of  ambient  noise  by  the 
automatic  range-compensation  network  in  the  receiver. 
The  transmitter  was  turned  off  for  1  min  at  the  end  of 
each  hour  to  provide  a  time  mark  on  the  record.  The 
resultant  lightly  shaded  bars  also  serve  as  a  convenient 
qualitative  measure  of  the  signal-to-noise  ratio.  Reflec- 
tions from  the  Boundary  Layer  Instrumentation  System 
(BLIS)  balloon  produced  strong  acoustic  returns  that 
resulted  in  the  heavy  dark  line  at  750  m.  Shifts  in  wind 
direction  and  ship  heading  changed  the  relative  position 
of  the  balloon  and  acoustic  beam  and  caused  the  BLIS 
echoes  to  fade  out  at  times.  Noise  from  ship  mainte- 
nance and  interference  bv  radio  transmissions  produced 
the  continuous  vertical  dark  lines  such  as  those  seen  at 
1320  GMT. 

The  "spiky"  dark  traces  extending  from  the  surface 
to  about  300-400  m  in  height  were  produced  by  convec- 
tive  plumes  rising  from  the  warm  surface  of  the  water. 
The  fact  that  no  returns  were  obtained  from  above 
400  m  does  not  necessarily  mean  that  the  mixed  layer 
extends  no  higher.  Because  temperature  variations  that 
produce  acoustic  scattering  decrease  with  height,  a  point 
is  reached  above  which  returns  are  masked  by  the  am- 
bient noise.  Generally,  as  long  as  the  water  temperature 
exceeded  that  of  die  overlving  air,  convective  plumes 
were  observed  both  day  and  night.  This  was  in  sharp 
contrast  with  the  diurnal  pattern  (thermal  plumes  dur- 
ing the  day  and  more  stable,  layered  stuctures  at  night) 
usually  seen  over  land.  During  GATE,  acoustically  ob- 
served plume  heights  ranged  from  100  to  400  m.  Assum- 
ing that  plumes  were  advected  with  the  mean  wind,  we 
were  able  to  estimate  their  spatial  extent.  On  the  av- 
erage, the  along-the-wtnd  plume  dimension  was  750  m 
at  60  m  above  the  water's  surface;   however,  plumes  as 


wide  as  3000  m  and  as  narrow  as  200  m  were  also  ob- 
served on  occasions. 

About  20%  of  the  time,  convective  plumes  were  ac- 
companied by  patchy,  "hummocky"  returns  from  be- 
tween 400  and  600  m  as  shown  in  Fig.  2.  Shaw  (1971) 
observed  similar  acoustic  returns  in  the  semitropical  en- 
vironment of  Darwin,  Australia,  and  was  able  to  cor- 
relate the  patchy  echoes  with  the  presence  of  individual, 
low-level  cumulus  clouds  overhead.  To  resolve  the  ques- 
tion of  whether  the  hummocks  seen  in  Fig.  2  were  pro- 
duced bv  clouds,  we  examined  all-sky  photographs  for 
the  presence  or  absence  of  clouds  directly  over  the 
Oceanographer.  The  solid  white  line  in  Fig.  2  shows 
excellent  correlation  between  hummocks  and  clouds. 
Not  all  clouds  seen  on  the  photographs  registered  as 
hummocks  on  the  acoustic  records,  however.  For  ex- 
ample, the  cloud  indicated  at  1156  GMT  in  Fig.  2  has 
no  hummock  accompanying  it.  We  have  also  evaluated 
the  lifting  condensation  level  from  12  min  averages  of 
surface  meteorological  data  and  plotted  it  with  dashed 
lines  in  Fig.  2.  The  calculated  condensation  levels  agTee 
well  with  the  hummock  base  heights. 

Because  cloud  droplets  in  general  are  much  less  effec- 
tive scatterers  of  acoustic  energy  than  temperature  var- 
iations, we  do  not  believe  that  the  hummocks  were  pro- 
duced bv  such  scattering  (Little,  1972).  Temperature 
fluctuations  enhanced  bv  the  release  of  latent  heat  of 
condensation  are  a  much  more  likely  source  of  the  re- 
turns. Entrainment  and  detrainment  near  cloud  bound- 
aries could  also  be  responsible  for  more  intense  tem- 
perature variations.  The  "witch's  hat"  appearance  of 
many  of  these  returns  (for  example,  the  hummock  at  1045 
GMT  in  Fig.  2)  tends  to  support  the  latter  mechanism. 

There  is  convincing  evidence  indicating  that  hum- 
mockv  acoustic  returns  are  produced  by  low-level  cum- 
ulus clouds.  A  further  interesting  feature  of  these  re- 
turns is  that  quite  often  individual  hummocks  were 
associated  with  plumes  directly  below  them.  A  more 
detailed  investigation  of  these  structures  could  shed  val- 
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Fie.  3.  Facsimile  record  of  backscattered  acoustic  intensity  during  a   cumulonimbus-generated 
downdraft,  from  the  Oceanographer  at  GATE  position  4. 


uable  light  on  subcloud  processes  and  possibly  on  the 
origins  of  cloud  formation  itself.  Are  hummocks  (clouds) 
produced  by  convection  from  individual  plumes,  or  do 
they  (once  formed)  set  up  a  circulation  including  the 
generation  of  convective  plumes  underneath  to  sustain 
themselves? 

4.  Disturbed  events 

Disturbed  weather  conditions  resulted  in  pronounced 
changes  in  the  structure  of  the  boundary  layer,  and  these 
changes  were  also  reflected  in  the  observed  acoustic  rec- 
ords. Figure  3  illustrates  the  effects  of  a  cumulonimbus- 
generated  downdraft.  At  the  beginning  of  the  record, 
plumes  characteristic  of  suppressed  conditions  were  seen. 
Suddenly  at  1620  GMT  the  intensity  and  height  of  the 
acoustic  echoes  increased  considerably  as  a  result  of  the 
cold  air  outflow.  A  low-level,  multilayered,  undulating 
inversion  formed,  which  persisted  for  almost  5  h.  By 
2100  GMT  the  inversion  had  dissipated  and  the  undis- 
turbed-condition boundary  layer  with  convective  plumes 
and  occasional  hummocks  above  reestablished  itself. 

Several  intense  squall  lines  with  winds  gusting  over 
15  m  s_1  passed  over  the  ship  during  Phase  3.  Figure  4 
illustrates  one  that  occurred  on  12  September.  The  pas- 
sage of  the  squall  line  at  1255  GMT  was  followed  by  3  h 
of  heavy  rain,  which  resulted  in  the  almost  total  black- 
ening of  the  record  due  to  acoustic  noise  generated  by 
raindrops  falling  on  the  antenna.  The  formation  of  a 
strong,  low-level  inversion  layer  started  during  the  rain 


and  became  clearly  visible  after  1600  GMT.  Wavelike 
undulations  on  the  multilayered  inversion  at  times  ex- 
ceeded 200  m  in  amplitude  (for  example,  shortly  after 
1900  GMT),  and  features  resembling  Kelvin-Helmholtz 
breaking  waves  from  0020  to  0230  GMT  suggested  the 
presence  of  strong  wind  shear  between  450  and  650  m. 
The  depth  of  the  mixed  layer  was  considerably  reduced 
during  the  disturbance;  at  1725  GMT  it  became  less 
than  100  m.  It  took  the  boundary  layer  about  16  h  to 
return  to  its  typical  fair  weather  state. 

The  acoustic  records  have  clearly  shown  that  distur- 
bances resulted  in  a  stable  stratification  of  the  lower 
boundary  layer  ill  agreement  with  the  conclusions  of 
Gars  tang  and  Betts  (1974).  The  significance  of  the  re- 
sultant strong  inversions  was  that  they  provided  a  lid 
over  the  mixed  layer  that  prevented  the  vertical  transfer 
of  latent  and  sensible  heat  to  higher  elevations.  As  a 
result,  no  new  disturbances  could  have  developed  until 
after  the  inversion  dissipated.  The  sounder  records  have 
also  provided  valuable  information  on  the  temporal  ex- 
tent of  disturbances.  Modifications  of  the  boundary  layer 
caused  by  cumulus  downdrafts  typically  lasted  for  5-6  h, 
whereas  those  due  to  squall  lines  persisted  for  12-16  h. 
During  disturbed  conditions,  the  facsimile  records  also 
delineated  the  depth  of  the  mixed  layer. 

5.  Quantitative  results 

Up  to  this  point  we  have  examined  only  facsimile 
records  of   backscattered   acoustic   intensity,   which   pro- 
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Fie.  4.  Facsimile   record   of   backscattered   acoustic   intensity   during   the    passage   of   an    intense 
squall  line,  from  the  Oceanographer  at  GATE  position  4. 


vided  qualitative  and  semiquantitative  information 
about  the  structure  of  the  boundary  layer.  The  tape- 
recorded  acoustic  data  are  also  amenable  for  analyses 
to  yield  quantitative  information  about  boundary-layer 
processes.  For  example,  the  Doppler  frequency  shift  of 
the  returns  can  be  used  to  resolve  the  motion  of  scat- 
terers,  and  hence  wind  velocity.  Figure  5  shows  a  com- 
parison of  acoustic  Doppler-derived  and  BLIS  anemom- 
eter-measured vertical  velocities  at  the  138  m  level  fol- 
lowing the  gust-front  event  depicted  in  Fig.  3.  Although 
the  sounder  sampled  a  volume  of  about  6  x  103  m3  (with 
a  vertical  resolution  of  34  m)  at  this  height  level  while 
the  BLIS  provided  a  point  measurement,  the  agreement 
between  the  two  is  good.  The  two  records  show  the  best 
agreement  for  the  larger  velocity  variations  caused  by 
the  waves  shown  in  Fig.  3;  however,  there  is  considerable 
disagreement  in  the  finer  details. 

Our  attempts  to  evaluate  horizontal  wind  components 
from  the  two  tilted  antennas  have  not  been  successful 
yet.  For  reasons  not  fully  explained,  the  signal-to-noise 
ratio  for  these  antennas  has  been  markedly  inferior  to 
that  obtained  for  the  vertically  pointed  antenna.  The 
wider  receiver  bandwidths  used  with  the  tilted  antennas 
and  the  fact  that  they  faced  into  the  wind  may  have 
contributed  to  the  increased  noise  level. 

Assuming  that  acoustic  scattering  is  caused  mainly  by 


small-scale  temperature  variations,  we  can  relate  the  in- 
tensity of  scattering  to  the  magnitude  of  temperature 
fluctuations  (more  precisely  to  CT,  the  temperature  struc- 
ture parameter)  in  a  quantitative  manner  at  the  various 
height  levels.  Following  the  method  of  Neff  (1975),  we 
will  use  CT  to  estimate  the  surface  sensible  heat  flux 
under  free  convection  conditions.  Work  is  already  well 
underway  on  this  aspect  of  the  data  analysis,  and  pre- 
liminary results  indicate  fair  agreement  between  acous- 
tically derived  sensible  heat  fluxes  and  those  obtained 
from  surface  meteorological  data  using  bulk  methods. 

6.  Discussion 

Our  GATE  experience  has  proven  the  value  of  prob- 
ing the  marine  atmosphere  with  an-  acoustic  echo 
sounder.  Facsimile-recorded  acoustic  backscatter  data 
provided  a  unique  and  hitherto  unavailable  description 
of  processes  taking  place  in  the  tropical  marine  bound- 
ary layer.  From  these  records,  one  can  determine  directly 
parameters  such  as  the  temporal  extent  of  disturbances 
and  the  depth  of  the  mixed  layer  during  these  distur- 
bances, which  should  be  of  interest  to  researchers  at- 
tempting to  parameterize  the  subcloud  and  cloud  layers. 
We  have  been  able  to,  show  only  a  limited  sample  of 
the  acoustic  facsimile  records  here.  Microfilm  copies  of 
facsimile-recorded  vertically  backscattered  acoustic  inten- 
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Fie.  5.  Comparison  of  acoustic  Doppler-derived  and  BLIS 
anemometer-measured  vertical  velocities  at  138  m,  from  the 
Oceanographer  during  Phase  3  of  GATE. 

sities  for  all  three  phases  of  GATE  have  been  archived 
at  World  Data  Centers  A  and  B  and  are  available  for 
distribution. 

Our  present  efforts  are  aimed  at  evaluating  some  of 
the  quantitative  aspects  of  the  acoustic  data.  Because  of 
the  computer  costs  involved,  we  can  calculate  vertical 
velocities  (and  possibly  horizontal  wind  components  as 
well)  for  selected  time  periods  only.  Because  we  believe 
that  the  maximum  usefulness  of  the  acoustic  data  will 
be  realized  only  if  they  are  combined  with  data  from 
other  sources,  we  would  welcome  suggestions  from  other 
investigators  as  to  what  time  periods  should  be  given 
priority  in  our  analysis. 
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1. 


INTRODUCTION 


A  monostatic  acoustic  sounder  was  operated 
at  the  South  Pole  for  the  twelve  months  of  197S. 
The  facsimile  records,  showing  the  intensity  of  the 
backscattered  acoustic  energy,  provide  a  detailed 
picture  of  the  planetary  boundary  layer  structure 
over  the  Antarctic  ice  plateau.   Interpretation  of 
the  records  has  been  aided  by  rawinsonde  data 
obtained  at  the  pole,  synoptic  scale  charts  pre- 
pared for  Antarctica,  and  surface  layer  turbulence 
measurements  made  by  University  of  California, 
Davis  scientists  at  the  pole.   In  this  paper  we 
report  on  the  experiment  and  progress  we  have  made 
in  the  interpretation  of  the  facsimile  records. 

2.        EQUIPMENT  DESCRIPTION 

The  sounder  antenna  used  was  a  1.2  m 
diameter  parabolic  dish  surrounded  by  a  plywood 
and  foam  absorbing  cuff  1.2  m  high.   The  antenna 
was  located  120  m  east  of  the  Skylab  tower,  part 
of  the  New  Pole  Station  complex.  A  door  was  pro- 
vided in  the  cuff  for  snow  removal  and  the  winter- 
ing-over NOAA  technician,  Ken  Martinsson,  brushed 
the  snow  accumulation  from  the  dish  several  times 
during  the  winter  night.   The  antenna  was  located 
atop  aluminum  legs  .4  m  tall  so  the  snow  drifting 
near  the  surface  would  not  accumulate  and  bury 
it.   This  design  proved  to  be  very  practical  since 
at  sunrise  in  September  1975,  a  drift  extended 
100  m  downstream  with  no  accumulation  at  the 
antenna  itself. 

The  electronic  equipment  was  located 
in  the  Skylab  and  was  connected  to  the  preamplifier 
at  the  antenna  by  a  mul ticonductor  shielded  cable. 
Six  inches  of  polystyrene  foam  around  the  remote 
preamp  at  the  antenna  plus  a  ten-watt  heater 
within  the  preamp  chassis  assured  that  the 
temperature  of  the  components  did  not  drop  lower 
than  -40°C.   No  significant  electronic  problems 
or  voice  coil  failures  were  experienced  in  spite 
of  temperatures  which  reached  -7S°C.   An  operating 
frequency  of  2  kHz  with  a  100  ms  pulse  repeated 


every  4  s  gave  the  sounder  a  nominal  range  of 
600  m,  and  echoes  were  frequently  received  from 
this  maximum  height. 
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Figure   1.      Acoustic  facsimile  recording  obtained 
on  22  January   1975  at   the  South  Pole  showing  the 
detailed  layering  or  "herringbone"  pattern  charac- 
teristic of  the  surface-based  echo  structure . 


3. 


THE  GROUND- BASED  LAYER  (GBL)  ECHO 


The  most  persistent  acoustic-echo  fea- 
ture observed  on  the  facsimile  recordings  at  the 
pole  we  designate  the  Ground-Based  Layer  (GBL). 
It  appears  to  be  closely  related  to  the  Ekman 
Layer  depth.   This  feature  is  also  very  similar  to 
the  "herringbone"  pattern  described  by  McAllister 
et  al .  (1969).   It  shows  rather  closely  spaced, 
descending  or  tilted  turbulent  layers  as  illus- 
trated in  Figure  1.   From  the  Davis  data  the 
Richardson  number  near  the  ground  was  near 
zero  but  increased  somewhat  in  magnitude  above 
the  surface.   From  rawinsonde-derived  tempera- 
ture and  wind  gradients  in  the  upper  parts  of 
such  layers,  it  appears  that  the  gradient 
Richardson  number  (Ri)  is  larger  than  0.25  al- 
though the  slow  "response  of  the  rawinsonde  does 
not  allow  resolution  of  the  local  Ri  in  such  thin 
regions.  The  turbulence  in  this  layer  seems  to  be 
maintained  at  Richardson  numbers  approaching  1.0. 

This  is  in  contrast  with  some  of  our  measure- 
ments over  the  plains  of  Colorado,  using  higher- 
resolution  tcwer  data,  which  has  shown  that  the 
Richardson  number  within  the  echoing  region  seldom 
exceeds  0.25.   The  reasons  for  the  turbulence  at 
these  higher  values  of  Ri  at  the  pole  still  needs 
to  be  explored  and  higher  resolution  data  obtained. 

The  terrain  around  the  pole  is  smooth 
and  homogeneous  with  a  slope  of  10  .  The  only 
terrain  features  are  several  hundred  kilometers 
away,  towards  the  Transantarctic  Mountains  and  the 
Ross  Ice  Shelf.   The  depth  of  the  GBL  which  over- 
lay this  nearly  uniform  surface  varied  from  50  m 
to  300  m.   The  average  depth  for  the  year  was  158  m 
with  a  standard  deviation  of  42  m.  Under  "undis- 
turbed" inversion  conditions,  when  wind  direction 
and  speed  as  well  as  temperatures  showed  little 
change  from  day  to  day,  the  GBL  depth  was  generally 
less  than  100  m.   This  band  of  acoustic  returns 
corresponded  to  the  region  of  largest  rawinsonde 
measured  temperature  gradient. 
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When  the  wind  speed  above  the  inversion 
ed,  particularly  when  warmer  air  was  ad- 
over  the  pole  from  the  quadrant  west  of  the 
ch  meridian,  the  depth  of  the  layer  some- 
ncreased  to  as  much  as  300  m.   Such  in- 
of  the  depth  of  the  GBL  corresponded  with 
id  warmings  which  occurred  at  the  surface 
ve  occasions  between  March  and  August  1975, 
durations  of  several  days.   Following  the 
of  such  "warm  front"  events,  the  GBL 
in  8  to  12  hours  to  its  normal  depth  near 
On  several  occasions,  this  recovery  process 
d  in  conjunction  w,ith  cold  front  passages. 


The  acoustic  sounder,  when  operating  in 
a  backscatter  mode,  provides  a  vertical  profile 
of  the  intensity  of  small-scale  (10  cm)  tempera- 
ture fluctuations.   Such  fluctuations  are  generally 
associated  with  turbulence  within  regions  of 
non-zero  potential  temperature  gradient.  Tem- 
perature inversions  are  thus  well  delineated  by 
the  sounder.   In  the  detailed  comparison  of  sounder 
records  with  rawinsonde  temperature  profiles,  we 
found  that  the  top  of  the  GBL  corresponded  gen- 


erally with  the  top  of  the  principal  ground-based 
inversion.  The  exceptions  arose  when  thin  elevated 
echo  layers  were  present,  at  which  time  the  first 
layer  above  the  GBL  corresponded  with  the  top  of 
the  principal  inversion.  These  two  cases  are 
illustrated  in  Figures  2  and  3.   In  Figure  2,  the 
absence  of  echo  at  low  levels  (other  than  the 
transmitter-pulse  leak-through  that  extends  to 
about  40  m)  is  related  to  the  nearly  adiabatic 
lapse  rate  where  vertical  mixing  will  not  produce 
temperature  inhomogeneities . 
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Figure   2.      Facsimile  recording  obtained  on  5  May   1975  during  a  period 
when  the  surface-based  inversion  was  destroyed.      The  absence  of 
echo  at   lower  levels  is  due  to  the  nearly  adiabatic   lapse  rate. 
The  rawinsonde  was   launched  at   1115    (SPT). 
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Figure  3.      Facsimile  recording  obtained  on  4  June  1975  showing  the  ground-based  layer   (GBL)  with 

an  elevated  layer  with  short-period  "waves"  near  the  top  of  the  inversion.      The  rawinsonde 

launched  at   1115  SPT,   with  a  one-minute  averaging  for  the  wind,   suggests  the  presence 

of  a   low-level  inversion  jet. 
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The  slight  separation  in  the  otherwise 
continuous  GBL  echo  in  Figure  3  probably  results 
from  the  presence  of  a  low  level  inversion  jet; 
the  upper  layer  then  occurs  as  a  result  of  dynamic 
instability  above  the  jet.   This  explanation 
requires  weak  geostrophic  winds  above  the  in- 
version which  was  the  case  on  4  June,  as  shown  in 
Figure  3. 

A  comparison  between  the  GBL  depth 
derived  from  the  sounder  and  the  top  of  the 
principal  inversion  from  the  daily  rawinsonde 
records  is  shown  in  Figure  4.   The  scatter  is 
similar  to  that  observed  by  Wyckoff  et  al.  (1973). 
South  Pole  rawinsonde  data  may  also  be  complicated 
by  the  location  of  the  balloon  launch  site  down- 
wind of  the  station,  where  wave  perturbations  in 
the  inversion  may  have  been  sampled  by  the  rising 
balloon.   The  sounder  was  upwind  of  the  station 
and  would  have  been  unaffected  by  these  hypothe- 
sized waves. 
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Figure  4.      Comparison  of  the  ground-based-echo 
layer  depth  from  the  sounder  facsimile  with  the 
top  of  the  ground-based  inversion  obtained  from 
the  dai  ly  rawinsonde.      The  dashed  line  represents 
perfect  agreement.      A   least-squares  fit  gave  a 
slope  of  0.94  with  an  x  intercept  of  10  m.      The 
standard  deviation  from  the  best-fit   line  was   20  m. 


Significant  variations  do  occur  from 
hour  to  hour  in  the  depth  of  the  GBL  in  response 
to  changes  in  the  surface  stress.   Figure  5  shows 
a  six-day  comparison  of  sounder  GBL  depth  with 
the  rawinsonde  inversion  tops  comparing  the  daily 
balloon  measurements  with  hourly  sounder  GBL 
depths.   Although  the  point-by-point  comparison 
has  considerable  scatter  the  trend  in  layer  thick- 
ness is  clearly  traced  out. 

It  appears  plausible  to  interpret  the 
sounder  GBL  depth  as  the  Ekman  layer  depth.   The 
sharp  cut-off  on  the  upper  boundary  of  the  layer 
is  explained  by  the  decrease  in  turbulence  at  that 
height  as  suggested  by  the  higher  order  closure 
calculations  of  Wyngaard  (1975J.  This  is  also 
observed  in  NOAA  bistatic  acoustic  sounding  data 
that  have  not  yet  been  published.  The  following 
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Figure  S.      Comparison  of  hourly  averages  of  the 
GBL  depth  for  a  six-day  period  with  daily  mea- 
surement of  the  inversion  depth  from  rawinsonde. 

equation  estimates  the  maximum  depth  of  the  Ekman 
layer  (Zi 1 itinkevich ,  1972), 


where  R  is  a  universal  constant  empirically 
determined  to  be  approximately  10,  K  is  the 
eddy  diffusivity,  f  is  the  Coriolis  parameter, 
u,  the  surface  friction  velocity,  0  =  g/T  , 
and  Q  is  the  surface  temperature  flux  (heat  flux 
normalized  by  pc  ).  Using  values  of  10"1  <  K  <  10+1 
m  /s,  which  seems  to  be  the  nominal  range  for  the 
South  Pole  (Dalrymple  et  al  .  ,  1966;  MilLer,  1974) 
we  find  27  m  <  h  <  267  m,  which  is  the  range 
observed  with  the  sounder. 
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Figure  6.     Depth  of  the  ground-based  layer  echo 
compared  with  vertical  temperature  gradient  ob- 
tained from  the  daily  rawinsonde,   suggesting  the 
inverse  dependence  of  the  Ekman-layer  depth  on  the 
static  stability. 
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It  might  be  expected  that  the  Ekman  layer 
depth  is  an  inverse  function  of  static  stability. 
A  plot  of  this  parameter  shown  in  Figure  6  tends 
to  confirm  this.   Because  of  the  slow  response 
of  the  rawinsonde  temperature  sensor,  the  inversion 
strength  and  depth  were  used  to  calculate  3T/3z. 
The  dashed- line  plot  of  OT/3z)~   is  intended  for 
comparison  purposes.   The  scatter  in  the  points 
may  be  caused  by  short  term  variations  in  stress 
and  horizontal  inhomogeneity.  When  short-term 
surface  stress  measurements  become  available  from 
the  Davis  data  we  expect  these  comparisons  to  be 
further  refined. 


4. 


ELEVATED  LAYERS  AND  FRONTS 


The  elevated  scattering  layers  which 
occasionally  occur  to  heights  of  600  m,  the 
maximum  range  of  the  sounder,  have  not  been  docu- 
mented in  previous  Antarctic  studies.   In  an 
otherwise  stable  atmosphere,  such  layers  may  be 
the  result  of  a  local  reduction  of  the  Richardson 
number  with  the  consequent  production  of  turbu- 
lence, because  of  perturbation  of  the  velocity 
field  by  internal  waves.   Alternatively,  they  may 
indicate  turbulence  generated  at  the  boundary  of 
two  air  masses,  as  in  a  frontal  passage. 

At  times  during  the  period  from  March  to 
September,  the  existence  of  a  "geotriptic  thermal 
jet,"  a  geostrophically  balanced  current  driven  by 
the  horizontal  temperature  gradient  in  an  in- 
version overlying  a  sloped  surface,  was  also 


suggested  by  the  sounder  and  radiosonde  data.  The 
top  of  this  jet  generally  occurred  at  heights  of 
200  m  and  was  marked  by  short  period  waves  or 
dynamical  instabilities.  These  jets  and  other 
multiple  elevated  layers  generally  correlate  with 
weak  and  barotropic  winds  aloft,  between  the 
passages  of  synoptic  scale  disturbances.  We 
conjecture  that  the  condition  of  weak  winds  with 
small  shears  aloft  allows  for  critical  level 
encounters  of  low  frequency  internal  waves  prop- 
agating out  of  the  boundary  layer.   We  plan  to 
test  this  hypothesis  during  a  continuation  of  the 
experiment  scheduled  for  1977,  using  a  micro- 
barograph  array  around  the  sounder  to  analyze 
internal-wave  motion  within  the  boundary  layer. 

Occasional,  but  dramatic,  variations  in 
boundary  layer  structure  were  observed  in  associa- 
tion with  tropospheric  jet  streams.   One  such 
case  occurred  during  the  period  20-25  May  1975. 
Early  in  this  period,  a  25  m/s  jet  directed  from 
90°W  was  centered  at  a  height  of  2  km.  The 
700  mb  maps  prepared  at  McMurdo  at  the  beginning 
of  this  period  showed  high  pressure  over  the 
entire  continent,  followed  by  the  formation  of  a 
large  depression  off  the  Ross  Sea  area  by  24  May 
with  some  influx  of  altostratus  over  the  pole. 
Until  this  time  the  skies  had  been  clear.  The 
thermal  wind  relation  applied  to  the  20  May  raw- 
insonde profile  suggested  strong  baroclinicity 
(3.25°C/100  km).   The  wind  speed  then  dropped  to 
2  to  3  m/s  and  shifted  to  150°E.  At  0600  22  May, 
a  wedge  of  cold  air  arrived  at  the  pole  dropping 
the  surface  temperature  by  8°C  over  the  next  24 
hours.  The  facsimile  record  for  this  event  is 
shown  in  Figure  7.   Initially,  the  principal 
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Figure   7. 
station. 


Facsimile  recording  obtained  on  22  May   1975  showing  a  cold   "front"  arrival  at  South  Pole 
The  surface  pressure  minimum  occurred  at  0700  SPT.     It  is  postulated  that  the  elevated 
layers  that  follow  the  front  are  associated  with  subsidence  aloft. 
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thermal  wind  was  confined  to  the  lower  kilometer. 
On  succeeding  days  the  flow  remained  baroclinic 
but  the  region  of  large  shear  deepened  to  4  km. 
From  the  thermal  wind  relation  the  horizontal 
temperature  gradient  at  the  time  of  the  front  was 
2°C/100  km.   Figures  8  and  9  give  a  synopsis  of 
the  surface  and  radiosonde  observations  for  the 
event.   The  rawinsonde,  unfortunately,  reveals 
very  little  detail  about  the  wind  and  temperature 
structure  of  this  enhanced  downslope  flow  of  cold 
air.   Also  of  interest  is  the  occurrence  of  the 
surface  pressure  minimum  in  conjunction  with  the 
front.   The  absence  of  layered  structure  prior 
to  the  event  may  be  associated  with  the  divergence 
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Figure  8.      Time  series  plot  of  hourly  surface 
observations  of  wind  speed  and  direction,   and 
temperature  before  and  after  the  event  shown  in 
Figure   7. 
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Figure  9,      Rawinsonde  observations  taken  at  1115 
on  20,    21,   and  22  May   1975  which  show  the  events 
precursing  and  during  the  event  shown  in  Figure  7 . 
Selected  wind  azimuths  are  shown  that  reveal  the 
wind  shift  relative  to  the  continental  slope 
prior  to   the  occurrence  of  the  front. 


aloft  ahead  of  the  front  and  the  presence  of 
layers  after  the  event  with  the  subsequent  con- 
vergence aloft  and  sinking  motion. 

At  times  the  multilayered  acoustic  echo 
structure  exhibited  significant  sinusoidal  oscil- 
lations at  an  extremely  uniform  frequency.   For 
example,  on  9  February,  during  the  intrusion  of 
cold  air,  such  oscillations  were  observed  in 
multiple  layers  between  200  and  600  m  above  the 
surface.   Between  0900-1400  there  were  10  to  17 
wave  periods  per  hour  with  30  to  70  m  peak  to  peak 
amplitude.  From  1700  to  2200,  there  was  a  uniform 
13  waves  per  hour  with  the  nearly  sinusoidal 
patterns  exhibiting  60  m  peak  to  peak  amplitude. 
The  rawinsonde  ascent  at  11:15  showed  a  stable 
layer  between  254  and  736  m  with  the  convectively 
unstable  superadiabatic  lapse  below  and  a  nearly 
unstable  layer  just  above  736  m.   Computing  the 
Brunt-Vaisala  wave  frequency  N  for  the  stable 
layer  from  the  expression  N  =  (g/6)d8/dz, 
the  period  for  the  waves  is  17  waves  per  hour. 
This  is  in  such  good  agreement  with  the  observed 
period  that  it  seems  clear  the  wave  events  were 
indeed  gravity  waves.   Data  to  be  obtained  during 
1977  using  a  microbarograph  array  to  define  the 
wave  phase  velocity  relative  to  the  ground  should 
give  further  insight  into  such  events. 


5. 


CONVECTIVE  PLUMES 


During  58  hours  of  the  more  than  6,000 
hours  during  which  the  sounder  operated,  convec- 
tive  plumes  originating  at  the  ice  surface  were 
detected  by  the  sounder.   Five  separate  such  events 
occurred,  each  during  a  rapid  decrease  in  surface 
temperatures.   A  series  of  well-defined  plumes 
occurred  between  10:30  and  13:30  on  9  February 
1975,  SPT  (Z+12)  as  shown  in  Figure  10.   The  tem- 
perature had  dropped  from  -27.7°C  at  0700  to 
-37.4°C  by  2300.   It  is  hypothesized  that  since 
the  ice  surface  had  become  heated  by  the  relatively 
warmer  air  during  the  early  hours  of  the  day,  the 
rapid  intrusion  of  colder  air  found  the  ice  re- 
latively warmer  than  the  atmospheric  surface 
layer,  thus  setting  off  the  convection.   A 
radiosonde  ascent  at  11:15  showed  a  superadiabatic 
lapse  rate  in  the  lowest  138  m  of  the  atmosphere. 
Probably  because  of  convective  overshoot,  some 
of  the  plumes  detected  by  the  sounder  extended 
to  more  than  200  m.  The  other  events  showing 
convective  plumes  occurred  on  5  February  between 
2000  and  2100,  on  6  February  between  1000  and 
1500;  two  additional  cases  occurred  late  in  the 
year.  On  8  December  convection  lasted  for  23 
hours  while  on  17  December  plumes  extended  to  400  m 
for  18  hours.  The  latter  case  also  showed  a 
gradually-rising,  capping  inversion  which  eventually 
exceeded  the  600  m  range  of  the  sounder. 

Other  events  showing  abrupt  cooling  were 
not  accompanied  by  convective  plumes  that  could  be 
detected  on  the  facsimile  record.   On  several  such 
occasions  in  March  and  April,  the  sounder  depicted 
subsident  layers  above  the  ground-based  layer, 
which  probably  resulted  in  high  static  stability 
in  the  lower  few  hundred  meters.   If  there  was  any 
convection  because  of  cold  air  intrusion,  the 
plume  heights  must  have  been  kept  below  the  40  m 
minimum  range  of  the  sounder  by  such  subsidence. 
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FUTURE  PLANS 
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During  1977,  we  plan  to  operate  a  bistatic 
acoustic  sounder  to  provide  continuous  vertical 
profiles  of  CT  and  C   .   Together  these  quantities 
give  a  measure  of  the  local  dissipation  of  turbu- 
lent kinetic  energy  and  the  effects  of  the  turbu- 
lent mixing  process  on  the  .local  thermal  structure. 
In  1978  we  hope  to  update  the  sounder  system  to 
a  full  three-axis  Doppler  wind  profiling  system. 
This  should  alleviate  the  difficulty  with  rawinsonde 
data,  which  was  the  inability  to  resolve  detailed 
gradients  in  the  wind,  especially  when  multiple 
layers  are  present. 

7.        CONCLUSIONS 

An  acoustic  sounder  operating  for  a 
year  at  South  Pole  Station  has  provided  a  detailed 
climatology  of  the  statically  stable  boundary  layer 
which  overlies  the  Antarctic  ice  dome.   During 
the  six-month  austral  winter,  when  this  boundary 
layer  is  unperturbed  by  the  direct  effects  of 
solar  heating,  the  sounder  provided  a  continuous 
record  of  the  response  of  the  boundary  layer  to 
synoptic- scale  influences.   This  included  the 
passage  of  warm  and  cold  fronts,  which  are  usually 
only  schematically  indicated  in  the  once-daily 
rawinsonde  flights.   The  ground-based  layer  echo 
was  found  to  be  closely  related  to  the  Ekman  layer 
depth  and  reflected  changes  in  surface  stress  and 
heat  flux.   On  several  occasions  rapid  changes  in 
air  masses  and  the  effect  of  transient  heat  storage 
in  the  ice  led  to  vertical  convection  of  heat  from 
the  ice  surface.   Finally,  elevated  layers  and 
internal  waves  were  frequently  observed  and 
appeared  to  relate  to  changes  in  the  synoptic 
flow. 
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success  of  the  project. 
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Figure   10.      Facsimile  recording  obtained  on  9  February   1975  showing  convective  plumes 
beneath  multiple  elevated  scattering   layers. 
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An  atmospheric  acoustic  echo  sounder,  with  a 
vertical  range  of  600  meters,  was  operated  success- 
fully at  Amundsen-Scott  South  Pole  Station  through- 
out 1975.  The  sounder  operates  on  a  backscatter 
principle  similar  to  that  of  radar.  It  utilizes  as  scat- 
terers  small-scale  (10-centimeter)  temperature  in- 
homogeneities  produced  by  turbulence  in  regions 
of  larger  scale  temperature  gradients.  Such  grad- 
ients occur  typically  in  temperature  inversions  and 
in  superadiabatic  regions  associated  with  convec- 
tion from  a  warm  surface.  The  facsimile  record- 
ings obtained  from  the  sounder  thus  allow  one  to 
trace  the  evolution  of  inversion  layers  such  as  those 
that  generally  occur  at  the  South  Pole. 

The  records  obtained  during  1975  provide  a  de- 
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Figure  2.  Comparison  of  the  depth  of  the  ground-base  layer 
(GBL)  from  the  sounder  facsimile  with  the  depth  of  the  prin- 
cipal ground-based  inversion  obtained  from  the  daily  rawin- 
sonde.  The  dashed  line  represents  perfect  agreement  A 
least-squares  fit  gave  a  slope  of  0.94  with  an  x  Intercept  of 
10  meters,  the  standard  deviation  from  the  best-fit  line  was 
20  meters. 


tailed  climatology  of  the  atmospheric  boundary 
layer  at  the  Pole.  They  show  the  response  of  the 
boundary  layer  to  synoptic  scale  disturbances. 
Events  such  as  cold  fronts  are  revealed  well  (figure 
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Figure  1 .  Facsimile  record- 
ing obtained  on  22  May 
1975  showing  cold  "front" 
arrival  at  South  Pole  Sta- 
tion. The  surface  pressure 
minimum  occurred  at  0700 
local  time  (1900  Greenwich 
Mean  Time,  21  May  1975). 
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1)  because  of  the  increased  scattering  at  the  boun- 
dary of  the  cold  air  mass.  Such  events,  because  of 
the  filtering  effect  of  the  surface  inversion  and  the 
sparsity  of  rawinsonde  observations,  have  in  the 
past  been  ill-defined  over  the  ice  dome. 

The  "undisturbed"  inversion  layer  usually  was 
associated  with  an  almost  continuous  echo  that  ex- 
tended beyond  the  40-meter  minimum  range  of  the 
sounder  to  heights  as  great  as  300  meters.  The 
deepest  layers  generally  occurred  during  the  strong 
winds  that  typify  warm,  moist  advection  from  the 
quadrant  west  of  the  Greenwich  meridian.  The  top 
of  the  echo  region  corresponded  to  the  top  of  the 
principal  ground-based  inversion  measured  by  the 
daily  rawinsonde.  Figure  2  is  a  scatter  diagram 
based  on  the  period  March  to  August  1975.  The 
depth  of  the  echo  layer  was  found  to  vary  inversely 
with  the  static  stability.  This  behavior,  described  in 
more  detail  by  Neff  and  Hall  (in  press),  suggests  a 
turbulent  Ekman  layer.  We  are  testing  this  hypothe- 
sis in  cooperation  with  the  University  of  California 
at  Davis  using  the  University's  micrometeorologi- 
cal  data  from  the  Pole. 

During  58  hours  of  the  more  than  6,000  hours 
the  sounder  operated,  the  sounder  detected  con- 
vective  plumes  originating  at  the  ice  surface.  Five 
such  events  occurred,  each  during  a  rapid  decrease 
in  surface  temperature.  We  hypothesize  that  rapid 
intrusion  of  colder  air  over  the  relatively  warmer 
ice  sets  off  the  convection.  On  17  December  plumes 
extended  to  400  meters  for  18  hours.  This  event 
showed  a  gradually  rising,  capping  inversion  that 
eventually  exceeded  the  sounder's  600-meter 
range. 

We  plan  further  studies  using  a  bistatic  acoustic 
sounder  during  1977  to  obtain  quantitative  infor- 
mation on  the  turbulence  structure  above  the  layer 
that  can  be  studied  using  surface  instruments.  A 
microbarograph  array  is  to  be  installed  in  January 
1977  to  aid  in  the  interpretation  of  the  acoustic 
sounder  data. 

This  research  is  supported  in  part  by  National 
Science  Foundation  grant  dpp  74-24415. 
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curring  within  an  essentially  laminar  flow.  Since  the  upper- 
most of  these  multiple  layers  marks  the  top  of  the  inversion 
(or  the  bottom  of  the  isothermal  layer),  this  implies  that  the 
inversion  depth  is  not  always  determined  bv  the  effects  of 
surface  friction  and  "eddy  diffusive"  effects,  but  depends  at 
times  on  larger  scale  dynamics.  However,  the  acoustic 
sounder  does  allow  one  to  identify  the  surface  layer  within 
the  deeper  inversion  and  will  provide  a  means  of  testing 
theories  that  relate  the  depth  of  this  layer  to  surface 
parameters. 

During  a  short  portion  of  the  recording  we  obtained  Dop- 
pler  information  from  the  tilted  (15°  from  the  vertical) 
monostatic  sounder.  In  this  mode  the  velocity  component 
along  the  beam  is  given  by 


'Bern    =    vHor  sin  15°    +    w  cos  15° 


Acoustic  sounder  operations  at 
South  Pole  Station 


Since  the  vertical  velocity,  w,  averages  to  zero,  this  allows 
one  to  determine  the  mean  wind  component  along  the 
beam  The  fluctuations  in  horizontal  velocity  are  also 
weighted  by  sin  15°  or  a  factor  of  0.26.  We  calculated  the 
mean  wind  for  the  turbulent  breaking  wave  case  shown  in 
figure  2,    and   found   a  value  near  4.5   meters  per  second. 
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An  acoustic  sounder  was  in  operation  at  South  Pole  Sta- 
tion throughout  1975  (Neff  and  Hall,  1976  a,  b).  In  the 
backscatter  mode,  sound  waves  are  scattered  by  small-scale 
thermal  fluctuations,  thus  defining  the  location  of  turbulent 
inversion  layers.  At  other  scattering  angles  turbulent  veloci- 
ty fluctuations  also  contribute,  giving  a  measure  of  the  in- 
tensity of  the  small  scale  turbulence  and  its  spatial  distribu- 
tion. The  mean  motion  of  the  air  volume  advecting  the 
small-scale  eddies  also  induces  a  Doppler  shift  that  can  be 
detected  using  either  analog  or  digital  computer  techniques 

During  January  and  February  1977.  we  set  up  a  sounding 
system,  utilizing  bistatic  geometry  and  Doppler  principles, 
at  Amundsen-Scott  South  Pole  station  to  study  the  tur- 
bulence structure  and  evolution  of  the  statically  stable 
boundary  layer  over  the  ice  plateau  Because  waves  and 
dynamical  instabilities  are  an  ever  present  feature  of  such 
layers,  we  installed  a  sensitive  pressure  sensor  array  to  track 
the  movement  of  such  events  across  the  site  We  also 
mounted  a  sensor  on  the  8-meter  micrometeorologica!  mast 
to  measure  the  root  mean  square  (kms)  temperature  dif- 
ference between  two  platinum  wire  probes  spaced  20  cen- 
timeters apart  in  the  horizontal  The  so-called  structure 
parameter.  Op  derived  from  this  measurement  is  a  function 
of  the  surface  heat  flux  and  allows  us  to  correlate  surface 
events  with  waves  and  instabilities  aloft  as  seen  by  the 
sounder.  All  these  sensors  are  shown  schematically  in  figure 
1. 

The  sounders  operated  in  the  bistatic  mode  lor  a  lew  days 
prior  to  the  departure  of  summer  personnel.  From  these 
data  we  have  determined  that  the  elevated  scattering  layers 
documented  during   1975  are  the  result  of  turbulence  oc 
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Figure  1.  Site  plan  showing  the  locations  ol  the  acoustic 
sounders,  microbarographs,  and  micrometeorological  mast 
relative  to  the  new  Clean  Air  Facility  (CAF)  at  South  Pole  Sta- 
tion. The  main  station  is  200  meters  to  the  left  (to  the  west) 
ol  the  sounders. 
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Figure  2.     Acoustic  sounder  facsimile  recording  obtained 
on  10  February  1977  at  South  Pole  Station. 
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Assuming  a  fluctuation  in  horizontal  wind  one  quarter  tin 
mean  wind,  this  leads  to  .1  maximum  error  of  0.3  mctei  |><  1 
second  in  the  vcrlit  al  vclot  ities  1  he  tr.ues  in  figure  3  show 
however,  thai  the  vertical  velocities  approach  1  meter  |  '<  r 
second  aloft  in  1  he  breaking  waves.  Note  also  the  strong  cor 
relation  between  the  pressure  variation  at  the  surface  and 
the  vertical  velocities.  The  acoustic  s\stem.  as  installed,  was 
not  intended  to  produce  the  horizontal  wind  component ;  l  he 
values  observed  were  nonetheless  in  reasonable  agreement 
with  the  4.2  meters  per  second  wind  from  I  12°  at  8  meters 
on  the  University  of  California  at   Davis  micrometoorolocv 


adapted  to  cold  temperatures,  and  a  collocated  fast  response 
platinum  wire  thermometer.  This  sytcm  is  to  be  operated 
during  the  winter  of  1978  by  Hans  Ramm  following  the 
setup  in  January. 

I  his  research  is  being  supported  in  part  by  National 
Science  Foundation  grants  DPP  74  24415  and  DPP 
77  04865. 
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occasion     the  effect   of  vertical   mixing  and   increased   heat 
flux  associated  with  these  breaking  wave  motions. 

The  system  is  being  maintained  through  the  austral 
winter  by  Gary  Rosenberger  and  Brad  Halter  of  the 
NOAA-Global  Monitoring  for  Climatic  Change  project.  Dur- 
ing 1978  we  will  set  up  a  complete  Dop^der  wind  system 
which  will  provide  continuous  wind  profiles  from  about  30 
meters  to  as  high  as  400  meters.  This  will  allow  us  to  monitor 
the  relation  between  the  wind  at  the  top  of  the  surface  inver 
sion  and  the  surface  wind  and  turbulent  fluxes.  Surface 
fuxes  will   be  provided  by  a   three-axis  sonic  anemometer. 
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Figure  3.  Time  series  of  the  temperature  structure 
parameter  (which  is  related  to  the  surface  heat  flux),  the 
pressure  lluctuafions  from  one  element  of  the 
microbarograph  array,  and  the  acoustically-derived  vertical 
velocity.  These  are  for  the  case  shown  in  figure  2. 
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Summary 

The  variation  of  heat  flux  with  height  in  inversion-capped  convective  boundary  layers  is 
discussed.  Cospectral  shapes  at  levels  above  approximately  one-tenth  the  height  of  the  lowest 
inversion  base  (zt)  are  shown  to  depart  significantly  from  surface  layer  forms.  The  characteristic 
wavelength  for  heat  flux  increases  rapidly  in  the  first  150m  of  the  boundary  layer  but  shows  little 
variation  between  ISO  and  300  metres.  Around  sunset,  the  transition  to  negative  heat  flux  occurs 
first  in  the  upper  regions  of  the  boundary  layer  and  propagates  downwards  to  the  surface. 

1.    Introduction 

In  a  recent  paper,  Kaimal  et  al.  (1976)  described  a  joint  experiment  conducted  by  the  Meteoro- 
logical Research  Unit  (MRU),  RAF  Cardington,  England,  and  the  Air  Force  Cambridge  Research 
Laboratories,  Bedford,  Mass.,  USA,  in  the  autumn  of  1973.  The  objectives  were  to  make  measure- 
ments of  the  vertical  fluxes  of  momentum  and  heat,  and  of  the  profiles  of  wind  velocity  and  tem- 
perature, within  the  planetary  boundary  layer.  The  experiment  was  conducted  over  a  very  flat, 
sparsely  populated  area  in  northwestern  Minnesota.  By  using  tower-mounted  sensors  in  conjunction 
with  turbulence  probes,  attached  to  the  tethering  cable  of  a  large,  1300mJ,  kite  balloon,  it  was 
possible  to  obtain  wind  and  temperature  statistics  at  seven  levels  between  4m  and  the  height  of  the 
lowest  inversion  base  (denoted  in  this  paper  by  the  symbol  z,).  The  paper  by  Kaimal  el  al.  examined 
data  obtained  in  convective  conditions  within  the  framework  of  mixed-layer  similarity. 

In  this  paper  we  consider  some  aspects  of  heat  flux  and  its  variation  in  the  first  few  hundred 
metres  above  the  ground,  using  data  from  eight  runs,  each  of  seventy-five  minutes  duration, 
representing  cloud-free  convective  conditions.  Additionally,  data  obtained  during  the  evening 
transition  to  stable  conditions  are  used  to  illustrate  the  breakdown  of  the  convective  boundary  layer. 
For  details  of  the  experiment  and  information  on  z,  and  other  scaling  parameters  for  each  run  the 
reader  is  referred  to  earlier  papers  by  Readings  et  al.  (1974)  and  Kaimal  et  al.  (1976).  Information 
on  the  instrumentation  and  data  reduction  techniques  are  in  the  report  by  Izumi  and  Caughey 
(1976). 

2.    Variation  of  the  heat  flux  with  height 

The  heat  flux  in  the  convective  boundary  layer  is  expected  to  decrease  monotonically  with 
height,  becoming  negative  in  the  upper  half  of  the  boundary  layer.  The  dimensionless  profiles 
available  from  this  experiment  (Fig.  1)  show  the  cross-over  to  negative  (downward)  flux  occurring 
around  0-6z„  with  a  spread  from  0-4  to  0-8;,.  These  profiles  resemble  those  obtained  from  aircraft 
measurements  (Lenschow  1974;  Pennell  and  LeMone  1974),  laboratory  experiments  (Willis  and 
Deardorff  1974),  and  numerical  model  calculations  (Deardorff  1972;  Wyngaard  and  Cot6  1974), 
except  for  a  tendency  for  the  profiles  of  Fig.  1  to  cross  zero  at  slightly  lower  heights. 

The  negative  heat  flux  in  the  upper  boundary  layer  has  been  traced  to  downward  transport  of 
warmer  air  entrained  into  the  boundary  iayer  through  the  inversion  base  by  the  return  flow  asso- 
ciated with  large  convection  cells  in  the  boundary  layer  (Kaimal  et  al.  1976).  The  effects  of  such 
entrainment  have  been  observed  in  the  temperature  and  heat  flux  statistics  down  to  heights  of  the 
order  of  Q-5z,.  The  observed  variation  in  the  level  of  zero  heat  flux  is  probably  a  reflection  of  the 
variation  in  entrainment  intensity  from  run  to  run. 

3.    Heat  flux  cospectra 
The  negative  heat  flux  in  the  upper  boundary  layer  appears  in  cospectral  plots  as  large  negative 
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Figure  1.     Variation  of  dimensionless  heat  flux  (QIQ0)  with  logarithmic  dimensionless  height  (r/*f). 
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Figure  2.    Composite  curves  for  heat  flux  cospectra  at  five  heights. 


contributions  in  the  frequency  range  10~2  to  10~*Hz.  Cospectral  behaviour  at  those  heights  is  not 
consistent  enough  to  justify  the  development  of  composite  plots,  but  in  the  height  range  of  z  <  0-2r, 
(below  about  300  m  for  the  Minnesota  data)  the  flux  is  almost  entirely  upwards  and  one  can  expect 
some  order  to  emerge.  Composite  curves  for  the  logarithmic  cospectra,  normalized  by  the  local 
kinematic  heat  flux  Q  (=  wd),  show  a  small  but  systematic  variation  with  height  in  the  first  150m 
(Fig.  2)  when  plotted  as  a  function  of  dimensionless  frequency/  (  =  nz/U  ***  z/A);  n  is  cyclic  frequency, 
z  height  above  ground,  U  mean  wind  speed,  and  A  wavelength  (  =  Ujn).  In  the  inertial  subrange  they 
all  converge  to  a  single  curve  as  in  the  Kansas  results  (Kaimal  et  al.  1972)  and  follow  the  same 
empirical  relationship, 

«Cw»/G=0-14/—'»  .  .  .  .  (0 

Here  w  and  0  are  the  fluctuating  vertical  wind  component  and  temperature,  respectively,  and  Cw,(fl) 
is  their  cospectral  density  at  frequency  n. 

At  lower  frequencies  the  4  and  32  m  curves  of  Fig.  2  fall  within  the  narrow  cospectral  band 
defined  by  the  scatter  in  the  unstable  Kansas  cospectra.  Within  this  band,  the  Minnesota  data  show 
a  systematic  shift  to  higher/values  with  height.  But  as  the  low  frequency  end  continues  to  shift  with 
height  above  32  m,  the  cospectral  curves  move  farther  and  farther  away  from  the  Kansas  results. 
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Figure  3.    Plot  of  the  wavelength  of  the  maximum  heat  flux  versus  height. 


Above  1 50m  a  more  abrupt  change  occurs  as  the  inert  ial  subrange  cospectrum  breaks  away  from  the 
surface  layer  form  represented  by  Eq.  (1). 

The  plot  of  ?.„  (wavelength  corresponding  to  the  cospectral  peak)  versus  height  in  Fig.  3  shows 
Xm  increasing  with  height  between  4  and  152  m  and  levelling  off  to  a  constant  value  between  152  and 
305  m.  This  constant  value  (different  for  each  run)  is  of  the  order  of  \Szt,  which  is  also  the  limiting 
value  for  Xm  in  the  Minnesota  temperature  and  velocity  spectra  (Kairfial  et  al.  1976).  The  Minnesota 
data  show  z,  emerging  as  the  important  length  scale  at  z  >  Q-lz,  and  the  limiting  wavelength  of 
l-5r4  as  the  approximate  spacing  between  large  thermals  in  the  boundary  layer. 

4.    Breakdown  of  the  convective  boundary  layer 

The  Minnesota  experiment  provided  an  excellent  opportunity  to  observe  in  detail  the  progression 
of  heat  flux  at  different  heights  as  the  convective  boundary  layer  disintegrated  shortly  before  sunset. 
Much  recent  work  has  been  devoted  to  the  study  of  the  evolution  of  the  convective  boundary  layer 
between  sunrise  and  noon  (see,  e.g.,  Richter  et  al.  1974;  Neff  1975;  Zilitinkevich  1975;  Tennekes 
1975;  Chorley  et  al.  1975;  Mahrt  and  JLenschow  1976),  yet  not  much  is  known  about  the  details  of 
its  dissolution  near  sunset.  The  time/height  plot  of  heat  flux  (15-minute  averages)  in  Fig.  4  shows 
that  this  breakdown  is  rapid,  occurring  in  a  matter  of  minutes.  During  this  period  the  level  of  zero 
heat  flux,  located  normally  around  0-6Zj,  makes  a  sudden  descent  to  the  surface.  This  occurs  almost 
an  hour  before  local  sunset  and  is  typical  of  other  evening  transitions  observed  during  this  experi- 
ment. It  is  surprising  that  the  transition  to  negative  heat  flux  propagates  downwards  to  the  surface, 
and  not  upwards  as  one  might  expect.  Following  this  event  a  surface-based  inversion  begins  to 
develop  in  line  with  the  conventional  view  of  nocturnal  layer  build-up,  and  we  see  a  gradual 
intensification  of  the  downward  heat  flux  near  the  surface.  This  surface  inversion  may  break  down 
and  form  again  during  the  course  of  the  evening. 

5.    Concluding  comments 
These  results  serve  to  emphasize  the  importance  of  entrained  heat  flux  in  the  inversion-capped 
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Figure  4.     Isopleths  of  the  15-minute  heat  fluxes  for  run  7  covering  the  transition  period  around  sunset. 

Units  are  cms"'K. 

convective  boundary  layers  which  were  present  during  the  Minoesota  experiment.  The  low  height 
values  obtained  for  cross-over  to  negative  heat  flux  is  an  indication  of  the  intensity  of  entrainment 
in  the  upper  boundary  layer  on  these  occasions.  Cospectral  shapes  differ  significantly  from  the 
surface  layer  forms  above  0-lz,  and  at  these  heights  the  characteristic  wavelength  for  heat  flux 
approaches  1-5  times  the  inversion  height,  the  length  scale  of  the  large  convection  systems  in  the 
boundary  layer.  The  observed  lag  between  the  cross-over  to  negative  heat  flux  aloft  and  at  the 
surface  around  sunset  needs  closer  study  because  of  its  implications  in  the  modelling  of  stable 
boundary  layers. 
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ABSTRACT 

An  AFCRL-UCSD  joint  experiment  in  Minnesota  in  1973  has  provided  a  comparison  of  direct  and 
indirect  measurements  of  the  surface-layer  fluxes  of  momentum,  heat  and  moisture  under  unstable  conditions. 
The  direct  momentum  and  heat  flux  measurements  of  the  two  groups  agreed  well,  and  also  agreed  well  with 
values  inferred  by  the  direct  dissipation  technique.  The  moisture  flux  estimates  from  the  inertial-dissipation 
technique  also  agreed  well  with  the  directly  measured  values. 

Several  of  the  important  terms  in  the  budgets  of  turbulent  kinetic  energy  and  turbulent  scalar  variances 
were  evaluated  directly.  The  imbalance  (or  pressure  transport)  term  in  the  energy  budget  was  estimated, 
and  the  ratio  of  the  imbalance  term  to  the  dissipation  term  determined  from  the  present  experiment  agrees 
well  with  the  Kansas  results.  The  dissipation  rate  of  temperature  variance  exceeded  its  production  rate,  in 
contrast  with  the  Kansas  results,  implying  an  imbalanced  temperature  variance  budget.  Several  possible 
contributors  to  this  imbalance  are  discussed. 

The  one-dimensional  spectra  of  the  temperature  and  streamwise  velocity  fluctuations  are  presented  in 
Kolmogorov  normalized  form.  Spectral  moments  to  fourth  order  are  shown  to  agree  with  earlier  results. 
Values  of  the  universal  velocity  and  temperature  spectral  constants  of  ai  =  0.50±0.02  and  08  =  0.45 ±0.02 
were  obtained. 


1.  Introduction 

The  turbulent  fluxes  of  momentum,  heat  and  moisture 
in  the  atmospheric  surface  layer  are  important  to  many 
aspects  of  meteorology  and  oceanography.  Conse- 
quently, the  surface  layer  has  been  studied  in  some 
detail,  with  emphasis  on  understanding  turbulent 
transport  processes  under  a  wide  range  of  stability 
conditions  and  on  developing  instrumentation  and 
techniques  to  determine  the  turbulent  fluxes.  For  a 
review  of  experimental  methods  used  in  atmospheric 
boundary  layer  studies,  see  Atmospheric  Technology,  No. 
7,  1975. 

There  are  several  methods  for  determining  surface 
layer  fluxes,  including  the  direct  covariance  method 
which  requires  the  measurement  of  the  covariance  of 
the  turbulent  variables,  and  the  profile,  inertial-dissipa- 
tion and  direct  dissipation  rate  techniques  where  the 
fluxes  are  obtained  indirectly,  using  measurements  of 
related  statistical  quantities.  The  direct  covariance 
method,  while  straightforward,  generally  requires  the  use 
of  expensive  equipment  to  obtain  accurate  measure- 


1  Also  Scripps  Institution  of  Oceanography. 


ments.  In  ship  or  aircraft  applications,  instrument  plat- 
form motion  can  severely  contaminate  the  velocity 
signals,  thereby  degrading  the  flux  measurements. 
Correction  for  this  contamination  is  extremely  difficult 
since  it  requires  precise,  simultaneous  measurement  of 
the  instrument  platform  motion  (see  Kaimal  and 
Haugen,  1969). 

The  dissipation  rate  techniques  are  much  less  sensi- 
tive to  instrument  platform  motion.  The  measurement 
of  the  dissipation  rates  of  the  turbulent  velocity,  tem- 
perature and  humidity  fields  can  be  made  at  fre- 
quencies much  higher  than  those  of  the  platform  motion 
so  that  contamination  is  minimized.  The  dissipation 
rate  measurements  are  obtained  either  from  spectral 
density  or  structure  function  data  in  the  inertial  sub- 
range of  frequency  or  spatial  separation  (the  inertial- 
dissipation  technique),  or  by  direct  measurement  of  the 
derivative  statistics  which  define  the  dissipation  rates 
(the  direct  dissipation  technique).  The  turbulent  fluxes 
are  then  estimated  through  the  use  of  the  budget  equa- 
tions for  the  turbulent  kinetic  energy,  temperature 
variance  and  humidity  variance,  as  discussed  in  detail 
later. 

Here  we  present  results  for  momentum,  heat  and 
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moisture  fluxes  obtained  by  direct  and  indirect  tech- 
niques, as  well  as  turbulent  fine-structure  revealed  in 
the  process  of  direct  dissipation  measurements. 

2.  Flux  determination  techniques 

a.  The  direct  covariance  method 

The  vertical  fluxes  of  momentum,  sensible  heat  and 
moisture  are  defined  by 


T~  —  pllW  =  pUifT 

H=pcpw6=  —pcpn*T* 


E=wq- 


■u^q* 


(1. 


where  u  and  w  are  the  streamwise  horizontal  and  the 
vertical  velocity  fluctuations,  8  is  the  temperature 
fluctuation,  q  the  humidity2  fluctuation,  p  air  density, 
cp  specific  heat  at  constant  pressure  w*  the  friction 
velocity,  T*  and  q*  the  temperature  and  humidity 
scales,  respectively,  and  the  overbar  denotes  a  time 
average. 

In  the  direct  covariance  method  one  forms  the  in- 
stantaneous product  of  the  vertical  velocity  with  the 
variable  of  interest  and  averages  the  result.  The  covari- 
ances  uw,  wd  and  wq  are  also  integrals  of  their  respective 
cospectra  over  frequency.  The  bandwidth  required  to 
measure  the  entire  uw  cospectrum,  for  example,  is 
typically  on  the  order  of  10~3^/z/£^  10,  where  /  is 
frequency  {Hz),  z  the  height  above  the  surface,  and 
U  the  mean  wind  speed  (see  McBean,  1972). 

b.  Inertial-dissipation  technique 

This  method,  apparently  first  proposed  by  Deacon 
(1959)  and  demonstrated  by  Taylor  (1961),  has  been 
applied  by  many  investigators  to  the  surface  layer  over 
the  ocean.  These  include  Smith  (1967),  Weiler  and 
Burling  (1967),  Miyake  et  al.  (1970),  Smith  (1970), 
Pond  et  al.  (1971),  Hicks  and  Dyer  (1972),  Stegen  et  al. 
(1973),  Dyer  (1975),  and  Leavitt  and  Paulson  (1975). 
In  the  earlier  works,  neutral,  locally  isotropic,  hori- 
zontally homogeneous,  stationary  surface-layer  turbu- 
lence was  usually  assumed,  with  a  kinetic  energy 
balance 

-a» —  =  e,  (2) 

dz 

where  the  first  term  represents  shear  production  and  e  is 
the  rate  of  dissipation  of  turbulent  kinetic  energy. 
Under  the  assumed  conditions,  we  have 


dU    w* 
dz      kz 


(3) 


where  k  is  von  Karman's  constant.  Combining  Eqs. 
(2)  and  (3)  yields 

u*2  —  —uw  —  (k  ez)K  (4) 

The  value  of  e  can  be  determined  from  a  measurement 
of  the  one-dimensional  velocity  spectrum  in  the  inertial 
subrange,  i.e., 


2  Precisely,   q  is  water   vapor  density   or  absolute  humidity 
(g  nr3). 
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<Puu(ki)dkh         (5) 


where  a\  is  the  one-dimensional  Kolmogorov  constant, 
assumed  known,  and  k\  is  the  wavenumber  obtained 
from  the  cyclic  frequency  /  using  Taylor's  approxima- 
tion (see  Taylor,  1938,  and  Lumley,  1965),  k\  =  2-x fU~l. 
Equivalently,  Taylor  (1961)  determined  e  from  the 
second-order  structure  function  in  the  inertial  sub- 
range, i.e., 


Duu(r)  =  [u(x+r)-u(x)y  =  1.02a1eh1> 


(6) 


where  r  is  the  magnitude  of  the  separation  vector. 

Thus,  from  Eq.  (4),  the  momentum  flux  under  neutral 
conditions  can  be  estimated  using  e  obtained  from  Eqs. 
(5)  or  (6).  Away  from  neutral,  however,  the  effects  of 
stability  on  the  mean  profiles  and  on  the  turbulent 
energy  budget  should  be  considered. 

The  budget  of  the  turbulent  kinetic  energy,  Je2 
=  \(u2jrv2jrw2),  simplifies  under  the  assumptions  of 
horizontal  homogeneity  and  stationarity  to 


—  BU     g   —  — 

■uw | (w0+O.61  Twm)- 

dz      Tv 


1  d__ 

we2 

2  dz 

i  a_ 

— pw-e  =  0,     (7) 
p  dz 

where  7\  =  r(l+0.61M)  is  the  virtual  temperature,  T 
is  the  mean  absolute  temperature,  m  the  fluctuating 
specific  humidity,3  M  the  mean  specific  humidity  and 
P  the  pressure  fluctuation.  The  terms  in  Eq.  (7)  repre- 
sent, respectively,  the  shear  production,  buoyant  pro- 
duction (including  the  effect  of  humidity  fluctuations), 
divergence  of  the  turbulent  flux  of  kinetic  energy,  di- 
vergence of  the  pressure-velocity  covariance  or  pressure 
transport,  and  dissipation.  Under  unstable  conditions, 
many  investigators  (see  Busch  and  Panofsky,  1968; 
Pond  et  al,  1971 ;  McBean  et  al,  1971 ;  Hicks  and  Dyer, 
1972)  have  approximated  (7)  by 

_dU     g   —  — 

— uw 1 (wd+0.6\Twm)  —  e  =  0,  (8) 

dz      Tv 

which  states  that  total  production  balances  dissipation. 


3  The  specific  humidity  m  is  related  to  q  by  m  =  7.735  X10~4 
Tq/m,  where  the  units  of  m  are  grams  of  water  vapor  per  gram 
of  moist  air,  those  of  q  are  grams  of  water  vapor  per  cubic  meter 
of  moist  air,  and  T  is  in  kelvins. 
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An  extensive  and  systematic  investigation  of  the 
energy  budget  was  carried  out  during  the  1968  AFCRL 
Kansas  experiment  (Haugen  et  al.,  1971;  Wyngaard 
and  Cote,  1971).  All  terms  except  pressure  transport 
were  measured,  and  the  dissipation  rate  e  was  obtained 
from  hot-wire  anemometer  measurements  extending 
over  the  dissipative  range.  Wyngaard  and  Cote  (1971) 
concluded  from  their  analysis  of  the  Kansas  data  that 
the  buoyant  production  and  the  flux  divergence  terms 
are  approximately  in  balance  for  the  stability  range 
—  l^s/L^O  so  a  better  budget  approximation  than 
Eq.  (8),  at  least  for  the  over-land  case,  is 


—  dU 

dz 


(9) 


where  /  is  the  measured  imbalance,  a  substantial  gain 
term  under  unstable  conditions.  They  suggested  that 
this  imbalance  could  be  attributed  to  the  only  un- 
measured term,  pressure  transport.  A  recent  attempt 
to  measure  pressure  transport  directly  by  McBean  and 
Elliott  (1975;  see  also  Elliott,  1975)  gave  general  agree- 
ment with  Wyngaard  and  Cote's  conclusion.  The  em- 
pirical expression  for  the  imbalance  term  given  by 
Wyngaard  and  Cote  (1971)  is 


kZ 


-/=(l-15z/£)-*-(l+0.5|z/Z.|»)*,         (10) 


where  L  is  the  Monin-Obukhov  length  scale  defined  as 


L  =  [—u*3Tv/Kg(we+0.61Twm)']. 


:n) 


Mean  profiles  are  also  strongly  affected  by  stability. 
Dyer  (1967)  and  Businger  et  al.  (1971)  found  that  under 
unstable  conditions  Eq.  (3)  is  invalid,  and  instead 

/  3  \       KZ   dU 

<Pm(-)  = =(1-152/1)-!.  (12) 

\L  /      u*    dz 

The  history  of  indirect  flux  measurement  techniques 
presents  a  rather  confused  picture.  Various  expressions 
for  the  mean  profiles  and  for  the  turbulent  energy 
budget  have  been  used.  Further,  stability  effects  have 
not  always  been  consistently  included,  and  various 
values  have  been  used  for  the  Kolmogorov  and 
von  Karman  constants.  Possibly  because  of  compen- 
sating errors,  however,  some  of  these  earlier  attempts 
have  been  fairly  successful.  For  estimating  the  momen- 
tum fluxes  from  the  slightly  unstable  BOMEX  data, 
Pond  et  al.  (1971)  used  Eq.  (8),  <*i  =  0.55,  and  the 
logarithmic-profile  form  Eq.  (3).  Their  results  exhibit 
considerable  scatter  but  appear  to  compare  favorably 
with  the  directly  computed  flux  values.  They  neglected 
the  effects  of  stability  on  the  velocity  profile,  although 
not  on  the  scalar  profile,  as  they  obtained  better  results 
in  doing  so.  Hicks  and  Dyer  (1972)  used  Eqs.  (5),  (8) 


and  (12)  to  estimate  the  momentum  flux  over  land  and 
suggest  the  same  for  the  surface  layer  over  water.  They 
concluded  that  their  estimates  of  the  momentum  flux 
were  adequate  using  a  value  of  ai  of  0.54,  but  pointed 
out  the  need  for  further  investigation. 

Until  further  results  concerning  the  energy  budget 
become  available,  it  would  seem  preferable  to  use 
Eq.  (9)  along  with  Eqs.  (10)  and  (12)  to  estimate  the 
momentum  flux  under  unstable  conditions  by  the 
inertial  dissipation  technique.  Combining  these  equa- 
tions gives 

K2« 


L(l+0.5|z/L|?)5J 


(13) 


Note  that  the  presence  of  the  stability-dependent  term 
introduces  further  complications  in  that  the  sensible 
heat  and  moisture  fluxes  must  be  known  to  estimate 
the  momentum  flux.  This  means  the  state  of  stability 
of  the  surface  layer  must  be  established  to  determine 
the  fluxes. 

The  budget  equations  for  the  scalar  variances  under 
stationary,  horizontally  homogeneous  conditions  are 


_dr     d 

■2wd w62  =  Xe, 

dz      dz 


■2wq- 


_dQ 


dz     dz 


— wq2  =  Xq, 


(14) 


(15) 


where  Q  is  the  mean  humidity  (g  m~3),  and  X«  and  Xq 
are  the  temperature  variance  and  humidity  variance 
dissipation  rates,  respectively.  Note  that  the  scalar 
variance  equations  (14)  and  (15)  are  written  for  the 
budgets  of  02  and  q2  rather  than  \d2  and  \q2.  The  first 
term  in  each  equation  is  the  rate  of  production  by  in- 
teraction of  the  vertical  turbulent  flux  with  the  mean 
scalar  gradient.  The  second  and  third  terms  in  each 
equation  represent  the  divergence  of  the  vertical  flux 
of  scalar  variance  and  the  rate  of  destruction  by 
molecular  diffusivity,  respectively. 

There  have  been  fewer  experimental  studies  of  the 
scalar  variance  budget  equations  than  of  the  kinetic 
energy  budget  equation.  Wyngaard  and  Cote  did  not 
measure  Xe,  but  found  that  the  flux  divergence  term  for 
temperature  variance  averaged  about  —5%  of  the 
production  term  in  the  unstable  range  —  l^z/L^O. 
Thus 

__ar 

Xe=-2w6 — .  (16) 

dz 

This  gave  values  of  the  Kolmogorov  inertial  subrange 
constant  (3$,  where 


<pee 


(k1)=l3eX6e-*krb'\02=         <pee(k,)dkh      (17) 


which  agreed  with  most  of  the  data  available  then. 
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Monji  (1973)  also  found  Eq.  (16)  to  be  valid  over 
land  [Xe  was  inferred  from  inertial  subrange  spectral 
measurements  using  Eq.  (17)],  and  observed  that  the 
flux  divergence  term  changed  sign  for  z/L<  —1,  as  did 
Wyngaard  and  Cote.  Garratt  (1972),  from  data  taken 
over  the  surface  of  a  lake,  also  found  that  production 
essentially  balanced  estimated  dissipation.  In  all  the 
referenced  studies  of  the  02  budget  the  value  of  Xe  was 
not  directly  measured  but  was  inferred  from  Eq.  (17) 
using  a  /S«  value  of  0.4.  Recent  measurement  of  /?«  ob- 
tained over  land  by  Williams  (1974)  and  those  reported 
herein  are  not  significantly  different  and  do  not  alter 
any  of  the  conclusions  reached  in  the  referenced  studies. 
Therefore,  Eq.  (16)  will  be  considered  a  valid  approxi- 
mation for  the  temperature  variance  budget. 

The  Kansas  result  for  the  mean  temperature  gradient 
is  (Businger  et  al.,  1971) 


<rh 


KZ     dT  1 

/*    dz      aTy 


-i 


(18) 


for  unstable  conditions,  where  e*r  is  the  ratio  of  eddy 
transfer  coefficients  for  heat  and  momentum.  They 
found  that  for  neutral  conditions  ar=1.35  and  also 
k  =  0.35,  rather  than  the  traditional  value  of  0.40. 
Combining  (16)  and  (18)  gives  an  expression  for  T*, 


T 


(19) 


where  the  negative  root  is  taken  for  the  unstable  condi- 
tions considered  here.  Since  the  right  side  depends  on 
the  stability  of  the  surface  layer,  to  obtain  the  desired 
estimate  of  the  sensible  heat  flux  we  need  to  determine 
L  and  Xe.  The  latter  can  be  obtained  from  spectral 
measurements  in  the  inertial  subrange  and  Eq.  (17), 
while  the  former  requires  knowledge  of  the  momentum 
and  moisture  fluxes. 

The  humidity  variance  budget  is  not  as  well-docu- 
mented as  those  for  the  kinetic  energy  and  temperature 
variance,  primarily  because  moisture  statistics  are  more 
difficult  to  measure  (see  Kaimal,  1975),  and  it  is  not 
presently  possible  to  measure  directly  the  dissipation 
rate  Xq.  Some  studies  have  been  made  over  the  open 
ocean  (Pond  et  al.,  1971;  Leavitt  and  Paulson,  1975), 
and  based  on  those  results  we  will  assume  that  the 
humidity  budget  is  similar  to  that  for  the  temperature 
variance,  so  that 

—  dQ 

Xq=-2wq — .  (20) 

dz 


direct  measurements  of  0q,  it  is  usually  assumed  equal 
to  /3».  Paquin  and  Pond  (1971)  estimated  0e  and  0q 
from  second-  and  third-order  structure  functions  and 
found  j8»  =  j8,«0.4. 

The    mean    humidity    gradient    is    assumed    to    be 
given  by 


<Pq 


z\     kz  dQ      1  /  z\-» 

-J- -=-(l-9-)    , 

LI     q*   dz      aq\         L  / 


(22) 


similar  to  Eq.  (18)  for  temperature,  and  further  aq  is 
assumed  equal  to  aT-  Eqs.  (20)  and  (22)  can  be  com- 
bined to  give 

/   KZXq  \» 

<?*=-( ),  (23) 


2Ujfipq/ 

so  that  both  Xq  and  L  are  required  to  estimate  the 
moisture  flux.  Again,  the  negative  root  is  taken  for 
conditions  with  positive  (upward)  moisture  fluxes. 

Pond  et  al.  (1971)  used  the  inertial  dissipation  tech- 
nique to  estimate  the  scalar  fluxes  for  BOMEX  and 
San  Diego  data.  In  general,  the  estimates  of  the  sensible 
heat  flux  from  this  technique  were  considerably  higher 
(at  times  by  a  factor  of  2  or  more)  than  direct  measure- 
ments, while  the  moisture  flux  estimates  showed  good 
agreement  with  their  directly  measured  values.  Hicks 
and  Dyer  (1972),  from  a  similar  study  over  land,  con- 
cluded that  the  inertial  dissipation  technique  provided 
adequate  estimates  for  the  sensible  heat  flux  using  a 
value  of  2j8e  of  0.71.  Moisture  effects  were  neglected. 

In  the  inertial-dissipation  technique,  the  dissipation 
rates  e,  Xe  and  X,  are  obtained  from  spectral  measure- 
ments of  the  appropriate  variable  in  the  inertial  range 
of  wavenumbers.  An  alternative  is  to  measure  these 
dissipation  rates  directly,  as  discussed  in  the  next 
section. 

c.  The  direct  dissipation  technique 

Pond  et  al.  (1963)  and  Gibson  and  Williams  (1969) 
demonstrated  that  e  may  be  measured  directly  in  the 
atmospheric  boundary  layer.  Gibson  et  al.  (1970)  mea- 
sured €  directly  during  project  BOMEX  and  extended 
the  technique  to  measure  X«.  Invoking  the  assumption 
of  local  isotropy  and  using  Taylor's  hypothesis,  the 
expressions  for  t  and  Xe  can  be  written 


/du\2    I5v/du\2 
\dx)      U2\dt/' 


(24) 


(25) 


Values  of  X,  are  determined  from  inertial  range  spectral  /"*  \  _6£>/d0\ 

measurements  using  X°  =  6\lti)^U*\dl)' 

^(£i)=0,X,€-*£r6/3,     q2  =  J ^    <pqQ(ki)dku     (21)      where  ^  b  Ae  moIecular  diffusivity  for  temperature. 

Measurements  of  the  variances  of  the  time  derivatives 
where  /3,  is  assumed  to  be  known.  Since  there  are  no     of  u  and  6  require  spatial  resolution  of  the  sensing 
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probes  to  nearly  the  Kolmogorov  scale  jj={vs/«)* 
(typically  about  1  mm  in  atmospheric  flows),  corre- 
spondingly high-frequency  response  of  the  associated 
circuitry  and  sensors,  and  good  signal-to-noise  ratios. 

Heskestad  (1965)  and  Lumley  (1965)  have  shown 
that  this  use  of  Taylor's  hypothesis  overestimates  e  in 
high-intensity  turbulence.  Lumley's  fluctuating  con- 
vection velocity  model  gives 


10" 


/du\2 
\dt  ) 


(du\2/       u2        v2-{-w2\ 
—  )(l+— +2 ),  (26) 

dx/  \       U2         U2   ) 


which  is  equivalent  to  Eq.  (24)  only  in  low-intensity 
flows.  Heskestad  also  obtained  Eq.  (26),  but  in  a  com- 
pletely different  way.  He  squared  and  averaged  the 
Navier-Stokes  equation  for  w,  assuming  local  isotropy 
and  that  velocity  and  velocity  derivative  fluctuations 
are  uncorrelated. 

We  extended  the  Heskestad  model  to  a  scalar  and 
obtained  [in  agreement  with  the  extension  of  Lumley's 
model  by  Wyngaard  and  Clifford  (1976)] 


/d$\2         /dd\2/      u2+v2+w2\ 

(*MJ(l+^H-    (27) 


Thus  we  can  rewrite  (24)  and  (25)  as 

u2-f  uA-1 
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Fig.  1.  The  function  F(z/L)  from  Eq.  (31) 
(solid)  Eq.  (32)  (dashed). 

(1972)  used  a  similar  procedure  but  they  neglected 
humidity  effects  in  their  equations,  often  a  good  approxi- 
mation over  land  but  not  in  the  marine  boundary  layer. 
The  desired  expression,  including  humidity  effects,  can 
be  obtained  as  follows. 

Eq.  (11)  may  be  written  in  the  form 


fdd\2    62D/d0\2/       u2+v2+w2\'1 

X8=63>  (—     =  -—  -       1+ •         (29) 

\dxJ      U2\dt/\  U2       I 

Eqs.  (28)  and  (29)  were  used  to  calculate  e  and  X$. 
The  values  averaged  16%  and  10%  less  than  those 
indicated  by  Eqs.  (24)  and  (25). 

Stegen  et  al.  (1973)  compared  momentum  and 
sensible  heat  flux  measurements  from  the  direct  dis- 
sipation technique  with  results  from  the  direct  co- 
variance  and  inertial  dissipation  techniques  obtained 
by  other  investigators  during  BOMEX.  In  general  the 
comparisons  were  encouraging  with  the  exception  of 
the  high  estimates  of  the  sensible  heat  flux  inferred 
from  the  inertial  dissipation  technique  using  /3»  =  0.4. 

d.  Computation  of  fluxes 

We  now  have  relations  for  «*,  q*  and  T*  in  terms  of 
the  measured  dissipation  rates  and  stability-dependent 
terms.  The  latter  pose  complications  by  coupling  the 
equations  and  no  simple,  direct  solution  is  possible. 
A  solution  procedure,  however,  was  developed  by  com- 
bining the  relevant  equations  for  «*,  T*,  q*  and  L  such 
that  an  expression  relating  the  measured  quantities 
as  a  function  of  z/L  was  obtained.  Hicks  and  Dyer 
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Substituting  the  equations  for  «*,  T+  and  q#  into 
Eq.  (30)  gives,  after  some  manipulation, 
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Values  of  F(z/L)  have  been  computed  using  aT=0Lq 
=  1.35  with  the  result  shown  in  Fig.  1.  Estimates  of  the 
fluxes  can  be  obtained  by  first  determining  the  value  of 
F(z/L)  from  the  measured  quantities  t,  Xe,  XQ,  T,  Q 
and  z,  then  determining  z/L  from  Eq.  (31)  or  Fig.  1, 
and  finally  computing  «*,  T*  and  q*  from  Eqs.  (13), 
(19)  and  (23),  respectively,  as  the  stability  terms  are 
now  determined.  The  effect  of  the  mean  humidity  can 
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normally  be  neglected  as  it  changes  the  value  of  F(z/L) 
by  less  than  1%  for  typical  boundary  layer  conditions. 
The  z/L  terms  appearing  in  the  brackets  on  the  right 
side  of  Eq.  (31)  arise  from  the  stability  dependence  of 
the  imbalance  term  /  and  the  generalized  gradients 
4>m  and  <i>T-  If  the  imbalance  term  is  set  to  zero  and 
stability  effects  are  not  considered,  as  was  originally 
done  in  the  development  of  the  dissipation  technique, 
F(z/L)  becomes 


1      2 

F(z/L)  = . 

Va7  L 


(32) 


Eq.  (32)  is  also  plotted  on  Fig.  1  to  show  that  stability 
effects  and  inclusion  of  the  imbalance  term  are  signifi- 
cant for  even  near-neutral  conditions.  At  F  (z/L)  =  0.1, 
z/L=—  0.15  from  Eq.  (32),  whereas  Eq.  (31)  gives 
—0.18;  under  more  unstable  conditions  the  discrepancy 
becomes  much  larger. 

3.  Experimental  details 

a.  Site 

Greater  upper  Minnesota  was  the  location  of  the 
boundary  layer  experiment  described  here.  A  large 
section  of  farmland  in  the  Red  River  Valley  of  the 
North  (48°34'N,  96°52'W)  was  specially  prepared  for 
the  experiment,  with  a  plowed  soil  surface  with  furrows 
approximately  20  cm  deep  and  40  cm  apart,  running 
east  to  west.  The  desired  wind  direction  was  from  the 
north,  and  the  fetch  was  uniform  in  this  direction  for 
several  kilometers  upwind  of  the  instrument  towers; 
the  soil  was  plowed  only  about  25  m  to  the  south  of  the 
towers.  The  surface  was  very  flat,  with  a  few  shallow 
large-scale  undulations,  estimated  at  approximately 
50  cm  in  height  over  horizontal  distances  of  ~0.3  km. 
The  soil  was  a  dense  black  mixture  of  silt  and  clay, 
known  locally  as  "gumbo." 

Boundary  layer  observations  reported  herein  were 
made  simultaneously  by  the  AFCRL  and  UCSD 
groups  during  the  afternoon  of  28  September  1973. 
The  wind  was  from  the  north,  and  the  sky  was  clear 
with  a  few  scattered  low  clouds.  Several  days  of  inter- 
mittent heavy  showers  preceded  that  day  and  the 
soil  was  well-saturated,  with  only  a  few  areas  of 
standing  water  evident. 

The  AFCRL  and  UCSD  instrument  towers  were 
located  at  the  southern  edge  of  the  field,  approximately 
100  m  apart  in  the  east-west  direction.  The  32  m 
AFCRL  tower  had  turbulence  instrumentation  at  4 
and  32  m.  The  UCSD  instrumentation  was  placed  on 
mounting  brackets  on  top  of  two  4  m,  5  cm  diameter 
guyed  poles.  Turbulence  instrumentation  was  on  one 
pole,  and  monitoring  instrumentation  (cup  anemom- 
eter, cooled-mirror  aspirated  dew-point  unit)  was  on 
the  other  pole,  7  m  away  to  avoid  interference. 
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b.  Instrumentation 

1)  LOW  FREQUENCY 

The  AFCRL  instrumentation  is  described  in  detail  in 
papers  covering  other  aspects  of  this  field  program 
(Readings  el  al.,  1974;  Kaimal  el  al.,  1976).  Here  we 
mention  only  the  relevant  4  m  instrumentation,  an 
EG&G  Model  198-3  sonic  anemometer  and  a  Cam- 
bridge Systems  platinum  resistance  thermometer. 

UCSD  low-frequency  turbulence  instrumentation 
consisted  of  an  EG&G  Model  198  sonic  anemometer, 
a  platinum  resistance  thermometer  and  a  Lyman-alpha 
humidiometer.  The  UCSD  sonic  anemometer  was  di- 
rectly calibrated  in  the  UCSD  low-speed  wind  tunnel 
prior  to  the  field  experiment.  The  calibration  revealed 
that  there  was  a  slight  distortion  of  the  array  due  to 
misalignment  of  the  vertical  path,  but  this  was  ac- 
counted for  in  the  subsequent  data  analysis.  The 
fluctuating  water  vapor  density  was  measured  with 
an  ERC  Model  B  Lyman-alpha  humidiometer.  The 
device  was  calibrated  in  a  Cambridge  Systems  hygro- 
metric  facility  at  the  Naval  Undersea  Center,  San 
Diego,  prior  to  the  field  experiment.  Calibration  was 
also  obtained  in  situ  from  the  EG&G  Model  110S(M) 
dewpoint  unit.  The  bandwidth  of  the  Lyman-alpha 
device  appears  to  be  dc  to  ~10  Hz.  The  exponential 
response  of  the  instrument  to  humidity  was  accounted 
for  in  the  digital  analysis  of  the  data.  The  temperature 
signal  required  for  direct  computation  of  the  sensible 
heat  flux  was  obtained  by  low-pass  filtering  the  high- 
frequency  temperature  signal,  which  is  discussed  in  the 
following  section. 

2)  High  frequency 

High-frequency  measurements  of  the  turbulent 
streamwise  velocity  component  were  obtained  using 
a  DISA  55M01  (constant  temperature  anemometer) 
and  55D10  (linearizer)  system.  A  DISA  55F11  tungsten 
hotwire  probe  was  used  (5  /im  diameter  by  1.0  mm 
length),  operated  at  an  overheat  ratio  of  1.8  (210  K). 
Frequency  response,  with  a  50  m  probe  cable,  was 
measured  to  be  ~18  kHz  at  a  calibration  velocity  of 
7  m  s-1  using  the  square  wave  response  technique.  The 
temperature  sensitivity  was  estimated  and  found  to 
have  a  negligible  contribution  to  the  reported  statistics. 
The  anemometer  system  was  calibrated  at  the*  field 
site  prior  to  and  after  the  experimental  run.  The  hot- 
wire sensor  was  in  the  horizontal  plane,  perpendicular 
to  the  mean  flow  direction. 

Temperature  fluctuations  were  measured  with  a 
resistance  platinum  thermometer  (0.62  /jm  diameter  by 
0.65  mm  length)  which  was  formed  from  an  etched 
section  of  Wollaston  wire  which  was  mounted  on  a 
Thermo-Systems  1210  probe.  The  sensor  was  operated 
in  an  ac  Wheatstone  bridge  circuit  designed  by  T.  K. 
Deaton.  Current  through  the  210  fl  wire  was  255/^A 
rms.  Bandwidth  of  a  sensor  of  the  above  dimensions 
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and  operated  at  the  conditions  of  the  experiment  is 
estimated  to  be  dc  to  approximately  2  kHz  (LaRue 
et  al.,  1975).  Calibration  of  the  fluctuating  temperature 
signal  was  obtained  by  modulating  the  current  through 
the  sensor  such  that  the  output  voltage  change  corre- 
sponded to  1.00  K  (assuming  a  value  of  0.0034  K_1 
for  the  temperature-resistance  coefficient  for  platinum). 
The  velocity  sensitivity  of  the  sensor  is  estimated  to 
be  1.4X10-2  K  m_1  s  and  is  neglected  (Wyngaard, 
1972;  LaRue  et  al.,  1975). 

c.  Data  analysis 

1)  Signal  processing 

Signals  were  recorded  digitally  by  AFCRL,  and  in 
analog  form  by  UCSD.  The  AFCRL  data  acquisition 
system  is  described  by  Kaimal  (1975).  The  analog 
signals  from  the  UCSD  instrumentation  were  pre- 
conditioned before  being  recorded  on  an  FM  tape 
recorder  (Honeywell  7610,  operated  at  15  inches  per 
second,  bandwidth  dc  to  5  kHz),  in  order  to  use  its 
dynamic  range  optimally.  Amplitude  levels  were  re- 
covered on  playback  to  within  ±1%  over  the  range 
dc  to  5  kHz. 

For  some  portions  of  the  data  analysis,  the  time 
derivatives  of  u  and  6  were  required.  These  were  ob- 
tained with  an  analog  differentiator  and  low-pass  filter 
combination  having  unity  gain  at  15.9  Hz  and  band- 
width dc  to  10  kHz. 

2)  Data  selection 

From  the  several  hours  of  data  recorded,  approxi- 
mately 1  h  was  selected  for  detailed  analysis.  The  period 
analyzed  corresponded  in  time  to  1544  to  1644  CST 
on  28  September  1973.  During  that  period  the  wind 
was  from  the  north  and  constant  in  speed  and  direction. 
There  was,  however,  a  small  decrease  with  time  of  the 
sensible  heat  flux  in  the  period.  For  this  reason,  and 
also  to  correspond  with  the  standard  AFCRL  15  min 
analysis  period,  the  1  h  period  was  separated  into  four 
sections  of  about  15  min  each  which  are  designated  as 
Runs  1,  2,  3  and  4. 

3)  Data  reduction 

The  recorded  signals  were  digitized  in  the  laboratory 
at  UCSD  using  a  12-bit  resolution  analog-to-digital 
converter  with  sample-and-hold  circuits  and  a  multi- 
plexer for  multi-channel  analysis.  The  low-frequency 
signals  of  u,  w,  6  and  q  were  sampled  at  16.28  per 
second,  while  du/dt  and  66/ dt  were  sampled  at  two 
rates  (4170  and  521  s^1)  in  order  to  give  good  spectral 
resolution  from  dc  to  ~2  kHz.*  Data  reduction  was 
performed  on  the  UCSD  CDC  3600  computer  using 
statistical  and  spectral  programs  developed  at  UCSD. 
The  fluxes  were  computed  directly  from  the  simul- 
taneously-sampled (16.28  s_1)  time  series  of  u,  w,  6  and 
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Fig.  2.  Digital  time  series  of  a  record  of  the  velocity  derivative 
du/dt  showing  the  characteristic  large  spike  at  approximately 
0.375  s.  It  is  believed  that  the  spike  is  caused  by  a  particle  striking 
the  hot-wire  anemometer  probe. 

q.  To  reduce  the  effects  of  nonstationarity  and  ultra- 
low-frequency  fluctuations,  the  fluxes  were  computed 
from  the  ensemble  averages  of  the  covariances  computed 
from  fluctuations  about  63  s  means. 

The  dissipation  rates  of  velocity  and  temperature 
were  obtained  from  the  variances  of  the  4170  s_1 
digitized  time  series.  The  skewness  and  kurtosis  values 
were  also  routinely  calculated,  and  it  was  observed  that 
the  velocity  derivative  data  in  a  few  records  (typically 
10  out  of  the  1800  per  run)  contributed  enormously  to 
these  higher  moments.  These  records  gave  velocity 
derivative  kurtosis  values  greater  than  100,  with 
maximum  values  of  about  2000.  For  the  velocity 
derivative  signal,  time  series  plots  of  these  records  re- 
vealed a  characteristic  asymmetric  large  amplitude 
spike,  as  shown  in  Fig.  2.  It  is  believed  that  this  spike 
signal  is  the  result  of  the  anemometer  circuit  responding 
to  a  small  particle  striking  the  active  section  of  the  hot- 
wire probe.  The  records  with  extremely  large  (>100) 
kurtosis  values  were  deleted  for  the  final  calculation  of 
the  velocity  statistics.  No  such  characteristic  spikes 
were  found  in  the  temperature  derivative  signal.  How- 
ever, since  the  temperature  and  velocity  derivative 
signals  were  sampled  simultaneously,  the  same  tem- 
perature derivative  records  were  dropped;  these  dele- 
tions caused  less  than  2%  changes  in  the  variances  of 
du/dt  and  36/ dt. 

The  power  spectra  of  the  velocity  and  temperature 
derivative  signals  were  obtained  using  a  fast  Fourier 
transform  routine  -on  the  4170  and  521  Hz  sampled 
data.  The  resulting  spectra  were  combined  and  smoothed 
with  a  9-point  running  average,  to  cover  the  range  0.25 
to  2086  Hz. 

4.  Results  and  discussion 

a.  Spectra 

Since  the  flux  estimation  techniques  require  values 
for  the  dissipation  rates  as  input,  some  of  the  measured 
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Fig.  3.  Normalized  velocity  derivative  and  temperature 
derivative  spectra.  Run  1:  ii  (solid),  6  (dashed);  Williams: 
U  (A  A),  e  (+  +). 

spectra  will  be  presented  to  demonstrate  the  capability 
and  limitations  of  the  instrumentation  used.  The  one- 
dimensional  spectra  of  the  derivatives  du/  dx  and  86/  dx 
from  Run  1  are  presented  in  Fig.  3  in  Kolmogorov- 
normalized  form  defined  by 

(iitO^iiMi)— *iV««(*i),  (M) 

(vki)2TK(vki)= *iVm(*i),  (34) 

where  *h(t;^i)  and  TK(j]ki)  are  the  Kolmogorov- 
normalized  spectrum  functions.  An  inertial  subrange 
appears  to  exist  for  more  than  one  decade  in  wave- 
number  as  apparent  from  the  agreement  with  a  +\ 
slope,  indicated  by  the  solid  straight  line.  Also  shown 
for  comparison  are  the  surface-layer  data  of  Williams 
(1974)  for  both  temperature  and  velocity,  which  show 
good  agreement  with  the  present  data.  The  dissipation 
rates  e  and  Xe  in  (33)  and  (34)  were  determined  from 
the  second  moments  of  the  spectra  through  the  iso- 
tropic relations 


c  =  15c  /     ki2<puu(ki)dki, 

Jo 

(35) 

r 

Xfl  =  63)  /     ki2<p$e(ki)dk\. 

(36) 
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Note  that  e  and  Xe  from  (35)  and  (36)  differ  from  the 
corrected  values  given  by  (28)  and  (29).  It  was  neces- 
sary to  use  the  uncorrected  values  here  to  permit  com- 
parison of  the  spectra  with  earlier  results. 

Fig.  4  shows  the  normalized  derivative  spectra  on  a 
linear-linear  plot.  The  Kolmogorov  frequency,  i.e.,  the 
frequency  corresponding  to  tj&i  =  1,  was  1370  Hz  for 
our  data.  Since  the  frequency  response  of  the  hot-wire 
anemometer  was  17  kHz  and  that  of  the  cold  wire  2  kHz, 
the  bandwidth  of  the  instrumentation  was  adequate 
for  determination  of  e  and  Xe. 

The  length  of  the  hot  wire  was  lw  =  l  mm,  corre- 
sponding to  t)/Iw  =  0.6&.  Its  spatial  resolution  was  ade- 
quate since,  according  to  Wyngaard's  (1968)  analysis, 
the  spectral  attenuation  is  less  than  10%  at  vki=  1  and 
causes  no  significant  underestimate  in  e  (see  Wyngaard, 
1969).  Similar  results  apply  for  the  cold  wire  which  was 
0.65  mm  in  length  (Wyngaard,  1971). 

The  tail  of  the  normalized  temperature  spectrum  does 
not  approach  the  abscissa  in  Fig.  4  asymptotically  be- 
cause of  noise  in  the  ac  bridge  and  associated  circuitry. 
The  effects  of  noise  are  probably  insignificant  until 
7?&i>0.6,  as  can  be  inferred  from  Fig.  5  which  shows 
the  fourth  moments  of  the  normalized  spectra.  The 
approximate  normalized  wavenumber  for  which  the 
signal-to-noise  ratio  is  unity  is  1.0  for  temperature 
and  1.3  for  velocity.  The  low-pass  filters  used  in  data 
playback  and  digitizing  were  set  at  2000  Hz  or  at 
77&i=1.46.  Thus  the  contribution  of  noise  to  the  value 
of  Xg  is  less  than  a  few  percent,  while  that  to  e  is 
negligible. 

The  magnitude  and  position  of  the  peak  values  of  the 
second-  and  fourth-moment  curves  for  the  normalized 
velocity  spectrum  agree  well  with  those  of  Williams 
(1974)  and  of  Wyngaard  and  Pao  (1971).  These  results 
demonstrate  that  high  quality  spectral  data  were  ob- 
tained for  both  velocity  and  temperature. 

Values  of  the  "universal  constants"  ai  and  0e  were 
obtained  as  shown  in  Fig.  6.  This  linear-log  plot  allows 
closer  examination  of  the  data  for  inertial  subrange 
behavior,  since  a  straight  line  fit  to  the  data  in  the 
inertial  subrange  region  should  have  zero  slope.  For  the 
wavenumber  range  1X10_3<jj^i<2X10~2  apparent  in- 
ertial subranges  exist  for  both  u  and  0  with  the  measured 
values  a!  =  0.46±0.02  and  &  =  0.40±0.02.  Williams' 
data  are  also  presented  in  Fig.  6  and  agree  quite  favor- 
ably with  our  own.  Both  sets  of  normalized  temperature 
spectral  data  exhibit  an  unexpected  bump  or  relative 
peak  near  77^1  =  0.1.  No  plausible  theoretical  explanation 
for  the  bump  has  yet  been  obtained. 

Taylor's  (1938)  "frozen-flow"  approximation  was 
used  to  convert  frequency  to  wavenumber  in  the 
spectral  analysis.  This  breaks  down  in  high-intensity 
turbulence,  leading  to  underestimates  of  ai  (Lumley, 
1965)  and  /?»  (Wyngaard  and  Clifford,  1976).  Our  cor- 
rected values  are  ai  =  0.50±0.02  and  /?»  =  0.41  ±0.02. 
The  failure  of  Taylor's   approximation   also   distorts 
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Fig.  4.  Normalized  velocity  derivative  and  temperature  derivative  spectra. 
Symbols  as  in  Fig.  3. 


high-wavenumber  spectra,  as  will  be  shown  in  a  forth- 
coming paper  by  Champagne  et  al.,  but  we  have  done 
no  more  than  correct  ai  and  0o  here. 

Another  interesting  feature  of  the  KolmogoroV- 
normalized  velocity  and  temperature  spectra  plots  is 
the  significantly  greater  spectral  content  in  the  normal- 
ized temperature  spectrum  for  tj^i>0.06  than  in  the 
normalized  velocity  spectrum.  This  is  at  least  partly 
due  to  the  different  relations  between  three-dimensional 
and  one-dimensional  spectra  for  velocity  and  tempera- 
ture, i.e., 


<Pee(ki)- 


f 

J  k: 


F(k) 


-dk, 


(38) 


<Puu(kl) 


■a 


h\E(k) 

1 ] dk, 

k2/    k 


(37) 


respectively.  Here  E  and  F  are  the  three-dimensional 
velocity  and  temperature  spectra  (Hinze,  1959).  If  the 
same  forms  are  used  for  E  and  F,  the  one-dimensional 
spectra  will  differ  because  of  the  differences  in  the 
integrals  in  (37)  and  (38).  We  used  the  Corrsin  (1964) 
and  Pao  (1965)  three-dimensional  spectral  expression 
and  numerically  integrated  to  obtain  Kolmogorov- 
normalized  one-dimensional  spectra.  Their  relative 
shapes  were  similar  to  the  data  (but  there  was  no 
bump),  with  more  content  in  the  scalar  spectrum  at 
high  wavenumbers. 
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Fig.  5.  Fourth  moments  of  normalized  velocity  and  temperature  spectra. 
Symbols  as  in  Fig.  3. 
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Fig.  6.  Universal  constants  ai  and  (3e-  Run  1:  a\  (solid),  /3e  (dashed);  Williams:  «i(AA), 
#(>(  +  +).  This  is  a  plot  of  (r)k\)m  times  the  power  spectra  and  represents  «i  and  @e  only  in  the 
inertial  subrange. 


The  measurement  of  the  humidity  fluctuations  was 
limited  by  instrumentation  response  and  resolution 
problems.  The  spatial  separation  of  the  Lyman-alpha 
detector  and  source  tube  was  about  1.0  cm,  which 
corresponds  roughly  to  a  frequency  of  90  Hz  for  winds 
of  5.5  m  s-1.  Evidently  flow  blockage  or  other  effects 
limit  the  effective  upper  frequency  to  roughly  10  Hz. 

The  humidity  spectrum  for  Run  1  is  shown  in  Fig.  7. 
The  spike  at  60  Hz  is  caused  by  line  noise.  From  the 
velocity  and  temperature  spectral  data,  an  inertial 
subrange  in  the  humidity  spectrum  would  be  expected 


.030 


between  frequencies  of  1  to  about  28  Hz.  Fig.  7  indi- 
cates the  start  of  an  apparent  inertial  subrange  around 
1  Hz,  and  it  appears  to  terminate  near  8  Hz;  but  this 
roll-off  is  probably  due  to  the  response  of  the  humidiom- 
eter.  From  the  spectral  level  at  1  Hz,  the  value  of  Xt 
was  estimated  using  Eq.  (21)  with  /3,  =  0.05. 

b.  The  fluxes 

The  mean  conditions,  turbulence  levels  and  dissipa- 
tion rates  for  Runs  1-4  are  presented  in  Table  1.  Fig.  8 
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7.  Semi-logarithmic  plot  of  the  5/3  moment  of  the  humidity  spectrum.  The  spike  at 
60  Hz  is  due  to  line  noise  pickup. 
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Table  1.  Experiment  conditions  and  dissipation  rate  values." 
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Xg 
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T 

Q 

m2 

w2 

1? 

e* 

f 

(Pra1 

(10»  K2 

(lO8?1 

Run 

(m  s"1) 

(°C) 

(g  m~3) 

(m  s"1) 

(m  s-') 

(m  s-') 

(K) 

(g  m-3) 

S-3) 

s-») 

m-6  s-1) 

1 

5.48 

23.0 

9.4 

0.94 

0.38 

1.59 

0.32 

0.47 

1.94 

6.41 

1.18 

2 

5.28 

23.1 

9.4 

0.97 

0.39 

1.28 

0.27 

0.48 

1.65 

3.82 

1.10 

3 

6.21 

23.2 

9.3 

1.20 

0.43 

1.35 

0.19 

0.45 

1.99 

2.18 

1.10 

4 

5.67 

23.2 

9.3 

1.05 

0.44 

1.49 

0.18 

0.39 

2.32 

2.33 

0.91 

"  Values  of  v  and  2)  used  were  v  =  0.159  cm2  s_1,  SD  =  0.219  cm2  s_1,  Pr  =  0.725.  Mean  pressure  was  28.84  inches  Hg. 


presents  the  directly  measured  turbulent  shear  stress 
values  and  the  values  estimated  by  the  direct  dissipation 
technique.  The  length  of  the  horizontal  bars  represents 
the  time  period  over  which  the  average  was  obtained. 
The  UCSD  directly  computed  results  are  generally 
higher  by  10-15%  than  those  of  AFCRL,  and  this 
appears  to  be  a  general  trend  rather  than  scatter. 

The  directly  computed  wd  and  the  estimated  values 
are  presented  in  Fig.  9.  The  UCSD  and  AFCRL 
directly  computed  values  agree  quite  well,  but  the 
values  estimated  from  the  direct  dissipation  technique 
are  consistently  high.  Also  shown  in  Fig.  9  are  the 
UCSD  directly  computed  wq  values  and  the  indirect 
values,  which  show  good  agreement,  on  average.  Table 
2  presents  the  UCSD  directly  computed  covariances 
and  the  values  estimated  by  the  dissipation  technique. 

c.  The  variance  budgets 

The  directly  measured  values  of  uw,  wd,  wq,  e  and  xe 
and  the  estimated  x?  provide  sufficient  information  to 


evaluate  several  of  the  important  terms  in  the  three 
variance  budgets.  The  mean  gradient  terms  necessary 
for  the  various  production  terms  were  determined  from 
the  Businger  et  al.  (1971)  relationships  using  the  mea- 
sured values  of  z/Lm,  where  Lm  denotes  the  value  of  L 
obtained  from  the  directly  measured  covariances. 

1)  The  turbulent  kinetic  energy  budget 

The  turbulent  kinetic  energy  equation  (7)  can  be 
made  dimensionless  through  multiplication  by  —kz/u*3 
to  obtain 


z      1   kZ    d kz        KZe 

<pM we2 —I =  0, 

L     2  «*3  dz  w*3       w*3 


(39) 


where  /,  the  imbalance  term,  is  assumed  to  be  pressure 
transport.  Table  3  presents  the  various  terms  com- 
puted from  the  direct  measurements :  Im/t  is  the  mea- 
sured imbalance,  as  defined  by  Eq.  (9),  normalized  by 
the  measured  dissipation  rate;  and  {I/t)w  is  the  same 


0.100 

a 

* 

0  080 

^1— 

0060 

— 

- 

0.040 

O    :  AFCRL  Direct  Covariance 

0020 

•    :  UCSD  Direct  Covariance 
7|V  i  UCSD  Dm.   Technique 

0.000 

1 

J 

1 , 

15:00 


15.30 


16:00 
TIME,  HRS 


16:30 


17=00 


Fig.  8.  Values  of  the  turbulent  shear  stress  during  the  experiment. 
The  length  of  the  horizontal  bar  is  the  averaging  time. 
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Fig.  9.  Values  of  the  turbulent  fluxes  of  temperature  and  moisture  during  the 
experiment.  Symbols  as  in  Fig.  8 


variable  computed  from  Wyngaard  and  Cote's  (1971) 
results,  which  can  be  expressed  as 


(i- 


[1-15(2/Z,)]-* 
[1+0.5 1  z/Z,  I  *]* 


-1.0, 


(40) 


where  the  measured  L  values  were  used  for  computation. 
The  values  presented  in  Table  3  are  shown  in  Fig.  10 
together  with  the  results  of  Wyngaard  and  Cote  (1971). 
The  agreement  is  good  over  the  limited  range  of  z/L 


for  the  present  data.  The  scatter  in  the  directly  mea- 
sured values  of  e  perhaps  can  be  attributed  to  the 
difficulty  of  measuring  the  variance  of  the  signal  du/dt 
which  has  a  large  kurtosis  (Tennekes  and  Wyngaard, 
1972). 

2)  The  scalar  variance  budgets 

The  production,  dissipation  and  flux  divergence 
terms  for  the  scalar  variance  budgets  are  presented 
in  Tables  4  and  5.  The  flux  divergence  terms  were  esti- 


Table  2.  Summary  of  results. 


-uw  (m2  s" 

») 

■we  (m°  K  s" 

') 

wq 

(g  m-2  s" 

J) 

Dissipa- 

Error6 

Dissipa- 

Error6 

Dissipa- 

Error6 

U 

L9 

T    d 

Run 

Direct 

tion" 

(%) 

Direct 

tion" 

(%) 

Direct 

tionc 

(%) 

(m) 

(m) 

(m) 

1 

0.080 

0.082 

+3 

0.043 

0.051 

+  18 

0.061 

0.069 

+  13 

-45.2 

-210 

-37.2 

2 

0.085 

0.074 

-13 

0.037 

0.038 

+3 

0.070 

0.064 

-9 

-57.6 

-204 

-44.9 

3 

0.079 

0.086 

+9 

0.028 

0.028 

+0 

0.070 

0.063 

-10 

-69.4 

-180 

-50.1 

4 

0.077 

0.096 

+25 

0.023 

0.029 

+26 

0.048 

0.058 

+21 

-79.8 

-257 

-60.9 

Average 

0.080 

0.084 

+6 

0.033 

0.036 

+  12 

0.062 

0.063 

+2 

— 

"  Direct  dissipation  technique. 

6  Error  =102  (dissipation  — direct) /direct. 

c  Inertial  dissipation  technique. 

d  Lm=  (Z-r'+^a-1)-1.  where  La  is  the  Monin-Obukhov  length  due  to  sensible  heat  flux  and  Lq  the  Monin-Obukhov  length  due  to 


moisture  flux,  from  directly  measured  fluxes. 
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Table  3.  Dimensionless  kinetic  energy  budget  terms,  including 
measured  and  estimated  imbalance  term. 


Table  4.  Humidity  variance  budget  equation  terms. 


Run 


<PM 


-z/L„ 


(">' 


0.783 
0.805 
0.819 
0.842 


0.110 
0.091 
0.082 
0.067 


Average     0.812       0.088 


-0.442  1.226  -0.36  -0.33 

-0.144  0.949  -0.15  -0.30 

-0.465  1.284  -0.36  -0.29 

-0.721  1.563  -0.46  -0.25 

-0.443  1.255  -0.33  -0.30 


a  Eq.  (9). 
bEq.  (40). 


mated  from  Wyngaard  and  Cote's  (1971)  results  using 
a  value  of 

kz      d kz      d 


-^w62-- 


^wqu 


«*7V  dz  u^q*2  dz 

of  0.2  for  z/L=  -0.1. 

For  the  humidity  variance  budget,  our  results  indi- 
cate that  production  is  equal  to  dissipation,  with  the 
dissipation  determined  from  the  humidity  spectrum 
using  /3,  =  0.50.  Had  we  used  /3<,=/3»  =  0.41,  the  ratio  of 
production  to  dissipation  for  humidity  variance  would 
have  been  0.79,  close  to  that  found  for  temperature 
variance. 

The  results  for  the  temperature  variance  budget  are 
presented  in  Table  5.  Averaged  over  the  four  runs,  the 
ratio  of  production  to  dissipation  is  0.84.  If  we  include 
the  estimated  flux  divergence  term,  also  a  loss,  the 
production  rate  is  28%  less  than  the  sum  of  dissipation 
and  flux  divergence. 

There  are  many  factors  that  could  have  contributed 
to  this  relatively  small  imbalance.  We  can  rule  out  in- 
strumental problems,  because  of  the  low  noise  levels,  the 
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■z/L 
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Fig.  10.  The  dimensionless  turbulent  kinetic  energy  budget 
components  versus  —z/L.  The  solid  lines  are  from  Wyngaard 
and  CotS  (1971).  Run  1,  circles;  run  2,  squares;  run  3,  diamonds; 
run  4,  triangles. 


—  2wq — 
dz 

X, 

dwq-  b 
~dz 

—  Iwq — 

-Iwq-— 
dz 

(102  g2 
m-6  s~') 

(102g2 
m-6  s"1) 

(102  g2 
m~6  s-1) 

*dz 

(102g2 

Run 

Xq 

m"«  s"1) 

1 

0.97 

1.18 

0.18 

0.82 

1.37 

2 

1.29 

1.10 

0.24 

1.17 

1.74 

3 

1.37 

1.10 

0.24 

1.25 

1.80 

4 

0.68 

0.91 

0.12 

0.75 

0.86 

Average 

1.08 

1.07 

0.20 

1.01 

1.44 

■  Eq.  (22). 

6  Wyngaard  and  Cote  (1971). 

c  Neglecting  stability  effects. 


consistency  of  the  high-frequency  data  with  earlier 
results,  and  the  good  agreement  between  AFCRL  and 
UCSD  fluctuating  temperature  levels  (see  Fig.  11). 
However  it  is  possible,  for  example,  that  the  small-scale 
temperature  field  is  slightly  anisotropic,  so  that 
X»<63D(d0/ dx)2.  Evidence  of  anisotropy,  in  the  form 
of  skewed  temperature  derivatives,  has  been  widely 
reported  (Mestayer  el  al.,  1976).  We  also  found  the 
skewness  of  36/ dt  to  be  non-zero,  with  typical  values 
of  -0.7. 

The  mean  temperature  gradient  contribution  to  the 
temperature  variance  production  term  was  not  mea- 
sured directly,  but  was  estimated  from  Eq.  (18),  with 
k  =  0.35  and  a7-  =  1.35.  We  also  tried  the  Hicks  and 
Dyer  (1972)  formulation 


1 
<pT  =  —  (l-15z/L)-* 

OtT 


(41) 


with  <xt=  1.0  and  «:  =  0.41.  This  gave  virtually  identical 
production  rates. 

The  flux  divergence  term  was  also  not  measured 
directly,  but  was  taken  from  Wyngaard  and  Cote's 
(1971)  results.  Their  data  were  quite  scattered,  however, 
rendering  our  estimates  here  somewhat  uncertain. 

Table  5.  Temperature  variance  budget  equation  terms. 


— dTa 

dwff2b 
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dz 
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dz 

(103K2 

Run 
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s->) 
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Xe 
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1 

4.80 

6.41 

0.91 

0.75 

6.77 

2 

3.61 

3.82 

0.66 

0.94 

4.87 

3 

2.21 

2.18 

0.39 

1.01 

2.91 

4 

1.56 

2.33 

0.27 

0.67 

1.98 

Average 

3.04 

3.68 

0.56 

0.84 

4.13 

•Eq. 

(18). 

b  Wyngaard  and  Cote"  (1971). 

c  Neglecting  stability  effects. 
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Fig.  11.  Values  of  the  rms  temperature  fluctuations  during  the  experiment. 
AFCRL  (open  circles),  UCSD  (solid  circles). 


Finally,  we  should  mention  that  we  used  a  horizon- 
tally homogeneous,  stationary  model  of  the  temperature 
variance  budget,  and  neglected  radiation  effects.  From 
the  work  of  Townsend  (1958),  Brutsaert  (1972)  and 
Coantic  (1975),  the  radiation  effects  can  be  expected 
to  be  an  order  of  magnitude  smaller  than  our  imbalance 
and  of  the  opposite  sign.  Similarly,  the  observations 
of  dd2/dt  (see  Fig.  11)  show  it  is  of  the  same  sign  as 
the  imbalance  but  an  order  of  magnitude  smaller. 
Inhomogeneity  effects  are  more  difficult  to  assess,  but 
following  the  arguments  of  Wyngaard  and  Cote  (1971) 
one  can  show  that  very  large  horizontal  gradients  in 
62  (100%  change  in  less  than  1  km)  or  mean  temperature 
(5  K  km-1)  would  be  required  to  account  for  the  im- 
balance. While  (described  in  Section  3a)  the  soil  was 
drying  out  during  the  runs,  with  some  areas  of  standing 
water,  it  seems  unlikely  that  this  would  have  caused 
such  strong  inhomogeneity. 

Thus  while  the  causes  for  the  temperature  vari- 
ance budget  imbalance  cannot  be  precisely  identified, 
it  seems  likely  that  there  could  be  a  number  of 
contributors. 

d.  Flux  estimates  neglecting  stability  ejfecls 

To  determine  the  effect  of  neglecting  stability,  the 
fluxes  were  estimated  using  the  expressions  strictly 
valid  only  under  neutral  conditions.  Thus  Eq.  (4)  was 
used  to  estimate  stress,  and  T*  and  g*  were  found  from 


q*  = 


2u„ 


(43) 


These  flux  estimates  also  agreed  well  with  the  direct 
measurements,  in  spite  of  the  neglect  of  stability 
effects.  The  stress  estimate  was  16%  high,  compared 
with  the  6%  overestimate  (Table  2)  with  stability 
effects  included.  Heat  flux  was  3%  low,  compared  with 
12%  high;  and  moisture  flux  was  10%  low,  compared 
with  2%  high. 

To  investigate  this  apparent  anomaly  further,  we 
calculated  the  magnitudes  of  the  discarded  stability 
contributions  to  the  w*2  estimate.  Combining  Eqs.  (9) 
and  (12)  yields 

1/6 


(kZ( 


1+- 


1  —  15- 


(44) 


r*  = 


kzXboit\* 


I      7 

2w*   / 


(42) 
409 


From  Table  3,  values  of  Im/e  and  —z/Lm  were  used  to 
compute  the  last  two  factors  in  (44).  It  was  found  that 
their  product  was  nearly  unity  even  though  the  indi- 
vidual terms  themselves  were  substantially  different 
from  unity.  Thus  although  the  simplified  Eq.  (4)  gave 
good  estimates  of  the  momentum  flux,  one  must  be 
cautious  in  drawing  the  conclusion  that  stability  effects 
are  negligible.  For  example,  the  above  could  lead  to  the 
conclusion  that  shear  production  and  dissipation  are  in 
balance,  which  is  clearly  not  the  case  in  unstable 
conditions. 

5.  Conclusions 

The  estimates  of  the  momentum,  heat  and  moisture 
fluxes  from  the  dissipation  techniques  agree  well  with 
those  measured  directly. 
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The  turbulent  kinetic  energy  budget  was  found  to 
agree  with  that  presented  by  Wyngaard  and  Cote  (1971) 
for  unstable  conditions.  Viscous  dissipation,  the  largest 
term,  is  balanced  by  shear  production  and  an  imbalance 
(presumably  pressure  transport)  term.  The  production 
and  dissipation  terms  in  the  humidity  variance  budget 
were  found  essentially  in  balance,  which  agrees  with 
Wyngaard  and  Cote's  temperature  variance  budget 
results  if  f3q  =  0.50. 

The  present  experiment  is  apparently  the  first  in 
which  the  dissipation  rate  of  temperature  variance  was 
directly  measured  simultaneously  with  wd  and  other 
variables  which  permitted  estimation  of  its  production 
rate.  The  average  ratio  of  production  to  dissipation 
was  0.84.  Together  with  the  behavior  of  the  flux  di- 
vergence term,  estimated  from  Wyngaard  and  Cote 
(1971),  these  results  imply  a  slightly  imbalanced  tem- 
perature variance  budget.  Possible  reasons  for  the  im- 
balance are  considered  but  none  can  be  definitely 
identified  as  a  significant  contributor. 

The  one-dimensional  spectra  of  the  streamwise  veloc- 
ity fluctuations  and  temperature  fluctuations,  pre- 
sented in  Kolmogorov-normalized  form,  compare  favor- 
ably with  the  results  of  Williams  (1974).  Values  of  the 
universal  constants  of  ai  =  0.50±0.02  and  /?e  =  0.41 
±0.02  were  obtained.  The  deviations  from  Taylor's 
hypothesis  caused  by  high  turbulence  levels  were  found 
to  have  significant  effects  on  the  values  of  a\  and  fie  and 
the  dissipation  rates  t  and  xe- 
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KINEMATIC    MODELS    OF    A    DRY    CONVECTIVE 
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Abstract.  The  kinematic  structure  of  the  convective  boundary  layer,  observed  by  a  dual-Doppler 
radar  system,  is  compared  with  the  structure  predicted  by  simple  shear  models.  We  first  consider  the 
models  to  be  inviscid,  then  add  viscous  effects.  Model  1  assumes  a  linear  ambient  wind  profile  from  the 
surface  through  the  boundary  layer,  and  a  constant  wind  above.  The  shear  layer  is  assumed  to  be 
statically  neutral,  but  static  stability  is  permitted  in  the  region  above  the  shear.  Model  2  has  a 
hyperbolic  tangent  ambient  wind  profile. 

After  considering  the  inviscid  models,  some  of  the  effects  of  viscosity  are  incorporated  into  the 
models  in  a  crude  way,  and  the  results  are  compared. 

We  conclude  that  although  the  presence  of  shear  is  important,  the  kinematic  structure  is  relatively 
independent  of  the  details  of  the  wind  and  temperature  profiles.  Viscosity  has  important  effects, 
especially  near  the  critical  level  where  the  disturbance  velocity  is  equal  to  the  wind  speed.  The  patterns 
predicted  by  both  models  agree  very  well  with  the  dual-Doppler  radar  observations  when  viscosity  is 
included. 

1.  Introduction 

Dual-Doppler  radar  observations  reveal  the  kinematic  structure  of  the  lower 
atmosphere  in  detail  that  has  never  before  been  attainable.  In  this  paper  we 
compare  the  kinematic  structure  revealed  by  the  radars  with  some  simple  dry 
models.  The  models  are  steady,  three-dimensional  and  permit  speed  shear  in  the 
ambient  wind. 

The  dynamics  of  a  fairly  general  inviscid  model,  including  a  surface-based 
superadiabatic  layer  and  an  inversion  capping  a  shear  layer,  were  examined  by 
Gossard  and  Moniger  (1975).  The  primary  effect  of  the  capping  inversion  was  to 
confine  the  range  of  dynamic  instability  to  a  relatively  narrow  band  of  wave 
numbers.  Because  the  general  form  of  their  model  contained  a  statically  unstable 
layer  and  a  wind  profile  with  an  inflection  point,  both  dynamic  and  convective 
instability  were  possible  when  -1  <  (N//3)2(m//c)2<0,  where  N  is  the  Vaisala- 
Brunt  frequency  in  the  superadiabatic  layer,  /3  is  the  shear  (assumed  constant)  in 
the  shear  layer,  m  is  wave  number  of  the  disturbance,  and  k  is  the  wave  number 
component  in  the  direction  of  shear.  Thus  m/k  represents  orientation  of  the 
disturbance  and  is  just  (sin  0)"1  where  6  is  the  angle  between  the  direction  of 
disturbance  alignment  and  the  shear  direction.  Below  (N/(3)2(m/k)2  =  -1,  only 
convective  instability  is  found;  above  zero,  only  dynamically  unstable  disturbances 
exist.  Disturbances  aligned  transverse  to  the  shear  direction  were  found  to  be 
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most  dynamically  unstable,  while  those  aligned  parallel  to  the  shear  direction 
were  most  convectively  unstable.  Thus  the  analysis  of  the  dynamics  of  the  model 
recognizes  two  classes  of  disturbance  in  terms  of  their  origin,  one  wave-like  and 
the  other  convective. 

In  this  paper  we  are  interested  in  the  kinematic  structure  rather  than  the 
dynamics.  Because  the  flow  patterns  are  determined  by  kinematic  constraints,  the 
velocity  field  is  insensitive  to  whether  the  disturbance  is  from  wave  action  or 
convection;  the  solutions  may  appear  wave-like  in  one  region  and  cell-like  in 
another.  If  one  were  interested  in  making  such  a  distinction,  it  would  have  to  be 
on  the  basis  of  alignment  of  the  disturbances,  their  scale  relative  to  layer  depth 
and  the  presence  of  an  inflection  point  in  the  wind  profile  or  a  superadiabatic  vs.  a 
stable  lower  atmosphere.  Because  the  radar  measurements  were  made  on  an 
afternoon  with  active  solar  heating,  we  assume  that  the  observed  features  were 
generated  by  convective  instability,  but  the  kinematic  structure  is  "unaware"  of 
this. 

It  is,  of  course,  possible  to  calculate  the  vector  wind  perturbation  fields  in  the 
full  multi-layer  model  of  Gossard  and  Moniger  (1975).  However,  the  number  of 
parameters  that  must  be  specified  in  a  model  of  such  complexity  is  very  large,  and 
almost  any  pattern  could  be  produced  by  a  suitable  choice  of  parameters.  In  the 
absence  of  a  comprehensive,  independent  set  of  observations  to  define  the 
environment  in  detail,  it  is  reasonable  to  compare  the  simplest  model  with 
observation,  and  increase  its  complexity  only  as  necessary  to  account  for  observa- 
tions. We  find  that  a  simple  three-dimensional,  two-layer  model  consisting  of  an 
adiabatic  lower  layer,  under  various  degrees  of  shear,  capped  by  a  stable  upper 
atmosphere  is  capable  of  explaining  nearly  all  features  found  in  the  dual-Doppler 
observations.  If  we  included  a  shearless,  superadiabatic  surface  layer  beneath  the 
shear  layer,  as  in  the  model  of  Gossard  and  Moninger  (1975),  it  would  be  a  very 
important  factor  in  the  dynamics  because  jt  introduces  both  inflection  point  and 
thermal  instability  into  the  model,  but  such  a  layer  has  virtually  no  effect  on  the 
kinematics  if  it  is  fairly  thin  (  =  0.1  AH).  The  rigid  lower-boundary  constraint  on 
vertical  velocity  must  still  be  obeyed,  and  the  interfacial  displacement  must  match 
at  the  top  of  the  superadiabatic  layer.  On  the  other  hand,  the  kinematics  in  the 
two-layer  model  can  be  discussed  independently  of  the  dynamics,  while  the 
addition  of  another  layer  requires  solution  of  the  complete  dynamical  problem  to 
satisfy  the  interfacial  kinematic  conditions  because  the  quantity  "A"  in  Gossard 
and  Moninger  (1975)  must  then  be  evaluated. 

Shear  has  a  very  important  influence  on  the  observed  flow  patterns.  In  the 
vertical  plane  containing  the  shear  vector,  strong  shear  can  produce  adjacent 
vortices  rotating  in  the  same  sense.  However,  if  the  shear  is  absent  or  weak,  they 
rotate  in  opposite  directions.  Shear,  if  very  weak,  can  also  produce  counter- 
rotating  adjacent  vortices  in  horizontal  planes  within  the  shear  layer.  As  the  shear 
becomes  stronger,  these  patterns  more  nearly  resemble  flow  about  an  obstacle. 

An  important  conclusion  of  the  present  study  is  that  most  of  the  observed 
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kinematics  of  a  convective  boundary  layer  can  be  modeled  without  resorting  to 
numerical  methods  in  large  computers  which  typically  require  large  amounts  of 
expensive  computer  time.  This  makes  experimentation  with  the  model  much 
easier  and  facilitates  isolation  of  the  effects  of  various  model  changes.  This  kind  of 
modeling  can  therefore  serve  as  a  valuable  guide  in  the  design  of  numerical 
models  that  may  contain  more  complexity  and  also  aid  in  the  interpretation  of 
results  from  those  models.  The  kinematic  model  can  aid  in  the  design  of 
measurement  programs,  since  by  making  changes  in  input  parameters,  one  can  see 
the  range  of  expected  effects  and  determine  type  and  placement  of  optimum 
instrumentation. 

The  techniques  used  by  the  Wave  Propagation  Laboratory  in  the  collection  and 
processing  of  the  dual-Doppler  radar  data  have  been  described  in  detail  by  Miller 
and  Strauch  (1974).  The  wavelength  of  each  radar  is  3.2  cm.  The  two  radars  are 
separated  by  a  baseline  and  they  scan  a  common  volume  of  space  in  which  there 
are  air-motion  tracers.  These  tracers  may  be  snow  (Frisch  et  al,  1974),  water 
drops  (Miller,  1975;  Kropfli  and  Miller,  1976),  or  chaff  as  in  the  observations  to 
be  described  in  this  paper.  The  radars  scan  the  volume  by  synchronously  scanning, 
sequentially,  a  series  of  tilted  planes,  each  common  to  both  radars  (Lhermitte  and 
Miller,  1970).  In  the  collection  of  data  used  in  this  paper,  24  range  gates  were 
used,  and  each  co-plane  was  scanned  in  16  azimuthal  "beams."  The  radars  were 
separated  by  16  km.  The  chaff  was  injected  from  an  aircraft  flying  a  grid  pattern 
at  a  height  of  1  km  on  a  convective  afternoon  with  active  solar  heating.  The  chaff 
was  injected  high  in  the  convective  structure  so  it  flowed  mainly  into  the 
downdraft. 

The  chaff  filled  a  depth  of  about  1  km,  which  we  will  therefore  assume  to  be  the 
depth  of  the  convectively  mixed  layer.  It  took  about  30  s  to  scan  each  plane  and 
about  5  min  to  scan  the  volume.  The  radial  velocities  were  accurate  to  ±6  cm-1. 
A  description  of  the  Doppler  data,  along  with  spatial  spectra  and  analyses  of  the 
relation  of  the  turbulent  structure  to  the  convective  patterns,  has  already  been 
published  (Frisch  et  al.,  1976).  In  the  present  paper  we  have  interchanged  the  x 
and  y  axes  from  the  convention  in  Frisch  et  al. 

In  order  to  reveal  the  cell  structure  as  clearly  as  possible,  the  mean  air  motion 
in  the  volume  scanned  was  subtracted  from  the  total  velocity  field.  Therefore,  in 
the  models  we  have  calculated  flow  relative  to  the  cell  motion. 


2.  Derivation  of  the  Model  Equations 

For  a  mean  flow  u0(z)  with  vertical  shear  du0/dz  in  the  x  direction,  the  equations 
of  motion,  continuity,  and  energy  conservation  for  small,  adiabatic  perturbations 
are  (see  Gossard  and  Hooke,  1975,  p.  122): 

£^  +  ±dJ>  +  dJ±2w  =  0  (1) 

Dt     p0dx     dz 
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Dv     1  dp     n 

-TT  +  —  —  =  0 
Dt     p0dy 

Dw     1  dp 

—  + -+e 

Dt      p0dz 


Po 


Dp  dp0 

W{  +  »—  +POV-V: 


(2) 
(3) 

(4, 


Dp  dpn 

h  W 

Dt         dz 


1 


1-  w  — 

Dt         dz 


where  u,  v,  w  are  small  perturbations  of  the  x,  y,  z  components  of  velocity,  and  p, 
p  are  perturbations  of  density  and  pressure.  Unperturbed  quantities  are  desig- 
nated by  zero  subscripts,  and  c  is  sound  velocity.  We  have  chosen  x  to  be  the 
direction  of  the  unperturbed  flow,  so  that  Vo=  Wq  =  0;  the  operator  D/Df  = 
d/dt+u0(z)d/dx. 

We  eliminate  p  between  Eqs.  (4)  and  (5)  and  adopt  the  transformation 

U,  V,  W,  P-1  =  [p0(z)/p,]1/2(K,  v,  w,  p"')  (6) 

where  ps  is  the  density  at  some  reference  level  such  as  the  surface.  The  four 
partial  differential  equations  are  linear  and  homogeneous,  and  solutions  repres- 
enting a  simple  form  of  three-dimensional  disturbance  are 

V,  V,  W,  P  =  \[U{z),  V(z),  W(z),  P(z)][e\p  i(kx  +  ly  -  at) 

±exp  i(kx-ly-at)]     (7) 

where  k  and  /  are  the  horizontal  wave  numbers  of  the  perturbation  and  a  is 
frequency.  The  partial  differential  equations  are  satisfied  by  the  following  phasing 
of  the  variables: 


P  =  P(z)  cos  /y  sin  {kx  -at) 
U  =  U(z)  cos  /y  sin  (kx  -at) 
V  =  V(z)  sin  /y  cos  (kx  -  at) 
W  =  W(z)  cos  /y  cos  (kx-at). 


(8) 
(9) 
10) 

:ii) 


Eliminating  P(z),  U(z),  and   V(z),  we  obtain  the  classical  ordinary  differential 
equation  in  W(z), 


d2W(z) 
dz2 


Unk     N~m~ 


m   —■ 


W(z)  =  0, 


(12) 


where  m2=k2+l2,  u'a=d2u0/dz2  and  w  =  iD/Dt  -  k[C-  u0(z)]  is  the  intrinsic 
frequency.  In  deriving  (12),  we  have  defined  N2  =  -  g(po  ]dp{l/dz  +  gjc2)  = 
(g/90)(d8Jdz),  where  N  is  the  Vaisala-Brunt  frequency  and  8  is  potential  temper- 
ature. We  have  neglected  the  quantity  (2p()f]dpjdz  +  g/c",  compared  with  d/dz 
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applied  to  the  field  variables,  and  we  have  assumed  that  the  phase  velocity 
C  —  a/k«  c.  This  is  a  form  of  the  Boussinesq  approximation.  It  implies  that  we 
have  assumed  the  scale  depth  of  the  atmosphere  to  be  large  compared  with  the 
scale  depth  of  the  disturbance  and  that  the  disturbance  propagates  slowly  com- 
pared with  the  speed  of  sound.  It  is  important  to  note  that  Equation  (12)  is 
identical  to  the  wave  equation  for  a  two-dimensional  disturbance  except  that  m2 
has  replaced  k2  as  the  first  term  in  brackets  and  N2m2/k2[C-  u0(z)]2  has  replaced 
N2/[C-  u0{z)]2  as  the  last  term  in  brackets.  Therefore,  solutions  for  the  two- 
dimensional  case  can  be  applied  to  the  three-dimensional  case  by  simply  substitut- 
ing N'-Nm/k  for  N. 

The  solution  of  (12)  is  generally  difficult  because  of  singularities  in  the  coeffi- 
cient where  the  intrinsic  frequency  becomes  zero,  i.e.,  at  the  height  where  the 
disturbance  velocity  and  the  background  wind  velocity  are  equal.  Solutions  for 
some  special  cases  are  well  known,  e.g.,  in  the  case  of  no  shear  when  a>  is  constant 
and  «o  is  zero.  If  N  is  also  constant  with  height,  the  coefficient  in  (12)  is  constant, 
and  its  solutions  are  simply  combinations  of  exponentials  with  the  exponent  being 
either  real  or  imaginary  depending  on  whether  N/o>  is  less  than  or  greater  than 
unity. 

The  solutions  are  also  simple  when  the  shear  is  constant  and  N  -  0  (homogene- 
ous medium).  Then  u0'  =  0,  and  important  solutions  are  exp  (±  mz),  cosh  mz,  sinh 
mz,  and  combinations  thereof,  as  needed  to  satisfy  prescribed  boundary  condi- 
tions. If  the  vertical  velocity  varies  as  the  cosh  or  the  exponential,  the  streamline 
pattern  is  essentially  the  cat's  eye  of  Kelvin  (1880)  near  z  =  0.  However,  if  the 
solution  in  the  neighbourhood  of  z  =  0  goes  as  sinh  mz,  the  streamline  pattern  is 
the  cockeyed  cat's  eye  of  G.  I.  Taylor  (1931)  shown  in  Fig.  2  (upper  frame)  along 
with  the  cat's  eye  pattern  (lower  frame).  In  order  to  satisfy  the  boundary 
condition  that  W  =  0  at  z  =  ±°°,  the  layer  in  which  W  varies  as  sinh  mz  must  be 
bounded  by  layers  in  which  W  is  evanescent.  The  bounding  layers  must  therefore 
vary  as  exp  (±yz),  where  7  =  m[l  -  (N/ co)2f2 ,  if  they  are  shearless  and  statically 
stable,  or  as  exp  (±mz)  if  they  are  neutral.  This  model  is  shown  in  the  top  frame 
of  Figure  1. 

Models  in  which  the  mean  wind  profile  varies  as  u0{z)  =  Au„  tanh  (z/AH)  have 
been  analyzed  by  Drazin  (1958),  Holmboe  (1960),  and  Garcia  (1961).  In  the 
Holmboe  model,  the  mean  density  distribution  is  represented  by  p0(z)  =  ps 
exp  SAH[tanh  (z/AH)]  where  ps  is  the  density  at  the  height  z  =  0  and  S  is  the 
value  of  poldp0/dz  at  z  =  0.  This  model  is  shown  in  the  bottom  frame  of  Figure  1. 
If  we  wish  to  apply  our  model  to  the  atmosphere,  we  use  the  profile  of  potential 
temperature  instead  of  density.  Then  S=  -6oldd0/dz.  The  eigenfunction,  W,  for 
this  model  expressed  in  terms  of  WAH,  is  given  (for  C  =  0)  by 

V¥(z)  =  (1.312)(0.851)~aW4„[sech(z/4H)]a[tanhzMH]1"a  (13) 

where  a  =  mAH.  The  streamline  patterns  in  the  neighbourhood  of  z  =  0  have 
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Model  1 


Fig.  1.  Model  with  statically  neutral  shear  layer  imbedded  in  stable  medium  (upper);  model  with 
hyperbolic  tangent  wind  profile  and  some  static  stability  (lower).  Left  and  middle  frames  are  ambient 
wind  and  density  profiles,  respectively.  Right  frame  shows  the  resulting  vertical  velocity  perturbation. 
When  a  rigid  boundary  (the  earth's  surface)  is  inserted  at  the  center  of  the  shear  layer,  the  upper 
model  becomes  our  Model  1  and  the  lower  our  Model  2. 


surface 


Fig.  2.  Streamlines  in  vertical  planes  containing  a  symmetrical  shear  layer  in  a  homogeneous 
medium.  The  lower  frame  shows  the  Kelvin  cat's  eye  pattern.  The  upper  frame  shows  the  cockeyed 
cat's  eye  of  G.  I.  Taylor.  When  a  rigid  boundary  is  placed  at  the  level  streamline  in  the  cockeyed  cat's 
eye,  the  pattern  is  that  of  the  streamlines  in  the  two-dimensional  case  of  Model  1  near  the  earth's 
surface.  All  vortices  rotate  in  the  same  direction. 
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been  plotted  by  Howard  and  Maslowe  (1973)  and  are  reproduced  in  Figure  3  for 
various  a.  When  a  =  1  (frame  a)  the  pattern  is  essentially  that  of  the  cat's  eye  and 
when  a  =  0  (frame  e)  it  resembles  the  cockeyed  cat's  eye. 

Eliminating  p  between  Equations  (1)  and  (2)  and  then  using  the  continuity 
Equation  (4)  in  its  incompressible  form,  i.e.,  ikU+ HV  +  dW/dz  =  0  since  c2»C2, 
the  relationship  between  U(z)  and  W(z)  is  found  to  be 


Similarly, 


and 


t/(z)=-A(f-/3-£r 

m  \dz        (x)  k 


V(z) 


■+|8-  W(z) 

m  \dz        u>i 


P(Z)=-PS 


m 


\dZ  ail 


(14) 


(15) 


(16) 


where  0  is  the  shear  du0/dz. 

3.  Boundary  Conditions 

The  model  with  a  homogeneous  shear  layer  is  shown  in  the  top  frame  of  Figure  1. 
We  will  call  it  Model   1   and  call  that  shown  in  the  bottom  frame  Model  2. 


■0.5 


0.5 


0.5 


Fig.  3.  Streamline  patterns  in  vertical  planes  of  Model  2.  Frame  (a)  shows  the  case  of  a  =  1 
(essentially  the  cat's  eye)  and  frame  (e)  shows  the  case  of  a  =0  (much  like  the  cockeyed  cat's  eye).  For 
purposes  of  calculation  we  choose  a  =0.5  in  our  Model  2.  (Figure  taken  from  Howard  and  Maslowe, 

1973). 
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Satisfying  the  dynamic  and  kinematic  boundary  conditions  at  the  interfaces 
between  layers  in  Model  1  yields  the  eigenvalue  relationship  between  C,  a,  N,  and 
/3.  However,  it  is  not  our  purpose  here  to  examine  the  dynamics  or  stability  of 
models  but  rather  to  describe  their  kinematics  for  comparison  with  flow  patterns 
observed  with  a  dual-Doppler  radar  system. 

The  kinematic  conditions  require  that  W  must  vanish  at  a  level,  rigid  lower 
boundary  and  at  infinity.  In  Figure  2  we  notice  that  one  of  the  two  zero 
streamlines  enclosing  the  vortices  is  horizontal  at  z  =  0  in  the  cockeyed  cat's  eye 
pattern.  Therefore,  in  contrast  with  the  cat's  eye,  the  vertical  velocity  is  zero  at 
z=0  and  we  may  put  a  rigid  boundary  there.  Satisfactory  solutions  for  Model  1, 
where  a  rigid  lower  boundary  exists  at  z  =  0,  are 


("^) 


sinh 

W(z)=WAH — ,     — -^1  (17a) 

sinh  a  AH 


-ao(^-l) 


—  >1.  (176) 

AH 


(The  eigenvalue  equation  for  this  model  is  (ctnh  2a  +  a0/a)^~  —  £  — 
(a2 -a  +  aa„)  =  0  where  £=  CI  Au  and  an  =  a(\- N2/u>2)1'2.  Since  the  shear  layer  is 
surface-based  (at  z  =  0),  there  is  no  inflection  point  in  the  wind  profile  and 
therefore  no  domain  of  dynamic  instability.)  We  will  assume  that  Model  1,  with  its 
adiabatic  lower  layer,  approximately  represents  a  dry,  sheared  convective  bound- 
ary layer. 

The  streamlines  for  Model  2  have  been  plotted  for  several  values  of  a  by 
Howard  and  Maslowe  (1973)  using  Equation  (13)  and  they  are  shown  in  Figure  3. 
When  a  =  1  (frame  a),  we  see  that  the  pattern  is  essentially  that  of  the  cat's  eye, 
and  when  a  =  0,  it  is  that  of  the  cockeyed  cat's  eye.  When  a  =  1,  W(z)«  [cosh 
(z/AH)]~l  so  the  kinematic  conditions  are  satisfied  at  z  =  °°  but  not  at  z  =  0.  When 
a=0,  W(z)  x  tanh  (z/AH)  so  the  kinematic  conditions  are  satisfied  at  z—0  but 
not  at  z  =  oo.  For  other  values  of  a,  both  conditions  are  satisfied  and  in  what 
follows  we  will  choose  a  =  0.5,  which  means  that  the  horizontal  scale  is  17.8  AH. 
The  features  observed  by  the  radars  had  horizontal  scales  of  about  5  AH,  but  we 
chose  a  smaller  ratio  of  vertical  to  horizontal  scale  in  the  model  so  that  the 
linearizing  assumptions  in  the  theory  would  be  more  valid.  Then  from  Equation 
(13), 

W(z)=  1.422  WJ„[cosh(az/ZiH)]",[sinh  az/AH]1/2.  (18) 

Equation  (18)  is  not  exactly  a  solution  of  (12)  unless  C  =  0.  However,  it  is  a 
convenient  approximation  to  use  for  W,  and  comparison  with  Model  1  will  allow 
us  to  judge  how  sensitive  the  flow  patterns  are  to  the  precise  form  of  the  assumed 
profiles. 
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Insertion  of  Equations  (17)  or  (18)  into  Equations  (14)  or  (15)  essentially 
completes  our  problem  of  relating  the  velocity  components  within  these  inviscid 
shear  models. 

For  Model  1,  o>//3  =  (ak/m)(£- z/AH)  where  ^=C/Au.  For  Model  2,  a)/j30  = 
{ak/m)  [tanh  £-tanh  (z/AH)]  where  /30  =  AuJAH.  At  the  critical  level,  z/AH  =  £, 
so  a)  passes  theorugh  zero  there  and  changes  sign.  Therefore  U(z),  V(z)  and  the 
vertical  component  of  vorticity  become  infinite  (Gossard  and  Moninger,  1975). 
This  is  a  result  of  our  neglect  of  viscosity.  Figure  4  shows  the  velocity  fields  in  four 
horizontal  planes,  the  nv  Idle  two  of  which  are  on  opposite  sides  of  the  critical  level 
at  zj AH  —  0.5.  The  left  column  of  frames  shows  the  inviscid  model.  Note  the 
opposite  direction  of  rotation  of  the  vortices  below  and  above  the  critical  level. 
The  conditions  assumed  are  given  in  the  caption. 

3.  The  Flow  Fields  with  Viscosity 

The  reason  the  horizontal  velocity  components  become  infinite  at  the  critical  level 
is,  of  course,  because  we  have  neglected  viscosity.  In  general,  it  is  difficult  to  take 
viscosity  and  thermal  conductivity  into  account.  If  both  viscosity  and  thermal 
conductivity  are  included.  Equation  (12)  becomes  of  6th  order  and  simple 
solutions  exist  for  only  a  few  special  cases.  For  example  when  shear  is  included 
the  coefficients  cannot  be  treated  as  constant.  It  is  therefore  necessary 
to  resort  to  computers  to  obtain  solutions  for  realistic  models  with  viscosity 
included. 

However,  some  of  the  effects  of  viscosity  and  thermal  conductivity  can  be 
represented  qualitatively  by  assuming  that  the  two  quantities  are  constant  and 
equal,  and  simply  redefining  the  operator  D/Dt  in  Equations  (1)  through  (5)  to 
include  the  vV2  operator  through  which  viscosity  enters  the  basic  equations.  Then 

D/Df=  -ia>  =  —  +u0(z) vV2. 

dt  dx 

For  some  eigenfunctions,  viscosity  is  rigorously  represented  by  this  artifice,  but  in 
general  it  should  be  considered  to  provide  only  qualitative  information  about  the 
effect  of  viscosity.  It  does  incorporate  some  of  the  important  viscous  effects  into 
the  model  and  allows  us  to  deal  with  a  differential  equation  of  only  2nd  order. 
There  is  historical  precedent  for  this  kind  of  approximation,  sometimes  called  the 
Darcy  approximation  (e.g.,  Kuo,  1963),  but  its  main  justification  in  this  paper  is 
that  viscosity  will  be  important  only  in  a  height  region  in  the  vicinity  of  the  critical 
level,  since  we  neglect  the  surface  friction  layer.  Our  goal  is  only  to  derive  the 
kinematic  structure  of  the  disturbances;  in  this  paper  we  ignore  the  dynamics  and 
the  flux  properties  of  models. 
For  Model  1,  letting  L'=vV2/p, 


r^a(^^)-,L'; 
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Fig.  4.  Row  patterns  in  four  horizontal  planes  through  the  shear  layer.  Set  of  patterns  at  the  left 
shows  Model  1  without  viscosity.  Middle  set  shows  Model  1  with  viscosity.  Set  of  patterns  at  the  right 
shows  Model  2  with  viscosity.  The  patterns  look  very  similar  in  the  two  models  but  differ  significantly 
from  the  inviscidcase.  Note  especially  the  reversal  in  sign  of  the  vorticity  as  it  passes  through  ±°°  at 
the  critical  level.  In  the  calculations  it  was  assumed  that  k  =  l,  a  =0.5,  zj  AH  =  0.5,  L  —  L'  =  —  0.14, 
4u«  =  0.5ms~\  W4H=0.25ms-1  (Model  1)  and  W&H  =0.176  ms_1  (Model  2).  Length  of  arrow 
indicates  relative  speed,  and  orientation  indicates  direction.  The  scale  size  of  the  arrows  in  the  pattern 
at  0.6  AH  in  the  left  set  of  patterns  is  one-half  that  used  at  the  other  levels.  The  position  of  the  wind 
calculated  from  the  model  is  at  the  head  of  the  arrow. 


and  for  Model  2,  letting  L  =  vV2/f30, 
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where  £=  C/Au  and  £0=  C/Au„.  Introducing  an  undisturbed  environmental  wind 
u0(z)  to  which  the  perturbations  given  by  Equations  (14)  and  (15)  are  added,  we 
define  the  total  perturbation  of  the  x  component  uT  as 


uT=  u0(z)- 


2m  irr 


aw(z)    V 


m     dz        k 


x  (-/)[exp  i(kx  +  ly-crt)  +  exp  i(kx-  ly-at)]. 
The  y  component  of  the  velocity  perturbation  and  the  vorticity  are  given  by 


V  = 


I 


1  dW(z) 


(vot)h  = 


2mlm     dz 
dV    duT 


dx      dy      2kAH 


x(-j)[exp  i(kx  +  ly-<rt)-exp  i(kx  -  ly-at)] 

(A  +  iB) 

x(-j)[exp  i(kx  +  ly  -  at)  -  exp  i(kx-  ly-at)] 


where  it  is  understood  that  the  real  part  is  to  be  taken. 
For  Model  1, 


dW 
dz  ' 

dW 
dz  ' 


AH  I  sinh  a  \    AH  I 
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u0(z)  =  (iz  =  Au(^i). 


The  W,  herein  assumed  to  be  given  by  Equation  (17)  or  (18),  will  really  be 
complex  in  general.  Writing  A  +  iB  in  exponential  form,  we  recognize  that  the 
introduction  of  viscosity  has  introduced  a  phase  change  in  the  x  direction.  From 
Equations  (14)  and  (15),  we  see  that  A  and  B  are  zero  when  j8  is  zero  and  that 
the  terms  in  A  and  B  are  also  zero  for  two-dimensional  perturbations  (/  =  0). 
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For  Model  2, 


dW  WAH\ 

=  (1.312)(0.85ira-7^j(l-a) 


dz 
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Wind  field  patterns  calculated  from  the  models  are  shown  in  Figures  4-6. 
Arrowheads  have  been  put  on  the  arrows  manually.  The  length  of  the  line 
segment  represents  speed  and  its  orientation  indicates  direction.  The  line  seg- 
ments are  arrows  flying  with  the  wind. 

In  Figure  4  the  wind  fields  for  the  two  models  are  shown  projected  onto 
horizontal  planes  at  four  heights  through  the  shear  layer.  For  these  plots,  we 
arbitrarily  chose  L'  =  L=  -0.14.  This  was  approximately  the  minimum  value 
giving  smooth  behavior  of  the  wind  patterns  across  the  critical  level.  Choosing 
a  =  0.5,  .Ah  =  0.5  m  s_1,  AH  =  1000  m,  and  assuming  V2  —  m2  gives  a  value  of 


v  =  300  m2  s  '  in  contrast  to  the  molecular  value  of  ~  1.5  x  10" 


m 


s  \  The  wind 


fields  of  the  models  with  viscosity  are  shown  along  with  the  corresponding  wind 
fields  from  the  inviscid  case  of  the  homogeneous  shear-layer  model  (left  column). 
We  see  that  neither  the  horizontal  velocity  components  nor  the  vorticity  change 
sign  or  become  infinite  passing  through  the  critical  level  when  viscosity  is 
included.  There  is  a  smooth  transition  from  patterns  dominated  by  divergence  at 
the  surface  through  patterns  dominated  by  vorticity  in  the  region  of  the  critical 
level  to  patterns  primarily  again  divergent  aloft.  The  vorticity  appears  in  the 
horizontal  planes  because  the  environmental  vorticity  vector  in  the  y  direction  is 
"tilted"  up  and  down  periodically  by  the  three-dimensionality  of  the  model.  In 
Figure  4,  it  was  assumed  that  the  critical  level  was  at  0.5JH  for  all  models,  and 
that  the  change  in  wind  across  AH  was  0.5  m  s"1.  WAH  was  0.25  m  s-1  in  Model  1 
and  0.176  in  Model  2  (i.e.,  1.422  WAH  =  0.25  in  Model  2). 

Figure  5  shows  the  wind  fields  from  Model  1  in  vertical  planes  parallel  to  the 
mean  wind  at  y/AH  =  0  for  three  shear  conditions.  When  Au  =  0,  the  flow  is  a 
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Fig.  5.    Velocity  vectors  projected  onto  planes  parallel  to  the  shear  for  three  values  of  Au  in  Model  1. 

For  Au  =  0.05  ms~\  the  counter-clockwise  vortex  is  barely  closed.  It  is  assumed  that  k  - 1,  a  =0.5, 

zc/AH  =  0.5,  L=-0.2,  WAH  =  0.25  ms'1  and  y/4H  =  0. 

pattern  of  adjacent  counter-rotating  vortices  with  vertical  up-  and  downdrafts. 
However,  when  4«  =  0.1ms"1,  the  vortex  rolling  against  the  shear  has  disap- 
peared, leaving  a  non-symmetrical  pattern  of  tilted  up-  and  downdrafts,  and 
vortices  rotating  in  the  downwind  direction.  When  the  shear  is  further  increased 
to  Au  =  0.5  m  s"1,  the  pattern  is  almost  symmetrical  and  is  essentially  that  of  the 
cockeyed  cat's  eye  with  the  lower  half  removed. 

Figure  6  shows  the  wind  fields  projected  onto  vertical  planes  perpendicular  to 
the  direction  of  the  mean  wind.  The  top  frame  shows  the  fields  at  x/AH  =  0  and 
the  bottom  at  x/AH-3.  As  expected,  there  is  a  simple  symmetry  in  the  planes 
perpendicular  to  the  shear;  the  perturbation  amplitude  simply  decreases  co- 
sinusoidally  on  either  side  of  x/AH  =  0. 

5.  The  Effect  of  Wind  Shear 

The  mean  wind  shear  has  an  important  effect  on  the  kind  of  flow  patterns  found 
in  the  model. 
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Fig.  6.     Flow  patterns  in  planes  perpendicular  to  the  direction  of  shear  at  x/AH  =  0  (upper)  and 
x/AH  =  3  (lower).  Assumptions  otherwise  the  same  as  in  the  caption  of  Fig.  5.  Pattern  of  counter- 
rotating  adjacent  vortices  is  independent  of  shear. 

Figure  7  shows  velocity  patterns  in  a  horizontal  plane,  as  shear  is  increased  from 
zero  to  a  value  of  0.005  s~\  To  facilitate  comparison  with  real  observations  to 
follow,  this  figure  has  been  plotted  in  terms  of  actual  shear,  /3,  rather  than  Au.  In 
doing  this,  we  have  made  use  of  the  observed  fact  that  the  chaff  dispersed  through 
a  depth  of  about  a  kilometer  and  have  therefore  chosen  1  km  as  the  depth  of  the 
adiabatic  layer.  Patterns  are  plotted  for  a  height  of  600  m;  we  have  assumed  the 
critical  level  to  be  at  250  m  and  have  set  /  =  k. 

With  no  shear,  the  patterns  represent  simple  convergence/divergence  as  ex- 
pected. With  some  small  shear,  the  patterns  are  more  or  less  evenly  spaced, 
counter-rotating  vortices.  As  the  shear  is  increased  further,  adjacent  vortices 
crowd  closer  together,  pairs  become  more  widely  separated  and  the  pattern 
becomes  much  like  the  flow  about  an  obstacle  with  each  vortex  pair  the  obstacle. 

6.  Comparison  with  Observation 

In  this  section  we  present  dual-Doppler  radar  observations  of  flow  patterns  in  the 
boundary  layer  on  a  convective  afternoon  using  chaff  as  the  air-motion  tracer. 
The  data  were  collected  at  about  1230  MDT  on  10  August  1972  near  Haswell  in 
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southeast  Colorado.  Unfortunately,  there  was  no  RAWINSONDE  until  about 
five  hours  later,  so  the  mean  wind  data  from  the  balloon  sounding  are  of  little 
value  in  determining  shear  conditions.  The  spatially-averaged  Doppler  radar  wind 
observations  suggest  a  wind  profile  with  very  small  shear  (0.0005  s_1),  which  is  in 
accord  with  the  kind  of  flow  patterns  observed.  We  have  compared  the  radar 
observations  with  a  model  in  which  Au  =  0.05  m  s_1,  so  that  j3  =  0.00005  s1.  A 
larger  value  completely  suppresses  the  counter-clockwise  roll  in  the  vertical  plane 
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Fig.  7.     The  effect  of  environmental  shear  on  the  flow  pattern  in  a  horizontal  plane  near  the  middle  of 

a  shear  layer  (Model  1).  When  there  is  no  shear,  the  pattern  is  simple  convergence  and  divergence. 

With  some  very  small  shear,  adjacent  counter-rotating  vortices  appear.  With  stronger  shear  at  a  given 

level,  the  flow  more  nearly  resembles  streaming  about  an  obstacle. 
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in  the  direction  of  shear,  and  there  is  some  evidence  for  such  rolls  as  seen  in 
Figure  9,  middle  frames.  The  observed  mean  shear  was  small  compared  with  the 
height  fluctuations  in  wind  velocity  resulting  from  the  disturbance  field,  so  it  can 
be  considered  only  a  crude  approximation  of  the  environmental  wind.  In  accor- 
dance with  the  observations,  we  assumed,  for  the  plots  from  the  model,  that  the 
cells  were  horizontally  symmetrical;  thus  k/m  =  l/m  —  0.707.  We  assumed  a  — 
0.5  so  that  the  horizontal  scale  of  the  disturbance  is  17.8  AH.  The  chaff  spread 
through  a  depth  of  about  a  kilometer,  so  it  is  reasonable  to  choose  a  value  of 
AH  -  1  km,  which  gives  a  horizontal  scale  of  about  18  km.  The  observed  scale  is 
about  5  km  as  seen  in  Figure  8,  but  we  chose  to  keep  the  ratio  of  the  perturbation 
magnitude  to  horizontal  scale  size  small  in  accord  with  the  small  perturbation 
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Fig.  8.  Calculated  velocity  vectors  projected  onto  four  horizontal  planes  (left),  compared  with 
velocity  vectors  measured  by  dual-Doppler  radars  in  clear-air  convection  (right)  using  chaff.  In  the 
model  calculations,  we  chose  the  same  assumptions  as  in  the  caption  of  Fig.  4  except  that  a  very  weak 
shear  (/3  =0.00005  s_1)  was  assumed.  The  x  axis  of  the  model  has  been  rotated  clockwise  to  achieve  a 
best  fit  with  the  observations.  Only  that  portion  of  the  calculated  pattern  is  shown  which  corresponds 
to  the  portion  of  the  cells  seen  by  the  radars,  i.e.,  the  chaff  cloud.  The  position  of  the  observed  wind  is 
at  the  tail  of  the  arrow,  as  plotted  in  the  display  from  the  CDC  3800  computer,  in  contrast  with  the 
wind  vectors  calculated  from  the  model,  whose  position  is  indicated  by  the  arrowhead.  The  length  of 
the  arrows  on  the  right-hand  x  scale  corresponds  to  a  measured  wind  speed  of  1  ins"'. 
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approximation  used  in  linearizing  the  basic  Equations  (1)  to  (5).  We  assumed 
WAH  =  0.176  m  s_1  and  L=  -0.14  as  explained  in  the  description  of  Figure  4. 

The  plots  of  the  dual-Doppler  data  were  made  from  the  CRT  display  of  a  large 
computer  and  the  tail  of  the  arrow  indicates  position.  Plots  for  the  model  were 
made  from  a  desk  computer  and  xy  plotter,  and  the  head  of  the  arrow  indicates 
position.  In  all  cases  the  volume-averaged  wind  has  been  subtracted  from  the  total 
wind,  so  the  residual  winds  are  shown  in  the  plots. 

Figure  8  compares  flow  patterns  in  a  series  of  horizontal  planes  in  Model  2  with 
patterns  observed  by  dual-Doppler  radar  on  a  convective  afternoon  when  chaff 
was  injected  into  the  atmosphere  by  an  aircraft  flying  a  grid  pattern  at  a  height  of 
1  km.  The  data  are  processed  in  a  coordinate  system  in  which  the  x  and  y 
directions  are  chosen  parallel  and  perpendicular,  respectively,  to  the  baseline 
between  the  radars.  In  Figure  8  we  have  tilted  the  patterns  of  the  model  slightly 
clockwise  to  achieve  a  better  fit  with  the  patterns  seen  by  the  radar  in  its 
coordinate  system.  The  similarities  between  the  patterns  in  the  model  and  those 
observed  by  radar  are  unmistakable.  Since  the  model  assumes  temporal  stationar- 
ity  and  horizontal  homogeneity  of  the  environment,  the  patterns  from  the  model 
repeat  themselves  indefinitely  in  the  horizontal  plane.  Those  parts  of  the  model 
patterns  are  displayed  that  most  closely  coincide  with  the  parts  of  the  pattern 
revealed  by  the  chaff.  The  chaff  was  injected  in  the  upper  region  of  the  boundary 
layer,  so  that  the  chaff  flowed  toward  and  into  the  downdraft.  Therefore  it  is  the 
downdraft  portion  of  the  convection  cell  that  is  mainly  revealed  to  the  radars  as 
shown  by  the  radar  winds  in  the  vertical  planes  in  Figure  9. 

Figure  9  shows  observed  flow  patterns  in  vertical  planes  parallel  to  the  radar 
baseline  for  the  same  case  as  Figure  8  and  compares  them  with  flow  patterns  in 
the  model  for  various  conditions  of  wind  shear  and  critical  level  height.  It 
demonstrates  that  most  patterns  observed  by  the  radars  can  be  reproduced  from 
the  model  with  only  minor  changes  in  environmental  parameters.  In  the  model, 
the  wind  speed  increases  with  height  and  the  shear  is  directed  toward  the  right  in 
the  figure.  In  the  top  two  frames,  the  critical  level  is  chosen  to  be  at  0.5  AH. 
When  Au  =  0.1  ins"1,  the  counterclockwise  vortex  of  the  shearless  case,  seen  in 
the  top  frame  of  Fig.  5,  has  disappeared,  and  only  clockwise  rotating  vortices 
remain.  An  example  from  the  radar  observations  is  shown  to  the  right  of  the 
model  winds  for  comparison.  When  Au  =  0.05  m  s~\  the  counterclockwise  vortex 
is  barely  closed.  A  similar  case  from  the  radar  wind  measurements  is  also  shown. 
Finally,  the  bottom  frame  shows  the  case  of  larger  shear  (4u  =  0.5ms _1)  and 
higher  critical  level  (zc  =  0.8  AH).  A  col  is  now  seen  between  the  rotating  vortices 
and  this  feature  can  also  be  sometimes  found  in  the  radar  wind  fields  as  shown  at 
the  bottom  right  of  Figure  9. 

Figure  10  shows  the  model  flow  pattern  in  a  plane  perpendicular  to  the  mean 
shear,  and  also  the  observed  winds  in  a  plane  perpendicular  to  the  radar  baseline. 
The  observed  patterns  are  less  clear  in  this  set  of  planes  and  the  vortex  motions 
are  not  so  evident.  The  maximum  height  of  the  observations  slopes  upward  away 
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Fig.  9.  Calculated  velocity  vectors  (left)  projected  onto  vertical  planes  parallel  to  the  shear.  Several 
values  of  Au  and  zJAH  are  chosen  to  compare  with  various  features  in  the  dual-Doppler  observations 
(right)  of  winds  in  planes  parallel  to  the  baseline.  In  the  top  and  middle  frames,  we  assumed 
zj AH  =  0.5,  but  in  the  bottom  frame,  we  chose  zJAH  =  0.8  to  emphasize  the  col  between  the 
vortices.  Otherwise,  assumptions  are  as  given  in  the  caption  of  Fig.  5.  Only  that  portion  of  the  model 
winds  is  shown  which  corresponds  to  the  portion  of  the  cells  seen  by  the  radars,  i.e.,  the  chaff  cloud. 
The  length  of  the  arrow  on  the  x  scale  corresponds  to  a  measured  wind  speed  of  1  ms"1. 
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Fig.  10.  Calculated  velocity  vectors  projected  onto  a  plane  perpendicular  to  the  direction  of  shear. 
The  winds  observed  by  dual-Doppler  radars  in  a  plane  perpendicular  to  the  baseline  are  shown  for 
comparison  (right).  The  upper  limit  of  the  observed  winds  slopes  upward  toward  the  right  at  the  tilt 
angle  of  the  highest  co-plane  scanned  by  the  radars.  Assumptions  as  given  in  captions  of  Figs.  5  and  6. 
The  length  of  the  arrow  on  the  y  scale  corresponds  to  a  measured  wind  of- 1  m  s~\ 


from  the  radar  baseline  at  an  angle  corresponding  to  the  tilt  of  the  highest  angle 
co-plane  scanned  by  the  radars. 

7.  Results  and  Conclusions 

We  have  compared  two  simple  shear  models  of  convection  in  the  boundary  layer 
with  observations  made  with  a  dual-Doppler  radar  system.  We  first  considered  the 
models  to  be  inviscid;  then  we  added  viscosity  in  a  crude  way. 

The  viscous  models  simulate  some  of  the  observed  patterns  very  satisfactorily, 
especially  the  transition  from  a  pattern  dominated  by  simple  horizontal  di- 
vergence near  the  surface  to  one  dominated  by  vorticity  in  horizontal  planes  near 
the  middle  levels.  The  models  predict  counter-rotating  vortices  in  horizontal  planes 
and  in  vertical  planes  perpendicular  to  the  shear  vector.  They  also  predict 
counter-rotating  adjacent  vortices  in  vertical  planes  parallel  to  the  shear  vector 
when  the  wind  shear  is  absent  or  very  weak,  but  they  predict  adjacent  vortices 
rotating  in  the  same  direction  when  the  vertical  shear  is  significant. 

We  conclude  that  some  (very  small)  shear  in  the  environmental  wind  is 
necessary  to  explain  the  observed  flow  patterns,  but  that  the  patterns  are 
relatively  insensitive  to  the  exact  shape  of  the  mean  shear  profile.  The  effects  of 
viscosity  on  the  kinematics  are  important,  expecially  near  the  critical  level. 
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ABSTRACT 

Results  from  a  boundary  layer  experiment  conducted  over  a  flat  site  in  northwestern  Minnesota  are  dis- 
cussed. Wind  and  temperature  fluctuations  near  the  ground  were  measured  with  AFCRL's  fast-response 
instrumentation  on  a  32  m  tower.  Measurements  between  32  m  and  the  inversion  base  z,  were  made  with 
MRU  probes  attached  at  five  different  heights  to  the  tethering  cable  of  a  1300  m3  kite  balloon.  The  daytime 
convective  boundary  layer  appears  to  be  well-mixed  with  evidence  of  significant  heat  and  momentum  en- 
trainment  through  the  capping  inversion. 

The  spectra  of  velocity  components  are  generalized  within  the  framework  of  mixed-layer  similarity.  The 
characteristic  wavelength  for  w  increases  linearly  with  height  up  to  z  =  0.1z;  following  free  convection  pre- 
diction, but  approaches  a  limiting  value  of  1.5z,  in  the  upper  half  of  the  boundary  layer.  The  characteristic 
wavelengths  for  u  and  v  are  maintained  at  approximately  1.5z,  down  to  heights  very  close  to  the  ground. 
This  limiting  wavelength  corresponds  to  the  length  scale  of  large  convective  elements  which  extend  to  the 
top  of  the  boundary  layer. 

The  behavior  of  the  temperature  specra  above  O.lz;  cannot  be  generalized  in  the  same  manner.  Below  that 
height  the  d  spectra  follow  behavior  observed  in  the  surface  layer;  z  =  0.1z,  is  also  the  upper  limit  for  the 
free  convection  predictions  of  the  w  and  8  variances. 

The  high-order  moments  and  the  structure  parameters  reveal  the  strong  influence  of  entrainment  at 
heights  above  0.5z,-. 


1.  Introduction 

An  experiment  to  investigate  the  structure  of  turbu- 
lence in  the  atmospheric  boundary  layer  was  conducted 
in  1973  by  members  of  the  Air  Force  Cambridge 
Research  Laboratories  (AFCRL),  Bedford,  Mass.,  the 
Meteorological  Research  Unit  (MRU),  Cardington, 
Bedford,  England,  and  the  Air  Weather  Service, 
Tinker  Air  Force  Base,  Okla.  The  experiment  was 
carried  out  over  a  flat,  sparsely  populated  section  of 
northwestern  Minnesota,  80  km  south  of  the  Canadian 
border. 

This  joint  experiment  was  the  culmination  of  nearly 
four  years  of  preparation  following  the  1968  Kansas 
surface  layer  experiment  (Haugen  el  al.,  1971).  The 
Kansas  experiment  provided  a  comprehensive  picture 
of  turbulence  structure  in  the  surface  layer,  but  it  also 
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indicated  a  clear  need  for  similar  data  from  greater 
heights.  Turbulence  in  the  surface  layer  appeared  to  be 
strongly  influenced  by  scales  of  motion  large  enough  to 
encompass  the  whole  boundary  layer.  By  the  late  1960's 
scientists  at  MRU  had  developed  turbulence  probes 
which  could  be  attached  to  the  tethering  cable  of  large, 
captive  balloons  (Readings  and  Butler,  1972)  and  had 
gained  considerable  experience  gathering  data  to  heights 
of  the  order  of  1  km.  It  appeared  that  such  a  technique 
could  easily  be  integrated  with  the  instrumentation  and 
data  handling  capability  developed  at  AFCRL  for 
tower-based  measurements. 

Before  any  full-scale  experiment  could  be  mounted 
it  was  necessary  to  establish  that  the  two  techniques 
were  compatible.  Experiments  were  conducted  to 
determine  whether  differences  in  sensor  design,  fre- 
quency response,  data  reduction  techniques  and  the 
movement  of  the  MRU  probe  as  it  swayed  with  the 
balloon  cable  produced  significant  differences  in  the 
observations.  The  first  comparison  test,  performed  at 
Bedford,  Mass.,  in  1969,  showed  excellent  agreement 
in  the  means,  variances  and  covariances  of  velocity 
components  and  temperature  when  the  two  sensors 
were  mounted  2  m  apart  on  a  16  m  tower  (Readings 
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and  Butler,  1972).  The  second  test,  designed  to  isolate 
possible  effects  of  cable  movement  on  the  measured 
statistics,  was  conducted  in  1971  on  a  370  m  tower 
(Haugen  et  al.,  1975)  at  Eglin  AFB,  Fla.  The  AFCRL 
sonic  anemometers  were  mounted  on  booms  at  150 
and  305  m,  while  the  MRU  probes  were  flown  at  the 
same  heights  on  the  tethering  cable  of  a  1300  m3  kite 
balloon.  The  results  showed  that  the  mean  and  variance 
of  the  horizontal  wind  speed  were  overestimated  (about 
10%  and  20%,  respectively)  by  the  balloon-borne 
probe,  but  the  variances  of  the  vertical  wind  component 
and  temperature  and  the  fluxes  of  momentum  and  heat 
compared  well.  Spectrum  analysis  of  these  data  pro- 
vided essential  information  on  the  distribution  of  probe 
movement  error  needed  to  correct  velocity  spectra 
obtained  subsequently  at  the  Minnesota  site. 

2.  Experimental  details 

The  tower  and  balloon-launch  facilities  for  the  Min- 
nesota experiment  were  located  on  the  southern  edge 
of  a  flat  uniform  1  mi2  plot  of  land.  At  the  time  of  this 
experiment  most  crops  in  the  area  had  been  harvested, 
so  the  fetch  in  the  northerly  direction  was  uniform  in  its 
roughness  for  about  10  km.  Only  differences  in  color 
that  normally  exist  between  freshly  harvested,  plowed 
and  fallow  areas  remained  as  inhomogeneities  in  terrain 
cover.  A  description  of  the  site  with  plot  plan  and  aerial 
photographs  of  installations  at  the  site  can  be  found  in 
a  paper  by  Readings  el  al.  (1974). 

AFCRL's  profile  and  turbulence  sensors  were 
mounted  on  a  32  m  tower.  The  tethered  balloon 
launch  and  mooring  point  was  90  m  east-southeast  of 
the  tower.  Two-axis  sonic  anemometers  were  used  for 
measuring  mean  horizontal  winds  at  1,  2,  4,  8,  16  and 
32  m.  Quartz-crystal  thermometers  measured  mean 
temperatures  at  0.5  m  in  addition  to  the  heights  listed 
above.  Wind  component  and  temperature  fluctuations 
were  measured  with  three-axis  sonic  anemometers  and 
fine  platinum-wire  thermometers  at  4  and  32  m  on  the 
tower.  Five  MRU  probes  were  used  for  the  balloon- 
borne  measurements.  These  were  the  same  probes  used 
in  the  comparison  experiments  except  for  a  modification 
to  measure  azimuth  wind  direction.  The  heights  at 
which  they  were  flown  varied  from  one  observational 
period  to  another,  depending  on  operating  conditions. 
The  maximum  height  range  was  61  to  1219  m. 

During  periods  of  data  gathering,  the  actual  heights 
of  the  probes  were  measured  periodically  with  a  double 
theodolite  system.  Their  motions  were  also  monitored 
by  tracking  a  rawinsonde  attached  to  the  balloon 
cable  just  above  the  top  probe.  Slow-rise  rawinsonde 
ascents  made  every  2  h  during  observational  periods 
by  the  Mobile  Weather  Squadron,  Air  Weather  Serivce, 
provided  information  on  wind  and  temperature  fields 
above  the  instrumented  heights.  From  these  data  we 
were  able  to  determine  the  height  of  the  lowest  inversion 


base,  the  upper  limit  of  the  convective  boundary  layer 
and  its  variation  as  a  function  of  time. 

Data  collection  was  restricted  to  periods  when  the 
wind  was  northerly.  The  sky  was  clear  during  the 
periods  chosen  for  this  study,  with  occasional  patches 
of  cirrus  clouds  visible  around  the  horizon.  As  it  hap- 
pened, each  period  began  during  convective  conditions, 
usually  late  morning  or  early  afternoon.  An  observa- 
tional period  was  terminated  when  either  wind  speed 
or  direction  became  unfavorable  or  when  turbulence 
at  all  levels  vanished  as  often  happened  around  mid- 
night. The  northerly  winds  occurred  with  high  pressure 
systems  moving  over  the  site  rapidly.  Thus  the  period 
of  consistent  northerly  winds  seldom  lasted  more  than 
12  h.  As  a  result,  the  data  obtained  are  effectively 
restricted  to  the  convective  boundary  layer. 

All  data  recording  was  accomplished  by  the  AFCRL 
computer-controlled  data  acquisition  system  (Kaimal 
et  al.,  1966).  The  turbulence  probes  on  the  tower  and 
the  balloon  cable  were  sampled  10  times  per  second; 
the  wind  and  temperature  profile  sensors  on  the  tower, 
once  a  second.  Details  of  the  experimental  techniques 
and  the  data  reduction  procedures  are  reported  by 
Izumi  and  Caughey  (1976).  Eleven  75  min  periods  of 
observations  of  the  convective  boundary  layer  provide 
the  data  base  for  the  analyses  described  in  this  paper. 

3.  Description  of  data 

The  observational  periods  included  in  this  study  are 
listed  in  Table  1.  They  all  fall  within  the  time  interval 
1200-1800  CDT,  when  the  height  of  the  inversion  base 
was  roughly  constant  and  the  surface  heat  flux  was 
directed  upward.  Listed  in  Table  1  are  time  periods  for 
each  run,  the  average  values  of  the  height  of  the  lowest 
inversion  base,  the  surface  heat  flux  and  other  relevant 
boundary  layer  parameters.  The  reference  heights  for 
the  five  MRU  probes  are  given  in  Table  2.  The  common 
averaging  period  for  all  data  is  75  min.  The  fluctuation 
data  are  filtered  with  a  high-pass,  recursive  digital  filter 
to  minimize  long-term  trends.  The  filter  effectively 
attenuates  frequencies  below  0.001  Hz  (12  dB  per 
octave  roll-off  with  -3  dB  point  at  0.001  Hz).  A 
detailed  discussion  of  data-reduction  procedures  is 
given  by  Izumi  and  Caughey  (1976). 

Computation  of  spectra  and  cospectra  followed  pro- 
cedures used  earlier  in  the  analysis  of  the  Kansas  data 
(Kaimal  et  al.,  1972).  The  available  bandwidth  was 
covered  in  overlapping  stages :  the  higher  range  (0.0025- 
5.0  Hz)  by  dividing  each  75  min  segment  into  shorter 
segments  and  averaging  the  spectral  estimates  over 
frequency  bands,  the  lower  range  (0.0002-0.04  Hz)  by 
block-averaging  the  original  time  series  to  reduce  the 
number  of  points.  The  low-frequency  ends  of  the  spectra 
were  later  corrected  for  the  attenuation  caused  by  the 
high-pass  filter. 
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Table  1.  List  of  runs  with  significant  boundary-layer  parameters  expressed  in  MKS  units. 


Run 

Date 

Period  (CDT) 

Qo 

M* 

-L 

z; 

W* 

?■* 

2A1 

10  Sept  73 

1217-1332 

0.196 

0.45 

41.7 

1250 

2.00 

0.098 

2A2 

10  Sept  73 

1332-1447 

0.209 

0.45 

38.0 

1615 

2.23 

0.094 

3A1 

11  Sept  73 

1510-1625 

0.186 

0.37 

24.0 

2310 

2.41 

0.077 

3A2 

1 1  Sept  73 

1625-1714 

0.116 

0.32 

24.3 

2300 

2.06 

0.056 

5A1 

15  Sept  73 

1622-1737 

0.069 

0.18 

7.1 

1085 

1.35 

0.051 

6A1 

17  Sept  73 

1401-1516 

0.210 

0.24 

5.7 

2095 

2.43 

0.086 

6A2 

17  Sept  73 

1516-1631 

0.162 

0.23 

6.4 

2035 

2.21 

0.073 

6B1 

17  Sept  73 

1652-1807 

0.072 

0.26 

22.7 

2360 

1.77 

0.041 

7C1 

19  Sept  73 

1415-1530 

0.221 

0.28 

8.8 

1020 

1.95 

0.114 

7C2 

19  Sept  73 

1530-1645 

0.181 

0.30 

13.1 

1140 

1.89 

0.096 

7D1 

19  Sept  73 

1650-1805 

0.099 

0.25 

13.5 

1225 

1.58 

0.063 

4.  General  characteristics  of  the  boundary  layer 

The  convective  boundary  layer  is  denned  as  that 
part  of  the  atmosphere  most  directly  affected  by  solar 
heating  on  the  earth's  surface.  In  mid-latitudes  over 
land,  this  layer  typically  reaches  a  height  of  1-2  km 
by  midafternoon.  Its  upper  limit  is  often  delineated  by 
a  capping  inversion.  This  layer  exhibits  a  near-constant 
distribution  of  wind  speed  and  potential  temperature, 
obviously  a  consequence  of  the  strong  vertical  mixing 
produced  by  convection.  The  name  "mixed  layer"  is 
therefore  used  synonymously  with  the  convective 
boundary  layer  in  much  of  the  literature  on  the 
subject. 

The  wind  speed  and  temperature  profiles  of  Fig.  1 
are  fairly  typical  of  daytime  convective  conditions.  Al- 
most all  the  wind  shear  and  all  the  potential  tempera- 
ture gradient  in  the  boundary  layer  are  confined  to  a 
very  shallow  region  close  to  the  ground.  The  sharp  in- 
crease in  wind  speed  across  the  capping  inversion  ap- 
appears  consistent ly  in  many  daytime  runs  and  has 
possible  implications  for  momentum  and  heat  transport 
in  the  upper  regions  of  the  boundary  layer.  It  should 
be  pointed  out  that  the  dashed  portion  of  the  curves  is 
obtained  from  rawinsonde  measurements  and  tends  to 
be  less  precise  than  those  from  the  balloon-borne 
measurements.  Also,  the  rawinsonde  data  are  obtained 
from  discrete  observations  made  every  2  hr,  while  the 
solid  curves  represent  a  75  min  average.  However,  the 

Table  2.  Reference  heights  (m)  for  the  balloon-borne  probes. 


Run 


Probe  1      Probe  2      Probe  3      Probe  4      Probe  5 


2A1 

61 

305 

610 

914 

1219 

2A2 

61 

305 

610 

914 

1219 

3A1 

61 

152 

305 

457 

610 

3A2 

61 

152 

305 

457 

610 

5A1 

61 

152 

305 

457 

610 

6A1 

152 

305 

610 

914 

1219 

6A2 

152 

305 

610 

914 

1219 

6B1 

152 

305 

610 

914 

1219 

7C1 

61 

152 

305 

457 

610 

7C2 

61 

152 

305 

457 

610 

7D1 

61 

152 

305 

457 

<- 

610 

strong  winds  observed  above  the  inversion  in  successive 
rawinsonde  ascents  suggest  a  fairly  persistent  pattern 
of  wind  shear  across  the  inversion  in  the  early  afternoon 
runs  analyzed  here. 

The  boundary  layer  over  land  may  be  idealized  as  a 
three-layer  structure  in  terms  of  the  parameters  con- 
sidered relevant  to  the  turbulence  in  each.4  Proceeding 
upward  from  the  surface,  we  have : 

1)  The  surface  layer  where  wind  shear  plays  a 
dominant  role.  Here  Monin-Obukhov  similarity  applies 
and  the  controlling  parameters  are  z,  t0,  Qo  and  g/T. 
The  scaling  velocity  and  temperature  for  this  layer  are, 
respectively, 

«*=(ro/p)*,  (la) 

r*=-<2o/V  (lb) 

Dimensionless  groups  formed  with  u^  and  T^  become 
universal  functions  of  z/L.  The  Kansas  results  with  the 
exception  of  u  and  v  statistics  support  this  (Businger 
et  al.,  1971;  Wyngaard  and  Cote,  1971;  Kaimal  et  al., 


299  7         9  II 

( m/sec  ) 


■  --'-   "!    i    r 

300  330  360 

( degrees) 

Fig.  1.  Profiles  of  wind  speed,  wind  direction  and  potential 
temperature  for  Run  2A1.  The  near-adiabatic  lapse  rate  and  the 
negligible  mean  wind  shear  in  the  mixed  layer  are  typical  for  ob- 
servational periods  in  this  experiment. 


4  A  list  of  symbols  is  given  in  an  appendix. 
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1972;  Busch,  1973).  The  shear  layer  is  confined  to  a 
height  range,  z<  \L\. 

2)  The  free  convection  layer  where  r0  is  no  longer 
important  but  height  z  continues  to  be  the  significant 
length  scale.  The  governing  parameters  reduce  to  three : 
z,  Qo  and  g/T,  which  yield  a  scaling  velocity  u/  and  a 
scaling  temperature  T/  given  by 

«/  =  [(V(s/r)]»,  (2a) 

T,=Qo/u,.  (2b) 

Dimensionless  groups  formed  with  U;  and  Tf  should  be 
constants  according  to  the  "local  free-convection"  pre- 
dictions of  Wyngaard  et  al.  (1971a).  The  very  unstable 
(—z/L>  1)  data  from  Kansas  support  these  predictions 
for  the  most  part.  A  definition  of  the  upper  limit  for 
free  convection  scaling  is  one  of  the  objectives  of  this 
analysis.  Our  data  suggest  an  upper  limit  of  approxi- 
mately O.lz,  for  this  layer. 

3)  The  mixed  layer  where  the  structure  of  turbulence 
is  insensitive  to  z  as  well  as  r0.  The  thickness  of  the 
boundary  layer,  defined  as  the  height  of  the  lowest 
inversion  base  z„  emerges  as  the  controlling  length 
scale,  so  that  the  scaling  velocity  and  temperature  for 
this  layer  become 

v>*  =  LQ<**(g/T)y,  (3a) 


0*=(?oAv 


(3b) 


Within  this  region  dimensionless  groups  formed  with  iv* 
and  0*  should  be  functions  only  of  z/zx.  This  expectation 
is  based  on  model  studies  (Deardorff,  1972;  Wyngaard 
et  al.,  1974)  which  show  wind  and  temperature  data 
scaling  with  W*  and  0*.  In  the  analyses  to  follow,  the 
Minnesota  data  will  be  examined  within  the  framework 
of  such  scaling. 

Controversy  exists  regarding  the  choice  of  z,  for  the 
thickness  of  the  convective  boundary  layer.  Some 
investigators  (Tennekes,  1970;  Zilitinkevich,  1972; 
Clarke  and  Hess,  1973)  have  suggested  that  this  thick- 
ness is  a  function  of  «*/ '/,  the  Ekman  layer  depth,  but 


the  modeling  studies  of  Deardorff  (1974a)  show  that 
z„  the  height  of  the  lowest  inversion  base,  determines 
the  boundary  layer  depth.  He  found  the  heights  of  the 
boundary  layer  for  both  heat  and  momentum  to  be 
nearly  the  same  and  approximated  by  z,. 

Estimating  z,  presented  no  difficulty  in  our  observa- 
tions as  the  base  of  the  capping  inversion  was  sharply 
defined  in  all  the  rawinsonde  plots.  The  height  of  the 
inversion  base  varied  from  day  to  day  and  from  one 
observational  period  to  another,  but  its  diurnal  trend, 
at  least  in  the  limited  sample  obtained  at  Minnesota, 
followed  a  pattern  which  is  typified  by  the  curve  in 
Fig.  2.  Similar  patterns  have  been  observed  with 
FM-CW  radars  (e.g.,  Richter  et  al.,  1974)  and  acoustic 
sounders  (e.g.,  Neff,  1975)  at  other  sites.  Also  shown 
on  the  same  plot  is  the  diurnal  trend  of  Q0  observed 
during  the  experiments. 

The  following  observations  can  be  made  from  Fig.  2. 
Between  sunrise  and  local  noon  (1300  CDT)  z,  grew 
rapidly  in  response  to  the  steadily  increasing  surface 
heat  flux.  The  growth  of  z,  slowed  down  between  1300 
and  1600  CDT  as  Q0  reached  its  maximum  value.  The 
growth  rate  of  z,  for  this  period  agrees  with  the  numeri- 
cal model  prediction  of  Mahrt  and  Lenschow  (1976) 
which  assumes  a  constant  Q0  for  the  3  h  following  local 
noon.  But  as  Q0  decreased  through  the  late  afternoon, 
z,  began  to  level  off  to  a  nearly  constant  value  which  it 
maintained  even  after  Qo  turned  negative. 

Examining  data  obtained  during  the  evening  transi- 
tion, we  find  the  dissolution  of  the  convective  boundary 
layer  to  be  rather  abrupt,  especially  when  compared  to 
its  evolution  in  the  morning.  The  heat  flux  over  the 
entire  layer  turned  negative  within  minutes,  but  sur- 
prisingly this  trend  propagated  downward  from  the  top 
with  Q0  the  last  to  cross  zero.  The  transition  took 
place  almost  an  hour  before  sunset.  With  surface 
temperatures  dropping  rapidly  after  sunset,  an  inver- 
sion layer  often  developed  near  the  ground  and  con- 
tinued to  deepen  through  the  evening.  Remnants  of 
the  capping  inversion  were  found  to  persist  through  the 
development  of  the  nocturnal  boundary  layer  and  some- 


l        r 
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18         19    "20 
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Fig.  2.  Diurnal  trend  in  the  surface  heat  flux  and  corresponding  inversion 
rise  for  a  typical  day. 
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Fig.  3.  Universal  curves  for  velocity  spectra  expressed  in  mixed- 
layer  similarity  coordinates.  The  function  \p  in  the  spectral  normal- 
ization is  the  dimensionless  energy  dissipation  rate  t/(g/T)Q0. 

times  well  into  the  next  morning,  when  they  either 
merged  with  the  newly  rising  surface  inversion  or 
existed  as  a  separate  layer  aloft. 

Even  though  the  convective  boundary  layer  evolves 
in  response  to  the  roughly  sinusoidal  variation  in 
surface  heating  as  described  above,  there  is  justification 
for  treating  its  midday  structure  as  if  it  were  in  steady 
state.  The  time  scale  characteristic  of  convectively 
driven  turbulence  is  zl/w*.  Under  typical  conditions 
(zi=  1.25  km,  <2o  =  0.2  m  °C  s"1)  this  turns  out  to  be  10 
min,  much  smaller  than  the  time  scale  of  changes  in 
Qo  and  Zi,  or  changes  in  the  pressure  field  that  drives 
the  flow.  Thus,  we  expect  that  near  midday  the  mixed 
layer  quickly  adjusts  its  structure  in  response  to  the 
slowly  changing  boundary  conditions  and  keeps  itself 
in  a  condition  of  moving  equilibrium  or  quasi-steady 
state.  This  quasi-steady  state  assumption  is  implicit 
in  the  analyses  described  in  the  sections  to  follow. 

5.  Spectra  of  velocity  components 

Data  obtained  in  the  1968  Kansas  experiment  had 
shown  that  atmospheric  spectra  and  cospectra  from 
the  first  22  m,  when  expressed  in  appropriate  similarity 
coordinates,  reduce  to  a  set  of  universal  curves  that 
converge  into  a  single  curve  in  the  inertial  subrange, 
but  spread  out  as  a  function  of  z/L  at  lower  frequencies 
(Kaimal  el  al.,  1972).  In  this  section  we  will  attempt  to 


see  if  the  spectral  properties  of  the  convective  boundary 
layer  above  22  m  can  similarly  be  generalized  through 
proper  normalization  of  spectral  intensities  and  fre- 
quency scales. 

Two  facts  emerge  as  we  examine  velocity  spectra 
obtained  from  the  mixed  layer.  The  energy  in  the 
inertial  subrange  remains  essentially  constant  with 
height,  in  contrast  with  the  sharp  decrease  with  z 
observed  near  the  ground,  and  the  spectral  peaks  tend 
to  be  invariant  both  in  their  intensities  and  their  posi- 
tions on  the  frequency  scale.  These  observations  imply 
a  near-uniform  spectral  behavior  over  much  of  the 
boundary  layer,  so  the  use  of  mixed-layer  scaling  ap- 
pears logical.  Extending  the  similarity  argument  to  the 
mixed  layer,  we  can  expect  the  mixed-layer  velocity 
spectrum,  normalized  by  w*2,  to  be  a  function  of  only 
two  variables,  z/zt  and  X/z,-  (where  X  is  the  wavelength 
approximated  by  U/n).  Thus,  the  one-dimensional 
logarithmic  u  spectrum  in  the  inertial  subrange  can 
be  expressed  as 


nSu(n) 


Oil 


w*< 


(2tt; 


-Pfi 


-\ 


(4) 


where  ax  is  the  spectral  constant  for  u,  \p  is  the  di- 
mensionless dissipation  rate  (eT/gQ0)  appropriate  to 
the  mixed  layer  and  /,  is  the  dimensionless  frequency 
(nzi/U)  for  that  layer;  ^  and  /,  are  analogous  to  <j>t 
and  /  in  the  surface  layer  formulation  []Eq.  (5),  Kaimal 
el  al.,  1972].  By  our  similarity  argument,  \p,  the  ratio 
of  kinetic  energy  dissipation  rate  to  buoyancy  produc- 
tion rate  at  the  surface,  should  be  a  function  only  of 
z/zi. 

Taking  a\  to  be  0.5  and  rearranging  terms,  Eq.  (4) 
becomes 

nSu(n) 

=  0.15/r*. 

Spectral  forms  for  the  one-dimensional 
spectra  differ  from  Eq.  (5)  by  a  factor  of  § 
sequence  of  isotropy,  so  that 


(5) 


v  and  w 
as  a  con- 


nSv(n)     nSw{n) 


=  0.20/f 


(6) 


Logarithmic  spectra  normalized  in  this  manner  show 
systematic  behavior  when  plotted  as  a  function  of  /, 
(see  Fig.  3).  Inclusion  of  \p*  in  the  normalization  forces 
all  spectra  to  collapse  into  a  single  curve  in  the  inertial 
subrange.  At  lower  frequencies  we  find  the  curves 
separating  as  a  function  of  z/zi.  The  separation  is  not 
nearly  so  systematic  as  in  the  Kansas  spectra,  but  the 
demarcations  between  the  different  z/Zi  categories  in 
the  composite  plots  are,  nevertheless,  clear  enough  to 
justify  the  curves  in  Fig.  3.  Over  90%  of  the  spectra 
in  each  z/zi  category  fall  within  the  areas  indicated. 
The  spectra  used  for  constructing  the  composite  plots 
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Fig.  4.  Dimensionless  energy  dissipation  rate  \p  plotted  as  a  function  of  z/z,-. 


were  subjected  to  minor  smoothing  by  eye  to  average 
out  the  larger  peaks  and  valleys  near  the  low-frequency 
end.  The  only  alterations  made  to  the  spectral  shapes 
were  the  corrections  for  attenuation  caused  by  the 
high-pass  digital  filter  and  the  distortions  introduced  by 
balloon  movement  at  the  high-frequency  end. 

Of  the  three  velocity  components  w  shows  the  largest 
spread  with  height.  Our  normalization  tends  to  exag- 
gerate the  spread  in  the  ordinate,  but  the  separation  in 
the  abscissa  comes  as  no  surprise  because  the  length 
scales  of  w  are  known  to  be  strongly  height  dependent 
in  the  lower  layers  of  the  atmsophere.  As  2/2,  increases 
from  0.01  to  1.0,  the  position  of  the  spectral  peak  shifts 
to  increasingly  lower  values  of  /,  rather  rapidly  at  first 
up  to  z/z{  =  0A,  then  more  gradually  above  that.5  For 
u  and  v  only  two  categories  exist:  0.01  to  0.02  and  0.02 
to  1.0,  and  the  shift  in  spectral  peak  is  virtually 
insignificant. 

The  dimensionless  dissipation  rate  \p,  which  appears 
in  the  normalization  of  the  spectral  intensities,  assumes 
a  nearly  constant  value  in  the  mixed  layer  (see  Fig.  4). 
In  the  fully  convective  runs  this  value  falls  between 
0.5  and  0.7.  Slightly  larger  values  are  observed  in  the 
near-transition  runs  close  to  sunset.  In  general  these 
curves  resemble  the  dissipation  rate  profiles  obtained  by 
Lenschow  (1974),  Frisch  and  Clifford  (1974),  Rayment 
(1973),  Volkovitskaya  and  Ivanov  (1970)  and  Kaimal 
and  Haugen  (1967).  In  the  convective  atmospheric 
boundary  layer  with  negligible  wind  shear  across  the 
capping  inversion,  one  would  expect  negligible  shear- 


6  An  alternate  presentation  of  the  spectra  in  free-convection 
layer  scaling  (i.e.,  normalizing  with  us^A  and  plotting  against  /) 
will  cause  all  w  spectra  in  the  height  range  0.01  to  O.lz,  to  collapse 
into  a  single  curve  over  the  entire  frequency  range. 


production  rates  of  turbulent  energy  in  the  mixed  layer. 
The  height-averaged  energy  budget  should  then  repre- 
sent a  balance  between  buoyant  production  and  dissipa- 
tion. With  a  linear  heat-flux  profile,  one  would  then 
expect  a  mid-layer  dissipation  rate  of  0.4-0.5  times  the 
buoyant  production  rate.  Our  values  are  somewhat 
larger,  perhaps  because  the  large  stress  values  observed 
at  the  Minnesota  site  caused  appreciable  shear  produc- 
tion rates  in  some  runs. 

The  limiting  wavelength  for  the  inertial  subrange 
appears  to  be  a  function  of  2,  in  the  mixed  layer.  Based 
on  Fig.  3  we  can  define  the  limit  as  A^O.lz,.  In  the 
surface  layer  this  limiting  wavelength  is  approximately 
the  height  above  ground  (Kaimal  et  al.,  1972),  so  we  have 
to  assume  the  transition  from  the  2  to  the  2,  dependence 
occurs  within  the  height  range  0.01  to  O.lz,. 

The  peak  wavelength  Xm  in  the  w  component  also 
undergoes  a  similar  transition  with  height.  This  wave- 
length is  important  for  studies  of  turbulent  transport 
in  the  boundary  layer  and  therefore  merits  close  ex- 
amination. In  Fig.  5  we-  have  Xm  normalized  with  z,, 
plotted  as  a  function  of  2/2,.  At  z5j  0.1zt  the  relationship 
is  a  linear  one  approximated  by 


\m/Zi  =  5.9(z/zi), 


(7) 


which  is  precisely  the  free-convection  limit  z/\m  =  0.17 
observed  in  the  Kansas  data  (Kaimal  et  al.,  1972). 
Above  O.lz,,  \m  increases  more  gradually  with  height 
and  finally  approaches  a  constant  value  (=1.52,)  in 
the  range  0.5z,<z<z,.  An  exponential  relationship  for 
its  behavior  above  O.lz,  has  been  suggested  by  D.  H. 
Lenschow  (personal  communication)  whose  aircraft  w 
spectra  show  similar  behavior.  Combining  the  results 
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from  Kansas6  and  Minnesota  we  can  approximate  \m 
for  w  in  different  regions  of  the  convective  boundary 
laver  as  follows: 


(Xm)io~ 


%/  (0.55  -  0.38 1  z/L  |),        0^z^\L\ 

5.9s,  !L|^z^0.l2,     (8) 

1.5*0 -exp(-5*/*,-)l     OAzt^z^Zi 


For  the  u  and  v  components  X,„/z,  shows  little,  if  any, 
variation  with  z/z,.  The  scatter  in  the  data  (not  shown 
in  this  plot)  is  larger  than  for  ft1,  by  at  least  a  factor  of  2. 
Bui  their  average  value  (1.3),  shown  by  the  dashed 
line,  comes  close  to  the  asymptotic  limit  of  1.5  for  w. 
Thus,  in  the  mixed  layer  we  see  a  strong  tendency  for 
the  wavelength  in  all  components  to  be  the  same  and 
roughly  equal  to  1.5  times  the  boundary  layer  thickness. 

A  curious  behavior  observed  toward  the  end  of  the 
day  is  noted  in  Fig.  5.  In  the  runs  immediately  before 
sunset  we  see  a  contraction  in  the  \m  for  u  and  v  at  the 
upper  levels.  No  corresponding  decrease  is  observed  in 
w  at  the  same  heights. 

These  observations  are  in  general  agreement  with 
those  reported  by  other  investigators.  Deardorlf's 
(1974b)  numerical  experiments  showed  Xm/z,  for  the  w 
spectra  to  be  approximately  1.0  for  z/z,  between  0.38 
and  0.69.  The  aircraft  measurements  of  Kukharets 
(1974)  showed  Xm  for  ici  increasing  with  height  between 
50  and  500  m  and  approaching  a  constant  value  above 
500  m.  He  found  X„,  sensitive  to  changes  in  terrain  type 
(steppe,  desert  and  ocean),  which  might  possibly  be 
the  response  to  changes  in  s,.  The  u  spectra  from  the 
300  m  tower  at  Obninsk,  reported  by  Ivanov  et  al. 
(1973),  show  behavior  very  similar  to  the  Minnesota 
spectra.  The  single  characteristic  time  scale  observed 
at  all  levels  on  their  tower  is' attributed  to  organized 


mesoscale  convective  circulations  in  the  boundary 
layer.7  In  the  surface  layer  we  had  found  (Kaimal  et  al., 
1972;  Busch,  1973)  that  Xm  for  u  and  v  do  not  obey 
Monin-Obukhov  similarity  under  unstable  conditions. 
The  absence  of  any  systematic  behavior  with  z/L 
indicated  that  some  length  scale  other  than  z  and  L 
controls  the  behavior  of  Xm.  It  appears  from  our  Min- 
nesota  data   that   this   controlling   length   scale   is  z,. 

The  low-frequency  roll-off  observed  in  our  velocity 
spectra  at  /,-<1.5  (Fig.  3)  appears  to  be  real.  It  repre- 
sents the  limit  of  three-dimensional  turbulence  in  the 
boundary  layer.  With  the  flow  at  synoptic  scales  being 
quasi-horizontal,  the  roll-off  in  w  should  continue  to 
very  low  frequencies.  The  u  and  v  spectra,  on  the  other 
hand,  should  curve  upward  following  the  —3  power 
law  (  —  2  slope  in  the  logarithmic  spectral  representa- 
tion) predicted  for  two-dimensional  flows.  The  Wangara 
it  spectra  (Hess  and  Clarke,  1973)  show  a  slope  some- 
what smaller,  but  nevertheless  provide  a  fairly  realistic 
representation  of  spectral  behavior  at  very  low  fre- 
quencies. The  existence  of  a  spectral  gap  between  the 
three-dimensional  boundary  layer  turbulence  and  the 
quasi-horizontal  large-scale  motions,  found  in  many 
recent  observational  studies  (Hess  and  Clarke,  1973; 
Smedman-Hbgstrom  and  Hogstrom,  1975)  and  strongly 
indicated  by  the  low-frequency  roll-off  in  our  u  and  v 
spectra,  appears  to  be  a  function  of  the  spectral  be- 
havior in  the  mesoscale  region.  Energy  contribution 
from  large  disturbances,  like  thunderstorms  and  frontal 
passages,  would  easily  fill  the  gap,  bttt  the  boundary 
layer  as  defined  in  this  study  would  not  exist  during 
such  periods.  If  the  predominant  scales  of  motion  in  the 
convective  boundary  layer  are  indeed  controlled  by  the 
inversion  height  as  implied  in  the  Minnesota  data,  these 
scales  will  appear  prominently  in  any  spectral  repre- 
sentation of  the  undisturbed  boundary  layer,  and  the 
gap  separating  this  region  front  the  synoptic  scales  of 
motion  becomes  an  essential  feature  of  boundary  layer 
spectra. 

This  is  a  good  point  at  which  to  speculate  on  the 
significance  of  the  spectral  peak  at  \m~1.5z,  observed 
in  all  three  velocity  spectra.  Longitudinal  roll  vortices 
found  in  convective  boundary  layers  with  mean  mixed- 
layer  wind  speeds  in  excess  of  7  m  s_1  (LeMone,  1973) 
come  to  mind,  since  they  provide  an  effective 
mechanism  for  transporting  heat  and  momentum 
between  the  earth's  surface  and  the  inversion  base. 
The  mean  mixed-layer  wind  speeds  for  all  runs  used  in 
this  study  (except  Run  5A). exceed  7  m  s~l.  LeMone 
(1973)  has  shown  that  these  rolls  have  wavelengths 
roughly  three  times  the  boundary  layer  thickness. 
However,  it  is  very  unlikely  that  the  rolls  will  appear 
in  the  logarithmic  spectra  at  Xm~  1.5z,  because  of  their 
slow  translation  velocities  across  a  fixed  observation 


0  The  4  m  Minnesota  spectra  are  in  exact  agreement  with  the 
Kansas  spectra  and  follow  the  relationship  in  Eq.  (8)  for  z<—L. 


'The  small  shift  in  the  u  and  v  spectral  peaks  at  0.01z,<z 
<  0.022,  in  Fig.  3  is  more  a  rellection  of  the  decreased  U  near  the 
ground  than  an  increase  in  nm. 
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point.  The  rolls  tend  to  line  up  at  a  small  angle  to  the 
mean  wind  and  move  laterally  at  a  fraction  of  the  mean 
wind  speed.  The  time  interval  between  the  passage  of 
successive  convergent  zones  shows  up  in  the  time 
traces  of  inc  as  periods  of  intense  activity  (Haugen 
et  al.,  1971,  and  Section  7  of  this  paper)  but  it  is  seldom 
apparent  in  the  velocity  traces  per  se. 

Interestingly  enough,  the  observed  Xm  matches  the 
horizontal  length  scale  of  large  convective  plumes  or 
thermals  which  extend  through  the  depth  of  the  bound- 
ary laver.  The  existence  of  organized  convection  on 
this  scale  has  been  observed  by  other  investigators: 
Hardy  and  Ottersten  (1969)  and  Konrad  (1970)  with 
the  help  of  high-powered  radars,  Rowland  and  Arnold 
(1975)  with  FM-CW  radar,  and  Frisch  et  al.  (1975) 
with  a  combination  of  dual-Doppler  radar,  acoustic 
sounder  and  microbarograph  array.  In  the  Minnesota 
data  evidence  of  such  structures  can  be  found  in  the 
temperature  records  from  heights  above  0.1c,  (see 
Section  7  for  details).  The  temperature  traces  show 
positive  bursts  spaced  4-5  min  apart,  the  time  scale 
represented  by  X,„  in  the  mixed  layer.  The  records  show 
a  high  degree  of  correlation  between  these  fluctuations 
and  the  long-period  fluctuations  in  the  velocity  field 
responsible  for  the  peaks  in  Fig.  3  which  suggests  that 
the  length  scales  of  three-dimensional  turbulence  in  the 
boundary  layer  are  determined  primarily  by  the  pre- 
vailing convection  pattern.  In  the  u  and  v  components, 
where  the  length  scales  are  not  limited  by  the  height 
above  ground  as  in  w,  those  long-period  fluctuations 
can  be  observed  down  to  very  small  heights  above  the 
ground. 

The  prevailing  convective  field  during  these  runs 
probably  resembles  the  "thermal  streets"  in  Konrad's 
(1970)  radar  observations,  where  individual  thermals 
line  up  in  the  direction  of  the  mixed-layer  mean  wind 
vector  (spaced  roughly  1.5c,  apart  and  transported  at 
the  mean  wind  speed)  with  a  row  separation  approxi- 
mating 3zi,  the  roll  wavelength  observed  by  LeMone 
(1973).  Under  more  unstable  conditions  (mean  mixed- 
layer  wind  speeds  <7  m  s_1),  the  pattern  could  con- 
ceivably be  different,  with  individual  thermals  arranging 
themselves  into  open  rings  or  hexagons  with  diameters 
5-6  times  st  as  observed  by  Hardy  and  Ottersten  (1969). 
Such  a  pattern  could  yield  the  longer  wavelengths  (6c,) 
observed  by  Fitzjarrald  (1976)  under  low  wind  condi- 
tions. More  observations  and  analysis  of  convection 
patterns  are  needed  to  confirm  these  speculations. 

6.  Spectrum  of  temperature 

The  spectrum  of  temperature,  unlike  velocity  spectra, 
cannot  be  conveniently  generalized  within  the  frame- 
work of  mixed-layer  similarity.  The  difficulty  stems 
mainly  from  run-to-run  variations  in  the  low-frequency 
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Fig.  6.  Universal  curve  for  the  6  spectrum  (upper  figure)  in  the 
range  0.01s,  $  z  <J  0.1c,.  Tt  is  the  free-convection  scaling  tempera- 
ture and  7  represents  a  dimensionless  grouping  which  is  constant 
((==0.83)  in  this  height  range.  Idealized  temperature  spectra  in 
dimensional  coordinates  (lower  figure)  show  variation  in  spectral 
behavior  as  a  function  of  z/z,. 

inertial  subrange  intensities  in  the  convective  boundary 
layer.  These  generalizations  are  embodied  in  the  set  of 
idealized  spectral  curves  shown  in  the  lower  plot  of 
Fig.  6.  At  the  low-frequency  end  they  all  converge  to  a 
single  curve  which  extends  upward  in  response  to  the 
diurnal  trend  in  temperature.  At  inertial  subrange  fre- 
quencies the  spectral  intensity  drops  steadily  with 
height  up  to  0.5c,,  stays  at  a  low  value  between  0.5  and 
0.7c,  and  starts  to  rise  again  above  0.7c,.  The  arrows 
near  the  right  edge  of  the  figure  illustrate  this  trend. 
The  leveling  off  and  subsequent  increase  in  the  spectral 
level  in  the  upper  regions  of  the  boundary  layer  clearly 
reflect  the  mixing  produced  by  the  entrainment  of 
warm  air  through  the  capping  inversion.  Further 
evidence  of  this  entrainment  will  be  presented  in 
Section  7. 
The   only   region   where   spectral    generalization   is 


variance  introduced  by  entrainment  effects  in  the  upper  possible  is  in  the  height  range  s^O.lc,,  where  the  6 
half  of  the  boundary  layer.  However,  some  broad  spectra  behave  much  like  those  obtained  in  the  Kansas 
generalizations  can  be  made  about  spectral  shapes  and      experiment  (Kaimal  et  al.,  1972).  Since  the  controlling 
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Fig.  7.  The  upper  figure  shows  y  plotted  as  a  function  of  z/z,. 
The  dashed  line  corresponds  to  the  value  0.83  obtained  in  the 
Kansas  experiments.  In  the  lower  figure  the  behavior  of  iV<~!  with 
height  is  presented  in  mixed-layer  coordinates. 

length  scale  in  this  region  is  z,  not  z,  we  use  /  for  the 
dimensionless  frequency  scale. 

The  logarithmic  one-dimensional  6  spectrum  for  the 
inertial  subrange  can  be  expressed  in  the  form  (Kaimal 
et  al.,  1972) 

0i 

nSe(n)= NrWM,  (9) 

(»» 

where  /3i  is  the  spectral  constant  for  6  assumed  to  be 
0.8  from  the  Kansas  results,  and  N  is  the  dissipation 
rate  of  d2/2.  Substituting  the  value  for  /3i,  normalizing 
the  spectral  intensity  with  Tf,  where  T s  is  the  free- 
convection  scaling  temperature  and  rearranging  terms, 
we  have 

nSe(n) 

=  0.235/-*,  (10) 


n 


where 


y  =  N^Q0-'(g/T)h 


(11) 


This  normalization  brings  all  6  spectra  into  coincidence 
in  the  inertial  subrange  as  seen  in  Fig.  6.  At  mid  and 
low  frequencies  they  collapse  into  a  relatively  narrow 
band  with  no  apparent  tendency  to  separate  according 
to  z/z{.  Xm  for  this  composite  spectrum  approximates 
202,  the  free-convection  limit  in  the  Kansas  spectra 
(Kaimal  et  al.,  1972).  As  z  approaches  0.1z!  we  see  Xm 
approaching  the  characteristic  wavelength  1.5z,-  found 
in  the  velocity  components  (see  Fig.  5).  Above  0.1zt,  Am 
shows  a  tendency  to  increase  slightly  with  height  up  to 


0.5z,  and  to  decrease  again  above  0.7z,  consistent  with 
the  idealized  spectral  behavior  in  Fig.  6. 

The  function  y  is  essentially  a  dimensionless  form  of 
the  structure  parameter  Cr2-  We  can  write 


Cj*=40iNe-^3.2Ne- 


(12) 


The  Kansas  data  provide  the  relationship  between  Ct2 
and  surface  layer  parameters  for  local  free  convection 
(Wyngaard  et  al.,  1971b) : 


cv«2.67<2o;G>/:r)-^ 


(13) 


From  Eqs.  (11),  (12)  and  (13),  we  have  7  —  0.83  for  the 
free-convection  layer.  The  plot  in  Fig.  7  shows  this 
approximation  is  valid  for  the  Minnesota  data  as  well. 
The  value  of  y  stays  surprisingly  constant  up  to  0.5zt-, 
indicating  that  the  z-5  decrease  in  the  inertial  subrange 
intensity  continues  well  above  O.lz,.  The  behavior  of 
Ne~>  above  O.lz,,  nondimensionalized  with  mixed  layer 
parameters  8%  and  z,,  is  shown  in  Fig.  7  and  can  be 
approximated  as 


dJzr1 


-0.83  (z/z,)- 
2.1, 
.6.1  (z/z,)3, 


z^0.5zi 
0.5z^z^0.7z; 


(14) 


This  behavior  of  the  temperature  spectrum  agrees 
qualitatively  with  the  e  and  N  profiles  presented  by 
Caughey  and  Rayment  (1974). 

The  above  empirical  relationship  can  be  used  to 
collapse  all  inertial-subrange  temperature  spectra  into 
a  single  curve  in  a  plot  similar  to  Fig.  3.  Here  the  di- 
mensionless ratio  of  Eq.  (14)  plays  the  same-  role  as 
\p*  in  Eq.  (5).  Bringing  the  inertial-subrange  9  spectra 
together  in  this  manner  causes  the  low-frequency  end 
to  spread  out,  but  no  systematic  trend  emerges  in  the 
composite  plots  because  of  run-to-run  variations  in  the 
details  of  their  low-frequency  behavior. 

7.  Heat  flux  and  stress 

The  cospectra  of  heat  flux  and  stress  measured  near 
the  ground  (z<0.1z;)  follow  the  same  universal  forms 
observed  in  the  Kansas  data  (Kaimal  et  al.,  1972). 
But  cospectral  shapes  depart  significantly  from  those 
forms  as  z  exceeds  O.lz,  and  as  large  excursions  in  both 
positive  and  negative  directions  become  a  characteristic 
feature  of  heat  flux  and  stress  cospectra  in  the  mixed 
layer.  The  patterns  that  emerge  are  not  consistent 
enough  to  justify  development  of  universal  forms,  al- 
though individually  they  provide  interesting  perspec- 
tive into  the  nature  of  turbulent  transport  in  the 
boundary  layer. 

In  Fig.  8,  for  example,  we  see  how  the  range  of 
frequencies  contributing  to  the  upward  transport  of 
heat  near  the  ground  narrows  down  to  a  relatively 
small  band  centered  around  0.003  Hz  (the  frequency 
corresponding  to  Xm)  at  a  height  of  610  m.  At  1219  m, 
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Fig.  8.  Cospectra  of  heat  flux  at  four  heights  during 
Run2Al. 


close  to  the  inversion  base,  there  is  still  some  upward 
flux  at  0.003  Hz,  but  the  net  flux  is  distinctly  down- 
ward. Adiabatic  transport  of  air  downward  through  the 
capping  inversion  would  produce  this  negative  flux 
which,  in  turn,  suggests  substantial  entrainment  of  air 
into  the  boundary  layer  from  above  (Ball,  1960).  The 
temperature  and  heat  flux  traces  in  Fig.  9  provide  clear 
evidence  of  such  entrainment.  Only  portions  of  the  wd 
traces  where  significant  heat  flux  exists  are  shown  and 
these  regions  are  shaded  to  distinguish  them  from  the 
temperature  traces.  The  regions  of  upward  heat  flux 
are  obviously  thermals  which  originate  near  the  sur- 
face shear  layer.  The  regions  of  downward  heat  flux 
appear  between  the  tops  of  the  thermals,  but  these  are 
also  characterized  by  positive  bursts  in  the  temperature 
trace.  The  structure  of  the  bursts  strongly  suggest  that 
the  entraining  warm  air  descends  in  the  form  of  dis- 
crete plumes.  They  display  a  characteristic  saw-tooth 
appearance  with  the  largest  discontinuity  and  the 
highest  temperatures  at  the  leading  edge,  not  at  the 
trailing  edge  as  in  buoyant  plumes  near  the  earth's 
surface  (Kaimal  and  Businger,  1970).  Such  a  structure 
is  not  surprising  because  the  warmer  air  from  higher 
up  in  the  inversion  layer  has  proportionally  higher  wind 
speeds  (assuming  positive  wind  shear  across  the  inver- 
sion) and  will  therefore  tend  to  concentrate  on  the  down- 
wind side  of  the  plume. 

The  shape  of  the  updraft  region  in  the  thermals,  as 
delineated  by  the  curves  in  Fig.  9,  resembles  the  three- 


-04 


Fig.  9.  Temperature  fluctuations  observed  during  the  10  min  period  from  1321  and  1331  CDT  toward 
the  end  of  Run  2A1.  The  top  of  the  figure  represents  the  inversion  base  for  this  period.  The  instantane- 
ous vertical  heat  flux  at  each  level  is  indicated  by  the  shaded  fluctuations  traced  above  it.  Only  regions 
of  significant  flux  are  shown.  Scale  for  wd  is  in  m  °C  s_1. 
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dimensional  convection  patterns  observed  by  Frisch 
et  al.  (1975)  with  their  dual-Doppler  radar.  According 
to  our  observations  these  thermals  develop  from  the 
merging  of  smaller  ground-based  plumes  (Kaimal  and 
Haugen,  1967;  Kaimal  and  Businger,  1970)  in  the 
vicinity  of  0.1s,  and  extend  to  the  top  of  the  boundary 
layer.  The  observations  of  Arnold  et  al.  (1975)  and 
Rowland  and  Arnold  (1975)  suggest  that  this  rising 
air  spreads  out  laterally  as  it  reaches  the  inversion  base, 
producing  a  dome-like  depression  al  the  interface,  and 
returns  as  a  downdraft  along  the  "sidewall"  of  the 
thermal.  Arnold  et  al.  find  the  dome-like  structures, 
observed  by  their  FM-CW  radar,  to  be  co-located  with 
the  thermals  detected  simultaneously  in  the  lower 
boundary  layer  by  their  acoustic  sounder.  The  juxta- 
position of  the  cool  moist  air  in  the  interior  of  the 
thermal  with  the  warmer  drier  air  above  it  makes  the 
top  dome  visible  to  radars.  But  the  strong  returns  from 
the  sidewalls  indicate  the  presence  of  entrained  air 
from  the  inversion  in  the  downdraft.  The  inverted  U 
structures  in  the  vertical  sections  and  doughnut-shaped 
patterns  in  the  plan  views  observed  by  Hardy  and 
Ottersten  (1969)  and  by  Konrad  (1970)  thus  represent 
the  sidewalls  where  refractive  index  gradients  are  large 
enough  to  produce  radar  returns. 

Arnold  et  al.  conclude  from  their  data  that  most  of 
the  entrainment  takes  place  along  the  top  of  the  dome. 
Here,  either  the  Kelvin-Helmholtz  instability  described 
by  Rayment  and  Readings  (1974)  or  the  wave-like 
overturning  of  the  dome  structure  envisaged  by  Carson 
and  Smith  (1974)  could  provide  the  mechanism  for 
entrainment.  But  the  mechanism  responsible  for  draw- 


ing this  entrained  air  deep  into  the  mixed  layer,  where 
its  effects  can  be  observed  to  heights  of  the  order  of  0.5z,, 
must  be  the  downdraft  in  the  gap  between  the  thermals. 
The  Doppler  wind  measurements  of  Hall  et  al.  (1975), 
Rowland  and  Arnold  (1975)  and  the  Minnesota  results 
described  here  seem  to  support  this  view.  Laboratory 
convection  experiments,  now  being  conducted  by  G.  E. 
Willis  (personal  communication)  at  the  National  Center 
for  Atmospheric  Research,  simulating  an  inversion 
layer  overlying  the  mixed  layer,  show  tongues  of  fluid 
from  the  inversion  being  drawn  into  the  mixed  layer 
by  the  return  flow  between  thermals.  The  separation 
distance  for  these  thermals  range  from  1.3  to  1.4z». 
In  our  results,  the  consequences  of  entrainment  are 
most  apparent  in  the  profiles  of  vertical  heat  flux 
(see  Fig.  10).  The  negative  heat  flux  below  the  inversion 
is  quite  apparent.  Profiles  observed  around  midday  are 
generally  similar  to  those  from  aircraft  measurements 
(Lenschow,  1974;  Pennell  and  LeMone,  1974),  labor- 
atory experiments  (Willis  and  Deardorff,  1974)  and 
model  calculations  (Deardorff,  1972 ;  Wyngaard  and 
Cote,  1974).  They  are  approximately  linear  and  cross 
zero  somewhere  in  the  upper  half  of  the  mixed  layer. 
Zilitinkevich  (1975)  and  Tennekes  (1975)  have  recently 
discussed  how  the  rate  of  growth  of  the  convective  layer 
can  affect  heat  flux  near  z*.  Unfortunately,  the  upper- 
most instrument  levels  for  most  runs  were  well  below 
Si,  so  nothing  very  specific  can  be  said  about  the  magni- 
tude of  the  negative  heat  flux  in  relationship  to  Qq. 
But  Fig.  10  demonstrates  how  variable  the  heat  flux 
profile  can  be  from  one  run  to  another  and  how  the 
transition  to  negative  flux  is  initiated  near  the  top  of 
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Fig.  10.  Vertical  profiles  of  heat  flux  for  nine  of  the  runs  observed. 
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Fig.  11.  Vertical  profiles  of  stress  for  nine  of  the  runs  observed.  The  coordinate  axes  for 
ji  and  v  are  referred  to  the  mean  wind  field  at  the  4  m  level. 


the  mixed  layer  even  before  the  surface  heat  flux  drops 
to  zero  at  the  end  of  the  day. 

The  behavior  of  the  stress  profiles  provides  the  largest 
surprise  of  all.  Fig.  11  shows  irw  and  vtv  increasing  in 
magnitude  with  height,  reaching  a  maximum  value 
near  0.5c,  and  decreasing  above  that  height.  In  this 
figure  the  coordinate  system  for  the  stress  components 
is  referred  to  the  vector-mean  direction  at  4  m.  In  the 
barotropic,  nonentraining,  convective  boundary  layer 
one  would  expect  mc  to  decrease  monotonically  with 
height,  approaching  zero  at  z  =  z,,  and  vw  to  vanish 
over  the  entire  depth.  The  profiles  in  Fig.  11  look  quite 
different:  they  are  strongly  curved,  with  mc  and  rw 
of  approximately  the  same  magnitude.  Large  stress 
values  of  this  magnitude  can  arise  from  several  causes. 
One  possible  cause  may  be  baroclinicity  (Arya  and 
Wyngaard,  1975).  The  baroclinicity  needed  to  explain 
these  observations  require  positive  horizontal  tempera- 
ture gradients  of  the  order  of  1°C  per  15  km  to  the 
northwest,  a  condition  not  present  on  the  synoptic 
scale  during  the  experiments.  Gradients  of  this  magni- 
tude are  likely  to  be  on  the  1-2  km  scale  because  of 
albedo  variations  introduced  by  differences  between 
harvested  and  plowed  areas.  Whether  such  gradients 
existed  on  scales  large  enough  (20-30  km)  to  affect  the 
stresses  is  not  known. 

Deardorff  (1973)  has  shown  that  a  wind  profile  such 
as  the  one  observed  in  Fig.  1  can  generate  large  stresses 
through  entrainment  of  momentum  in  the  upper  por- 
tions of  the  mixed  layer.  We  tested  this  idea  through  a 
numerical  simulation  of  Run  2A1  using  the  updated 
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higher-order-closure  model  described  by  Wyngaard 
(1975).  The  observed  values  of  surface  geostropic 
wind,  surface  roughness  and  Q0  for  Run  2A1  were  used. 
A  barotropic  model  with  no  subsidence  at  c,  was  as- 
sumed. Initial  wind  and  temperature  profiles  at  the 
morning  transition  were  assumed  and  the  model  then 
calculated  the  evolution  of  the  convective  boundary 
layer.  The  calculated  wind  and  stress  profiles  for  the 
time  corresponding  to  Run  2A1  are  shown  in  Fig.  12. 
The  results  compare  well  with  observations,  except 
for  the  fact  that  the  stress  maxima  occur  in  the  vicinity 
of  the  inversion  and  not  well  within  the  boundary  layer. 
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Fig.  12.  Numerical  predictions  for  wind  speed  and  stress 
profiles  for  Run  2A1.  Actual  observations  are  given  in  Figs.  1  and 
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Another  possible  explanation  for  the  large  stresses 
is  that  our  averaging  period  is  too  short  to  include  the 
entire  range  of  cospectral  contributions  to  the  stress. 
Given  a  sufficiently  long  averaging  period  (or  measure- 
ments over  sufficiently  long  distances  with  an  in- 
strumented aircraft),  the  stress  profile  might  possibly 
show  a  steady  decrease  with  height.  Implicit  in  the 
argument  is  the  assumption  that  cospectral  contribu- 
tions from  frequencies  outside  the  present  spectral 
bandwidth  will  be  sufficient  to  offset  the  large  contribu- 
tion now  measured  in  the  range  0.001<w<5  Hz.  In 
the  case  of  uw  this  would  mean  a  large  upward  trans- 
port of  momentum  at  very  low  frequencies  («<  0.001 
Hz).  This  argument  cannot  be  discounted  without 
definite  proof  to  the  contrary.  A  few  runs  (6A1  and 
6A2)  show  evidence  of  positive  uw  and  negative  vw 
correlations  at  the  low  end  of  the  cospectrum,  but  how 
far  that  trend  continues  beyond  our  spectral  band- 
width cannot  be  ascertained.  It  is  conceivable  that  the 
large  stresses  we  observe  result  from  a  combination  of 
factors,  not  any  one  by  itself,  so  that  even  a  small  loss 
of  cospectral  energy  at  the  low-frequency  end  could  be 
significant.  More  data  over  longer  averaging  periods  are 
needed  to  determine  the  relative  importance  of  the 
various  factors  discussed  here. 

However,  data  obtained  in  this  experiment  provide 
some  interesting  details  of  the  momentum  transport 
process.  The  largest  contributions  to  the  stress  cospectra 
come  from  frequencies  in  the  range  0.002<w<0.1  Hz, 
the  energy-containing  region  for  the  velocity  spectra. 
This  range  is  at  least  a  decade  too  low  for  balloon- 
movement  effects  (Haugen  et  al.,  1975)  and  other 
mechanically  induced  correlations.  Fig.  13  shows  uw 
traces  for  the  2.5  h  period  covering  Runs  6A1  and  6A2 


with  the  isopleths  of  15  min  averaged  wind  inclination 
angles  observed  by  the  MRU  probes  superimposed  on 
them.  The  isopleths  indicate  well-defined  longitudinal 
roll  vortices  with  the  updraft  regions  spaced  roughly 
1  h  apart.  Most  of  the  vertical  momentum  transport 
in  the  boundary  layer  occurs  within  this  updraft 
region.  (Evidence  of  such  roll  circulation  can  be  found 
in  all  the  early  afternoon  runs  selected  for  this  study.) 
Within  this  updraft  region  the  amplitude  of  the  uw 
burst  increases  with  height.  This  increase  continues  to 
a  height  of  approximately  0.5s,.  The  downdraft  region, 
on  the  other  hand,  is  more  diffused  and  occupies  a 
longer  time  interval  compared  to  the  updraft  region. 
Here  the  amplitude  of  uw  fluctuations  decreases  rapidly 
with  height  and  remains  small  throughout  most  of  the 
boundary  layer  depth.  The  opposing  stress  gradients 
in  the  updraft  and  downdraft  regions  tend  to  cancel 
out  in  the  surface  layer,  resulting  in  a  near-constant 
distribution  of  stress  with  height;  but  above  the  sur- 
face layer  in  the  time  scale  of  our  observations,  the 
averaged  stress  profiles  reflect  the  gradient  in  the  up- 
draft region. 

Examining  the  structure  of  the  uw  bursts  in  the  up- 
draft region,  we  find  that  it  consists  of  smaller  discrete 
bursts  with  vertical  continuity  through  the  depth  of 
the  boundary  layer.  These  small  bursts  in  fact  cor- 
respond to  the  thermals  discussed  earlier  in  this  sec- 
tion. It  appears  that  the  bulk  of  the  downward  mo- 
mentum transport  in  the  boundary  layer  is  carried  out 
by  the  thermals  located  in  the  updraft  regions  between 
the  longitudinal  roll  vortices.  The  convective  elements 
in  the  downdraft  region  do  not  seem  to  play  an  active 
role  in  transporting  momentum. 
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Fig.  13.  Instantaneous  uw  at  five  levels  observed  during  the  150  min  period  covering  Runs  6A1  and 
6A2.  Isopleths  of  wind  inclination  angle  (15  min  averaged)  at  5°  intervals  are  shown  superimposed  on 
the  uw  fluctuations.  Each  division  on  the  scale  represents  15  min. 
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8.  Moments  and  structure  parameters 

In  this  section  we  will  examine  the  vertical  profiles 
of  some  higher  order  moments  and  structure  parameters 
to  determine  to  what  heights  the  Kansas  free-convec- 
tion predictions  apply  and  how  the  profiles  are  modified 
by  entrainment  in  the  upper  regions  of  the  mixed 
layer.  We  had  observed  earlier  that  the  free-convec- 
tion predictions  for  the  peak  wavelengths  in  the  w 
and  6  spectra  are  valid  to  a  height  of  0.1s,.  Above  that 
they  tend  to  stay  approximately  constant  with  height. 
Only  the  moments  involving  w  and  6  will  be  examined 
here  because  they  are  least  affected  by  balloon-move- 
ment effects. 

The  asymptotic  predictions  for  w2  and  02  expressed  in 
terms  of  surface  layer  parameters   (Wyngaard  et  al., 


1971a)  are 


ut/uJ*s3.6(-*/L)*, 

077V  =  O.9(-2/£)-?. 


(15) 
(16) 


These  expressions  convert  directly  to  mixed  layer 
parameters  with  only  a  change  in  the  value  of  the  con- 
stant. Thus,  replacing  Eqs.  (IS)  and  (16)  we  have 


wy«V«i.8(«/sO», 

0W«1.8(s/z,-)-*. 


(17) 


(18) 


These  predictions  are  shown  as  dashed  lines  in  Fig.  14. 
We  find  the  above  predictions  followed  to  a  height  of 


1  0 


001 


1 

- 

- 

*.T    . 

- 

•   / 

- 

1 

•  • 

,     A       , 

0  01 


1 

1  ..'     1     ' 

1 

- 

"  V 

.    .  *•  . 

-■ 

- 

- 

1 

,    1     ,  * 

1 

1  0 


1.0 


2  2 

'      /  81 


loo 


0 


0  0 
001 


I  I — -*-]        I  I 

I 

•  •       /• 
>. 


0  I 
w2  8  /   w2, 


1 

!              ■    1 

! 

1 

1 

• 

- 

°o 

.  0          ° 

- 

- 

.     •    .' 

. 

•  f 

1 

- 

'" 

.^ 

' 

1         1 

1 

1 

0.1 


1.0 


w£2/  w»6>2 


0  I 


0  01 


1          1        1  •;   1          1 

•:>. 

- 

.  * 

m     '• 

- 

K 

>: 

•    1 

;  >• . 

• 

- 

V 
1          1        III 

01 


10 


000 


Fig.  14.  Vertical  profiles  of  high-order  moments  and  structure  functions  for  the 
fully  convective  runs  in  Table  1  (Runs  5A1,  6A1  and  7D1  are  excluded).  The 
dashed  lines  are  free-convection  predictions  based  on  the  Kansas  data.  The  open 
circles  represent  negative  values. 
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0.1s,.  (Only  the  fully  convective  runs  are  used  in  con- 
structing these  and  other  plots  in  Fig.  14.)  Above  O.lzi 
we  see  data  points  deviating  from  the  predictions, 
exhibiting  much  more  scatter  than  is  apparent  at  the 
lower  levels. 

Comparing  our  w  variance  data  above  0.1s,  with 
aircraft,  water  tank  and  numerical  model  results  [as 
surveyed  by  Deardorff  and  Willis  (1974)]  we  find  the 
aircraft  results  fall  within  the  scatter  of  our  data 
points.  The  magnitudes  observed  in  the  tank  and 
numerical  experiments  tend  to  be  slightly  larger  than 
the  atmospheric  measurements.  As  for  the  height  of 
maximum  variance,  the  tank  data  show  a  peak  around 
0.5s,- — as  in  the  aircraft  data  and  barely  suggested  in 
the  Minnesota  data — while  the  numerical  model  has 
its  peak  somewhat  lower.  The  most  significant  departure 
from  the  tank  and  numerical  results  is  the  absence  of 
any  significant  drop  in  w  variance  near  the  inversion 
base.  This  is  consistent  with  the  spectral  behavior 
observed  in  Fig.  3  showing  no  appreciable  change  in 
spectral  intensity  or  shape  above  0.1c,  and  probably 
reflects  the  different  upper  boundary  conditions  that 
exist  in  the  atmosphere  compared  to  the  experiments. 

The  8  variance  above  0.1c,  shows  a  steeper  decrease 
with  height  than  predicted  by  local  free-convection 
similarity.  The  decrease  continues  to  0.5s,  where  it 
reaches  a  minimum  value.  Above  0.5s,  the  variance 
increases  with  height,  clearly  the  result  of  mixing 
produced  by  entrainment  of  warm  air  into  the  boundary 
layer  through  the  inversion. 

The  third-order  moments  w28  and  wd2,  which  repre- 
sent the  vertical  transports  of  heat  flux  and  tempera- 
ture variance,  respectively,  deviate  from  their  free- 
convection  predictions  at  heights  considerably  below 
0.1s,.  The  asymptotic  values  for  these  moments 
(Wyngaard  et  al.,  1971a)  expressed  in  mixed-layer 
similarity  parameters  become 


■7„H 


a-'jp 


■■0.9(z/Zi)K 


(19) 


weyw^^iMz/z^K  (20) 

The  vertical  gradients  of  these  triple  moments 
represent  the  local  gain  or  loss  of  the  quantity  (wd 
and  d2,  respectively)  that  results  from  turbulent  trans- 
port. Eqs.  (19)  and  (20)  imply  a  local  loss  of  wd  and 
a  local  gain  of  d2  resulting  from  turbulent  transport  in 
their  budget  equations.  Our  observations  show  free- 
convection  predictions  approached  at  fairly  low  heights 
(0.02  and  0.05c,,  respectively)  for  w2d  and  u>82.  In  the 
case  of  w2d  even  the  sign  of  the  gradient  is  different 
above  0.02zv  indicating  a  gain  rather  than  a  loss  from 
turbulent  transport  in  the  wO  budget.  The  transport 
term  in  the  d2  budget  remains' a  gain  throughout.  Note 
the  negative  values  of  wd2  (open  circles)  above  0.5zj 
showing    downward    flux    of    temperature    variance, 


another  manifestation  of  the  entrainment  process  dis- 
cussed earlier. 

The  lack  of  agreement  between  the  observations 
and  predictions  might  very  likely  be  a  consequence 
of  inadequate  averaging  time.  With  longer  observa- 
tional periods  it  is  conceivable  that  the  scatter  in  the 
results  will  be  greatly  reduced  and  the  free-convection 
predictions  will  be  followed  to  a  height  of  0.1c  as  in 
the  second  moments.  On  the  other  hand,  it  is  possible 
that  the  turbulent  transports  of  wd  and  82  are  in  fact 
confined  to  a  shallow  layer  around  0.1c,-  and  the  data 
reflect  the  true  state  of  affairs  in  the  atmospheric  bound- 
ary layer.  Further  measurements  are  needed  to 
establish  the  reasons  for  the  observed  departures  from 
prediction.  Spatial  measurements  over  long  distances 
offer  the  best  hope  for  statistically  stable  third  mo- 
ments, being  free  of  contamination  from  the  diurnal 
trends  that  inevitably  affect  single-point  measurements. 

The  structure  parameters  Cv2  and  C>2  reflect  the 
inertial  subrange  behavior  in  the  velocity  and  tem- 
perature spectra,  respectively.  Their  chief  application 
is  to  studies  of  acoustic  and  optical  propagation  in  the 
atmosphere.  The  expression  for  Cv2,  analogous  to  the 
one  for  CV2  in  Eq.  (12),  is  (Kaimal,  1973) 


Cy2  =  4aie3~  2< 


(21) 


The  asymptotic  surface-layer  prediction  for  Cv2,  de- 
rived from  the  surface  layer  relationship  for  4>f  (Wyn- 
gaard and  Cote,  1971),  shows  that 


C  v%' 


■■  constant, 


(22) 


which  is  unity  for  the  Kansas  data  but  is  higher  (~  1.5) 
for  the  Minnesota  data.  It  is  interesting  that  this 
constant  value  is  reached  only  at  heights  above  0.1s,. 
A  useful  approximation  for  the  dimensionless  Cv2  in 
the  range  0.01c, ^c^  0.1c,  from  Fig.  14  would  be 


Cyl 


■■  1.3  +  0.1(3/2 


(23) 


The  C7-2  measurements  provide  by  far  the  best  fit  to 
the  Kansas  free-convection  predictions  in  the  lower 
half  of  the  boundary  layer  with  considerably  less 
scatter  than  any  other  parameter  examined.  From 
Eqs.  (12)  and  (14)  we  have 


CTW 


■  =  2.67  (z/zi) 


(24) 


which  is  indicated  by  the  dashed  line  in  Fig.  14.  These 
results  are  in  agreement  with  Tsvang's  (1969)  observa- 
tions that  showed  the  — §  power  law  extending  to 
heights  of  the  order  of  500  m  in  the  atmosphere.  The 
trend  stops  at  about  0.5c,,  and  CT2  begins  to  increase 
with  height  above  0.7zi,  once  more  reflecting  the  mixing 
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produced  by  warm  air  entraining  into  the  boundary 
layer.  This  modification  of  the  —  §  law  above  0.5c, 
has  also  been  observed  by  Neff  (1975)  from  acoustic 
sounder  returns  over  land  and  by  Frisch  and  Ochs 
(1975)  in  aircraft  measurements  within  the  marine 
boundary  layer. 

9.  Conclusions 

The  conclusions  to  emerge  from  this  study  can  be 
summarized  as  follows: 

1)  The  convective  boundary  layer  observed  at  the 
Minnesota  site  was  well-mixed  down  to  approximately 
O.lz,,  with  a  near-uniform  wind  speed  and  potential 
temperature  distribution  over  that  depth.  A  well- 
defined  capping  inversion  was  observed  in  all  daytime 
runs. 

2)  The  spectra  of  velocity  components  in  the 
boundary  layer  can  be  generalized  within  the  frame- 
work of  mixed  layer  similarity.  With  appropriate 
normalization  the  w  spectrum  can  be  reduced  to  a 
family  of  curves  which  spreads  out  as  a  function  of 
z/zi  at  low  frequencies,  but  converge  to  a  single  uni- 
versal curve  in  the  inert ial  subrange.  The  it  and  v 
spectra  generalized  in  the  same  manner  show  universal 
behavior,  but  without  the  z/z,  dependence  apparent 
in  w.  The  onset  of  the  inertial  subrange  in  the  mixed 
layer  occurs  at  wavelength  X~0.1z,. 

3)  The  temperature  spectra  above  O.lz,  cannot  be 
generalized  in  the  same  manner  as  the  velocity  spectra 
because  of  variability  in  the  low-frequency  behavior. 
However,  the  inertial  subrange  level  is  more  predictable, 
decreasing  as  (z/z,)_*  up  to  0.5z,  and  increasing  as 
(z/ziY  above  0.7z,.  Below  O.lz,  they  behave  much 
like  the  surface  layer  spectra. 

4)  The  characteristic  wavelength  Xm  for  w  and  6 
increases  linearly  with  z  in  the  height  range  —  L  to 
O.lz;,  following  free-convection  prediction,  but  levels 
off  to  a  nearly  constant  value  (Xm~1.5z,)  above  that 
height.  Xm  for  u  and  v  stays  approximately  the  same  (at 
Xm~1.5s,)  throughout  the  depth  of  the  boundary 
layer. 

5)  The  wavelength  Xm^=  1.5z,  observed  in  the  velocity 
and  temperature  spectra  corresponds  to  the  length 
scale  of  large  thermals  that  appear  to  dominate  the 
circulation  in  the  boundary  layer. 

6)  Free-convection  predictions  for  the  variances  of 
w  and  6  also  appear  valid  to  a  height  of  O.lz,.  The 
triple  moments  indicate  a  much  shallower  free-convec- 
tion layer  but  this  may  be  the  result  of  inadequate 
averaging  time.  Cv2  reaches  its  asymptotic  limit  only 
above  O.lzi,  while  CT2  fits  the  prediction  to  a  height  of 
0.52i. 

7)  There  is  evidence  of  substantial  heat  and  mo- 
mentum entrainment  into  the  boundary  layer  through 
the  capping  inversion.  The  entrained  warm  air  de- 
scends in  the  form  of  inverted  plumes  strongly  affect- 
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ing  the  temperature  and  heat  flux  statistics  in  the  upper 
half  of  the  boundary  layer.  The  unexpectedlv  large 
stress  values  observed  in  the  boundarv  laver  can  be 
explained,  at  least  partly,  in  terms  of  momentum 
entrainment  across  the  velocity  jump  within  the  in- 
version. Any  theoretical  or  numerical  model  for  the 
mixed  layer  must  take  into  account  the  effects  of 
entrainment  through  its  upper  boundary. 
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APPENDIX 
List  of  Symbols 

U  mean  wind  speed 

u,  v,  w  fluctuating  wind  components  in  the  longi- 
tudinal, lateral  and  vertical  directions 

T  mean  temperature 

0  fluctuating  temperature 

p  density  of  air 

70  surface  shear  stress  [=  —pine  at  4  m] 

Q  vertical  kinematic  heat  flux  [  =  ".0]] 

Qo  surface  kinematic  heat  flux  [  =  &0  at  4  m] 

(g/T)      buoyancy  parameter 

e  dissipation  rate  of  turbulent  kinetic  energy 

k  von  Karman's  constant 

4>t  dimensionless  dissipation  rate  \_  =  kze/u^~\ 

\p  dimensionless  dissipation  rate  \_  =  *T/gQ^\ 

N  dissipation  rate  for  one-half  of  the  temperature 

variance 

7  a  dimensionless  structure  parameter 

0:1  spectral  constant  for  one-dimensional  u  spec- 

trum 

0i  spectral   constant    for   the   one-dimensional   0 

spectrum 

z  height  above  ground 

z,  height  of  lowest  inversion  base   (from  rawin- 

sonde  ascents) 

L  Obukhov  length  [=  -u^/k(g/T)Qo] 

n  cyclic  frequency 
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nm  frequency  of  logarithmic  spectral  peak 

Xm  wavelength  corresponding  to  nm[_=U/nm'] 

f  dimensionless  frequency  \_  =  nz/U~\ 

fi  dimensionless  frequency  \_  =  nZi/U~] 

S(n)        one-dimensional  spectral  density 
CV  structure  parameter  for  temperature 

CV  structure  parameter  for  velocity 

«„.,  T*     scaling  velocity  and  temperature  for  the  sur- 
face shear  layer 
Uf,  Tf     scaling  velocity  and  temperature  for  the  free- 
convection  layer 
w#,  0*      scaling    velocity    and    temperature    for    the 
mixed  layer. 
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Abstract.  It  is  proposed  that  the  ratios  of  the  standard  deviations  of  the  horizontal  velocity  compo- 
nents to  the  friction  velocity  in  the  surface  layer  under  convective  conditions  depend  only  on  zJL 
where  z,  is  the  height  of  the  lowest  inversion  and  L  is  the  Monin-Obukhov  length.  This  hypothesis  is 
tested  by  using  observations  from  several  data  sets  over  uniform  surfaces  and  appears  to  fit  the  data 
well.  Empirical  curves  are  fitted  to  the  observations  which  have  the  property  that  at  large  zJ-L,  the 
standard  deviations  become  proportional  to  w*,  the  convective  scaling  velocity. 

Fluctuations  of  vertical  velocity  obtained  from  the  same  experiments  scale  with  z/L,  where  z  is  the 
height  above  the  surface,  in  good  agreement  with  Monin-Obukhov  theory. 

1.  Introduction 

According  to  the  now  classical  Monin-Obukhov  similarity  theory,  the  characteris- 
tics of  the  standard  deviations  of  horizontal  turbulent  velocity  components  a  in 
the  surface  layer  are  described  by: 

—  =#„(—),     a  =  it,  v,  w  (1) 

where  «*  is  the  surface  friction  velocity,  z  the  height  and  L  the  Monin-Obukhov 
length,  ch  is  presumed  to  represent  a  set  of  universal  functions,  different  for  each 
horizontal  velocity  component. 

Lumley  and  Panofsky  (1964)  have  already  noted  that  Equation  (1)  applies  well 
to  vertical  but  not  to  horizontal  velocity  components.  In  particular,  under  convec- 
tive conditions,  a  change  in  height  has  negligible  effect  on  horizontal  standard 
deviations,  whereas  a  change  in  L  has  a  pronounced  effect. 

*  The  National  Ce nter  for  Atmospheric  Research  is  sponsored  by  the  National  Science  Foundation. 
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We  can  get  some  insight  into  the  relevant  similarity  variables  for  the  horizontal 
velocity  components  by  considering  the  limiting  case  of  free  convection.  Even  in 
the  surface  layer,  it  seems  plausible  that  they  should  scale  with  the  convective 
velocity  scale  for  the  boundary  layer, 

8HZi^-u*k-l>\zJ-L)1/3,  (2) 


\cppT> 

where  g  is  gravity,  H  the  vertical  surface  virtual  heat  flux,  cp  the  specific  heat  at 
constant  pressure,  p  density,  T  temperature  and  k  von  Karman's  constant,  since 
the  horizontal  components  of  the  convective  eddies  would  be  expected  to  extend 
down  to  near  the  surface.  Thus  in  the  limit 

—  -~(zJ-L)v\       a  =  u,v.  (3) 
u* 

Therefore  we  suggest  that  the  proper  surface-layer  scaling  for  a  is  not  as  in 

Equation  (1),  but  rather 

—  =  /(z,/L),     a  =  u,v.  (4) 

Wyngaard  and  Cote  (1974)  have  previously  postulated  equations  of  this  form. 

Recently,  good  observations  have  become  available  on  the  basis  of  which  the 
reliability  of  Equation  (4)  will  be  tested.  For  completeness,  the  data  obtained 
during  the  same  periods  will  be  used  to  test  once  again  the  agreement  of  the 
vertical  velocity  fluctuations  with  predictions  from  Monin-Obukhov  theory. 

2.  Properties  of  Horizontal  Wind  Components 

The  analysis  is  based  on  several  independent  field  experiments.  In  one  of  these, 
two  research  groups,  representing,  respectively,  the  Air  Force  Cambridge  Re- 
search Laboratories  of  Bedford,  Massachusetts  and  the  Meteorological  Research 
Unit,  Cardington,  Bedford,  England,  cooperated  in  a  rather  ambitious  project 
over  an  extremely  flat  section  of  northwestern  Minnesota.  The  experiment 
is  described  in  detail  by  Readings  et  al.  (1974)  and  Izumi  and  Caughey  (1976). 
Observations  up  to  32  m  were  obtained  by  sonic  equipment  from  a  mast.  Data 
above  that  level  were  taken  from  instrumentation  carried  aloft  by  a  tethered 
balloon. 

In  the  other  experiments,  measurements  were  obtained  from  either  the  de 
Havilland  Buffalo  or  Lockheed  Electra  aircraft  operated  by  the  National  Center 
for  Atmospheric  Research.  With  the  exception  of  one  observation  over  eastern 
Colorado  (described  by  Lenschow,  1970),  the  measurements  were  obtained  over 
water.  These  include  measurements  over  one  of  the  Great  Lakes  (Lenschow, 
1973),  near  Puerto  Rico  (Pennell  and  Le  Mone,  1974)  and  over  the  East  China 
Sea  near  Okinawa,  Japan,  as  part  of  the  Air  Mass  Transformation  Experiment 
(AMTEX)  (Lenschow  and  Agee,  1976).  Each  observation  was  obtained  from 
straight  and  level  flight  legs  at  heights  less  than  0.2  z,  over  a  time  period  of  about 
lOmin,  which  corresponds  to  a  distance  of  40  to  60  km.  A  linear  trend  was 
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removed  from  the  data  before  calculating  the  turbulence  statistics.  The  Monin- 
Obukhov  lengths  were  obtained  from  flux  measurements  at  flight  level  and  zt  was 
obtained  from  rawinsonde  and  aircraft  vertical  soundings. 

All  particulars  of  the  observations  used  in  this  section  are  shown  in  Table  I.  The 
standard  deviations  at  Minnesota  represent  averages  of  observations  at  4  and 
32  m  heights.  No  significant  difference  of  horizontal  fluctuations  at  these  heights 
was  detected.  In  contrast,  fluctuations  of  vertical  velocity  rapidly  increased 
upward.  Further,  there  were  no  important  differences  between  lateral  and  lon- 
gitudinal components,  nd  only  averages  were  analyzed.  The  standard  deviations 
computed  from  the  airplane  data  represent  such  averages,  and  are  simply  called  a 
in  Table  I. 

Table  I  shows  the  influence  of  z,  on  a/u*.  For  example,  the  Minnesota  data  of 
September  15  and  17  have  about  the  same  L  but  quite  different  z„  and  cr/u*  is 
observed  to  increase  as  z,  increases. 

Figure  1  shows  the  relation  between  cr/u*  and  zJL.  All  observations  fall  quite 
well  on  the  same  line  even  though  some  of  the  airplane  data  were  obtained  at 
levels  rather  too  high  for  the  surface  layer. 

Two  empirical  curves  were  fitted  to  the  points  in  Figure  1,  both  satisfying  the 
condition  that  /  varies  as  (z,/-L)1/3  at  large  zJ—L,  so  that  the  standard  deviations  a 
become  proportional  to  w*,  independent  of  u*. 

The  equation 

a/u*  =  [4  +  0.6(z,/-L)2/T2  (5) 

was  selected  because  it  was  similar  in  form  to  that  postulated  by  Wyngaard  and 
Cote  (1974);  the  other, 

<r/u*  =  (  12 +  0.5  z,/-L),/3  (6) 

was  chosen  because  it  is  somewhat  simpler  and  because  it  is  in  better  agreement 
with  observations  made  at  other  sites  and  in  wind  tunnels  under  near-neutral 
stability  conditions  (see,  e.g.  Lumley  and  Panofsky,  1964).  Both  equations  fit  well. 
Also,  both  agree  well  with  laboratory  studies  by  Willis  and  Deardorff  (1974)  in 
the  limit  of  large  zJ-L. 

It  is  clear  that  the  hypothesis  expressed  by  Equations  (4)  and  (6)  is  in  general 
agreement  with  observations.  However,  all  data  analyzed  here  were  obtained  over 
flat  surfaces.  It  is  quite  possible  that  mesoscale  terrain  features  can  influence  the 
scale  of  horizontal  velocity  components.  This  hypothesis  needs  to  be  tested. 
Another  question  not  yet  answered  is  whether  substitution  of  z,  for  z  in 
Monin-Obukhov  scaling  also  accounts  satisfactorily  for  the  properties  of  spectra 
and  other  more  complex  statistics  of  the  horizontal  velocity  components.  Kaimal 
et  al.  (1976)  have  shown  that  their  spectra  in  the  mixed  layer  scale  with  zh  not  z, 
and  have  suggested  that  such  scaling  should  apply  to  the  energy-containing  region 
of  the  surface-layer  spectra  as  well. 
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TABLE  I 
List  of  observations  used  (SI  units)  of  horizontal  fluctuations 
Northwest  Minnesota  (tower) 


Date 

(1973) 

Run  No. 

au 

cry 

Z( 

L 

w* 

10/9 

2A1 

1.36 

1.41 

1250 

42 

0.45 

10/9 

2A2 

1.26 

1.37 

1615 

38 

0.45 

11/9 

3A1 

1.48 

1.50 

2310 

24 

0.37 

11/9 

3A2 

1.16 

1.22 

2300 

24 

0.32 

15/9 

5A1 

0.72 

0.75 

1085 

7 

0.18 

17/9 

6A1 

1.42 

1.37 

2095 

6 

0.24 

17/9 

6A2 

1.26 

1.34 

2035 

6 

0.23 

17/9 

6B1 

1.01 

1.08 

2360 

23 

0.26 

19/9 

7C1 

1.34 

1  22 

1020 

9 

0.28 

19/9 

7C2 

1.18 

1.22 

1140 

13 

0.30 

19/9 

7D1 

1.03 

1.15 

1225 

14 

0.25 

Date 

IT 

z, 

-L 

u* 

2 

Eastern  Colorado  (Airplane) 

4/25/68  1.39  1045  33  0.46  87 

Lake  Huron  (Airplane) 

11/13/73  0.85  912  24  0.27  31 


Cambbean 

(Airplane) 

11/15/72 

0.93 

610 

357 

0.45 

30 

East  China 

Sea  (Airplane) 

Date 

(1975) 

(X 

2, 

-L 

u* 

2 

2/15 

1.04 

1296 

70 

0.38 

110 

2/15 

1.10 

1296 

67 

0.39 

110 

2/15 

1.22 

1296 

36 

0.39 

110 

2/15 

1.19 

1296 

54 

0.44 

110 

2/15 

1.11 

1296 

20 

0.30 

110 

2/15 

1.03 

1296 

25 

0.32 

110 

2/15 

0.88 

1296 

32 

0.24 

226 

2/15 

1.07 

1296 

65 

0.45 

135 

2/15 

1.22 

1296 

54 

0.45 

135 

2/15 

1.23 

1296 

107 

0.53 

135 

2/15 

1.07 

1296 

66 

0.47 

135 

2/15 

1.24 

1296 

43 

0.41 

135 

2/16 

0.96 

1435 

61 

0.36 

99 

2/16 

1.06 

1435 

35 

0.32 

99 

2/16 

1.31 

1435 

24 

0.30 

99 

2/16 

1.09 

1435 

33 

0.35 

99 

2/16 

1.15 

1435 

56 

0.46 

99 

2/16 

1.16 

1435 

25 

0.34 

99 

2/16 

0.88 

1435 

35 

0.35 

132 

2/16 

0.93 

1435 

44 

0.35 

66 
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3 


--  cr/u¥=[4  +  0.6(Zi/-L)2/3],/2  " 
—  cr/u,t=(l2+0.5  Zj/-L),/3 

A    AIRPLANE    DATA 

o    MINNESOTA  TOWER  DATA 


Fig.  1. 


200  300  400 

-Zj/L 

Standard  deviations  of  horizontal  velocity  components,  normalized  by  u*,  as  functions  of 

-zJ-L. 


3.  Properties  of  the  Vertical  Velocity  Components 

Figure  2  shows  the  variation  of  the  ratio  of  aw,  the  standard  deviation  of  the 
vertical  velocity,  to  the  friction  velocity,  plotted  as  a  function  of  z/-L.  The  points 
are  based  on  the  same  field  experiments  as  those  in  Figure  1.  The  lack  of  random 
scatter  of  the  Minnesota  observations  attests  to  their  unusual  excellence  of  these 
observations. 

Again,  two  empirical  relations  have  been  fitted  to  the  data,  both  subject  to  the 
conditions  that  aju*  should  vary  as  (z/-L)1/3  for  large  zl~L,  and  that  it  should 
approach  approximately  1.3  as  z/— L— *0.  The  equation 


o-w/u*  =  [1.6  +  2.9(z/-L)2/3] 


2/3-11/2 


(7) 


was  selected  because  it  is  of  the  form  postulated  by  Businger  (1959)  and  by 
Wyngaard  and  Cote  (1974).  The  equation 

ctvv/k*=1.3[1  +  3z/-L]1/3  (8) 

is  a  little  simpler  and  fits  the  observations  better  at  large  z/-L.  It  also  provides  a 
good  fit  to  surface-layer  observations  collected  by  Merry  and  Panofsky  (1976) 
from  observations  at  the  other  sites,  and  is  therefore  believed  to  be  slightly 
preferable  to  Equation  (7). 
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1. 


INTRODUCTION 


In  many  applications  one  needs  to  cal- 
culate the  flow  in  the  atmospheric  boundary  layer 
(ABL)  under  realistic  conditions — such  as  over 
inhomogeneous  terrain.   Even  with  the  recent  ad- 
vances in  flow  modeling,  in  numerical  techniques, 
and  in  computers,  this  remains  a  formidable  prob- 
lem for  several  reasons.   First,  it  can  require  a 
four-dimensional  grid  (three  space  plus  time), 
and  thus  be  very  time  consuming.   Second,  it  is 
always  necessary  to  account  for  the  effects  of 
turbulence  ABL  calculations,  and  while  today's 
turbulence  models  are  superior  to  those  of  a 
generation  ago,  they  require  a  fine  mesh,  with 
grid  spacing  on  the  order  of  a  turbulent  integral 
scale  or  less.   Thus  computer  capacity  can  limit 
the  total  grid  volume  to  far  less  than  that 
desired . 

On  the  other  hand,  often  one  does  not 
want  the  wealth  of  local  detail  such  a  calculation 
would  give.   In  many  problems,  flow  properties 
averaged  over  horizontal  planes  would  suffice.  In 
this  paper  we  discuss  a  modeling  approach  in 
which  contemporary  turbulence  modeling  techniques 
are  used  in  an  attempt  to  satisfy  these  simpler 
needs. 


2. 


THE  MODEL 


We  will  illustrate  our  approach  by 
considering  a  simple  case  which  has  the  essential 
elements  of  the  full  problem.   The  flow  is  taken 
as  neutrally  stratified,  steady,  with  the  lower 
boundary  a  horizontal  surface  whose  roughness 
varies  with  xj   ,  the  downstream  coordinate. 
Near  the  surface  the  flow  will  change  continuous- 
ly with  xj   in  response  to  the  variable  rough- 
ness, which  we  take  to  be  statistically   homoge- 
neous.  Thus  the  streamwise  velocity  derivative 
3Ui/3xj   will  in  general  be  non-zero,  generating 


a  non-zero  vertical  velocity  U^   .   The  flow 
throughout  the  ABL  will  be  modified  by  this 
forcing  at  the  lower  boundary,  with  flow  variables 
depending  on  the  vertical  coordinate   X3   and  on 
Xi       .   We  assume  that  the  conditions  at  the  top 
of  the  ABL  are  fixed. 

The  mean  momentum  and  continuity 
equations  for  this  flow  are  (Eusch,  1973) 


U.  .U   +  (u  u . )  .  =  -P  . 
it J  J      1  J  .J      .1 


ijk 


;i\ 


U. 


n 


1.1 


(1) 


where   U^   and   u^   represent  the  (ensemble)  mean 
and  turbulent  velocity,  respectively,   P   is  the 
mean  kinematic  pressure,  '•'.■       is  the  earth's 
rotation  rate,  a  comma  denotes  differentiation, 
and  repeated  indices  are  summed.   The  turbulent 
stress   u-^u-;   has  an  important  role  in  this  equa- 
tion and  cannot  be  neglected,  so  we  need  addi- 
tional information  in  order  to  close  the  system 
(1). 

Much  development  wor 
in  recent  years  on  model  equatio 
turbulent  stresses.  These  "high 
models  have  largely  replaced  the 
approach  in  smaller-scale  ABL  re 
tions.  While  this  field  is  stil 
stage  of  development,  it  is  clea 
models  can  give  very  accurate  pr 
turbulent  flow  structure.  At  th 
also  clear  that  much  development 
before  a  model  suitable  for  use 
of  flow  situations  is  produced, 
has  reviewed  this  activity. 


has  been  done 
US  for  these 
er  order  closure' 

eddy  dif f usivi t ;, 
search  appliaa- 
1  in  an  early 

that  such 
edictions  of 
e  same  time,  it  ! 

work  remains 
in  a  wide  range 

Bradshaw  (1972) 


We  will  use  a  simple  turbulenct 
model  of  this  type: 


60 


457 


U   .  uu   -u   .  u.u.-(U.  u  u  )  . 
l,j   j  k   k,j   1  j    j   i  k  ,j 


^'(•tv?-*^1 


^)1/2< 

A2  ^(Ui,k+Uk,i)  "2^\/JI 


2  £  .  V. .  u  u, 
ijra  j   m  k 

2  e,  .   (1.  uu  =  0 
kjm,  j   mi 


(2) 


This  is  a  parameterization  of  the  exact   u^ui, 
equation  under  neutral  conditions.   The  first 
three  terms  on  the  right  represent  (exactly) 
production  and  advection;  the  fourth  and  fifth 
are  parameterizations  of  pressure  covariances, 
and  the  sixth  term  is  a  parameterization  of 
viscous  dissipation.   The  final  terms  represent 
(exactly)  the  rotation  effects.   Aj   and  A2   are 
constants,  and  i      is  a  length  scale  of  the  tur- 
bulence.  We  use  the  notation   q   =  u-^u^ 

This  is  a  simplified  version  of  the 
model  used  by  Wyngaard  (1975)  in  a  study  of  the 
horizontally  homogeneous  ABL.   We  include  it  here 
only  to  demonstrate  how  a  turbulence  model  can  be 
used  to  calculate  inhomogeneous  flow  structure, 
and  not  to  advocate  this  particular  form. 

The  turbulence  equation  (2),  together 
with  the  mean  field  equation  (1),  represent  a 
closed  system.   Our  approach  to  the  solution  is 
to  decompose  the  flow  variables  into  a  basic, 
undisturbed  state  (denoted  by  a  superscript  zero) 
plus  contributions  due  to  the  forcing  at  the  lower 
boundary.   Thus  for  any  flow  variable   f 


f  =f(0)(x3)+f(1)(x1)x3)+f(2)(x1)x3) 


O) 


We  assume  the  deviations  from  the  basic  state  are 
not  large  so  that   f^'   and   f^'   are  first  and 
second  order  quantities,  respectively,  in  some 
small  parameter.   We  will  take   f(l)   and   f'2) 
to  represent  the  linear  and  nonlinear  responses. 
Since  the  mean  and  turbulent  fields  are  intimately 
coupled  through  Eq  (1)  and  (2),  both  will  be 
disturbed  by  the  forcing. 

3.         CALCULATION  OF  THE  LINEARIZED  RESPONSE 

Substitution  of  the  decomposition 
(3)  into  the  momentum  equation  (1)  and  neglecting 
terms  of  order  higher  than  the  first  gives 


(0)   (1)  +   (0)   (0) 
i,j   J      i,J   J 


+  d}1'  u(0) 

i.j   J 


+  (^7(0)+u^7(1))  . 

i  J      i  J     .J 


-P 


(0) 
,i 


,  i 


2  . 


„v  V«v(0) 

ijk  j   k 


♦  »«>, 
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The  basic  flow  satisfies 

-  2  e...  P..  U 
ijk  j   k 


■  (0) 
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u(0)  u(1)  +  ua>  u(0)  +  (uTTT(1))  .  =-p(1) 
ltj  j     iij  j     i  i        .j     .i 

-  2  e    a.    V(1)  (6) 

ijk  j   k 


In  a  similar  way  we  can  derive  a 
first  order  turbulent  stress  equation  from 

Eq  (2): 

uf>iTT(0Vuf&(1V^1fe(0)+u<0lTrir:(1) 

i>J  J  k     i,j  j  k     k,j  l  j     lc,j  3  i 

+  (u(0)^r(1)+u(1)^r(0))  . 

j    i  k     j    l  k     ,j 
=  -A1(^°))1/2(^(1l^1)iik/3)/^ 

-.Ai(^(1))1/2(^r(0)-^(0)^./3)/* 


i  k 


ik 


+  A2^(0)(U,(1W1>)  +A2^(1V0V(0)) 
i ,k  k,i  i,k  k,  i 

-  2(q^(1))3/2  6.,/3i  -  2  t.        0  u^T(1) 
IK  ljm   j   m  k 


2  e,  .   P..  u  u 
kjm   j   mi 


(1) 


The  continuity  equation  becomes 

u(1)  +u(1)  =  0 

1,1    3,3 


(7) 


(8) 


Eqs  (6-8)  are  a  closed  set  of  linear 
differential  equations  for  the  first  order  quan- 
tities.  Although  they  contain  derivatives  in  both 
X)   and   X3  ,  the  former  can  be  eliminated  by  a 
Fourier  transform  over  that  coordinate,  leaving  .1 
set  of  ordinary  differential  equations.   They  ;ir>.- 
to  be  solved  as  a  boundary-value  problem,  with 
the  conditions  specified  near  the  surface  and  at 
the  top  of  the  ABL.   Lower  boundary  conditions 
can  be  generated  from  the  equations  themselves, 
and  the  no-slip  condition,  by  observing  their  be- 
havior as  X3  ■+  0  .   Since  there  2^x3,  many 
of  the  terms  in  the  linearized  turbulence  equa- 
tions (7)  can  be  dropped,  and  the  set  yields, 
near  the  surface, 


2  K(0)  uf> 


(9) 


jhere   K    =  ku*   x3   is  the  background  eddy   . 
iiffusivity.   Noting  that   U1U3"'  =  -  2ui°^u,i 


Ln  x  +  constant 


(10) 


The  constant  can  be  evaluated  by  requiring  the 
sum  of  u{°)   and   U^1)   to  vanish  at  the  local 
roughness  height   Zq(xi)  .   If  we  denote  the  con- 


stant background  roughness  length  by   Zqq 
gives 


this 


Subtracting  Eq  (5)  from  Eq  (A)  gives  the  first 
^order  mean  momentum  equation: 


61 


458 
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(0) 
u*               x3 
=  T—  Ln 

k          zoo 

(0) 

uj0)  +  «,<» 

u*               x3 

=  — Ln  -=-  + 

k           zoo 

(0) 

(1) 


Ln  — 


(11) 


00 


The  resulting  linearized  expression  for  Vf   ' 


is 


(1) 


(0) 


,(D 


Ln 


^3 
!00 


Ln 


(12) 


^00 


Differentiation  of  Eq  (12)  with  respect  to  xj  , 
using  the  continuity  equation  (8),  and  integra- 
tion over  x3   gives  the  lower  boundary  condition 
for  u(l).   In  linearized  form  it  is 

A      (1)r-  1 

n™  1   dU*      T      ,       X3  ,  1 

U,     =   -  -r  —. x     Ln (x  -z_) 

3  k     dxl    L3         z00  3     °J 


(0) 


—   (Lnz0)|    (x3-z0) 


(13) 


The  advantage  of  these  boundary  bonditions  over 
the  no-slip  condition  alone  is  that  (12)  and 
(13)  can  be  applied  at  some  height  which  is  well 
above   Zg  ,  but  still  small,  thus  saving  compu- 
tation time.   At  the  top  of  the  ABL,  which  can 
either  scale  with  ui°)/f  or  be  fixed  by  an 
upper-level  inversion,  the  first  order  quantities 
are  forced  to  vanish. 

4.       RELATION  TO  THE  ORR-SOMMERFELD  EQUATION 

This  perturbation  approach  is  also 
used  in  the  linearized  theory  of  the  stability 
of  viscous  flow,  where  it  gives  the  Orr-Sommer- 
feld  equation  (Schlichting,  1960)  for  the  first 
order  disturbance  stream  function.   Often  an  ad- 
hoc  extension  to  turbulent  flow  is  made  by 
replacing  the  molecular  viscosity  by  an  eddy 
viscosity  K   .   Thus,  in  a  steady  neutral  shear 
flow  without  rotation  effects,  the  linearized 
disturbance  equations  would  be  represented  as 


u(0)u(1) 

i.J  J 


=  -  p 


(i) 

,i 


+  K  U 


(1) 
i.JJ 


It  is  usual  to  introduce  a  stream  function 

u(1)  =  -  X 
1       x,3 

„(1) 

U3   "  \l 


(14) 


(15) 


and  to  Fourier  transform  in  the  homogeneous 
(streamwise)  direction 

X(x1(x3)  =  f  e        1   D(*,x3)  dx1  (16) 


The  result  of  combining  Eqs  (14)-(16)  is  the 
Sommerfeld  equation  for  this  flow: 

K  D'»'  +  D"(-kWu!0))  +  D(i.U''(0)+i<3U(0) 


Our  set  of  equations  (6)-(8)  can 
also  be  combined  to  give  a  single  linear  diff 
ential  equation  for  the  disturbance  stream 
function.  If  further  assumptions  about  the 
relationships  among  components  of  uiui.'  '  a 
made,  it  can  be  reduced  to  a  fourth  order  equ 
tion  of  the  form 


Orr- 

)=0 
(17) 

er- 


a.D""  +  a^  D"  '  +  a.  D"  +  a,  D'  +  a„  D 

4       3         2       10 


0 


0 

(18) 


where  the   a,   are  functions  of  the  background 
flow  (both  mean  and  turbulent)  and  wavenumber. 
Thus  our  approach  gives  a  more  general  equation 
than  the  ad-hoc  extension  of  the  viscous  Orr- 
Sommerfeld  equation  to  turbulent  flow. 

The  differences  between  our  equation 
(18)  and  the  Orr-Sommerf eld  form  (17)  can  be 
simply  explained.   In  a  laminar  flow  the  viscosity 
is  a  property  of  the  fluid.       In  turbulent  flow 
the  eddy  viscosity  is  a  property  of  the  flow;    in 
fact  it  can  be  independent  of  the  fluid.   If  a 
turbulent  flow  is  changed  by  adding  a  disturbance, 
the  eddy  viscosity  is  changed  as  well.   Thus  when 
one  decomposes  a  turbulent  flow  into  background 
plus  disturbance  components,  he  should  also 
decompose  the  eddy  viscosity.   The  stress  conser- 
vation equation  (2)  amounts  to  an  equation  for  a 
generalized  eddy  viscosity,  and  in  perturbing  it 
we  have,  in  effect,  allowed  the  eddy  viscosity  to 
be  changed  by  the  disturbance.   The  additional 
terms  in  our  Eq  (18)  represent  the  effects  of 
this  disturbed  eddy  viscosity.   Thus  attempts  to 
improve  linear  disturbance  calculations  in  turbu- 
lent  flow  by  using  height-dependent  eddy  viscos- 
ity, while  still  ignoring  its  perturbations, 
neglect  a  substantial  part  of  the  physics. 

5.  CALCULATIONS  OF  NONLINEAR  EFFECTS 

The  perturbation  equations  through 
second  order  can  be  derived  by  following  the  same 
procedure.   We  average  these  equations  over  hori- 
zontal planes,  denoting  this  by  brackets.   Recall 
that  the  flow  is  taken  to  be  statistiaally   homo- 
geneous in  the  horizontal,  so  that  horizontal 
derivatives  of  these  averaged  quantities  vanish. 
Note  also  that  first  order  quantities  average  to 
zero,  since  they  have  zero  mean.   It  then  follows 
from  the  averaged  continuity  equation  that 
[Uj2)]  =  o  .   Thus  we  need  only  consider  the 
horizontal  components  of  the  second  order  mean 
momentum  equation;  the  pressure  gradient  terms 
vanish  upon  averaging,  and  we  have 


£i 


[U<2)]   +   [„£>]    U<°>    + 


tu(l)    „(1). 
1    i.J      J 


+    [u,u 


-(2) 


i    J 


,j 


2   e  a      [U(2)] 

ijk     j    l    k      ' 


1,2 


(19) 


62 


459 


The  corresponding  turbulence  equation  is 

i,(0)r (2)  ,  .  rn(2)  -(0)    (1)— —  (1) 

U.  .lu.u,    J+  U.  .lu.u,    +IU.  .u.u, 


V0)  [^(2)  ]W2>  j^°  W1!^"  ] 

k.r  J  i       k,j   j  i      k,j  3  i 


+  I 


u(2)]^r(0)+u(0)[^r(2)]+[u(1)^r(1)]l 

J    i  k     j    i  k       j    ik    ),; 


=  -A1(^(0))1/2([^2)]-[^2)]aik/3)/. 


Ai[(^(2))1/2](v\(0)-^(0)  6ik/3)/< 


-A1[(q^(1))1/2(^1)-^(1)6ik/3)]/e 
^^([ngMBJjJ]) 

-  2  6ik[(i7(2))3/2]/3t 


2  e..   P..  [u  u,  (2)] 
ijm  j   m  k 


One  can  calculate  horizontally- 
averaged  values  for  both  mean  field  and 
turbulence  quantities  from  Eqs  (19)  and  (20). 
These  should  be  useful  for  example  in  deter- 
mining the  effect  of  surface  roughness  inhomo- 
geneities  on  the  similarity  and  scaling  laws 
which  have  been  developed  for  the  idealized, 
horizontally  homogeneous  ABL.   In  fact,  they 
should  be  useful  in  interpreting  the  results 
of  any   ABL  turbulence  measurements. 

The  extension  to  stratified  flows 
requires  the  inclusion  of  temperature  terms  in 
the  momentum  and  turbulence  equations  and  the 
addition  of  equations  for  these  new  terms,  which 
involve  both  the  mean  temperature  and  turbulent 
temperature  covariances.   Several  turbulence 
models  which  include  these  effects  currently 
exist,  and  they  can  be  incorporated  into  the 
scheme  described  here  without  additional  diffi- 
culty beyond  increasing  the  number  of  equations. 
Other  types  of  boundary  conditions  can  also  be 
treated. 
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(20) 


The  set  (19)  and  (20)  are  linear, 
ordinary  differential  equations,  with   X3   as 
independent  variable,  and  with  forcing  functions 
generated  from  correlations  of  the  first  order 
solutions.   Phase  shifts  in  these  first  order 
variables  will  be  generated  by  the  turbulence, 
so  in  general  these  forcing  functions  are  non- 
zero.  Appropriate  boundary  conditions  are 
vanishing  second-order  averages  at  the  top  of 
the  ABL.   Thus  (within  the  restrictions  of  the 
small-amplitude  expansion)  this  allows  us  to 
calculate  the  mean  levels  introduced  into  the 
disturbance  field  along  with  the  streamwise 
oeriodic  first  order  variations. 

To  pick  a  simple  illustrative 
example,  the  averaged  flow  near  the  surface  will 
be   U  =  u£°)  +  [u|5)]   ,  while  the  friction 
velocity  averages  to   u*  =  ui°)  +  [u*  ' ]  .   The 
velocity  profile  remains  essentially  logarithmic, 
giving 


U  =  —  Ln 
k 


'0  eff 


(21) 


where   zg  cc      is  an  "effective"  roughness 
length,  which  in  general  is  not  simply  [zq(x,)]  . 
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ABSTRACT 

In  a  previous  paper  (Weber  and  Barrick,  1977),  a  generalization  of  Stokes'  perturbational  technique 
permitted  us  to  obtain  solutions  to  higher  orders  for  gravity-wave  parameters  for  an  arbitrary,  two-dimen- 
sional periodic  surface.  In  particular,  the  second-order  wave-height  correction  and  the  third-order  dis- 
persion relation  correction  were  derived  there.  In  this  paper,  we  interpret  and  apply  those  solutions  in  a 
variety  of  ways.  First  of  all,  we  interpret  the  dispersion  relation  (and  its  higher  order  corrections)  physically, 
as  they  relate  to  the  phase  velocity  of  individual  ocean  wave  trains.  Second,  the  validity  of  the  two  results 
derived  previously  is  established  by  comparisons  in  the  appropriate  limiting  cases  with  classical  results 
available  from  the  literature.  It  is  shown  how  the  solutions — derived  for  periodic  surface  profiles — can  be 
generalized  to  include  random  wave  fields  whose  average  properties  are  to  be  specified.  Then  a  number  of 
examples  of  averaged  higher  order  wave  parameters  are  given,  and  in  certain  cases  a  Phillips'  one-dimen- 
sional wave-height  spectral  model  is  employed  to  yield  a  quantitative  feel  for  the  magnitudes  of  these  higher 
order  effects.  Both  the  derivations  and  the  examples  have  direct  application  to  the  sea  echo  observed  with 
high-frequency  radars,  and  relationships  with  the  radar  observables  are  established  and  discussed. 


1.  Introduction 

In  a  previous  paper  (Weber  and  Barrick,  1977)  a 
generalization  of  Stokes'  (1847)  perturbation  tech- 
nique was  presented  which  permitted  the  derivation  of 
higher  order  corrections  to  the  linear  solution  of  the 
(nonlinear)  hydrodynamic  equations  describing  waves 
near  the  air-water  interface.  The  generalization  con- 
sisted in  assuming  a  Fourier  series  expansion  for  the 
wave  height  for  deep-water  gravity  waves.  The  method 
ignores  the  dynamics  of  energy  transfer  between  waves, 
between  the  atmosphere  and  ocean  and  viscous  damping 
effects.  Hence  the  solution  is  expected  to  be  valid  over 
space  and  time  scales  less  in  extent  than  those  over 
which  energy  transfer  variations  are  important. 

While  the  overall  method  was  general,  that  paper 
concentrated  upon  the  derivation  of  two  results:  1)  the 
second-order  correction  to  the  wave  height  (and 
velocity  potential),  and  2)  the  first  nonzero  correction 
to  the  lowest  order  dispersion  relation  obtained  by 
carrying  the  perturbation  analysis  to  third  order.  Bits 
and  pieces  of  these  derived  quantities  have  appeared 
from  time  to  time  in  the  literature  (e.g.,  height  correc- 
tions for  two  waves  at  a  time,  dispersion-relation 
correction  for  colinear  waves),  but  this  is  the  first  time 
to  our  knowledge  that  Stokes'  techniques  have  been 
generalized  to  an  infinite  field  of  two-dimensional  waves 
in  such  a  way  that  both  wave  height  and  dispersion- 
relation  corrections  can  be  derived  in  the  same  analysis 
in  a  self-consistent  manner. 

It  is  the  purpose  of  this  paper  to  interpret  and  apply 


the  solutions  derived  in  the  previous  paper.  In  partic- 
ular: 1)  the  dispersion  relation  will  be  interpreted 
physically ;  2)  the  validity  of  the  results  for  second-order 
wave  height  and  the  third-order  dispersion-relation 
correction  will  be  established  by  comparisons  with 
classical  solutions  in  the  appropriate  limits;  3)  it  will 
be  shown  how  the  results  for  periodic  waves  can  be 
generalized  to  include  random  wave  fields  whose 
average  properties  are  desired;  and  4)  specific  sample 
applications  for  the  average  wave-height  directional 
spectrum  and  dispersion  relation  mean  and  variances 
will  be  given.  The  rationale  for  wanting  to  know  these 
latter  two  quantities  derives  from  the  interpretation 
of  high-frequency  radar  echoes  from  the  sea  surface, 
and  this  application  will  be  discussed  briefly. 

2.  Interpretation  of  the  dispersion  relationship 

a.  Series  simplification 

The  basic  Fourier  series  expansion  of  the  wave-height 
as  given  in  Eq.  (4)  of  W-B1  shows  the  summation 
indices  over  k  and  co  (two-dimensional  space  and  time) 
as  seemingly  independent.  They  are  not,  however. 
Having  chosen  k  and  7ji(k,w)  as  the  independent 
variables  of  the  problem,  all  other  quantities  are 
dependent  upon  these  variables.  Thus  to  the  lowest 
order  co~w0,  where  too  was  derived  in  Eq.  (15)  of  W-B, 
and  is  seen  to  be  a  function  qf  k(=  |k|)  only.  If  one 
wishes  to  include  the  first  nonzero  correction  to  co  (i.e., 


1  Hereafter,  W-B  refers  to  Weber  and  Barrick  (1977),  Part  I. 
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w2  since  wi=0),  this  was  shown  in  Eq.  (29)  of  W-B  to 
be  a  function  of  both  k  and  |?ji(k,co)  |2.  Hence  having 
specified  k  and  771,  one  is  no  longer  free  to  choose  w 
independently-  Therefore,  771  is  actually  only  a  function 
of  k.  Furthermore,  the  Fourier  representation  of  wave 
height  is  no  longer  a  triple  series  over  k  {=kJt-\-kvf) 
and  o>,  but  is  reduced  to  an  explicit  double  series  over  k, 
where  x  and  y  are  unit  vectors. 

This  dependence  of  w  on  k  can  be  used  to  simplify  the 
series  by  the  use  of  Kronecker-delta  indicators.  For 
example,  suppose  that  the  dispersion  relation  to  the 
lowest  order  is  adequate  for  a  given  purpose.  Then  the 
series  Eq.  (4)  of  W-B  can  be  rewritten  to  first  order  as 

m(r,l)=  E  »7i(k^o)C/'*expB(k-r-a>oO] 

k  ,b;o 

=  E  bi(k)  exp[/(kT-V^/)]+m*(k) 

k 

Xexp[-z(kT-V^/)]},     (1) 

where  we  have  defined  and  used  the  fact2  that  rji(k) 
=9ji(k,  Vg£)  and  Vl*(k)=m*(k,  Vg£)  =  7n(-k,  -Vg£). 
A  similar  application  of  Kronecker  deltas  can  be  used 
to  extend  w  to  its  next  nonvanishing  order  (i.e.,  w  =  wo 
+  w2),  except  that  now  w2  is  a  function  of  wave  heights 
771  (k),  and  hence  a  series  in  the  exponential  argument 
must  be  evaluated  before  the  main  series  is  summed. 
In  a  like  manner,  Kronecker-delta  relationships  between 
wo'  (or  w')  and  k',  as  well  as  w"  and  k",  can  be  used  to 
simplify  the  series  for  the  second-order  wave  height 
[Eq.  (22)  of  W-B].  Hence  one  of  the  three  summations 
can  be  dropped,  with  a  single  Kronecker-delta  remaining 
in  the  double  series.  Finally,  note  that  a  single  Kro- 
necker-delta appears  in  the  series  for  the  second-order 
frequency  correction,  w2  [Eq.  (29)  of  W-B];  this 
reduces  the  triple  summation  over  k',  w'  to  a  double 
summation  over  k',  with  the  wave-height  coefficients 
7?i(k',a/),  as  before  now  only  functions  of  k',  i.e., 
m(k'). 

b.  Interpretation 

The  gravity-wave  dispersion  relations  have  a  simple 
interpretation  in  terms  of  the  phase  velocity  of  a  wave 
train  of  wave  vector  k.  This  quantity  is  the  speed  with 
which  the  crests  of  waves  of  length  2tt/  |  k|  pass  a  given 
point,  i.e.,  1^=  w(*k)/&  (where  k=  |  k| ).  Since  successive 
terms  in  the  perturbation  expansion  for  w  are  small, 
we  can  write  (to  second  order) 


and  hence 


,(k) 


=0)0+0)2=0)0(1+-)= v^(i+— Y    (2) 

\         Wo/  \         WQ/ 


2  While  we  required  that  7)1*(k,u))  =»;i(— k,  — u)  we  make  no 
similar  requirement  on  ?)i(k).  Therefore,  k  is  taken  to  lie  in  the 
direction  of  travel,  and  |r;i(k)  |  5^  hi(—  k)  |,  since  in  general  we 
want  to  allow  waves  traveling  -in  opposite  directions  to  have 
different  amplitudes.  Note,  however,  that  the  total  spatial  coeffi- 
cient (dropping  time),  i.e.,  rji(k)+7ji*(— k)  does  satisfy  the 
complex  conjugate  relationship  required  for  real  wave  fields. 


vPh  (k)  = 


[l+At^Ck)].        (3) 


Therefore,  the  correction  term  w2/w0  to  the  dispersion 
equation  derived  as  (29)  of  W-B  represents  the  correc- 
tion to  the  phase  velocity  of  an  ocean  wave  of  length 
2ir/k.  The  general  form  of  Eq.  (29)  indicates  that  this 
change  in  phase  velocity  comes  about  not  only  as  a 
result  of  the  existence  of  that  wave  alone,  but  as  a 
result  of  the  presence  of  all  the  other  waves.  Stokes 
(1847)  showed  that  the  phase  velocity  of  a  solitary 
wave  train  tended  to  increase  slightly  as  its  height 
increased.  Longuet-Higgins  and  Phillips  (1962)  showed 
that  a  wave  of  length  2tr/k  whose  own  amplitude  is 
infinitesimally  small  is  affected  by  a  second  wave 
moving  parallel  to  it.  Our  solution  contains  both  of 
these  two  results  as  limiting  cases,  but  also  applies 
to  an  arbitrary  number  of  waves  moving  in  arbitrary 
directions. 

In  order  to  understand  this  effect  physically,  let  us 
specialize  (29)  to  the  following  two  cases.  We  shall 
study  the  normalized  phase  velocity  correction  of  a 
sinusoidal  wave  of  length  2ir/k  due  to  both  itself  and  a 
second  wave  of  wavelength  2ir/k'  moveing  1)  parallel 
to  the  first  wave  and  2)  perpendicular  to  the  first  wave. 
Thus  (29)  becomes3 

Parallel  waves 
Avph(k)  =w.,/wo  =  2&2|  rj! (k)  1 2±4— I  rji(k')  | 2 

Wo 


X 


k      for     k'>k 


Ik'     for     k'<k 
Perpendicular  waves 


(4) 


-w0 


ZhVl(k)=w.2/wo  =  2&2|7,1(k)|2+ ^|^(k')|2.      (5) 


Wo"Wj.~ 


In  the  first  equation,  the  upper/lower  sign  is  used  if 
the  second  wave  (with  period  2ir/k')  is  traveling  in  the 
same/opposite  direction  as  the  first  wave  (with  period 
2w/k),  respectively.  In  the  second  equation, 


/?i=w02+wo'2  —  2wi2 


2  (wo2  +  W0'2  —  Wj2)  (w02w0'2  —  2wo4  —  2w0'4) 
[wi2—  (w0— w0')2][wi2—  (wo+w0')2] 


where 


-,     (6a) 


(6b) 


^sVwo4+w0'4. 


3  Note  that  because  of  the  complex  Fourier  series  representation 
used  here  for  wave  height,  the  actual  amplitude  of  the  sinusoid  is 
a(k)  =  2|„(k)|. 
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Examining  (4)  and  (5),  we  can  represent  the  phase 
speed  change  as  two  separate  effects:  the  self  effect 
(first  term)  and  the  mutual  effect  (second  term).  Thus 
the  nonzero  height  of  the  original  wave  tends  to 
increase  its  speed  slightly  (just  as  predicted  by  Stokes, 
1847).  The  second  wave  acting  on  the  first  may  increase 
or  decrease  its  speed,  depending  upon  its  direction  with 
respect  to  the  first  wave.  To  obtain  some  feel  for  this 
"mutual"  interaction  effect,  let  us  consider  two  lengths 
and  three  directions  for  the  second  wave  (with  wave- 
number  k').  First  we  rewrite  the  second  wave  in 
terms  of  its  slope  [i.e.,  s'=2k'\r)X{k')\~],  since  in  a  fully 
developed  sea  it  is  the  slope  which  is  more  nearly 
maintained  at  a  constant  value  than  the  wave  height. 
In  Table  1  we  present  the  change  in  the  phase  velocity 
of  the  first  wave  with  wave  vector  k  due  to  the  second 
wave  with  wave  vector  k'  when  the  second  wave  is  i) 
twice  as  long  {k'  —  \k),  and  ii)  half  as  long  (k'  =  2k),  and 
traveling  in  i)  the  same  direction,  ii)  the  perpendicular 
direction,  and  iii)  the  opposite  direction  with  respect  to 
the  first  wave. 

As  a  simple  summary  of  these  interaction  effects 
(expressed  in  terms  of  constant  wave  slope),  the  longer, 
higher  second  wave  produces  a  greater  phase  velocity 
change  on  the  first  wave  (by  a  factor  of  4)  than  the 
shorter,  lower  second  wave ;  when  the  wave  trains  are 
parallel,  the  velocity  change  is  the  same  in  magnitude, 
but  its  sign  depends  on  whether  the  waves  are  moving 
in  the  same  or  opposite  directions,  entirely  as  one 
would  expect.  (Had  the  result  been  expressed  in  terms 
of  the  height  of  the  second  wave  2|iji(k')  | ,  the  magni- 
tude of  the  phase  velocity  change  would  not  have 
depended  upon  the  wavelength  of  the  second  wave  train 
for  any  of  the  directions  considered.). 

It  is  interesting  to  note  that  there  is  a  mutual 
interaction  even  when  the  second  wavetrain  is  moving 
orthogonally  to  the  first  wave  train,  and  this  interaction 
is  such  as  to  increase  the  speed  of  the  first  wave  train. 
However,  this  interaction  velocity  change  is  small 
compared  with  cases  when  they  are  aligned  or  colinear 
(i.e.,  it  is  only  2.78%  of  the  value  for  colinear  align- 
ment), and  hence  for  many  purposes  the  perpendicular 
interaction  might  be  considered  negligible. 

3.  Comparison  with  Stokes  (1847)  and  Longuet- 
Higgins  and  Phillips  (1962) 

As  discussed  previously,  Stokes  (1847)  employed  a 
technique — valid  only  for  a  solitary  periodic  wavetrain 
— which  permitted  him  to  obtain  the  second-order 
Fourier  correction  to  the  wave-height  profile  and  the 
higher  order  correction  to  the  dispersion  equation.  He 
showed  that  the  second  spatial  harmonic  (traveling  at 
the  same  phase  speed  as  the  fundamental  cosine  wave) 
is  also  a  cosine  wave  with  amplitude  a^=^kax2,  where 
ai  is  the  amplitude  of  the  fundamental  cosine  wave. 
If  we  reduce  the  exponential  series  (1)  to  two  terms 
representing    a    cosine    wave    [where    iji*(k)  =  iji(k)], 


Table  1.  Phase  velocity  change  in  wave  with  wave  vector  k 
due  to  wave  with  wave  vector  k'. 


k'  =  2k 

(Second 

wavelength  = 

j  X  first 
wavelength) 


k'  =  ik 

(Second 
wavelength  = 

2  X  first 
wavelength) 


Same  directions 
Perpendicular  directions 
Opposite  directions 


4* 

,  (V5-2) 


24 


-v' 


we  obtain  from  Eq.  (22)  of  W-B  7?>(2k,2co)  =  &77i2(k). 
Since  a1=2r?1  and  02=2172,  we  see  that  the  two  results 
are  identical.  Furthermore,  our  second-order  wave  is 
seen  to  move  with  a  phase  velocity  Q/K=2oj/2k  =  o)/k, 
which  is  exactly  the  phase  velocity  of  the  fundamental 
or  first-order  wave ;  hence  the  total  wave-train  profile 
"stays  together."  However,  the  frequency  £2=  2o>  and 
wavenumber  K=2k  of  the  second-order  wave  do  not 
satisfy  the  first-order  dispersion  relation  (15)  of  W-B. 
That  is,  ft02=4u>o2=4g£=2gA',  rather  than  %2=gK; 
hence  the  second-order  component  is  not  freely  propa- 
gating, but  is  tied  to  or  trapped  by  the  fundamental, 
which  is  all  consistent  with  Stokes'  analyses. 

The  first  term  of  (4)  represents  the  normalized 
correction  to  the  dispersion  relation  when  only  one 
wave  is  present.  This  should  agree  with  the  normalized 
phase-velocity  increase  derived  by  Stokes  (1847)  for  a 
single  periodic  wave  train.  His  normalized  phase 
velocity  correction  is  given  as  \k2a\,  which  is  seen  to  be 
identical  to  the  first  term  when  one  notes  that 
ai=2|iji(k)|. 

The  second  term  of  (4)  is  the  normalized  phase 
velocity  (or  dispersion-relation)  correction  to  the  first 
wave  of  wavenumber  k  due  to  a  second  periodic  wave 
which  is  colinear  with  the  first  and  having  wavenumber 
k'.  Longuet-Higgins  and  Phillips  (1962)  specifically 
analyzed  this  case,  and  found  the  actual  phase  velocity 
correction  to  be  uo'k'ai2  for  k'<k  and  u0'kai2  for 
k'>k\  they  also  note  that  the  phase  velocity  correction 
has  a  negative  sign  if  the  waves  are  traveling  opposite 
to  each  other.  By  using  the  identity  Oi/=2|i?i(k/)|  in 
the  second  term  of  (4)  and  multiplying  by  vg/k  to 
convert  from  a  normalized  to  an  actual  phase  velocity 
correction,  we  see  that  the  two  results  are  identical. 

A  curious  but  important  fact  should  be  noted  about 
the  two  terms  in  (4) :  if  one  attempts  to  make  the 
second  wave  (with  wavenumber  k')  merge  into  and 
replace  the  first  [i.e.,  let  771  (k)  — »  0,  but  allow  k'  — >  k] 
so  that  only  the  second  term  remains,  it  is  twice  as 
large  as  the  first.  In  other  words,  mutual  and  self 
effects  on  the  phase  velocity  are  different,  and  one 
cannot  predict  one  effect  starting  from  the  other.  Thus 
Stokes  analysis  gave  only  the  self-effect  term,  while 


463 


14 


JOURNAL     OF     PHYSICAL     OCEANOGRAPHY 


Volume  7 


Longuet-Higgins  and  Phillips'  (1962)  analysis  gave 
only  the  mutual  interaction  term.  Our  generalized 
analysis,  however,  gives  both  terms,  and  each  agrees 
properly  with  its  respective  classical  predecessor.  One 
point  in  common  between  all  three  analyses  is  the 
initial  formulation  of  the  problem  in  terms  of  periodic 
waves  (i.e.,  Fourier  series).  We  note  in  passing  that 
Huang  and  Tung  (1976),  using  instead  a  Fourier- 
Stieltjes  approach,  obtained  a  general  expression  for 
the  phase  velocity  correction  due  to  mutual  interaction 
effects  for  colinear  waves  [the  second  term  of  their 
Eq.  (22)]  that  does  not  agree  with  either  our  result 
[Eq.  (4)]  or  Longuet-Higgins  and  Phillips'  (1962) 
solution.  Both  of  the  latter  results  show  that  one  must 
switch  factors  from  k  to  k'  depending  upon  whether 

4.  Generalization  to  random  surfaces 

This  section  will  show  how  the  Fourier  series  represen- 
tation can  be  converted  to  describe  a  random  surface  in 
which  averages  rather  than  deterministic  descriptions 
are  desired ;  in  the  process  summations  become  integrals 
(in  the  Riemann  sense). 

In  any  practical  experiment,  one  is  interested  in  a 
description  of  the  sea  surface  only  over  some  finite 
area  of  space,  LxXLy  and  a  finite  interval  of  time,  T. 
We  assume  here  that  the  sea  surface  is  statistically 
stationary  over  these  intervals.  If  we  are  permitted  the 
further  assumption  that  these  intervals  are  much 
larger  than  the  dominant  gravity-wave  spatial  and 
temporal  periods  of  interest  in  the  analysis,  then  Rice 
has  shown  (Davenport  and  Root,  1958)  that  the  real 
and  imaginary  parts  of  the  Fourier  series  coefficients, 
ij(k,w),  describing  the  sea  can  be  taken  to  be  random 
variables  which  become  mutually  uncorrelated  when 
the  spatial/temporal  intervals  greatly  exceed  the 
spatial/temporal  wavelengths  of  the  dominant  waves. 
Since  we  are  interested  in  describing  the  surface  only 
within  these  limits,  we  can  take  Lx,  Ly,  T  to  be  the 
fundamental  periods  of  the  Fourier  series  and  allow  the 
surface  to  be  periodic  (i.e.,  repeat  itself)  for  other  areas 
and  times.  Finally,  it  has  been  shown  in  many  places 
(Kinsman,  1965)  that  the  first-order  sea-surface  height 
coefficients  can  be  allowed  to  be  zero  mean  Gaussian 
random  variables  for  most  practical  purposes. 

With  these  assumptions,  we  can  define  the  surface 
wave-height  spectrum  in  terms  of  the  height  coefficients 
(for  each  order)  as 

fo„(M„n*(kV)> 

(2*)3 


S„(k,w)    for    k'  =  k    and    w'=w 
LzLyT  (7) 

-0  for  other  k',w', 

where  (/)  denotes  an   ensemble   average  of  /,   and 
Sn(k,w)  is  the  nth  order  directional  wave-height  spatial/ 


temporal  spectrum  for  arbitrary  spatial  wave  vector  k 
and  arbitrary  temporal  wavenumber  w.  By  the  zero 
mean  assumption  of  the  preceding  paragraph,  we  have 
(rn(k,w))=0  for  all  k,w. 

If  one  is  interested  in  the  first-order  wave-height 
spatial/temporal  spectrum  evaluated  using  the  disper- 
sion equation  to  lowest  order,  the  following  relation  can 
be  used : 

r  (2tt)2 

5i(k)     for     k'  =  k 

<rn(k)7n*(k')>=|2LrJL,  (8) 

.0  for  other  k', 

along  with  the  last  form  of  (1)  to  establish  the  following 
identity: 

51(k>Wo)  =  |5i(k)«(coo-V^j+|51(-k)5(Wo+V^),    (9) 

where  S(x)  is  the  Dirac-delta  function. 

Finally,  if  one  is  concerned  with  only  one-dimensional 
(colinear)  ocean  waves  so  that  (1)  is  a  function  of  only 
x  and  t,  then  we  have 

(Vn(k,w)Vn*(k',w')) 


and 


Sn(k,w)     for     k' —  k,  w'  =  w 
LZT  (10) 

0  for  other  k',w' 
(2ir 


Mk)Vn*m)- 


-Sn(k)     for     k'  =  k 
2LX  (11) 

.0  for  other  k' 


with  identity  (9)  holding  here  also. 

These  wave-height  spectra  are  defined  with  the 
following  normalization4  with  respect  to  root-mean- 
square  (rms)  wave  height  h : 


h2 


=  (v2(r,0)=  /     <Pk        dwS(k,w) 

J  —QO   •'  — CO  — CO 

/CO  <*00 

/     tfkS(k).     (12) 
-OO    •*  — GO 


One  can  also  define  a  temporal  (only),  nondirectional 
wave-height  spectrum,  a  quantity  which  is  readily 
measured  with  buoys  and/or  wave  staffs  as 


where 


A*=  f 
J  — < 


<PkS(k,w), 


dwS(w). 


(13) 


4  Attention  is  again  called  to  the  fact  that,  as  per  our  definitions 
after  (1)  and  (8),  S(k)  is  nonsymmetric  so  that  it  can  represent 
wave  fields  traveling  over  360°  of  space  with  arbitrary  amplitudes. 
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One  further  identity  will  be  used  in  subsequent 
higher  order  averaging  processes ;  this  identity,  valid  for 
Gaussian  random  variables  such  as  771,  is  established  in 
elementary  statistics  texts  (e.g.,  Davenport  and  Root, 
1958) 

<77l(k1)77l*(k2)7J1(k3)T7l*(k4)) 

=  <7?l(k1)7?1*(k,))(r?1(k3)r,1*(k4))+<7?l(k1)7?1(k;j)) 

X(r/1*(k,)t?1*(k4))+(r,1(k1)77l*(k4)XJ?i*(k,)^(k3)).  (14) 

By  employing  (8),  one  can  see  that  the  first  term  on 
the  right  side  can  be  nonzero  only  when  k2=kx  and 
k4=k3.  The  second  term  can  never  be  nonzero.  The 
third  term  is  nonzero  only  when  k4  =  ki  and  k2  =  k3. 
Under  these  conditions  the  right  side  of  (14)  becomes 
[8X(27r)Va^)2]51(k1)51(k3)._ 

We  will  now  apply  these  definitions  and  identities  to 
show  how  the  results  derived  in  W-B  for  periodic, 
nonrandom,  Fourier  series  descriptions  of  waves  can 
be  converted  to  integrals  representing  average  spectra, 
etc.  In  this  process,  we  form  products,  take  ensemble 
averages  [in  the  sense  of  (7)  or  (8)],  interchange 
averaging  and  summation  processes  and  finally  convert 
remaining  Fourier  sums  to  integrals.  This  latter 
process  is  done  in  a  Riemann  sense,  where,  for  example, 
(2ir)2/LxLv=dk  and  2w/T=dw,  Lx,  Lv  and  T  being  the 
observation  periods.  Let  us  illustrate  this  process  on 
(22)  of  W-B,  where  our  purpose  is  to  derive  an  expres- 
sion for  the  second-order  wave-height  spatial/temporal 
spectrum  S2(K,ft)  in  terms  of  first-order  wave-height 
spectra.  First,  we  express  the  second-order  wave  height 
as  follows  [using  (4)  and  (22)  of  W-B  and  the  lowest- 
order  dispersion  relation] : 


Vi(r,t)- 


where 


=  El2(K)exp{/CKT-(«o+u)o')/]}, 

K 


(15a) 


r?2(K)=E      £ 

k,uo  k'V 


A  (k,w0,k',w0')rn  (k,w0)r?i  (k',«0') 

v  rk  +  k't-iv^  X±v/^ 
A  ok      0WO        0U0> 


(15b) 


Therefore,  we  perform  averaging  on  the  spatial  second- 
order  coefficient,  convert  these  sums  to  integrals,  and 
then  take  the  temporal  Fourier  integral  of  the  result : 


52(K,n): 


1 

2tt 


(V2(K)r,2*(K)) 


Xexp[-i(«o4W)/+i(wo"+W'0('+T)-ifir]dT. 

(16) 

By  employing  (14)  along  with  the  Kronecker-delta 
functions,  we  can  show  that  all  of  the  summations 
contained  in  (16)  reduce  to  a  single  vector  wavenumber 
sum,  which  is  then  converted  to  an  integral  in  the 
Riemann  sense.  Finally,  the  integral  in  (16)  over  r 
becomes  a  Dirac-delta  function,  leaving  as  the  final 
result  (written  in  symmetrical  form) 


S2(K,S2) 


1    rx     r" 


./!KlE^(k,±^,k')±^') 


XSiCzLk^ik'WflTV^Vg*'),     (17) 


where  k  =  ^K+K,  k'sfK  —  k,  and  the  summation 
indices  refer  to  the  upper  and  lower  signs  in  the  equa- 
tion. The  quantity  A  (k,wo,k',cooO  is  .as  derived  and 
given  in  (23)  of  W-B.  The  Dirac-delta  function  per- 
mits one  of  the  two  integrations  to  be  perforfned,  leaving 
one  which  must  (in  general)  be  done  numerically  for  a 
given  form  of  the  wave-height  spatial  spectrum. 

An  identical  expression  holds  for  one-dimensional 
spatial  spectra  due  to  colinear  wave  trains,  where  the 
double  integral  is  replaced  by  a  single  integral  (i.e.,  da 
instead  of  J2k),  and  where  the  spatial  wavenumber  in 
all  spectra  is  a  scalar  rather  than  a  vector  quantity; 
this  case  will  be  treated  separately  later. 

Next  we  apply  these  statistical  techniques  to  calcula- 
tions of  the  mean  and  variance  of  the  correction  to  the 
dispersion  relation  (or  phase  velocity),  w2/aj0,  as  given 
by  Eq.  (29)  of  W-B.  So  that  the  algebraic  expressions 
will  not  be  so  cumbersome  as  to  detract  from  the  main 
points  to  be  illustrated  by  the  example,  we  restrict  our 
attention  here  to  colinear  waves.  Then  the  C(k,w,k',w') 
of  (29)  of  W-B  reduces  to  the  factor  multiplying  the 
second  term  of  (4),  i.e.,  we  have 


\V 


for     k'<k 
for     k'>k 


(18) 


The 


where,  as  before,  wo=Vg\k\  and 
upper  sign  is  used  except  when  the  wave  whose  desired 
phase  velocity  correction  (with  wavenumber  k)  is 
moving  opposite  to  the  direction  of  the  waves  with 
wavenumbers  k'.  Note  that  this  expression  is  valid  for 
all  waves  except  the  one  at  wavenumber  k;  at  this 
wavenumber  the  corresponding  term  in  (18)  must  be 
divided  by  two,  as  discussed  after  (4).  Where  many 
waves  are  present,  however,  this  "self-induced"  phase 
velocity  correction  is  negligible  compared  to  the  mutual 
interaction  effects ;  hence  it  will  be  ignored  here  as  we 
proceed  to  a  spectrum  of  many  waves. 

The  average  value  of  (18)  is  readily  taken  using  the 
techniques  discussed  above: 

/(i)z(k)\  k      * 


u>o  *' 


2tt 

u>o'Si{k') 

Lz 


for 

for 


k'<k 
k'>k 


or 


/«*(*)  v  2k    /■* 

/ \=±—  /    Wk'Si(k')dk' 

\a>o(£)'  wo  io 


w 


wo 


f 

J  k 


wo'Si  (*')<&'.     (19) 


This  agrees  with  the  expression  given  by  Longuet- 
Higgins  and  Phillips  (1962)  in  their  Eq.  (4.1). 
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Finally,  we  take  the  variance  of  coa/coo,  inasmuch  as 
this  is  a  measure  of  the  expected  spread  in  the  fre- 
quencies or  phase  velocities  of  first-order  waves  with 
wavenumber  k.  Of  the  three  terms  resulting  from  the  use 
of  (14),  one  cancels  with  the  square  of  the  mean.  Here 
we  initially  allow,  the  sums  to  run  over  negative 
wavenumbers  and  divide  by  2 : 


Var 


o>2(fc)\\       /w2(k)\ 


/^(k)\2 

\wn(kV 


U2        oo  oc  f  [Jfe'j     ik' 

Wo2  *'=-«  *"=-oo  [k    I     (k 

X(m(k')vi*(k')m(k")vi*(k")) 

Ak2    _•  „|A'|  ik' 

ik  I  \k 
2k2     =o 


0)0 


2  k'=— »  k"=— oo 


<>h(*')'/i*(*')> 


X<rn(£")m*On>: 


L 


coo    * 


[// 


COo 


Si(*') 


2tt\2 


or 


87r^2r  r* 


Var|-(*)J  =  — 

La>o       -I     «o^j 


W2k'2Si2(k')dk' 


+  k2  I    a>0'2Si*(k')dk'  1.     (20) 


It  is  curious  that  in  (20)  one  of  the  2ir/Lx  factors  is 
»o£  used  up  as  an  integration  increment  dk',  as  in  all 
other  cases  considered.  Recall  that  initially  we  described 
Lx  as  the  spatial  increment  over  which  the  Fourier 
series  with  random  coefficients  was  valid.  Outside  of 
this  increment  of  space  the  surface  profile  repeats 
itself.  Hence  Lx  physically  corresponds  to  the  region 
of  space  over  which  observations  relating  to  this 
particular  statistic  of  the  sea  are  either  made  or  desired. 
As  one  can  see,  the  larger  this  observation  window,  the 
smaller  the  variance. 

5.  Examples  of  the  second-order  wave  height  and 
its  spectrum 

a.  Two-wave  interactions  and  diffraction  grating  analogies 

Eq.  (22)  of  W-B  shows  that  the  spatial  wavenumber 
of  the  second-order  wave,  K,  is  the  vector  sum  of  the 
wavenumbers  of  the  first-order  waves  present.  The 
same  holds  true  for  the  temporal  wavenumbers.  In 
other  words 


K  =  k+k'     and    Qo  =  a>o+a>o' 


(21) 


(to  lowest  order,  where  w0  =  ygk'  and  <jio'=ygk'). 
These  relationships  have  been  referred  to  as  represent- 
ing second-order  Bragg  "scatter"  or  a  second-order 
Feynman  interaction  (Hasselmann,  1966;  Barrick, 
1972). 


To  obtain  a  clearer  physical  picture  of  this  interac- 
tion, let  us  consider  the  case  of  two  first-order  sinusoidal 
wave  trains,  where  k,k'=±ka,  ±k6.  Eq.  (22)  of  W-B 
shows  that  there  will  be  several  sinusoidal  second-order 
wave  trains  whose  Fourier  coefficients  7j2(K,fi0)  are 
determined  by  the  products  of  terms  in  the  sum. 
Neglecting  the  second-order  coefficients  at  zero  wave- 
number  (which  only  redefine  the  mean  sea  level),  we 
have  four  sets  of  second-order  waves : 

1)  The  self-generating  second-harmonic  waves: 

Wavenumbers  Kao=2k„;  K;,(,=  2k&  (22a) 

Frequencies      fioaa=2w0a;  fto&&=2a>0&  (22b) 

Phase  Speeds    V^  =  U0aa/Ka  =  wQa/ka  =  va ; 

i>bb  =  ttobb/Kt>  =  uob/kb  =  Vb-     (22c) 

2)  The  mutual  cross-coupling  waves : 
Wavenumbers  KSid  =  ka±k&  (23a) 
Frequencies      &os,d  =  u0a±u>ob                                  (23b) 

Phase  Speeds     v&,d  =  %t,d/Ks,d=(^gka±'Sgki>)/KSld. 

(23c) 

The  first  set  (second  harmonics)  originates  from  the 
analysis  of  Stokes  (1847)  where  one  periodic  wave  train 
alone  is  considered.  The  second  set  originates  because  of 
the  nonlinear  (square-law)  interaction  between  two 
separate  sets  of  first-order  waves,  and  cannot  arise  from 
Stokes  analysis  by  mere  superposition  of  his  results. 

An  interesting  interpretation  of  these  second-order 
waves  is  obtained  by  analogy  with  Moire  patterns  in 
diffraction  gratings.  Let  us  represent  the  peaks  (+) 
and  troughs  (  — )  of  two  sets  of  first-order,  arbitrarily 
oriented  sinusoidal  waves  (ka,kft)  as  shown  at  the  top 
of  Fig.  1.  Where  the  peaks  of  one  set  reinforce  with  the 
peaks  of  the  other  set,  we  have  a  linear  superposition 
(or  "piling  up")  of  water  as  shown  by  the  circles  with 
the  plus  signs  (with  a  similar  situation  for  negative 
reinforcement).  These  line  "intersections"  would 
appear  as  a  separate  dense  pattern,  known  as  the  Moire 
effect,  if  two  diffraction  gratings  were  overlain.  Now,  if 
each  first-order  wave  train  moves  with  its  own  char- 
acteristic phase  velocity,  these  dense  spots  (circles) 
will  also  move  as  a  solid  pattern,  but  in  a  different 
direction  than  either  of  the  two  first-order  gratings. 

The  second-harmonic  waves  are  easy  to  describe: 
they  lie  parallel  to  the  first-order  wavesets,  have  half 
the  spatial  period  of  the  fundamental,  but  move  at  the 
same  phase  velocity  as  the  fundamental;  they  are 
shown  at  the  lower  left  of  Fig.  1.  The  "cross-coupling" 
waves,  however  (shown  at  the  lower  right),  have  their 
crests  aligned  along  lines  joining  the  dense  spots  at  the 
corner  of  a  triangle,  the  two  sides  of  which  lie  along 
the  first-order  crestlines,  one  full  period  on  each  side. 
These  second-order  crestlines  appear  to  stay  attached 
to  the  dense  spots  or  circles  as  they  move,  carried  along 
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Fig.  1.  Sketch  showing  crest  (+)/trough  (— )  patterns  for  two  sets  of  first-order  sinusoidal  wave  trains  (upper  figure)  and  the 
second-order  wave  trains  they  produce.  Lower  left  shows  the  "second-harmonic"  wave  trains,  while  the  lower  right  shows  the  "cross- 
coupling"  wave  trains.  Relative  scales  on  wave  vector  wave  trains  reinforce  positively  ©  and  negatively  0. 


by  the  first-order  waves.  Their  wavelengths  and 
directions  of  propagation  are  of  course  predicted  by 
the  vector  triads,  coming  from  (21).  Their  phase 
speeds  can  be  predicted  trigonometrically  by  following 
the  Moire  pattern  temporally,  and  this  identically 
corresponds  to  those  derived  rigorously  and  given  in 
(23c).  If  Fig.  1  were  indeed  a  double  diffraction  grating 
in  which  each  grating  moved  in  the  direction  and  at  the 
speed  indicated,  one  would  in  fact  notice  these  second- 
order  "mutual"  waves  (when  viewed  from  a  distance), 
due  to  second-order  optical  nonlinearities  (i.e.,  the 
abrupt  change  from  transparent  to  opaque). 

For  the  wavepatterns  shown  (and  also  in  general), 
the  heights  of  the  "  second-liar monic"  second-order 
waves  are  of  the  same  order  as  the  heights  of  the 
"mutual"  second-harmonic  waves.  For  the  example 
shown  [letting  ka=l  and  kb  =  2,  we  have  7j2(K00,floaa) 
=  '?i2(k<,),  i?2(K6i),fio66)  =  27n2(kt),  but  ^(K.,fio8)  =  0.324 
miKhiQib)  and  i?2(Kd,fl0d)  =  2.637  )fi(k„)iji(k6)].  The 
actual  heights  of  these  second-order  waves  are  small 
compared  to  the  first-order  waveheights.  Since  the 
half-heights  of  the  first-order  waves  at  maximum  (i.e., 
when  breaking  occurs)  must  be  such  that  |7?i(k)| 
<w/(lAk),  we  have  (upon  using  the  equality  and 
allowing  rn  to  be  pure  real)   j?1(k„)  =  0.2244,  rji(k6) 


=  0.1122,  ij2(Ko«,fioa«)  =0.0504,  ij2(K»6,n066)  =  0.0252, 
r?2(K8,fi0s)  =0.00816,  and  i72(K,i,nod)  =  0.0664.  Therefore, 
even  with  the  maximum  possible  first-order  wave 
heights,  the  second-order  wave  heights  are  small  in 
terms  of  them,  and  the  perturbation  analysis  of  W-B 
used  to  derive  these  results  is  justified. 

As  one  generalizes  from  the  case  of  two  first-order 
waves  to  a  spectrum  of  very  many  waves  (say  N),  it 
is  obvious  that  the  number  of  second-order  "cross- 
coupling"  waves  far  exceeds  the  number  of  "second- 
harmonic"  waves;  the  latter  goes  as  N  whereas  the 
former  goes  as  N(N  —  1)~N2.  Hence,  the  total  second- 
order  sea  waveheight  for  many  first-order  waves  for  all 
practical  purposes  consists  only  of  the  "cross-coupling" 
waves;  this  becomes  especially  true  in  the  limit  of  an 
infinite  spectrum  of  first-order  waves,  as  seen  from 
(17). 

b.  Average  second-order  spectrum  for  colinear  waves 

Following  (17),  it  was  mentioned  that  in  the  case  of 
colinear  waves,  that  equation  has  vector  wavenumbers 
replaced    by    scalar    wavenumbers,    and    the    double 
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integral  becomes  a  single  integral.  This  permits  us  to 
evaluate  the  integral  exactly  because  of  the  Dirac- 
delta  function.  One  must  transform  variables  in  order 
to  employ  the  delta  function,  however.  Let  us  assume 
that  all  of  the  waves  are  propagating  along  the  +x 
direction.  Then  we  can  break  k  space  into  two  regions : 
—  ^K<k<^K,  and  k<-\K,  k>\K.  Note  first  that 
A2(k,<J)0,k',wo')  =  K2/4:.  Now,  considering  the  region 
0<k<^K,  transform  variables  first  to  u=v  g(%K-{- k)  , 
and  to  iv  =  n-\~\gK  —  u2.  The  upper  signs  in  the  delta- 
function  argument  must  be  used  withL  the  first  region. 
Using  the  limits  of  the  integral  to  define  required 
inequalities  for  12,  we  arrive  at  the  following  expression 
(for  A>0  and  for  the  total  region  —  \K<k<\K)  : 


A2  (122-gA) 


s2(K,a)= 


-gK)     rl/       12   \-| 

w72    l_2\        e  /J 


4g  V2gA-122 

XSi  -\K V2^-fl2jl     (24) 

for     VgA<12<V2gA 
.0    for     12>  V2gA 


second-order  wave-height  spatial-temporal  spectrum, 
one  can  obtain  this  quantity  by  Fourier  transforming 
his  Eq.  (36)  over  the  spatial  distance  variable  £ ;'  this 
involves  Dirac-delta  functions  and  nonlinear  trans- 
formations such  as  those  used  in  obtaining  (24)  and 
(25).  Furthermore,  he  works  with  first-order  wave- 
height  temporal  spectra  instead  of  our  spatial  spectra, 
which  necessitates  another  transformation.  Nonetheless, 
if  one  performs  the  required  algebraic  steps  and  trans- 
formations on  his  result,  one  obtains  identically  our 
(24)  and  (25)  for  S2 (-£$)■  Hence  the  agreement  of  the 
two  results  lends  credence  to  our  claims  that  1)  the 
techniques  we  demonstrated  for  going  from  periodic 
wave  trains,  representable  by  Fourier  series  to  random 
wave  fields  whose  average  properties  are  sought,  are 
generally  valid ;  2)  our  higher  order  expressions  involv- 
ing two-dimensional  wave  fields  are  also  valid  because 
they  agree  with  Tick's  (1959)  and  Longuet-Higgins 
and  Phillips  (1962)  results  in  the  limit  of  one-dimen- 
sional (colinear)  wave  fields. 


c.  Example  of  spatial  spectra  for  colinear  Phillips  model 


Likewise,  the  transformations  required  for  k>\K  are 
u=^g(^K+K)  and  u>=n  —  4u2—gK.  Opposite  signs  in 
the  delta-function  argument  must  be  used  in  this 
region.  Adding  in  the  contribution  from  the  region 
k<  -\K,  we  obtain  (for  A>0) 


To  show  an  example  of  how  (22),  (24)  and  (25)  can 
be  applied  to  indicate  the  shape,  magnitude  and 
distribution  of  second-order  wave-height  spectral 
energy,  we  employ  the  commonly  used  Phillips  (1969) 
spectral  model  for  fully  developed  seas,  converted  to  a 
one-dimensional  spatial  form 


S2(A,12)  = 


Sl\  -  -(gA'-Q'H 


S1(k)  = 


B 

—     for     kco<k<ky 
2k3 

.    0    for     —  °o<k<kc 


(26) 


SgQ* 


XSi 


1 


4#122 
[0  for   12 <0. 


L4gl22 


(gK~Wf     for  0<12<VgA 


(25) 


Hence  (24)  and  (25)  define  the  second-order  one- 
dimensional  spatial-temporal  spectrum  in  terms  of  the 
one-sided  first-order  spatial  spectrum.  It  is  seen  that, 
for  positive  K,  the  region  over  12  in  which  the  spectrum 
exists  is  bounded  between  0  and  V2gA;  a  square-root- 
type  singularity  occurs  at  12  — >  V2gA,  but  the  area  is 
finite  under  this  singularity.  Since  the  waves  are 
required  to  be  real  quantities,  half  the  energy  in  the 
first  and  second-order  spectra  lies  in  the  region  A<0. 
Hence  (24)  and  (25)  also  apply,  when  K<0,  and  in 
this  case  12  lies  in  the  region  —  V2g| K\  <12<0. 

Tick  (1959)  used  a  Fourier  integral  approach  and 
statistical  methods  on  colinear  wave  trains  to  obtain 
expressions  involving  second-order  wave  heights.  While 
he  never  specifically   derived   an   expression   for  the 


where  kc0  =  g/v2  (z>  =  wind  speed  in  m  s  l,  g  =  gravita- 
tional constant  =9.81  m  s~2),  and  where  ky  =  \pg/y 
is  the  upper  cutoff  at  the  capillary  wave  region,  with 
p  =  water  density  (=  103  kg/m-3)  and  7  =  surface  tension 
(  =  0.073  N  m-1).  B  is  a  dimensionless  constant  whose 
equilibrium  value  has  been  determined  experimentally 
to  be  ~ 0.005.  This  spectrum  is  normalized  such  that 
the  rms  slope  of  the  colinear  waves  is  the  same  as  that 
for  a  two-dimensional  semi-isotropic  spectrum  (Phillips, 
1969).  This  yields  a  first-order  two-sided  spatial- 
temporal  spectrum  whose  temporal  frequency  wo  (to 
lowest  order)  is  uniquely  related  to  the  spatial  wave- 
number  as  follows : 


5l(^,C00)  =  ' 


B 

4|£l3 
0 
B 
14£3 


S(w0+Vg|£|)  for  —  ky<k<—  kc0, 

for  —  kco<k<kCQ,    (27) 
5(a)0  —  ^gk)  for  kc0<k<ky. 


463 


January  1977 


BARRICK     AND     B.     L.     WEBER 


19 


100 


10 


10 


10 


10 


10 


10 


10 


'/2  S-|(k),  wind  speed=15m/sec 
first-order 

rms  waveheight=81  cm 


l/z   S2(K),  wind  speed=15m/sec 
second-order 

rms  waveheight=7.4  cm. 


Vz  S-|(k),  wind  speed=5m/sec 
first-order 


rms  waveheight=9  cr 


\/  So(K),  wind  speed=5m/sec 
second-order 
rms 
waveheight=0.56  cm 


0.01 


0.02    0.03    0.05 


010 


020      0  30 


050 


LOO 


2  00     300         500 


1000 


SPATIAL  WAVENUMBER.k  OR  K,(m"1) 

Fig.  2.  Spatial  wave-height  spectra  using  Phillips'  one-dimensional  (colinear)  first-order  model. 


i  n%  q»b  i 


This  form  defines  waves  traveling  in  the  -\-x  direction 
(where  k  is  positive). 

Upon  substituting  (26)  into  (24)  and  (25),  simplifying 
and  converting  the  inequalities  in  (26)  into  appropriate 
temporal  form,  we  arrive  at  the  following  result  for  the 
second-order  spatial-temporal  wave-height  spectrum 
forZX): 


QPS2(K,Q) 


#3(1-V)5 
22£2 


#3V2-MV-1)6 
10 


for    '0<M2<l-2McoVl-Mco2 


for     l  +  2Mc0Vl-Mco2<M2<2 


for  other  fi 

and    2(xe02>\     (28) 

where  n  is  a  normalized  temporal  frequency  /*— ty®F, 
&p=-\lgK;  (j,co=®co/tiF  and  Q,c0  =  g/v;  the  spectrum  is 
identical  for  negative  K  and  Q. 


Whereas  the  first-order  spatial-temporal  spectrum 
appears  at  a  discrete  temporal  frequency  (coo="Vg&), 
the  second-order  spectrum  is  distributed  over  a  con- 
tinuum of  frequencies  around  "VgA"  between  fi  =  0  and 
tt=s/2X^gK;  an  integrable  singularity  occurs  at  the 
latter  limit. 

The  one-sided  second-order  spatial  spectrum  SiiK) 
can  be  found  by  integrating  (28)  over  positive  fi,  the 
temporal  wavenumber  and  dividing  by  two.  This  can 
be  done  from  the  tables,  and  the  result  expressed  in 
closed  form;  it  is  not  given  here  for  lack  of  space. 
Rather,  we  give  curves  showing  Si(k)  and  S2(K)  over 
the  gravity  wave  region  for  the  above  Phillips  model 
and  two  different  values  of  wind  speed  (v  =  5  and 
15  m  s-1)  in  Fig.  2.  Also,  the  first-order  and  second-order 
rms  wave  heights  hi  and  h2  corresponding  to  these 
spectra  are  given 


[u,  *„-/; 


•$1,2(k)^K 


Note  that  even  though  the  mean-square  second-order 
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wave  height  (i.e.,  the  area  under  the  curve)  is  always 
less  than  the  mean-square  first-order  wave  height  (as 
required  in  the  perturbation  theory),  the  second-order 
spectral  power  can  exceed  the  first-order  power  at 
certain  higher  wavenumbers.  This  may  at  first  appear 
strange,  for  the  Phillips  model  measured  by  ocean- 
ographers  (following  a  k-4  or  u>-5  law)  should  more 
realistically  be  thought  of  as  the  total  spectrum,  includ- 
ing all  perturbation  orders.  Thus  it  may  have  been  more 
meaningful  in  calculating  the  curves  of  Fig.  2  if  we  had 
"iterated"  until  the  sum  of  the  first  and  second-order 
curves  satisfied  the  model  given  in  (26).  Our  purpose 
here  was  only  to  provide  an  illustrative  example  of  a 
second-order  spectrum,  given  a  first-order  spectrum.  In 
addition,  Fig.  2  illustrates  that  the  second-order 
portion  does  not  begin  to  dominate  until  one  has  gone 
over  four  orders  of  magnitude  down  from  the  first-order 
spectral  peak.  Nearly  all  wave-height  spectral  mea- 
surements reported  in  the  literature  cover  a  dynamic 
range  of  only  two  orders  of  magnitude.  An  exception 
to  this  are  very  precise  measurements  by  Mitsuyasu 
and  Honda  (as  reported  by  Pierson,  1976),  which  in 
fact  do  show  a  departure  from  co-5  law  some  three  orders 
of  magnitude  down  from  the  spectral  peak;  this 
departure  is  an  increase  from  the  inverse  fifth-power 
law,  commonly  assumed  to  hold  everywhere  in  the 
gravity-wave  region. 

6.  Examples  of  first-order  phase  velocity  mean  and 
variances 

Because  Section  2  showed  that  the  greatest  correction 
to  the  dispersion  equations  occurs  for  parallel  (colinear) 
rather  than  perpendicular  wave  trains,  we  will  employ 
as  an  example  the  Phillips  colinear  spectral  model  (26) 
in  (19)  and  (20).  Using  this  model,  we  obtain  for  the 
mean 

/wj(*)\  , 

< )  =  25(V*/**-i) (assuming  k>kc0),   (29) 

where  kco  =  g/iil. 

The  phase-velocity  standard  deviation  (assuming  an 
average  over  an  infinite  ensemble)  using  (20)  is 

/varp(£)l=5V;r7(£ZI)  ■  V**/*^-*.      (30) 

Note  again  that  this  result  depends  upon  Lx,  the  length 
of  the  area  under  observation ;  as  this  quantity  becomes 
very  large  compared  to  the  water  wavelength  2ir/k,  the 
above  standard  deviation  for  an  infinite  ensemble 
average  approaches  zero. 

A  more  sensible  quantity  than  the  infinite  ensemble 
variance  of  phase  velocity  is  the  variance  for  a  finite 
sample  size.  If,  for  example,  one  formed  a  sample 
average  of  w22  (consisting  of  the  sum  of  N  independent 
samples  of  w22  divided  by  N)  and  called  it  N:co22,  one 


can   show   that  the  sample  phase  velocity  standard 
deviation  correction  is  given  by 


Var 


N\-(k)]=-i((N:^y)-(N-wyy 

Lwo        J      Wo 


-&),Ci)_&)'2fl(iro-,>- (31) 

To  illustrate  the  magnitudes  of  these  var-ious  quanti- 
ties, let  us  consider  an  HF  radar  application  and  assume 
the  following  parameters:  wind  speed  i'=15  m  s_1; 
2ir/k  =  5  m  (e.g.,  5  m  long  ocean  waves  would  be 
observed  with  an  HF  backscatter  radar  at  30  MHz 
having  a  wavelength  of  10  m) ;  the  number  of  indepen- 
dent samples  ^=12;  the  length  of  observed  ocean 
patch  Lx  =  3  km;  5  =  0.005.  For  5  m  ocean  waves,  the 
phase  velocity  (to  lowest  order)  is  2.794  m  s_1.  The 
normalized  phase  velocity  correction  mean,  standard 
deviation  and  12-sample  standard  deviation  for  this 
example  are  then  0.04702,  0.00045345  and  0.03004, 
respectively.  The  actual  phase  velocity  correction  mean, 
standard  deviation  and  12-sample  standard  deviation 
corresponding  to  these  numbers  for  the  5  m  long  ocean 
wave  component  are  then  13.14,  0.13  and  8.9  cm  s_1, 
respectively. 

7.  Discussion  and  conclusions 

In  this  series  of  two  papers,  we  have  presented  a 
general  perturbational  formulation  in  which  all  desired 
higher  order  corrections  to  deep-water  gravity  wave 
parameters  can  be  obtained  at  the  same  time;  the 
approach  is  valid  over  temporal  and  spatial  scales 
sufficiently  small  that  energy  exchange  processes  can 
be  neglected.  In  particular,  the  technique  was  used  to 
obtain  the  second-order  wave  height,  velocity  potential, 
and  the  first  nonzero  correction  to  the  dispersion 
relationship  (a  third-order  quantity).  These  results 
were  interpreted  physically  and  shown  to  agree  with 
special  limiting  cases  treated  in  the  classical  literature. 
It  was  shown  how  the  solutions — based  upon  periodic 
two-dimensional  wave  trains — are  readily  converted  to 
a  form  suited  to  random  descriptions  of  the  sea  wave 
height.  Finally,  several  examples  were  presented, 
primarily  based  upon  colinear  (one-dimensional)  ran- 
dom wave  fields  and  a  Phillips  spectral  model  for  fully 
developed  seas ;  these  two  simplifications  led  to  closed- 
form  solutions  which  are  not  possible  in  the  general 
two-dimensional  case,  permitting  one  to  obtain  an  in- 
sight into  these  higher  order  quantities. 

The  basic  techniques  leading  to  the  derivation  of 
these  quantities  were  outlined  in  the  literature  over  a 
decade  ago  (Tick,  1959;  Phillips,  1960;  Hasselmann, 
1962,  1963a,  b).  In  certain  cases  these  authors  indicated 
solutions  in  a  formalistic  manner,  but  did  not  complete 
the  details  of  the  algebra.  Possibly  this  failure  to 
complete  and  expand  upon  these  solutions  at  that  time 
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was  due  to  the  fact  that  experimental  techniques  were 
neither  available  nor  of  sufficient  accuracy  to  permit 
confirmation  of  these  higher  order  wave  parameters. 
Two  prospects  in  recent  years  have  altered  this  picture, 
however:  1)  the  interest  in  energy  transfer  between 
different  regions  of  the  wave-height  spectrum  via 
nonlinear  wave-wave  interactions  (Hasselmann  et  al., 
1973) ;  and  2)  the  application  of  high-frequency  radars 
(as  a  remote  sensing  tool)  to  the  measurement  of 
ocean-wave  statistics  and  near-surface  currents  (along 
with  the  concomitant  verification  of  theoretical  models 
explaining  this  interaction ;  Barrick  et  al.,  1974;  Stewart 
and  Joy,  1974).  It  is  the  latter  application  which  has 
led  us  to  formulate  and  complete  the  steady-state 
derivations  presented  here. 

In  particular,  the  second-order  wave-height  spectrum 
and  the  higher  order  phase  velocity  correction  for 
first-order  waves  are  directly  observable  with  HF 
radar  systems.  Theory  (Barrick,  1972)  and  experiment 
(Barrick  et  al.,  1974)  have  shown  that  the  average 
signal  power  spectral  density  (expressed  as  an  average 
radar  backscattering  cross  section  per  unit  area  per 
radian  per  second  bandwidth  for  vertical  polarization 
at  grazing  incidence)  can  be  written 

o"i,2°(w)  =  27ir^o4-S'i,2(Kr,  co— coo),  (32) 

where  coo  is  the  radar  carrier  frequency  (rad  s_1),  k0  is 
the  magnitude  of  the  incident  and  scattered  radio 
wavenumbers  (i.e.,  k0  =  coo/c,  c  being  the  radiowave 
free-space  velocity);  Kr  =  k;  —  ks  or  Kr  =  2kj  =  2&o&i  for 
backscatter,  since  ks=—  k,-.  Thus  co— coo,  the  radian 
frequency  at  which  the  ocean  wave-height  spectrum  is 
being  observed,  appears  in  the  radar  receiver  as  the 
Doppler  shift  of  the  sea-scattered  signal  from  the  carrier. 
The  spatial  vector  wavenumber  k>  indicates  that  the 
Bragg  (or  diffraction-grating)  effect  is  giving  rise  to 
the  scatter.5 

We  saw  that  5i(k,co)  is  an  impulse  function  from  the 
lowest  order  dispersion  equation  (centered  at  co~coo 
±\gk).  Any  finite  width  to  this  normal  infinitesimally 
narrow  impulse  function  in  the  (Doppler)  frequency 
domain  is  therefore  a  measure  of  the  variance  of  the 
dispersion  equation  for  first-order  waves  (neglecting 
any  frequency  broadening  due  to  system  limitations, 
nonscatter-related  mechanisms,  current  shears  within 
the  scattering  patch).  Hence  the  variance  of  C02,  as 
discussed  earlier,  manifests  itself  here  as  the  width  of 
the  first-order  sea  echo  Doppler  peak. 

The  second-order  portion  of  the  sea  echo  Doppler 
spectrum  is  related  in  its  magnitude  and  shape  to  the 
wave-height  spatial  spectrum  in  a  nonlinear  manner  via 
the  integral  (17).  The  fact  that  this  second-order  echo 


6  To  second  order,  there  is  another  term  proportional  to  the 
second-order  waveheight  spectrum  which  originates  from  double 
radio-wave  scatter  (from  two  sets  of  ocean  waves).  This  term — 
neglected  here — is  generally  smaller  than  the  "hydrodynamic" 
contribution  considered  here;  it  is  derived  elsewhere  (Barrick, 
1972)  and  given  there. 


energy  is  more  sensitive  to  the  longer,  higher  ocean 
waves  than  is  the  first-order  echo  energy  at  useful  HF 
radar  frequencies  is  generating  considerable  interest  in 
utilizing  this  portion  of  the  echo  to  remotely  sense  sea 
state.  While  the  simple  colinear  wave  models  examined 
in  detail  here  can  provide  some  feeling  for  the  general 
distribution  of  sea-echo  energy,  the  complete  solution 
to  the  two-dimensional  model  (17)  must  be  pursued  in 
order  to  study  the  effect  of  wave  directionality  on  the 
echo  spectral  shape.  Because  of  the  complexity  of 
solving  (17)  numerically  for  two-dimensional  wave- 
height  spectra,  this  topic  must  be  undertaken  separately. 
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Infrasound  From  Convective  Storms:  An  Experimental 
Test  of  Electrical  Source  Mechanisms 
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We  performed  an  experiment  to  test  the  suggestion  that  the  infrasound  radiated  by  certain  severe 
storms  is  caused  by  lightning.  During  the  1972  storm  season  we  recorded  at  Boulder.  Colorado,  the  rate 
and  arrival  direction  of  both  VLF  atmospherics  and  infrasound  from  severe  thunderstorms  in  the 
midwestern  United  States.  If  infrasound  were  caused  by  lightning,  we  should  have  observed  a  good 
agreement  in  direction  and  time  between  the  radio  and  acoustic  emissions  of  lightning,  within  observa- 
tions! uncertainty.  Fewer  than  half  of  the  infrasound  events  showed  such  agreement  with  electromagnetic 
emissions.  Those  agreements  can  be  attributed  to  noncausal  coincidence.  We  argue  that  the  correlation 
should  be  much  higher  if  the  infrasound  emissions  were  caused  by  lightning.  Some  detailed  case  studies 
illustrate  the  differing  phenomenologies  of  the  emissions:  for  example,  they  show  that  the  infrasound  is 
probably  emitted  during  an  earlier  stage  of  storm  growth  than  that  usually  associated  with  lightning. 


Introduction 

Georges  [1973]  has  reviewed  the  evidence  linking  observa- 
tions of  ultralow  frequency  sound  waves  (or  infrasound)  with 
certain  severe  convective  storms  that  were  hundreds  and  occa- 
sionally thousands  of  kilometers  away.  In  a  critique  of  several 
suggested  models  of  the  emitting  mechanism,  T.  M.  Georges 
(unpublished  manuscript,  1976)  defined  theoretical  predictions 
of  each  model  that  could  be  tested  against  observations.  One 
of  the  hypothetical  models  examined  was  the  possibility  that 
the  infrasound  is  just  the  low-frequency  portion  of  the  spec- 
trum of  thunder.  Audible  thunder  is  almost  totally  attenuated 
by  atmospheric  absorption  in  a  few  tens  of  kilometers,  but  any 
infrasonic  component  could  travel  hundreds  or  thousands  of 
kilometers  relatively  undiminished  because  the  acoustic  ab- 
sorption coefficient  is  proportional  to  the  square  of  the  fre- 
quency. 

Thunder  is  the  acoustic  remnant  of  the  cylindrical  shock 
generated  by  lightning  strokes.  Colgate  and  McKee  [1969], 
Dessler  [1973],  Beasley  [1974],  and  T.  M.  Georges  (unpub- 
lished manuscript.  1976)  have  examined  the  possibility  that 
significant  infrasonic  energy  is  radiated  not  only  by  the  light- 
ning channel  expansion  but  also  by  electrostatic  relaxation  in 
clouds  following  the  discharge.  Comparisons  by  Georges  and 
Beasley  of  the  energy  required  to  account  for  the  infrasound 
observations  with  the  energy  available  from  lightning  strokes 
showed  that  only  the  most  energetic  strokes,  occurring  at  least 
at  the  maximum  observed  rates,  could  possibly  account  for  the 
observed  infrasound  intensities.  But  we  could  not  conclusively 
rule  out  an  electrical  model  on  theoretical  grounds  alone  be- 
cause of  uncertainties  in  the  measured  energy  and  spectral 
content  of  the  acoustic  radiation  from  lightning.  An  experi- 
mental test  of  the  electrical  models  thus  seemed  appropriate. 

It  is  well  known  that  lightning  also  emits  electromagnetic 
energy  over  a  broad  spectrum.  Therefore  one  of  the  observa- 
tional tests  suggested  was  a  simultaneous  measurement  of  the 
infrasonic  and  electromagnetic  (specifically,  VLF  radio)  emis- 
sions from  severe  storms  and  a  comparison  of  azimuths  of 
peak  sferics  rates  with  azimuths  of  infrasound  arrivals.  This 
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paper  reports  the  results  of  such  a  test.  We  find  that  the  spatial 
and  temporal  correlation  between  the  two  kinds  of  emissions  is 
much  lower  than  we  would  expect  if  the  two  were  causally 
related;  therefore  the  source  of  severe  storm  infrasound  is 
probably  not  electrical. 

More  details  about  the  experimental  procedure,  the  data 
collected,  and  the  analysis  and  assumptions  leading  to  our 
final  conclusion  can  be  found  in  the  dissertation  by  Beasley 
[1974]. 

Experiment 

Pressure  measurements.  To  record  the  infrasonic  waves 
from  severe  storms,  we  used  the  National  Oceanic  and  Atmo- 
spheric Administration  Wave  Propagation  Laboratory 
(NOAA/WPL)  operational  array  of  four  microbarographs 
located  near  Boulder,  Colorado.  The  microbarographs  are  of 
the  National  Bureau  of  Standards  type  described  elsewhere 
[Matheson.  1964;  Georges  and  Young,  1972]  and  have  a  sensi- 
tivity of  about  0.01  jibar  (10  8  atm).  Sensor  spacing  averages 
about  8  km.  and  the  array  geometry  is  irregular.  Spatial  filters 
are  attached  to  each  microbarograph  to  reduce  the  noise  of 
wind-advected  turbulence.  They  are  constructed  of  1000  feet  of 
iron  pipe  with  capillary  leaks  to  the  atmosphere  every  5  feet. 
The  spectral  passband  of  the  sensing  and  processing  system  we 
used  has  20-dB  response  points  at  about  2-  and  100-s  wave 
periods. 

During  the  interval  studied.  May  22  to  August  30.  1972, 
pressure  variations  from  all  sensors  were  recorded  on  magnetic 
tape  in  analog  form  at  a  central  recording  station.  When  we 
identified  wave  events  of  possible  interest,  we  processed  the 
tapes  (to  yield  azimuths  of  wave  arrival  and  coherence )  on  the 
NOAA  analog-correlating  device  that  has  been  described  else- 
where [Brown,  1963;  Georges  and  Young,  1972].  We  identified 
severe  storm  waves  using  criteria  similar  to  those  described  by 
Georges  and  Greene  [  1 975]  Briefly,  whenever  an  acoustic  wave 
arrived  during  the  time  of  and  from  the  direction  of  severe 
thunderstorm  activity,  as  indicated  on  the  NOAA  hourly  ra- 
dar summary  charts,  and  the  wave  could  not  be  identified  with 
other  known  infrasound  sources,  we  attributed  the  wave  event 
to  the  storm.  Extensive  experimentation  has  proven  the  relia- 
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bility  of  this  procedure  [Georges  and  Greene,  1975).  Typical 
storm-associated  waves  have  amplitudes  of  0.5-1 .0  ^bar  and 
periods  of  20-40  s. 

Sferics  measurements.  We  wanted  to  record  the  direction 
of  arrival  of  VLF  atmospherics  at  Boulder  as  a  function  of 
time  in  a  way  that  also  preserved  a  rough  indication  of  the 
relative  intensity  of  sferics  activity  in  each  direction.  The  direc- 
tion-measuring scheme  we  used  is  essentially  that  described  by 
Watson- Watt  and  Herd  [  1926]  and  Terman  [1943].  It  employs  a 
pair  of  crossed  loop  antennas  whose  relative  responses  to  an 
incoming  plane  wave  indicate  the  direction  of  arrival  of  the 
wave.  The  way  in  which  we  processed  and  recorded  this  infor- 
mation is  illustrated  in  Figure  I.  The  azimuth-intensity  infor- 
mation displayed  on  the  oscilloscope  face  was  quantized  into 
10°  sectors,  and  a  measure  of  the  amount  of  sferics  activity  in 
each  sector  was  obtained  by  counting  the  number  of  sferics 
impulses  exceeding  a  preset  amplitude  threshold  in  each  10- 
min  time  interval.  The  data  were  stored  on  paper  tape  and  then 
processed  logarithmically  to  yield  azimuth-time  plots  as  shown 
in  Figure  2.  Each  number  indicates  the  amount  of  sferics 
activity  in  its  azimuth-time  cell.  The  other  sferics  plots  in  this 
paper  were  derived  from  such  number  arrays  by  manual  con- 
touring. 

The  threshold  level  we  used  was  0.5  V  m~',  which  corre- 
sponds to  the  median  held  strength  (measured,  for  example,  by 
Taylor  [1963])  of  sferics  from  cloud-to-ground  strokes  about 
700  km  away,  about  the  median  distance  from  which  severe 
storm  infrasound  is  observed.  The  receiving  system  had  6-dB 
response  points  at  5  and  50  kHz. 

Vman  [1969]  and  Kimpara  [1965]  have  established  that  al- 
most all  VLF  sferics  radiation  comes  from  cloud-to-ground 
return  strokes  and  [hat  relatively  little  comes  from  intracloud 
strokes.  Therefore,  we  interpret  the  VLF  sferics  rate  measure- 
ments as  indicating  the  rate  of  occurrence  and  intensity  of 
cloud-to-ground  lightning  strokes. 

Measurement  uncertainties.  Azimuth  resolution  and  accu- 
racy of  the  microbarograph  array  and  processing  system  de- 
pend upon  the  signal-to-noise  ratio,  the  array  size  and  geome- 
try, the  suitability  of  the  plane-wave  assumption,  and  the 
workings  of  the  analog-processing  mechanism.  Experiments 
have  shown  that  we  can  reasonably  assign  an  average  uncer- 
tainty of  ±3°  to  all  infrasound  bearing  determinations. 

Additional  uncertainty  in  locating  the  apparent  source  of 
infrasound  arises  from  acoustic  refraction  caused  by  atmo- 
spheric winds.  Beasley  [1974]  has  estimated  the  expected  mag- 
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Fig.  I.     System  for  recording  direction  and  time  of  arrival  of  VLF 
atmospherics  (sferics). 


Fig.  2.  Example  of  the  way  our  processor  displays  sferics  rates  in 
the  azimuth-time  plane.  Each  digit  indicates  the  relative  number  of 
sferics  impulses  in  its  azimuth-time  cell  of  10°  by  10  min 


nitudes  of  these  errors  under  various  atmospheric  wind  condi- 
tions, using  three-dimensional  acoustic  ray  tracing.  The 
difference  between  the  true  and  apparent  source  bearings 
would  not  exceed  about  1 1°  more  than  5%  of  the  time  There- 
fore the  total  uncertainty  between  measured  and  true  bearings 
to  an  infrasound  source  should  exceed  14°  no  more  than  5%  of 
the  time. 

The  sferics  measurements  have  a  maximum  azimuth  uncer- 
tainty of  ±5°.  The  combined  uncertainty  in  sferics  and  in- 
frasound measurements  is  ±19°.  It  would  be  very  improbable 
for  the  two  kinds  of  emissions  to  have  a  common  source  and 
also  arrive  at  Boulder  with  bearings  differing  by  more  than  19° 
more  than  5%  of  the  time. 

Results 

Correlation  Statistics 

During  the  observing  period  we  identified  144  distinct  in- 
frasonic  events  at  Boulder.  Of  these,  59  were  judged  to  be 
unrelated  to  severe  weather  (being  associated  with  other 
known  natural  sources  of  infrasound).  Because  of  equipment 
malfunctions  we  had  VLF  atmospherics  data  during  only  64  of 
the  85  severe  storm  infrasound  events.  Of  the  64  events,  28 
(44%)  showed  an  apparent  coincidence  in  direction,  within 
19°,  whereas  in  36  cases  (56%)  the  infrasound  bearing  differed 
from  the  bearing  of  most  intense  sferics  activity  by  more  than 
19°.  In  19  cases  (30%)  the  difference  was  greater  than  40°,  and 
in  4  cases  (6%)  there  were  no  sferics  above  threshold  from  any 
direction. 
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Fig.  3.  Azimuth  of  peak  sferics  rate  versus  azimuth  of  infrasound 
arrival.  Approximately  44%  of  both  near  and  far  cases  show  apparent 
coincidence  within  ±19°.  the  indication  being  that  the  degree  of 
coincidence  is  independent  of  distance.  The  histograms  on  each  axis 
show  the  number  of  infrasound  or  sferics  arrivals  in  each  5°  azimuth 
sector.  (The  tendency  for  sferics  to  peak  from  80-90°,  while  in- 
frasound shows  a  broader  peak  around  140°.  may  arise  because  of 
many  squall  line  cases  such  as  those  of  Figure  7.) 


Case  Illustrations 

We  chose  five  examples  of  simultaneous  sferics  and  in- 
frasound arrivals  that  clearly  illustrate  the  different  kinds  of 
correlation  we  observed  between  the  two  emissions  and  with 
radar-indicated  storm  activity.  We  show  all  five  cases  here 
because  they  represent  the  important  features  of  practically  all 
of  the  events  studied.  We  chose  these  particular  examples 
because  the  data  were  relatively  unambiguous  and  the  radar 
charts  were  relatively  uncluttered  with  other,  possibly  con- 
fusing events. 

Each  case  is  illustrated  with  a  reproduction  of  a  radar  sum- 
mary chart  with  its  standard  notations  and  a  portion  of  the 
azimuth-time  sferics  record  with  superimposed  information 
about  the  infrasound  arrival.  We  have  no  way  to  check  the 
accuracy  of  the  radar-indicated  echo  heights,  but  the  exact 
height  is  not  critically  important.  The  infrasound  times  have 
been  corrected  for  acoustic  travel  time  from  the  apparent 
source  storm  at  an  average  transit  speed  of  300  m  s~\  so  that 
they  can  be  thought  of  as  emission  times.  The  symbols  used  in 
the  illustrations  are  explained  in  Figure  4.  Our  interpretations 
follow  the  descriptions. 

Case  I  (Figure  5).  During  this  event,  infrasound  was  re- 
corded at  Pullman,  Washington,  in  addition  to  Boulder,  and 
so  it  was  possible  to  locate  the  apparent  source  by  triangula- 
tion.  The  intersecting  bearings  are  shown  on  the  map.  Two 
tornadoes  were  reported  during  this  storm,  and  their  locations 
are  shown  both  on  the  map  and  in  the  azimuth-time  plot. 
Radar  charts  for  the  adjacent  hours  show  that  the  system  was 
moving  toward  the  southeast.  Maximum  radar  echo  heights 
were  65,000  ft.  (19,800  m). 


Figure  3  summarizes  these  results  by  showing  how  the  in- 
frasound bearings  and  the  sferics  bearings  are  related  for  each 
of  the  64  cases  when  both  were  observed  simultaneously  (al- 
lowing for  differences  between  the  acoustic  and  elec- 
tromagnetic travel  times).  The  distance  was  measured  from 
Boulder  to  the  center  of  the  radar-indicated  storm  area.  The 
squares  and  circles  mark,  for  each  event,  the  measured  in- 
frasound arrival  azimuth  versus  the  azimuth  of  the  most  in- 
tense sferics  activity  (according  to  our  counting  scheme).  The 
squares  indicate  events  whose  apparent  source  storm  is  less 
than  500  km  from  Boulder.  The  circles  are  for  sources  greater 
than  500  km  away  We  separated  the  data  by  distance  to  see  if 
there  were  any  difference  in  the  correlation  for  distant  and 
nearby  storms.  No  such  difference  is  visually  apparent  in  the 
figure.  The  percentage  of  events  (44%)  whose  azimuths  coin- 
cide within  19°  is  independent  of  distance  to  the  source  storm. 
This  agrees  with  our  intuition  because  we  expect  both  the 
infrasound  and  the  VLF  sferics  to  experience  roughly  cy- 
lindrical spreading.  If  so,  the  dependence  of  amplitude  on 
distance  should  be  about  the  same  for  both,  and  the  correla- 
tion (if  any)  between  the  two  emissions  should  not  depend 
strongly  on  the  distance  to  the  emitting  storm. 

If  the  infrasound  were  generated  where  lightning  activity  was 
the  most  intense,  we  would  expect  almost  all  of  the  marks  to 
fall  within  the  ±  19°  uncertainty  limits  (dashed  lines)  on  either 
side  of  the  infrasound  bearings  (actually,  only  about  44%  did). 
Greater  differences  could  arise  in  a  few  cases  where  indicated 
maxima  in  sferics  intensity  are  caused  by  the  superposition  of 
the  effects  of  several  separate  storm  systems  in  roughly  the 
same  direction  but  at  different  distances. 


Sfarki  Aiimuth/Tima  Plots 

Srmbol 

Mowing 

® 

Hail 

® 

Heavy  Rein 

© 

Funnel  Aloft 

O 

Tornado 

I 

tnfrmound  Arrival  at  Boulder, 

propagation  time  subtracted. 

Hadaw  SummariM 

Symbo/ 

Meaning 

/^\ 

Area  containing  significant 

CJ> 

numbers  of  radar  echoes. 

Location  of  extreme  echo  top 

500    s* 

in  a  group     Number  is  height 
in  100 1  of  feet. 

l>X 

Direction  of  wind  and  spaed 

knot*. 

RW 

Rain  Showers 

TRW 

Thundarshowars 

♦ 

Heavy 

" 

Light 

NC 

No  change  last  hour 

IMM 

Isolated 

NC 

No  Echoes 

NA 

Not  Available 

(data  from  one  station) 

OM 

Out  for  Maintenance 
(one  station! 

•-400* 

Atimuth  of  infrasound  at  Bout 

0*00  7*^ 

dar.  showng  ertgJe  end  time. 

Fig.  4.     Symbols  used  in  case  illustrations. 


474 


3136 


Beasley  et  al.:  Infrasound  From  Convective  Storms 


RADAR   SUMMARY   0240  Z 


31  July  1972 


5-50  kHz  ATMOSPHERICS 
BOULDER,  COLO. 


10        90         180        270        360 


10        90        180         270       360 

Azimuth  (Degrees) 

Fig.  S.    Case  illustration  I,  July  31,  1972.  Infrasound  originates  in  tornado-bearing  storm  about  I  hour  before  any  above- 
threshold  sferics. 


Infrasound  began  at  0200  UT,  but  sferics  were  not  recorded 
until  0245  UT  and  did  not  reach  their  maximum  rates  until 
about  0500  UT.  Furthermore,  the  infrasound  arrived  at  Boul- 
der from  38°  azimuth,  whereas  sferics  activity  began  from 
between  60°  and  70°.  Local  wind  noise  obscured  the  in- 
frasound at  Boulder  after  about  0245  UT,  but  it  seems  clear 
that  the  infrasound  emissions  began  rather  early  in  the  lifetime 
of  this  system  (and  prior  to  the  sightings  of  the  two  tornadoes) 
while  it  was  in  southeastern  South  Dakota.  The  strongest 
sferics  emissions  appeared  about  2  hours  later,  when  the  sys- 
tem moved  into  Nebraska  and  Iowa. 

This  case  is  a  clear  example  of  infrasound  without  any 
accompanying  sferics  at  the  time  of  infrasound  emission.  It  is 
also  a  clear  example  of  infrasound  generation  apparently  pre- 
ceding a  tornado  (by  30-40  min)  and  of  infrasound  from  the 
tornado  location.  Several  other  such  cases  were  recorded  dur- 
ing this  experiment. 

Case  2  (Figure  6).  In  this  example  the  infrasound  came 
from  the  direction  of  maximum  sferics  rates  and  began  and 
ended  during  strong  sferics  activity.  The  storm  system  was  an 
area  of  many  radar  echoes  with  tops  at  40,000  ft  ( 1 2,200  m )  or 
greater  extending  from  northeastern  New  Mexico  to  north 
central  Nebraska.  Both  emissions  appeared  to  come  from  near 
the  middle  of  this  area.  A  funnel  cloud  aloft  was  reported  at 
the  location  shown,  several  degrees  clockwise  from  the  in- 
frasound bearing.  This  case  is  included  as  an  example  of  the 
44%  of  the  cases  which  showed  apparent  coincidence. 

Case  3  (Figure  7).     Here,  infrasound  was  received  for  8 


hours  from  the  southern  extremity  of  a  squall  line  that  ex- 
tended from  the  Texas  panhandle  into  northern  Kansas.  Max- 
imum radar-indicated  storm  tops  were  at  54,000  ft  ( 1 6,500  m ), 
with  the  larger  storms  tending  to  be  near  the  southern  end  of 
the  squall  line.  Atmospherics  consistently  showed  a  peak  in 
intensity  at  about  20°  counterclockwise  (northward)  of  the 
infrasound  bearing.  Several  similar  cases  occurred  during  the 
observation  period,  the  result  being  the  peak  in  the  sferics 
histograms  (Figure  3)  around  80°-90°,  whereas  infrasound 
peak  was  around  140°. 

Case  4  (Figure  8).  In  this  example  the  sferics  and  in- 
frasound appeared  to  be  completely  unrelated.  Infrasound 
arrived  from  10°  azimuth,  which  corresponds  to  the  direction 
of  heavy  rainfall  and  flash  flooding  in  the  Rapid  City,  South 
Dakota,  area.  Sferics  came  from  the  east,  however,  with  max- 
imum rates  from  about  110°,  the  azimuth  of  a  nearer  storm 
system  (with  42,000-ft  (12,800  m)  tops)  in  eastern  Colorado; 
no  counts  above  threshold  were  recorded  from  less  than  70° 
azimuth.  Whereas  sferics  activity  at  a  low-count  level  did  come 
from  the  Rapid  City  direction  some  4  hours  earlier,  none 
remained  by  the  time  of  the  infrasound  generation. 

Case  5  (Figure  9).  This  case  provides  a  clear  example  of 
infrasound  coming  from  a  relatively  isolated  nearby  storm 
system,  with  the  most  intense  sferics  activity  coming  from 
another,  more  distant  system.  The  infrasound  azimuth  (144°) 
agrees  well  with  the  direction  and  time  of  a  50,000-ft  (15,200m) 
storm  that  produced  hail  up  to  23  in.  (70  mm)  in  diameter  in 
the  Texas  panhandle.  Yet  no  sferics  above  threshold  came  from 
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the  direction  of  this  storm.  The  azimuth  of  the  peak  sferics 
count  was  about  105°,  which  corresponded  to  another  rela- 
tively isolated  system  in  southeastern  Kansas  (38,000-ft 
(1 1,600  m)  tops),  about  twice  as  far  as  the  infrasound-emitting 
storm.  The  isolated  nature  of  these  storm  systems  provides 
good  evidence  for  the  independence  of  the  two  wave  gener- 
ation mechanisms.  If  the  infrasound  emission  were  electrical, 
we  would  expect  the  nearer  infrasound-emitting  storm  to 
dominate  the  sferics  azimuth-time  plot. 

Interpretation 

Case  illustrations  2  and  3  show  that  infrasound  generation 
may  arise  from  a  relatively  narrow  sector  for  long  periods  of 
time,  whereas  sferics  signals  during  the  same  interval  vary 
greatly  in  rate  and  azimuth  of  arrival.  This  agrees  with  the 
interpretation  that  the  conditions  for  infrasound  generation 
are  more  restrictive  than  those  for  sferics  generation. 

If  the  mechanism  that  generates  severe  storm  infrasound 
were  any  of  the  electrical  mechanisms  discussed  by  T.  M. 
Georges  (unpublished  manuscript,  1976)  and  Beasley  [1974], 
we  would  expect  to  see  a  close  spatial  and  temporal  correlation 
between  the  apparent  sources  of  infrasound  and  the  apparent 
sources  of  VLF  atmospherics,  i.e.,  cloud-to-ground  lightning 
strokes.  We  would  expect  the  two  apparent  source  locations  to 
coincide  often  by  accident  just  because  the  most  severe  storms 
tend  to  be  the  most  frequent  emitters  of  both  kinds  of  radi- 
ation. But  a  large  number  of  cases  where  the  emissions  appear 
to  be  completely  unrelated  spatially  or  temporally  would  ap- 
pear to  rule  out  a  causal  connection.  Our  observations  support 
this  conclusion,  both  statistically  and  on  the  basis  of  individual 


case  studies  of  phenomenology;  but  before  we  can  safely  infer 
that  lightning  is  not  directly  related  to  the  infrasound  source, 
we  must  answer  some  questions  that  could  be  raised  about 
such  an  inference. 

Some  questions.  Our  sferics  recording  system  responded 
mainly  to  radiation  from  cloud-to-ground  strokes.  What 
about  infrasound  generators  related  to  intracloud  strokes  and 
electromechanical  relaxation  as  discussed  by  T.  M.  Georges 
(unpublished  manuscript,  1976)  and  Beasley  [1 974]?  Observa- 
tions by  Brook  and  Kiiagawa  [I960],  for  example,  have  estab- 
lished that  intracloud  strokes  are  almost  always  accompanied 
by  nearly  equal  numbers  of  cloud-to-ground  strokes.  There- 
fore virtually  any  kind  of  electrical  discharge  activity  inside 
storms  would  usually  be  accompanied  by  VLF  emissions.  This 
would  include  the  hypothetical  electromechanical  relaxation 
process,  which  requires  a  discharge  to  set  it  off. 

Our  correlation  statistics  were  between  infrasound  azimuths 
and  the  directions  of  maximum  sferics  counts.  But  would 
electrical  infrasound  generation  necessarily  coincide  with  the 
generation  of  highest  VLF  emission  rates?  And  what  about  the 
effects  of  distance  to  the  source?  Couldn't  a  nearby  weak 
sferics  emitter  dominate  our  sferics  receiving  system  while  a 
more  distant,  stronger  sferics  (and  infrasound)  emitter  goes 
undetected?  In  such  a  case  the  generation  mechanism  could  be 
electrical,  but  the  azimuth  of  peak  sferics  might  not  coincide 
with  the  infrasound  azimuth.  We  argue  against  this  possibility 
as  follows. 

I .  As  was  mentioned  previously,  comparison  of  the  energy 
of  observed  infrasound  with  the  energy  available  as  acoustic 
radiation  from  lightning  shows  that  only  the  most  energetic 
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Fig.  6.     Case  illustration  2,  June  18,  1972.  The  azimuths  of  infrasound  and  of  maximum  sferics  rates  coincide. 
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Case  illustration  3,  August  25,  1972.  Infrasound  originates  at  the  southern  end  of  the  squall  line,  while  maximum 
sferics  rates  are  recorded  from  the  midpoint  of  the  line,  about  20"  counterclockwise. 
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Fig.  8.    Case  illustration  4,  June  10,  1972.  Infrasound  and  sferics  emissions  appear  to  be  completely  unrelated  and 

■  independent. 
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Case  illustration  5,  June  21,  1972.  Infrasound  originates  in  a  nearby  storm,  while  sferics  come  from  a  group  of 
storms  about  twice  as  far  away,  independence  of  emission  mechanisms  being  suggested. 
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strokes  occurring  at  the  highest  observed  rates  could  possibly 
account  for  observed  infrasound  intensities. 

2.  We  expect  that  an  increase  in  the  total  energy  input  to 
lightning  strokes  results  in  proportionate  increases  in  the  en- 
ergy coupled  into  both  acoustic  and  electromagnetic  radiation. 

3.  Because  the  long-distance  propagation  mechanisms  for 
VLF sferics  and  infrasound  are  similar  (cylindrical  spreading), 
wc  expect  roughly  the  same  average  rate  of  amplitude  attenua- 
tion with  distance. 

Therefore  if  one  kind  of  emission  were  stronger  because  the 
source  storm  was  closer,  then  the  other  kind  should  also  be 
stronger  by  about  the  same  factor.  This  argument  is  strength- 
ened by  the  observed  lack  of  a  distance  dependence  in  the 
correlation  statistics  of  Figure  3.  There  could,  of  course,  be 
some  qualitative  difference  between  the  electrical  activity  in- 
side different  storms  such  that  one  kind  emits  infrasound  and 
another  does  not.  However,  we  are  unaware  of  any  evidence 
for  such  a  distinction. 

Evidence  that  infrasound  precedes  sferics.  Our  case  studies 
and  other  examples  we  studied  in  detail  reveal  a  tendency  for 
infrasound  emission  during  an  early  stage  of  storm  develop- 
ment, whereas  the  greatest  electrical  activity  is  usually  asso- 
ciated with  the  'mature'  (precipitating)  stage  of  cumulus  devel- 
opment (e.g.,  Byers.  1974].  Case  I,  for  example,  shows  that 
infrasound  emissions  (and  the  two  tornadoes)  occurred  when 
the  storm  system  was  in  central  South  Dakota  but  that  electri- 
cal activity  peaked  some  hours  later,  after  the  system  had 
moved  toward  the  southeast.  Case  3  shows  infrasound  emis- 
sions from  the  southern  extremity  of  the  squall  line,  where  the 


most  severe  storms  (and  funnels  aloft)  were  observed;  yet  the 
most  intense  sferics  activity  came  from  storms  farther  north- 
ward along  the  squall  line.  This  observation  agrees  with  cur- 
rent models  of  squall  line  thunderstorm  development  which 
have  proposed  that  new  storm  generation  occurs  at  the  south- 
ern end  of  the  line,  while  the  older  storms  are  displaced  north- 
ward along  the  line  [Browning  and  Ludlam,  1962;  Newton  and 
Fankhauser.  1964]. 

These  results  suggest  that  the  infrasound-generating  mecha- 
nism is  frequently  associated  with  the  early  stages  of  cumulus 
formation,  when  the  most  vigorous  convection  occurs.  Its 
frequent  association  with  tornadoes  and  funnels  aloft  also 
provides  a  valuable  clue  to  the  actual  generation  mechanism 
[Georges  and  Greene,  1975]. 
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Abstract — Ground  level  pressure  signals  are  sometimes  found  to  accompany  equatorwards  travelling 
auroral  arcs,  but  have  never  been  detected  for  polewards  travelling  ones,  even  though  there  are  no 
obvious  visual  differences  in  the  displays.  It  is  shown  that  the  visual  similarities  of  the  arcs  in  no  way 
guarantee  a  similarity  of  their  electrojets.  The  field  characteristics  of  the  recorded  arcs  indicate  that 
those  with  detectable  infrasound  signatures  belong  to  a  special  cla:s  in  which  the  electrojet  current  is 
of  an  unusually  concentrated  nature.  This  concentration  occurs  when,  in  the  frame  of  reference  of  the 
arc,  the  ionisation  velocity  field  contains  a  convergence  mode  towards  which  all  the  arc  ionisation  is 
driven  after  production. 


INTRODUCTION 

Over  the  last  decade,  Wilson  (1974,  and  refer- 
ences therein)  has  made  an  exhaustive  study  of  the 
ground  level  sound  pulses  that  accompany  super- 
sonically  translating  auroral  arcs.  There  is  little 
doubt  that  the  sound  is  a  result  of  the  coupling  of 
the  arc  currents  to  the  neutral  atmosphere  through 
either  Joule  heating  or  the  Lorentz  force.  The 
interaction  was  examined  by  Chimonas  and  Pel- 
tier (1970),  who  found  excellent  agreement  be- 
tween the  observed  pressure  bow  waves  and  a 
theory  in  which  the  current  was  concentrated  into 
an  electrojet  of  width  about  10  km.  Recently  Wilson 
(1975)  has  established  that  in  many  thousands  of 
arcs  studied,  not  one  whose  direction  of  motion  was 
towards  the  pole  ever  produced  a  detectable  in- 
frasound signature.  Apart  from  this  sense  of  mo- 
tion, there  appeared  to  be  only  minor  differences  in 
visual  width  and  total  current  between  the  sound 
producing  and  non-producing  varieties.  Unfortu- 
nately this  has  led  to  some  debate  as  to  whether  the 
linear  interaction  between  electrojet  and  atmos- 
phere could  be  responsible  for  the  observed  pres- 
sure signatures,  since  if  two  electrojets  differ  only 
in  their  senses  of  translation,  their  pressure  signa- 
tures are  equally  strong.  In  this  paper  we  show  that 
the  problem  is  easily  resolved,  in  that  a  reversal  of 
the  sense  of  arc  translation  does  not  leave  the 
electrojet  unaffected.  In  particular,  it  will  appear 
that  only  for  a  particular  alignment  of  arc  electric 
field  and  velocity  can  we  obtain  the  strong  narrow 
electrojets  that  produce  the  detectable  bow  waves. 
Reversing  the  arc  motion,  but  keeping  the  electric 


fields  and  ionisation  production  patterns  the  same, 
leads  to  a  very  different  electrojet  and  sub-noise 
level  signatures.  It  is  important  to  realise  that  we 
are  not  investigating  the  dynamics  that  drive  arcs 
and  interrelate  their  basic  properties.  Thus  when  we 
consider  an  arc  and  its  reversed  form  (as  above),  we 
are  comparing  two  distinct  data  sets.  There  is  no 
suggestion  that  (say)  any  one  real  arc  could  ever 
reverse  its  sense  of  motion  without  major  constitu- 
tional changes.  Nor  do  we  suggest  any  reason  for 
the  various  types  of  arc  structure.  In  this  paper  we 
only  need  to  accept  their  observed  existence. 

The  difference  in  the  electrojet  structures  is  a 
result  of  a  simple  ionisation  collection  process.  If 
the  electric  fields  that  accompany  the  moving  arc 
have  the  right  form,  they  will  sweep  the  ionisation 
produced  in  the  visible  arc  region  into  a  thin  core. 
If  on  the  other  hand  they  are  too  weak  or  have  the 
wrong  form,  the  ionisation  will  be  left  behind  as  the 
arc  translates,  and  a  much  wider  and  less  intense 
electrojet  will  result.  Piddington  (1963)  has 
suggested  that  the  DS  fields  throughout  the  higher 
latitudes  produce  some  convergence  of  amibinent 
ionisation.  The  work  presented  here  could  be  re- 
garded as  an  extension  of  this  idea  to  the  much 
smaller,  scales  of  an  active  arc.  The  dynamics  of  the 
process  are  also  highly  analogous  to  the  corkscrew 
mechanism  by  which  descending  sporadic-E  layers 
are  formed  and  held  at  moving  wind  nodes 
(Chimonas  and  Axford,  1968). 

FORMULATION 

Auroral  arcs  are  of  course  extremely  complicated 
systems  with  strong  variations  in  both  space  and 
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time.  However,  the  observed  asymmetry  in  pres- 
sure signatures  must  result  from  some  very  basic 
arc  property  that  can  be  incorporated  into  a  rela- 
tively simple  and  unsophisticated  model  of  the  arc. 
In  fact,  although  Wilson  has  studied  many 
thousands  of  auroral  events,  only  the  crudest  fea- 
tures of  the  arcs  were  needed  to  compile  the  statis- 
tics and  establish  the  symmetry.  We  may  regard 
as  'available'  data  on  (a)  arc  speed  and  direction  at 
zenith  crossing,  (b)  total  equivalent  line  current  at 
zenith,  (c)  pressure  signature  at  ground  level  (if 
above  noise  level)  and  (d)  a  crude  estimate  of  the 
visual  width  of  the  arc.  This  set  does  not  supply 
quite  enough  detail  to  define  the  model  parameters 
that  prove  relevant.  We  also  really  need  informa- 
tion about  the  electric  field  in  and  about  the  arc. 
However  many  other  features  of  real  arcs,  such 
as  finite  lengths  and  non-uniform  time  behaviour, 
are  not  fundamental  to  the  asymmetry  feature  and 
can  be  ignored.  Basically  we  can  state  the  problem 
as  follows:  Particles  of  magnetospheric  origin 
stream  into  a  section  of  the  E-region  and  generate 
a  certain  amount  of  ionisation.  This  bombardment 
is  not  stationary  (at  least  in  a  frame  of  reference 
fixed  to  an  earth  point),  but  sweeps  across  the 
ionosphere  with  a  supersonic  velocity.  The  im- 
mediate location  of  the  ionisation  production  is,  of 
course,  just  the  visible  auroral  arc.  Strong  electric 
fields  through  and  about  this  location,  act  on  the 
ionisation  to  form  the  electrojet.  Given  the  space 
time  form  of  the  ion  production  and  the  electric 
fields,  what  is  the  shape  of  the  electrojet? 

We  adopt  a  right-handed  set  of  cartesian  co-ords 
(x,  y,  z)  with  z  set  in  the  vertical  direction.  The 
incoming  stream,  and  the  ionisation  it  produces, 
is  taken  to  be  completely  constant  in  one  horizontal 
direction,  say  y.  The  uniform  translation  of  the  arc 
proceeds  in  the  x  direction,  and  we  choose  to  work 
in  the  frame  of  reference  that  is  fixed  to  the  arc  so 
that  all  functions  in  the  problem  become  time 
independent.  If  the  electric  field  E(x,  z),  the 
geomagnetic  field  B0,  the  ion-production  rate  p(x, 
z)  and  the  density  of  the  neutral  atmosphere  are 
given,  we  can  calculate  the  electron/ion  density  n(x, 
z)  and  hence  the  electrojet  current.  But  the  form  of 
E  is  unknown  and  can  only  be  guessed  in  crude 
general  terms,  so  we  might  just  as  well  save  a 
considerable  amount  of  labour  and  guess  instead 
the  related  function  Vp  (x,  2),  the  projection  of  the 
electron  velocity  onto  the  (x,  2),  plane.  Without 
any  great  loss  to  the  physics,  we  may  make  the 
usual  approximations  that 

(1)  B0  is  a  vector  in  the  2  direction. 


(2)  The  electrical  conductivity  in  the  z  direction 
is  infinite,  so  E  •  2  is  zero. 

(3)  The  ion  and  electron  partial  pressure  gra- 
dients are  negligible  compared  with  the  other  terms 
in  the  equations  of  motion  of  the  charged  species. 

(4)  Any  neutral  winds  are  space  and  time  inde- 
pendent on  the  scales  of  interest. 

Then  Vp(x,  2)  becomes  the  (x,  2)  plane  velocity 
of  both  ions  and  electrons  and  lies  totally  in  the  x 
direction,  Vp(x,  z)  =  xVp(x,  2).  The  ion/electron 
distribution  is  governed  by  the  continuity  equation 

d 


p(x,z] 


an2(x,  2)-—  [Vp(x,  z)n(x,  z)]  =  0 
dx 


(ii 


which  is  very  easily  solved  on  the  computer  for  any 
given  well  behaved  functions  p  and  V.  Of  particular 
interest  to  us  are  the  solutions  when  p  and  V  are 
of  the  types  shown  in  Figs.  1  and  2.  Let  us  desig- 
nate the  system,  shown  in  Fig.  1  a  type  1  system.  In 
it,  all  ionisation  that  is  produced  finds  itself  swept 
towards  a  convergence  node,  and  a  narrow  highly 
peaked  distribution  of  ionisation  results.  On  the 
other  hand,  Fig.  2  displays  a  type  2  system  in  which 
the  ionisation  is  swept  at  high  speed  out  of  the 
production  region  and  hence  through  a  very  long 
tail  stretching  way  behind  the  visible  arc. 

The  frame  of  reference  fixed  with  respect  to  the 
Earth's  surface  is  the  one  in  which  V(x)— *0  at 
x— »±<*.  But  in  this  frame  we  see  that  the  type  1  and 
type  2  shown  have  identical  E  (i.e.,  VP)  fields, 
identical  visible  structures,  identical  speeds  of 
translation,  similar  total  electrojet  currests  but  op- 
posite directions  of  motion  across  the  sky.  From  the 
calculations  of  Chimonas  and  Peltier  (relating 
ground  level  pressure  signal  to  the  arc  currents),  we 
know  that  if  the  type  1  system  produced  a  pressure 
bow  wave  strong  enough  to  give  a  10:  1  signal  to 
noise  ratio  at  the  ground,  reversal  of  the  arc  motion 
to  give  the  type  2  system  would  cause  the  signal  to 
fall  into  the  noise  level.  Since  the  very  strongest 
bow  waves  so  far  observed  have  signal  to  noise 
ratios  of  about  3,  we  find  a  very  simple  explanation 
for  the  observational  asymmetry.  It  is  known  from 
Wilson's  observations  that  all  arcs  whose  pressure 
signatures  have  been  detected,  contained  electro- 
jets  in  which  ion  and  arc  have  the  same  sign  for 
their  component  of  velocity  along  the  horizontal 
normal  to  the  arc  (observed  in  the  ground  based 
frame).  On  the  other  hand,  all  the  pole-wards 
travelling  arcs  have  opposite  signs  for  these  velocity 
components  (which  make  them  type  2)  and  pro- 
duced no  observable  pressure  waves.  The  inference 
is  that  even  the  strongest  electrojets  must  be  in  the 
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Fig.  1.  The  number  density  n(x)  that  is  the  solution  of  equation  (1)  with  z  fixed  and  the  functions  p 
and  V  chosen  to  have  the  forms 


p(x)  =  1010  exp  [-(0.2x  -  2)2]  ptcle/m3/s 
,  ,     f550m/s     x<0    or     x>50km 


-100  +  1.04.  (x-25r  m/s    0<x<50km. 

As  the  ions  are  produced,  they  are  all  swept  towards  the  convergence  node  at  x  =  15.2  km.  n(x)  is 
recombination  limited  in  this  region,  a  has  been  set  at  the  typical  E-region  value  of  10"14  m3/ptcle/s. 
We  define  a  type  1  arc  as  one  having  this  convergence  node.  If  the  electric  fields  are  zero  for  large  |x|, 
then  to  a  ground  based  observer  the  arc  appears  to  sweep  across  the  sky  at  550  m/s,  and  the  electric 
fields  within  the  arc  move  ionisation  in  the  direction  of  arc  travel. 
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Fig.  2.  The  number  density  n(x)  that  is  the  solution  of  equation  (1*  with  z  fixed  and  the  shown 
functions  p  and  V.  p  (and  a)  are  the  same  as  used  in  Fig.  1,  but  V  now  has  the  form 


V(x) 


50  km 


f 550  m/s     x<0    or     x> 
~\l200-  1.04.  (x-25)2  m/s     0<x<50km 


Ionisation  is  swept  away  from  the  production  region  into  a  long  tail.  Note  the  order  of  magnitude 
change  in  the  scale  of  n(x).  This  system  in  which  ionisation  is  continuously  forced  away  from  the 
production  region  is  denoted  type  2.  Note  that  if  the  production  function  p  and  the  arc  electric  fields 
of  the  system  in  Fig.  1  are  kept  constant  but  the  velocity  of  the  arc  across  the  sky  is  reversed,  we 

obtain  this  present  system. 


favoured  type  1  configuration  to  produce  a  signa- 
ture of  detectable  amplitude. 

In  principle  the  current  distribution  within  travel- 
ling arcs  could  be  accurately  monitored.  Then  these 


currents  could  be  fed  into  the  theory  for  bow  wave 
production  and  compared  with  the  observed  (or 
noise  level)  signals  on  the  microbarographs.  Of 
course,  the  magnetometer  arrays  usually  used  in 


482 


802 


G.  Chimonas 


this  work  do  not  come  within  an  order  of  mag- 
nitude of  providing  the  needed  resolution  of  the 
electrojet.  There  is  probably  more  hope  in  using 
the  auroral  radar  techniques  recently  developed  by 
the  team  of  Greenwald  et  al.  (1975). 

However,  it  is  doubtful  that  any  great  profit  lies 
in  these  investigations,  beyond,  of  course,  the  satis- 
faction of  scientific  curiosity. 

In  summary,  the  linear  generation  theory  has  no 
difficulty  in  providing  a  consistent  picture  of  all  that 
is  known  about  arc  induced  infrasound.  However,  it 
has  become  necessary  to  suggest  (and  show  feasi- 
ble) a  strong  difference  between  the  electrojet 
structures  of  sets  of  arcs  that  appear  quite  similar  to 
a  ground  based  observer. 

It  is  not  suggested  that  the  matter  per  se  merits 
the  expense  that  would  be  required  for  a  definitive 
experimental  investigation,  but  it  would  be  a 
worthwhile  secondary  task  for  any  future  project 
that  happens  to  take  sensors  through  the  approp- 
riate regions. 

BASIS  OF  THE  TYPE  1  ARC 

The  calculations  given  above  illustrate  the  prop- 
erties required  of  an  arc  in  order  that  it  should  have 
a  narrow  and  intense  electrojet.  Clearly  the  only 
fundamental  requirement  is  that  the  electric  field  in 
or  about  the  precipitation  region  must  be  able  to 
collect  the  ionisation  into  a  preferred  region. 

There  is  no  a  priori  reason  to  use  a  stationary 
precipitation/electric  field  system  (apart  from  ease 
of  calculation).  One  could  quite  easily  construct 
models  for  which  the  collection  region  had  a  speed 
of  translation  quite  different  from  that  of  the  pre- 
cipitation region.  Since  real  arcs  are  highly  time 
dependent,  it  would  in  fact  be  rather  surprising  if 
these  two  speeds  were  identical.  It  is  interesting  to 
note  here  that  Wilson's  observations  (Wilson, 
1972)  seem  to  indicate  that  the  visible  arc  trans- 
lates rather  faster  than  its  associated  bow  wave, 
suggesting  perhaps  that  the  trapping  region  falls 
progressively  further  behind  the  moving  precipita- 
tion region. 


However,  this  is  all  speculative;  the  arc  morphol- 
ogy is  not  sufficiently  well  known.  As  mentioned 
above,  Wilsons's  observations  do  show  that  the 
sense  of  the  electric  fields  is  correct  for  type  1  in 
equatorwards  and  type  2  in  polewards  travelling 
arcs,  but  intensity  an  1  structure  of  the  fields  has  not 
been  observed. 

COMPARISON  WITH  THE  PRESSURE-WALL  THEORY 

When  he  first  observed  the  asymmetry  in  bow- 
wave    produciit  -    by    travelling    aurora,    Wilson 

(1972)  was  led  to  reject  the  linear  arc/atmosphere 
interaction  thecvy  of  sound  production,  and  post- 
ulated instead  thrt  a  nonlinear  shock  mechanism 
was  required.  In  that  approach  collisions  in  the  arc 
between  ions  and  the  neutral  atmosphere  were 
supposed  to  accelerate  the  neutral  medium  to 
supersonic  velocities.  An  ion  collection  process  re- 
lying on  a  similar  electric  field  structure  to  the  one 
used  in  this  paper  but  producing  very  much  greater 
ion  densities  was  suggested  to  operate.  It  is  not 
clear  that  such  a  super-mechanism  is  entirely  im- 
possible under  the  physical  restraints  known  to 
exist  in  aurora,  but  it  does  seem  unlikely.  The  work 
in  this  paper  suggests  that  it  is  unnecessary,  and 
that  the  asymmetry  results  simply  from  the  local- 
ised geometry  of  type  1  electrojets. 

However,  there  still  remains  the  problem  of  the 
sign  of  the  pressure  signature  (discussed  by  Wil- 
son, 1972).  It  may  be  remarked  here  that  Swift 

(1973)  has  performed  a  valuable  service  in  showing 
that  the  instruments  used  by  Wilson  may  not  have  a 
sufficient  bandwidth  to  record  the  auroral  signa- 
tures correctly,  and  this,  combined  perhaps  with  the 
complex  geometrical  forms  of  real  arcs  may  ac- 
count for  any  remaining  discrepancy  between 
theory  and  observation. 
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ABSTRACT 

Mountain-associated  sound  is  a  well  known  natural  acoustic  signal  that  can  be  traced  back  to  windy 
mountainous  areas.  Direct  monitoring  in  such  regions  reveals  much  low-phase-velocity  wind  noise:  in  this 
paper  we  suggest  that  scattering  of  these  wind  oscillations  from  terrain  irregularities  produces  at  least  part 
of  the  infrasound  signal.  An  idealized  (two-dimensional)  calculation  shows  that  the  scattering  mechanism 
is  rather  efficient.  However,  the  more  intricate  question  of  how  much  infrasound  could  be  expected  in  this 
manner  from  a  real  mountain  range  is  not  investigated. 


1.  Introduction 

Every  operator  of  infrasonic  range  microbarographs 
is  familiar  with  the  phenomenon  of  mountain-associated 
sound — MAS.  It  is  an  infra-sound  signal  with  period 
between  10  and  100  s  that  emanates  from  mountainous 
locations  in  the  seasons  of  strong  local  tropospheric 
wind.  The  geo-acoustic  group  of  NOAA  has  made  an 
extensive  statistical  study  of  MAS,  and  the  interested 
reader  is  referred  to  papers  by  Greene  and  Howard 
(1975),  Bedard  (1975)  and  Larson  et  al.  (1971). 

Strong  disturbances  in  the  same  period  range  are 
commonly  observed  at  windy  mountainous  sites ;  how- 
ever, these  are  not  acoustic  disturbances  as  they  have 
horizontal  propagation  speeds  of  up  to  only  a  few  tens 
of  meters  per  second.  The  origin  of  these  low-phase- 
velocity  waves  is  unknown,  although  many  suggestions 
have  been  offered,  including  rotor  breakdown,  eddy 
shedding  at  sharp  irregularities  in  the  terrain,  and 
Kelvin-Helmholtz  generation  by  strong  low-level  wind 
shears.  Whatever,  they  are  a  well-verified  set  of  low- 
frequency  oscillations  that  may  have  amplitudes  as 
large  as  a  few  millibars.  In  this  paper  we  examine  the 
possibility  that  they  interact  with  undulations  in  the 
terrain  to  produce  the  sound  waves  recognized  great 
distances  away  as  MAS.  Of  course,  we  do  not  suggest 
that  this  is  the  sole,  or  even  major  source  of  MAS.  At 
this  stage  it  is  merely  one  that  lends  itself  to  reasonably 
clear  mathematical  analysis  and,  hopefully,  to  experi- 
mental investigation  at  some  future  date.  The  semi- 
qualitative  predictions  of  this  paper  indicate  that  the 
mechanism  is  at  least  viable. 

2.  Scattering  across  domains 

In  studying  atmospheric  disturbances  with  horizontal 
phase  velocities  of  a  few  tens  of  meters  per  second  or 


less,  one  more  often  than  not  employs  the  equations  of 
motion  for  an  incompressible  fluid.  On  the  other  hand, 
if  the  disturbance  of  interest  is  in  the  sound  domain, 
so  that  its  horizontal  phase  velocity  is  at  least  equal  to 
the  sound  speed,  the  equations  used  display  the  adia- 
batic  compressions,  but  very  often  ignore  gravitational 
stratification  and  mean  atmospheric  motions  (winds). 
Both  approaches  give  sufficiently  correct  treatment 
within  their  respective  domains,  but  it  is  necessary 
here  to  point  out  that  the  two  types  of  system  do  not 
obey  different  equations  of  motion,  as  is  sometimes 
mistakenly  imagined.  In  fact,  both  the  Kelvin-Helm- 
holtz instability  (say)  and  acoustic  noise  (say)  obey 
identical  equations.  It  is  only  when  different  approxi- 
mations are  made  in  the  two  cases  to  more  easily  obtain 
representations  of  the  solutions  that  differences  in  the 
equations  are  fabricated.  If  this  is  borne  in  mind,  then 
no  confusion  should  arise  when  we  find  low  phase 
velocity  waves  (whose  forms  are  conveniently  derived 
from  the  incompressible  equations  of  motion)  being 
scattered  into  the  acoustic  wave  domain. 

Scattering  from  the  very  low  phase  velocity  to  the 
very  high  phase  velocity  domains  is  not  particularly 
uncommon  in  geophysics.  Perhaps  the  best  formulated 
example  is  found  in  Longuet-Higgins'  (1950)  explana- 
tion of  the  storm  generation  of  microseisms. 

The  essential  mechanics  can  be  displayed  as  follows. 
Suppose  a  wave  system  A ,  characterized  by  frequency 
to  a  and  horizontal  wavenumber  KA,  interacts  with  a 
second  system  with  the  parameters  cob  and  Kb-  The 
products  of  the  interaction  will  have  frequencies 
wa±wb  and  wavenumbers  Ka±Kb-  Although  both 
I^a/K^I  and  \o3b/Kb\  may  be  very  small  compared 
with  C,  the  speed  of  sound,  one  of  the  scattered  sys- 
tem's phase  speeds,  \coa±ub/Ka±Kb\,  can  be  greater 
than  C  if  the  wavenumbers  KA  and  KB  have  almost 
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System  A~ei(^At-l<Ax)      \ 


Scattered 

System 

~ei<^At 


Fig.  1.  Schematic  showing  an  incident  wave  system  A  of  the  form  e.xp[i(w.4^  —  A'^x)]  scattering 
against  a  ridge  h{x)  to  produce  waves  with  the  same  frequency  e"""'  but  quite  different  phase 
speeds. 


the  same  magnitude.  In  the  particular  situation  to  be 
studied  in  this  paper,  system  A  is  a  component  of  the 
wind  noise  in  the  mountainous  area,  while  system  B  is 
a  Fourier  component  of  some  terrain  irregularity  (say  a 
hill  or  ridge)  at  the  air-ground  interface.  In  this  case, 
wb  is  zero  (in  the  familiar  frame  of  reference)  so  the 
scattered  waves  have  phase  speeds  | i*>a/Ka±Kb\  ■  We 
are  now  assured  of  supersonic  components  as  |  Ka  |  — > 
i  Kb  I  ,  since  no  inconvenient  cancellation  can  occur  in 
the  numerator. 

3.  The  scattering  amplitude 

We  will  now  calculate  the  strength  of  such  a  scatter- 
ing interaction  using  an  approximation  that  is  entirely 
analogous  to  that  of  linear  lee-wave  theory.  A  more 
precise  formulation  is  possible,  but  unnecessarily  com- 
plex at  this  time,  when  a  factor  of  2  or  less  is 
inconsequential. 

Fig.  1  is  a  schematic  of  the  interaction.  The  wave 
system  A,  propagating  in  the  (x,z)  plane,  satisfies  the 
ideal  boundary  condition  of  zero  normal  velocity  at  the 
mean  air-ground  interface  2  =  0.  The  wave  field  has 
velocity  components  Ux(x,z)  in  the  horizontal  and 
Uz(x,z)  in  the  vertical.  A  uniform  two-dimensional 
ridge  aligned  with  the  v  axis  provides  a  displacement 
h(x)  of  the  ground  surface  above  its  mean  plane. 

The  system  A  incident  upon  this  upthrust  produces  a 
contribution 


(V„V.),  i.e., 

V,(x,h)  —  Vx(x,h)  ta.nd=Ux(x,h)  tanB—Ua(x,h),     (1) 

where  ta.nd  =  dh/dx.  Assume  now  that  \dh/dx\m!Lx<£il 
and  that  \h\  is  much  less  than  the  vertical  wavelengths 
of  both  incident  and  scattered  fields.  The  fields  at  z  =  h 
can  be  expressed  as  expansions  about  3  =  0,  and  to  a 
satisfactory  approximation  only  the  first  contributing 
term  in  each  series  need  be  retained,  i.e., 


dh  dh  dUz(x,z) 

Vz(x,0)  -  Vs(x,0)—  »  U,(x,0) 0- 

dx  dx  dz 


h.   (2) 


It  is  seen  that  the  amplitude  of  the  scattered  field  is 
of  order  \dh/dx\  times  the  amplitude  of  the  incident 
field,  and  thus  to  first  order  in  \dh/dx\  the  term 
Vx(x,0)dh/dx  may  be  dropped,  giving 


dh     dUz(x,z)\ 
Vz(x,0)=Ux(x,0)-  h. 

dx  dz       I  z=o 


(3) 


Ux(x,h)  sind—Uz(x,k)  cos0 

to  a  flow  normal  to  this  solid  surface,  which  must  be 
balanced  by  an  equal  and  opposite  contribution  from 
a  scattered  wave   system  with   velocity  components 
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Eq.  (3)  plus  the  upper  boundary  condition  that  the 
scattered  field  must  either  approach  zero  as  z  — >  »  or 
correspond  to  an  upward  propagation  of  energy  there 
provide  two  field  constraints.  These,  applied  to  solu- 
tions of  the  linearized  equations  of  motion  for  the 
atmosphere,  completely  determine  the  scattered  fields. 

The  incident  fields  are  low  phase  velocity  waves. 
Hence  they  closely  obey  the-incompressibility  condition 

dUz(x,z)     dUt{x,z) 


dx 


dz 
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which  allows  (3)  to  be  recast  as 

dhUx(x,Q) 


dx 


Eq.  (4)  is  a  formulation  in  terms  of  velocity  compo- 
nents; but  since  observations  are  usually  made  with 
pressure  measuring  devices,  we  must  recast  the  equa- 
tion accordingly. 

Let  p{z)  be  the  density  and  W(z)  the  x  component  of 
wind,  in  the  mean  state  of  the  atmosphere.  The  x  com- 
ponent of  the  linearized  Euler  equation  relates  the 
pressure  and  velocity  fields  in  the  incident  wave  system 
through 

(d  d\ 

\dt  dx/ 

+p(z)U.(xrf—W(z)= Pi(x,z). 

dz  dx 


At  z  =  0,  U2  is  zero;  hence 


p(0) 


d  d 

-+W(z)- 

Ldl  dx_\ 


Ux(x,0)- 


dx 


-Pi(x,0). 


But  the  incident  wave  system  is  harmonic  in  t  and  x, 
i.e., 


so 


(Ux,Pj)~~  exp\_i(wAt—KAx)], 
PI(x,0)=p  (0)  [a>  JKA  -  W  (0)]  U.  (x,0) . 
Using  this  relation  in  (4)  we  obtain 
1  d 


Vt(xfi)-- 


pWluA/KA-WiOfldx 


Pi(x,0)h.      (5) 


At  this  stage  it  is  not  useful  to  attempt  a  general 
replacement  of  V z  by  the  scattered  pressure  amplitude 
P s.  The  replacement  will  be  made  later  for  each 
specific  case  studied. 

4.  The  Fourier  representation  of  the  scattered  wave 

Eq.  (5)  defines  the  scattered  wave  over  the  surface 
2  =  0.  If  we  decompose  it  into  its  Fourier  spectrum  on 
x,  and  use  the  linearized  equations  of  motion  for  each 
component,  we  can  obtain  the  full  (x,z)  space  solution. 
We  will  now  do  this,  bearing  in  mind  that  when  we  use 
the  exponential  representation  [as  in  (6)],  it  is  implied 
that  the  real  part  of  all  equations  corresponds  to  the 
real  physical  system. 

We  will  use  the  notation 


Pi(x,0)=pj  exp[i(wAt-KAx)2, 


V,(x,z)  =  - 


dkV2{z,k)e~ 


(6) 


(7) 


From  (5),   (6)  and  (7)  it  follows  that  the  Fourier 
amplitude  of  the  scattered  wave  is  given  by 


(4)      V2(0,k) 


Pi  r        d 

■- /     dxeikx—h(x)<riKAX     (8) 

p(0)Zo>a/Ka-W(0)1  ./_*  dx 


pi 


p(0)\Jua/Ka-W(P)] 


H(k-KA)     (say), 


(9) 


where  (9)  is  an  identity  defining  a  shorthand  symbol 
for  the  integral  transform  written  explicitly  in  (8). 

The  system  (8)  [or  (9)J  specifies  each  (wA,k)  com- 
ponent of  the  scattered  wave's  vertical  velocity  at  the 
ground.  Its  form  at  all  other  z  is  defined  by  the  causal 
boundary  condition  at  z  — >  co  and  the  second-order 
differential  equation  in  z  derived  from  linearization  of, 
and  elimination  between,  the  equations  of  motion  for  a 
perfect  compressible  fluid.  A  particularly  succinct  form 
of  this  equation  is  given  by  Warren  (1958).  We  do  not 
make  explicit  use  of  this  general  governing  operator, 
although  the  approximations  we  use  below  could,  of 
course,  be  derived  from  it.  It  also  follows  from  this 
representation  that  the  velocity  transform  can  be 
written  in  terms  of  the  pressure  transform. 

Thus  suppose  we  formulate  the  wave  equation  for 
the  pressure  perturbation,  and  solve  it  under  the 
correct  upper  boundary  condition  to  obtain  the  func- 
tion pr  [explicitly,  pT(z,k,UA)j.  This  function  uniquely 
defines  an  associated  vertical  velocity  field  Wt,  and  in 
particular  the  ground  level  value  wr(0,k).  But  (9) 
defines  the  required  ground  level  value,  so 


PfcM^M'M- 


V,(0,k) 


wT(0,k) 
pr    M*M        B(k- 


-KA) 


p{0)  wT(0,k)  [u>a/Ka-W(0)j 


(10) 


(11) 


Inverting  the  transform  on  k  then  gives  the  spatial 
representation  of  the  scattered  pressure  field 


Ps(x,z)-- 


dk- 


pT(z,k) 

> 

wT(0,k) 

H(k- 


Ka) 


X 


p(0)  [ua/Ka-W($>)-\ 
Scattering  into  the  atmospheric  modes 


(12) 


At  certain  values  (au,&t)  the  solution  of  the 
homogeneous  wave  equation  on  which  we  have  im- 
posed the  (causal)  upper  boundary  condition  Limz  — > 
<x>WT{z,ki)=0  also  yields  the  condition  WT(0,kl)=0. 
Two  factors  contribute  to  the  existence  of  these  modal 
solutions.  The  first  is  an  interplay  of  buoyancy  and 
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compressibility  that  allows  an  exponentially  decaying 
field  at  large  z  to  evolve  into  a  How  that  is  entirely 
parallel  to  the  ground  at  z  =  0.  Modes  of  this  character 
are  known  as  Lamb  waves.  Second,  the  vertical  struc- 
ture of  the  system  may  provide  "sound  channels"  or 
height  intervals  resembling  waveguide  ducts.  Modes 
originating  in  this  way  are  known  as  the  acoustic 
modes.  In  the  real  atmosphere  the  two  effects  can  inter- 
act strongly,  making  the  nomenclature  somewhat  arbi- 
trary in  certain  regions  of  (u,k)  space. 

Such  natural  modes  of  the  atmosphere  are  particu- 
larly important  for  two  reasons.  First  they  can  be  ob- 
served at  great  distances  from  the  source  region  where 
dispersion  and  high  altitude  dissipation  have  eliminated 
almost  all  the  non-modal  parts  of  the  signal ;  and 
second,  the  atmospheric  response  is  greatly  enhanced 
where  a  mode  exists  so  that  even  at  intermediate  dis- 
tances from  the  source  their  presence  makes  detection 
of  a  signal  much  easier.  [However,  in  and  near  the 
source  region  the  signal  cannot  display  its  modal  char- 
acteristics. See  for  example  Pierce  (1963).] 

Modes  are  most  strongly  excited  by  sources  located 
near  the  altitude  of  their  maximum  energy  density. 
This  is  also  the  height  at  which  they  are,  in  principle, 
most  easily  observed. 

Thus  in  MAS  work  modes  must  have  a  significant 
proportion  of  their  energy  in  the  lower  troposphere  to 
be  of  any  interest.  In  a  windless  isothermal  atmosphere 
the  Lamb  wave  is  the  sole  mode.  It  is  also  of  just  the 
correct  form  to  be  important  to  this  work.  However  in 
the  real,  temperature-structured  atmosphere  there  are 
numerous  further  modes.  In  particular  the  first  gravity 
mode  and  the  series  of  acoustic  modes  become  important 
at  periods  <  5  min  because  they  also  have  considerable 
strength  in  the  lowest  10  km  of  the  atmosphere.  In  fact 
these  modes  become  strongly  coupled  with  the  "iso- 
thermal" Lamb  wave,  and  in  part  assume  its  properties 
over  certain  frequency  intervals.  Francis  (1973)  de- 
scribes these  modes  in  detail,  and  even  defines  a 
"pseudo  Lamb  wave"  throughout  most  of  the  frequency 
spectrum. 

We  will  evaluate  the  modal  contributions  to  (12)  for 
two  situations :  first  the  isothermal  atmosphere  (Lamb 
wave)  model  and  then  for  the  acoustic  modes  about 
minute  periods.  The  Lamb  wave  calculation,  interpreted 
in  terms  of  Francis's  pseudo  mode,  should  be  valid  at 
the  longer  period  end  of  the  MAS  observations,  the 
acoustic  mode  calculations  in  the  middle  and  high 
frequency  range. 

At  a  value  ki  of  k  corresponding  to  a  mode,  the 
integrand  in  (12)  is  singular.  The  excitation  strength  of 
the  mode  is  taken  to  be  the  integral  over  a  very  small 
k  region  about  the  singularity.  This  is  the  (theoretical) 
amplitude  that  a  very  narrow  band  width  instrument 
tuned  to  kx  would  record  at  a  large  distance  from  the 
source  region.  Then  extracting  all  such  residues  from 
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(12)  we  obtain  the  modal  response 

pi  H(kr 

Ps{x,Z)  j  mo<ies=  ieWAt         £ 

i  all  mode.1- 


■K 


p(0)  [ua/Ka-W(0)] 


> 


ikix 


dwr(0,k) 
dk 


where  we  must  now  evaluate  the  dominant  terms  in  the 
sum. 

6.  The  Lamb  wave  excitation 

In  an  isothermal  atmosphere  the  sum  in  (13)  reduces 
to  a  single  member,  the  Lamb  wave.  From  the  paper  by 
Hines  (1960),  we  obtain 


pT(0,k)/wT(0,k)  =  iyuA(M+N)- 


l 


oja' 


-k2C 


(14) 


where  7  is  the  ratio  of  specific  heats,  A  the  atmospheric 
pressure  at  ground  level,  AT=  (1—  y/2)g/C2,  M2  =  g2[_y2  /  ^ 
-(y-l)k2Ca/wA>yCi-(,oAi/Ci-ka),  and  if  M2>0,  M 
is  chosen  positive  to  satisfy  the  upper  boundary 
condition. 

The  right-hand  side  of  (14)  has  poles  at  ±^l  =  ±wa/C, 
the  Lamb  wavenumbers.  The  residue  about  the  forward 
propagating  mode  is  then  obtained  from 


Pr(0,k) 


■dwT(0,k) 


dk 


■iyNA/C, 


(15) 


kL 


which,  with  (13),  gives 


ps(x,o: 


Lamb  wave 


=  (l-7/2) 


g       H{kL-KA) 

c  [wA/KA-W(0U  ' 

Xexp[i(a>A*— coax/c)']. 


(16) 


Eq.  (16)  is  of  the  general  form  we  set  out  to  obtain. 
It  relates  the  ground  level  pressure  perturbation  in  the 
scattered  acoustic  wave  to  the  pressure  perturbations 
pi  in  the  low-phase-velocity  wind  oscillations.  It  will 
be  valid  when  wA  allows  the  Lamb  wave  approximation. 

Before  considering  its  implications  in  more  detail,  we 
will  obtain  the  acoustic  mode  counterpart  that  holds 
at  the  higher  frequencies. 

7.  The  acoustic  mode  excitation 

For  wave  periods  <  2  min  it  is  not  realistic  to  use  the 
isothermal  model  to  obtain  the  modes  of  the  low  atmo- 
sphere. There  is  really  no  great  difficulty  in  evaluating 
(13)  for  any  given  model  of  the  atmospheric  tempera- 
ture and  wind  structure ;  modern  fast  computers  make 
calculations  of  the  modes  and  all  other  required  informa- 
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Fig.  2.  The  temperature  profile  and  two  of  its  modes  used  in  the 
calculation  of  the  response  function.  The  profile  is  derived  from 
the  1962  U.  S.  Standard  Atmosphere  up  to  45  km,  above  which 
it  is  continued  as  an  isothermal  space.  The  modes  are  for  co  =  0.2 
s_1  and  £,  =  6.24X10-"  m_1,  £2  =  6.49Xl(T4  m_1.  The  abscissa 
gives  the  vertical  component  of  velocity  of  the  mode. 

tion  a  relatively  quick  and  painless  operation.  We  have 
made  such  an  evaluation  using  a  somewhat  oversimpli- 
fied model,  which  nevertheless  will  give  as  much  ac- 
curacy as  is  needed  here.  At  periods  ^  60  s  the  modes 
that  are  important  in  MAS  are  the  A3  and  A2  or  Ai 
acoustic  modes  (using  the  notation  of  Francis  refer- 
enced above).  Since  we  are  only  interested  in  modes 
that  are  confined  to  the  lower  sound  channel,  we  use 
the  atmospheric  temperature  structure  shown  in  Fig.  2. 
It  is  based  on  the  1962  U.  S.  Standard  Atmosphere 
(Valley,  1965)  witn  the  arbitrary  continuation  of  the 
stratopause  temperature  throughout  the  space  above 
45  km  altitude.  We  have  not  included  either  wind  or 
viscosity  in  the  calculations.  The  modal  structures 
found  at  angular  frequency  0.2  s_1  are  shown  in  Fig.  2 
superimposed  over  the  temperature  profile  of  the  sound 
channel.  In  Table  1  we  list  the  values  found  for  the 
response  factors 


Ri=ipT(0,ki,o>) 


dwT(0,k,ic) 


dk 


for  a  number  of  mode  sets  (a,,&,).  These  are  to  be  used  in 
the  modal  response  formula  (13).  Comparing  the  values 
in  Table  1  with  the  response  factor  (l—y/2)g/C  found 


Table  1.  A  list  of  four  response  factors 


Ri=ipT(0,ki) 


dk 


calculated  for  modes  of  the  temperature  profile  shown  in  Fig.  2. 


j  =  0.2  s"1 

j  =  0.2  s"> 

,  =  0.1  s"1 

,  =  0.1  s"1 


£,  =  6.24X10-"  m"1 
£2  =  6.49X10-"  m-1 
£,  =  1.236X10-"  m- 
£2=  1.256X10""  m" 


Ri  =  3.5X10-'  [mks] 
#2=l.lXl(r3  [mks] 
7?,  =  7.3X10-3 
#2=2.8X10-3 


/?L,mb=(l-7/2)g/C~9X10-3  [mks] 


for  the  Lamb  wave  [Eq.  (16)],  we  see  that  there  is  no 
great  difference  in  this  instance  between  the  isothermal 
model  and  the  "real"  atmosphere. 

8.  The  terrain  factor  77 

To  obtain  a  quantitative  measure  of  the  scattering 
process  we  need  to  assign  a  value  to  the  terrain  factor 
H  that  appears  in  (15)  as 

/•*  fdh  \ 

H(k-KA)  =  /     </*«•<*-*  W iKAh\      (17) 

J-x  \dx  I 

As  an  example,  suppose  the  ridge  is  Bell-shaped 
with  a  maximum  height  hm  and  a  half-height  width  b, 
i.e., 

A(*)  =  W[l  +  (*/TO  (18) 

Then  we  find 


H{k-KA)=iirkhJ>  exp[-  |  k-kA  j 6]. 


(19) 


This  expression  maximizes  against  the  parameter  b 
for  \k  —  KA\b  =  l,  or  since  k«KA,  KAb=\.  Thus,  as 
was  to  be  expected,  this  type  of  scattering  is  most 
effective  when  the  ridge  width  is  of  the  same  order  as 
the  wave  length  of  the  incident  wave.  At  such  an 
"optimum"  ridge  we  have 


H(k  —  KA)upt=  iirh- 


k    m 
KA   e 


(20) 


Finally  we  evaluate  the  strength  of  the  mode  (a>=0.1 
s"1,  k  =  ki)  excited  by  a  wind  oscillation  with  an  associ- 
ated pressure  fluctuation  of  1  mb  incident  on  a  ridge  of 
height  of  100  m  and  optimum  width.  Eqs.  (13)  and 
(20)  with  Table  1  then  give 

Ps(z  =  0,  om=0.1  s-1,  £i=1.24Xl0-4)mode 

s*3exp[i(uAt-kix)j,     (21) 
in  microbars. 

This  pressure  amplitude  of  3  /Lib  may  be  compared 
with  the  observed  "typical"  value  of  a  1  /ib. 

9.  Discussion 

The  idealized  calculation  performed  above  bears  only 
an  indirect  and  tentative  relation  to  the  true  generation 
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problem  posed  by  wind  oscillations  in  a  mountainous 
terrain.  The  numerical  result  indicates  that  the  mecha- 
nism could  be  responsible  for  the  observed  signals,  but 
in  no  wise  guarantees  it.  A  full  treatment  of  the  problem 
requires  four  steps : 

1)  Calculation  of  the  modal  excitation  by  scattering 
of  a  wind  oscillation  against  a  three-dimensional 
obstacle. 

2)  Definition  of  the  space-time  statistics  of  the  wind 
oscillations  across  the  mountainous  area. 

3)  Definition  of  the  statistics  of  "suitable"  scattering 
obstacles  across  the  area. 

4)  Calculation  of  the  signal  strength  that  should  be 
expected  at  large  distances  from  the  area  when  the 
many  incoherent  contributions  to  a  particular  mode 
are  summed. 

Clearly  much  research  remains  to  be  done  in  this  area. 
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Infrasonic  Waves  From  Auroral  Arcs 
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The  infrasonic  bow  wave  from  a  traveling  auroral  arc  of  finite  length  is  calculated,  and  the  results  of  the 
infinite  length  approximation  are  essentially  recovered.  The  finite  length  results  in  a  distinct,  separate, 
second  trailing  pulse  that  is  weaker  than,  and  of  the  opposite  sign  from,  the  main  pressure  wave.  It  is 
shown  that  the  sign-reversed  signatures  sometimes  observed  may  be  due  to  arc  currents  that  have  strongly 
defined  trailing  ends  and  relatively  diffuse  frontal  structures. 


Introduction 

Auroral  arcs  that  move  across  the  sky  at  supersonic  speeds 
may  produce  a  detectable  infrasonic  pressure  wave  at  ground 
level.  These  signals  have  been  studied  in  some  detail  [Wilson, 
1969a,  b,  c,  1972]  with  arrays  of  microbarographs  to  record  the 
pressure  signature,  with  ali-sky  cameras  to  record  the  arc 
motion,  and  with  magnetometers  to  monitor  the  electrojet 
current. 

The  two  most  obvious  mechanisms  by  which  the  arc  can 
generate  the  acoustic  signal  in  the  neutral  atmosphere  are 
Joule  heating  and  Lorentz  coupling  in  the  electrojet  region. 
Calculations  show  that  both  of  these  sources  are  able  to  pro- 
duce ground  level  perturbations  of  the  observed  magnitude  if 
certain  assumptions  are  made  about  the  spatial  form  of  the 
electrojet  currents.  If  then  it  is  assumed  that  the  basic  mecha- 
nisms have  been  correctly  identified,  it  becomes  possible  to 
invert  the  problem  to  some  extent  and  to  use  the  pressure 
records  to  obtain  information  about  the  structure  of  the  arc 
currents. 

Thus  Chimonas  and  Peltier  [1970],  using  a  model  arc  of 
infinite  length,  found  that  if  wave  dispersion  is  neglected,  the 
pressure  pulse  is  a  direct  map  of  the  height-integrated  current 
in  the  arc.  When  Wilson  observed  that  only  equatorward 
propagating  arcs  produced  detectable  signals,  it  seemed  rea- 
sonably clear  that  only  these  arcs  had  sufficiently  sharply 
defined  electrojets  to  produce  signals  in  the  observing  window. 
Their  poleward  translating  counterparts,  although  visually 
similar  and  of  a  comparable  total  current  flow,  would  then 
have  to  contain  a  more  diffuse  current  distribution  that  re- 
sulted in  bow  waves  outside  the  detection  limits  of  the  appa- 
ratus. This  was  shown  to  be  a  reasonable  consequence  of  the 
observed  electric  field  structure  within  the  arcs,  which  could 
lead  to  a  much  greater  localization  of  the  currents  in  the 
squatorward  moving  system  [Chimonas,  1977]. 

However,  Swift  [1973]  made  calculations  for  arcs  of  finite 
length  indicating  that  end  effects  are  responsible  for  much  of 
the  observed  signal.  The  pressure  fields  that  he  obtained  are 
strikingly  different  from  those  of  the  infinitely  long  arc  system 
and  suggest  detectable  signals  from  much  broader  current 
distributions  than  are  possible  in  the  infinite  case.  To  some 
extent  this  negates  the  explanation  given  above  for  the  ob- 
served asymmetry  in  bow  wave  production.  Swift  was,  how- 
ever, able  to  explain  the  signature  of  the  pressure  observations. 
This  is  sometimes  the  negative  of  that  expected  from  the 
simpler  theory,  and  Swift  found  that  the  convolution  of  his 
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calculated  pressure  field  with  apparatus  response  would  yield 
this  result.  He  also  obtained  an  explanation  of  the  second 
pressure  pulse  that  is  sometimes  found  to  follow  the  bow  wave 
that  comes  in  at  the  predicted  time.  Wilson  has  suggested  that 
this  second  arrival  is  the  reflection  from  higher  altitudes  of  the 
upgoing  arm  of  the  primary  bow  wave,  while  Swift  obtains  it 
as  the  direct  consequence  of  the  finite  length  of  the  arc. 

In  this  paper  the  pressure  fields  expected  from  an  arc  of 
finite  length  are  reexamined.  An  analytical  argument  shows 
that  the  complexly  structured  fields  obtained  by  Swift  should 
not  be  expected,  and  this  is  confirmed  by  numerical  computa- 
tion. It  is  shown  that  the  broad  current  distributions  used  in 
his  calculations  will  not  result  in  detectable  ground  level  pres- 
sure signals  and  end  effects  are  considerably  less  dramatic. 

However,  Swift's  two  major  points  can  be  recovered  in  one 
sense  or  another.  Although  the  electrojet  scales  must  be  made 
much  smaller  to  obtain  a  detectable  signal  (recovering  the 
explanation  of  the  north-south  propagation  asymmetry  mech- 
anism), end  effects  do  produce  a  (weaker  and  well  separated) 
trailing  pulse.  Moreover,  the  signal  filtering  introduced  by  the 
apparatus  can  reverse  the  apparent  sign  of  the  pressure  signa- 
ture. 

Thus  although  the  fields  found  in  this  paper  are  radically 
different  from  those  obtained  by  Swift,  his  basic  postulates 
hold  good,  and  these  two  effects  considerably  augment  our 
understanding  of  the  bow  wave  phenomenon. 

Formulation 

We  will  follow  very  closely  the  formulation  set  up  by  Swift 
[1973].  The  only  modifications  made  are  to  use  mks  rather 
than  cgs  units,  to  drop  the  Joule  heating  term,  and  to  displace 
the  defining  coordinates  of  the  source  function.  Since  the  Joule 
heating  and  Lorentz  terms  are  related  by  a  simple  constant, 
dropping  one  of  them  affects  the  amplitude  but  not  the  form  of 
the  calculated  fields.  The  displacement  of  the  source  function 
is  a  convenience  that  slightly  simplifies  the  bookkeeping  in  the 
numerical  work  but  otherwise  has  no  significance. 

The  geometry  of  the  arc,  similar  to  that  in  Swift's  work,  is 
shown  in  Figure  I .  The  current  is  along  the  arc  axis,  is  uniform 
on  —L  <  x  <  L,  and  is  zero  outside  this  range.  Translation 
takes  place  at  constant  speed  V  (V  >  C,  the  sound  speed)  in 
the  y  direction.  Across  the  arc  the  current  is  assumed  to  be 
narrowly  confined  to  a  height  range  about  zA  and  to  have  a 
height-integrated  density  of  trapezoidal  form  in  the  y  direc- 
tion. The  pressure  field  will  be  calculated  at  the  field  point  (x, 
y,  z,  t)  =  (0,  0,  0,  /),  and  the  time  origin  is  selected  so  that  the 
leading  edge  of  the  arc  reaches  y  =  0  at  t  =  0. 
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Fig.  I.  Geometry  of  the  arc  current  showing  its  alignment,  mo- 
tion, and  finite  length.  Drawing  at  right  shows  the  y  distribution  of  the 
current  integrated  over  the  vertical  coordinate  and  the  y  derivative  of 
this  function. 


Then  from  Swift  [1973,  equation  (II)],  the  pressure  at  the 
selected  field  point  is 


b\f 


t  + 


•    (\x'2  + y'2  + z'2\-"2)~J(x',  v'  -  Vt',z')      (I) 

dy 

The  integration  over  z'  can  be  performed  by  replacing  J  by  I 
on  the  assumption  that  the  vertical  extent  of  the  current  arc  is 
very  much  less  than  the  mean  arc  height  zA.  Hence 


^t)-_Jj}flYl,ldx.dy+  . 

\n0(zA)/       4w  J  /        (x'2  +  y 


BY 


/(*',  Y) 


Y  -y'-Vt+lV/Cti. 


+  ZA2)"2 

(2) 


First  ArrivalTimes 


Equation  (2)  relates  the  pressure  at  the  observation  point  (0, 
0,  0,  /)  to  the  spatial  source  density  at  its  retarded  times.  By 
construction,  I{x',  Y)  is  zero  for  all  values  of  Y  >  0. 

Thus  no  signal  from  source  point  x\  y'  can  be  received  at  the 
observation  point  until  [/  -  Vt  +  (V/C)\x'2  +  y'2  +  z^"2] 
becomes  zero. 

Solving 


/  -  Vt  +  (V/C)\x'2  +  y'2  +  V|"2 
as  an  equation  in  y'  gives 


0 


y  = 


»*i 


Vfi  -  (^  -  l)  (x-  +  *■)]"*} 

■(s-r 

which  requires  that 

'^'  =  y|(£->)(*'°  +  v)j,/2 

Clearly,  tx>  is  the  earliest  time  that  any  source  point  with 
coordinate  x'  can  affect  the  pressure  signal  at  our  selected  field 
point. 

The  very  first  such  signal  comes  in  from  x'  =  0  at  time 


(3) 


(4) 


U  = 


1 


U  -')-■]'" 


while  the  first  signal  to  come  in  from  the  end  of  the  arc  at  x'  = 
±L  arrives  at  time 


V2 
O 


l)(^  +  z/) 


Thus  between  times  t  =  i0  and  t  =  tL  the  received  pressure 
signal  must  be  identical  with  that  from  an  arc  of  infinite  length. 
However,  consider  Figure  2.  The  upper  trace  is  the  pressure 
signal  calculated  by  Swift  for  the  finite  arc  of  the  specified 
parameters,  while  the  lower  trace  is  that  expected  from  its 
infinitely  long  counterpart  [see  Chimonas  and  Peltier,  1970; 
Swift,  1973,  appendix].  Between  the  marked  times  t0  and  tL  the 
traces  should  be  identical.  Since  they  are  not,  something  is 
seriously  amiss. 

Calculation  of  the  Pressure  Field 

Figure  I  shows  the  function  d/dY  l(x'.  Y)  for  the  trape- 
zoidal current  distribution.  There  are  four  critical  values  of  Y 
<y,,  y2,  K3,  Yt)  that  define  its  behavior.  In  formula  (2),  Y  is 
replaced  by  the  function  y'  -  Vt  +  (V/C)(x12  +  y'2  +  zA2)"2.  It 
is  therefore  necessary  to  locate  these  critical  values  in  (x\  y',  t) 
space,  and  this  is  done  through  the  equation 


y'  -  Vt  +  (V/C)(x'2  +  zA2  +  y'2)"2  =  Yc 


(?) 


for  /  =  I  through  4. 
Solving  (5)  for  y'  gives 


y'  =  \-(Vi  +  Yt)  ± 


C 


(Vt+  YJ 


■  U'2  +  zA2) 
This  is  a  real  solution  for  y'  only  if 


V2         \ 


i  2:  tz 


V        V 


(x12  +  ZA2) 


(6) 


(7) 


(Note  that  the  sign  of  the  radical  must  be  positive,  since  this 


Fig.  2.  Bow  wave  pressure  profiles.  Upper  trace  [after  Swift,  1973] 
is  for  an  arc  of  length  L  =  220  km,  speed  v  ='0.64  km/s,  and  cross- 
section  parameters  Y,  -  Y2  =  Y2  -  Y3  =  Y,  -  Y,  =  50  km  centered  at 
height  zA  =  I  10  km.  The  ambient  sound  ■speed  is  0.32  km/s.  Lower 
trace  is  that  obtained  from  the  arc  with  infinite  length  but  all  other 
parameters  unchanged.  The  time  iL  marks  the  instant  at  which  the  first 
signal  from  x  =  L  can  reach  the  observation  point. 
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corresponds  to  the  retarded  solution.  The  other  sign  corre- 
sponds to  the  advanced,  or  time-reversed,  'world.') 

The  time  tx>,t  is  the  earliest  time  at  which  the  field  point 
receives  signals  from  a  source  point  on  x'  in  the  functional 
state  \8/SY  l(x',  Y))Yl.  Thus  if  i  =  I,  it  is  the  very  first  time 
that  signals  come  in  from  distance  x';  if  i  =  2,  it  means  that 
some  point  with  coordinate  x'  has  sent  in  its  final  signal  from 
the  current  growth  stage;  and  so  forth. 

Figure  3  shows  the  evolution  of  the  retarded  source  function 
on  a  constant  x'  coordinate.  At  fixed  (x' ,  /)  the  integration  on 
y'  in  (2)  reduces  to  one,  two,  three,  or  four  integrations  of  the 
form  /,/»  dy'  [const/(x'2  +  /"  +  z*2)"2].  Standard  tables 
give  the  result 


fds 


(x'2  +  zA2  +  s*y 


=  lnU  +  (.xr'2  +  zA2  +  s2)"2] 


(8) 


However,  this  expression  must  be  interpreted  with  consid- 
erable care.  To  avoid  its  misuse,  it  is  best  to  break  the  region  of 
integration  into  domains/  >  0  and  y'  <  0  and  then  transform 
domains  on  y'  <  0  to  the  variable  y"  =  ->'.  Formula  (8)  can 
then  be  used  in  domains  with  s  >  0,  where  its  meaning  is 
unambiguous. 

With  this  precaution  the  integration  over  y'  in  (2)  is  ob- 
tained in  a  simple  if  sorrjewhat  laborious  form.  The  remaining 
integration  on  x'  is  then  performed  numerically. 

Figure  4  shows  the  result  of  these  computations  for  the  same 
parameters  used  by  Swift  in  obtaining  the  upper  trace  in 
Figure  2.  There  is  a  lack  of  similarity.  It  is  seen  that  our 
computations  do  indeed  reproduce  the  pressure  trace  of  the 
infinite  arc  systems  for  the  period  t„  <  t  <  tL  and  that  only  at 
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Fig.  3.  Illumination  of  the  source  region.  The  source  function 
f>l?  Y  /(.v\  Y)  must  be  evaluated  at  the  retarded  position  Y  =  y'  -  Vl 
+  (  V/C){x"  +  :A')'  '.  The  figure  shows  the  contributing  regions  of  r' 
space  at  a  fixed  source  coordinate  .v'.  The  determining  parameters  are 
»*>,<*-  yjV  +  K^/O  -  \)(x"  +  :A')],2/Vnnd(YP„  YN,)  =  \~Vt 
+  Y,  ±  ^/C'|(k/  +  Y,)1  -  (V*IC  -  IMx'2  +  2A2)]'  2\/(V*/C  -  I). 


Fig.  4.      Bow  wave  pressure  profile  recalculated  for  the  finite  length 
arc  given  in  Figure  2. 


later  times  is  there  any  difference  between  the  infinite  and  finite 
cases. 

Response  of  Microbarographs  to  Pressure  Pulse 

The  leading  part  of  the  trace  shown  in  Figure  4  is  an  exact 
reproduction  of  the  current  distribution  fed  into  the  model.  If 
we  had  used  a  smooth  current  profile,  as  would  be  expected  for 
a  real  arc,  instead  of  the  trapezoidal  form,  we  would  again 
have  reproduced  its  form.  The  only  time  scale  that  can  realist- 
ically be  associated  with  this  leading  pulse  is  its  duration  of  234 
s.  If  the  filters  in  microbarographs  are  optimally  matched  to 
the  signal  period,  atmospheric  pressure  oscillations  with  am- 
plitudes as  small  as  0.1  mks  (=  I  dyn/cm2)  can  be  detected. 
But  the  apparatus  used  by  Wilson  has  a  very  reduced  sensi- 
tivity at  234  s  and  so  can  only  detect  correspondingly  stronger 
signals.  However,  for  a  total  arc  current  of  I05  A  and  a  density 
amplification  factor  no(0)''2n0(zA)"2  of  3.5  X  I03  the  peak  pres- 
sure of  this  pulse  is  only  0.1  mks.  This  includes  an  additional 
factor  of  2  to  allow  for  the  wave  reflection  at  the  ground.  It  is 
safe  to  assume  that  the  entire  pulse  would  remain  undetected 
by  Wilson's  instruments. 

Detectable  Pressure  Pulses 

To  allow  the  microbarographs  to  detect  these  bow  waves,  it 
is  necessary  to  introduce  an  arc  time  scale  that  fits  more  closely 
the  apparatus  passband  of  10-100  s.  Figure  5  shows  the 
ground  level  pressure  pulse  from  an  arc  whose  width  is  one 
tenth  of  that  used  above.  As  was  previously  shown  by  Chi- 
monas and  Peltier  [1970],  such  an  a,rc  is  detectable  for  quite 
moderate  currents.  However,  note  that  the  finite  length  of  the 
arc  produces  a  trailing  pulse  some  350  s  behind  the  leading 
bow  wave. 

Signature  Reversal 

Swift  [1973]  applied  the  apparatus  passband  filter  to  his 
calculated  pressure  form  and  found  that  the  detected  signal 
could  differ  radically  from  the  true  pressure  signal.  In  this 
manner  he  found  that  the  apparatus  could  'detect'  a  pressure 
signature  of  the  opposite  sign  from  that  of  the  true  signal.  This 
is  important,  since  the  form  of  the  bow  wave  may  be  compared 


Fig.  5. 
K,  -  Yt  i 
current  of  10'  A. 
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Bow  wave  pressure  profile  like  that  in  Figure  4  but  with 
>'2  -  Y3  =   Y,  -  V,  =  5  km.  Normalization  is  to  a  total  arc 
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Chimonas:  Infrasonic  Waves  From  Auroral  Arc  s 


Fig.  6.  Hypothetical  pressure  bow  wave  and  response  to  it  of  the 
microbarographs.  The  wave  form  is  pit)  =  [1  -  tanh  (r/IO)]/[l  + 
(//I00)2],  and  the  response  is  R(t)  =  /.„'  p{r)Y(l  -  r)with  Y(s)  =  &(s) 
-  (4/tt)  {[sin  (O.lljr.v)  sin  (0.097ri)]/0.09i2)  [Swift,  1973,  equation 
(30)]. 


with  the  theoretical  predictions;  if  the  theory  cannot  even  give 
the  correct  sign  for  the  perturbation  pressure,  it  is  of  little  use. 
However,  if  it  is  the  apparatus  rather  than  the  theory  that  is 
misleading,  the  remedy  must  be  sought  in  a  more  adequate 
analysis  of  the  raw  data. 
Although  the  pressure  forms  to  which  Swift  applied  the 


filtering  appear  to  be  erroneous,  the  procedure  is  valid,  and  its 
consequences  can  be  exactly  as  he  suggested. 

Consider  the  pressure  bow  wave  shown  in  Figure  6.  It  would 
be  obtained  from  a  current  distribution  of  the  same  shape. 
There  are  two  very  different  time  scales  in  this  pulse:  a  long 
one  for  the  pressure  rise  and  a  much  shorter  one  for  the 
pressure  relaxation.  If  only  the  latter  time  scale  is  within  the 
response  range  of  the  detector,  its  output  signal  will  indicate  a 
negative  pressure  perturbation. 

This  is  shown  quantitatively  in  Figure  6,  where  the  signal  is 
convoluted  with  the  apparatus  response  function  given  by 
Swift  [1973,  equation  (30)].  If  the  noise  obscures  the  relatively 
small  positive  excursions,  the  signal  will  be  seen  with  the 
'wrong'  sign.  It  is  not  known  if  the  arc  currents  can  contain 
such  structure.  It  could  perhaps  be  even  more  complex. 
Ideally,  the  ground  level  pressure  detection  systems  would 
answer  these  questions. 
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The  Effect  of  Boundaries  on  the 
Stability  of  Inviscid  Stratified 
Shear  Flows 


The  influence  of  the  presence  and  position  of  solid  boundaries  on  the  stability  of  an  in- 
viscid,  stratified  shear  flow,  is  examined  numerically  for  the  case  of  a  hyperbolic  tangent 
velocity  profile  and  an  exponentially  decreasing  density.  The  presence  of  solid  bounda- 
ries is  shown  to  stabilize  short  wavelengths  and  destabilize  large  wavelengths.  Further- 
more, extra  unstable  modes,  not  present  in  an  infinite  domain,  are  found  for  large  wave- 
lengths, both  for  symmetric  and  asymmetric  boundaries.  Finally,  the  validity  of  the  prin- 
ciple of  exchange  of  stability  is  examined,  and  it  is  shown  to  be  unreliable  even  for  the 
case  of  symmetric  boundaries. 


Introduction 

The  stability  of  inviscid,  nonconducting,  stably  stratified  shear 
layers,  in  the  presence  of  a  gravitational  field,  has  been  investi- 
gated extensively  by  many  authors,  and  stability  criteria  have  been 
established.  For  the  case  of  the  background  flow  Uo,  varying  with 
height  z  only,  these  criteria  are  mainly  functions  of  the  back- 
ground velocity,  density,  and  their  derivatives.  The  boundary  con- 
ditions usually  imposed  are  either  radiation  conditions  for  infinite 
domains  or  zero  normal  velocity  conditions  on  impermeable 
boundaries.  Reviews  of  such  work  can  be  found  in,  among  others, 
Drazin  and  Howard  [l]1  and  Thorpe  [2]. 

Recently,  Hazel  [3|  has  obtained  stability  curves  and  selected 
growth  rates  for  a  variety  of  flow  configurations,  by  numerical 
methods.  In  particular,  one  of  the  cases  he  investigated  was  the 
flow  with  velocity  profile  given  by  t/o(z)  =  tanh  (z)  and  density 
profile  po(z)  —  Pg  exp  [  —  a  tanh  U)|,  where  a  is  a  typical  density 
measure  and  pg  the  density  at  z  =  0.  Hazel  adopted  the  Boussinesq 
approximation  and  neglected  the  inertial  terms  of  the  density 
stratification,  so  that  the  Taylor-Goldstein  equation  became  the 
governing  equation.  He  found  that  as  the  boundaries  are  moved  in 
from  infinity,  the  longer  wavelengths  are  destabilized,  while  the 
shorter  wavelengths  are  stabilized  at  a  different  rate.  The  second 
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effect  dominates  as  the  distance  between  the  boundaries  reaches  a 
certain  minimum  value,  so  that  eventually  the  flow  becomes  stable 
for  all  values  of  the  Richardson  number  and  for  all  wavelengths,  as 
was  already  shown,  theoretically,  by  Howard  [4],  Hazel's  numerical 
program  for  the  neutral  curves  could  only  operate  for  waves  with 
phase  velocity  equal  to  the  background  velocity  at  the  inflection 
point,  and  therefore  it  could  only  be  used  when  the  principle  of  ex- 
change of  stabilities  is  applicable  (see  Miles  |5|). 

Drazin  (6),  on  the  other  hand,  investigated  analytically  the  sta- 
bility of  the  same  velocity  profile,  but  with  an  exponentially  decay- 
ing background  density  and  without  solid  boundaries.  He  obtained 
an  expression  for  the  neutral  curve  separating  stable  from  unstable 
roots  in  the  Richardson  number-wave  number  plane,  based  on  the 
preliminary  assumption  that  the  principle  of  "exchange  of  stabili- 
ties" holds  for  stationary,  singular  neutral  modes.  This  is  again 
equivalent  to  restricting  one's  attention  to  waves  with  phase  veloc- 
ity equal  to  the  background  velocity  at  the  inflection  point.  As  rec- 
ognized by  Drazin  (6|  and  discussed  by  Howard  [7],  the  adoption 
of  the  principle  of  exchange  of  stabilities  in  shear  stratified  flows 
can  lead  to  neutral  curves  which  may  not  be  stability  boundaries  or 
may  result  in  overlooking  some  possible  modes. 

In  this  paper,  we  have  numerically  analyzed,  in  detail,  the  stabil- 
ity characteristics  and  the  eigenvalue  structure  of  a  hyperbolic 
tangent  shear  layer  with  an  exponential  density  profile,  i.e.,  Dra- 
zin's  profiles,  in  the  presence  of  solid  boundaries.  We  have  focused 
on  three  main  points:  the  effect  of  the  relative  position,  with  re- 
spect to  the  inflection  point  of  the  velocity,  of  the  two  solid 
boundaries;  the  effect  of  the  usually  neglected  inertial  terms;  and, 
finally,  the  validity  of  the  principle  of  the  exchange  of  stabilities 
for  the  Taylor-Goldstein  equation  (inertial  terms  neglected)  even 
when  the  boundaries  are  symmetric. 

In  the  second  section  the  governing  equations  are  derived,  and  a 
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Fig.  1     The  density  and  velocity  profiles  and  geometry  of  the  basic  flow 
(not  In  scale) 


discussion  of  the  stability  analysis  is  given,  together  with  a  brief 
description  of  the  numerical  programs  used,  while  in  the  third  sec- 
tion the  numerical  results  are  presented  and  analyzed. 

The  Stability  Equations 

Let  us  first  define  our  background  system.  We  assume  a  back- 
ground velocity  Uo(z)  and  a  background  density  poU)  of  the  form 


UoU)  =  Vtanh  (-)  lx,         po(«)  =  Po(0>  exp     -■jjl. 


(1) 


where  ii  is  the  unit  vector  in  the  x -direction.  In  terms  of  these 
quantities,  one  can  define  the  square  of  the  Brunt-Vaisala  fre- 
quency n2  and  the  Richardson  number  R,  as  follows: 


r  i  dpo   g  I 

Lpo  dz       c02l' 


R, 


(2) 


.po  az       co' J  (dUo/dz)'2 

where  Co  is  the  speed  of  sound,  and  g  is  the  acceleration  of  gravity 
acting  in  *he  negative  z -direction.  If  the  fluid  is  incompressible, 
the  second  term  in  n2  goes  to  zero.  In  the  atmosphere,  if  the  back- 
ground temperature  is  assumed  constant,  as  often  done.  cr>  is  con- 
stant and  related  to  H  by  coJ  =  ~ygH,  where  y  is  the  ratio  of  specif- 
ic heats.  In  any  case,  since  we  demand  that  the  fluid  is  stably  strat- 
ified, n2  will  be  taken  as  a  positive  constant  in  the  following  treat- 
ment. 

To  examine  the  stability  of  the  system  to  infinitesimal  distur- 
bances, we  write  each  dependent  variable  as  the  sum  of  a  back- 
ground quantity  and  a  perturbation,  denoted  by  a  suffix  zero  and 
one,  respectively.  The  basic  flow  quantities  are  constant  or  func- 
tions of  z  only.  The  background  vertical  component  of  velocity  is 
set  equal  to  zero.  Assuming  that  the  perturbations  are  small  with 
respect  to  the  background  quantities,  we  can  write  the  linearized 
equations  of  motion  in  the  Boussinesq  approximation  as  follows: 


d  dUa  api 

Po  — "i  +  po- —  u>i  + 

dt  dz  ,ix 


0 


d  r>P\ 

Po  —  Wl  + +  gpi 

dt  az 


—  Pi Po^i 

dt  g 

a  a 

—  ui  H —  wi  = 

ax  az 


=  0 


(3) 


(4) 


(5) 


(6) 


where  U\,  ui\,  p\,  and  p\  are  the  perturbations  of  the  horizontal  ve- 
locity, vertical  velocity,  pressure  and  density,  respectively,  and 


dldt  =  a/at  +  Uoa/ax. 


(7) 


Equations  (3)  and  (4)  are  the  equations  of  conservation  of  horizon- 
tal and  vertical  momentum,  respectively;  equation  (5)  expresses 


■  -  F,Z.  -  F2ZC 

■  -  F ,ZC  +  F2Z.  ■■ 


0, 


0, 


(HI 


the  condition  of  incompressibility,  and  equation  (6)  is  the  equation 
of  continuity. 

The  system  of  equations  (3)-(6)  is  linear  in  the  four  unknowns 
Ui,  Pi.  pi,  and  w\.  Assuming  a  plane-wave  type  of  solution  in  x  and 
t,  and  eliminating  m,  P\.  and  pi  in  favor  of  w\,  we  obtain  the  fol- 
lowing equations: 

d*Z, 
dy 
d*Zc 

dy 

where,  for  convenience  in  the  numerical  analysis,  we  choose  to 
work  in  the  real  domain,  so  that 

u>i(x.z.O  »  fxTm  <?""' [Zc iy)  cos  (*,i  -  wrt ) 

+  Z,(y)  sin  (kxx  -  vrt)].     (9) 

The  horizontal  wave  number  fe,  =  2a-/X,  is  assumed  real,  and  uv 
and  a),  are  the  real  and  imaginary  parts,  respectively,  of  the  fre- 
quency of  oscillation.  In  (8),  Fi  and  F2  are  given  by 

cr*2  —  ct2      r d2uo        duo~\   cr. 


l«T 


|n|H 


%J- 


|0|2      dy 


dy2  dy  J  |  Q| : 

dy2  dy  J 


and 


y  =  z/h  =  normalized  height  coordinate 

a  =  hkx  —  normalized  horizontal  wave  number 

cr  =  u,/hx  V.  c,  =  iAi,/kIV  =  real  and  imaginary  part  of  the  nor- 
malized frequency  of  oscillation 

Cre  =  cr  —  uo  =  real  part  of  the  normalized  Doppler  frequency 

Q  —  cre  +  <Ci  =  normalized  Doppler  frequency 

a  =  h/H  =  ratio  of  the  length  scale  of  velocity  to  that  of  density 

"oly)  =  Uo(y)/V  =  normalized  background  velocity 

J  =  i^h2/^/2  =  value  of  the  Richardson  number  at  y  =  0,  which 
is  also  the  minimum  Richardson  number  in  the  flow  domain. 

Except  for  Zc  and  Zs  which  are  the  two  parts  of  the  vertical  veloci- 
ty scaled  with  respect  to  the  square  root  of  the  background  densi- 
ty, all  the  other  variables  in  (8)  are  nondimensional.  Since  we 
choose  h  as  the  characteristic  scale  for  length  and  V  for  velocity, 
the  normalized  background  velocity  and  the  local  Richardson 
number  become 


uoCy)  =  tanh  (y), 


Ft,  m  J/(du0/dy)2. 


(12) 


Now  R,  =  J  at  y  =  0  and  R,  >  J  everywhere  else,  so  that  J  is  the 
most  useful  parameter  in  the  stability  analysis:  unstable  solutions 
will  exist  only  in  the  range  0  <  J  <  %,  as  required  by  the  Miles- 
Howard  theorem  (8,  9|,  and  its  extension  to  compressible  fluids 
(Chimonas  [10|).  If  J  >  V4,  the  flow  is  stable.  The  parameter  a  is  a 
measure  of  the  height  dependence  of  the  density  in  the  inertial 
term  of  the  momentum  equation.  It  gives  rise  to  various  contribu- 
tions in  (8),  which  we  shall  henceforth  call  inertial  terms.  They  are 
often  neglected  on  the  ground  that  density  variations  across  the 
whole  shear  layer  are  usually  small.  We  retain  the  terms  multiply- 
ing a  because  they  appear  to  have  some  effect  on  the  position  of 
the  critical  level  in  the  flow,  and  hence  on  the  phase  velocity  of  the 
waves.  The  critical  level  is  defined  as  that  level  where  the  horizon- 
tal phase  velocity  of  the  disturbance  is  equal  to  the  background 
wind  at  that  level. 

The  stability  analysis  inquires  into  the  set  of  eigenvalues  wr  and 
uii,  for  given  k,,  for  which  equations  (8)  admit  nontrivial  solutions 
satisfying  the  usual  boundary  conditions  on  the  solid  boundaries, 
located  at  z  =  z,  and  z  =  z/,  i.e., 


Zc  •  Z,  ■  0  at  z  "  z,  and  z  =  z/, 


(13) 


with  the  origin  of  the  z-axis  at  the  inflexion  point  of  the  velocity 
profile. 

The  two  coupled  second-order  differential  equations  (8)  in  the 
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two  unknowns,  Zc  and  Z,,  are  of  course  equivalent  to  the  single 
second-order  differential  equation  in  the  unknown  complex  ampli- 
tude of  the  vertical  velocity  used  by  Drazin:  the  boundary  condi- 
tions differ  since  w\  =  0  at  finite  distances  rather  than  at  infinity 
as  in  Drazin's  case.  We  wish  to  solve  (8)  numerically  and  obtain 
growth  rates  and  phase  velocities  for  the  range  of  parameters  a 
and  </,  where  the  system  is  unstable,  as  well  as  the  family  of  neu- 
tral modes  for  which  c,  =  0,  since  the  neutral  stability  boundary 
would  be  composed  of  such  modes.  A  brief  description  of  the  nu- 
merical programs  utilized  follows: 

(I)  Program  for  Unstable  Waves.  In  order  to  determine 
growth  rates,  a  point  in  the  (a,J)  plane  is  specified.  For  some  as- 
sumed values  of  cr  and  c;,  equations  (8)  are  integrated  from  the 
lower  to  the  top  boundaries,  located  at  y,  =  zjh  and  y/  =  Zf/h,  re- 
spectively. If  the  boundary  conditions  at  the  top  are  satisfied,  the 
assumed  values  of  c  are  accepted  as  eigenvalues;  otherwise,  the 
whole  process  is  repeated  with  new  guesses  for  cr  and  c,.  The  new 
guesses  are  provided  by  a  root-finding  subroutine.  The  integration 
routine  used  is  the  one  of  Bulirsch  and  Stoer  [11|  which  yields  con- 
sistently reliable  results  in  our  study.  For  a  brief  comparison  of 
this  technique  to  other  integration  routines,  see  Acton  [12|  and 
Hull,  et  al.  [13].  We  consider  growth  rates  c,  that  are  less  than  10-5 
to  be  zero.  No  convergence  problems  have  been  encountered  for 
the  entire  (a,J)  plane. 

(ii)  Program  for  Neutral  Curves.  When  c,  =  0,  equations 
(8)  reduce  to  just  one  second-order  differential  equation  in  Z,  say, 
satisfying  the  boundary  conditions  (13).  The  equation  is  singular 
at  the  critical  level  yc  where  ft  =  0.  For  assumed  values  of  yc  and  J, 
starting  from  both  boundaries,  we  integrate  numerically  to  within 
a  small  but  finite  distance  ym,  0  <  ym  «  1,  from  yc.  If  yc  and  J  are 
indeed  eigenvalues,  the  two  solutions  above  and  below  yc  can  be 
matched  to  the  Frobenius  expansion  about  yc  (see  Ince  (14]).  Oth- 
erwise, new  values  of  y,  and  J  are  assumed,  and  the  process  is  re- 
peated. This  program  differs  from  Hazel's  program  for  neutral 
waves  in  that  it  does  not  a  priori  assume  the  phase  velocities  of 
these  waves  to  be  zero,  but  rather  searches  for  the  correct  value  of 
cr  appropriate  to  the  eigenvalue  problem. 

Although  no  insurmountable  difficulties  were  encountered  in 
the  program  for  the  neutral  curves,  we  would  like  to  point  out  that: 

1  When  Rc  was  very  close  to  0.25,  very  small  steps  in  a  were 
needed  to  derive  the  neutral  curve. 

2  Some  convergence  problems  did  arise  as  J  —  0  and  a  —■ 
aiu,  i.e.,  toward  the  right-hand  corners  of  the  first  modes. 

3  The  results  are  somewhat  sensitive  to  the  choice  of  y„,  espe- 
cially the  values  of  yc  and  hence  cr.  For  this  reason,  the  calcula- 
tions were  carried  out  retaining  the  first  three  terms  of  the  Froben- 
ius expansion.  This  also  resulted  in  smaller  computing  times  since 
values  of  >m  as  large  as  0.0 1  could  be  used. 

4  Some  minor  difficulties  of  convergence  were  encountered 
along  the  nearly  vertical  portions  of  the  neutral  curves  for  the 
higher  modes. 

5  For  y/  =  30  and  y,  =  -30,  some  convergence  problems  oc- 
curred for  a  sufficiently  large. 

All  calculations  were  carried  out  with  at  least  four  decimal 
points  accuracy.  The  agreement  between  the  results  obtained  with 
the  two  programs  is  excellent;  indeed  the  unstable  modes  end  on 
the  neutral  curves  as  can  be  seen  from  the  figures. 

Discussion  of  the  Results 

To  investigate  the  effect  of  the  boundaries,  two  cases  have  been 
considered.  One  is  that  in  which  the  distance  between  the  bounda- 
ries has  been  varied,  keeping  their  position  symmetric  with  respect 
to  y  •  0,  which  corresponds  to  the  point  of  inflection  of  the  veloci- 
ty profile.  The  second  case  is  that  in  which  the  distance  of  the 
boundaries  is  varied  asymmetrically. 

In  presenting  the  results  of  the  neutral  curves,  we  have  plotted  J 
and  A<  as  a  function  of  the  normalized  horizontal  wave  number  a. 
Although  from  the  knowledge  of  yc  and  J ,  one  can  derive  Rr,  and 
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Fig.  2  Mode  I  stability  characteristics  for  y,  -  —2,  y,  =  2,  a  =  0.1;  (a)  J 
(solid  lines),  Rc  (dashed-dottad  lines)  and  corresponding  c,  (dashed  lines) 
as  a  function  of  a  tot  the  neutral  curve.  The  solid  line  labeled  "Drazin's 
case"  corresponds  to  a  =  0,  //  —  —  to  and  y,  —  =>.  (6)  act  (solid  lines) 
and  c,  (dashed  lines)  versus  or  for  three  different  values  of  the  parameter 
J,  for  unstable  modes. 


vice  versa,  we  have  plotted  both  quantities,  since  Rc  is  the  quanti- 
ty which  is  physically  more  important,  while  J  is  the  one  that  is 
known  a  priori  from  the  assigned  values  of  the  background  quan- 
tities n2,  h,  and  V.  On  the  same  graph  of  the  neutral  curves,  we 
have  plotted  the  normalized  Doppler  frequency  cr,  from  which  yc 
can  be  obtained  in  a  straightforward  fashion. 

For  the  unstable  modes,  we  plot  cr  and  aci  =  /i<i>,7V;  the  normal- 
ized growth  rate,  versus  a,  for  given  J. 

In  carrying  out  the  analysis,  we  have  taken  the  view  that  h,  the 
normalizing  length,  is  constant  and  the  same  for  all  figures.  If  the 
inertial  terms  are  neglected,  variations  of  J  =  nrhvV*  imply 
changes  in  the  ratio  n/V;  that  is,  in  the  ratio  of  the  static  stability 
parameter  to  the  total  jump  in  velocity.  If,  on  the  other  hand,  the 
terms  multiplying  a  =  hlH  are  retained,  one  has  two  main  choices: 
if  a  is  taken  to  be  constant,  H  and  therefore  n  must  be  regarded  as 
constant,  and  variations  in  J  must  be  attributed  to  variations  in  V; 
if  V  is  taken  to  be  a  constant,  then  a  is  proportional  to  J  so  that  a 
change  in  J  would  imply  a  change  in  a.  We  have  carried  out  the 
calculations  for  a  =  0.1,  constant,  although  the  other  choice  is 
equally  valid  and  presents  no  complications.  In  analyzing  the  re- 
sults, one  can  take  an  alternate  view:  consider  z,  and  z/  given,  and 
vary  h  from  case  to  case  as  y,  and  y/  change,  but  keep  h  constant 
in  each  case.  If  the  inertial  terms  are  neglected,  no  other  adjust- 
ment is  necessary;  otherwise,  n2  must  be  changed  from  case  to  case 
so  as  to  keep  a  =  0.1. 

Common  features  of  the  symmetric  and  nonsymmetric  bounda- 
ries appear  to  be  the  following:  (a)  For  the  distance  between 
boundaries  larger  than  some  minimum  value,  there  exists  a  mode, 
which  we  shall  call  mode  I,  that  in  the  limit  of  each  boundary  going 
to  infinity  tends  to  the  mode  found  by  Drazin;  (6)  For  intermedi- 
ate distances  of  the  boundaries,  other  modes  appear  in  the  upper 
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Fig.  3  (*)  Stability  boundaries  tor  different  modes,  lor  y,  =  —10,  y,  =  10, 
a  «  0.1.  Solid  lines  are  plots  ol  the  Richardson  number  Rc  at  the  critical 
level  <ersus  a.  The  dashed  line,  which  merges  Into  mode  I,  corresponds  to 
Drazbi't  case,  (o)  The  same  as  in  (a),  but  tor  //  =  —2,  y,  =  10.  a  =  0.1. 


left  corner  of  the  (a,J)  plane;  (c)  The  critical  levels  are  not  at  the 
origin,  even  for  the  case  of  symmetric  boundaries. 

Let  us  now  comment  on  the  various  effects  separately. 

(i)  Effect  of  Boundaries  on  the  Smaller  Wavelengths. 
Only  mode  I  contains  short  wavelengths.  These,  as  in  the  case  con- 
sidered by  Hazel,  for  given  J,  are  more  stable  than  they  would  be  if 
the  domain  were  infinite.  The  right-hand  branch  of  the  neutral 
curves  moves  to  the  left  of  the  infinite  case  considered  by  Drazin. 
The  effect  is  entirely  due  to  the  boundaries,  since  the  role  of  the 
inertial  terms  on  the  neutral  curves  is  negligible  at  these  wave- 
lengths. This  effect  can  be  seen  very  well  in  Fig.  2(a).  It  disappears 
for  y,  *  —10  and  y/  =  10  (Fig.  3(a)),  but  is  still  present,  although 
somewhat  reduced,  for  the  asymmetric  case  y,  =  —2,  y/  =  10  (Fig. 
3(6)). 

(ii)  Effect  of  Boundaries  on  the  Longer  Wavelengths: 
Mode  I.  The  longer  wavelengths  are  destabilized  since  the  left- 
hand  branch  of  the  neutral  curves  rises  above  the  infinite  case. 
Here  again  the  main  cause  is  the  boundaries  and  not  the  inertial 
effects.  In  Fig.  2(a)  one  can  see  that  the  intersection  of  the  neutral 
curve  with  the  a  =  0  axis  has  moved  up  to  almost  J  =  0.25  from  J 
■  0  for  the  infinite  case.  This  effect  is  still  present,  although  re- 
duced, for  y,  =  —10  and  >y  =  10  (Fig.  3(a)),  while  it  is  very  large 
fory;  -  -2,y,=  10  (Fig.  3(b)). 

(ill)  Effect  of  Boundaries  on  the  Longer  Wavelengths:  Ad- 
ditional Modes.  Perhaps  the  most  interesting  result  of  these  cal- 
culations is  the  appearance  of  other  modes  in  the  upper  left  part  of 
the  (a,J)  plane  (Fig.  3).  In  view  of  these  new  modes,  it  appears  that 
there  are  situations  for  which  waves  with  long  wavelengths  can  be 
excited  for  values  of  J  that  are  not  available  to  mode  I,  For  given 
«/,  the  maximum  growth  rates  of  the  additional  modes  are  smaller 
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Fig.  4     Neutral  curves  and  growth  rates  as  in  Fig  2,  I.e.,  mode  I,  but  with  y, 
=  -10  and  y,  =  10 


than  those  of  mode  I;  the  corresponding  horizontal  wavelengths, 
though,  are  very  different  and,  depending  on  the  generation  mech- 
anism and  other  factors,  they  may  be  excited  together  with,  or  in- 
stead of,  mode  I.  Such  a  case  has  been  reported  by  Reed  and 
Hardy  [15],  who  observed  waves  of  15-20  and  1.6  kilometers,  creat- 
ed by  a  shear  layer  in  the  atmosphere. 

(iv)  Effect  of  Asymmetry  in  the  Boundaries.  As  clearly  il- 
lustrated by  Fig.  3,  the  effect  of  asymmetry  is  substantial  on  the 
neutral  curves  giving  Rc  versus  a.  Comparing  Fig  4(a)  with  6(a), 
however,  one  can  see  a  much  smaller  effect  on  the  curves  giving  J 
versus  a,  for  mode  I.  This  is  due  to  the  substantial  changes  in  the 
position  of  the  critical  levels,  and  hence  of  the  phase  velocities  of 
the  disturbances,  brought  about  by  the  asymmetry  of  the  bounda- 
ries. Stronger  changes  are  introduced  as  far  as  the  second  and 
third  modes  are  concerned  For  example,  the  third  mode,  which  is 
present  for  y,  =  -10,  y/  =  10,  disappears  for  y,  =  -2,  y/  =  10.  We 
will  return  to  this  point  later. 

(v)  Effect  of  the  Inertial  Terms  and  the  Principle  of  Ex- 
change of  Stabilities.  The  main  effect  of  the  presence  ol  the  in- 
ertial terms  is  on  the  location  of  the  critical  level  w  and  hence  on 
the  value  of  cr  for  neutral  waves.  For  the  case  of  symmetric 
boundaries  at  y,  =  -10  and  y/  =  10  as  an  example,  the  critical 
level  for  modes  I  and  III  would  go  to  zero  if  a  -»  0.  The  phase  ve- 
locity cr  of  the  neutral  waves  of  mode  II,  though,  remains  nonzero 
as  a  —  0.  Thus  this  mode  would  have  been  overlooked  if  the  prin- 
ciple of  exchange  of  stabilities  had  been  invoked,  even  in  this  case 
of  symmetrically  located  boundaries.  For  the  unstable  waves,  the 
exclusion  of  the  inertial  terms  affects  mostly  the  additional  modes 
by  increasing  their  growth  rates  slightly  The  neutral  curves  in  the 
(or.J)  planes  are  affected  somewhat  tor  small  values  of  <r  only  No 
uniform  pattern  in  the  change  ot  the  stability  regions  brought 
about  by  a  —  0  can  be  established;  this  is  not  surprising  in  view  of 
the  fact  that  changes  in  both  directions  have  been  previously  re- 
ported (Menkes  [16],  Maslowe  and  Kelly  |17|). 
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Similar  considerations  hold  for  the  case  of  asymmetrically  locat- 
ed boundaries.  Here,  though,  no  neutral  curves  have  critical  levels 
at  y  =  0,  even  when  a  —  0 

We  conclude  this  section  with  a  brief  discussion  of  what  happens 
to  each  mode  when,  for  given  a,  we  change  y,  and/or  y/  by  small 
steps.  For  y,  =  -2  and  y/  =  2,  mode  I  is  the  only  one  present.  As 
the  distance  between  the  boundaries  is  reduced,  the  unstable  re- 
gion in  the  ia.J)  plane  shrinks  and  disappears  entirely  near  — y,  = 
y/  ■  1.1997,  which  is  the  value  derived  theoretically  by  Howard  [4|. 
If,  on  the  other  hand,  the  distance  between  the  boundaries  is  in- 
creased from  y,  =  —2  and  y/  =  2,  symmetrically  or  not,  the  neutral 
curves  and  growth  rates  for  mode  I  shown  in  Figs.  4  and  6  are 
reached  in  a  continuous  fashion 

Similar  behavior  is  observed  for  modes  II  and  III,  as  well  as  for 
any  others.  For  symmetric  boundaries,  modes  II  and  III  disappear 
for  — y,  =  y/  about  5.38  and  8.33,  respectively.  When  the  bounda- 
ries are  asymmetric,  the  behavior  is  the  same,  so  that,  for  example, 
withy,  =  —2  mode  II  would  disappear  for  vy  less  than  about  8.13. 

For  even  larger  values  of  |y,|  and  y/,  other  modes  appeared  with 
yet  smaller  growth  rates.  The  possibility  of  one  extra  mode  in  the 
limit  of  an  unbounded  system  was  discussed  by  Drazin  and  How- 
ard (1)  and  indeed  found  very  recently  by  Blumen,  et  al.  [18],  for  a 
fully  compressible  but  homogeneous  shear  layer. 

Finally,  it  should  be  recognized  that,  although  we  have  carried 
out  a  systematic  search  for  the  neutral  and  the  unstable  modes, 
additional  modes,  with  even  smaller  growth  rates,  most  likely 
exist.  An  infinite  number  of  unstable  modes  was  indeed  found,  in 
the  long  wavelength  limit,  by  I. alas,  et  al.  [19],  for  a  Kelvin-Helm- 
holtz  profile  bounded  below  by  the  ground. 

Conclusions 

We  have  presented  a  detailed  analysis  of  the  stability  character- 
iatica  of  a  background  flow  with  a  hyperbolic  tangent  velocity  pro- 
file, an  exponentially  decaying  density,  and  solid  boundaries  locat- 
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ed  symmetrically  and  asymmetrically  with  respect  to  the  inflection 
point.  It  is  found  that  the  presence  of  solid  boundaries  at  finite 
distances  stabilizes  somewhat  the  shorter  wavelengths  and  desta- 
bilizes substantially  the  long  wavelengths.  A  modal  structure  ap- 
pears which  is  present  even  in  the  limit  of  a  — »  0.  The  asymmetry 
of  the  boundaries  substantially  changes  the  position  of  the  critical 
level  and  so  do  the  inertial  terms.  The  extra  modes,  which  corre- 
spond to  large  horizontal  wavelengths,  are  likely  to  be  excited  at 
relatively  large  values  of  the  Richardson  number,  a  situation  of 
particular  interest  to  atmospheric  flows,  where  there  is  mounting 
evidence  of  gravity  waves  in  the  troposphere  with  horizontal  wave- 
lengths of  the  order  of  a  few  hundred  kilometers  that  propagate 
over  distances  of  several  wavelengths  (Uccellini  |20|).  For  such 
waves  to  be  unstable,  at  least  initially,  so  as  to  enhance  their  abili- 
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ty  to  overcome  dissipative  effects  and  often  destructive  interac- 
tions, if  they  were  corresponding  to  mode  I,  they  would  require 
very  small  Richardson  numbers,  which  are  unlikely  to  be  found  in 
the  atmosphere.  To  the  extent  that  a  flow  between  solid  bounda- 
ries is  a  good  representation  of  an  atmospheric  tlow,  as  is  often  as- 
sumed (see,  for  example,  the  recent  work  by  Tanaka  [21]),  the 
extra  modes  described  in  this  paper  could  give  a  possible  explana- 
tion for  such  phenomena. 
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INFRASOUND  FROM  CONVECTIVE  STORMS,  PART  II: 
A  CRITIQUE  OF  SOURCE  CANDIDATES 

T.  M.  Georges 

I  critically  examine  several  acoustic  radiation  mechanisms  that  have 
been  suggested  to  explain  the  ultra-low-frequency  emissions  from  certain  severe 
thunderstorms  that  are  observed  on  the  ground  and  in  the  ionosphere.  The 
candidates  are:  (a)   simple  acoustic  sources  (monopole,  dipole)  related  to 
the  expansion  of  heated  storm  air  and  to  the  storm-scale  circulation  pattern; 
(b)  the  random  acoustic  noise  from  "turbulent"  motions  inside  storms;  (c) 
low-frequency  thunder,  i.e.,  the  radiation  from  lightning  discharges  or 
electrostatic  relaxation  inside  storms;  (d)  vortex  sound,  the  radiation 
from  several  kinds  of  unsteady  vorticity  or  the  interaction  of  multiple-vortex 
systems;  and  (e)  thermo-mechanical  oscillations  driven  by  the  interaction 
between  latent-heat  release  and  the  storm's  updraft.  Each  mechanism  is 
evaluated  for  realism  in  terms  of  actual  storm  processes,  and  the  predicted 
acoustic  power  and  its  spectral  content  are  compared  with  those  required  by 
acoustic  measurements.  The  mechanism  most  consistent  with  the  observations 
appears  to  be  a  form  of  vortex  radiation,  in  which  instabilities  and, 
ultimately,  multiple  vortices  form  about  the  periphery  of  a  larger,  mesoscale 
vortex,  and  radiate  narrow-band  sound  as  they  spin  about  a  common  axis. 
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Refraction  of  infrasound  by  upper-atmospheric  winds 

T.  M.  Georges 

Wave  Propagation  Laboratory,  NOAA  Environmental  Research  Laboratories,  Boulder,  Colorado  80302 

William  H.  Beasley 

Department  of  Electrical  Engineering,  University  of  Florida,  Gainesville,  Florida  32611 
(Received  17  May  1976;  revised  24  September  1976) 

We  used  realistic  models  of  upper-atmosphenc  winds  in  a  three-dimensional  acoustic  ray-tracing  program 
to  calculate  how  much  wind  refraction  alters  acoustic  transit  speed  and  azimuth  of  arrival  for  long-distance 
paths.  Transit  speed  varied  by  20%  or  more,  and  bearing  deviations  of  up  to  ten  degrees  were  found, 
depending  on  the  season  and  on  the  direction  the  waves  travel.  On  the  average,  the  predicted  seasonal 
trends  corresponded  to  osbervations,  but  the  calculated  standard  deviations  exceed  the  mean  seasonal 
values,  making  simple  corrections  useless  in  individual  cases.  Furthermore,  it  is  doubtful  that  variations  of 
horizontally  uniform  winds  alone  can  account  for  the  large  observed  variability  in  refractive  effects, 
specifically  the  large  differences  in  bearing  error  at  adjacent  observatories.  We  show  that  realistic  horizontal 
gradients  of  either  temperature  or  wind  could  cause  as  much  azimuthal  refraction  as  our  height-dependent 
wind  models. 

PACS  numbers:  43.28.Dm,  43.28.Fp 


INTRODUCTION 

Audible  sound  is  so  strongly  absorbed  by  atmospher- 
ic viscosity  that  propagation  to  distances  greater 
than  a  few  tens  of  kilometers  is  seldom  observed,  and 
then  only  in  cases  of  very  large  explosive  sources. 
(The  explosion  of  Krakatoa  in  1883  was  reportedly 
heard  16  000  km  away  in  Texas  as  the  sound  of  a  dis- 
tantcannon.)1  But,  because  the  classical  coefficient 
of  absorption  is  proportional  to  the  square  of  the  wave 
frequency,8  infrasound,  especially  waves  whose  fre- 
quencies are  less  than  about  1  Hz,  can  travel  global 
distances  relatively  unattenuated.    (Krakatoa's  pres- 
sure waves  were  recorded  on  barographs  after  several 
circuits  around  the  earth. 3) 

Acoustic  waves  that  travel  so  far  are  subject  to  sig- 
nificant refraction  by  the  atmosphere's  wind  and  tem- 
perature structure.    The  principal  refractive  effects 
are  caused  by  the  atmosphere's  vertical  temperature 
structure;  waves  launched  at  elevation  angles  (from 
horizontal)  less  than  about  60°  are  bent  back  to  earth 
by  positive  temperature  gradients  near  30-  and  100- 
km  altitudes  (Fig.  1).    This  well-known  effect  allows 
acoustic  waves  to  bounce  back  and  forth  between  the 
ground  and  the  upper  atmosphere  and  thus  to  travel 
great  distances  along  the  earth's  surface. 

Upper-atmospheric  winds  also  refract  the  acoustic 
ray  paths:    The  wind  component  along  the  path  changes 
the  waves'  effective  phase  velocity  and  thus  alters  the 
ray-path  geometry.    The  wind  component  transverse 
to  the  path  changes  the  azimuthal  direction  the  waves 
travel.    High-altitude  winds  have  a  greater  effect  on 
acoustic  propagation  than  those  at  lower  altitudes  for 
two  reasons:    High-altitude  winds  tend  to  be  stronger, 
and  the  acoustic  waves  spend  more  time  at  the  greater 
heights  than  near  the  ground  (Fig.  1). 

In  the  study  of  infrasound  from  natural  and  artificial 
sources,  we  often  try  to  locate  the  source  and  estimate 
the  time  of  the  emissions  by  looking  back  in  the  di- 
rection the  waves  appear  to  come  from;  if  bearings 


can  be  measured  at  two  or  more  observatories,   tri- 
angulation  on  the  source  is  possible. 

A  potential  application  of  improved  refractive  cor- 
rections would  be  in  the  location  of  the  sources  of 
severe-storm  infrasound  emissions,  which  might  be 
useful  for  storm  warning,   tracking,  and  diagnosis . " 
If  bearings  cannot  be  corrected  for  wind  refraction, 
then  it  appears  that  storms  cannot  be  located  better 
than  within  about  100  km. 

I.    SUMMARY  OF  PREVIOUS  WORK 

Measurements  of  infrasonic  waves  from  natural  and 
manmade  explosions  have  shown  that  bearing  errors 
of  up  to  6°  are  common  and  that  much  larger  deviations 
are  occasionally  observed. 7,°    Based  on  such  observa- 


100  200  300 

Ground  Range  (km) 

FIG.  1.    A  set  of  acoustic  ray  paths  launched  at  a  height  of  10 
km  in  a  still  atmosphere  with  a  Standard-Atmosphere  tempera- 
ture profile.      Three  groups  of  rays, are  evident:   those  which 
enter  the  thermosphere  and  never  return  to  earth,  those  which 
reflect  in  the  thermosphere,  and  those  which  reflect  in  the 
meeosphere. 
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FIG.  2.    A  time-height  cross  section  of  the  zonal  wind  between 
30°  and  40°  latitudes.    Speed  contours  are  labeled  in  msec,  with 
positive  values  indicating  an  eastward  flow  (from  Batten,40). 
Our  models  correspond  to  midsummer  and  midwinter,  but  this 
figure  illustrates  the  seasonal  transition  between  the  two  ex- 
tremes. 


tions,  simple  empirical  bearing  corrections  have  been 
devised,  which  taken  into  account  the  season  of  the  year 
(because  upper-atmospheric  winds  exhibit  seasonal 
variations)  and  the  direction  the  sound  travels.     Even 
though  these  corrections  have  apparently  never  been 
published,  various  forms  seem  to  be  widely  known  and 
used  in  the  infrasonic  research  community. 

For  example,  one  simple  model  says,  that,  at  mid- 
latitudes,   the  mesospheric  winds  (which  exert  the 
dominant  effect)  blow  eastward  during  the  winter  and 
westward  during  the  summer,   so  that  a  correction  for 
the  angle  of  arrival  takes  the  form 


9  =  90-69  cos60, 


(1) 


where  90  is  the  true  bearing  (in  degrees  east  of  north) 
of  the  source  from  the  observer,   9  is  the  bearing  from 
which  the  sound  appears  to  come  (n  plus  the  wave-nor- 
mal direction),  and  69  is  a  constant  whose  magnitude 
is  typically  about  3°  or  4°.    The  sign  of  60  is  positive 
during  the  summer  and  negative  during  the  winter,   to 
account  for  the  seasonal  zonal-wind  reversal  (Fig.  2). 
For  example,  a  wave  from  a  source  at  45°  bearing 
would  arrive  from  about  42.5°in  the  summer  and  from 
about  47. 5°  in  the  winter. 

Wind-induced  fluctuations  in  wave  transit  speed  are 
also  commonly  observed.    But  we  are  not  concerned 
here  with  the  part  of  those  fluctuations  that  is  caused 
by  the  Intrinsic  dispersive  properties  of  low-frequency 
acoustic- gravity  waves.    Such  effects  are  best  modeled 
by  normal-mode  analysis.4   We  are  concerned  instead 
with  the  part  that  operates  on  nondispersive  acoustic 
waves  and  is  caused  by  alteration  of  the  effective  sound 
speed  and  the  ray-path  geometry  by  atmospheric  winds. 
In  practice,  simple  empirical  (but  unpublished)  formu- 
las, based  on  measurements  from  known  explosive 
sources,  are  used.    Such  a  formula  might  be 

V=Ko  +  6Vsin0o,  (2) 

where,  typically,   V0  =  300  msec"1  and  6V=15  msec"1 
(Ret.  5);   6V  has  a  positive  sign  in  summer  and  a  nega- 
tive sign  In  winter.    The  waves  in  the  example  given 
earlier  would  thus  have  average  transit  speeds  of  311 
and  289  msec"1. 


In  practice,   using  formulas  like  Eqs.  (1)  and  (2) 
tends  to  reduce  the  mean  error  of  a  large  number  of 
measurements,   but  the  observed  error  variance  seems 
too  large  to  make  the  corrections  useful  in  individual 
cases.    Therefore,  we  wanted  to  see  if  we  could  improve 
upon  (or  at  least  lend  physical  support  to)  the  empirical 
corrections  by  calculating  what  the  refractive  effects 
should  be  for  the  best  existing  models  of  the  atmospher- 
ic wind  and  temperature  fields.      We  also  wanted 
to  find  out  whether  realistic  variations  of  a  horizon- 
tally uniform  wind  model  could  account  for  the  vari- 
ability of  the  refractive  effects  and  for  the  occasional 
extreme  bearing  deviations,    if  not,   then  the  effects  of 
horizontal  wind  and  temperature  structure  would  have 
to  be  examined. 

In  searching  the  literature  for  previous  theoretical 
work  on  wind-induced  bearing  and  transit-speed  vari- 
ations, we  found  very  little  of  direct  relevance. 

The  effects  of  wind  on  acoustic  propagation  were 
recognized  by  Lord  Rayleigh, 9  who  demonstrated  that 
a  uniform  wind  translates  spherical  wavefronts  undis- 
torted  at  the  wind  speed.    The  geometry  of  such  a  model 
yields,   to  first  order  in  u/c,  an  effective  wave  transit 
speed  of  c  +  u  costf>  and  an  angle  between  the  true  and 
apparent  source  directions  of  sin"1  [(u/c)  sine/)],  where 
c  is  the  sound  speed  in  still  air,   u  is  the  wind  speed, 
and  0  is  the  angle  between  the  wind  and  the  wave  nor- 
mal. 

Practically  no  refinements  of  Rayleigh' s  model  have 
been  attempted  for  estimating  bearing  deviations 
caused  by  nonuniform  transverse  winds.    Diamond, 10 
for  example,  used  the  approximation  tan$  -  u/c  to  es- 
timate the  effects  of  cross  winds  on  the  angle  of  ar- 
rival of  sound  waves  from  explosions  at  about  32-km 
altitude.    To  account  for  the  observed  height  variability 
of  the  winds,   he  used  a  model  in  which  winds  were  con- 
stant within  layers  5000  ft  thick,  and  added  the  suitably 
weighted  contributions  of  each  layer  to  get  the  total 
bearing  deviation. 

The  effects  of  the  global  wind  structure  on  the  di- 
rections of  arrival  of  acoustic -gravity  waves  from  nu- 
clear explosions  have  been  carefully  studied,  but  to  the 
best  of  our  knowledge,  only  empirical  models  have  been 
constructed.    The  details  of  these  models  are  not  yet 
available  In  the  unclassified  literature. 

Numerical  methods  for  calculating  the  effects  of 
realistic  winds  on  acoustic  energy  distribution  in  the 
atmosphere  have  included  ray  tracing  (geometrical 
acoustics)  and  normal-mode  analysis,  which  is  better 
suited  to  modeling  some  aspects  of  long-distance 
propagation  of  very-low-frequency  acoustic  and  acous- 
tic-gravity waves. 

Several  authors  have  incorporated  transverse  and/ 
or  longitudinal  winds  into  waveguide -mode  analyses  to 
predict  the  wind-induced  changes  in  acoustic  intensity, 
the  frequency  dispersion,  and  the  spectral  content  of 
waves  that  travel  global  distances. 5,ll-u   The  wind 
models  are  generally  crude  and  limited  in  height,   how- 
ever, and,  although  mode  transit  time  is  predicted, 
azimuth  deviations  are  not. 
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Rothwell15  Incorporated  winds  into  an  early  ray-trac- 
ing procedure,   in  which  atmospheric  wind  and  tempera- 
ture profiles  were  represented  by  layers  in  which  wind 
and  sound  speed  varied  linearly  with  height.     He  ne- 
glected cross  winds  and  applied  it  only  to  the  atmo- 
sphere up  to  3500  m.    A  number  of  authors  have  since 
reported  numerical  computations  of  acoustic  ray  paths 
and  signal  amplitudes  in  temperature-  and  wind-strati- 
fied atmospheres,  16~21  but  the  effects  of  cross  winds 
(lateral  deviation)  were  always  neglected.    Pierce41 
introduced  a  computational  method  for  including  cross- 
wind  effects  into  the  ray-tracing  equations,   but  no 
results  using  realistic  atmospheric  wind  models  have 
been  published.    Georges22  developed  a  flexible,   three- 
dimensional  acoustic-gravity-wave  ray-tracing  pro- 
gram using  a  Hamiltonian  formulation  in  spherical 
(earth- centered)  coordinates.    It  computes  and  displays 
three-dimensional  acoustic -gravity  ray  paths,  and 
allows  three-dimensional  wind  and  temperature  fields. 
This  is  the  program  we  used  to  calculate  the  results  of 
this  paper. 

II.  WIND  AND  TEMPERATURE  MODELS 

We  used  a  single  height  profile  of  atmospheric  tem- 
perature and  five  different  wind  models;   two  represent 
seasonal  midlatitude  averages  and  the  other  three  are 
estimates  of  extreme  variations,   based  on  observed 
standard  deviations  (Fig.  3).    The  standard  deviations 
are  applied  to  the  summer-wind  model  only,  but  they 
are  applied  in  three  ways  that  are  intended  to  repre- 
sent extreme  wind  conditions.    The  notations  "2a  Shift 
East"  and  "2a  Shift  West"  mean  that  the  mean  wind 
profile  is  shifted  eastward  (or  westward)  by  an  amount 
equal  to  twice  the  standard  deviation  of  the  wind  speed 
at  each  height.    The  notation   "2a  Magnitude"  means  that 
the  mean  profile  is  increased  in  magnitude  by  an  amount 
equal  to  twice  the  standard  deviation  of  the  wind  speed 
at  each  height.    This  creates  a  profile  with  extreme 
shear.    After  examining  a  large  number  of  winter-wind 
profiles,  we  concluded  that  the  winds  are  much  more 
variable  in  winter  than  in  summer.    Therefore,   we  did 
not  attempt  to  construct  2cr  winter  profiles.    The  wind 
models  used  in  the  ray  tracing  are  Fourier  series  fits 
to  measurements  made  by  Essenwanger  and  Dudel, 23 
Groves, "  Kantor  and  Cole, 25  Kohl  and  King, 26  Grin- 
gorten  et  al. ,  "  Mitchell. 28  Amayenc, 29  Elford, 30 
Kantor, S1  and  several  measurements  cited  by  Murga- 
troyd  etal.32   The  temperature  model  is  an  analytic 
fit  to  the  1962  U.  S.  Standard  Atmosphere.33 

III.  THE  CALCULATED  REFRACTIVE  EFFECTS 

We  calculated  acoustic  ray  paths  for  various  eleva- 
tion angles  from  a  source  on  the  ground,   using  each  of 
the  wind  models,   and  we  recorded  the  bearing  devi- 
ations and  transit-speed  variations  in  each  case. 

The  effects  of  the  two  seasonal-mean  wind  models 
on  ray  geometry  are  shown  in  Fig.  4.    To  represent 
rays  that  converge  on  a  receiver  from  different  ranges, 
source  heights  and  elevation  angles,  we  calculated 
these  ray  paths  through  a  wind  model  in  which  wind 
direction  is  reversed  compared  with  reality.    Changing 


the  wind  direction  has  the  effect  of  reversing  time  and 
allows  us  to  compute  the  ray  paths  terminating  at  a 
single  receiver.    Notice  that  when  the  infrasound 
travels  with  the  wind  (eastward  in  winter,   westward  in 
summer),   most  of  the  wave  energy  is  concentrated  in 
the  troposphere  and  stratosphere  (i.e.,  below  about 
30-km  altitude),   as  indicated  by  the  ray-density  plots. 
The  height  where  the  rays  are  bent  back  towards  the 
ground  also  changes  with  ray  orientation.     This  could 
influence  the  amount  of  absorption  upwind  compared  with 
downwind;   for  example,   Donn  and  Rind21,34  have  in- 
voked this  absorption  difference  to  infer  upper- atmo- 
spheric winds  using  microbaroms.    Ray  density  and  ab- 
sorption both  contribute  to  the  field  strength  on  the 
ground. 

Another  confirmation  of  upwind  versus  downwind 
propagation  effects  comes  from  observations  of  severe- 
storm  infrasound  from  the  Midwestern  U.  S.  at  Boulder, 
Colorado,  and  Washington,  D.  C.35    Even  though  severe 
storms  apparently  radiate  throughout  the  spring  and 
summer,   infrasound  is  seldom  observed  in  Boulder  be- 
fore mid-May  or  in  Washington,   D.  C,  after  mid-May, 
when  the  mesospheric  winds  usually  reverse  direc- 
tion (Fig.  2). 

The  calculated  bearing  deviations  and  transit-speed 
variations  are  shown  for  the  summer-mean  and  winter- 
mean  models  in  Figs.  5(a)-5(d).    (Similar  plots  are 
available  for  the  other  three  wind  models,  but  are 
not  shown  here  in  the  interest  of  brevity. )    They  are 
plotted  in  the  plane  azimuth  of  arrival  versus  elevation 
angle  of  arrival  (from  horizontal).    This  format  is 
useful  if  elevation  and  azimuth  are  both  measured,   but 
unfortunately,   they  frequently  are  not.    A  format  giving 
the  deviations  explicitly  as  a  function  of  ground  range 
would  be  more  useful,  but,   as  the  ray  plots  of  Fig.  4 
show,  ground  range  is  a  complicated  and  multivalued 
functionof  elevation  angle.    For  very  long-distance 
propagation  at  infrasonic  frequencies,   attenuation  is 
lowest  for  the  low-elevation-angle  rays  (because  their 
total  path  length  is  shorter  and  because  the  kinematic 
viscosity  of  the  atmosphere  is  lower  at  the  lower 
heights),   so  that  only  the  deviation  results  for  less  than 
about  10°  or  20°  elevation  angle  concern  us.     For  dis- 
tances shorter  than  a  few  hundred  kilometers,   approxi- 
mate relations  between  range  and  elevation  angle  can 
be  derived  from  ray  plots. 

Bearing  deviations  for  all  five  wind  models  are  shown 
versus  azimuth,   for  0°  efevation  angle,   in  Fig.  6.    The 
corresponding  plot  for  transit  speed  is  shown  in  Fig.  7. 
The  winter-mean  results  tend  to  validate  the  sinusoidal 
form  of  the  empirical  formulas  [Eqs.  (l)and(2)],  but  the 
magnitude  of  60  should  be  about  8°;   oV  should  be  about 
50  msec"1,   and  V0  should  be  275  msec"1.    The  summer- 
mean  and  2a-magnitude  models  predict  very  small 
bearing  deviations  (usually  less  than  1°),   but  the  2cr- 
shifted  summer-wind  models  predict  maximum  devi- 
ations of  opposite  sign,  with  60  -  ±6".    If  the  2a  bear- 
ing deviations  really  are  ±6°,   then  it  would  appear 
useless  to  consider  models  to  correct  individual  bear- 
ings.   Because  wintertime  winds  seem  to  be  much  more 
variable  than  those  in  summer,  even  larger  2<r  bearing 
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FIG.  3.    Models  of  the  atmospheric  wind  and  temperature  fields 
we  used  in  the  ray -tracing  program. 


deviations  might  be  expected  during  winter.    Refraction 
always  appears  to  be  small  for  eastward  and  westward 
propagation,   however,   making  those  bearing  measure- 
ments more  reliable,  regardless  of  season. 

Unfortunately,  very  few  accurate  measurements  of 
bearing  deviation  or  transit  speed  exist  for  known 
sources  at  midlatitudes.    Therefore,  we  can't  decide 
whether  the  empirical  formulas  or  the  ray-tracing  re- 


sults are  more  accurate.    Another  difficulty  is  that  the 
calculations  shown  in  Figs.  6  and  7  are  for  0°  eleva- 
tion angle.    We  sometimes  observe  azimuth  deviations 
from  a  given  source  that  vary  by  several  degrees  over 
a  time  of  a  few  minutes. 7   This  could  be  explained  from 
a  ray  viewpoint  as  the  successive  arrival  of  energy 
from  different  elevation  angles  over  ray  paths  that  traverse 
different  parts  of  the  atmosphere,  specifically  rays  that 
reach  different  altitudes.    (See  Fig.  4,  for  example. ) 
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Summer  Mean  Winds 


FIG.  4.    Acoustic  ray  paths  projected 
onto  vertical  north— south  and  east— west 
planes,  for  the  winter-  and  summer- 
mean  wind  models.    These  ray  paths 
differ  from  the  usual  representation,  in 
that  the  receiver  is  located  at  the  center 
of  each  plot,  where  the  rays  converge, 
and  the  rays  travel  toward  the  center  as 
though  they  were  radiated  from  sources 
distributed  along  the  ground.     The  ef- 
fect is  to  show  where   in  the  atmosphere 
an  acoustic  sensor  is  "looking"  under 
various  wind  conditions.     The  paths  were 
calculated  with  a  wind  field  u'(z)  =—u(z), 
where  ulz)  is  the  model  of  the  actual 
winds.    The  rays  arrive  at  the  receiver 
from  elevation  angles  spaced  every  5" 
between  0°  and  45°. 
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IV.   ARE  HORIZONTAL  GRADIENTS  IMPORTANT? 

Our  wind  and  temperature  models  depend  only  on 
height,  even  though  we  know  that  both  wind  and  tem- 
perature actually  do  exhibit  horizontal  structure.    But 
our  knowledge  of  the  horizontal  variability  of  the  at- 


mosphere is  still  inadequate  to  permit  us  to  construct 
representative  models,   even  though  our  ray-tracing 
program  could  handle  them. 

It  is  possible  that  horizontal  gradients  cause  most 
of  the  observed  refraction.    To  appreciate  this  possi- 
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bility,  consider  the  acoustic  ray  bending  caused  by 
simple  linear  gradients  of  wind  U  and  sound  speed  C 
(which  is  proportional  to  the  square -root  of  the  tem- 
perature T).    In  each  case,   the  acoustic  ray  paths  are 
circular  arcs  (to  first  order  in  U/C  and  AC/C)  whose 
radii  of  curvature  k  are  proportional  to  the  respective 
gradients 


K  =  C~ldC/dx=(2TYldT/dx 
for  temperature  gradient  dT/dx,  and 
K  =  C'ldUjdx 


(3) 


(4) 


for  a  wind  shear  dUy/dx.    A  circular  ray  traveling  a 
distance  D  bends  through  an  angle  8  =  kD.    Let  us  ask 
what  wind  or  temperature  gradients  would  cause  a  1° 
bend  over  a  distance  D  of  1000  km.    The  required  tem- 
perature gradient  is 


dT/dx  =  2T9/D 


(5) 


The  required  wind  shear  is 


or  10.  5°K  in  1000  km 

dUjdx  =  Ce/D 

or  5.9  msec"1  in  1000  km.    Even  our  limited  knowledge 
of  the  real  atmosphere36  suggests  that  horizontal  gra- 
dients of  at  least  these  magnitudes  would  be  common, 
and  that  gradients  five  times  as  large  would  not  be  ex- 
ceptional. 

It  is  not  uncommon  to  observe  widely  differing  bear- 
ing deviations  at  two  nearby  observatories  on  the  same 
signal  from  a  distant  source.    For  example,   two 
Colorado  observatories  only  about  50  km  apart  recorded 
infrasound  from  a  Chinese  nuclear  test,  whose  arrival 
directions  differed  by  6°.    This  could  be  explained  only 
by  horizontal  refractive-index  gradients.    Calculations 
by  Georges37  show,  for  example,   that  atmospheric  vor- 
tices of  even  moderate  intensity  can  cause  substantial 
angular  ray  deviations,  and  that  the  deviations  change 
rapidly  depending  on  whether  rays  pass  through  the 
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FIG.  6.    Bearing  deviation  versus  azimuth  for  all  five  wind 
models. 
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FIG.  7.    Average  transit  speed,  versus  azimuth,  for  all  five 
wind  models. 


vortex  center  or  its  periphery.    Furthermore,  obser- 
vations of  such  waves'   spatial  coherence38  tend  to  con- 
firm Gossard's  prediction39  that  horizontal  inhomo- 
geneities  in  refractive  index  produce  a  loss  of  wave 
coherence,  both  along  the  wavefronts  (caused  by  waves 
at  a  given  frequency  arriving  from  a  small  range  of 
directions)  and  in  the  direction  the  waves  travel  (caused 
by  refractive  fluctuations  in  phase  velocity). 

V.   CONCLUSIONS 

Simple  formulas  for  bearing  corrections  and  transit- 
speed  variations  are  probably  useless  because  standard 
deviations  far  exceeding  the  mean  occur.    Further- 
more,  horizontal  refractive -index  gradients  could 
easily  cause  as  much  bearing  deviation  as  the  vari- 
ations predicted  by  our  horizontally  stratified  models. 
Discrepancies  in  bearing  errors  and  loss  of  wave  co- 
herence measured  at  adjacent  infrasound  observatories 
suggest  the  importance  of  horizontal  structure. 
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8.1     PROLOCUE 

The  outstanding  structural  feature  of  all  planetary  atmo- 
spheres is  their  effectively  exponential  density  decrease 
with  height  under  the  action  of  gravity.  In  the  earth's 
atmosphere,  the  density  decreases  by  12  orders  of  mag- 
nitude between  the  Surface  and  the  base  of  the  exosphere. 
As  we  have  seen  in  previous  chapters,  this  enormous 
variation  of  density  with  height  and  the  changes  in  com- 
position associated  with  it  combine  to  produce  an  atmo- 
spheric photochemistry  correspondingly  rich  in  variety. 
The  qualitative  nature  of  the  photochemistry  presents  a 
different  aspect  with  every  change  in  altitude  of  a  scale 
height  or  so,  and  the  chemistry  as  a  whole  changes  from 
an  essentially  neutral  regime  in  the  lower  atmosphere  to  a 
plasma  regime  in  the  magnetosphere.  Thus  die  upper 
atmosphere  presents  us  with  a  sophisticated  photo- 
chemistry and  plasma-physics  laboratory,  available  to  us 
to  the  extent  that  we  are  able  to  probe  and  monitor  it 
using  in  situ  sensors  on  rocket  or  satellite  platforms  or 
ground-  and  satellite-based  remote-sensing  devices  such 
as    ionosondes,    radars,    lidars,    radiometers,    and    spec- 


trometers. In  recent  years,  our  utilization  of  this  labora- 
tory has  become  increasingly  active.  We  are  now  able  to 
modify  a  number  of  upper  atmospheric  processes — 
stimulating  artificial  airglow  and  aurora  and  heating  the 
ionospheric  plasma  in  controlled  ways. 

But  the  upper  atmosphere  is  more  than  a  laboratory, 
serves  as  a  shield,  protecting  us  from  the  harsh  partick 
and  radiative  environment  of  the  interplanetary  medioa.. 
In  recent  years,  we  have  come  to  learn  that  this  shiek5  L 
possibly  more  fragile,  more  vulnerable  to  man's  depreda- 
tions than  we  had  previously  supposed.  Because  our 
understanding  of  the  processes  sustaining  this  shield  and 
our  impact  upon  it  is  so  fragmentary,  the  photochemistry 
and  plasma  physics  of  the  upper  atmosphere  are  now 
urgent  problems  that  we  must  face. 

As  the  earlier  chapters  of  this  volume  serve  to  indicate, 
the  complexity  of  these  problems  would  severely  tax  our 
modeling  capabilities  for  some  time  to  come  even  if  the 
atmosphere  were  stationary.  In  fact,  however,  the  air  is  in 
a  pronounced  state  of  motion,  ranging  in  scale  from  circu- 
lations that  are  truly  global  to  turbulent  eddies  that  may 
be  only  centimeters  in  dimension.  The  result  is  that  the 
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continuity  equations  describing  the  photochemistry  and 
plasma  physics  of  both  major  and  minor  atmospheric 
constituents  must  contain  divergence  or  transport  terms 
associated  with  these  motions.  For  example,  any  model  of 
the  ozone  balance  of  the  upper  atmosphere,  to  be  com- 
plete, must  incorporate  or  parameterize  stratospheric 
dynamics,  as  indicated  in  Chapters  9  and  10.  Similarly,  if 
we  are  to  understand  the  effects  on  high-frequency 
radiowave  propagation  of  phenomena  such  as  traveling 
ionospheric  disturbances  and  ionospheric  storms,  we 
must  include  dynamical  processes  in  the  models. 

Thus  the  subject  of  atmospheric  dynamics  forms  a  large 
part  of  this  study,  being  considered  explicitly  or  im- 
plicitly in  every  chapter.  Other  chapters  treat  the  electri- 
cally neutral  atmospheric  dynamics  in  its  largest  and 
smallest  aspects — from  the  global  circulations  engen- 
dered by  nonuniform  heating  (Chapter  3)  to  the  turbulent 
motions  producing  local  transport  and  diffusion,  as  well 
as  an  energy  cascade  into  molecular  dissipation  (Chapters 
7  and  9) — and  the  plasma  dynamics  involved  in  the  in- 
teraction between  the  charged  particles  of  the  upper 
atmosphere  and  the  earth's  magnetic  field  (Chapters  1,  2, 
and  5).  But  we  observe  that  the  large-scale  circulations 
account  for  only  part  of  the  transport  in  the  upper  atmo- 
sphere. We  find  similarly  that  small-scale,  turbulent  mo- 
tions do  not  account  for  the  rest.  The  remainder — an 
important  fraction — occurs  as  a  result  of  neutral  atmo- 
spheric motions  on  six  orders  of  magnitude  of  inter- 
mediate scale — motions  between  a  few  meters  and  a  few 
thousand  kilometers  in  spatial  dimension  and  having 
temporal  scales  between  a  few  seconds  and  several  days. 

It  happens  that  most  of  the  atmospheric  motions  on 
these  scales  can  be  interpreted  as  wavelike  in  nature.  The 
time  series  they  display  on  various  records  are  often 
nearly  sinusoidal.  They  exhibit  a  high  degree  of  spatial 
correlation.  They  propagate  with  well-defined  phase  and 
group  speeds  that  appear  to  exhibit  appropriate  disper- 
sion. The  study  of  these  wave  motions  is  thus  attractive 
from  two  points  of  view.  On  the  one  hand,  the  waves 
appear  to  be  an  important  part  of  the  dynamics  of  the 
upper  atmosphere,  contributing  significantly  to  the  trans- 
port processes  that  occur  there.  On  the  other,  a  wide 
variety  of  mathematical  tools  are  available  for  analyzing 
atmospheric  wave  motions;  the  wave  approach  to  the 
study  of  atmospheric  dynamics  has  consistently  proven  to 
be  a  powerful  one.  In  this  chapter  we  present  in  broad 
oudine  a  summary  of  the  progress  of  this  subject  and  its 
prospects  for  the  future. 

In  general,  wave  motions  involve  an  interchange  of 
energy  of  various  forms — kinetic,  internal,  electromag- 
netic, and  gravitational  potential,  for  example.  Because  the 
earth's  upper  atmosphere  provides  a  wide  variety  of  forms 
of  energy  storage,  it  sustains  a  rich  spectrum  of  wave 
motions  of  different  types,  including  at  various  ends  of  the 
spectrum  hydromagnetic  waves,  inertial  oscillations, 
acoustic  waves,  and  the  like.  However,  the  observation- 
ally  important  wave  motions  of  the  electrically  neutral 
upper  atmosphere  fall  for  the  most  part  into  one  of  the 


three  dominant  classes — the  Rossby-planetary  waves,  the 
tides,  and  the  gravity  waves.  In  this  chapter  we  shall 
describe  briefly  the  physical  characteristics  basic  to  each 
of  these  three  wave  types,  the  various  complicating  fac- 
tors affecting  their  propagation  in  the  real  atmosphere, 
and  the  processes  governing  their  generation  and  dissipa- 
tion. In  addition  to  the  wave  kinematics,  we  consider 
wave  dynamics,  which  plays  a  greater  role  in  atmospheric 
physics  than  most  people  realize.  One  of  the  striking 
features  of  geophysical  fluid  dynamics  is  that  wave  mo- 
tions are  so  often  nearly  monochromatic.  All  of  us  have 
often  seen  displayed,  either  on  the  ocean  surface  or  in 
clouds,  patterns  revealing  wavefront  after  wavefront, 
evenly  spaced  so  that  the  wave  nature  of  the  phenomenon 
leaps  out  at  us  in  a  way  that  would  not  be  nearly  so 
apparent  if  the  wave  spectrum  were  fairly  broad  and  all 
we  saw  was  the  chaotic  superposition  of  many  waves.  An 
example  is  shown  in  Figure  8.1,  which  shows  wave  mo- 
tions on  two  scales  modulating  noctilucent  clouds  at 
85-km  altitude — the  height  of  the  mesopause.  With  exam- 
ples such  as  this  before  us,  and  with  the  mathematics  of 
linear  monochromatic  plane  waves  being  relatively  sim- 
ple and  straightforward,  it  is  no  wonder  that  theorists 
have  found  the  interpretation  of  such  events  so  tempting. 
But  it  turns  out  that  atmospheric  wave  motions  are  much 
more  than  a  mere  curiosity  of  the  atmospheric  motion 
field;  because  waves  so  effectively  transport  momentum 
and  energy  without  requiring  a  concomitant  mass  trans- 
port, they  are  dynamically  quite  important,  even  when 
they  are  of  relatively  small  amplitude.  In  the  troposphere, 
planetary  waves  provide  significant  meridional  transports 
of  momentum  and  energy,  while  gravity  waves  produce 
corresponding  vertical  transports  of  these  quantities.  The 
effect  of  these  transports  is  to  produce  a  global  climate 
that  is  much  more  temperate  than  it  would  otherwise  be. 
In  the  upper  atmosphere,  analogous  processes  are  at  work 
but  with  greater  intensity.  Because  the  waves  propagate 


FIGURE  8.1     Noctilucent  clouds  at  the  mesopause  revealing 
wave  motions  (after  Witt,  1962). 
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their  energy  upward  into  regions  of  lesser  density,  con- 
servation of  energy  requires  that  the  wave  amplitude 
increase  to  compensate.  The  effect  is  so  extreme  that 
while  lower  atmospheric  wave  energy  fluxes  are  small 
compared  with  solar  radiative  energy  fluxes,  in  the  upper 
atmosphere  the  dynamical  and  radiative  fluxes  can  be  of 
comparable  magnitude;  more  is  said  about  this  effect  in 
Section  8.5. 

The  decrease  in  atmospheric  density  with  height  af- 
fects the  wave  dynamics,  and  indeed  the  fundamental 
structure  of  the  upper  atmosphere,  in  yet  another  way, 
through  the  associated  increase  in  atmospheric  kinematic 
viscosity  (inversely  proportional  to  the  density)  with 
height.  Just  above  the  tropopause  this  viscosity  is  small  in 
the  sense  that  the  observed  atmospheric  motions  can  be 
considered  inviscid  to  good  approximation,  not  only  are 
the  motions  inviscid,  but  they  tend  to  engender  turbu- 
lence and  concomitant  mixing.  Turbulent,  or  eddy,  vis- 
cosity is  orders  of  magnitude  larger  than  its  molecular 
analog;  the  latter  plays  a  negligible  role  in  the  observable 
dynamics.  However,  molecular  kinematic  viscosity  in- 
creases steadily  with  height;  at  100  km,  it  is  some  six 
orders  of  magnitude  greater  than  its  surface  value.  Not  far 
above  this  altitude,  turbulence  can  no  longer  be  main- 
tained; turbulent  mixing  ceases,  and  the  different  atmo- 
spheric constituents  diffusively  separate  according  to 
their  molecular  weights  (Chapters  3  and  7).  At  the  same 
time,  the  atmospheric  motions  become  increasingly  sub- 
ject to  viscous  dissipation.  For  the  same  reason,  the  time 
constants  for  radiative  transitions  eventually  become 
shorter  than  the  collision  times  for  the  particles  involved, 
so  that  the  atmosphere  can  no  longer  be  considered  in 


local  thermodynamic  equilibrium.  Similarly,  the  increas- 
ing relative  plasma  density  introduces  a  new  dimension 
to  the  fluid  motion.  Thus  the  same  density  decrease  that 
causes  the  upper  atmosphere  to  present  us  with  a  richly 
varied  photochemistry  and  plasma-physics  laboratory 
provides  a  diversity  of  fluid-dynamics  regimes,  ranging 
from  inviscid  and  turbulent  to  laminar  and  from  electri- 
cally neutral  to  plasma,  for  our  scrutiny. 


8.2     ROSSBY-PLANETARY  WAVES,  TIDES, 
AND  GRAVITY  WAVES 

The  upper  atmosphere  supports  a  wide  variety  of  oscilla- 
tions and  wave  modes,  ranging  on  the  large-scale  end 
from  the  quasi-biennial  oscillation  of  the  tropical  upper 
atmosphere  and  the  atmospheric  semiannual  oscillation 
through  Rossby-planetary  waves  and  the  tides  to  inertia! 
oscillations,  gravity  waves,  and  acoustic  waves  with 
periods  of  a  few  seconds  at  the  smallest  scale.  The  most 
important  of  these  from  a  fluid-dynamical  standpoint  are 
the  Rossby-planetary  waves,  the  tides,  and  the  gravity 
waves.  These  motions  are,  of  course,  implicit  in,  and 
represent  solutions  to  specialized  forms  of,  the  equations 
of  motion  for  the  upper  atmospheric  fluid.  One  form  of 
these  equations  is  given  in  Table  8.1  (for  a  complete  and 
thorough  development  of  the  equations  the  interested 
reader  is  referred  to  Batchelor,  1967),  they  are  simple  in 
appearance  but  complex  in  implication.  Three  of  these 
equations  (one  vector  equation  and  two  scalar  equations) 
express  conservation  of  momentum,  energy,  and  matter, 
respectively;  these  are  prognostic,  in  the  sense  that  they 


TABLE  8.1     Equations  of  Motion 


p  —  +  p(uV)u  +  2pflt  x  u  =  -  Vp  +  pg  +  p.[VHi  +  V(V  u)/3]  +pF 
dt 


de 
dt 


+  (u-V)e 


dp 


dp- 

0 

at 

+  V-7pu)  =o 


■p(u-V)p-'  +  «  +  pV-<Krvr)+y 


p  =  PRT 

p  "density 

u  "  velocity 
ft*  "  earth's  angular  rotation  vector 

p  ■  pressure 

g  ■  acceleration  of  gravity 

p.  ■  coefficient  of  viscosity 

F  "body  force/unit  mass  (e.g.,  Lorentz  force,  solar,  lunar  gravitational  forces) 

e  ■  internal  energy/unit  mass 

<£"rate  of  mechanical  energy  dissipation/unit  mass  due  to  viscosity 
Kr  ■  thermal  conductivity 

J  "heat  input/unit  mass  (e.g.,  radiation  transfer,  chemical  reactions,  water-phase  transformations)' 

R  "atmospheric  specific  gas  constant 

T  ■  temperature 
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predict  evolutions  of  the  system  resulting  from  its  present 
state.  The  fourth — an  equation  of  state — is  diagnostic,  in 
that  it  only  states  a  necessary  constraint  relating  instan- 
taneous values  of  the  system  pressure,  density,  and  tem- 
perature; for  most  purposes  the  ideal  gas  law  suffices. 
Together  with  the  appropriate  boundary  conditions,  these 
equations  are  capable  of  describing  the  whole  of  atmo- 
spheric dynamics  (exceptions  arise-  in  those  cases  for 
which  the  dynamics  of  each  of  the  atmospheric  con- 
stituents is  substantially  different,  as  is  the  case  with  ions 
and  neutrals;  then  separate  sets  of  equations  mvist  be 
written  for  each  constituent).  This  comprehensiveness 
may  be  welcome  in  some  respects,  but  it  is  most  unwel- 
come in  others,  in  that  solution  of  the  equations  in  their 
fullest  generality  requires  more  initial  information  than 
we  are  able  to  provide  and  would  yield  more  information 
than  we  could  assimilate.  Thus  the  science  of  atmo- 
spheric dynamics  involves  a  search  for  simplifications 
and  idealizations  to  these  equations  and  their  boundary 
and  initial  conditions  that  drastically  reduce  the  amount 
of  input  required  and  output  retained  while  reproducing 
the  essential  features  of  the  particular  phenomena  of 
interest. 

A  major  source  of  such  simplification  derives  from  the 
fact  that  the  different  terms  in  the  ecjuations  depend  in 
different  ways  on  spatial  and  temporal  derivatives  of  the 
pressure,  density,  temperature,  and  velocity  fields.  The 
result  is  that  the  different  terms  of  the  equation  may  or 
may  not  be  important  to  a  given  phenomenon,  depending 
on  its  spatial  and  temporal  scales.  It  is  for  this  reason  that 
the  Rossby-planetary  waves,  tides,  and  gravity  waves 
each  have  such  a  distinct  character,  as  indicated  by 
Tables  8.2  and  8.3. 

Hossby-planetary  waves  are  oscillations  of  the  atmo- 
sphere having  wavelengths  of  the  order  of  several 
days  or  more.  These  motions  are  global  in  scale  and  have 
periods  exceeding  the  period  of  the  earth's  rotation;  they 


arise  as  a  result  of  the  earth's  sphericity  and  rotation, 
which  combine  to  produce  a  Coriolis  force  that  increases 
with  latitude.  The  inertia!  term  in  the  equation  of  motion 
is  small  compared  with  the  Coriolis  term,  hence  the 
wave-associated  motions  are  the  result  of  an  approximate 
balance  between  Coriolis  and  pressure-gradient  forces, 
i.e.,  they  are  nearly  geostrophic.  Similarly,  vertical  accel- 
erations arc  small  in  the  sense  that  there  is  a  nearly 
complete  balance  between  the  vertical  pressure  gradient 
and  the  buoyancy  term;  i.e.,  the  motions  are  hydrostatic. 
Their  horizontal  wave  phase  speeds  are  the  order  of  10  m 
see  ';  these  are  comparable  with  the  mean  zonal  wind 
speed  at  temperate  latitudes,  and  the  sensitivity  of 
planetary  waves  to  and  their  interaction  with  the  zonal 
flow  is  strong.  Inspection  of  the  wave  dispersion  equation 
in  Table  8.3  indicates  this;  the  wave-phase  speed  is 
always  smaller  than  the  mean  zonal  flow  u0  and  decreases 
with  increasing  wavelength,  vanishing  when  k2  =  2fi€  sin 
0/u^,R0;  for0  =  45°andu0  =  10  m  sec-1;  this  occurs  for  X  = 
2ir/k  «  5000  km.  Because  Rossby-planetary  waves  pro- 
duce at  alternate  phases  of  their  cycles,  the  familiar 
"highs"  and  "lows"  of  weather  maps,  their  discovery  and 
the  understanding  of  their  motion  constituted  a  major 
advance  in  our  understanding  of  the  weather.  In  the 
troposphere,  Rossby-planetary  waves  contain  orders  of 
magnitude  more  energy  than  their  tidal  or  gravity-wave 
counterparts;  however,  their  theoretical  study  is  much 
more  recent,  dating  from  pioneering  work  by  Rossby  in 
the  late  1930's. 

The  tides,  although  producing  only  weak  oscillations  in 
the  atmospheric  surface  pressure  (fluctuations  ~  1  mbar 
as  opposed  to  changes  —30-100  mbar  that  are  associated 
with  the  Rossby-planetary  waves),  are  strongly  evident  in 
the  oceans.  As  a  result,  they  attracted  early  theoretical 
interest;  late  in  the  seventeenth  century  Newton  ex- 
plained the  so-called  "equilibrium"  tide  that  would  de- 
velop on  a  nonrotating  earth  under  the  gravitational  influ- 


TABLE  8.2     Summary  of  Wave  Properties 


Wave 


Horizontal  Wave- 
length, A  Period,  t 


Horizontal  Wave 

Phase  Speed,  K/r        Motion 


Source  Mechanisms 


Rossby-planetary  waves     ~flt 
Tides  ~27rfit 


Gravity  wuves 


«fl, 


~5t£ 


n  =  1,2,  ...     -,n  =  1,2, 


«Tf 


■ZRtJTe 

-l-rrRelTf: 

<C0 


Geostrophic 
Hydrostatic 

Nongeostrophic 
Hydrostatic 


Nongeostrophic 
Nonhydrostatic 

(except  for 

largest  r) 


fit  ™  radius  ol  the  earth 
t,  ■  solar  day 
2irfi,/T,  *  460  m  see   ' 

C0  a  speed  of  sound  (-300  m  sec   '  at  altitudes  <100  km,  increasing  to  103  m  sec"1  above) 


Instability 

Topographical  forcing 
Differential  heating 

Solar,  lunar  gravitational 

fields 
Solar  heating 

Instability 

Topographical  forcing 
Differential  heating 
Wave-wave  interaction 
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TABLK  8.3     Wave  Dispersion  K( (nations 


Rossby-planetary  waves: 


Ji  =  ifi,i  exp  i  (urf  -  far) 


k2  = 


2(1, ;sin  e/R, 

tin  -  oJk 


Tides: 


!/<"■'  =  S@-'"(0)  exp  i  (orf  -  i*  -  nz)  exp  (z/2W) 


fid/  sin  0  d      \  _  [  /      s  a»V4iy  +  cos'fl         ?2     \~| 

L  sin  0  dfl  \<o2/4n,2  -  cos20     <*0    /        o.2/4lV  -  cos20   V  <^2f),       w'AUV  -  cos'0       sin2fl/J 


4flf2n£' 


(-), 


Xytlh,,"-      4H2   / 


Cravity  waves: 


<|/  =  i/>0  exp  (z/2H)  exp  t  (ajf  -  fcy  -  nz) 


a>'  -  gj2CV(*2  +  n2)  +  (y  -  l)g2*2  -  y*gW/4C0'  =  0 


i  ■  zonal  (east-west)  coordinate 

y  =  arbitrary  horizontal  coordinate 

z  =  vertical  coordinate 

t  =  time 
flEs earth's  angular  rotation  velocity 
Rt  =  earth's  radius 

9  =  colatihide 


u0  smean  zonal  wind 

<}>  is  longitude 

g  =  acceleration  of  gravity 
/»„*•'  =  "equivalent  depth" 

y  =  ratio  of  atmospheric  specific  heats 

H  ■  atmospheric  scale  height 
C0  ■  speed  of  sound 


ence  of  the  sun  and  the  moon,  his  work  was  extended  in 
the  1800's  by  Laplace,  who  treated  the  dynamic  ease  of 
tides  on  a  rotating  planet.  Except  in  the  tropics,  the  weak 
tidal  pressure  fluctuations  are  masked  by  planetary-wave 
fluctuations  in  the  daily  records;  thus  the  determination 
of  their  amplitudes  has  required  extensive,  careful  statis- 
tical analysis.  As  this  was  done,  it  was  discovered  that  the 
dominant  tidal  component  in  the  surface  observations 
was  the  solar  semidiurnal  mode.  This  was  quite  a  puzzle; 
if  the  tidal  forcing  were  predominantly  gravitational,  then 
it  would  appear  that  the  lunar  semidiurnal  tide  should  be 
dominant,  while  if  the  forcing  were  primarily  thermal, 
then  it  would  appear  that  the  solar  diurnal  mode  should 
be  larger  in  amplitude.  Iri  the  1880's,  Thomson  (later  to 
become  Lord  Kelvin)  postulated  an  explanation  in  terms 
of  a  resonant  response  of  the  atmosphere  to  the  solar 
gravitational  forcing.  This  theory  was  vulnerable  to  the 
criticism  that  the  resonance  had  to  be  quite  sharp  to 
enhance  the  solar  semidiurnal  tide  relative  to  the  corre- 
sponding lunar  mode,  which  should  be  stronger  by  a 
factor  of  2  in  the  absence  of  resonance.  The  result  was  that 


the  popularity  of  the  theory  waxed  and  waned  for  nearly 
80  years,  its  fortunes  changing  with  each  new  discovery 
concerning  new  details  of  the  temperature  structure  of 
the  upper  atmosphere,  to  which  the  theory  was  quite 
sensitive;  during  this  period  some  of  the  best  minds  in 
atmospheric  science  applied  themselves  to  this  problem. 
As  the  resonance  theory  was  finally  seen  to  be  untena- 
ble, the  problem  was  approached  from  the  opposite  point 
of  view,  namely,  that  the  predominant  forcing  was  ther- 
mal and  that  the  amplitude  of  the  solar  diurnal  mode  at 
the  surface  was  somehow  suppressed.  Upper  atmospheric 
research  was  an  important  factor  in  resolving  the  prob- 
lem. In  the  1950's  and  1960's,  researchers  showed  that 
stratospheric  ozone  absorption  of  solar  radiation  could 
account  for  most  of  the  observed  surface  amplitude  of  the 
solar  semidiurnal  tide.  High-altitude  rocket  data  provided 
another  clue  when  their  analysis  revealed  that  in  the 
stratosphere  and  mesosphere  the  dominant  tidal  compo- 
nent was  indeed  a  solar  diumal  mode.  The  final  resolu- 
tion to  the  mystery  of  the  tides  was  provided  by  Lindzen 
in  the  mid-1960's.  Lindzen  considered  the  set  of  eigen- 
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values  dI  the  tidal  problem  known  as  the-  "equivalent 
depths"  (Table  8.3);  he  showed  that  tins  set  was  complete 
only  it  it  included  negative  values  lor  the  square  of  the 
vertical  wavenumber,  corresponding  to  wave  energy 
trapping  in  the  vertical.  He  then  showed  that  most  ot  the 
solar  energy  input  goes  into  such  a  vertically  trapped 
mode.  At  one  stroke,  this  explained  both  the  dominance 
of  the  solar  semidiurnal  mode  at  the  earth's  surface  and 
the  dominance  of  the  diurnal  mode  in  the  upper  atmo- 
sphere (for  a  complete  development  of  bdal  theory  as  well 
as  an  interesting  historical  account,  the  reader  is  referred 
to  the  book  by  Lindzen  and  Chapman,  1970).  The  tides, 
like  the  planetary  waves,  arc  global  in  dimension;  how- 
ever, for  tidal  motions  the  incrtial  terms  are  comparable  to 
the  Coriolis  terms  and  the  motions  are  therefore  nongeo- 
strophic.  The  vertical  accelerations  remain  small,  so  that 
the  motions  arc  hydrostatic.  Wave-phase  speeds  are  much 
larger  than  zonal  wind  speeds;  hence  the  vertical  propa- 
gation of  the  important  tidal  modes  is  only  weakly  af- 
fected by  the  mean  zonal  winds. 

The  gravity  waves,  the  third  major  wave  type,  occur  on 
spatial  scales  much  smaller  than  the  earth's  radius  and 
with  periods  much  less  than  a  day;  as  a  result,  the  earth's 
sphericity  and  rotation  play  a  negligible  role  in  their 
description.  These,  together  with  their  closely  related 
oceanic  counterparts,  the  wind  waves,  have  been  studied 
for  more  than  a  century.  However,  the  interpretation  of 
upper  atmospheric  motions  in  terms  of  gravity-wave 
theory  effectively  begins  only  with  Hines  (1960;  Hines 
has  recently  published  a  collected  works  including  his 
1960  paper  and  subsequent  research  together  with  in- 
teresting annotation,  1974).  Gravity  waves  exist  because 
ol  a  subtlety  of  the  atmospheric  density  decrease  with 
height,  for  the  most  part,  that  density  decrease  occurs  in 
such  a  way  that  the  atmospheric  stratification  is  statically 
stable.  Consider  the  motion  of  a  parcel  of  air  in  such  a 
region  after  it  has  been  displaced  upward  from  its  equi- 
librium position.  Finding  itself  denser  than  its  surround- 
ings, it  decelerates,  and  sinks  back  to  its  equilibrium 
level,  and  overshoots,  whereupon  it  finds  itself  wanner 
and  lighter  than  its  surroundings,  so  that  it  decelerates, 
and  so  on.  In  this  way  it  finds  itself  in  oscillation  about  its 
equilibrium  position.  It  docs  this  with  a  characteristic 
oscillation  frequency  N  called  the  Brunt-Vaisalai  fre- 
quency after  its  discoverers.  In  the  Boussincsq  (incompres- 
sible) approximation,  -V  is  given  in  terms  of  the  density 
stratification  and  the  acceleration  of  gravity  g  by 


,V 


p     dz 


where  z  is  the  height;  more  properly,  since  the  atmo- 
sphere is  compressible,  N2  is  expressible  in  terms  of  the 
potential  temperature  0  as 

e    dz  ' 

The  Bnmt  period  has  a  value  of  the  order  of  10  min  in  the 


atmosphere  between  the  surface  and  100  km;  above  that 
height  it  decreases  to  a  value  of  5  min. 

The  Brunt-Vaisala  frequency  has  a  critical  importance 
for  gravity  waves.  Examination  of  the  wave  dispersion 
equation  of  Table  8.3  shows  that  in  an  isothermal  atmo- 
sphere, gravity  waves  with  frequency  to  <  N  are  internal; 
die  vertical  wavenumber  n  is  real,  and  there  is  vertical 
phase  and  energy  propagation.  Cravity  waves  having  fre- 
quencies co  <  N  are  evanescent;  for  these  the  vertical 
wavenumber  n  is  imaginary  and  there  is  no  phase  or 
energy  propagation  in  the  vertical.  (It  should  be  noted 
diat  the  dispersion  equation  given  in  Table  8.3  is  a  gen- 
eral dispersion  relation  encompassing  both  acoustic  and 
gravity  waves,  as  suggested  by  the  fact  that  it  is  fourth 
order  in  to;  care  must  be  taken  to  avoid  confusion  between 
the  two  sequences.)  Gravity-wave  motions  are  in  no  way 
geostrophic,  since  in  their  description  the  curvature  and 
rotation  of  the  earth  are  ignored.  Waves  having  frequen- 
cies (o  <<N  are  nearly  hydrostatic,  but  for  those  waves  for 
which  o>  — ►  N  the  vertical  accelerations  are  important 
enough  to  invalidate  the  hydrostatic  assumption.  For 
some  gravity-wave  components,  the  horizontal  wave- 
phase  speeds  may  approach  the  speed  of  sound;  however, 
for  the  most  part  the  wave-phase  speeds  are  a  few  tens  of 
meters  per  second  or  less.  In  an  inviscid  atmosphere,  the 
wave-phase  speeds,  and  indeed  the  wavelength,  can  in 
principle  be  arbitrarily  small.  It  is  appropriate  to  note  at 
this  point  another  property  of  gravity  waves  satisfying  the 
Boussinesq  approximation  (phase  speeds  Vph  <<  C0,  ver- 
tical wavelengths  K2  «S  H ,  where  H  is  the  scale  height);  to 
good  accuracy  these  obey  the  dispersion  relation  n2  = 
hmSlut)2  -  1 1,  where  n  is  the  vertical  wavenumber  and  k 
the  horizontal  wavenumber.  This  is  an  approximate  form 
of  the  general  result  in  Table  8.3  and  shows  that  in  this 
limit  the  vertical  tilt  of  the  wave-phase  fronts  (related  to 
the  ratio  n/k)  is  dependent  only  on  oj/N .  This  result 
applies  for  the  tides  and  the  Rossby-planetary  waves  as 
well;  it  shows  that  for  all  waves  having  periods  much 
greater  than  the  Brunt  period,  the  wavefronts  are  nearly 
horizontal.  For  a  review  of  the  theory  of  gravity  waves  in 
the  atmosphere,  the  reader  is  referred  to  the  book  by 
Gossard  and  Hooke  (1975). 


8.3     FACTORS  COMPLICATING  WAVE 
PROPAGATION  IN  THE  UPPER 
ATMOSPHERE 

In  the  preceding  section  we  reduced  the  physics  of  each 
of  the  three  wave  types  to  its  barest  essentials;  how- 
ever, to  apply  the  wave  theory  successfully  to  interpreta- 
tion of  the  upper  atmospheric  observations  we  must  in- 
corporate a  number  of  complicating  factors  in  our  models. 
These  complications  are  many  and  varied,  but  for  the 
most  part  they  may  be  thought  of  as  producing  (a)  wave 
refraction,  (b)  wave  coupling,  or  (c)  wave  dissipation. 
Since  most  of  these  complications  have  proved  suffi- 
ciently severe  to  defy  comprehensive  analysis,  and  since 
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observational  data  user  requirements  arc  becoming  in- 
creasingly demanding,  investigations  of  the  elicit  of 
these  processes  on  wave  propagation  constitute  an  active 
area  of  current  research. 

Most  familiar  of  the  refractive  influences  is  the  temper- 
ature structure  of  the  upper  atmosphere,  specifically  th.it 
associated  with  the  mean  height  structure:  the  strato- 
spheric temperature  increase,  the  mesospheric  tempera- 
ture decrease,  and  the  thermospherie  temperature  in- 
crease with  height.  These  produce  both  wave  refraction 
and  partial  or  total  wave  energy  trapping.  The  equations 
governing  the  wave  motion  in  an  isothermal  atmosphere 
have  constant  coefficients,  introduction  of  the  vertical 
atmospheric  temperature  structure  introduces  height- 
variable  coefficients.  The  mathematical  difficulties  thus 
encountered  are  usually  surmounted  by  (a)  WKB  or  ray- 
tracing  methods,  which  assume  that  the  temperature  var- 
ies slowly  over  a  wavelength,  so  that  the  dispersion  equa- 
tions of  Table  8.3  hold  locally,  (b)  use  of  multilayer 
models  in  which  the  temperature  is  constant  within  each 
layer  and  matching  of  boundary-conditions  determines 
the  wave  solutions  at  layer  interfaces;  (c)  analytical  solu- 
tions for  special  profiles;  and  (d)  a  variety  of  numerical 
techniques.  All  illustrate  the  wave  refraction,  trapping, 
and  partial  ducting;  they  serve'  to  identify  the  trapped 
modes  and  in  many  cases  lead  to  good  comparison  with 
observation. 

Wind  Structure  of  the  upper  atmosphere  introduces 
analogous  complications,  producing  wave  refraction  and 
trapping,  and  its  effects  can  be  handled  in  exactly  the 
same  way  as  the  effects  of  the  temperature  structure,  with 
one  important  exception.  That  exception  occurs  in  the 
immediate  vicinity  of  so-called  critical  levels,  which  mark 
heights  at  which  the  component  of  the  background  wind 
speed  in  the  direction  of  wave  propagation  matches  the 
horizontal  wave-phase  speed.  Dispersion  equations  in- 
corporating the  effects  of  atmospheric  winds  all  reveal 
singularities  at  such  heights — singularities  associated 
with  the  fact  that  at  such  heights  the  wave  frequency 
measured  by  an  observer  moving  with  the  mean  wind 
vanishes.  Careful  analyses  show  this  to  have  a  number  of 
interesting  implications.  Inspection  of  the  group  velocity 
of  wave  packets  in  the  WKB  approximation  reveals  that 
the  packets  approach  such  critical  levels  asymptotically. 
Full-wave  calculations,  providing  matching  across  the 
critical  level,  tend  to  confirm  the  WKB  picture,  showing 
that  for  slowly  varying  shear  flows  the  wave  energy  pene- 
tration through  such  critical  levels  is  very  slight.  Fur- 
thermore, the  WKB  approach  indicates  that  m  the  vicinity 
of  a  critical  level,  the  vertical  wavelength  becomes  van- 
ishingly  small  while  amplitudes  of  wave-associated  fluc- 
tuations in  horizontal  velocity  and  shear  tend  to  infinity, 
this  implies  that  the  usual  linearized,  inviscid  models  of 
the  wave  motions  must  break  down  there.  Critical-level 
encounters  are  consequently  quite  difficult  to  treat  in  the 
models.  It  is  apparent  from  our  earlier  discussion  of  wave 
phase  speeds  that  both  Bossby-planetary  waves  and  grav- 
ity waves,  with  their  low  phase  speeds,  are  quite  suscep- 


tible- lo  critical-level  encounters  as  they  propagate 
through  the  upper  atmosphere,  by  contrast  most  tidal 
components  arc-  relatively  immune-. 

Two  other  refractive  effects  deserve-  passing  mention 
Above  about  1(K)  km,  the-  atmosphere  ceases  to  be  well 
mixed;  instead  it  approaches  a  state  ol  diffusive-  separa- 
tion in  which  lighter  elements  and  molecules  tend  to 
overlie  heavier  ones,  as  a  result  the  atmosphere  scale 
height  increases  with  height  quite  independently  of  the 
thcrmospheric  temperature-  increase.  (In  addition  to  the- 
re-tractive effects,  diffusive  separation  produces  dissipa- 
tive  effects,  which  are  discussed  separately  below.)  Simi- 
larly, the  l/r2  decrease  of  gravity  with  radial  distance  r 
from  the  center  of  the  earth  also  influences  the  scale 
height  and  the  Brunt- Vaisala  frequency.  The  result  is 
some  contribution  to  wave  refraction;  however,  this  effect 
is  slight  compared  with  those  listed  above. 

A  second  set  of  complications  arises  from  the  fact  that 
the  decrease  in  atmospheric  density  with  height  gen- 
erally causes  the  various  wave  modes  to  grow  in  ampli- 
tude with  height.  For  plane  waves,  constancy  of  vertical 
energy  flux  implies  constancy  of  the  quantity  pu'2,  where 
p  is  the  atmospheric  density  and  u'  is  the  wave-associated 
perturbation  velocity.  Since  p  varies  as  exp  (—z/H),  u'  must 
vary  as  exp  (z/2//).  Thus,  in  the  absence  of  wave  reflection 
and  energy  dissipation,  wave  amplitude  increases  expo- 
nentially in  the  upper  atmosphere,  by  orders  of  magnitude 
between  the  tropopause  and  the  base  of  the  thermo- 
sphere.  Thus  even  the  smallest-amplitude  wave  mo- 
tions in  the  troposphere  tend  to  violate  the  linearization 
assumption  at  some  point  in  the  upper  atmosphere;  at  this 
point  the  effect  of  the  nonlmearities  must  be  taken  into 
account  explicitly.  This  is  done  only  with  difficulty. 

The  simplest  result  of  the  nonlinearity  is  a  self- 
interaction  of  the  wave-;  this  turns  out  to  be  weak,  because 
the  wave  motions  considered  here  happen  to  be  nearly 
incompressible,  but  it  does  result  in  steepening  of  the 
waves  into  shocks.  In  addition  to  the  self-interaction 
produced  by  nonlinearity,  there  arises  coupling  between 
different  wave  modes.  In  its  simplest  form,  this  manifests 
itself  because  small-scale,  short-period  waves  find  them- 
selves propagating  in  an  atmosphere  in  which  the-  domi- 
nant temperature  and  wind  structure  is  not  that  associated 
with  the  mean  but  rather  that  associated  with  larger-scale, 
longer-period  waves  of  large  amplitude.  In  its  more  com- 
plex form,  coupling  arises  be-tween  different  wave  modes 
that  happen  to  form  resonant  triads,  satisfying  the  condi- 
tions 


and 


K3  —  ki  ±  kg 


U>3    =    CO,    ±   to2. 


where  the  k's  represent  the  wave  vectors  of  three  waves, 
while  the  cu's  represent  the  corresponding  wave  frequen- 
cies, and  the  u/s  and  k's  individually  satisfy  the  dispersion 
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equation.  Higher-order  resonances  arc  also  possible,  as 
arc  forced  couplings  ol  wave  energy  into  modes  that  do 
not  satisfy  the  dispersion  equation.  There  is  a  continuous 
interchange  of  wave  energy  among  modes  in  this  way. 
This  energy  exchange  is  more  rapid,  the  larger  the  ampli- 
tudes of  the  wave  involved.  Considerable  study  has  been 
devoted  to  the  generation  of  gravity  waves  by  the  atmo- 
spheric tides  through  this  means.  At  altitudes  the  order  of 
l(K)  km  tidal-associated  density  perturbations  become  a 
significant  fraction  of  the  ambient,  while  tidal  velocity 
fluctuations  be<  onie  a  substantial  fraction  of  the  speed  of 
sound.  Above  this  height,  tidal-wave  amplitudes  cease 
their  growth,  while  gravity-wave  amplitudes  increase; 
there  is  considerable  interest  in  the  question  of  whether 
wave-wave  interaction  (as  opposed,  tor  example,  to  sim- 
ple tidal  dissipation  by  viscosity)  is  responsible  for  this 

Associated  with  the  increase  of  wave  amplitude  with 
height  is  the  increase  potential  for  wave-induced  instabil- 
ity. On  tfie  small  scalt  the  relevant  stability  is  that  in  the 
vertical;  this  is  characterized  by  the  so-called  Richardson 
number  R,,  defined  as 


fl,= 


\-' 


(du/dz)2 


here  du/dz  is  the  vertical  shear  of  the  horizontal  wind  u. 
Stability  theory  shows  that  shear  flows  are  dynamically 
stable  to  infinitesimal  perturbations  as  long  as  R,  >  lM. 
However,  wave-associated  velocity  and  temperature  per- 
turbations may  become  so  large  in  the  upper  atmosphere 
as  to  cause  H,  to  fall  below  V4  locally,  inducing  dynamic 
instability,  or  even  cause  fi,  to  become  negative,  inducing 
convective  instability  (in  this  extreme  case  the  atmo- 
spheric density  structure  is  not  even  statically  stable). 
This  results  in  the  generation  of  small-scale  motions  at  a 
rate  much  faster  than  that  allowed  by  conventional 
wave-wave  interaction.  The  result  may  be  a  cascade  of 
wave  energy  into  smaller  and  smaller  scales  and  eventu- 
ally into  molecular  dissipation,  at  the  same  time,  the 
unstable  modes  produce  enhanced  diffusion  and  trans- 
port of  energy  in  such  a  way  as  to  limit  the'  growth  of  the 
originally  unstable  mode.  The  problem  has  only  been 
treated  successfully  numerically,  and  very  little  is  cur- 
rently known  about  wave  dynamics  once  wave  ampli- 
tudes reach  unstable  levels.  It  has  been  suggested,  how- 
ever, that  nonlinear,  unstable  wave  fields  may  account  for 
much  of  atmospheric  diffusion  and  transport. 

In  addition  to  non linearities,  wave-wave  coupling,  and 
instability,  which  may  be  thought  of  in  one  sense  as 
processes  tending  to  limit  wave  amplitudes,  there  are  a 
number  of  other  dissipative  processes  operative  in  the 
uppei  atmosphere.  Radiative  damping  is  a  major  source  ol 
wave  energy  dissipation,  this  complication  is  sufficiently 
taxing  that  it  is  usually  entered  into  the  analysis  not  in  a 
general  way  but  through  a  parameterization.  The  most 
common  approach  is  to  add  a  term  linear  in  tin-  wave- 
associated  temperature  perturbation,  and  of  the  opposite 
sign,  this  is  the  so-called  Newtonian  cooling.  Analyses  of 


the  effect  of  this  cooling  show  diat  it  is  of  major  impor- 
tance in  damping  Rossby-planetary  waves  in  the  strato- 
sphere and  mesosphere. 

Molecular  relaxation  also  produces  wave  energy  damp- 
ing. This  process  arises  as  a  result  of  the  failure  of  a 
molecular  gas  to  equiparotion  energy  among  translabonal, 
vibrational,  and  rotational  states  of  the  molecules  in  a 
time  short  compared  with  a  wave  period.  At  the  earth's 
surface,  the  relevant  time  constant  is  the  order  of  10~ssec; 
but  because  the  time  constant  is  inversely  proportional  to 
the  pressure,  this  process  becomes  relevant  to  gravity 
waves  at  altitudes  the  order  of  100  km  or  so.  Only  pre- 
liminary analyses  have  been  carried  out  on  its  precise 
effects,  but  it  appears  that  molecular  relaxation  could  be  a 
major  source  of  wave  damping  in  the  lower  thermosphere 
(above  that  height  the  dominant  constituents  are  atomic 
and  the  process  no  longer  so  important). 

Atmospheric  viscosity  and  thermal  conductivity  have  a 
major  influence-  on  the-  upper  atmospheric  wave  physics; 
their  influence  on  wave  propagation  increases  with 
height,  and,  when  it  becomes  significant,  it  introduces 
radical  changes  in  the  wave  behavior.  This  may  be  seen 
from  the  equations  of  motion  of  Table  8.1,  which  show 
that  introduction  of  the  viscous  and  thermal-conduction 
terms  produces  equations  widi  nonconstant  coefficients, 
in  addition  to  raising  the  order  of  the  differential  equa- 
tion. The  result  is  that  exact  analytic  solutions  no  longer 
obtain.  Several  methods  exist  for  sidestepping  this  diffi- 
culty. The  first  involves  parameterization  of  the  viscous 
effects  by  the  substitution  of  a  term  that  is  simply  linearly 
proportional  to  the  wave-associated  velocity  perturba- 
tions and  oppositely  directed.  This  is  the  so-called 
Kayleigh  friction;  it  is  useful  in  the  sense  that  it  removes  a 
number  of  mathematical  difficulties,  but  it  is  deficient  in 
the  respect  that  it  suppresses  the  scale-dependence  of  the 
viscous  effects,  which  are  greatest  for  the  smallest-scale 
waves.  A  second  method  of  solution  involves  arbitrarily 
requiring  that  the  viscosity  (j.  and  the  thermal  conductiv- 
ity K7  vary  with  height  in  the  way  necessary  to  reduce  the 
equations  to  equations  with  constant  coefficients.  This 
approach  is  most  useful  in  analyzing  the  propagation  of 
waves  having  vertical  wavelengths  small  compared  with  a 
sc  ale  height,  the  scale  of  variation  of  the  viscosity,  and  the 
thermal  conductivity.  Analysis  of  the  wave  propagation  in 
diis  case  shows  that  the  lowest-order  effect  of  viscosity 
and  thermal  conduction  is  wave  damping,  but  that 
higher-order  effects  involve  refraction  as  well.  In  addi- 
tion, the  effect  of  raising  the  order  of  the  differential 
equations  is  to  introduce  new  modes  of  oscillation:  vis- 
cous (or  shear)  waves  and  thermal  conduction  waves.  A 
third  approach  is  numerical.  Analyses  of  this  type  show 
that  the  atmosphere  can  be  thought  of  as  consisting  of  four 
regions  as  far  as  wave  motions  are  concerned.  The  low- 
ermost  region  is  a  boundary  layer  in  contact  with  the 
earth's  surface;  viscous  and  thermal  conduction  modes 
coexist  widi  the  other  wave  modes  here  in  order  to  satisfy 
boundary  conditions  at  the  surface.  Above  this  relatively 
thin  layer  there  exists  a  region  in  which  viscosity  and 
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thermal  conductivity  arc  relatively  unimportant,  in  tins 
region  the  wave  motion  is  dominated  by  the  Rossby- 
planctary  waves,  tides,  and  gravity  waves.  With  increas- 
ing height,  the  viscous  and  thermal  conduction  terms  in- 
crease in  importance,  until  finally  a  height  region  is 
reached  in  which  there  is  significant  coupling  between 
the  nondissipative  modes  and  the  former;  above  this 
height  region  is  a  fourth,  in  which  only  the  visions  and 
thermal  conduction  modes  are  important.  This  is  a  highly 
idealized  picture,  but  it  docs  appear  to  reflect  processes 
at  work  in  the  thermosphere,  where  theoretical  analyses 
indicate  the  mode  conversion  to  be  substantial.  Such 
analyses  permit  an  examination  of  the  competing  effects 
of  dissipation  and  wave  amplitude  growth  with  height  to 
determine  whether  the  waves  in  question  will  ever  be- 
come nonlinear  before  they  are  damped  by  viscosity. 

From  the  tropopausc  to  the  mesopaiise,  the  molecular 
kinematic  viscosity  and  thermal  conductivity  arc  rela- 
tively small,  in  particular  their  effects  .ire  small  relative  to 
tlie  effects  of  small-scale  waves  and  turbulence  in  dis- 
sipating energy  of  the  larger-scale  modes  through  either 
wave-wave  interaction  or  instability.  The  effects  of  these 
interactions  on  the  waves  are  parameterized  by  effective 
"eddy"  viscosities  and  thermal  conductivities  that  are 
orders  of  magnitude  larger  than  the  molecular  values.  It  is 
these  that  produce  the  mixing  and  vertical  transports  in 
this  region  of  the  atmosphere;  their  distribution  with 
height  is  uncertain,  and  indeed  any  attempt  to  make  these 
distributions  precise  would  necessarily  be  artificial,  but 
they  can  be  taken  to  be  roughly  constant  with  altitude.  To 
the  extent  that  the  parameterization  is  valid,  then,  the 
approximation  of  constant  coefficients  should  also  be 
valid.  However,  at  altitudes  not  far  above  100  km, 
molecular  viscosity  and  thermal  conductivity  have  lie- 
come  so  large  that  they  suppress  turbulence  and  the 
related  mixing.  In  this  region,  the  Reynolds  number  of 
the  flow  is  small  but  sufficiently  large  for  the  develop- 
ment of  turbulence;  nevertheless,  molecular  viscosity  and 
thermal  conductivity  hold  full  sway  and  grow  exponen- 
tially with  height. 

The  photochemistry  of  the  upper  atmosphere  may  play 
some  role  in  wave  dynamics.  This  occurs  by  wave  genera- 
tion through  absorption  of  solar  radiation  and  the  heat 
release  associated  with  it.  Wave-associated  density  and 
temperature  changes  modify  the  photochemistry  and 
produce  certain  phase-related  heat  release  and  absorp- 
tion; if  this  heat  release  is  of  the'  correct  phase,  then 
instability  results  and  there  may  be  wave  growth.  Heat 
release  of  the  opposite-  phase  may  work  to  suppress  wave 
amplitudes.  This  is  known  to  happen  in  the  lower  atmo- 
sphere as  the  result  of  water-vapor  condensation,  the  ef- 
fects of  analogous  photochemical  reactions  in  the  upper 
atmosphere  have  been  only  cursorily  treated.  Much  more 
work  needs  to  be  done  in  this  research  area,  which  re- 
quircs  a  synthesis  of  dynamics  and  photochemistry.  Dif- 
fusive separation  of  molecular  constituents  above  100  km 
also  produce's  wave  energy  loss,  because  the  different 
constituents   respond   to  the-   impressed   wave   motion   in 


different  ways.  Thus  the  different  species  tend  to  move 
with  different  velocities,  and  wave  energy  loss  results 
from  collisions  between  molecules  of  the  different 
species. 

A  final  factor  complicating  the  propagation  of  Rossby- 
planetary  waves,  tides,  and  gravity  waves  in  the  upper 
atmosphere  is  the  increasing  concentration  of  ionized 
particles  relative  to  neutral  particle's  with  increasing 
height.  The  relevant  quantity  here  is  the  neutral-ion 
collision  frequency — the  frequency  with  which  neutrals 
experience  collisions  with  ions.  In  the  E  region,  this 
collision  frequency  is  of  the  order  of  1  day"',  so  that  for 
motions  of  Rossby-planetary  wave  or  tidal  period,  the 
effects  of  ion  drag  are  comparable  with  inertial  effects 
here.  In  the-  F  region,  near  the  ionization  density 
maximum,  the  collision  frequency  rises  to  about  one 
collision  each  30  min.  Thus  here,  even  waves  of  gravity- 
wave  period  experience  significant  ion  drag.  In  addition, 
die  introduction  of  charged  particles  and  the  earth's  mag- 
netic field  into  the  equations  of  motion  introduces  new 
modes  of  oscillation — mixed  hydromagnetic  modes  that 
couple  with  the  incident  wave  energy. 


8.4     WAVE  SOURCES 

In  the  previous  sections,  we  took  for  granted  the  exis- 
tence of  the  waves  of  interest  here  and  discussed  the 
basic  aspects  of  dieir  physics  and  propagation  and  modifi- 
cation  of  this  propagation  by  various  complicating  factors. 
However,  for  waves  to  exist,  they  must  be  generated,  and 
in  this  section  we  treat  the  manner  of  their  generation. 

Rossby-planetary  waves  are  primarily  generated  by 
three  mechanisms:  instability  of  the  mean  zonal  flow, 
topographical  forcing,  and  differential  heating.  The  rele- 
vant instabilities  are  of  two  types:  the  barotropic  instabil- 
ity, which  is  analogous  to  the  shear-flow  instability  of  a 
homogeneous  fluid,  and  baroclinic  instability,  which  re- 
sults in  a  statically  stably  stratified  shear  flow  in  the 
presence  of  a  north-south  temperature  gradient.  For  a 
further  description  of  these  instabilities,  the  reader  is 
referred  to  tile  introductory  text  by  Holton  (1972).  Plane- 
tary waves  generated  by  such  instabilities  have  relatively 
short  wavelengths  of  several  thousand  kilometers.  The 
topographical  forcing  results  from  the  vertical  velocity 
component  imposed  on  the  zonal  airflow  over  the  conti- 
nents. Similarly,  the  differential  heating  arises  from  the 
difference  in  the  heat  input  to  the  atmosphere  encoun- 
tered over  the  continents  and  over  the  oceans.  Both  the 
topographical  forcing  and  the  differential  heating  result 
in  wavelengths  of  the  order  of  half  a  global  circumference 
at  45°  latitude,  i.e.,  about  2  x   104  km. 

The  tides,  as  their  name  implies,  are  generated  by  lunar 
and  solar  gravitational  forcing  and  by  solar  heating.  The 
dispersion  equation  shown  in  Table  8.3  represents  free 
tidal  oscillations,  in  analyses  of  the  tidal  forcing,  in- 
homogeneous  terms  appear  in  the  vertical  structure  equa- 
tion, and   the   response   of  the   atmosphere   to  these   is 
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determined.  As  mentioned  in  tin-  previous  section,  it  is 
found  that  the  predominant  forcing  is  thermal;  the  major 
diurnal  thermal  mode  is  trapped,  while  that  of  the 
semidiurnal  modi1  is  propagating. 

Sources  of  gravity-wave  excitation  are  many  and  varied. 
Gravity  waves,  like  the  Rossby-planctary  wave,  may  be 
generated  by  the  shearing  instability  of  larger-scale  Hows 
lor  which  the  Richardson  number  drops  below  the  critical 
value  of  V*.  This  is  probably  the  single  most  important 
source  mechanism  tor  such  wave  motions,  since  wave 
generation  by  shear  instability  is  the  process  effective  in 
limiting  the  intensification  of  large-scale  circulations. 
The  waves  may  also  be  generated  in  similar  ways  by  the 
airflow  over  irregular  and  unevenly  heated  topography 
They  may  also  be-  generated  by  photochemical  elestabili- 
zation.  In  addition,  gravity  waves  arc-  generated  in  the 
auroral  zone  by  die  heat  and  momentum  input  associated 
with  variations  in  energetic  particle  precipitation.  We 
mentioned  in  the  previous  section  that  many  waves  owe 
their  existence  to  wave-wave  interactions,  involving 
either  other  gravity-wave  modes  or  the  interaction  of  tidal 
modes.  The  distinction  between  gravity  waves  and  turbu- 
lence may  be  artificial  (the  latter  representing  a  highly 
nonlinear,  interactive,  and  broad  spectrum  ot  the  former), 
but  to  the  extent  that  the  distinction  has  some  value, 
gravity  waves  may  also  be  considered  to  be  generated  by 
turbulent  fields.  The  process  is  analogous  to  that  of  the 
generation  of  acoustic  waves  by  turbulent  fields.  How- 
ever, there  is  a  considerable  difference  in  the  efficiency 
ot  the  two  processes.  ( 'ale  illations  made  of  acoustic -wave 
generation  by  low-Mach-number  turbulence  that  assume- 
that  die  turbulence  is  unaffected  by  the  wave  generation 
confirm  that  die  generation  is  relatively  weak  and  ineffi- 
cient, while  similar  calculations  of  gravity-wave  genera- 
tion by  turbulent  fields  show  that  the  power  output  per 
unit  volume  is  infinite.  This  shows  that  the  original  as- 
sumption that  the  turbulence  is  unaffected  by  the-  wave- 
generation  is  invalid  but  follows  physically  from  the  fact 
that  acoustic  waves,  unlike  die  turbulent  eddies,  are  lon- 
gitudinal motions  propagating  with  the  speed  of  sound, 
while  the  gravity  waves  are  qualitatively  similar  to  the 
turbulence  in  that  they  are  rotational  and  may  have  arbi- 
trarily small  phase  speeds.  Finally,  gravity  waves  may  be 
launched  by  penetrative  convection  of  air  parcels  from 
convectively  unstable  regions  of  the  atmosphere  (those 
for  which  N'2  <  0)  into  stable  regions. 

It  should  be  recognized  in  reviewing  this  catalog  of 
sources  that  from  the  standpoint  of  those  of  us  interested 
in  the  upper  atmosphere,  they  can  be-  cataloged  in  another 
way,  i.e.,  as  arising  locally  or  in  die  lower  atmosphere. 
Much  has  been  made  of  this  fact,  but  it  cannot  be  stressed 
too  often.  All  el.se  being  equal,  atmospheric  wave  sources 
below  the  height  of  observation  will  tend  to  dominate 
because  of  the  decrease  e>f  atmospheric  density  with 
height  and  the  concomitant  increase  in  wave  amplitude. 
For  the  three  wave  types  considered  here,  phase  propaga- 
tion and  energy  propagation  have  oppositely  directed 
vertical  components,  so  that  waves  that  are  eibserved  te> 


have-  a  downward  phase  propagation  are-  associated  widi 
upward  energy  propagation.  Such  waxes  do  indeed  dom- 
inate the  observations  of  every  level  in  the  upper  atmo- 
sphere. 


8.5     WAVE  DYNAMICS 

The  study  o)  atmospheric  wave  physics  has  progressed 
substantially  beyond  the  peunt  of  a  mere  analysis  of  wave 
propagation  characteristics  to  the  study  of  wave  dynamics 
and  its  role  in  determining  the  atmeisphenc  motion  field 
(and  indeed  atmospheric  structure).  At  issue  is  the  hand- 
over of  energy  and  momentum  from  the  mean  atmo- 
spheric fleiw  to  the  waves  during  wave  generation,  the 
transpeirt  of  this  energy  and  momentum  by  the  waves  as 
they  propagate,  and  the  return  e>f  that  energy  and  momen- 
tum to  the  mean  flew  accompanying  the  wave  damping. 
Wave-dynamical  pre>cesses  are  important  even  in  the 
troposphere,  but  they  assume  additional  importance  in 
the  upper  atmosphere  because  of  the  decrease  in  atmo- 
spheric density  with  height  and  the  concomitant  increase 
in  wave  amplitudes  required  by  energy  conservation.  If 
we  consider  the  upward  propagation  of  energy  from  a 
Reissby-planetary  wave  whose  amplitude  at  the 
tropopause  is  —10  m  sec"',  at  the  100-km  level  the  corre- 
sponding wave  amplitude  would  be  -10*  m  sec"1  if  the 
wave  propagates  its  energy  vertically.  This  is  a  factor  of  10 
greater  than  the  molecular  thermal  velocity  at  these 
heights  and  weiuld  result  in  thermeispheric  temperature  of 
the  order  of  10*  K,  some  two  orders  of  magnitude  greater 
than  that  eibserved.  The-  earth's  gravitatieinal  field  would 
be-  too  weak  to  prevent  a  rapid  boilofl  e>(  such  a  hot 
atmosphere.  Explaining  why  this  process  does  not  occur 
is  there-fore  a  matter  of  considerable  interest.  Research  on 
this  subject  reveals  that  Rossby-planetary  wave  energy  is 
prevented  freim  reaching  the  thermosphere  either  by  the 
effects  of  atmospheric  zemal  winds,  which,  depending  on 
the  season  (there  is  a  seasonal  wind  reversal),  trap  the 
wave  energy  by  causing  the  waves  to  encounter  a  critical 
level  e>r  levels  below  50  km  (Charney  and  Drazin,  1961) 
e>r  by  the  effects  of  radiative  damping  (Dickinson,  1969). 
Even  at  these  lower  altitudes  the  effect  e>f  the  waves  on 
atmospheric  temperatures  and  mean  flows  is  substantial. 
Stratospheric  warmings  may  have  their  origin  in  dynamic- 
processes  e>f  this  sort. 

In  contrast  to  the  Rossby-planetary  waves,  the  tides  are 
only  slightly  affected  by  atmospheric  temperature  and 
wind  structure  and  are  thus  efficient  in  propagating  their 
energy  vertically  upward.  These  have  amplitudes  negli- 
gible compared  with  the  planetary  waves  at  the  earth's 
surface,  but  at  thermospherie  heights  the  tidal  energy  flux 
is  nevertheless  substantial.  Lindzen  and  Blake  (1970) 
estimate  that  tidal  heating  of  the  upper  atmosphere  is 
sufficient  by  itself  to  maintain  the  temperature  of  the 
thenne>sphere  at  seime  400  K;  this  is  about  one  third  of  the 
observed  value  and  suggests  that  this  dynamical  heat  flux 
is  the  same  order  of  magnitude  as  the  solar  EUV  heat  flux 
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responsible  lor  the  strong  day-night  thermospheric  tem- 
perature variation. 

Similarly,  gravity  waves  provide  substantial  heat  input 
into  the  upper  atmosphere.  Minis  (the  relevant  papers  are 
contained  in  his  KJ74  volume)  estimated  that  gravity 
waves  should  provide  heat  inputs  comparable  to  the  tidal 
(lux,  but  the  exact  contribution  is  difficult  to  assess  be- 
cause of  uncertainties  about  the  variability  of  this  flux 
with  latitude,  season,  time  of  day,  and  other  parameters. 
Hines  went  so  far  as  to  suggest  that  gravity-wave  heating 
might  account  for  the  observed  warm  temperature  of  the 
polar  wintertime  me.Sopau.se,  an  explanation  that  remains 
intriguing  to  this  day. 

Associated  with  the  large  wave-energy  fluxes  just  de- 
scribed there  are  substantial  momentum  fluxes  as  well. 
Hines  has  estimated  that  the  tidal  fluxes  to  tbe  upper 
atmosphere  should  be  so  large  as  to  provide  accelerations 
of  the  mean  zonal  wind  of  the  order  of  20  m  sec"'  day"'. 
The  gravity  waves,  if  all  propagating  in  the  azimuthal 
direction  (an  admittedly  unlikely  assumption),  should 
lead  to  even  larger  local  thermospheric  accelerations  of 
—70  m  sec"1  h"'.  Fluxes  of  this  magnitude  could  account 
for  the  observed  upper-thermosphere  superrotation  and 
certain  other  anomalies  following  magnetic  substorms. 

The  quasi-biennial  oscillation,  a  unique  feature  of  the 
tropical  stratosphere,  is  now  believed  to  be  tbe  result  of 
the  interaction  between  gravity  waves  and  the  semi- 
annual oscillation.  The  former  encounter  critical  levels 
created  by  the  latter  and  deposit  their  momentum  and 
energy  there,  changing  the  wind  profile  in  such  a  way  as 
to  lower  the  height  of  the  critical  level  at  subsequent 
times.  It  might  be  noted  that  within  a  few  degrees  of  the 
equator,  gravity  waves  may  have  periods  of  the  order  of 
days  before  Coriolis  effects  become  important.  Waves  of 
such  long  period  are  internal  within  a  narrow  equatorial 
region;  outside  that  latitude  belt  they  are  trapped  (by  the 
increased  value  of  the  Coriolis  parameter).  It  is  these  long 
waves,  termed  Kelvin  and  Yanai  waves  depending  on 
their  symmetry  properties,  that  are  relevant  to  the  quasi- 
biennial  oscillation.  Wallace  (1973)  reviews  this  subject 
and  gives  pertinent  references. 

The  major  wave  types  discussed  here  also  produce 
important  dynamical  effects  in  the  ionized  upper  atmo- 
sphere. These  range  from  tidal  driving  of  the  so-called  Sq 
current  system  producing  magnetic  fluctuations  observed 
at  ground  level  to  gravity-wave  production  of  traveling 
ionospheric  disturbances  and  ionospheric  storms.  These 
topics  are  considered  in  other  chapters. 


8.6     TIIK  UI'FKK  ATMOSPIIKK  K  AS  A  FLUID- 
DYNAMICS  LABORATORY 

The  upper  atmosphere  is  an  interesting  astrogcophysical 
fluid-dynamics  laboratory,  for  several  reasons.  First  and 


foremost,  it  exhibits  the  full  range  of  wave  phenomena  we 
wish  to  study  for  astrogcophysical  application,  including 
the  Rossby-planetary  waves,  tides,  and  gravity  waves, 
which  we  have  considered  in  detail,  as  well  as  a  number 
of  wave  types  that  for  reasons  of  space  we  could  not 
discuss — inertial  oscillations  and  acoustic  waves  being 
among  them.  The  earth's  upper  atmosphere  mirrors  all 
the  observed  tropospheric  wave  motions  but  usually  with 
greater  amplitudes  so  that  they  are  easier  to  see.  Wave- 
wave  interactions  and  wave-associated  instabilities  mir- 
ror analogous  processes  in  the  oceans.  The  earth's  ther- 
mosphere  is  truly  a  "geocorona"  in  the  sense  that  the 
dynamical  heating  provided  by  the  tides  and  gravity 
waves  provides  a  close  analog  to  the  heating  of  the  solar 
corona  by  wave  processes.  The  density  stratification  of 
the  upper  atmosphere  allows  us  to  study  these 
phenomena  under  a  wide  range  of  conditions  from 
small-amplitude  to  highly  nonlinear,  from  inviscid  and 
turbulent  to  laminar,  and  from  electrically  neutral  to 
ionized.  And  it  permits  us  to  study  these  phenomena  on  a 
geophysical  scale  free  from  the  severe  compromises  in 
scaling  imposed  by  laboratory  models. 

In  addition,  the  upper  atmosphere  facilitates  the  study 
of  fluid  dynamics  by  providing  tracers  of  the  neutral 
dynamics.  These  range  from  constituents  with  unique 
optical  properties  such  as  ozone,  to  airflow  chemistry  for 
revealing  gravity-wave  motions,  to  ionization  for  reveal- 
ing the  motions  of  the  neutral  atmosphere  on  all  scales. 
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Infrasound  from  convective  storms.  III.  Propagation  to  the 
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We  model  mathematically  the  spectral  features  of  infrasound  observed  in  the  ionosphere  and  believed  to  be 
radiated  by  severe  thunderstorms.  We  explain  the  dominant  2-5-min  wave  period  as  an  effect  of 
atmospheric  filtering;  shorter  periods  are  excessively  attenuated  by  absorption  in  transit  to  the  ionosphere, 
and  longer  periods  are  attenuated  in  portions  of  the  atmosphere  where  the  waves  are  evanescent  because 
their  frequencies  are  below  the  acoustic  cutoff  An  observed  spectral  "fine  structure"  within  the  2-5-min 
band  is  explained  in  terms  of  resonant  interactions  between  the  waves  and  the  atmospheric  temperature 
structure.  Accurate  quantitative  modeling  of  all  these  details  of  the  storm-to-ionosphere  transmission 
coefficient  requires  numerical  integration  of  the  acoustic-gravity  wave  equation,  including  the  effects  of 
ground  reflection,  absorption,  and  partial  reflections  in  the  atmosphere. 

Subject  Classification:  [43]28.30. 


INTRODUCTION 

This  is  one  of  a  series  of  papers  about  the  ultra-low- 
frequency  acoustic  energy  that  some  convective  storms 
radiate.    Necessary  background  information  is  given  in 
Pt.  I, '  which  summarized  what  was  then  known  about 
two  different  manifestations  of  the  waves:    one  in  the 
radio  soundings  of  the  ionospheric  F  region;  the  other 
in  recordings  of  microbarometric  pressure  fluctuations 
at  the  earth's  surface.    This  paper  attacks  some  prob- 
lems that  the  ionospheric  effects  pose. 

I.    THE  PROBLEM 

The  two  different  wave  effects  display  remarkably 
similar  phenomenologies,  and  indeed  have  been  ob- 
served concurrently  during  some  storms,  so  it  is 
tempting  to  suggest  that  a  single  generating  mechanism 
is  responsible  for  both  effects.    Yet  the  waves  observed 
at  the  surface  and  those  observed  in  the  ionosphere  dif- 
fer markedly  in  one  respect,  their  spectral  content. 
The  pressure  waves  observed  on  the  ground  have  peri- 
ods that  usually  fall  between  about  10  and  40  sec  and 
may  be  either  broad-  or  narrow  band  (the  distinction 
depending  somewhat  on  the  length  of  the  observation  in- 
terval), whereas  the  ionospheric  waves  always  have 
periods  between  about  2  and  5  min,  and  analog  records 
of  the  oscillations  present  a  nearly  monochromatic  ap- 
pearance.   Why  do  the  ionospheric  waves  exhibit  this 
peculiar  narrow-band  characteristic? 

Another  aspect  of  the  ionospheric  waves  was  uncov- 
ered by  Davies  and  Jones,2  who  found  that  their  fre- 
quency spectra  consistently  reveal  a  fine  structure, 
whose  principal  features  are  response  peaks  at  3.  5- 
and  4.5-min  wave  periods  (Fig.   1).    What  is  the  physi- 
cal explanation  of  these  peaks? 

At  least  two  competing  explanations  for  these  obser- 
vations have  been  advanced:    Georges3  has  argued  that 
a  narrow-band  acoustic  "window"  to  the  ionosphere  ex- 
ists between  wave  periods  of  about  2  and  5  min,  bounded 
by  increased  absorption  at  higher  frequencies  and 
acoustic-cutoff  effects  at  lower  frequencies.     Later, 
Chimonas  and  Peltier4  recognized  that  the  observed 


peaks  in  the  fine  structure  ocour  at  the  frequencies  of 
modal  resonances  revealed  by  theoretical  analyses  of 
acoustic  waveguide  propagation  in  the  atmosphere's 
temperature  structure  (e.g. ,   Francis,  Ref.  5).    This 
would  permit  a  single  broadband  generating  mechanism 
to  explain  both  the  ionospheric  and  surface  observations; 
the  spectral  differences  could  be  caused  entirely  by  at- 
mospheric filtering  and  some  other  observational  biases. 

Moo  and  Pierce6  have  argued,  on  the  other  hand,  that 
the  frequency  of  the  ionospheric  response  is  character- 
istic of  buoyancy  oscillations  and  nonlinear  frequency 
doubling  at  the  source.    This  would  seem  to  require  a 
separate  mechanism  to  explain  the  surface  infrasound 
observations. 

The  difference  is  important  to  those  studying  severe- 
storm  dynamics;   if  storms  tend  to  radiate  only  in  a 
certain  narrow  frequency  band,  very  special  (and  un- 
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FIG.   1.     Composite  power-spectral  analysis  (average  of  18  in- 
dividual spectra)  of  a  total  of  54  h  of  observations  of  severe- 
storm  ionospheric  waves  over  six  different  sounding  paths. 
We  reanalyzed  all  the  data  scaled  by  Davies  and  Jones2  using 
both  classical  power  spectral  analysis2"  and  the  maximum-en- 
tropy spectral-analysis  technique.29,30    Individual  spectra  ob- 
tained with  the  two  techniques  sometimes  differed  substantially 
in  the  sharpness  of  the  major  features,  but  the  average  spectra 
are  quite  similar. 
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known)  dynamical  processes  must  be  occurring.    To 
decide  between  these  two  explanations,  we  need  to  com- 
pare in  further  detail  the  predictions  of  each  model  with 
the  observed  ionospheric  response.    In  this  paper,  we 
formulate  a  quantitative  model  of  the  atmospheric-fil- 
tering process  and  compare  its  predictions  with  the 
spectra  of  the  ionospheric  response  measured  by  Davies 
and  Jones.2    If  atmospheric  filtering  is  to  be  a  viable 
model  for  the  observed  ionospheric  spectra,  we  must 
show  that  the  rapid  low-frequency  falloff  of  the  iono- 
spheric response  is  quantitatively  explained  by  de- 
creased tunneling  of  lower-frequency  acoustic  waves 
through  atmospheric  layers  where  propagation  is  eva- 
nescent; we  also  need  to  match  the  observed  high-fre- 
quency falloff  of  the  response  with  the  calculated  in- 
crease in  absorption  with  frequency.     Further,   to  ex- 
plain the  observed  fine-structure  peaks  in  terms  of 
modal  resonances,  we  have  to  verify  that  the  modes  are 
sufficiently  leaky  to  permit  some  energy  to  reach  the 
ionosphere,  while  not  being  leaky  enough  to  extinguish 
the  resonances.    We  believe  that  our  results  do  so  and 
thus  strengthen  the  case  for  the  atmospheric-filtering 
explanation. 

II.    APPROACH 

Our  approach  to  modeling  the  ionospheric  window  is 
to  try  first  the  simplest  method  likely  to  reproduce  the 
gross  features  of  the  window,   and  then  to  successively 
add  whatever  refinements  we  need  to  explain  as  many  of 
the  waves'  observed  spectral  features  as  possible.    We 
first  tried  a  simple  WKB  method,  which  means  just  in- 
tegrating the  acoustic -gravity-wave  attenuation  coeffi- 
cient, as  a  function  of  frequency,  between  the  source 
(which  we  assume  to  be  at  10  km  height)  and  observa- 
tion heights  in  the  ionosphere.    The  WKB  method  does 
partially  explain  the  gross  shape  and  spectral  location 
of  the  window,  but  it  does  not  reproduce  the  observed 
fine  structure.    To  do  so,  we  needed  to  account  for  par- 
tial reflections  and  resonant  interactions  caused  by  the 
atmosphere's  temperature  structure,  and  to  do  that,  we 
had  to  resort  to  direct  numerical  integration  of  a  form 
of  the  acoustic-gravity-wave  equation  that  includes  dis- 
sipation. 

This  "full-wave"  approach  raises  several  difficult 
questions,   specifically:    (a)  What  are  the  appropriate 
upper  and  lower  boundary  conditions?    (b)  How  can  we 
handle  the  infinite  coupling  of  upgoing  and  downgoing 
waves  at  reflection  levels?    (c)  How  can  we  unambigu- 
ously separate  the  total  waves  into  upgoing  and  down- 
going  components  in  an  inhomogeneous  medium?    A 
substantial  part  of  this  paper  explains  how  we  answered 
these  questions. 

To  model  the  changes  in  window  shape  from  day  to 
night,   we  needed  a  model  atmosphere  whose  acoustic 
absorbing  and  amplifying  properties  varied  correctly  as 
we  changed  from  one  model  to  another.    Therefore,  we 
constructed  a  model  for  continuous  height  profiles  (not 
isothermal  layers)  of  all  the  relevant  atmospheric  state 
variables,  which  can  be  derived  from  a  single  height 
profile  (pressure  scale  height),  assuming  horizontal 
stratification  and  hydrostatic  equilibrium  (Appendix  A). 
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We  also  formulated  a  version  of  the  acoustic -gravity- 
wave  dispersion  relation  that  includes  both  viscous  and 
thermal  dissipation  as  well  as  the  effects  of  tempera- 
ture gradients  on  the  definition  of  the  Brunt-Vaisala 
frequency.    Although  our  formulas  and  method  apply  to 
both  vertical  and  oblique  propagation  between  the  tropo- 
sphere and  the  ionosphere,  all  the  results  presented 
here  are  for  vertical  ray  paths  (fex  =  0).    We  found  that 
the  major  effect  of  introducing  oblique  ray  paths  is  to 
change  the  geometrical  focusing.    We  examine  this  ef- 
fect in  Sec.  IIIC. 

A.    WKB  approach 

For  our  purposes,   it  is  convenient  to  model  the  atmo- 
sphere as  a  medium  whose  acoustic  properties  vary 
only  in  the  vertical  (z)  direction.    (It  seems  unlikely 
that  horizontal  gradients  cause  any  of  the  effects  we 
seek  to  explain.)     The  details  of  this  model  are  giv- 
en in  Appendix  A.      The  propagation  of  waves   in  such 
a  medium  can  be  described  Dy  a  wave  equation  of 
the  form 


(i) 


where  6  is  some  wave-amplitude  variable.    The  quan- 
tity q  represents  the  z  component  of  the  (generally  com- 
plex) vector  wave  number;  the  relation  between  q,  the 
other  wave  variables  and  the  atmosphere's  properties 
is  called  a  dispersion  relation. 

The  WKB  method  provides  approximate  solutions  of 
the  form 


-1/2 

q    '"exp±i 


i  I  qdz  , 


(2) 


which  are  valid  (roughly  speaking)  to  the  extent  that 
changes  in  q(z)  are  small  (compared  with  \q\ )  in  one 
wavelength.    (See,   for  example,   Einaudi  and  Hines7  for 
more  explicit  validity  conditions.)    The  two  signs  are 
associated  with  upgoing  and  downgoing  waves.    This 
means  that  we  can  estimate  the  ground-to-ionosphere 
transmission  coefficient  merely  by  performing  the  inte- 
gration in  Eq.  (2),  after  appropriately  defining  6  and 
q(z)  for  the  acoustic-gravity  waves  having  frequencies 
near  our  hypothetical  ionospheric  window. 

Einaudi  and  Hines7  have  already  examined  in  detail 
the  applicability  of  the  WKB  method  to  acoustic-gravity- 
wave  propagation  in  a  nonisothermal  atmosphere.    They 
found  that  the  value  of  q  to  be  used  in  a  WKB  approxi- 
mation,  such  as  Eq.   (2),  depends  on  which  of  the  sever- 
al possible  wave  variables  is  identified  with  6.    (In  an 
isothermal  atmosphere,  all  the  q's  reduce  to  the  same 
value,  called  q0. )    But  they  also  concluded  that  the  dif- 
ferences among  the  various  nonisothermal  q's  are  in- 
significant; that  is,  the  different  q's  yield  solutions  that 
differ  by  less  than  the  errors  attributable  to  the  WKB 
approximation  itself.    However,  the  differences  between 
the  nonisothermal  q's  and  q0  can  sometimes  be  signifi- 
cant; Einaudi  and  Hines  therefore  recommend  the  use 
of  a  particular  form  of  q  called  qu  given  by 
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Qm  =<7o  + 


2     gkl  dH 


tfu/  dz 


(3) 


in  the  absence  of  dissipation  and  winds.    The  isothermal 
qQ  is  the  same  as  that  given  by  Hines8: 

ri=(«^-w!)/c*+*;(w5,v-i) .  (4) 

The  remaining  symbols  are  defined  as  follows:    u>  is  the 
angular  wave  frequency,  kx  is  the  horizontal  wave  num- 
ber, C2  is  the  square  of  the  classical  sound  speed  in  air 
and  equals  ygH,  where  y  is  the  usual  specific -heat 
ratio,  g  is  the  acceleration  of  gravity,  and  H  is  the 
pressure  scale  height  of  the  atmosphere;   u>a  is  the 
acoustic-cutoff  frequency  and  equals  yg/2C,  and  L0g  is 
the  so-called  "isothermal"  Brunt-Va'isaTa  frequency 
and  equals  (y  -  l)i/zg/C.     It  follows  that  qu  differs  from 
q0  only  in  that  u)g  in  Eq.   (4)  is  replaced  by  a  quantity  wB 
defined  by 


<^I). 


(5) 


where  the  term  in  parentheses  is  sometimes  called  the 
"gradient  correction"  to  the  Brunt-VaisSla  frequency. 
Others  have  contemplated  a  similar  correction  for  the 
acoustic-cutoff  frequency  coa,  but  Einaudi  and  Hines  as- 
sert that  such  a  correction  is  not  meaningful. 

For  our  computations  we  used  the  dependent  variable 
4>  defined  by 


(divU)  exp 


C  — 

J0    2//  ' 


(6) 


where  U  is  the  wave-associated  air  velocity,  and  we 
changed  the  independent  (height)  variable  to  f ,   such  that 


dt  = 


dz 


(7) 


Einaudi  and  Hines    showed  that  the  wave  equation  for  <p 
is  then 


j^+(qlH2)<p=0 


(8) 


We  used  the  wave  variable  <p  m  our  calculations  be- 
cause its  q  (which  is  qM)  is  much  easier  to  work  with 
than  the  q's  associated  with  other  wave  variables;  also, 
the  change  of  independent  variable  required  to  get  the 
wave  equation  in  the  form  of  Eq.   (1)  is  less  involved.7 

The  price  we  pay  for  using  the  variable  <p  is  that, 
after  calculating  it,  we  have  to  convert  it  to  Ut,  the 
wave  variable  associated  with  the  observed  Doppler  ef- 
fects.1   We  do  this  with  the  "polarization  relation" 


V. 


yg{gk\H/u?-i)4>+d<t>/dt.    c/2 
'  ^  g2k\/^  -  1  e 


(9) 


which  has  been  derived  from  Eqs.   (20)  and  (21)  of  Pit- 
teway  and  Hines.9 

Because  we  think  that  an  essential  feature  of  the  iono- 
spheric window  is  caused  by  acoustic  absorption  at  the 
higher  frequencies,  we  cannot  use  the  dissipationless 
form  [Eq.   (3)]  of  the  dispersion  relation,  but  have  to 
use  a  form  that  accounts  for  losses.    Both  Francis5 
and  Midgley  and  Liemohn10  have  derived  such  a  rela- 
tion.   We  used  the  form  given  in  the  Appendix  of  Fran- 


cis's paper,  but  we  left  out  the  terms  related  to  ion- 
drag  forces,   because  they  are  unimportant  at  acoustic 
frequencies.    We  call  the  wave  number  obtained  from 
Francis's  dispersion  relation,   including  losses,  qL. 
However,  when  the  dissipative  terms  are  removed  from 
qL,   it  reduces,   not  to  qu,  but  to  q0,  the  isothermal 
form.     (This  is  because  Francis  approximates  the  real 
atmosphere  with  isothermal  layers;   he  accounts  for  the 
effects  of  gradients  in  the  boundary  conditions  at  layer 
interfaces. )    But  we  want  a  form  of  q  that  includes  both 
the  gradient  correction  and  dissipative  effects. 

Instead  of  rigorously  deriving  a  dispersion  relation 
that  includes  both  effects  (which  would  lead  to  a  sixth- 
order  polynomial  equation  in  q),  we  defined  a  new  wave- 
number, 


QZ  =  iq\+ql-ql)H2 


(10) 


which,   in  effect,   simply  adds  the  gradient  correction  to 
qL.     (We  multiply  by  Hz  to  nondimensionalize  for  later 
convenience.)    Therefore,  the  final  form  of  the  wave 
equation  we  use  is 


ar 


0 


(11) 


where  Q2  is  as  defined  in  Eq.  (10).    The  WKB  solution 
of  (11)  is 


<*>(£ 


~\Q(tt)) 


exp 


f 


±  iQ  di 


(12) 


Although  we  did  not  rigorously  justify  this  ad  hoc  ap- 
proach, we  found  that,   in  application  to  acoustic  waves 
in  the  atmosphere,  both  the  temperature-gradient  and 
the  dissipative  effects  are  never  simultaneously  impor- 
tant.   In  the  thermosphere  (above  150  km)  where  dissi- 
pation is  important  but  the  gradient  correction  is  not, 
our  dispersion  equation  reduces  to  Francis's  form;  be- 
low the  thermosphere,   where  the  gradient  correction  is 
needed  but  dissipation  is  negligible,   it  reduces  to  the 
nondissipative  form  given  by  Einaudi  and  Hines.     In  the 
case  of  vertical  propagation,   however,  the  gradient 
correction  in  Eq.   (3)  disappears,  and  Francis's  dissi- 
pative dispersion  relation  is  correct  at  all  heights. 

Note  that  Eq.   (9)  is  the  nondissipative  polarization 
relation  between  <p  and  Ut.     It  does  include  the  gradient 
correction,   however.     Derivation  of  a  polarization  rela- 
tion that  includes  both  effects  is  very  involved,   so  we 
used  Eq.   (9)  throughout  the  atmosphere.    We  checked 
its  accuracy  at  ionospheric  heights  by  comparing  it  with 
a  form  that  includes  dissipation  but  not  gradients.    The 
differences  were  negligible  everywhere  except  at  the 
greatest  heights  and  for  the  highest  frequencies,  where 
we  found  errors  of  about  1  dB. 

Yanowitch11  has  pointed  out  that  the  gradient  of  kine- 
matic viscosity  at  thermospheric  heights  can  cause  sig- 
nificant partial  reflection  for  some  long  waves,  and 
that  for  these  waves,  a  term  in  the  gradient  of  kinemat- 
ic viscosity  should  be  included  in  the  dispersion  rela- 
tion.   However,  we  did  not  include  such  a  term,  be- 
cause Yanowitch's  estimate  of  the  reflection  coefficient, 
exp(-qH),  predicts  significant  reflections  only  for 
waves  much  longer  than  the  ones  of  interest  here. 
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In  addition  to  damping  the  acoustic-gravity  waves,  the 
dissipative  terms  in  the  equations  of  motion  give  rise  to 
two  more  kinds  of  waves  called  heat  conduction  and  vis- 
cosity waves.    These  dissipative  waves  appear  as  the 
additional  solutions  to  the  cubic  equation  in  q   when  dis- 
sipation is  included.    In  practice,   we  found  that  we 
could  identify  the  smallest  root  with  the  acoustic  solu- 
tion. 

We  investigated  the  possibility  of  coupling  between  the 
acoustic  and  dissipative  waves  by  searching  for  equal 
roots  in  the  complex  height  plane.    We  never  found  a 
situation  in  which  an  acoustic  root  was  nearly  equal  to 
one  of  the  other  two  roots.    Thus,  as  others  have  found, 
coupling  is  evidently  not  important  for  the  cases  we 
considered,  and  we  didn't  pursue  it  further. 

In  Sec.  MB  we  investigate  the  properties  of  the  iono- 
spheric window  that  the  WKB  method  predicts.    We 
know  in  advance  that,   for  the  waves  we  are  studying, 
the  WKB  validity  condition  is  sometimes  met,  and 
sometimes  it  is  not,  depending  on  wave  frequency.    Spe- 
cifically, we  expect  WKB  solutions  to  be  accurate  for 
wave  periods  of  about  4  min  and  less,  and  to  break  down 
for  longer  periods,  for  which  there  are  levels  in  the 
atmosphere  where  q  approaches  zero.    But  to  find  out 
exactly  how  accurate  the  WKB  solutions  are,  and  for 
what  frequencies,  we  need  to  compare  them  with  exact 
solutions  of  Eq.   (1).    We  make  this  comparison  in  Sec, 
HID  2. 


B.    Outline  of  full-wave  approach 

The  WKB  method  predicts  some  of  the  observed  prop- 
erties of  the  ionospheric  wave  spectra,  but,  because  the 
method  neglects  coupling  between  upgoing  and  downgo- 
ing  waves,  it  cannot  be  used  to  look  for  resonances 
caused  by  multiple  partial  reflections  within  the  atmo- 
spheric temperature  structure.    To  include  these  ef- 
fects, we  have  to  solve  the  wave  equation  numerically 
for  the  total  wave  field  in  the  real  atmosphere.    The 
easiest  way  to  do  this  is  to  write  Eq.   (11)  as  two  cou- 
pled first-order  equations  instead  of  one  second-order 
equation. 

There  are  many  ways  to  separate  Eq.   (11)  into  two 
first-order  equations;   Eqs.   (20)  and  (21)  of  Pitteway 
and  Hines9  are  examples  that  use  wave-associated 
air  velocity  and  divergence  as  dependent  variables.    But 
,ve  want  to  compare  the  full-wave  solution  with  the  WKB 
calculations  (to  check  the  regions  of  validity  of  the  lat- 
ter), and  we  also  need  to  match  solutions  with  upgoing 
and  downgoing  radiation  at  the  source;   therefore,  we 
want  solutions  that  correctly  distinguish  between  up- 
going  and  downgoing  waves.    Although  it  is  not  possible, 
in  general,  to  identify  unambiguously  purely  upgoing 
and  downgoing  components  in  an  inhomogeneous  medium, 
Budden  (Ref.   12,  p.   137)  shows  that  useful  approxima- 
tions are  given  by 

(13) 


where  primes  indicate  derivatives  with  respect  to  £,  and 
the  total  field  <p  =4>l  +  02,  the  sum  of  the  upgoing  and 
downgoing  waves.    The  last  terms  in  Eqs.   (13)  and  (14) 
represent  coupling  between  <px  and  02;   in  the  absence  of 
gradients  of  Q,  <p1  and  c/>2  reduce  to  the  upgoing  and 
downgoing  WKB  solutions,  thus  retaining  the  insight  that 
the  WKB  method  provides. 

Unfortunately,  this  method  of  separating  the  total 
wave  into  upgoing  and  downgoing  components  fails  near 
"turning  points,"  that  is,  where  Q2  =  0.    There  the  cou- 
pling becomes  infinite.    This  presented  two  problems. 
The  first  was  simply  the  computational  awkwardness  of 
dividing  by  zero.    We  fixed  this  by  merely  adding  to  Q2 
a  constant  imaginary  part  that  is  small  enough  to  be 
physically  insignificant  but  large  enough  to  allow  the  in- 
tegration to  proceed  [see  Fig.  2(b)]. 


and 


>,'  =  (-  iQ  -  <?72Q)0,  +  (Q'/2Q)<t>l 


■(iQ-Q'/2Q)(Pz+(Q'/2Q)4,l 


(14) 


100  200 

(b)  Height  ,  km 

FIG.   2.     (a)  Plots  of  the  real  part  of  q2{z)  for  six  wave  fre- 
quencies, and  kx-  0,   showing  "inverted  refraction"  at  the  lowest 
frequencies.     Where  ?2<0,  the  wave  is  evanescent,     (b)  Plots 
of  the  imaginary  part  of  q7{z)  for  six  wave  frequencies,  and 
ks    0,   showing  attenuation  caused  by  viscous  damping  and  ther- 
mal conduction  at  thermospheric  heights.     A  constant  (—10") 
was  added  to  facilitate  numerical  integration,  but  is  physically 
insignificant. 
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The  second  difficulty  arose  because  turning  points  oc- 
cur both  near  the  ground  and  near  the  source  height 
(10  km)  within  the  range  of  frequencies  we  are  inter- 
ested in.    In  these  cases,   d>,  and  4>z  do  not  accurately 
represent  the  purely  upgoing  and  downgoing  waves  that 
have  to  be  matched  with  upward  and  downward  source 
radiation,  and  are  used  to  relate  incident  to  ground-re- 
flected waves.    The  solution  we  chose  was  to  identify 
the  upgoing  and  downgoing  waves  with  new  wave  vari- 
ables,  !/>!  and  J2,   which  are  linear  combinations  of  <i>x 
and  <t>z  that  are  forced  to  behave  like  Airy  functions  m 
the  vicinity  ol  turning  points.    Airy  functions  are  exact 
solutions  of  the  wave  equation  [Eq.   (11)J  in  regions 
where  Qz  varies  linearly  with  f,  and  furthermore,   they 
are  the  only  uncoupled  solutions  (cf.  Budden,  Rel.   12). 
Far  from  turning  points,  where  the  WKB  solutions  ac- 
curately represent  upgoing  and  downgoing  waves,  the 
i/i's  reduce  to  the  <j>'s,  but  near  turning  points,  the  Airy- 
function  representation  is  a  higher-order  approximation 
to  the  partition  into  upgoing  and  downgoing  components. 
We  calculate  the  ip's  after  we  numerically  integrate 
Eqs.   (13)  and  (14)  for  the  0's.     (See  Appendix  B  for  fur- 
ther details. ) 


1.    Solving  the  wave  equation 

The  general  solution  of  the  wave  equation,   Eq.   (11), 
is  any  linear  combination  of  two  independent  particular 
solutions.    The  two  arbitrary  constants  in  our  case  are 
determined  by  the  upper  and  lower  boundary  conditions 
We  obtained  two  particular  solutions  by  numerically  in- 
tegrating the  equivalent  first-order  equations,   Eqs. 
(14a)  and  (14b),   first  by  specifying  an  upper  boundary 
condition  and  integrating  downward,  then  by  specifying 
a  lower  boundary  condition  and  integrating  upward.    The 
two  solutions  were  then  combined  so  that  the  total  field 
meets  both  correct  boundary  conditions,  and  so  that  an 
appropriate  discontinuity  exists  at  the  source  height  to 
represent  an  energy  input. 

The  boundary  conditions  for  our  two  particular  solu- 
tions are  arbitrary  and  need  not  be  the  correct  bound- 
ary conditions  for  the  total  wave.    In  particular,   we 
chose  a  lower  boundary  condition  one  would  use  if  the 
ground  were  absent;   the  effects  of  the  ground  were  in- 
troduced after  the  numerical  integration  on  combining 
the  two  particular  solutions.    This  was  a  convenient  way 
to  isolate  the  effects  of  ground  reflection. 

The  integrations  calculate  4>\  and  (pz  from  Eqs.    (13) 
and  (14)  as  functions  u!  height,   whose  sum  is  reparti- 
tioned  to  form  4t  and  v2,   the  Airy-function  representa- 
tions of  upgoing  and  downgoing  components  at  each 
height.    This  repartitioning  was  necessary  because  we 
were  not  able  to  find  a  way  to  carry  out  the  integrations 
directly  in  41.    We  call  the  0's  that  were  computed  start- 
ing with  the  upper  boundary  condition  ipt(J  and  ijjzu;   those 
computed  starting  with  the  lower  boundary  condition  are 
called  <plL  and  ipiL.    Subscripts  1  and  2  indicate  upgoing 
and  downgoing  waves,   respectively.    The  upper  and 
lower  boundary  conditions  we  used  are  described  in  the 
following  two  subsections. 


2.     Boundary  condition  at  the  top  of  the  atmosphere 

Because  we  cannot  extend  our  integration  indefinitely 
in  height,    we  have  to  specify  a  boundary  condition  for 
our  wave  variable  at  some  height  in  the  atmosphere. 
The  boundary  condition  we  chose  was  that,   at  a  height 
of  300  km,   only  an  upgoing  wave  exists.    This  is  true  to 
the  extent  that  there  are  no  wave  reflections  above  300 
km,   that  is,   to  the  extent  that  the  atmosphere  is  iso- 
thermal above  that  height.    The  problem  is  that  the  at- 
mosphere is  not  isothermal,  and  we  cannot  uniquely  de- 
fine upgoing  and  downgoing  waves  in  a  nonisothermal 
atmosphere.    We  have  several  choices.     If  we  associate 
d>l  and  <pz  with  the  upgoing  and  downgoing  waves,   the 
boundary  condition  is  just 


0.(300)  =0  . 


(15) 


A  slight  improvement  results  from  making  the  total 
wave,   0j  +  02,   look  like  an  upgoing  WKB  solution  in  the 
vicinity  of  the  upper  boundary.    The  method  we  finally 
used  was  again  to  identify  the  upgoing  and  downgoing 
waves  with  the  uncoupled  Airy-function  solutions,  i^ 
and  i/)2  (see  Appendix  B),  and  set 


02^(300)  =  0 


(16) 


This  is  equivalent  to  assuming  that  Q2(£)  above  300  km 
is  just  a  linear  extrapolation  with  a  gradient  equal  to  its 
value  at  300  km. 

Because  all  of  these  conditions  are  identical  for  the 
case  of  an  isothermal  atmosphere  in  the  vicinity  of  the 
upper  boundary,  and  because  our  thermospheric  models 
are  nearly  isothermal,  all  three  methods  give  nearly 
the  same  results  for  iplv  and  iji2U.    We  also  tried  using 
600  km  as  the  upper  boundary  and  found  negligible  dif- 
ferences in  the  results. 

3     Boundary  condition  at  the  ground 

To  calculate  ipiL  and  ip2L,  we  chose  a  lower  boundary 
condition  identical  to  the  upper  one;  that  is,  at  the 
ground  level  only  a  downgoing  wave  exists.     We  there- 
fore used  the  same  Airy-function  representation  of  the 
field  that  we  did  at  the  upper  boundary,   and  set 

„\L(0)=0.  (17) 

This  is  not  the  correct  boundary  condition  for  the 
total  field  at  the  ground;    it  is  the  boundary  condition  we 
would  use  if  the  ground  did  not  exist  and  the  atmosphere 
extended  (with  the  same  gradient  ol  Qz)   below  ground 
level.     We  did  this  to  isolate  the  effects  of  the  ground- 
reflection  process.     To  account  correctly  for  the  pres- 
ence of  the  ground,   we  defined  a  ground  reflection  coef- 
ficient for  6,  which  we  use  in  combining  the  . '  v  and  .',  L 
solutions  to  get  the  total  field.     \M-    derived  this  ground- 
reflection  coefficient  as  follows: 

The  boundary  condition  for  Uz  is  well  known  as 

U.(0)  =  0  .  (18) 

From  Eq.   (9),   therefore,   the  boundary  condition  for  4>  is 

(gklH/u?  -l)(0,  +  <P2)  +  0!  +  </>2  =  0  ,  (19) 

where  primes  again  indicate  derivatives  with  respect  to 
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The  ground-reflection  coefficient  for  < 

0!(O)_     L2-gklH/wz-<pW)/<t>2(0) 
<M0)        h-gklH/u)2-(t>[(0)/fpl(0) 


is  then 


(20) 


*WZ'  l-(RTHTt  +  T,T<) 


(27) 


The  functions  ^[/<P\  and  4>'2/4>z  can  be  calculated  in  sev- 
eral ways,  depending  on  the  degree  of  approximation 
employed.    For  example,   if  the  medium  above  the 
ground  can  be  assumed  homogeneous,  these  terms  be- 
come simply  ±iQ.    But  because  gradients  (and,   for 
some  frequencies,   turning  points)  exist  near  the  ground, 
we  again  used  the  Airy-function  representations,   ij'i  and 
ii'2,   from  which  we  calculated  ip'i/^i  and  4>z/i[z  ior  use  m 
Eq.   (20).     [See  Eqs.   (B5)  and  (B6)  in  Appendix  B.  ] 

4.     Calculating  the  total  source-to-ionosphere  transfer 
function 

To  compute  the  atmospheric-filtering  effects  on 
waves  reaching  the  ionosphere  from  an  elevated  source, 
we  have  to  combine  our  two  particular  solutions  in  a 
way  that  accounts  not  only  for  the  direct  upward  source- 
to-ionosphere  path,  but  also  accounts  for  the  path  with 
an  intermediate  ground  reflection.    In  addition,   since 
we  know  that  the  atmosphere's  inhomogeneity  gives  rise 
to  continuous  partial  reflections  (that  is,  coupling  be- 
tween up-  and  downgoing  waves)  at  practically  all 
heights,  we  have  to  allow  also  for  all  the  possible  com- 
binations and  orders  of  internal  reflections  within  the 
atmosphere,   including  the  ground.    Indeed,  this  is  how 
we  expect  to  determine  whether  modal  resonances  could 
explain  the  observed  fine  structure  in  the  ionospheric 
wave  spectra.    Our  final  formula  for  the  field  strength 
in  the  ionosphere  not  only  accounts  for  all  of  these  ef- 
fects, but  makes  it  possible  to  examine  separately  the 
relative  importance  of  each.     Following  is  a  summary 
of  its  development. 

From  our  integration  that  begins  with  the  upper 
boundary  condition  [that  is,   i/>2{/(300)  =  0],  we  obtain  the 
following  transfer  functions: 


r,  =  ^(2  )/</>,„( io)  , 

T3  =  i\>w{z)/^v{0)  , 
7W2£,(10)/>lt,(0)  , 


(2D 
(22) 
(23) 
(24) 


where  the  arguments  indicate  the  height  in  kilometers, 
and  z  is  the  ionospheric  height  for  which  we  want  the 
total  transfer  function. 

From  our  integration  that  begins  with  the  lower 
boundary  condition  [that  is,   i/i1L(0)=0  in  the  absence  of 
the  ground],   we  obtain  the  following  transfer  functions: 


T5  =  i/'li(10)/^(10)  , 

r.  =  ^L(o)/*,,(io)  . 


(25) 


(26) 


If  we  denote  the  total  upgoing  wave  at  the  ionosphere 
by  il'l,   and  call  the  upward  and  downward  radiation  from 
the  source  ipti  and  !}'%>   we  can  solve  for  i}'u-     Drawing  a 
picture  of  these  transfer  functions  helps  in  visualiza- 
tion. 

The  result  is 


The  first  term  in  the  numerator  represents  the  con- 
tribution of  the  direct  wave  between  the  source  and  the 
ionosphere.  The  second  term  in  the  numerator  repre- 
sents the  energy  reaching  the  ionosphere  by  way  of 
ground  reflection  (first  term  in  parentheses)  and  by  way 
of  partial  reflections  in  the  lower  atmosphere  between 
the  source  and  the  ground  (second  term  in  parentheses). 

The  denominator  reveals  the  possibility  of  resonance 
effects  and  we  call  its  inverse  the  "resonance  factor." 
It  fully  accounts  for  all  phase  reinforcement  caused  by 
multiple  reflections  involving  the  ground  (first  term  in 
parentheses)  and  multiple  partial  reflections  within  the 
atmospheric  temperature  structure  (second  term  in 
parentheses).    These  resonances  are  equivalent  to  the 
waveguide  modes  found  by  others.    We  will  show  that 
this  resonance  factor  is  essentially  responsible  for  the 
fine  structure  of  the  ionospheric  response  spectrum. 

By  adjusting  the  relative  phase  and  amplitude  of  ipu 
compared  with  sps0,  we  can  examine  the  roles  of  the  di- 
rect and  ground-reflected  waves  as  well  as  the  sensi- 
tivity to  various  hypothetical  radiation  mechanisms 
(monopole,   dipole,   etc.).    We  show  these  results  in 
Sec.  IIID3. 

III.    RESULTS:    CALCULATIONS  OF  WINDOW  SHAPE 

Our  many  calculations  of  the  window  shape  showed 
the  changes  caused  by  varying  each  of  many  different 
atmospheric  and  wave  parameters.    Although  each  ef- 
fect is  interesting,  there  are  so  many  variables  that  we 
confine  our  attention  to  just  a  few  effects  that  are  re- 
lated to  the  changing  conditions  under  which  the  iono- 
spheric waves  are  observed;  we  show  only  how  the  win- 
dow changes  with  respect  to  (a)  observing  height  in  the 
ionosphere,   (b)  thermospheric  temperature  changes  re- 
sembling the  transition  from  day  to  night,  and  (c)  the 
relative  phase  of  upward  and  downward  source  radia- 
tion. 

To  display  the  effects  of  varying  the  observer  height 
and  the  model  atmosphere,  we  found  it  satisfactory  to 
use  the  results  of  the  WKB  calculations.    The  main  ef- 
fects of  these  two  variables  are  related  to  absorption 
and  the  rate  of  exponential  amplitude  growth  with  height, 
both  of  which  are  given  accurately  by  the  WKB  method. 
To  show  how  the  acoustic  energy  disperses  spatially, 
we  also  calculated  some  acoustic  ray  paths  from  a  point 
source,   for  a  few  frequencies  within  the  window. 

To  examine  the  fine  structure  of  the  window,  and  to 
see  what  effect  varying  source  phase  has,  we  show  the 
results  of  the  full-wave  calculations.    We  examine  spe- 
cifically the  contribution  to  the  window  shape  by  the 
"resonance  factor"  in  Eq.   (27),   and  we  compare  the 
full-wave  results  with  the  WKB  solutions.     Finally,  we 
compare  our  calculated  spectra  with  the  observed  one 
and  assess  how  well  they  agree. 
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A.    Behavior  of  q(z,u>)  and  inverted  refraction 

We  obtained  some  useful  insights  into  the  physical 
mechanisms  that  form  the  ionospheric  filter  by  looking 
at  the  way  q  depends  on  wave  frequency  and  height  in 
the  atmosphere.     In  what  follows,   calculations  of  qz  are 
made  for  kx  =  0  with  the  formulas  of  Francis  mentioned 
earlier. 

Figure  2(a)  shows  the  real  part  of  qz(z)  for  various 
wave  frequencies  in  the  vicinity  of  the  hypothetical  win- 
dow, using  the  medium-temperature  atmospheric  model 
(Appendix  A).     Plotting  qz  instead  of  q  allows  us  to  show 
in  a  single  plot  where  the  waves  are  vertically  propa- 
gating (q2  >  0)  and  where  they  are  evanescent  (qz<0). 

Because  of  dissipation,  qz  is  not  purely  real;   it  also 
has  an  imaginary  part  that  is  significant  only  at  thermo- 
spheric  heights.     Figure  2(b)  shows  the  imaginary  part 
of  qz  as  a  function  of  height  for  several  wave  frequen- 
cies.   As  expected,   essentially  all  of  the  absorption  oc- 
curs above  about  200  km  and  at  the  higher  wave  fre- 
quencies. 

These  curves  illustrate  a  phenomenon  that  we  have 
called  inverted  refraction.    Normally  (that  is,  for  ordi- 
nary acoustic  waves)  Re(qz)  depends  inversely  on  the 
atmospheric  temperature  T,  so  that  (for  a  given  u>  and 
kx)  maxima  in  qz(z)  correspond  to  minima  in  T{z),  and 
vice  versa.    Such  behavior  is  evident  in  the  top  (highest 
frequency)  curve  of  Fig.  2(a),  which  essentially  repro- 
duces the  inverse  of  the  atmospheric  temperature  pro- 
file.   But  the  remaining  (lower  frequency)  curves  show 
successive  stages  in  transition  to  the  reverse  behavior, 
until,  at  a  wave  period  of  4  mm,  for  example,   maxima 
in  qz(z)  occur  at  heights  of  the  temperature  maxima.    At 
frequencies  where  an  increase  in  sound  speed  (tempera- 
ture) causes  an  increase  in  qz  (a  decrease  in  vertical 
wavelength),  we  say  that  refraction  is  inverted,  being 
opposite  to  the  high-frequency  acoustic  case.    Mathe- 
matically,   inverted  refraction  occurs  when 


dC' 


>0 


(28) 


For  the  case  of  dissipationless  acoustic-gravity  waves 
in  a  locally  isothermal  atmosphere  (the  case  treated  by 
Hines8),   Eq.   (28)  is  true  if  the  acoustic  wavelength  X 
exceeds  2nC/wa  or,  assuming  y  =  1.4,   if 


X  >8.98  C2/ 


(29) 


According  to  Fig.  2(a),  refraction  appears  to  be  nor- 
mal for  wave  periods  shorter  than  about  2.  5  mm,  and 
inverted  for  periods  longer  than  about  4  min;  for  peri- 
ods in  between,   refraction  seems  to  be  normal  at  some 
heights  and  inverted  at  others.    Inverted  refraction  at 
the  lower  frequencies  means  that,  as  frequency  is  low- 
ered, the  portion  of  the  atmosphere  to  become  evanes- 
cent (<?2<0)  first  will  be  the  temperature  minimum  at 
about  85  km;  next  the  minimum  at  about  15  km  will  be- 
come evanescent.    It  also  means  that  ducting  (and  modal 
resonances)  can  occur  in  the  vicinity  of  temperature 
maxima,   in  contrast  to  the  high-frequency  case  where 
ducting  occurs  in  temperature  minima. 

The  frequency  for  which  qz  first  drops  below  zero  at 


any  height  represents  the  low-frequency  end  of  the  iono- 
spheric window;  at  lower  frequencies,   the  wave  must 
tunnel  through  the  lowest  temperature  layers  where 
<?2<0,   in  which  wave  amplitude  decreases  exponentially 
with  distance  ^nto  the  layer.    Because  the  thickness  of 
these  evanescent  layers  increases  as  frequency  is  low- 
ered, total  attenuation  through  them  also  increases  rap- 
idly. 

B.    Window  shape  in  WKB  approximation 

Using  the  medium-temperature  atmospheric  model 
(Appendix  A),  we  calculated  the  transmission  factor 
from  Eqs.   (9)  and  (12)  for  plane  waves  traveling  verti- 
cally (kx  =  0)  from  a  source  height  of  10  km  to  various 
heights  in  the  ionosphere,   neglecting  ground  reflection. 
This  factor  gives  the  amplitude  of  the  wave-associated 
vertical  air  velocity  Uc  relative  to  that  at  10  km  height; 
U c  is  proportional  to  the  observed  radio  Doppler  shift. 

7     Dependence  on  observer  height 

Figure  3  shows  transmission  factor  [Ul!(z)/UI!(1Q)}  as 
a  function  of  frequency,   near  the  hypothetical  window, 
for  several  ionospheric  heights.    The  large  amplitude 
growth  with  height  is  caused  by  the  exponential  factor  in 
Eq.   (9),  which  is  a  consequence  of  wave-energy  con- 
servation in  an  atmosphere  with  exponentially  decreas- 
ing density  with  height.    Consequently,  a  3-min  period 
wave  with  a  10  m/sec  velocity  amplitude  at  300  km 
height  would,   in  the  plane  wave  approximation,  have 
only  a  10*4  m/sec  amplitude  at  10  km  height. 

The  low-frequency  shape  of  the  window  is  relatively 
independent  of  height  in  the  ionosphere,  whereas  the 
high-frequency  falloff,  caused  by  absorption  in  the  ther- 
mosphere,   increases  at  the  greater  heights.    Within 
this  frequency  range,   there  is  for  each  frequency,  a 
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FIG.  3.    Window  shapes  calculated 'with  the  WKB  approximation 
and  kt-  0  for  five  different  observer  heights  in  the  medium- 
temperature  atmosphere.     The  window  narrows  and  wave  ampli- 
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indicate  regions  where  the  WKB  solutions  are  inaccurate. 
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height  where  the  dissipation  rate  just  equals  the  ampli- 
tude growth  rate  with  height;   that  height  is  where  the 
wave  amplitude  attains  its  maximum  value.    This  height 
of  maximum  amplitude  decreases  with  increasing  fre- 
quency and  can  be  visualized,  as  a  function  of  frequency, 
as  the  upper  "envelope"  of  these  amplitude-vs-frequen- 
cy  curves.    The  largest  amplitude  occurs  at  about  4 
mHz  and  at  about  350  km  height. 

Davies  and  Jones2  report  observing  the  ionospheric 
waves  from  heights  below  150  km  to  over  300  km,  but 
no  systematic  dependence  of  spectrum  shape  on  height 
is  evident  from  their  observations.    Thus  we  cannot  yet 
verify  this  aspect  of  our  window  calculations. 

2.    Dependence  on  model  atmosphere 

We  calculated  window  shape  using  three  model  atmo- 
spheres that  differ  only  in  their  thermospheric  temper- 
ature above  120  km  (Fig.   11).    We  call  them  "high," 
"medium,"  and  "low."    The  high  and  low  models  repre- 
sent the  temperature  extremes  available  from  the  CIRA 
models;  the  high  model  is  for  near  midday,  the  low 
model  is  for  near  midnight,  and  the  medium  model  lies 
in  between,  probably  best  representing  average  condi- 
tions, especially  in  morning  and  evening  hours.    Al- 
though the  difference  between  the  high  and  low  models 
is  extreme  and  doesn't  represent  the  actual  range  of 
diurnal  change,   we  used  them  to  reveal  the  range  of 
possible  window  shapes. 

We  found  that  the  main  differences  in  the  models'  ef- 
fects on  the  window  are  in  different  absorption  rates  at 
the  higher  frequencies  and  in  different  exponential 
growth  rates.    The  latter  effect  is  independent  of  fre- 
quency and  simply  shifts  the  entire  window  up  or  down 
in  amplitude.    To  illustrate,   Fig.  4  shows  the  window 
shape  in  the  WKB  approximation  at  an  observer  height 
of  300  km,  for  the  three  model  atmospheres.    The  dif- 
ference in  the  high-frequency  falloff  rate  from  model  to 
model  is  substantial,   making  the  window  much  narrower 
for  the  low  model.    But  the  exponential-growth  rate  is 
greater  for  the  low  model,   so  that  it  produces  the  high- 
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FIG.   4.     Window  shapes  at  300  km  height  calculated  with  the 
WKB  approximation  with  *,    0  and  the  three  model  atmospheres. 
The  low-temperature  atmosphere  produces  the  narrowest  win- 
dow.    A  lower  exponential  growth  rate  causes  the  lower  ampli- 
tudes with  the  high-temperature  (midday)  model. 


Distance  from  Source,  km 
FIG.  5.    Two  sets  of  acoustic  ray  paths  calculated  with  an 
acoustic-gravity  ray-tracing  program  on  a  digital  computer. 
The  model  atmosphere  used  resembles  the  medium-tempera- 
ture model.    The  top  plot  is  for  wave  periods  of  1  min  or  shorter 
(where  propagation  is  nondispersive);   the  lower  plot  is  for  a 
wave  period  of  4.  5  min.     For  slightly  longer  periods,  all  rays 
reflect  at  about  85  km  height,  where  q2  <  0  [see  Fig.  2(a)].    The 
ray  density  is  about  twice  as  great  at  ionospheric  heights  for 
the  4.0-min  rays,  compared  with  the  high-frequency  case. 


est  overall  amplitudes  in  the  ionosphere.    Less  geo- 
metrical defocusing  of  upgoing  rays,   not  accounted  for 
in  our  plane-wave  representation,  also  contributes  to 
relatively  larger  ionospheric  wave  amplitudes  with  the 
low  model,  as  discussed  next. 

C.    Acoustic  ray  paths:    A  spatial  window 

Within  the  accuracy  of  the  WKB  method,  we  can  also 
calculate  acoustic  ray  paths  that  show  how  the  acoustic 
energy  disperses  spatially  from  a  point  source.    Fig- 
ure 5  shows  two  sets  of  acoustic  ray  paths  computed 
with  a  ray-tracing  computer  program  for  acoustic- 
gravity  waves, 13  using  a  model  closely  resembling  the 
medium-temperature  model.  ■  The  wave  source  is  at  an 
elevation  of  10  km,   and  the  lower  set  of  rays  is  for  a 
wave  period  of  4  min,   long  enough  for  the  waves  to  be 
influenced  by  gravity  but  not  so  long  that  the  WKB  ap- 
proximation is  invalid.     For  wave  periods  shorter  than 
about  1  min,  the  ray  paths  are  essentially  the  same  as 
those  shown  in  the  upper  set.     Dispersion  begins  to  be 
strong,   and  the  validity  of  the  ray  viewpoint  becomes 
questionable  for  periods  longer  than  4  min.     The  rays 
pictured  were  launched  from  the  source  every  5°  in 
elevation  angle  (from  horizontal)  between  0°  and  90°. 
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The  feature  most  interesting  to  us  is  that  only  rays 
within  about  a  90°  cone  centered  about  the  vertical 
reach  ionospheric  heights.     (No  horizontal  winds  were 
used  in  our  atmospheric  model,  but  if  they  were  the 
cone  would  essentially  be  tilted  slightly  in  the  direction 
of  the  wind. )    We  calculated  the  horizontal  distance  at 
which  the  Ut  amplitude  falls  to  one  half  the  value  direct- 
ly overhead  at  a  height  of  300  km,  based  on  ray  density. 
In  the  high-frequency  limit,   that  distance  is  about  170 
km;  for  the  4-min  wave  period,  it  is  about  150  km. 
This  is  probably  why  the  ionospheric  effects  are  seldom 
seen  more  than  about  300  km  from  severe  storms.    This 
is  also  why  we  confine  our  attention  to  nearly  vertically 
propagating  sound  waves. 

Note  also  that  the  ray  density  is  substantially  greater 
above  the  source  for  the  4-min  rays  compared  with  the 
high-frequency  rays.    This  is  caused  by  inverted  re- 
fraction, and  tends  to  enhance  the  energy  density  at  the 
low-frequency  end  of  the  window.     For  example,  the 
intensity  300  km  overhead  is  about  6  dB  higher  at  4-min 
period  than  at  1  min,  because  of  increased  focusing 
alone.    This  effect  has  not  been  included  in  our  window- 
shape  calculations,  which  are  based  on  plane-wave 
propagation  for  kx  =  0,  but  an  estimated  focusing  cor- 
rection has  been  included  in  Fig.   10. 

D.    Full-wave  calculations  of  window  shape 

1.    Resonance  factor 

Separate  calculations  of  the  resonance  factor  in  Eq. 
(27)  (Fig.  6)  show  that  modal  resonances  occur  at  fre- 
quencies of  about  3.  7,  4.  6,   5.  3,  and  6.  6  mHz  (corre- 
sponding to  wave  periods  of  about  4.  5,   3.6,   3.1,  and 
2.5  min).    We  concluded  from  the  vertical  distribution 
of  total  field  strength  for  these  four  frequencies  that  the 
three  higher  frequencies  are  the  result  of  second-, 
third-,  and  fourth-order  acoustic  resonances  between 
the  ground  and  the  base  of  the  thermosphere.     (The  fre- 
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FIG.  6.     Plot  of  the  "resonance  factor"  alone,   the  inverse  of 
the  denominator  of  Eq.    (27),  for  the  three  model  atmospheres. 
The  higher-order  resonances  that  depend  somewhat  on  the 
model  are  apparently  between  the  ground  and  the  base  of  the 
thermosphere;   the  lowest-frequency  resonance  seems  to  be  in 
the  temperature  maximum  near  50  km,  which  is  the  same  for 
all  three  models. 
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FIG.  7.     Comparison  of  the  window  shapes  calculated  by  the 
WKB  method  and  by  the  full-wave  method  (Eq.    (27)  with  i^=  1, 
4>d=0),  for  2  =  300  km,  kx=  0  and  the  medium-temperature  at- 
mosphere.   The  curve  labeled  "without  resonance  factor" 
shows  the  effect  of  leaving  out  all  reflections  below  the  source 
height  in  calculating  internal  resonances  in  the  atmosphere. 


quencies  of  these  resonances  depend  slightly  on  the 
model  atmosphere,  as  shown  in  Fig.   6.)    A  first-order 
mode  between  the  ground  and  the  base  of  the  thermo- 
sphere apparently  does  not  exist,  because,  as  frequency 
decreases  toward  where  a  first-order  resonance  might 
occur,   refraction  becomes  inverted  (Sec.   IIIA),  and  a 
duct  centered  at  50  km  interposes  [see  Fig.  2(a)].    The 
lowest-frequency  resonance  at  3.7  mHz  appears  there- 
fore to  be  due  to  trapping  in  the  temperature  maximum 
at  50  km.    This  resonance  is  independent  of  the  model 
atmospheres  we  used,   which  were  identical  below  120 
km.    Small  changes  in  the  lowest-frequency  resonance 
were  obtained  when  we  changed  the  mesdspheric  tem- 
perature profile  (not  shown). 

2.  Comparison  with  WKB  results 

We  calculated  the  window-shape  using  Eq.   (27),  and 
found  reasonable  agreement  with  the  WKB  results,  ex- 
cept for  the  effect  of  the  resonance  factor.     Figure  7 
shows  the  window  shape  as  calculated  by  the  two  meth- 
ods.   A  third  curve  shows  the  full-wave  results,  but 
without  the  resonance  factor;  comparing  this  curve  with 
the  WKB  curve  best  reveals  where  the  WKB  method  is 
inaccurate. 

Although  the  dashed  curve  was  calculated  without  the 
resonance  factor,   some  resonance  effects  are  still  evi- 
dent at  4.  5-min  period,  but  the  higher-order  resonances 
disappear.    Omitting  the  resonance  factor  effectively 
removes  the  ground,  which  is  necessary  for  the  higher- 
order  resonances,  but  only  partly  contributes  to  the 
4.  5-min  resonance. 

3.  Effect  of  source  phase 

We  wrote  our  final  expression  for  the  ionospheric 
field  [Eq.    (27) J  in  a  way  that  allows  us  to  specify  inde- 
pendently the  amplitude  and  phase  of  the  upward  and 
downward  radiation  from  the  source.    We  found  that, 
for  a  source  height  of  10  km,   interference  effects  be- 
tween the  direct  and  ground-reflected  waves  play  an  im- 
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FIG.   8.     Window  shape  calculated  with  Eq.    (27)  with   I  i/£  I 
-  I  iyl  =1,  for  four  different  phases  of  the  upward  source 
radiation  f/™  with  respect  to  (i*"n.     Medium-temperature  at- 
mosphere, ^  =  300  km,  fer=  0.     Phase  greatly  affects  the  high- 
frequency  falloff  of  the  window  shape. 


portant  role  in  shaping  the  higher  frequency  part  of  the 
window;   therefore,  the  shape  of  this  part  of  the  window 
depends  strongly  on  the  relative  phases  of  these  two 
components.    To  illustrate,    Fig.  8  shows  the  window 
shape  with  several  values  of  relative  phase.    By  source 
phase  we  mean  the  relationship  between  the  upward  and 
downward  radiated  components  of  Uc;  because  there  is 
a  frequency-dependent  phase  between  <7r  and  <t>,  the  cor- 
responding phases  between  upward  and  downward  radi- 
ated <p  differ  from  those  for  Ut.    The  peak  levels  are 
higher  in  Fig.  8  than  in  Fig.  7,  because  we  have  added 
downward  radiation  from  the  source  equal  in  intensity 
to  the  upward  radiation  previously  considered  alone. 

E.    Comparing  the  window  shape  with  observed  spectra 

If  the  shape  of  the  spectrum  of  the  ionospheric  waves 
depended  only  upon  the  atmospheric  filter  (that  is,   if 
the  source  spectrum  were  white),  then  we  could  hope 
for  close  agreement  between  the  observed  spectra  and 
the  calculated  window  shapes.    To  see  if  this  is  so,  we 
have  compared  in  Fig.  9  the  composite  experimental 
spectrum  (the  same  as  the  dashed  curve  in  Fig.   1)  with 
some  of  the  calculated  spectra. 

The  match  at  the  low-frequency  edge  of  the  window 
and  in  the  peaks  of  the  fine  structure  is  within  the  tol- 
erances introduced  by  the  uncertainties  in  the  atmo- 
spheric models,  but  at  the  high-frequency  end,  the  ob- 
served spectrum  seems  to  fall  off  more  rapidly  than  the 
calculated  ones.    The  window  produced  with  the  low- 
temperature  atmospheric  model  better  matches  the  ob- 
served high-frequency  falloff  rate;  but  this  model  is  not 
appropriate  for  the  level  of  solar  activity  during  which 
most  of  the  observations  were  made.     Furthermore, 
the  match  with  observations  applies  only  at  the  greatest 
heights;   if  the  shape  of  the  actual  spectra  depended  on 
such  a  window,  we  would  expect  to  see  more  high-fre- 
quency waves  at  the  lower  heights.    No  such  tendency  is 
evident  in  the  experimental  spectra.    Thus,  filtering 
alone  appears  inadequate  to  explain  the  high-frequency 
falloff  of  the  observed  spectra. 


1.    Possible  reasons  for  disagreement 

(a)  We  haven't  accounted  for  all  the  possible  wave- 
absorption  mechanisms. 

If  so,  the  high  frequencies  may  be  actually  attenuated 
more  than  our  calculations  based  only  on  viscous  and 
thermal  damping  predict.    However,  at  this  time  we 
cannot  find  any  additional  absorbing  mechanism  strong 
enough  to  produce  alone  the  observed  high-frequency 
falloff  (see  Appendix  C). 

(b)  We  haven't  correctly  accounted  for  source  phase 
in  calculating  the  phase  interference  between  direct  and 
ground-reflected  waves. 

For  certain  phases,   the  interference  greatly  dimin- 
ishes the  net  field  strength  in  the  ionosphere  (Fig.  8). 
Although  such  interference  effects  could  explain  the 
more  rapid  observed  falloff,   it  seems  unlikely  that  the 
relationship  between  source  phase  and  source  height 
could  remain  as  consistent  as  the  observed  falloff  rate. 
This  is  difficult  to  check  because  we  don't  yet  know  the 
source  mechanism  or  what  phase  to  expect. 

(c)  Refraction  causes  decreased  focusing  at  ionospher- 
ic heights  as  frequency  increases. 

We  made  some  calculations  that  show  decreased  fo- 
cusing at  high  frequencies  (Fig.  10),  but  the  amount  is 
not  great  enough  to  account  for  the  disagreement. 

(d)  Our  assumption  of  a  white  source  spectrum  is  in- 
correct. 

Actually,  we  should  represent  the  observed  iono- 
spheric spectrum,   7(u>),  as  the  product  of  some  source 
spectrum  S(w)  and  the  atmospheric-window  function 
W(u>\,     [We  assume  here  the  S(co)  is  independent  of 
W(w),  which  may  not  be  true.]    The  fact  that  /(cj)  and 
the  calculated  W(u>)  agree  fairly  well  except  in  their 
high-frequency  falloff  rates  suggests  that  some  simple 
form  for  S(to),  say  a  power-law  spectrum,  could  bring 
I(u>)  into  agreement  with  the  calculated  S(w)W(u;).  [The 
falloff  at  the  low-frequency  end  of  the  window  is  so 
steep  that  it  is  difficult  to  compare  the  observed  with 
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FIG.  10.    Comparison  of  observed  spectra  with  calculated  win- 
dow, including  the  effects  of  rotational  absorption  and  focusing. 
The  calculated  windows  are  multiplied  by  an  T7'2  source  func- 
tion.    The  spectrum  of  an  individual  event  (09-12  UT,   5/12/70, 
Long  Branch,   IL  to  Boulder,   CO)  is  included  to  show  how  the 
4.  5-min  resonance  is  broadened  in  the  averaging  process. 
The  vertical  separation  of  the  curves  is  for  clarity  and  has  no 
other  significance. 


the  predicted  rate;   multiplying  IV(gj)  by  some  power-law 
form  for  S(o>)  would  not  make  a  material  difference 
there.]   Our  thesis,  that  the  window  explains  the  princi- 
pal features  of  the  observations,  would  then  be  only 
slightly  modified.    We  will  now  see  how  well  this  works. 

2.    Possible  source  spectrum 

In  proposing  a  simple,  realistic  source  spectrum  for 
severe-storm  waves,  we  look  both  to  measurements  of 
pressure  spectra  in  the  atmosphere  and  to  the  local  and 
radiated  pressure  fluctuations  predicted  theoretically 
for  "turbulent"  air  flows. 

Experiments  in  the  atmosphere  consistently  reveal  a 
nearly/"2  dependence  of  the  intensity  (square)  of  pres- 
sure fluctuations  in  the  frequency  range  of  interest  to 
us  (cf.  Kimball  and  Lemon, 14  Meecham,15  and  the  ref- 
erences they  cite),  but  it  is  seldom  clear  what  portion 
of  these  fluctuations  represents  in  situ  sampling  of  ran- 
dom pressure  fluctuations,  and  what  portion  is  acoustic 
radiation  from  remote  air  motions. 

One  proposed  theoretical  model  of  severe-storm  ra- 
diation is  based  on  a  stochastic  description  of  the  air 
motions  inside  storms.16    A  turbulent  description  of 
the  radiation  mechanism  is  based  mainly  on  dimension- 
al arguments  and  is  not  very  satisfactory  from  the  point 
of  view  of  insight  into  storm  processes,   but  it  may  suf- 
fice for  predicting  an  average  radiation  spectrum. 


Suppose,  for  example,   that  we  adopt  a  turbulent  de- 
scription of  severe-storm  air  motions,   such  that  ener- 
gy is  supplied  to  the  fluid  motions  (by  convective  insta- 
bility) on  an  "outer  scale"  L  equal  to  the  scale  of  the 
convection  cell  itself.    According  to  the  Kolmogorov 
hypothesis,17  motions  on  smaller  scales  merely  partake 
of  an  energy-cascade  process  that  transfers  energy  to 
smaller  and  smaller  scale  motions,   until  an  "inner 
scale"  is  reached,  where  the  energy  can  be  efficiently 
dissipated  by  molecular  viscosity.     In  the  inbetween  or 
so-called  inertial  range  of  scales,  where  energy  is 
neither  supplied  to  nor  removed  from  the  fluid  motions 
but  is  merely  transferred  by  means  of  nonlinear  inter- 
actions between  scale  sizes,   the  statistical  and  spectral 
properties  of  the  turbulence  do  not  depend  on  the  geom- 
etry of  the  driving  mechanism.     From  dimensional 
arguments,   it  is  possible  to  establish  that  the  frequency 
spectrum  of  (squared)  pressure  fluctuations  in  such  a 
fluid  obeys  an  /"7/3  law, 17  but  that  the  power  spectral 
density  of  its  acoustic  radiation  falls  off  with  frequency 
as  f'1'2  (Ref.   18,  Sec.   11.4;   Ref.   19).    This  supports 
the  idea  that  the  measured/"2  spectra  for  pressure 
fluctuations  are  mainly  spectra  of  the  local  pressure 
fluctuations  and  not  of  acoustic  radiation. 

At  wave  frequencies  of  about  u/2nL,  where  u  is  a. 
representative  velocity  fluctuation  on  the  scale  of  L, 
we  expect  the  radiated  spectrum  to  peak  and  to  fall  off 
again  at  lower  frequencies,  because  L  is  the  largest 
scale  of  fluctuations  in  the  fluid.     For  a  large  thunder- 
storm, we  can  take  u  -  30  m/sec  and  L  =*  10  km,  which 
gives  a  wave  period  of  about  30  min.    So,   it  seems  rea- 
sonable to  hypothesize  a  wave  spectrum  for  thunder- 
storm radiation  that  peaks  in  the  vicinity  of  30  min  (ac- 
tually, these  would  be  gravity  waves)  and  falls  off  at 
lower  and  higher  frequencies,  with  the  high-frequency 
falloff  approaching  an/"7/2  rate. 

Let  us  therefore  make  the  tentative  (but  certainly 
questionable)  assumption  that  motions  of  about  a  3-min 
time  scale  are  fully  in  the  inertial  range,  and  that  S(co) 
in  that  range  has  an/"7/2  slope.     Figure  10,  then,  com- 
pares the  S,(oj)W(oj)  product  [t  subscript  for  "turbu- 
lent"] with  /(«)  for  300  km  calculated  with  the  medium- 
temperature  model.    The  height  and  model  atmosphere 
used  best  represent  the  observational  conditions.     The 
agreement  is  certainly  much  better.    Adding  the  ap- 
proximately 6-dB  enhancement  between  about  3-  and  4- 
min  period  (to  account  for  focusing)  even  further  im- 
proves the  agreement. 

IV.    CONCLUSIONS 

From  our  comparison  of  the  calculated  ionospheric 
window  with  the  observed  ionospheric  spectra,   we  con- 
clude that  the  major  features  of  the  spectra  are  ex- 
plained by  our  model  of  the  source-to-ionosphere  trans- 
fer function,  and  that  there  is  no  need  to  invoke  a  nar- 
row-band source  mechanism.     However,  the  failure  of 
the  model  to  match  accuratelythe  observed  high-fre- 
quency spectral-falloff  rate  led  us  to  propose  a  source 
spectrum  whose  average  power  spectral  density  is  pro- 
portional to/"7/2,  the  same  variation  expected  of  a  tur- 
bulent sound  source. 
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The  need  to  invoke  an/    /2  source  spectrum  to  ex- 
plain the  observed  high-frequency  falloff  of  the  iono- 
spheric spectra  raises  a  question  about  the  relative 
level  of  the  higher-frequency  infrasound  observed  at 
ground  level  (nominally  at  30-sec  wave  period).    If  the 
f~llz  source  spectrum  extends  through  the  higher  fre- 
quencies of  the  ground-level  observations,  then  30-sec 
waves  would  be  emitted  with  about  1.  3  '<  10"3  times  the 
power  of  200-sec  waves;   their  pressure  amplitude 
should  then  be  about  28  times  lower.     To  check  this  with 
the  observations,   we  took  Davies  and  Jones's  measure- 
ments2 of  three  ionospheric  events  where  the  height  in 
the  ionosphere  was  determined  with  ionosondes,   and  we 
calculated  the  equivalent  ground-level  pressure  fluctua- 
tions using  model  atmospheres  appropriate  to  the  mea- 
surement time.    The  average  equivalent  pressure  fluc- 
tuation amplitude  was  0.3  /ibar,  which  is  quite  close  to 
the  average  amplitude  of  storm-associated  infrasound 
measured  at  the  ground.     The  much  lower  amplitudes 
we  would  expect  would  not  be  detected  in  the  presence 
of  local  pressure  fluctuations  at  the  sensors. 

Many  effects  could  be  invoked  to  circumvent  this  dif- 
ficulty;  for  example,  overestimates  of  the  ionospheric 
reflection  height  (this  is  critical),   enhanced  geometrical 
focusing  for  ground-observed  waves,  and  a  source  ra- 
diation pattern  with  horizontal  directivity.    In  the  ab- 
sence of  such  effects,   however,   the  discrepancy  ap- 
pears to  argue  against  a  single  f~llz  average  spectrum 
extending  through  the  frequency  ranges  of  both  observa- 
tions.   Another  difficulty  is  that,  to  be  consistent  with 
both  an/""2  source  spectrum  and  the  observed  level  of 
higher-frequency  infrasound,  the  ionospheric  waves 
would  have  to  grow  to  nonlinear  amplitudes,  an  effect 
that  we  have  not  considered  at  all. 

APPENDIX  A:    MODEL  ATMOSPHERES 

We  wanted  to  compare  the  source-to-ionosphere 
transfer  functions  for  three  different  atmospheres.    The 
transfer  function  depends  at  least  indirectly  on  the 
height  profiles  of  pressure,  density,  temperature  and 
molecular  weight.    We  could  have  used  three  different 
models  in  which  all  these  profiles  were  specified  inde- 
pendently, but  we  couldn't  be  sure  that  the  proper  rela- 
tionships among  all  the  variables  would  be  preserved  as 
one,   say  temperature,   varied.    If  one  parameter  were 
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FIG.    11.     Analytic  height  profiles  of  pressure  scale  height  for 
the  three  model  atmospheres  we  used,   compared  with  three 
CIRA  models  (circles).'"    All  the  other  required  atmospheric 
parameters  were  derived  from  these  profiles. 


varied  without  proper  attention  being  paid  to  how  the 
others  depended  upon  it,   spurious  results  could  emerge, 
e.g. ,  for  the  dependence  of  absorption  on  temperature. 

To  avoid  the  possibility  of  such  confusion,  we  adopted 
a  method  of  calculating  a  self-consistent  model  atmo- 
sphere,  in  which  all  relevant  parameters  are  derived 
from  a  single  specified  profile,  which  we  decided 
should  be  the  pressure  scale  height.    Table  Al  sum- 
marizes how  we  obtained  all  the  other  required  param- 
eters from  the  H(z)  profile,   assuming  horizontal  invari- 
ance  and  hydrostatic  equilibrium.     The  integration  re- 
quired to  compute  the  pressure  profile  is  carried  out  at 
the  same  time  as  the  numerical  integration  of  the  wave 
equation.    The  gas  constant  R  and  y  are  assumed  inde- 
pendent of  height,  and  g  follows  an  inverse-square 
height  dependence. 

Figure  11  gives  the  three  H(z)  profiles  we  have  iden- 
tified with  "high,"  "medium,"  and  "low"  temperature 
thermospheres.    All  three  are  analytical  fits  to  CIRA 
tabular  models. 

APPENDIX  B:     BOUNDARY  CONDITIONS  AND 
GROUND  REFLECTION  COEFFICIENT 

Here  are  some  more  details  about  the  upper  and  lower 
boundary  conditions  and  the  ground-reflection  coeffi- 
cient in  terms  of  our  Airy-function  representation  of 
the  upgoing  and  downgoing  waves.     First,   we  need  to 
define  the  particular  Airy-function  solutions  we  use. 

When  Q2  is  a  linear  function  of  J,  we  can  write  Eq. 
(11)  in  the  form 


<p"  =  - Qz<t>  =  -((/)' (Z  -  Lo)^  , 


(Bl) 


where  (Q2)'  is  now  a  constant  equal  to  its  local  value. 
All  primes  without  explicit  arguments  indicate  deriva- 
tives with  respect  to  f ,  and  £0  is  the  location  of  a  turn- 
ing point.    The  uncoupled  solutions  of  Eq.   (Bl)  are  the 
Airy  functions  Ai  and  Bi  defined,  for  example,   in  Ab- 
ramowitz  and  Stegun  (Ref.  20,  p.  446).    We  want  par- 
ticular combinations  of  Airy  functions  that  reduce  to  the 
upgoing  and  downgoing  WKB  solutions  far  from  turning 
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points.    Such  combinations  are 
„,(/)=  iH[Bi(l)-iAi(l)\ 

and 

M,2(/)  =  /i[Bi(/)+Ai(/)]  , 

where 

/  =  [-(Q2)']1/3(£-So)- 


(B2) 


(B3) 


(B4) 


The  cube  root  in  Eq.  (B4)  is  chosen  closest  to  the  real 
axis,  so  that  t  is  nearly  positive  real  in  an  evanescent 
region  and  nearly  negative  real  in  a  propagating  region. 
(In  other  words,  /  and  Q2  have  opposite  signs. ) 

After  numerically  solving  Eqs.   (13)  and  (14),  for  cj)l 
and  02,  we  define  new  variables  ipi  and  tpz  that  are  lin- 
ear combinations  of  (j>1  and  02  and  that  behave  like  Airy 
functions  in  the  vicinity  of  turning  points.     Lit  is  impor- 
tant to  note  here  that  the  total  field,  <pl  +  02,  which  we 
calculate  by  integrating  Eqs.   (13)  and  (14)  is  exact;  we 
are  concerned  here  about  repartitioning  (0,  +  02)  into 
components  (tpl+4>2)  that  we  can  reasonably  call  "upgo- 
ing"  and  "downgoing"  waves  near  turning  points.  ]    The 
kind  of  Airy  functions  we  use  depends  on  whether  (Q2)' 
is  positive  or  negative  locally.     For  (Q2)'>0,  we  want 

(B5) 


<l>[/^  =  t'{t.)w[{t)/Wl(t) 


and 


<l>'2/<l>2  =  t'{t)w'2(t)/wz(t) 

where,  from  Eq.   (B4), 


(B6) 


(B7) 


[For  the  case  where  (Qz)'<0  locally,  we  interchange  wj 
and  w2  here  and  in  all  the  following  results.  ] 


To  calculate  ipi  and  ip2  we  set 
<Pi=bn4>1+blzcpz 


and 


4>2  =  t>zi<Pi+bzz(p2  . 


(B8) 


(B9) 


The  b  coefficients  are  taken  to  be  locally  constant  and 
are  determined  from  Eqs.  (B5)  and  (B6),  together  with 
the  additional  requirement  that 


It  follows  that 

and 

The  solutions  for  the  b's  are  then 
6n=(l+/3)/(/3-a)  , 
612  =  -a(l+/3)/(/3-a)  , 

621  =  (l  +  a)/(a-/3)  , 
and 

622  =  -/3(l  +  a)/(a-/3)  , 
where 


(BIO) 

(BID 

(B12) 

(B13) 
(B14) 
(B15) 

(B16) 


-  iQ<P,  -  (Q'/2Q)(0,  -  02)  -  t'[w\(t)/w1(t)]<l)l 
iQ<Pz  -  (Q'/2Q)(4>Z  -  <t>,)-  t'[w[(t)/ivlU)\<p2     '  [ 

and  /3  is  equal  to  the  same  expression  with  the  h^'s  re- 
placed by  w2's. 

Our  upper  boundary  condition  for  beginning  the  down- 
ward integration  of  0  was  that  ipz(300)  =0.    The  corre- 
sponding condition  for  0  is,  from  Eq.   (B9),  that  b2l  and 
b22  =  0.     From  Eqs.   (B15)  and  (B16),  this  requires  that 
a  =  —  1.    Therefore,  the  upper  boundary  condition  on  0 
is,   from  Eq.   (B17), 


•>a_iQ  +  t'lw{(t  )/w,(t)\ 
ii    iQ-t'[w[(t)/wx(t)}  ' 


(B18) 


Similarly,  the  lower  boundary  condition  that  ^1(0)  =  0 
implies  that  (3=  -  1  and  that  the  lower  boundary  condi- 
tion for  beginning  the  upward  0  integration  is 


02    iQ  +  t'[w'2(t)/w2(t)] 


(B19) 


The  values  of  ty[/tyi  and  ip^/i'i  to  be  used  in  place  of 
the  0's  in  the  ground-reflection  coefficient  [Eq.   (20)] 
are  given  in  Eqs.  (B5)  and  (B6),  when  Qz,>0  at  the 
ground.    If  Qz'<0  at  the  ground,  w^  and  w2  are  inter- 
changed. 

APPENDIX  C:    OTHER  ABSORPTION  MECHANISMS 

Our  calculations  of  q2  from  Francis's  dispersion  re- 
lation5 included  dissipation  caused  only  by  classical 
(viscous  and  thermal  conduction)  absorption  mecha- 
nisms.   To  be  sure  that  nonclassical  absorption  mecha- 
nisms do  not  contribute  significantly  to  the  shape  of  the 
ionospheric-transmission  window,  we  roughly  estimate 
the  absorption  coefficients  associated  with  the  excita- 
tion of  rotational  and  vibrational  energy  states  in  mo- 
lecular oxygen  and  nitrogen. 

1.  Rotational  relaxation 

The  largest  nonclassical  contribution  probably  comes 
from  absorption  by  rotational  transitions  in  molecular 
oxygen  and  nitrogen.    Greenspan22  calculated  the  ab- 
sorption by  rotational  relaxation  and  measured  it  in  N2, 

02,  and  air;   his  results  show  an  increase  in  absorption 
coefficient  by  a  factor  of  about  $-,  when  />/(w/i)  is  great- 
er than  about  4,  where  p  is  the  pressure,    w  is  the  angu- 
lar wave  frequency,  and  u  is  the  coefficient  of  viscosity. 
For  p/(uy.)  less  than  about  1,  the  effects  of  rotational 
relaxation  appear  to  be  negligible.    The  factor  of  3-  is 
very  close  to  the  discrepancy  between  absorption  coef- 
ficients calculated  from  classical  formulas  and  those 
measured  in  air  (cf.  Reed,  Ref.  23,  and  the  references 
he  cites).    This  reinforces  the  idea  that  rotational  re- 
laxation is  the  most  important  nonclassical  process. 

We  now  estimate  the  correction  factor  for  values  of 
the  parameters  of  interest  to  us. 

At  infrasonic  frequencies  (10  mHz  is  the  highest  fre- 
quency we  consider),   essentially  all  the  classical  ab- 
sorption takes  place  above  200  km  [see  Fig.  2(b)); 
therefore,  any  multiplicative  correction  would  be  im- 
portant only  above  that  height.     In  the  upper  atmosphere, 
however,  we  encounter  a  further  complication:    a  con- 
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TABLE  CI.     The  fraction  of  the  atmosphere  that  is  diatomic 
(for  heights  between  200  and  400  km),    p/{^j)j)  for  a  frequency 
of  10  mHz  and  the  medium-temperature  atmosphere,  the  factor 
FR  to  multiply  the  classical  absorption  coefficient  by  (at  that 
height)  to  include  rotational  relaxation,   and  an  estimate  of  the 
factor  that  applies  to  integrated  absorption  up  to  that  height. 


y  -  1    u>    n 


y 


2C   f  uj   /u.>  +  w/a>„ 


(CD 


Correction  factor 

Fract 

ion 

for  propagation 

? ,   km 

diatomic 

/V('P) 

FR(z) 

up  to  z 

200 

0.75 

40 

1.25 

1.25  —  1.33 

250 

0.63 

10 

1.21 

1.21  —  1.25 

300 

0.  50 

4 

1.167 

1.167  —  1.21 

350 

0.42 

2 

1.  14 

1.  14  — 1.  167 

400 

0.33 

0.8 

1.0 

1.00  —  1.14 

siderable  fraction  of  the  atmosphere  is  atomic  oxygen, 
which  plays  no  role  in  rotational  absorption.    The  rota- 
tional correction  should  be  multiplied  by  the  fraction  of 
the  atmosrjhere  that  is  diatomic.     (See  Table  CI.) 

In  estimating  the  integrated  factor,  we  reason  that, 
for  example,  the  total  absorption  up  to  300  km  would  be 
underestimated  if  we  used  1. 167,  because  we  would  be 
using  too  smail  a  value  for  lower  heights;  on  the  other 
hand,   most  of  the  classical  absorption  occurs  above  250 
km,   so  we  would  overestimate  the  total  if  we  used  1.21. 
Therefore,  the  two  factors  roughly  form  upper  and  low- 
er bounds  for  the  correction  on  waves  traveling  up  to 
300  km. 

These  factors  have  been  applied  to  the  window  calcu- 
lation shown  in  Fig.  10.  The  contribution  by  rotational 
relaxation  appears  to  be  insignificant. 

The  reason  that  rotational  relaxation  absorption  can 
be  so  easily  combined  with  classical  absorption  (i.e., 
a  simple  multiplying  factor),   is  that  the  characteristic 
temperatures  for  transitions  between  rotational  states 
in  02  and  N2  are  only  a  few  degrees  Kelvin.    Therefore, 
at  normal  atmospheric  temperatures,   the  discrete  ro- 
tational energy  levels  are  so  close  together  that  they 
behave  like  a  continuum.    This  is  not  the  case  for  vi- 
brational relaxation,   considered  next. 

2.    Vibrational  relaxation 

Vibrational  transitions  in  molecular  oxygen  and  nitro- 
gen also  absorb  sound  energy.    The  vibrational  frequen- 
cies (conventionally  divided  by  r,   the  free-space  speed 
of  light)  lor  02  and  N2  are  1580.361  and  2358.07  cm'1, 
respectively  (Gray,   Ret.   24,  pp.   7-178  and  179). 
These  are  converted  to  temperature  6wih  by  multiplying 
by  hc/k,   where  //  is  Planck's  constant  and  k  is  Boltz- 
mann's  constant.     Values  of  Cvlb  lor  02  and  N2  are  thus 
2274  and  3393  °K,   respectively.    Therefore,   the  vibra- 
tional states  are  very  widely  spaced,   compared  with 
atmospheric  temperatures,  and  we  must  consider  the 
quantum  effects  of  the  discrete  vibrational  energy  lev- 
els, 

Hines  et  a/.  (Ref.  25,  p.  380)  give  a  correction  to  be 
added  to  the  absorption  coefficient  to  account  for  relax- 
ation processes.     For  our  application,    it  reduced  to 


where  u.'m  is  the  frequency  where  the  relaxation  absorp- 
tion is  maximum,  C  is  the  sound  speed,  and  f  is  the 
number  of  degrees  of  freedom  associated  with  molecu- 
lar translation  and  rotation,   5  for  diatomic  molecules. 
(This  formula  applies  strictly  only  when  o>»  wa. ) 

The  number  n  is  the  effective  number  of  classical  de- 
grees of  freedom  associated  with  molecular  vibration. 
If  the  atmosphere's  temperatures  were  much  greater 
than  6Tlb,   n  would  equal  2;  for  lower  temperatures,  we 
can  calculate  n  from  formulas  given  by  Sears  (Ref.   26, 
p.  303)  so  that 

n  =  2RzeR/(eR 


1) 


(C2) 


where  R  =  0vib/T.    In  the  atmosphere,  then,  n  is  usually 
substantially  less  than  2. 

In  applying  these  formulas  to  the  atmosphere,  we 
find  that  the  absorption  coefficient  depends  on  height 
mainly  through  the  relaxation  frequency  wm  and  in  par- 
ticular on  the  height  where  cj  =  u)m.    It  is  easy  to  show 
that,  because  wm  depends  mainly  on  pressure,   the  inte- 
grated absorption  is  roughly  equal  to  its  maximum  value 
times  three  times  the  scale  height.    To  estimate  the 
total  absorption^  we  used  the  formula 

>2„K 


ATlb(dB)  = 


20    y  -  1  u) 


2     R'e' 


In  10     y 


T^"1"  5  (,*-!)' 


i3//|p2,N, 


(C3) 

where  [02,  N2]  means  the  fraction  of  Oz  or  N2  present, 
and  where  all  parameters  are  evaluated  at  the  height 
where  lo  =  u>m. 

We  calculated  the  relaxation  frequency  u>m  from  for- 
mulas given  by  Sutherland  et  al.zi  for  N2  and  02  and 
found  that  the  greatest  possible  height  where  a>  might 
equal  u>m  within  our  window  could  not  exceed  120  km, 
and  is  probably  much  lower.    Because  of  the  exponen- 
tial factors  in  Eq.   (C3),  the  total  absorption  increases 
with  the  height  assumed;   therefore,  assuming  120  km 
should  give  an  upper  bound  to  the  total  absorption.     Us- 
ing conditions  at  a  height  of  120  km,  we  get  a  total  ab- 
sorption for  02  of  0.  085  dB  and  for  N2  of  0.  034  dB, 
clearly  negligible  compared  with  classical  absorption. 

Finally,   we  estimated  the  absorption  caused  by  eddy 
viscosity  below  100  km  and  found  it  negligible. 
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ABSTRACT 

The  stability  analysis  of  a  hyperbolic  tangent  velocity  profile  in  an  isothermal  atmosphere  in  the  presence 
of  the  ground  is  presented.  It  is  shown  that  such  a  system  has  a  number  of  modes  in  addition  to  the  one 
studied  by  Drazin  and  that  unstable  waves  can  be  excited,  for  finite  values  of  some  minimum  Richardson 
number  of  the  flow,  even  in  the  limit  of  horizontal  wavelengths  going  to  infinity.  Some  of  the  unstable  waves 
belonging  to  these  new  modes  are  able  to  propagate  energy  and  momentum  away  from  the  shear  zone  and 
may  therefore  play  an  important  role  in  microscale  flow  dynamics  and  in  coupling  of  small-scale  phenomena 
to  mesoscale  flow  motions. 


1.  Introduction 

The  excitation  of  gravity  waves  by  shear  flow  insta- 
bility has  been  extensively  investigated  in  order  to 
explain  a  variety  of  phenomena  in  the  ocean  and  the 
atmosphere.  We  will  focus  here  on  only  some  of  the 
pertinent  results.  The  interested  reader  is  referred  to 
the  review  articles  of  Drazin  and  Howard  (1966), 
Thorpe  (1973)  and  Howard  and  Maslowe  (1973)  for 
more  complete  and  detailed  discussion  of  previous  work. 
Of  the  wind  profiles  utilized  to  model  a  shear  layer,  the 
simplest  is  the  Helmholtz  profile,  which  has  a  back- 
ground horizontal  velocity  U0(z)  constant  in  each  of 
two  semi-infinite  media  and  a  sharp  discontinuity  at 
the  separating  interface.  Recently,  some  new  properties 
of  this  profile  have  been  reported  by  Lindzen  (1974), 
and  also  by  Einaudi  and  Lalas  (1974)  who,  in  addition, 
take  into  account  temperature  discontinuities  and  con- 
densation effects.  Other  models  utilized  are,  in  order  of 
increasing  correspondence  to  reality  and  difficulty,  a 
constant  shear  layer  between  constant  velocity  layers 
(Taylor,  1931;  Goldstein,  1931;  Miles  and  Howard, 
1964;  Jones,  1968;  Gossard,  1974),  and  a  U0(z)  given 
by  a  hyperbolic  tangent  (Drazin,  1958;  Maslowe  and 
Kelly,  1971 ;  Thorpe,  1973).  The  stability  investigations 
of  the  above  profiles  are  complemented  by  the  general 
stability  results  of  Miles  (1961),  Howard  (1961)  and 
Chimonas  (1970)  that  provide  bounds  on  the  range  of 
the  phase  velocities  and  growth  rates  of  the  unstable 
waves  through  the  so-called  semicircle  theorem,  as  well 
as  a  sufficient  condition  for  stability. 


The  primary  aim  of  these  investigations  is  to  specify, 
for  given  velocity  and  density  or  temperature  profiles, 
the  characteristics  of  the  most  unstable  wave  to  be 
excited,  i.e.,  its  wavelength,  period,  phase  velocity  and 
growth  rate,  as  well  as  the  range  of  horizontal  wave- 
lengths Xx  that  are  unstable  for  a  given  value  of  some 
characteristic  Richardson  number  of  the  flow.  Thus, 
Drazin  (1958),  investigating  a  hyperbolic  tangent 
velocity  profile  with  an  exponentially  decreasing 
density  in  an  infinite  medium,  finds  that  the  neutral 
stability  boundary  is  given  by  J  =  a2(l  —  a2),  where  J  is 
the  minimum  Richardson  number  in  the  flow  and  a  the 
product  of  the  horizontal  wavenumbe;  kx  =  2w/Xx  of 
the  disturbance  and  half  the  depth  of  the  shear  layer. 
The  most  unstable  wave  corresponds  to  7  =  0  and 
a~0.44  (Maslowe  and  Kelly,  1971).  For  the  Miles  and 
Howard  (1964)  model,  of  a  constant  shear  layer  with 
linearly  decreasing  density  between  two  semi-infinite 
layers  of  uniform  velocity  and  density,  the  most  un- 
stable wave  is  associated  with  7  =  0  and  a~0.41.  Both 
results  have  been  used  extensively  in  analyzing  experi- 
mental observations  in  the  atmosphere  (Atlas  et  al., 
1970;  Emmanuel,  1973;  Hooke  et  al.,  1973)  and  the 
ocean  (Woods,  1968). 

A  common  property  of  Drazin's  and  Miles  and 
Howard's  models  is  the  existence  of  one  mode  only,  for 
which  the  instability  domain  in  the  (a,/)  plane  is 
bounded  by  its  singular  neutral  mode;  furthermore, 
unstable  waves  with  a  — » 0  require  correspondingly 
small  values  of  the  Richardson  number,  which  are  un- 
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common  in  the  atmosphere.  Because  of  such  properties, 
the  above  two  models  may  not  be  able  to  explain  satis- 
factorily some  recent  observations  obtained  by  im- 
proved remote  sensing  techniques  such  as  FM-CW 
radars,  acoustic  sounders,  Uoppler  radars,  etc.,  together 
with  microbarograph  arrays  and  instrumented  high 
meteorological  towers.  In  particular,  the  appearance  on 
a  number  of  occasions  (Reed  and  Hardy,  1972;  Hooke 
and  Hardy,  1975)  of  more  than  one  wave  with  different 
horizontal  wavelengths  and  the  detection  of  gravity 
waves  with  horizontal  wavelengths  of  the  order  of 
100-500  km  (Uccellini,  1975 ;  Lilly,  private  communica- 
tion) may  require,  in  our  opinion,  the  existence  of  a 
modal  structure  associated  with  a  given  velocity  and 
temperature  profile,  with  at  least  one  mode  associated 
with  very  large  wavelengths.1 

Jones  (1968)  indeed  finds  a  modal  structure  in  one 
of  the  three  profiles  he  considers.  He  examines  numeri- 
cally three  models  of  a  constant  shear  layer  capped  by  a 
semi-infinite  layer  of  constant  velocity,  with  a  back- 
ground density  which  decreases  exponentially  with 
height;  adjacent  to  the  bottom  of  the  shear  layer  in  the 
first  case  is  the  ground,  in  the  second  case  another  finite 
layer  of  constant  velocity  and  then  the  ground,  and  in 
the  third  a  semi-infinite  layer  of  constant  velocity  with 
no  ground  at  all.  Jones  finds  that  the  first  model  is 
always  stable,  the  second  unstable  for  all  wavenumbers, 
and  the  third  unstable  for  wavenumbers  larger  than 
some  wavenumber  k0.  In  the  second  model,  he  finds  one 
mode  only  whose  singular  neutral  curve  has  two 
branches,  one  of  which  corresponds  to  propagating 
waves  in  the  top  layer.  In  the  third  model,  he  finds  two 
singular  neutral  modes,  bounding  two  areas  of  insta- 
bility that  overlap  for  a  finite  range  of  wavenumbers. 
ki<Zkx~£k0  within  which  one  mode  is  evanescent  in  the 
upper  semi-infinite  layer  and  the  other  in  the  lower. 
For  kx>kx  only  one  mode  exists  and  is  evanescent  in 
both  top  and  bottom  layers.  More  recently,  Dickinson 
and  Clare  (1973)  and  Dickinson  (1973)  have  analyzed 
numerically  an  unbounded  hyperbolic-tangent  baro- 
tropic  shear  flow,  and  the  corresponding  baroclinic 
shear  problem,  respectively.  In  both  studies,  two  modes 
exist  for  sufficiently  small  values  of  the  longitudinal 
wavenumbers,  one  of  which  is  propagating.  Finally, 
very  recently,  Blumen  el  al.  (1975)  have  found  a 
second  unstable  mode,  which  exists  only  when  the  Mach 
number  is  greater  than  1,  in  a  hyperbolic-tangent  shear 
layer  profile  in  the  absence  of  gravity  and  stratification. 
This  new  mode  decays  away  from  the  shear  zone  much 
more  slowly  than  the  subsonic  one. 

The  fact  that  unstable  modes  are  present  in  the  limit 
kx  — *  0,  in  Jones'  second  model,  while  no  unstable  mode 
exists  for  A'X<A,0  when  the  ground  is  removed,  suggests 

1  I' or  convenience,  we  will,  in  this  paper,  refer  to  unstable  waves 
that  end  on  different  neutral  curves  in  the  normalized  (a,  J)  plane 
as  belonging  to  different  modes,  even  though  in  a  different  projec- 
tion of  the  stability  boundary,  one  mode  may  simply  be  the 
continuation  of  another. 


that  the  presence  of  the  ground  may  destabilize  the 
longer  horizontal  wavelengths.  This  is  confirmed  by 
the  results  of  Hazel  (1972),  who  investigates  numeri- 
cally a  class  of  shear  flows  with  different  velocity  and 
density  profiles,  bounded  on  top  and  bottom  by  solid 
surfaces.  His  results  clearly  indicate  that  the  presence 
of  solid  boundaries  destabilizes  the  long  wavelengths 
and  stabilize  the  short  wavelengths  at  a  smaller  rate. 
When,  on  the  other  hand,  the  boundaries  are  brought 
too  close  to  each  other,  the  system  becomes  completely 
stable  in  accordance  with  Howard's  (1964)  calculations. 
Similar  results  are  obtained  by  Einaudi  and  Lalas 
(1976)  who  considered  the  stability  of  Drazin's  profile 
in  the  presence  of  two  solid  boundaries.  In  addition  to 
the  mode  that  would  correspond  to  Drazin's  if  the 
boundaries  were  removed,  they  find  a  number  of  new 
modes,  all  of  which  are  unstable,  for  finite  values  of  /, 
as  a  — >  0.  The  presence  of  a  solid  top  boundary  is  un- 
realistic for  atmospheric  applications,  at  least  as  far  as 
the  propagating  modes  are  concerned,  because  it  does 
not  allow  leakage  of  energy  away  from  the  shear  layer. 
To  rectify  this  shortcoming,  Lalas  et  al.  (1976)  have 
investigated  the  characteristics  of  a  Helmholtz  profile 
with  a  solid  lower  boundary  at  a  finite  distance  below 
the  velocity  discontinuity.  Contrary  to  the  results 
without  the  ground  (Einaudi  and  Lalas,  1974),  they 
find  that  an  infinite  number  of  unstable  modes  exists 
even  for  horizontal  wavelengths  of  the  order  of  tens  of 
kilometers  with  the  most  unstable  new  modes  in  reason- 
able agreement  with  experimental  observations. 

In  an  attempt  to  determine  all  possible  modes  of  an 
atmospheric  shear  flow  configuration  that  is  more 
realistic  than  a  Helmholtz  profile,  or  a  constant  shear 
profile,  we  examine  in  this  paper  the  inviscid  stability 
of  a  semi-infinite  hyperbolic-tangent  horizontal  back- 
ground flow  along  the  x  direction,  i.e., 


U0(z)  =  V  tanh(z/7z), 


(D 


with  the  origin  of  the  coordinate  system  (x,s)  at  the 
height  of  the  inflexion  point  and  the  ground  some  finite 
distance  |z,|  below.  The  effective  width  of  the  shear 
layer  obeying  (1)  is  given  by  2/i.  We  also  assume  the 
atmosphere  to  have  a  background  density  pu  given  by 


pn(c)=p„  exp(-z/#), 


(2. 


where  H  is  the  scale  height  of  the  atmosphere  and  pg 
the  density  at  the  inflexion  height.  A  density  of  the 
form  given  by  Eq.  (2)  implies  a  constant  Brunt- 
Vaisala  frequency  n  and  a  constant  background  tem- 
perature Tu  =  g/RH,  where  g  is  the  gravitational 
acceleration  acting  in  the  negative  z  direction  and  R  is 
the  gas  constant  for  air.  The  velocity  Uo  and  density 
po  are  shown,  not  in  scale,  in, Fig.  1. 

The  mode  previously  discussed  by  Drazin  is  re- 
covered, but  with  some  significant  differences  in  the 
values  of  the  frequency  at  large  wavelengths.  Further- 
more, additional  modes  are  shown  to  exist  with  most 
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unstable  wavelengths,  for  the  same  J,  that  are  two  or 
three  times  longer  than  the  most  unstable  one  of  the 
main  mode.  Unstable  waves  can  be  excited  at  finite  /, 
even  in  the  limit  of  a  — >  0.  Some  of  these  additional 
modes  are  predominantly  propagating,  rather  than 
evanescent,  at  large  heights  where  there  is  no  shear. 
Growth  rates  and  stability  boundaries  for  these  modes 
are  calculated,  and  the  effect  of  the  distance  of  the  shear 
layer  to  the  ground  is  discussed.  Finally,  the  effect  of  a 
sudden  increase  in  stability  at  large  distances  from  the 
ground,  as  is  often  the  case  at  the  tropopause,  is 
explored  briefly. 

2.  The  governing  equations 

As  previously  mentioned,  we  assume  a  stratified  shear 
flow  in  the  atmosphere  with  a  hyperbolic-tangent  wind 
profile  and  constant  Brunt-Vaisala  frequency,  bounded 
below  by  a  solid  surface,  the  ground,  and  above  by  an 
infinite  layer  with  constant  wind  and  temperature,  as 
shown  in  Fig.  1.  We  are  interested  in  investigating  the 
characteristics  of  unstable  and  neutral  gravity  waves 
that  can  be  supported  in  such  an  atmosphere.  If  this 
background  flow  is  perturbed  by  disturbances  that  are 
small  enough  so  that  they  are  adequately  described  by 
the  linearized  version  of  the  inviscid  hydrodynamic 
equations,  and  if  use  is  made  of  the  Boussinesq  approxi- 
mation, the  equations  of  conservation  of  mass,  hori- 
zontal momentum  and  vertical  momentum,  and  the 
condition  of  incompressibility  take  the  form 


Po> 


d  d\ 

— hc70 —  Imi+po 


dt 


Po 


dx/ 

d  d 

-+Uo— 
dt  dx 


— + =  0 

dx       dz 

dUo         dpi 
wH =0 


dz 


dx 


dpi 

dz 


Wi-\ r-£Pi  =  0 


-+Uo— 
dt  dx 


P\ p0wi  =  0. 


(3) 


(4) 


(5) 


(6) 


In  Eqs.  (3)-(6),  U\,  w\,  pi  and  pi  denote  the  horizontal 
velocity,  vertical  velocity,  pressure  and  density, 
respectively,  of  the  disturbance;  U0  and  p0  are  defined 
by  (1)  and  (2),  respectively;  and  n2  is  given  by 


1   dpo      g 

?( +- 

Po  dz     Co' 


dd0 

7 

"  dzt 


(7) 


where  c0  is  the  speed  of  sound  and  0O  the  potential  tem- 
perature. To  be  consistent  with  the  Boussinesq  approxi- 
mation utilized  in  (3)-(6)  the-term  g/c02  in  (7)  should 
be  omitted.  This  point  and  the  validity  of  the 
Boussinesq  approximation  will  be  discussed  later.  In 
this  investigation,  since  we  are  not  interested  in  con- 


11 /v 


Fig.  1.  The  normalized  density  and  velocity  profiles  and  the 
geometry  of  the  basic  flow  (not  in  scale) . 


vectively  unstable  flows  n2  is  taken  to  be  real  and 
positive. 

For  a  disturbance  of  wavelength  \x,  wavenumber 
kz=(2ir/\x)  and  complex  frequency  w  =  wr+  iw, ■(w1>0), 
we  assume  a  perturbation  vertical  velocity  Wi  of  the 
form 

Wi  =  po->  Re{^(z)  expp(*«*-«0]}.  (8) 

Eliminating  iii,  pi  and  pi,  also  assumed  to  possess 
similar  forms,  in  favor  of  W\  in  (3)-(6),  we  obtain  the 
following  equation  for  4/- 


dty 


with 


dy2 


—A(y)f=0, 


2  + 


d2Uo       duo\ 
dy2        dy  J 


(9) 


(10) 


The  normalized  quantities  that  appear  in  Eq.  (10)  are 
defined  as  follows: 

y  =  z/h  normalized  height  coordinate 

a  =  hkx  normalized      horizontal      wave- 

number 

cr  =  bir/kxV  normalized      horizontal      phase 

velocity  of  the  wave 
cre  =  cT—Uo  normalized  Doppler-shifted 

phase  velocity 

Ci—Wi/kxV  normalized  imaginary  part  of  the 

frequency  of  oscillation 

Q=CrA-ici  normalized  Doppler  frequency 

<j  =  h/H  ratio    of    the    scale    length    of 

velocity  to  that  of  density 
u0(y)  =  Uo/V  =  t.a.nhy  normalized  background  velocity 

J  =  n2h2/V2  value  of  the  Richardson  number 

at  y  =  0;  also  the  minimum 
Richardson  number  of  the 
flow  domain. 

In  the  present  notation,  the  local  Richardson  number 
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Ri  becomes 


Ri  =  / 


\dy~)    ' 


so  that  Ri>7  everywhere  in  the  flow  domain  except 
at  y  =  0,  the  inflexion  point,  where  Ri  =  7. 

Even  though  the  Boussinesq  approximation  has  been 
utilized,  it  should  be  pointed  out  that  the  effect  of  the 
background  density  variation  in  the  inertial  term  of 
the  momentum  equation  is  included  in  (9)  and  gives 
rise  to  the  terms,  proportional  to  a,  which  we  shall 
henceforth  call  inertial  terms  of  the  density  gradient. 

The  boundary  or  radiation  conditions  to  be  imposed 
on  \p  are  as  follows : 

(i)  At  y  =  yl  =  z,/h,  where  z,  is  the  distance  of  the 
ground  from  the  inflexion  point, 


boundaries  in  the  (a,J)  plane  that  can  specify  the  range 
of  unstable  wavelengths  Xx  for  a  given  physical  situa- 
(ll)  tion.  The  domain  of  unstable  modes  will  be  bounded  by 
contiguous  neutral  modes.  Since  according  to  the  semi- 
circle theorem  (Miles,  1961;  Howard,  1961)  the  hori- 
zontal phase  velocity  of  unstable  modes  has  to  be  equal 
to  the  background  velocity  at  some  height  yc,  known 
as  the  critical  level,  contiguous  neutral  modes  will 
possess  a  critical  level  as  well,  where  now  (9)  becomes 
singular.  The  altered  nature  of  (9)  when  c,  =  0  necessi- 
tates the  use  of  one  program  for  unstable  waves  and 
another  for  singular  neutral  modes.  For  both,  the  inte- 
grating subroutine  utilized  is  the  one  developed  by 
Bulirsch  and  Stoer  (1966).  A  comparison  of  its  per- 
formance versus  other  standard  techniques,  like  the 
Runge-Kutta,  can  be  found  in  Hull  et  al.  (1972).  The 
details  of  the  two  programs  follow. 


+(yd=o. 


(12) 


(ii)  Above  some  height  yf  =  zf/h,  wo  is  virtually  con- 
stant and  so  is  A(y).  In  this  region,  the  solution  takes 
the  form  rp^exp(iKy)  [see  Hines,  1974],  where  K  is  the 
normalized  vertical  wavenumber  given  by 

K  =  ±[-A(y  =  yf)y  =  Kr+iK,. 


The  perturbation  amplitude  has  to  go  to  zero  at  y=  * 
or,  if  the  wave  is  neutral  and  propagating,  it  has  to 
obey  the  usual  radiation  condition.  This  is  assured  if 
the  sign  in  (13)  is  chosen  so  that  either  Ki>0  or,  when 
Ki  =  0,  dcr/dKr>0.  For  a  wave  of  the  form^oc  exp(zTCy), 
the  following  relation  has  to  hold  between  ip  and  d\p/dy: 


a.  Program  for  the  unstable  modes 

To  determine  the  appropriate  cT  and  c,  for  given  a 
and  J,  some  trial  values  of  cr  and  ct  are  assumed  and 
Eq.  (9)  is  then  integrated  from  y  =  yx  to  y  =  y/-  If  the 
resulting  values  of  \p  and  its  derivative  at  y  =  y;  satisfy 
(13J  (14),  the  trial  values  of  cT  and  c,  are  accepted  as  the 
true  ones.  Otherwise  new  values  for  cT  and  c,  are  assumed 
and  the  procedure  is  repeated  until  (14)  is  satisfied.  No 
difficulty  is  encountered  in  obtaining  the  correct  cr 
and  d,  after  a  few  iterations,  for  the  entire  range  of  a 
and  J.  All  eigenvalues  are  correct  to  at  least  four 
significant  figures. 


— =iK\f/    at    y=ys- 
dy 


(14) 


It  may  be  noted  that  for  all  values  of  y>5,  duo/dy  is 
essentially  zero  and  (14)  holds  for  all  yf^  5. 

All  unstable  waves  of  given  horizontal  wavelength 
that  can  be  supported  by  a  stratified  shear,  described 
by  Eqs.  (1)  and  (2)  and  characterized  by  a  given  J 
and  a,  will  have  frequency  cT  and  growth  rate  ac%  given 
by  the  eigenvalue  problem  for  cr  and  ct  comprising 
Eq.  (9)  and  boundary  conditions  (12)  and  (14). 
Similarly,  singular  neutral  waves  that  exist  in  a  flow 
characterized  by  some  J  will  have  frequency  cr  and 
wavenumber  a  given  by  the  same  eigenvalue  problem 
with  c,  =  0  in  (9),  (12)  and  (14).  The  fact  that  now 
Ci  =  0  introduces  possible  singularities  in  (9)  and  the 
numerical  difficulties  that  result  and  their  resolutions 
will  be  discussed  in  the  next  section. 

3.  Numerical  procedure 

A  stability  analysis  of  a  fluid  flow  should  be  able  to 
provide  the  main  characteristics  of  unstable  modes  such 
as  frequency,  phase  velocity  and  growth  rate  in  terms 
of  the  parameters  of  the  basic  flow,  i.e.,  in  terms  of 
Zt,  n2,  V  and  h.  In  addition,  it  should  provide  stability 


b.  Program  for  the  singular  neutral  modes 

In  this  case,  for  given  a,  values  for  cr  and  J  are 
assumed  and  Eq.  (9)  is  integrated  starting  simul- 
taneously at  both  y  =  y,  and  y  =  yf  to  within  a  small 
distance  ym  away  from  the  critical  level  yc,  i.e.,  up  to 
y  =  yc  —  ym  and  down  to  y  =  yc+ym,  respectively, 
where  0<  vm«l. 

The  analytical  Frobenius  expansion  of  \p  (Ince,  1956), 
valid  in  yc—ym^y^yc+ym,  is  used  to  match  the 
numerically  calculated  ^  at  both  sides  of  the  critical 
level,  if  the  assumed  cT  and  J  are  indeed  eigenvalues. 
If  the  matching  is  not  possible,  new  values  of  c,  and  J 
are  assumed,  as  before,  and  the  entire  procedure  is 
repeated  until  the  matching  is  obtained. 

The  difference  between  this  program  and  Hazel's 
(1972)  second  program  discussed  in  his  Appendix  A, 
apart  from  the  integrating  routine,  is  the  ability  of  our 
program  to  investigate  neutral  modes  of  arbitrary  phase 
velocity  and  unknown  position  of  the  critical  level. 

The  values  of  cT  and  hence  yc  are  found  to  be  sensitive 
to  the  value  of  ym.  If  ym  is  too  large,  a  large  number  of 
terms  in  the  Frobenius  expansion  is  necessary,  and  in 
some  cases  up  to  three  terms  are  utilized.  If  ym  is  too 
small,  numerical  difficulties  arise  because  of  the  large 
values  of  the  derivatives  near  ye.  Usually,  a  value  of 
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Fig.  2.  Stability  boundaries,  in  the  normalized  wavenumber,  minimum  Richard- 
son number  (a,J)  plane  for  modes  I,  II,  III  and  IV  for  >',=  — 10,  y/=10,  <r  =  0.1. 
Note  that  the  lower  branches  of  modes  II  and  III  overlap  in  part  with  mode  I  and 
the  lower  branch  of  mode  IV  with  the  upper  branch  of  mode  II. 
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ym=lO  *  and  a  one-term  series  expansion  are  found  to 
be  adequate. 

The  agreement  between  the  two  programs  is  excellent 
and,  as  can  be  seen  from  the  figures,  unstable  modes  end 
exactly  on  neutral  modes  in  the  (a, J)  plane,  except  for 
those  modes  which  intersect  the  a  =  0  axis  and  thus  do 
not  end  on  a  neutral  curve. 

4.  Results 

The  number  of  the  parameters  specifying  the  back- 
ground flow,  i.e.,  n2,  h,  V,  J,  z,,  etc.,  is  so  large  that  one 
is  forced  to  limit  the  investigation  to  specific  parametric 
studies,  three  of  which  are  presented  below. 
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Fig.  3.  Mode  I  stability  characteristics  for  yi  =  z,/h=  — 10.0, 
y/  =  Zf/h=  10.0  and  <r  =  0.1.  (a)  /  (solid  line),  Rc  (dashed  line)  and 
corresponding  c,  (dot-dashed  line)  as  a  function  of  a  =  kxh  for  the 
neutral  waves.  The  dash-double  dotted  line  labeled  "Drazin's" 
corresponds  to  <r  =  0.0  and  y,— *—  oo,  >'/—►<»;  (b)  normalized 
growth  rates  ac,  (solid  lines)  and  phase  velocities  c,  (dashed  lines) 
as  a  function  of  a  for  different  values  of  J  for  the  unstable  waves. 


a.  Results  for  constant  shear  thickness  2h 

The  neutral  curves  and  the  properties  of  the  unstable 
waves  are  calculated  for  three  different  locations  of  the 
shear  layer  inflexion  point  with  respect  to  the  ground. 
Specifically,  the  normalized  distance  between  the 
ground  and  the  inflexion  point  y%—Zi/h  is  taken  to  be 
-10.0,  -5.0  and  -2.0.  The  normalized  height, 
y/  =  Zf/h,  above  which  we  consider  the  velocity  to  be 
uniform  and  at  which  we  take  (14)  to  hold,  is  taken  to 
be  10.0,  although  any  value  larger  than  5.0  is  adequate 
and  no  appreciable  effect  on  the  eigenvalues  and  the 
eigenfunctions  is  noted.  The  ratio  a  of  half  the  shear 
layer  thickness  h  to  the  density  scale  height  H  is  taken 
to  be  a  =  h/H  =  0.1;  calculations  with  er  =  0  are  also 
carried  out  to  ascertain  the  effect  of  inertial  terms  of 
the  density  gradient. 

Following  Thorpe  (1969),  we  choose  J  as  the  main 
stability  parameter.  For  given  /,  once  the  phase  velocity 
of  a  particular  mode  is  known,  the  value  of  Rc,  the 
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Richardson  number  at  the  critical  level  for  that  wave, 
where  Uo  =  cr,  can  be  calculated  from  the  relation 


Rc  =  Ri(yr)=7/(l-rr2)2 


(15) 


For  each  particular  geometry  we  calculate  the 
characteristics  of  both  unstable  and  neutral  modes  that 
may  be  excited.  For  the  unstable  modes,  normalized 
growth  rates  ac,=u,h/V  and  phase  velocities  cT  are 
plotted  versus  a  —  kxh,  for  selected  values  of  J.  For  the 
neutral  modes,  cr,  J  and  Rf  are  plotted  versus  a. 

For  Zi/h——  10.0,  at  least  four  modes,  which  we  shall 
call  modes  I,  II,  III  and  IV  in  order  of  decreasing 
growth  rates,  are  found.  The  neutral  curves  that 
comprise  the  stability  boundary  for  each  mode  are 
shown  in  Fig.  2.  The  properties  of  the  first  three  modes 
are  shown  in  more  detail  in  Figs.  3  and  4.  The  additional 


modes  IV,  V,  etc.,  have  growth  rates  too  small  to  plot 
and  in  addition  the  range  of  a  over  which  they  exist  is 
very  narrow.  We  shall  therefore  ignore  them  in  the 
following  discussion.  For  relatively  large  values  of  a, 
only  mode  I  is  allowed,  with  cr  of  the  order  of  —0.05. 
If  <t  =  0,  the  growth  rates  and  the  neutral  curve  for 
mode  I  remain  the  same  to  less  than  1%  but  cr  is  now 
zero  for  large  a.  As  z,  — >  —  » ,  mode  I  coincides  with 
the  one  found  by  Drazin  (1958)  and  shown  for  com- 
parison in  Fig.  3a.  Modes  I  and  II  correspond  to  waves 
that  are  mostly  evanescent  at  large  y,  i.e.,  Ki$>\KT\ 
with  K  defined  in  (13),  while  mode  III  corresponds  to 
mostly  propagating  waves,  i.e.,  |A%|»A",.  Near  the 
ground,  on  the  other  hand,  mode  II  is  mostly  propagat- 
ing, mode  I  is  mostly  evanescent,  while  mode  III  can 
be  either,  depending  on  the  particular  values  of  a  and  J. 
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Fig.  4.  Mode  II  and  III  characteristics  for  y,=  — 10.0  and  y/=10.0  and  a  =  0A  as  in  'Fig.  3:  (a)  / 
(solid),  Rc  (dashed)  and  c,  (dot-dashed)  vs  a  for  mode  II  neutral  waves;  (b)  ac,  (solid)  and  c,  (dashed) 
vs  a  for  different  J  of  mode  II  unstable  waves;  (c)  as  in  (a)  but  for  mode  III;  (d)  as  in  (b)  but  for 
mode  III. 
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Figs.  5  and  6  show  the  wave  characteristics  for  the 
case  of  Zi/h=  —  5.0.  In  this  case,  mode  II  has  disap- 
peared. The  growth  rates  of  mode  III  are  larger  than 
the  ones  for  z{/h=  —  10.0.  Finally,  for  Zi/h  =  —  2.0,  the 
results  are  plotted  in  Fig.  7.  Mode  III  has  now  disap- 
peared as  well.  The  maximum  value  of  a  for  unstable 
modes  to  exist  has  decreased  to  a^0.96;  if  |z,/A|  is 
decreased  even  further,  this  maximum  value  of  a  will 


decrease  more  and  eventually  even  mode  I  will 
disappear  in  agreement  with  the  results  of  Jones 
(1968,  first  model). 

The  effect  of  the  distance  from  the  inflexion  point  to 
the  ground  for  the  propagating  mode  can  be  seen  more 
clearly  in  Fig.  8  where  c»  of  mode  III  for  a  =  0.01  is 
plotted  versus  z,/h,  for  different  values  of  7. 

For  mode  I,  at  7  =  0.0,  the  most  unstable  wavelength 
corresponds  approximately  to  amax~0.46.  The  value  of 
a  max  changes  somewhat  as  7  varies  between  0  and  0.25; 
the  growth  rate  ac,  undergoes  much  larger  relative 
changes  as  7  varies  and  reaches  its  maximum  at 
7  =  0.0,  as  can  be  seen  from  Figs.  3b,  5b  and  7b.  For 
modes  II  and  III  the  most  unstable  wavelength  for 
given  7  is  a  much  stronger  function  of  7  than  for  mode  I 
as  can  be  seen  from  Figs.  4b,  4d  and  6b;  for  example, 
in  Fig.  4d  for  mode  III,  at  7  =  0.1,  amax~0.25  while  at 
7  =  0.05,  amHX~0. 15.  The  loci  of  the  most  unstable 
wavelengths  for  each  7  of  modes  II  and  III  are  lines 
running  almost  parallel  to  the  neutral  curves  that 
comprise  the  lower  neutral  boundary  (i.e.,  bottom  solid 
lines  in  Figs.  4a,  4c  and  6a).  Again  the  actual  growth 
rate  aCi  changes  as  7  changes.  The  approximate  values 
of  a  and  7  at  which  the  growth  rate  ac,  is  maximum 
over  the  entire  (a, 7)  plane,  are  given  in  Table  1,  for 
each  mode  and  for  each  of  the  three  values  of  Zi/h 
considered. 

The  phase  velocity  of  all  modes  that  are  mostly 
evanescent  on  top  (i.e.,  I,  II,  IV,  etc.)  is  seen  to  go  to 
—  1  for  long  wavelengths,  with  corresponding  critical 
levels  going  toward  the  lower  edge  of  the  shear  layer, 
where  the  local  Richardson  number  is  large;  thus  the 
growth  rates  will  be  small. 

The  eigenf unctions  Zc  =  Re  (\p)  and  Z„  =  —  Im(i/0  that 
correspond  to  the  most  unstable  wavelengths  of  each 
mode  for  Zi/h—  —  10.0  and  7  =  0.1  are  plotted  in  Fig.  9. 
The  normalization  is  with  respect  to  the  value  of  their 
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derivatives  on  the  ground  so  that 


\  r/y  / v,     \  dv  /y, 


(16) 


This  normalization  scheme  is  chosen  with  the  idea  that 
microbarograph  data  on  the  ground  can  be  used  to 
provide  the  amplitude  for  specific  cases.  In  Fig.  10,  the 
eigenfunctions  of  mode  I  for  /  =  0.0  and  a  =  0.01  are 
plotted  for  z,/7z  =  —  10.0  and  z,/h  =  —  2.0  to  demonstrate 
the  effects  of  the  distance  of  the  ground  from  the 
inflexion  point. 

Additional  information  concerning  the  modes  de- 
scribed in  Fig.  9  is  given  in  Table  2,  where  the 
normalized  vertical  wavelength  Xz  =  2ir/Kr  and  the 
normalized  vertical  e-folding  length  bz  =  \/Ki  are 
expressed  in  terms  of  the  distance  Ay=\(yt—yc)\ 
between  the  critical  level  and  the  ground.  The  values 
of  \z  and  5;  are  calculated  at  y  =  yf  and  y  =  yt,  i.e.,  well 
in  the  regions  of  almost  constant  velocity.  As  can  also 
be  seen  from  Fig.  9,  mode  I  is  mostly  evanescent  above 
and  below  while  mode  II  is  mostly  evanescent  above 
but  propagating  below.  Mode  III  is  mostly  propagating 
above;  in  the  lower  region  it  is  propagating  but  Ki  and 
KT  are  of  the  same  order.  Furthermore,  in  the  bottom 
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Fig.  7.  As  in  Fig.  3  except  for  yi  =  Zi/h=  -2.0,  mode  I. 
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Fig.  8.  Normalized  imaginary  c,  (solid  line)  and  real  cT  (dashed 
line)  parts  of  the  horizontal  phase  velocity  of  mode  III  unstable 
waves,  for  two  different  values  of  /,  as  a  function  of  the  normalized 
distance  y,  between  the  inflexion  point  and  the  ground.  Here 
V/=  10.0,  a  =  0.01  and  a  =  0.1. 

layer  and  for  7  =  0.1,  mode  II  has  a  X2  which  is  approxi- 
mately twice  Ay  and  mode  IV  (which  is  not  shown  in 
Fig.  9  but  which  has  similar  characteristics  to  those  of 
mode  II)  has  a  horizontal  phase  velocity  which  is  about 
twice  that  of  mode  II  and  a  Xz/Ay  of  about  1.  It  appears 
therefore  that  the  modes  which  are  mostly  propagating 
in  the  bottom  layer  may  be  due  to  resonance  between 
the  critical  level  and  the  solid  surface  below,  as  sug- 
gested by  Lilly  (private  communication)  and  in 
qualitative  agreement  with  the  "quantization  of  the 
real  part  of  the  vertical  wavenumber"  observed  by 
Lindzen  and  Rosenthal  (1976). 

To  check  the  range  of  applicability  of  the  above 
results,  the  validity  of  the  Boussinesq  approximation 
and  the  influence  of  the  inertia  terms,  we  have  carried 
out  extensive  calculations  with  the  fully  compressible 
equations,  as  well  as  with  a  =  0.0  in  Eq.  (10).  The  results 
were  substantially  the  same  with  the  most  noticeable 
difference  in  the  values  for  cT.  This  change  in  cr  does 
not  affect  the  neutral  boundary  of  mode  I  at  all  and 
results  in  a  small  shift  upward,  for  mode  II,  of  no  more 
than  5%,  and  a  shift  downward,  for  mode  III,  of 
approximately  25%  in  the  most  extreme  cases  and  of 
much  less  elsewhere.  In  future  calculations,  it  is 
recommended  that  the  fully  compressible  equations,  as 
given  for  example  by  Chimonas  (1970),  be  used  since 
they  do  not  introduce  any  new  numerical  problems. 
Thus  approximations  which  are  adequate  for  the  present 
profiles  need  not  be  invoked. 

Table  1.  The  approximate  values  of  a  and  /  at  which 
aa  is  maximum  of  the  entire  aJ  plane. 
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Fig.  9.  Plots  of  Zc  =  Re(ip)  and  Z3  =  —  lm{\j/),  the  vertical  velocities  weighted  by  p0-*,  for  /  =  0.1  and 
<r  =  0.1 :  (a)  mode  I  with  a  =  0.56,  cr=  -0.07581  and  c,  =  0.1974;  (b)  mode  II  with  a  =  0.3,  cr=  -0.3539 
and  c,  =  0.07298;  (c)  mode  III  with  a  =  0.26,  cr  =  0.1953  and  c,  =  0.03475.  The  wavelengths  for  each  mode 
correspond  to  the  most  unstable  wave  for  7  =  0.1  as  can  be  seen  from  Figs.  3  and  4. 


For  the  results  presented  up  to  now,  h  is  considered 
constant  and  therefore  variations  in  J  =  n2h2/V2  are  due 
to  variations  in  n2/V2.  In  Figs.  2-7  we  choose  <r  =  h/H 
=  0.1  which  implies  that  H  and  n2  are  also  constant, 
and  thus  variations  in  J  are  due  entirely  to  variations 
in  V.  Yet  since  the  presence  of  a  is  found  to  have  a 
small  effect  on  the  results  as  discussed  above,  within 
reasonable  accuracy,  variations  in  J  can  also  be 
attributed  to  variations  in  n2.  In  this  approximation, 
the  results  can  be  applied  to  boundary  layer  situations 


a) 


0     '- 


yc: 


20    Zc 


-174 


as  well.  In  either  case,  one  cannot  compare  these  results 
with  the  limiting  case  of  the  discontinuous  Helmholtz 
profile  studied  by  Lalas  et  al.  (1976)  for  which  /r— »0, 
but  Z{  and  k*  remain  finite. 

b.  Results  for  z,  constant  and  varying  h 

To  study  the  effect  of  varying  h,  the  equations  are 
renormalized  with  respect  to  a  length  L,  which  we  take 
to  be  proportional  to  z,,  a  constant.  The  minimum 


100  ZS,ZC 


Fig.  10.  Plots  of  Zc  and  Z„  the  vertical  velocities  weighted  by  pa  *,  for  an  unstable 
wave  of  mode  I  with  7  =  0.0,  a  =  0.01  and  <7  =  0.1  to  illustrate  the  effect  of  a  change 
in  y{.  (a)  yi  =  Zi/h=  -2.0  for  which  cr= -0.9399  and  Ci  =  0.01969;  (b)  y,=z,/A 
=  -10.0  for  which  cr=  -0.9802  and  c,  =  0.08801. 
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Richardson  number  J  now  becomes 


Table  2.  Values  of  \t  and  62  as  a  function  of  Ay. 


7 


(n2L2\  I  h2\ 
\  V2  )\L2) 


L 


(17) 


and  its  variation  is  now  due  to  changes  of  the  ratio  h/L, 
if  we  keep  J  constant.  For  the  following  calculations, 
we  choose  Z,=  |z,-|/10  and  ,7  =  0.0748.  These  values  of 
L  and  J  make  the  eigenvalues  equal  to  the  ones  of  the 
constant  h  case  with  y,  =  —  10.0,  at  a  =  0.01  and  h/L 
=  1.0,  which  implies  7  =  0.0748.  The  singular  neutral 
mode  plots  in  the  (d,7)  plane,  with  a  =  kxL  =  a(L/h), 
are  shown  in  Fig.  11.  The  limit  d— >0  corresponds  to 
kx  — >  0,  and  the  limit  7  — >  0  corresponds  to  the  Kelvin- 
Helmholtz  discontinuous  profile.  The  values  of  d  for 
which  the  neutral  curves  cut  the  7  =  0  axis  are  5ia 
=  dib~0.25,  dn -0.185  with  cri„«-0.081,  crn,  =  0.0 
and  crii~— 0.46;  the  renormalized  vertical  wave- 
number  A'  at  large  y  is  now  approximately  zero  for  all 
three  modes  although  the  zero  is  approached  through 
imaginary  values  for  modes  la  and  II  and  real  values 
for  mode  lb.  These  values  are  in  complete  agreement 
with  the  results  of  Lalas  et  al.  (1976)  and  can  be 
calculated  from  their  Eq.  (31),  with  the  appropriate 
translation  of  variables  and  normalizing  quantities.  In 
future  numerical  work,  Eq.  (31)  of  Lalas  et  al.  (1976) 
can  be  used  to  provide  initial  starting  points  for  all 
modes  at  7  =  0.0. 

It  should  be  pointed  out  that  for  7  =  0.0,  we  now 
have  at  least  two  modes,  as  opposed  to  the  case  with 
h  constant,  in  which  7  =  0.0  corresponds  to  zero  stratifi- 
cation, and  then  only  one,  the  Rayleigh  (1880),  mode 
is  present. 

Mode  Ia,b  is  equivalent  to  the  neutral  mode  calcu- 
lated by  Jones  in  his  second  model  and  shown  in  his 
Figs.  5  and  6.  Mode  II  and  the  additional  smaller  modes 
not  plotted  here  were  not  found  by  Jones. 

The  phase  velocity  of  mode  la  varies  between  —0.08 
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at  d  =  0.253  to  a  minimum  of  —0.104  at  d  =  0.37  and 
goes  toward  —0.05  for  large  d.  Mode  la  is  evanescent 
near  the  ground  and  at  large  heights.  Mode  II  is  also 
evanescent  at  large  heights  but  propagating  near  the 
ground  with  —  1.0<cr<  — 0.46,  while  mode  lb  is 
propagating  on  top  and  evanescent  near  the  ground 
with  cr  varying  between  0.6  down  to  —0.03  as  d  in- 
creases. The  neutral  curves  for  modes  la  and  II  appear 
to  asymptotically  approach  zero  as  d  increases.  The 
numerical  calculation  is  stopped  at  the  points  shown 
in  Fig.  11  only  for  the  purpose  of  reducing  computing 
time. 

c.  The  effect  of  an  abrupt  increase  of  the  static  stability 
at  large  heights 

The  static  stability  of  the  atmosphere  is  often  ob- 
served to  increase  substantially  at  tropopause  heights — 
a  fourfold  increase  in  n2  is  not  unusual.  Such  an  abrupt 
change  in  n2  has  been  found  in  other  studies,  as,  for 
example,  in  lee  wave  dynamics  (Klemp  and  Lilly, 
1975),  to  give  rise  to  constructive  interaction  between 
upgoing  and  downgoing  waves.  To  examine  this  effect, 
we  modify  the  background  Brunt-Vaisala  frequency 
so  that  n2  above  y  —  yf  is  four  times  the  value  below. 
The  neutral  mode  curve  in  the  (a,7)  plane  is  shown 
for  h  fixed,  y,  =  -  10.0,  y/=10.0  and  a  =  0.0  in  Fig.  12. 
The  main  feature  is  that  the  distinct  structure  of  each 
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Fig.  11.  Neutral  wave  plots  in  the  (a, J)  or  (a,h/L)  plane  [/  =  0.0748 (h/L)2']  for 
the  case  of  a  variable  thickness  shear  layer  with  the  distance  between  the  inflexion 
point  and  the  ground  equal  to  10L.  The  variation  of  density  in  the  inertial  term  of 
the  momentum  equation  is  included.  Note  that  a  =  kzL  =  aL/h.  Mode  I  comprises 
two  branches,  la  evanescent  and  lb  propagating  in  the  top  layer. 
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Fig.  12.  Neutral  wave  plots  in  the  (a,J)  plane  for  y,=  —  10.0,  ys-  10.0  and  <r  =  0.0 
with  n2,  the  square  of  the  Brunt- Vaisala  frequency,  above  y/=  10.0  equal  to  four 
times  n2  below  ys  =  10.0. 


mode  has  now  disappeared.  Vestiges  of  the  modal 
structure  remain,  but  now  there  are  no  separate  neutral 
boundaries  for  each  mode  in  the  (a,J)  plane  projection. 
The  neutral  waves  are  propagating  in  the  top  layer 
y>jf  and  so  are  the  unstable  ones  except  for  large 
values  of  a  where  they  become  mostly  evanescent.  The 
transition,  though,  in  this  case  is  continuous,  with 
Kr/Ki  going  through  1  smoothly  as  a  increases.  No 
specific  resonance  was  noticed  in  this  particular 
example;  the  growth  rates  do  not  differ  substantially 
for  the  case  without  a  jump  in  static  stability  and  the 
changes  in  the  total  unstable  region  in  the  (a,J)  plane 
are  small. 

5.  Conclusions 

We  have  shown  in  this  paper  that  an  atmospheric 
shear  layer,  modeled  by  a  hyperbolic-tangent  velocity 
profile  and  a  constant  background  temperature,  in  the 
presence  of  the  ground,  can  support  a  number  of 
unstable  modes,  in  addition  to  the  classical  one  dis- 
cussed in  the  literature  and  labeled  I  in  our  figures. 
The  properties  of  these  modes  and  the  consequences 
of  their  existence  can  be  summarized  as  follows: 

1)  For  given  J  and  for  each  mode  there  exists  a  most 
unstable  wave  with  wavelength  Xm.  The  values  of  Xm 
for  the  additional  modes  are  much  larger  than  Xm  for 
mode  I. 

2)  Unstable  waves  exist,  for  non-zero  J,  in  the  limit 
of  kx  — >  0  and  are  always  propagating  in  the  top  region. 
In  the  region  near  the  ground  they  are  either  mostly 
propagating  or  mostly  evanescent  dependent  on  the 
actual  value  of  J. 

3)  For  a  shear  layer  of  given  thickness,  small  wave- 
lengths correspond  to  evanescent  waves  both  above  and 
below  the  shear  layer.   For  large  wavelengths  there 


exist  modes  that  are  mainly  propagating  both  above 
and  below,  or  only  above,  or  only  below  the  layer. 
Such  waves  always  belong  to  the  additional  modes, 
while  mode  I  is  always  evanescent  above  and  below  the 
shear  layer.  The  consequences  of  the  ability  of  these 
waves  to  propagate  and  thus  transport  energy  away 
from  the  shear  layer  are  bound  to  be  important  in 
determining  the  vertical  structure  of  the  atmosphere 
and  the  coupling  of  mesoscale  motions  to  microscale 
phenomena. 

4)  The  growth  rates  of  the  additional  modes  are 
usually  smaller  than  the  corresponding  ones  for  mode  I 
and  for  the  same  J.  As  pointed  out  by  Jones  (1968), 
this  is  probably  due  to  the  fact  that  the  propagation  of 
energy  away  from  the  shear  zone  by  the  waves  reduces 
the  amount  of  energy  available  to  them  for  temporal 
growth. 

5)  The  system  has  the  capability  of  exciting  more 
than  a  single  wavelength  with  maximum  growth  rate. 
This  capability  seems  to  be  due  to  the  presence  of  the 
ground  which  allows  the  kinematic  conditions  at  the 
interface  to  be  satisfied  by  more  than  one  frequency  and 
phase  velocity  by  introducing  an  up-going  wave  in  the 
layer  between  the  shear  zone  and  the  ground.  The 
ultimate  wavelengths  which  will  be  observed  in  such  a 
shear  flow  in  the  atmosphere  will  depend  on  a  number 
of  factors  such  as  topography,  horizontal  inhomogene- 
ities,  initial  growth  rates  as  predicted  by  linear  theory, 
as  well  as  nonlinear  effects.  The  latter  have  been 
studied  recently  by  Tanaka  (1975)  who  indicates  that, 
for  the  only  mode  he  has,  long  wavelength  waves  which 
have  linear  growth  rates  much  smaller  for  given  J  than 
the  short  wavelength  ones,  may  attain  larger  asymptotic 
amplitudes  and  may  eventually  become  dominant. 

Finally  it  should  be  mentioned  that  the  possibility  of 
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additional  modes  existing  especially  in  the  region  of 
small  values  of  a  and  large  values  of  J  cannot  be 
excluded. 

Characteristics  of  wave  generation  in  actual  atmo- 
spheric flows,  once  the  velocity  and  temperature  profiles 
are  known,  can  be  readily  obtained  by  the  present 
numerical  technique,  although  care  should  be  taken  to 
insure  that  all  modes  of  interest  have  been  identified. 
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ABSTRACT 

The  simple  Kelvin-Helmholtz  model  for  shear  zones  in  the  atmosphere  is  modified,  by  introducing  a  solid 
boundary  below  to  account  for  the  effect  of  the  ground.  The  new  characteristics  of  neutral  and  unstable 
waves  that  can  exist  in  such  configuration  are  analyzed  for  various  values  of  wind  velocity,  depth  of  the 
bottom  layer,  and  Brunt-Vaisala'  frequency.  It  is  shown  that  the  presence  of  the  ground  considerably  de- 
stabilizes waves  with  long  horizontal  wavelengths.  In  particular,  long  wavelengths  are  always  unstable,  so 
that  no  neutral  stability  boundary  exists.  Furthermore,  the  solid  lower  boundary  introduces  an  infinite 
number  of  neutral  modes,  all  of  which  correspond  to  evanescent  waves  in  the  top  layer.  Finally,  the  model 
with  the  ground  is  used  to  calculate  the  characteristics  of  the  most  unstable  waves  that  would  be  generated 
for  some  well-documented  observed  cases  and  the  calculated  values  are  found  to  be  in  reasonable  agreement 
with  observations. 


1.  Introduction 

Vertical  shear  of  the  horizontal  background  wind 
velocity  is  known  to  be  the  cause  of  a  variety  of 
dynamic  phenomena  in  the  atmosphere,  such  as  clear 
air  turbulence,  generation  of  gravity  waves,  billow 
clouds,  etc.  If  the  shear  is  concentrated  over  a  height 
interval  small  compared  with  vertical  wavelengths  of 
interest,  the  situation  can  be  modeled  by  two  semi- 
infinite  layers  with  constant  but  different  velocities. 
In  each  layer,  the  temperature  and,  hence,  the  Brunt- 
Vaisala  frequency  are  also  assumed  constant.  The 
characteristics  of  this  model  are  well  known,  and 
additional  features  have  been  analyzed  lately  by 
Lindzen  (1974)  and  Einaudi  and  Lalas  (1974). 

Recently,  the  number  of  waves  detected  in  the 
atmosphere  that  may  be  attributed  to  shear  zones 
has  been  increasing.  The  observed  wavelengths  are, 
at  times,  considerably  longer  than  the  longest  possible 
unstable  wavelengths  predicted  by  the  Kelvin-Helm- 
holtz model.  This  may  be  due  to  a  number  of  reasons, 
the  most  apparent  of  which  are  the  discontinuity  of 
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the  background  profiles  and  the  absence  of  a  solid 
lower  boundary. 

Continuous  velocity  and  temperature  profiles  in  an 
infinite  medium  have  been  analyzed  by  various  authors 
(Drazin,  1958;  Miles  and  Howard,  1964),  and  we  refer 
to  the  paper  by  Drazin  and  Howard  (1966)  for  a 
complete  review  of  the  subject.  A  continuous  velocity 
profile  indeed  allows  longer  wavelengths  to  be  excited, 
but  only  at  very  small  Richardson  numbers,  which 
are  seldom  observed  in  the  atmosphere.  In  particular, 
horizontal  wavelengths  of  the  order  of  50-100  km  have 
been  reported  (Lilly,  private  communication)  by 
ground-based  pressure  measurements  without  evidence 
of  particularly  small  Richardson  numbers  aloft,  thus 
suggesting  that  the  continuous  profile  alone  does  not 
eliminate  the  discrepancy  between  theory  and 
observations. 

We  propose  in  this  paper  to  analyze  the  second 
effect,  i.e.,  the  presence  of  the  ground  which  requires 
that  the  vertical  velocity  vanish  there.  Such  a  bound- 
ary condition  is  known  to  influence  the  wavelength 
spectrum  considerably  (Yih,  1969)  and  to  cause  the 
appearance  of  a  variety  of  new  modes  which,  as  we 


546 


60 


JOURNAL     OF     THE     ATMOSPHERIC     SCIENCES 


Volume  33 


Medium    A 


uo  Medium    B 


/  7 7 //////////// 7      * 

Fig.  1.  The  geometry  of  the  system. 

shall  demonstrate,  bring  theory  in  much  closer  agree- 
ment with  observations. 

A  three-layer  model  in  the  presence  of  the  ground 
has  been  considered  recently  by  Gossard  (1974);  his 
model,  however,  includes  a  neutrally  stable  isen  tropic 
middle  layer,  so  that  the  effect  of  the  ground  itself 
cannot  be  separated  and  analyzed.  Jones  (1968) 
analyzes  numerically  three  models  in  which  the  back- 
ground density  is  an  exponentially  decreasing  function 
of  height.  Model  I  has  a  constant  shear  layer  bounded 
from  below  by  a  solid  surface  and  from  above  bv 
a  fluid  of  infinite  depth  whose  velocity  is  constant. 
Model  II  is  a  similar  model,  but  with  an  intermediate 
layer  of  uniform  velocity  between  the  ground  and  the 
bottom  of  the  shear  layer;  the  velocity  in  the  layer 
adjacent  to  the  ground  is  equal  to  that  at  the  bottom 
of  the  shear  zone.  Model  III  is  like  model  II,  with 
the  ground  removed.  Jones  finds  that  the  first  model 
is  always  stable,  that  the  second  model  is  unstable 
for  all  wavenumbers,  while  the  third  model  is  unstable 
only  for  large  wavenumbers.  By  comparing  models  II 
and  III,  one  can  conclude  that  the  ground  destabilizes 
the  system.  However,  comparing  models  I  and  II, 
one  concludes  that  the  position  of  the  ground  may 
have  a  stabilizing  effect  on  all  wavelengths,  since  no 
instability  exists  for  model  I. 

Our  calculations  are  carried  out,  in  the  Boussinesq 
approximation,  for  a  Kelvin-Helmholtz  profile  bounded 
from  below  by  a  solid  surface,  and  with  the  tempera- 
ture of  the  two  layers,  in  general,  different.  When  the 
temperature  in  both  layers  is  the  same,  our  model 
can  be  viewed  as  a  limiting  case  of  Jones'  model  II. 
It  reveals,  however,  a  modal  structure  which  appears 
to  be  absent  in  Jones'  example. 

In  Section  2,  the  equations  are  stated  in  linearized 
form,  and  the  governing  dispersion  equation  is  derived. 
An  examination  of  this  dispersion  equation  is  carried 
out  in  Section  3,  and  the  existence  of  a  whole  new 
family  of  modes  directly  attributable  to  the  bottom 
is  identified.  In  Section  4,  unstable  modes  are  inves- 
tigated,  and    their   growth   rates   are   calculated    and 
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displayed  as  functions  of  the  horizontal  wavelength. 
It  is  demonstrated  that  the  effect  of  the  ground  is 
destabilizing.  Finally,  in  Section  5,  a  comparison  of 
some  of  these  unstable  modes  with  observations  of 
shear  waves  in  the  atmosphere  is  presented,  and  a 
recent  conjecture  by  Lindzen  (1974)  of  the  role  of 
neutral  waves  in  smoothing  out  shear  layers  is  re- 
examined in  the  iight  of  our  calculations  of  growth 
rates  in  the  presence  of  the  ground. 

2.  The    governing    equations    and    the    resulting 
dispersion  x elation 

The  linearized  equations  governing  the  propagation 
of  small  perturbations  in  a  stratified  atmosphere  with 
a  background  wind  are  given  by : 
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In  the  above,  p,  p,  u,  w,  T  are  the  pressure,  density, 
horizontal  velocity,  vertical  velocity  and  temperature, 
respectively,  with  primes  indicating  perturbation  quan- 
tities and  subscripts  0  referring  to  background  quanti- 
ties of  the  unperturbed  state,  which  are  assumed  to 
be  a  function  of  z  only;  R  is  the  gas  constant;  cv  is 
the  specific  heat  at  constant  volume;  and  g  is  the 
gravitational  acceleration  acting  in  the  negative  z  di- 
rection. The  total  derivative  operator  d/dt  is  de- 
fined by 

d      d  d 

-  =  -+Wo— .  (6) 

dt     dt        dx 

We  wish  to  consider  here  a  model  of  the  atmosphere 
that  consists  of  two  layers,  the  properties  of  which 
are  denoted  by  subscripts  A  and  B,  as  shown  in  Fig.  1. 
We  assume  that  the  temperature  is  constant  in  each 
layer,  and  we  consider  a  background  velocity  given  by 


U0A=  —  MoCxj 

UoB  =  woej     ) 


(7) 


where  u0  is  a  constant  and  kx  the  unit  vector  in  the 
x  direction.  The  layer  A  is  semi-infinite,  and  the 
depth  of  layer  B,  adjacent  to  the  ground,  is  given  by  /.-. 
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Let  us  assume  that   the  perturbations  are  of  the 
form 

p'(x,z,t)=P  txp(id-z/2H) 


P'(x,z,t)  =  D  exp(i6-z/2H) 
u'(x,z,t)  =  U  exp(i6+z/2H) 
w'(x,zj)  =  W  exp(i8+z/2H) 

6  =  ut  —  k  xx-\-  kz 


(8) 


with  «  being  the  frequency  of  oscillation,  \x  =  2ir/kx 
and  \z  —  2ir,k  the  horizontal  and  vert'  al  wavelengths, 
respectively,  H  —  RTJg  the  scale  height  for  an  iso- 
thermal atmosphere,  and  P,  D,  U,  W  constant  am- 
plitudes. The  dispersion  relation  for  propagation  in 
either  laver  that  results  from  the  above  assumptions 
is  (Hines,  1960) 

W-tt~ci(kT2+  W+Mkf-WcVUH*)  =  0.        (9) 

with  the  Doppler  frequency  ft,  the  sound  speed  c,  and 
the  Brunt -Viiisii la  frequency  n  given  by 


ft  =  w —  kxUn, 


ci=RT0(\+-\ 
n2=~d +-). 

\po    dz        C2/ 


(10) 

(ID 

(12) 


Solving  (9)  for  k,  we  obtain 

kxUo  • 


(0+D2 


ca2 
for  layer  A,  and 

kxUo 


1+ 


1 


nA' 


1 


-ii  I 


\H^kx"  kxw  (<t>+iy 


(13) 


(0-D2 


Cb 


Uq 


1 


1+- 


na' 


1 


ii  i 


for  layer  B.  In  both  cases 

<j>  =  a/  (kxu0)  =  0r+  i<t>i 


(14) 


(15) 


is  the  normalized  complex  phase  velocity. 

For  waves  propagating  in  the  system  shown  in 
Fig.  1,  one  has  to  impose  the  appropriate  boundary 
conditions  at  the  ground,  at  the  displaced  interface 
between  the  two  layers,  and  at  infinity.  Specifically, 
at  the  ground,  the  boundary  condition  to  be  imposed 
is  that  the  vertical  velocity  is  zero.  This  necessitates, 
for  a  non-trivial  solution,  the  existence  of  an  up-going 
as  well  as  a  down-going  wave,  denoted,  respectively, 
by  the  superscripts  u  and  d.  The  boundary  condition 


at  the  ground  then  is 


WM+WL*>=0. 


(16) 


At  the  top,  we  require  that  the  wave  decay  to  zero 
at  infinity  or,  if  it  is  a  neutral  propagating  wave, 
that  the  direction  of  its  energy  transport  be  away 
from  the  interface  and  toward  infinity.  This  implies 
only  one  wave  and  specifies  the  sign  of  kA  so  that 
either 

Im(*A)>0,  (17) 

or,  for  real  k\, 


dw 

dki 


->0. 


(18) 


Finally,  at  the  displaced  interface  between  the  two 
layers  we  demand  that  the  vertical  displacements, 
calculated  on  each  side,  match,  i.e., 

H'\  1 

—  exp(ikAh-\-h/2HA)  =  —  [Wkv)  exp(ikBh) 
0A  ftB 

+  W\?  exp(-ikBh)~]  exp(V2//B),     (19) 

and  that  the  total  pressure  is  continuous,  i.e., 

WA 

-gp0A(z  =  A) exp(ikAh+h/2HA) 

*8a 

+  PA  exp(ikAh-h/2HA) 

WA 

=  -gP»&(z  =  h) exp(ikAh+h/2HA) 

iflA 

+  P^exp(ikBh-h/2HB) 

+  Pfexp{-ikBh-h/2HB).     (20) 

Using  polarization  coefficients  derived  from  Eqs. 
(l)-(5),  we  can  express  PA  in  terms  of  WA,  and  PBU) 
and  Pf  in  terms  of  WBU)  and  WBd\  so  that  Eqs.  (16), 
(19)  and  (20)  become  three  homogeneous  equations 
for  the  unknowns  ITA,  WBU),  WBd).  Setting  the  de- 
terminant of  their  coefficients  equal  to  zero,  we  obtain 


poA(z  =  h) 


cA' 

-g+— 


OV2-«a2) 


CA 


(— — ttAY| 

\2#a  IX 


Cr 


where 
4>u  = 


=  Pob(z=A)    -g+— («B2-nB2)<J>o    ,     (21) 


exp(/£B^) 


[_exp{ikBh)  —  exp(  —  ikvh)~] 
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If  we  make  use  of  the  Boussinesq  approximation, 
namely,  if  in  (21)  as  well  as  in  the  individual  dis- 
persion relations  (13)  and  (14)  we  consistently  neglect 
terms  of  order  l/H\  compared  with  kA,  \/HB  com- 
pared with  kB,  and  {w/kzY  compared  with  either  <-A2 
or  cb2,  we  obtain  the  following  simplified  form  for 
Eq.  (21): 


,   fiA2  — MA2 

g(l-r)+r- 


«b2- 


•«B' 


'exp(;£B/?)+exp(  —  ikBh\ 


with 


ikH      Lexp(i^B^)—  exp(  —  ikBh)- 

T~  (pOA/pOB)z=fc, 


±- 


An~ 


(0+1) 
kx 


«A" 


-kz2tio2 


■(0+D2 


]' 


(4>  —  l)Lkx2uo 


«B 


■(0-1) 


■I- 


(23) 

(24) 
(25) 

(26) 


The  sign  in  (26)  is  arbitrarily  taken  to  be  positive 
since  its  choice  does  not  affect  (23).  Our  main  results 
will  stem  from  the  solutions  of  (23)  with  the  help 
of  (25)  and  (26)  and  inequalities  (17)  or  (18). 

When  the  depth  h  of  the  bottom  layer  becomes 
infinite,  Eq.  (23)  reduces  to  the  one  previously  studied 
by  Einaudi  and  Lalas  (1974).  The  effect  of  the  finite 
depth  of  the  layer  results  in  the  presence  of  the  term 

[exp(i£BA)+exp(— ikBh)~\/[eiq>(ikBh)  — exp(— ikBh)~] 

which  multiplies  the  right-hand  side  of  the  equation. 
We  will  show  in  the  next  section  that  this  is  sufficient 
for  excitation  of  other  very  interesting  modes. 

3.  The  neutral  modes 

Stability  boundaries,  if  any,  of  a  flow  separate 
stable  from  unstable  regimes  in  parameter  space  and 
so  by  definition  belong  to  the  family  of  solutions  of 
(23)  for  real  eigenvalues  4>.  To  examine  the  existence 
and  location  of  such  stability  boundaries,  we  will 
investigate  all  neutral  modes  that  satisfy  (23)  for 
different  values  of  the  parameters.  To  facilitate  mat- 
ters, we  introduce  new  non-dimensional  variables: 


a=kxh 


Ja  =  [ 


(nKh\ 


\  m 

nBh\ 


"W" 


cp  HB 

G= . 

R   h 


JkIt 


(27) 


(28) 


(29) 


(30) 


Here  cp  is  the  specific  heat  at  constant  pressure. 
In  terms  of  these  new  non-dimensional  variables,  we 
rewrite  (23)  in  the  form 


G(l-r)Jh+r- 


O2(14-0)2-/A] 


i{kKh) 


[V(1-4>)2-/b] 


i(kBh) 


'exp(t£BA)-f-exp(— ikBh)~ 

-exp(ikBh)—exp(  —  ikBh)- 


(31) 


We  notice  here  again  that  (31)  is  independent  of  the 
sign  of  kB  but  not  of  k\  which  is  to  be  chosen  to 
satisfy  the  radiation  conditions  (17)  or  (18).  Further- 
more, one  should  also  notice  that  for  neutral  modes, 
i.e.,  <j>  real,  £b  can  be  either  real  or  purely  imaginary, 
but  in  either  case  the  right  hand  side  (R.H.S.)  of  (31) 
is  always  real.  This  automatically  dictates  one  of  two 
choices:  either  £A  is  imaginary,  or  the  second  term 
in  the  left  hand  side  (L.H.S.)  of  (31)  is  zero.  The 
second  term  in  the  L.H.S.  of  (31)  would  be  zero  if 
either 

(32) 


or 


0r=-l, 


jA=a*(<t>+\y 


On  the  other  hand,  if 

yA<a2(<M-i)2, 


m 


(34) 


kA  is  imaginary.  We  can  then  distinguish  three  classes 
of  neutral  curves. 

Class  1.  <£r=  —1,  i.e.,  (32)  is  satisfied. 
The  real  part  of  (31)  then  becomes 


with 


[exp(i&BA)+exp(  —  ikBh) 

exp(ikBh)  —  exp(  —  ikBh)J 

hkB=-$[JB-4a*y. 


(35) 
(36) 


If  7B  is  larger  than  4a2,  £B  is  real  and  (35)  has  a 
countably  infinite  number  of  solutions.  None  of  the 
solutions  of  (35)  goes  through  the  origin  of  the  (a,JB) 
plane.  The  solution  corresponding  to  &B  =  0  is  repre- 
sented in  the  (a,JB)  plane  by  the  point 


R    h      1 

7Bo=4 , 

c„  HB  \—r 


<*o 


=  /bV2,    r*l, 


while  for  JB<W,  the  solution  of  (35)  is  given  by  a 
single  curve  in  the  (a,JB)  plane  starting  at  (o!o,/bo) 
and  proceeding  toward  larger  values  of  a  and  7b- 
When  r=  1,  only  the  neutral  curves  corresponding  to 
£b  real  are  present. 
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2.  Neutral  curves  of  class  1  (see  text).  Solid  lines  are  the  neutral  curves  for  waves  with  ks  real, 
dashed  lines  for  waves  with  kB  imaginary;  r  =  280/285:  (a)  /f  =  200  m,  (b)  £  =  2000  m. 


Class  2.  JA  =  a2(<j>+].)2,  i.e.,  (33)  is  satisfied. 
In    view    of    the    fact    that    Ja  =  ?Jb    and 
=  [(7aV«)-2]2,  Eq.  (31)  takes  the  form 

G(l-r)JB  =  i[_(rJB)i-2aJ 

k  Bhrexp(ikBh)+exp(  —  ikBh) 


(0-D 


with 


X 


kBh  =  - 


a2  Lexp(ikBh)  —  exp(—ikBh)- 
{/B-[(r/B)i-2«]2}* 
■(r/B)* 


(37) 


(38) 


Since  rJB=a2(4>+  l)2,  it  follows  that  {rJB)\<2a  and, 
from  (38),  that  kB  will  be  real,  zero,  or  purely  imagi- 
nary depending  on  whether  JB  is  larger,  equal  to,  or 
smaller  than  [2a/(l+r")]2,  respectively.  For  r^\,  the 
same  considerations  as  in  class  1  can  be  repeated 
here  except  that  </>  varies  now  between  —1  and  1, 
and  all  the  neutral  curves  corresponding  to  kB  real 
tend  toward  the  origin  of  the  (a,JB)  plane  as  <j>—+\. 
When  r=l,  only  the  curves  corresponding  to  </>>0, 
i.e.,  kB  real,  exist. 

Class  3.  Inequality  (34)  is  satisfied,  which  implies  an 
evanescent  wave  in  the  top  layer. 

In  this  case,  (31)  is  completely  real  so  that  we 
have  only  one  rather  than  two  relations  between  a,  JB 
and  <f>,  for  fixed  r . 

It  is  interesting  to  compare  these  results  with  the 
ones  for  two  semi-infinite  layers  for  which,  following 
the  same  non-dimensionalization  scheme,  with  h  now 
being  some  reference  height,  the  governing  equation  is 

[a2(l-H>)2-7A]     a2(\-4>)2-Jti 
G(l-r)JB+r = ■ .     (39) 


ik\h 


ikBh 


The  sign  of  kB  is  now  specified  by  the  appropriate 
radiation  conditions  at  z=  —  oo.  The  only  din^rence 

5! 


between   (39)   and   (31)   is  the  absence  of  the  term 

[exp(ikBh)+exp(  —  ikBh)~\/\_tx^){ikBh)  —  exp(  —  ikBh)~]. 

This  means  that  the  R.H.S.  of  (39)  can  now  be  real 
or  imaginary.  Furthermore,  all  the  countably  infinite 
modes  of  classes  1  and  2  with  kB  real  are  prohibited 
for  the  case  of  the  two  semi-infinite  layers,  and  all 
the  remaining  modes  go  through  the  origin  of  the 
(a,JB)  plane. 

The  existence  and  nature  of  the  extra  modes  for 
the  finite  bottom  eliminate  the  possibility  of  a  stability 
boundary.  For  the  neutral  curves  of  (39),  the  curve 
0=— 1  constitutes  an  envelope,  so  that  for  given  a 
and  r,  no  neutral  curves  exist  for  values  of  JB  higher 
than  the  one  satisfying  (39)  with  </>=  —  1  (see  Einaudi 
and  Lalas,  1974).  Unstable  modes  exist  only  for  the 
points  (a,JB)  below  this  curve.  Such  an  envelope  does 
not  exist  for  the  neutral  curves  of  (31),  because  the 
modes  of  class  1  do  not  go  through  the  origin.  Instead, 
they  start  at  non-zero  values  of  JB  for  a  =  0  and,  for 
given  a  and  r,  no  matter  how  large  JB  is,  there  is 
always  a  neutral  curve  above  that  point  in  the  (a,JB) 
plane.  If  unstable  modes  exist  below  each  neutral 
curve  of  (31),  as  will  be  shown  to  be  the  case,  then 
the  effect  of  the  presence  of  the  ground  is  to  com- 
pletely destabilize  the  flow  through  the  introduction 
of  whole  new  categories  of  stable  and  unstable  modes 
that  drastically  alter  the  classical  Kelvin-Helmholtz 
(K-H)  instability  results. 

To  clarify  the  above  point,  we  consider  in  more 
detail  the  case  r—1,  with  and  without  the  ground. 
When  the  ground  is  absent,  the  neutral  curves  are 
given  by 

y=2(i+<*>v,  (40) 

which  derives  from  (39).  These  curves  have  envelopes 
given  by  7  =  4a2  for  0  =  ±1  and  J  =  2a2  for  0  =  0. 
This  implies  that  &A  and  £B  are  both  real. 
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Fig.  3.  Neutral  curves  of  class  1  (see  text)  as  a  function  of  the 
depth  of  layer  B,  for  very  large  wavelengths  (<x  =  0).  Solid  lines 
are  for  r =280/285,  dotted  for  r=  1. 

By  contrast,  in  the  presence  of  the  ground,  the 
curves  of  class  1  are  now  given  by 

/  =  4«2+7r2(2w.+  l)2,     ;«  =  0,  1,2,  ••■,         (41) 

and  are  always  higher  than  those  given  by  (40). 

The  modes  of  classes  2  and  3  are  not  relevant  for 
this  point  since  they  all  tend  toward  the  origin,  and 


are  bounded  from  above  by  the  modes  of  class  1  and 
therefore  do  not  play  a  major  role  in  trying  to  find 
a  possible  stability  boundary  for  the  system. 

In  Figs.  2a  and  2b  the  lowest  two  neutral  curves 
are  plotted  against  a  for  different  values  of  h  and 
for  r  =  280/285.  In  Fig.  3,  the  lowest  two  neutral 
curves  of  class  1  are  plotted  against  h,  for  a  =  0:  the 
solid  lines  refer  to  the  previous  value  of  r  and  the 
dotted  horizontal  ones  to  r=\.  The  value  of  a  =  0 
has  been  chosen  because  the  effect  of  the  ground  is 
more  pronounced  for  long  wavelengths. 

A  word  of  caution  may  be  in  order  here  since  class  1 
curves  demand  that  </>=  —  1  which  implies  that  the 
vertical  wavelength  in  the  top  (but  not  in  the  bottom) 
layer  is  zero.  This  brings  the  validity  of  the  K-H  con- 
figuration into  question,  but  does  not  necessarily  in- 
validate it  since  &n  is  still  finite  and  can  still  be  much 
smaller  than  the  thickness  of  the  real  shear  zone. 

4.  The  nature  of  the  unstable  modes 

If  we  return  now  to  (31)  and  allow  $,  to  be  non-zero, 
we  can  investigate  the  possible  unstable  modes  of  the 
system.  This  was  done  by  solving  (31)  numerically 
for  given  r,  Jr,  a  and  G.  The  results  are  shown  for 
some  typical  values  of  the  above  parameters  in  Figs. 
4,  5  and  6.  Since  the  equation  contains  only  G,  r,  7B 
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Fig.  4a.  Normalized  growth  rates  — <£,=  —u>Jkzuo  (solid  line)  and  normalized  phase  velocity  <j>r  =  uT/kxn<,  (dashed  line)  as  a  function 
of  a,  for  u0  =  2  m  s_1,  h  =  2Q0  m,  r=\  and  Ja  =  5A3  (corresponding  to  B-V  frequency  nB=  1.85X10-2  s_1).  The  dot-dash  line  is  the 
normalized  growth  rate  for  the  same  no  and  «B  but  for  an  infinite  bottom  layer  for  which  <£r  =  0. 

Fig.  4b.  As  in  Fig.  4a,  mode  II.  < 

Fig.  4c.  As  in  Fig.  4a.  but  with  r  =  280/285,  corresponding  to  AT  =  5  K  between  the  two  layers. 

Fig.  4d.  As  in  Fig.  4c,  additional  mode. 
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and  a,  one  does  not  have  to  specify  explicitly  Uo,  T0  1)  <t><  is  not  zero  for  a  =  0,  i.e.,  there  is  no  value  of  a, 

and  h,  although  these  are  connected  through  the  de-  no  matter  how  small,   for  which  unstable  modes  do 

finitions  of  ./«  and  6'.  not  exist. 

Some  features  of  the  normalized  phase  velocity  and  2)  The  number  of  modes  varies  with  the  value  of 

growth  rate  should  be  pointed  out.  parameters,  even  at  a-0.  To  make  this  point  clearer, 
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Fig.  5a.  As  in  Fig.  4a  but  with  «0  =  5  m  s~'.  Here  /?  =  200  m,  r—\  and 
nB=  1.85X10-*  s"1,  but  7B  =  0.549. 

Fig.  5b.  As  in  Fig.  5a  but  with  r  =  280/285,  i.e.,  AT=5  K  between  layers. 

Fig.  5c.  As  in  Fig.  5b  but  with  an  infinite  bottom  layer, 
for  comparison  purposes. 
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Fig.  6a.  As  in  Fig.  4a  but  with  w0  =  5  m  s-1  and  h  =  2000  m.  Here  nB=  1.85X10-2  s"1  and  r=l  but/B  =  54. 

Fig.  6b.  As  in  Fig.  6a,  mode  II. 
Fig.  6c.  As  in  Fig.  6a  but  with  r  =  280/285,  i.e.,  Af=5K  between  layers. 
Fig.  6d.  As  in  6c,  additional  modes. 
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we  plot  in  Fig.  7  <f>r  and  ^,  at  a  =  0  as  a  function  of  h 
for  r=\  and  w0  =  5  m  s_1.  We  only  show  the  three 
largest  modes,  although  there  are  an  infinite  number, 
each  starting  at  the  origin  and  ending  on  one  of  the 
neutral  curves  of  class  1  which  are  given  by  (41)  and 
shown  as  dotted  lines  in  Fig.  3. 

3)  All  cases  possess  a  mode  which  we  shall  call 
mode  I  with  ^r^O  and  <f>i~  —  1  for  large  a.  This 
mode  may  or  may  not  continue  all  the  way  to  a  =  0 
depending  mostly  on  the  value  of  r.  When  r=l,  it 
always  reaches  a  =  0  with  <f>i9^0.  This  mode  exists 
even  when  h—>»)  i.e.,  for  the  case  of  two  semi-infinite 
layers;  it  becomes  neutral,  though,  at  a  finite  but 
non-zero  value  of  a. 

4)  For  all  cases,  a  large  number  of  unstable  modes 
is  possible.  The  growth  rates,  though,  of  some  of  these 
modes  are  so  small  (\4>i\  of  the  order  of  10-3  or  less) 
that  it  would  be  impossible  to  show  them  in  Figs.  4-6. 
By  comparison,  for  infinite  bottom  layer,  the  disper- 
sion relation  (39)  allows  at  most  four  unstable  modes 
as  is  demonstrated  by  Einaudi  and  Lalas  (1974). 

5)  All  the  modes  that  terminate  at  some  finite 
value  of  a  (which  we  shall  call  mode  II,  III,  etc.) 
possess  a  maximum  in  their  growth  rate  for  some  finite 
value  .of  a,  which  we  can  call  am.  For  example,  when 
h  =  200  m,  r=l  and  Uq  =  2  m  s_1,  amii=1.35  (Xz 
-931  m);  while  for  r  =  280/285,  amn  =  3.1  (X^406m), 
"miii  =  3.4  (XI«=370  m),  amrv  =  3.55  (Xj=s354  m).  For 
most  of  these  modes,  particularly  when  r=  1,  the  maxi- 
mum is  very  pronounced.  It  should  be  pointed  out 
that  when  h  goes  to  infinity,  these  extra  modes  either 
disappear  when  r—1,  or  terminate  at  some  non-zero 
value  of  a  when  r^l.  They  still  possess  a  maximum 
as  can  be  seen  from  Figs.  7,  9  and  11  of  Einaudi  and 
Lalas  (1974)  but  at  smaller  wavelengths.  For  the 
previous  example,  i.e.,  u0  =  2  m  s-1,  r  =  280/285,  the 
maximum  would  be  at  X^^OO  m. 

6)  All  unstable  modes,  regardless  of  whether  r=\ 
(except  for  mode  I  at  large  a),  have  a  non-zero  </>r. 
In  addition,  all  the  outgoing  waves  in  the  top  layer 
are  not  purely  evanescent. 

7)  As  can  be  seen  analytically  from  the  dispersion 
equation,  if  0  is  a  complex  root,  so  is  its  complex 
conjugate.  This  property  was  also  true  for  the  case 
of  two  semi-infinite  media. 

i<rom  the  growth  rate  calculations,  it  becomes  obvious 
that  the  major  effect  of  the  presence  of  a  solid  bound- 
ary at  a  finite  distance  from  the  velocity  discontinuity  with 
of  the  K-H  configuration,  is  the  destabilization  of  the 
longer  wavelengths  (a  small)  and  the  introduction  of 
extra  modes  both  unstable  and  neutral.  To  be  able 
to  pinpoint  this  ground  effect,  we  turn  our  attention 
to  some  simple  cases  below. 

In  the  K-H  instability  configuration  of  Fig.  1,  there 
are  at  least  four  competing  effects.  One  is  the  shear 
at  the  interface  which,  in  the  absence  of  gravity,  is 
always  unstable  with  waves  of  phase  speed  equal  to 
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Fig.  7.  Normalized  growth  rates  <£,  (solid  lines)  and  normalized 
phase  speeds  <t>r  (dashed  lines)  as  a  function  of  the  depth  of  the 
bottom  layer  for  a  =  0  and  uo=5  m  s_I,  with  r=l  and  nB=1.85 
X 10-2  s_1,  obtained  from  Eq.  (45).  Only  the  first  three  modes  are 
shown. 


the  average  between  the  two  layers  and  growth  rate 
0,=±1.  The  next  one  is  the  density  jump  with  lighter 
fluid  on  top,  which,  because  of  gravity,  stabilizes  some 
of  the  large  wavelength  disturbances  of  the  shear 
instability.  It  gives  rise  mainly  to  the  term  G(l  —  r) 
in  (31).  A  third  effect  is  the  continuous  density  strati- 
fication which  is  expressed  by  J  a  and  7b-  This  strati- 
fication usually  stabilizes  the  flow  but  its  stabilizing 
influence  is  not  clearcut  as  is  well  known,  and  situations 
have  been  found  in  which  its  influence  is  destabilizing 
(Chimonas,  1974).  This  may  be  due  to  the  introduc- 
tion of  extra  modes  that  can  propagate  upward. 
Finally  we  have  the  effect  of  the  ground.  Let  us  try 
to  isolate  its  influence  on  the  other  three  contributors. 
If  we  go  back  to  (31)  and  eliminate  stratification 
by  putting  JA  and  Jb  equal  to  zero,  but  retaining 
gravity  so  that  r,  defined  by  (24),  is  in  general  dif- 
ferent from  unity,  we  obtain 


(D-r\      r      /D~r\z     G(l-r)-|* 
\/J>+f/     I       \D+r)      a(r+Z>)J' 


ZJscoth  (*«*)£!,    G  =  gh/u<?. 


(42) 


When  r=l,  we  have  just  a  shear  flow  with  no  sta- 
bilization (since  we  have  already  neglected  viscosity) 
and  from  (42)  we  see  that  the  effect  of  the  ground 
is  to  reduce  the  growth  rate  from  1  to 
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but  not  to  reduce  the  range  of  unstable  wavelengths. 
To  see  the  effect  of  the  density  jump,  i.e.,  r?^l,  we 
rewrite  (42)  as 


\r        6(1 -r)    1* 


(D-r\      /  l+r\      T     ir         Cr(l-r)    T 

4>  =  ( jiff- )Di\ A     , 

\D+r/       \D+r/      L(l+r)2     a(l+r)    J 


where 


A=(r+D)/D(l+r)$l. 


(43) 


The  stability   boundary   is   obtained   by   setting   the 
square  bracket  equal  to  zero,  which  gives 


Xx  =  - 


Sirruo2 


g(l-r)(l+r)A 


(44) 


When  the  ground  is  not  present,  /?=oo  and  A  =  l. 
Since,  for  finite  h,  A<1,  the  largest  horizontal  wave- 
length that  may  be  unstable  in  the  presence  of  the 
ground  is  bigger  than  without  the  ground.  Thus,  the 
effect  of  the  ground,  when  rj£\,  is  to  increase  the 
range  of  the  unstable  wavelengths  of  the  system. 
Notice  that  up  to  now,  with  J a  and  7B  zero,  kA  and  kB 
have  to  be  imaginary,  and  the  introduction  of  the 
ground  has  not  introduced  any  additional  modes. 

To  see  the  effect  of  stratification,  we  go  back  to 
(31)  and  allow  /a  and  JB  to  be  non-zero,  and  we 
take  r—\  so  that  the  density  jump  disappears.  If  we 
look  for  the  largest  horizontal  wavelength  for  which 
a  wave  can  still  be  unstable,  we  see  that  there  is 
none  since  there  are  unstable  roots  of  (31)  for  r=l 
and  a  =  0,  i.e.,  \z=  °o  given  by  the  equation 


0  =  exp[-2iVB  */(*-!)], 


(45) 


which  can  be  shown  to  have  an  infinite  number  of 
solutions.  Thus  the  effect  of  the  ground  in  the  presence 
of  continuous  stratification  is  to  again  destabilize  the 
larger  wavelengths  through  the  introduction  of  an 
infinite  number  of  additional  modes.  The  numerical 
analysis  shows  that  the  growth  rates  of  the  unstable 
modes  in  the  presence  of  the  ground  are  always  larger 
than  the  ones  for  two  semi-infinite  media. 

The  presence  of  the  ground  does  not  affect  waves 
with  small  horizontal  wavelengths,  since  they  usually 
correspond  to  largely  evanescent  waves,  which  will 
have  negligible  amplitude  on  the  ground.  Thus  the 
reflected  wave  necessary  to  satisfy  the  zero  vertical 
velocity  boundary  condition  would  be  even  smaller 
at  the  shear  zone  so  that  no  substantial  re-enforce- 
ment takes  place. 

5.  Comparison  with  some  observations 

Lindzen  (1974)  considered  the  case  of  two  semi- 
infinite  layers  with  velocity  u0  and  —  u0  and  with  the 
same  temperature.  For  this  configuration,  (40)  is  the 
governing  equation   that   admits  either  an   unstable 


mode  (and  its  conjugate)  or  two  neutral  modes  which 
may  be  either  propagating  or  evanescent.  He  then 
proposed  that  the  neutral  propagating  modes  may  be 
as  efficient  in  carrying  momentum  and  energ>  away 
from  the  shear  zone  as  the  unstable  ones.  In  this 
fashion  they  can  modify  the  basic  flow.  He  also  in- 
dicated that  the  presence  of  the  ground  may  enhance 
this  process  through  reflection. 

However,  (31)  does  not  admit  neutral  upward 
propagating  waves  in  the  top  layer,  in  the  presence 
of  the  ground.  For  such  waves  to  exist,  we  have  shown 
that  equalities  (32)  or  (33)  must  hold.  They,  in  turn, 
imply  that  \kA\  — >°°  and  \kA\—*0,  respectively.  In 
either  case,  the  group  velocity  of  such  waves  is  zero, 
as  can  immediately  be  verified  from  the  expression 
of  the  vertical  component  of  the  group  velocity  in 
an  isothermal  atmosphere,  with  constant  background 
wind.  Hence,  the  transport  of  momentum  and  energy 
away  from  the  shear  zone  and  its  readjustment  have 
to  be  attributed  to  unstable  waves,  which  have  a  non- 
zero vertical  wavelength  and  propagate  upward. 
Indeed,  the  examples  mentioned  by  Lindzen  in  his 
Table  1  can  be  approximately  explained  by  unstable 
waves  if  reference  is  made  to  the  growth  rate  curves 
of  Figs.  4-6.  In  every  case,  all  modes  except  mode  I 
have  a  maximum  growth  rate,  as  previously  pointed 
out,  at  some  finite  value  of  a.  This  maximum  be- 
comes very  pronounced  when  r=l. 

Assuming  that  the  unstable  waves  with  a  equal  to 
am  are  excited,  let  us  see  how  they  compare  with 
observations.  In  Table  1,  we  reproduce  the  four  cases 
mentioned  by  Lindzen  along  with  his  calculated  most 
efficient  neutral  wavelength  (for  his  two  semi-infinite 
layers  with  r=l)  and  the  wavelength  and  period  of 
our  most  unstable  modes.  These  growth  rates  and 
unstable  wavelengths  were  calculated  by  assuming  two 
layers  of  constant  velocity  with  the  velocity  jump 
taken  from  Lindzen's  (1974)  Table  1.  The  Brunt- 
Vaisala  frequencies  of  the  two  layers  are  equal  (r=  1), 
and  their  values  again  are  the  same  as  the  ones  used 
by  Lindzen.  Given  the  uncertainties  in  the  experi- 
mental data  and  the  departures  of  the  actual  velocity 
and  density  profiles  from  the  simple  configuration 
utilized,  the  agreement  (within  25%  or  less)  is  good 
enough  to  suggest  that  instabilities  are  still  the  domi- 
nant smoothing  mechanism  of  shear  zones.  Further- 
more, if  one  took  into  account  the  fact  that  unstable 
modes  themselves  are  capable  of  propagating  energy 
away  from  the  shear  zone,  their  role  becomes  even 
stronger. 

Finally,  if  the  model  were  chosen  so  that  the  Brunt- 
Vaisala  frequency  of  the  top  layer  is  larger  than  the 
bottom  one,  as  the  data  of  Hooke  et  al.  (1973)  or 
Hooke  and  Hardy  (1975)  seem  to  indicate,  then  one 
finds  that  the  most  unstable  wavelength  is  even 
larger,  which  would  improve  the  agreement  with 
observations. 
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Table  1.  Characteristics  of  the  four  cases  referred  to  by  Lindzen  (1974). 


Case  1 
Wallops  Is.,  Va. 

7  Feb  1968 

(Ottersten  et  al., 

1968) 


Case  2 

Haswell,  Colo. 

12  Nov  1971 

(Hooke  et  al., 

1973) 


Case  3 

Wallops  Is.,  Va. 

19  Feb  1970 

("Hardy  et  al., 

1973) 


Case  4 

Wallops  Is.,  Va. 

18  Mar  1969 

(Hooke  and 

Hardy,  1975) 


Bottom  layer  height  /;  (km) 
Velocity  jump  u<>  =  Aiio/2  (m  s~x) 
Brunt-Vaisalii  frequency  n  (s_1) 
Observed  wavelength  \z  (km) 
Lindzen 's  optimal  Xx  (km) 
Mode  II,  most  unstable  Xx  (km) 
Mode  III,  most  unstable  \x  (km) 
Mode  II,  growth  race  \wi\  (s_1) 
Mode  III,  growth  rate  |o»,-|  (s_1) 
Phase  velocity1,  observed  (m  s_1) 
Phase  velocity*3,  Mode  II  (m  s_1) 
Phase  velocityb,  Mode  III  (m  s_1) 
Period,  observed0  (s) 
Period,  Mode  II  (s) 
Period,  Mode  III  (s) 


II 
10 
2X10"2 
6 

4.44 
4.46 
4.44 
1.208X10-1 
1.241  X 10- 
not  given 
23.6 
25.9 
not  given 
189 
172 


0.12 
1 
2.7X10^ 
0.350 
0.329 
0.320 
0.362 
5.167X10-3 
1.45X10-3 
2.9-3.8 
3.67 
3.98 
100 
85 
91 


2.5 

7 
2X10-* 
2.7 
3.1 
3.05 

8. 96X10-* 

20 

23.5 

152 
172 


9 

28 

1.3X10-* 

15-20,  1.6 

19.1 

20.0 

9.95X10-4 

47 
53.2 

300 
377 


*  This  phase  speed  is  relative  to  an  observer  stationary  on  the  ground. 

b  To  calculate  the  phase  speed  of  the  wave,  the  mean  wind  velocity  at  the  interface  at  z  =  h  had  to  be  used.  From  the  data,  the  values 
extracted  were  25,  3.5,  17  and  43  m  s_1  for  cases  1  to  4,  respectively.  There  is  considerable  uncertainty  as  to  the  exact  location  of  the 
interface  and  thus  the  previously  mentioned  mean  wind  values  are  only  approximate. 

0  The  previously  mentioned  mean  wind,  with  its  uncertainty,  had  to  be  utilized  here  as  well. 


6.  Conclusions 

From  the  previously  outlined  results,  it  becomes 
clear  that : 

(i)  The  presence  of  the  ground  cannot  be  neglec- 
ted in  calculations  of  shear-associated  waves  in 
the  atmosphere. 

(ii)  The  inclusion  of  the  solid  lower  boundary  has 
a  destabilizing  effect  on  the  Kelvin-Helmholtz 
waves  with  long  horizontal  wavelengths. 

(iii)  Additional  families  of  modes,  unstable  and 
neutral,  are  made  possible  by  the  presence  of 
the  ground. 

(iv)  The  modifications  to  the  classic  Kelvin-Helm- 
holtz waves  bring  the  calculated  results  in 
reasonable  agreement  with  observations. 

It  should  be  noted  that,  although  the  presence  of  the 
ground  gives  a  more  realistic  model,  it  increases  the 
computational  complexity  of  the  problem  by  only  a 
minor  amount.  A  similar  effect,  i.e.,  destabilization 
of  long  wavelengths,  is  to  be  expected  if  the  jump 
discontinuity  of  the  velocity  profile  is  replaced  by  a 
smooth  transition  and  further  studies  with  such  a  con- 
tinuous model  are  now  in  progress  by  the  present 
authors. 
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ABSTRACT 

The  characteristics  of  internal  gravity  waves  generated  by  tropospheric  jet  streams  are  analyzed  and 
discussed.  By  solving  numerically  the  equations  of  motion  in  the  linear,  inviscid  and  Boussinesq  limit,  it  is 
shown  that  a  modal  structure  exists.  Some  of  these  modes  have  the  ability  to  propagate  vertically  away 
from  the  jet  and  are  likely  to  be  responsible  for  some  of  the  observed  wave  activities  in  the  ionosphere  as 
well  as  at  the  ground.  For  selected  values  of  the  minimum  Richardson  number  of  the  flow,  growth  rates 
and  horizontal  phase  velocities  are  given  as  functions  of  the  horizontal  wavenumber,  for  jet  streams  of 
varying  width.  Finally,  a  brief  study  of  the  stability  of  the  so-called  low-level  jet,  whose  spectrum  of  gener- 
ated waves  undoubtedly  will  contribute  to  the  dynamics  of  the  nocturnal  boundary  layer,  is  undertaken. 


1.  Introduction 

Atmospheric  gravity  waves  are  thought  to  play  an 
important  role  in  the  observed  dynamical  processes 
in  the  ionosphere,  as  well  as  in  the  upper  and  lower 
atmosphere.  Hines  (1960)  originally  suggested  that 
some  of  the  ionospheric  disturbances  can  be  interpreted 
in  terms  of  internal  gravity  waves  generated  at  tropo- 
spheric heights.  Gossard  (1962)  confirmed  Hines'  sug- 
gestion and  found  that  a  window  can  exist,  for  an 
atmosphere  without  background  wind,  at  periods  of 
about  10  min  to  2  h,  through  which  substantial  amounts 
of  energy  can  leak  out  of  the  troposphere.  The  tides,  of 
course,  can  substantially  reduce  such  a  leakage,  and 
even  eliminate  it.  Among  the  possible  sources  of  gravity 
waves  in  the  troposphere  (such  as  topographic  features, 
tropospheric  storms  and  synoptic-scale  events)  likely 
ones  are  wind  shears  in  general,  and  jet  streams  in 
particular,  because  they  possess  a  considerable  amount 
of  kinetic  energy  with  velocities  comparable  to  some 
of  the  horizontal  phase  velocities  associated  with  the 
upper  atmospheric  effects. 

Similarly,  in  the  lower  atmosphere  pressure  fluctua- 
tions at  the  ground,  with  periods  of  a  few  minutes  to 
several  hours  and  horizontal  wavelengths  of  tens  of 
meters  to  a  few  hundreds  of  kilometers,  have  been 
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successfully  correlated  to  gravity  waves  generated  by 
the  previously  mentioned  sources.  In  particular,  Madden 
and  Claerbout  (1968),  Claerbout  and  Madden  (1968), 
Cook  (1968),  Tolstoy  (1968),  'Herron  and  Tolstoy 
(1969),  Tolstoy  and  Herron  (1969),  Herron  et  al. 
(1969),  Keliher  (1975)  and  others  have  presented 
evidence  that  pressure  fluctuations  monitored  with  an 
array  of  microbarographs  at  the  ground  can  be  related 
to  the  overhead  tropospheric  jet  stream.  The  correla- 
tion consists  mainly  in  showing  that  the  horizontal 
disturbance  phase  velocities  of  the  order  of  10-100  m  s_1, 
say,  are  well  within  the  range  of  velocities  of  the  jet 
stream  aloft  and  that  the  direction  of  the  pressure 
disturbances  coincides,  within  limits,  with  that  of  the 
jet  stream.  The  latter  is  particularly  important  since 
the  streaming  direction  remains  fairly  constant  through- 
out the  jet  profile.  Herron  and  Tolstoy  (1969)  show 
that  a  good  correlation  can  persist  for  weeks  between 
the  direction  of  the  jet  stream  winds  and  the  pressure 
fluctuations  recorded  by  the  microbarograph  array. 
The  order  of  magnitude  and  power  spectra  for  micro- 
barographic  fluctuations  (in  the  5-60  min  period  range) 
that  would  be  expected  on  the  ground  due  to  distur- 
bances of  known  spectra  in  the  jet  stream  aloft  (Kao 
and  Woods,  1964)  have  been  calculated  by  Tolstoy  and 
Herron  (1969)  via  a  simple  linear  model  and  were  found 
to  be  in  reasonable  agreement  with  observations. 

New  observational  support  to  the  idea  that  jet- 
stream-associated  gravity  waves  are  responsible  for 
some  of  the  pressure  fluctuations  revealed  by  micro- 
barograph  arrays  has  been  recently  given  by  Reed  and 
Hardy   (1972)   and  Hooke  and  Hardy   (1975).  They 
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have  directly  related  gravity-wave-associated  pressure 
fluctuations  recorded  by  a  microbarograph  array  in  the 
Washington,  D.  C,  area  to  wave  structure  in  the  upper 
troposphere  recorded  during  the  same  time  interval 
by  the  Wallops  Island  10  cm  wavelength  radar. 

In  an  attempt  to  obtain  information  concerning  the 
nature  and  the  characteristics  of  gravity  waves  gen- 
erated by  a  tropospheric  jet  stream  in  the  atmosphere, 
we  carry  out  in  this  paper  a  detailed  numerical  sta- 
bility analysis  of  an  idealized  model  of  such  a  jet 
stream.  In  particular,  we  calculate  the  range  of  hori- 
zontal wavelengths  which,  with  the  plane  wave  as- 
sumption, corresponds  to  unstable  waves,  i.e.,  waves 
which  grow  exponentially  in  time.  The  range  of  such 
unstable  waves  is  bounded  in  the  (a,J)  plane  (a, 
normalized  horizontal  wavenumber;  /,  minimum 
Richardson  number  in  the  basic  state  flow)  by  singular 
neutral  modes  (no  exponential  temporal  growth).  If  in 
such  a  plane  we  refer  to  unstable  waves  that  end  on 
different  neutral  curves  as  belonging  to  different 
modes,  we  will  then  show  that  the  tropospheric  jet 
stream  can  support  a  number  of  modes,  some  of  which 
are  essentially  evanescent  and  others  essentially 
propagating  away  from  the  shear  zone.  Both  types  of 
waves  can  contribute  to  the  turbulence  measured  in  situ 
(Kao  and  Woods,  1964;  Reed,  1969;  Kennedy  and 
Shapiro,  1975),  while  the  propagating  ones  are  most 
likely  responsible  for  some  of  the  wave  motions  ob- 
served at  ionospheric  heights  and  at  the  ground.  The 
analysis  follows  the  lines  of  standard  stability  theory 
as  applied  to  jets  (Curie,  1957;  Tatsumi  and  Kakutani, 
1958;  Howard,  1958;  Sato,  1960;  Batchelor  and  Gill, 
1962 ;  Drazin  and  Howard,  1966 ;  Hazel,  1972).  It  differs 
from  these  previous  studies  in  the  form  of  the  back- 
ground temperature  and  wind  profiles  and  in  the 
boundaries  which,  to  better  model  the  actual  atmo- 
sphere, are  here  chosen  to  be  the  ground  below  and  a 
semi-infinite  isothermal  layer  with  constant  background 
wind  at  the  top. 

As  an  illustration  of  the  scope  and  utility  of  our 
analysis,  we  compare  the  theoretically  predicted  char- 
acteristics of  the  specific  event  of  18  March  1969  over 
the  Eastern  Seaboard  to  the  actual  ones  reported  by 
Hooke  and  Hardy  (1975)  and  find  that  the  agreement 
is  good. 

Finally,  we  briefly  investigate  the  so-called  low- 
level  jet,  which  denotes  a  sharp  maximum  in  the  wind 
profile,  usually  within  a  height  of  1.5  km  above  the 
ground.  The  jet  is  best  developed  at  night  and  its 
maximum  often  coincides  with  the  top  of  the  nocturnal 
inversion.  We  refer  to  the  paper  by  Bonner  (1968)  for  a 
review  of  its  properties  and  its  role.  We  believe  that 
waves  generated  by  the  low-level  jet  may  contribute 
to  the  spectrum  of  fluctuations  observed  in  the  night- 
time boundary  layer  by  microbarograph  arrays  and 
various  remote  sensing  techniques. 


T„(K) 


290 


295 


05 


Fig.  1.  Background  temperature  T0  (dotted  lines)  and  normal- 
ized background  velocity  u0  (solid  lines)  versus  normalized  height 
y:  (a)  tropospheric  jet  stream  corresponding  to  ;hi  =  30,  m2  =  2, 
7^  =  203  K,  0=100  K,  kT=i.S  and  y0  =  0.5;  (b)  low-level  jet 
stream  corresponding  to  «i  =  14,  0  =  5  K  and  To  =  290  K. 


2.  The  model  and  the  governing  equations 

Atmospheric  flows  which  possess  wind  maxima  can 
be  classified  as  low-level  or  tropospheric  jets  depending 
on  whether  the  maximum  occurs  within  approximately 
1.5  km  of  the  ground  or  near  the  tropopause,  re- 
spectively. The  background  vertical  wind  component 
for  both  jet  types  is  usually  negligible,  and  the  back- 
ground horizontal  wind  in  the  x  direction  and  tempera- 
ture are  considered  to  vary  with  the  height  coordinate 
z  only,  since  we  restrict  our  attention  to  horizontal 
wavelengths  of  up  to  a  few  hundred  kilometers  for  the 
high-level  jet  and  a  few  kilometers  for  the  low-level  one. 

The  background  temperature  associated  with  a 
tropospheric  jet  is  typically  linearly  decreasing  with 
height  to  a  minimum  at  the  tropopause  and  constant, 
or  slightly  increasing,  for  the  next  10-20  km.  To  model 
the  tropospheric  jet  we  choose  (among  others)  the 
following  analytical  expressions: 


u0(y)- 


nii/m-i 


[(»1- 


-y 


To(y)  =  Tx+d 


m2)/m2~]+ymi 

exp[-£r(y-yo)] 
exp[>  r  (y  -  yo)  ] + exp[  -  £  r  (y  -  yo)  ] 


(1) 


(2) 


In  the  above  «o(y)  is  the  background  velocity  Uq 
normalized  with  respect  to  its  maximum  value  V, 
which  we  take  to  occur  at  z  =  h  the  height  of  the  tropo- 
pause, and  y  is  the  normalized  height  given  by  y  =  z/h. 
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The  constants  nil  and  w2  in  (1)  control  the  shape  of 
the  velocity  profile  in  general  and  its  width  A  in 
particular,  A  being  the  normalized  distance  between 
the  two  heights  where  u0  =  0.5.  Similarly,  6,  kT,  Tx  and 
y0  in  (2)  control  the  temperature,  with  6  a  measure  of 
the  total  temperature  difference  between  the  ground 
and  the  tropopause.  Typical  profiles  generated  by  (1) 
and  (2)  are  shown  in  Fig.  la. 

The  low-level  jet  differs  from  the  tropospheric  jet  in 
that  its  velocity  does  not  decrease  as  much  as  the  latter 
above  the  maximum.  In  addition,  the  temperature  has  a 
profile  typical  of  the  nighttime  boundary  layer  with 
an  inversion  approximately  at  the  height  of  velocity 
maximum.  To  account  for  these  differences  the  ana- 
lytical expressions  for  the  normalized  velocity  u0  and 
the  temperature  TQ  of  the  low-level  jet  are  taken  to  be 


u0(y)  = 


l 


l+tanh(2) 


mi 


.m\  —  \J\-yn 


-y+tanh(2y)    ,    (3) 


} 


ro(y)  =  0tanh(2y)  +  7Y 


(4) 


The  maximum  value  of  w<>  takes  place  at  y~  1 ;  wzi  con- 
trols the  thickness  A  of  the  jet  and  8  is  proportional  to 
the  temperature  increase  across  the  inversion.  Char- 
acteristic profiles  described  by  (3)  and  (4)  are  shown 
in  Fig.  lb. 

With  the  temperature  profiles  specified  by  (2)  and 
(4)  the  Brunt-Vaisala  frequency  n,  defined  in  terms  of 
the  potential  temperature  d0  and  the  acceleration  of 
gravity  g  acting  in  the  negative  z  direction,  given  as 


g  ddo      g  rdT0     g 


do  dz 
can  be  evaluated  to  be 


r0L  dz      cvJ 


(5) 


n2(y)- 


To  [cT 


-2k, 


e/h 


{exp[£r(;y-yo)]+exp[-&7'(y-yo)]}: 
for  the  tropospheric  jet  and 


n2  (y)  =  - 


T0 


-+2-sech2(2y) 
h 


(6) 


(7) 


for  the  low-level  jet,  cp  being  the  specific  heat  at  con- 
stant pressure  for  the  atmosphere.  The  background 
quantities  of  both  jets  [specified  by  Eqs.  (l)-(4)]  be- 
come constant  for  y  larger  than  some  height  y;  since 
duo/dy  and  dT0/dy  — *  0  as  y  — *  <*>  ,  so  that  the  system 
can  be  considered  capped  by  an  isothermal,  semi- 
infinite  layer  with  constant  background  wind. 

To  analyze  the  stability  of  the  above  configurations, 
we  follow  closely  the  approach  and  notation  of  Lalas 
and  Einaudi  (1976),  hereafter  referred  to  as  I,  who  con- 


sider the  stability  of  atmospheric  flows  with  uq=  tanh(y) 
and  To  =  constant,  and  assume  a  perturbation  vertical 
velocity  W\  of  infinitesimal  amplitude  and  of  the  form 

w1(x,z,t)=po-'  Ref>(s)  exp[t(***-u>/)]},        (8) 

where  p0  is  the  background  density,  and  kx  =  2w/Xx,  \x 
and  co  =  cor-H'w,  are  the  horizontal  wavenumber,  wave- 
length and  complex  frequency  of  the  disturbance,  re- 
spectively. If  we  further  assume  that  the  perturbations 
of  horizontal  velocity,  pressure  and  density  are  also 
infinitesimal  and  of  the  same  form  (8),  then  the  linear- 
ized equations  of  motion  can  be  reduced  (in  the  in- 
viscid  and  Boussinesq  limit  and  with  rotational  effect 
neglected)  to  the  following  second-order  differential 
equation  (see  I) : 


with 


dy2 


— A(y)*  =  0, 


(9) 


1    1  /< 

4  poAo 


dp0\2     1   1   d2po     n2h2   1 
-]+ 


\dy  I      2  po  dy2 


V2  fi2 
lr  1  </p0  duo     d2Uo~ 
fiLpo   dy  dy      dy2 


(10) 


The    normalized    quantities    in    (10)    are    defined    as 
follows: 


■hka 


Cr  =  - 


Ci: 


kzV 


kxV 


normalized  horizontal  wavenumber 


normalized  horizontal  phase  velocity  of 
the  wave 


normalized    imaginary    part    of    the 
frequency  of  oscillation 


Q.  =  cr—UoJcici     normalized  Doppler  frequency. 

It  should  be  noted  that,  although  the  Boussinesq 
approximation  has  been  utilized,  the  so-called  inertial 
terms,  for  example  those  which  depend  on  the  density 
variation  in  the  inertial  term  of  the  momentum  equa- 
tion, are  retained. 

The  solution  \p  of  (9)  must  satisfy  the  usual  boundary 
condition  at  the  ground 

*(0)=0.  (11) 

At  large  heights  the  velocity  and  temperature  are 
nearly  constant  so  that  for  y^y/,  A(y)  is  essentially 
constant  and  equal  to  A(y/).  In  such  a  region,  the  solu- 
tion of  (9)  takes  the  form  (Hines,  1960,  1974) 

^oc  exp[fA'y],    K  =  ±t-A(y  =  y/)J'  =  Kr+iKi,     (12) 

and  the  boundary  condition  to  be  imposed  becomes 


—  =  iK\P 
dy 


at    y  =  y/} 


(13) 
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with  the  sign  of  K,  given  by  (12),  chosen  so  that  either 
Ki>0  or,  if  Ki  =  0,  dcT/dKr>0:  this  choice  assures  that 
the  perturbation  amplitude  decays  to  zero  as  y— *  co 
or,  if  the  wave  is  neutral  and  propagating,  that  the 
energy  is  transported  away  from  the  shear  zone  toward 
infinity,  i.e.,  the  vertical  group  velocity  is  positive. 

Following  Thorpe  (1969),  we  choose  J,  the  minimum 
value  of  the  Richardson  number  Ri  in  the  flow,  as  the 
main  stability  parameter,  so  that 

h2 
J  =  [Ri],nin =—  [>2/  {dm/dyf}mia.  (14) 

V2 

We  then  attempt  to  specify,  for  the  given  background 
quantities,  the  range  of  horizontal  wavelengths  \x  that 
correspond  to  unstable  waves  for  each  value  of  /,  and 
to  calculate  the  periods,  phase  velocities  and  growth 
rates  of  such  waves.  This  is  accomplished  by  solving 
(9)  numerically  for  given  a  and  /,  and  by  determining 
Ci  and  cT  so  that  the  conditions  (11)  and  (13)  are  satis- 
fied. The  numerical  algorithms  used  are  the  same  as  in 
I  and  we  shall  not  repeat  their  description  here.  Note 
that  if  J>\  throughout  the  flow,  the  system  is  stable 
so  that  all  possible  unstable  modes  correspond  to  the 
range  0^/<|.  (We  are  only  concerned  here  with 
statically  stable  situations,  so  that  n2>0.)  The  only 
procedural  difference  from  I  is  the  use  of  the  program 
for  unstable  waves  with  c,  =  5XlO_4,  which  we  consider 
to  be  zero,  to  evaluate  most  but  not  all  of  the  singular 
neutral  modes.  This  is  done  because  the  program  for 
neutral  modes  with  c,  identically  zero  utilizes  a  Fro- 
benius  expansion  near  the  singularities  of  (9)  which, 
in  this  case,  occur  at  two  critical  levels  (where  u<>  =  cT) 
rather  than  at  only  one  as  in  I.  This  results  in  some 
convergence  difficulties  and  in  excessive  use  of  com- 
puting time.  The  second  program  is  used  only  to  check 
the  accuracy  of  the  results  obtained  by  the  program 
for  unstable  modes  with  c!  =  5XlO~4.  The  accuracy  is 
found  to  be  satisfactory. 

3.  Analysis  of  the  results 

The  number  of  parameters  characterizing  the  problem 
is  so  large  that  we  are  forced  to  limit  our  investigation 
to  a  few  representative  cases.  Other  specific  profiles, 
including  splines  from  experimentally  obtained  points, 
can  be  analyzed  with  the  present  technique.  We  choose 
to  keep  the  reference  height  h  constant  in  each  case  we 
examine,  since  Eq.  (14)  requires  that  variations  in  the 
stability  parameter  J,  once  the  normalized  velocity 
and  temperature  are  fixed,  be  attributed  to  variations 
in  V.  However,  the  numerical  analysis  also  shows  that 
the  inertial  terms  in  (10),  i.e.,  the  terms  (d2p0/dy2)/p0, 
l(dp0/dy)/po]2  and  [(dp0/dy)/p0](du0/dy),  have  a  small 
effect  (less  than  10%  in  the  most  serious  cases  when  a  is 
very  small).  Now,  if  these  terms  are  neglected,  the  ex- 


mode  M 


Fig.  2.  Neutral  curves  giving  the  minimum  Richardson  number 
J  in  the  flow  versus  the  normalized  horizontal  wavenumber  a  for 
the  case  A=^2.28  km  specified  by  Eq.  (16a). 


pression  for  A  in  (10),  with  the  help  of  (14),  becomes 

A(y)=a2-  (Jn2/n2)/[_n2/(dil0/dy)2^min 

-{dhi0/dy2)/Sl.     (15) 

If  n2  [given  by  (6)  or  (7)]  is  independent  of  h,  then  h 
does  not  explicitly  appear  anywhere  in  the  governing 
equation  (u0  does  not  explicitly  depend  on  h)  and  the 
results  are  applicable  to  a  much  broader  range  of  flows 
with  different  h.  If  the  ratio  6/h,  the  only  term  in  which 
h  appears  in  (6)  and  (7),  is  kept  constant,  then  n2  is 
indeed  independent  of  h  and  in  this  sense  variations  of  J 
can  also  be  attributed  to  variations  of  h  for  fixed  V. 
The  numerical  calculations  presented  here  have  been 
carried  out  using  (10).  We  now  describe  the  results  for 
the  tropospheric  and  low-level  jets,  separately. 

a.  Tropospheric  jet  stream 

Limitations  in  computing  time  have  forced  us  to 
consider  only  the  effect  of  varying  the  thickness  A  of 
the  jet.  The  values  for  mi  and  m%  used  in  (1)  and  the 
corresponding  A  are 

mi  =  30,        w2  =  10,        A~2.28km,       (16a) 

mi=30,        m2=   2,        A~5.10km,       (16b) 

mi=10,        m2=  2,        A«  7.83  km.       (16c) 

The  background  temperature  profile  remains  the  same 
for  all  cases,  with  h  =12  km,  kT  =  1.8,  y0  =  0.5,  Tw  =  203  K 
and  6=  100  K. 

The  case  of  thickness  A  =  2.28  km  is  shown  in  Figs.  2, 
3  and  4.  In  Fig.  2  the  parameter  J  [defined  by  (14)]  is 
plotted  as  a  function  of  the  normalized  horizontal  wave- 
number  a  for  the  neutral  curves  which,  as  already 
mentioned,  actually  correspond  to  Ci  =  5X10-4.  Three 
modes  are  present,  each  of  which  defines  a  range  of 
values  of  a  for  given  J,  within  which  the  solutions  of 
(9)  satisfying  the  boundary  conditions  (11)  and  (13) 
are  unstable  (e,>0).  Mode  I  corresponds  to  neutral 
curves  which  are  propagating  in  the  top  semi-infinite 
layer  {y>yj).  Mode  II  corresponds  to  evanescent 
waves,  while  mode  III  supports  .neutral  waves  which 
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Fig.  3a.  Top  part:  values  of  the  Richardson  numbers  R^  and  R„ 
at  the  two  critical  levels  _v,;  and  y„,  respectively,  and  the  normal- 
ized horizontal  phase  velocity  cT  as  a  function  of  the  normalized 
horizontal  wavenumber  a  for  the  neutral  curve  of  mode  I  de- 
scribed in  Fig.  2.  Bottom  part:  normalized  growth  rates  ac,  and 
normalized  horizontal  phase  velocities  cT  as  a  function  of  a  for 
mode  I  and  for  given  values  of  /. 

Fig.  3b.  As  in  Fig.  3a  but  for  mode  II. 

are  propagating  or  evanescent  in  the  top  layer  de- 
pending on  whether  or  not  a  is  smaller  or  larger  than 
about  7.16.  For  each  wave  there  are  two  critical  levels 
yd  and  yu,  with  yu>yd,  where  the  horizontal  phase 
velocity  cr  is  equal  to  the  background  velocity  u0,  i.e., 
cr  =  U(,(yu)  =  Uo(yd).  Associated  with  each  critical  level 
there  is  a  corresponding  value  of  the  Richardson 
number,  Rd  =  Ri(yd)  and  Ru  =  Ri(vu).  For  the  neutral 
modes  described  in  Fig.  2,  the  values  of  cr,  Rd  and  Ru 
are  given  (in  terms  of  a)  in  the  upper  parts  of  Figs.  3a, 
3b  and  4,  for  modes  I,  II  and  III,  respectively.  For 
modes  II  and  III,  the  curves  are  not  completed  near  the 
origin  due  to  some  convergence  difficulties  in  the 
program  asa-*0  and  /  — >  0.  In  general,  when  both 
Rd  and  Ru  are  less  than  j,  the  question  of  whether  the 
wave  is  generated  at  one  or  another  or  at  both  critical 
levels  cannot  be  answered  conclusively.  As  in  mode  III, 
with  9.6<a<  14.95,  if  one  of  the  two  Richardson 
numbers,  in  this  case  Rd,  is  greater  than  f,  then  it  is 
established  that  the  wave  is  generated  at  y  =  yu-  To 
give  an  idea  of  the  behavior  of  the  unstable  roots,  the 
normalized  growth  rates  aa  =  uth/V  and  the  normalized 
horizontal  phase  velocities  cr  are  plotted  as  a  function  of 
a  in  the  bottom  parts  of  Figs.  3a,  3b  and  4,  for  modes  I, 
II  and  III,  respectively.  Each  curve  corresponds  to  a 
selected  value  of  /,  which  is  kept  constant  along  it. 
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It  is  of  interest  to  note  that  over  some  ranges  of  a, 
the  calculated  waves  display  very  little  dispersion.  For 
example,  cr  for  the  neutral  waves  of  mode  /  varies 
between  0.8  and  0.9  over  the  entire  range  of  a.  Such 
absence  of  dispersion  has  also  been  observed  in  nature 
and  reported  by  Madden  and  Claerbout  (1968). 

The  second  case,  corresponding  to  the  values  of  the 
parameters  given  by  (16b),  is  obtained  from  the  first 
by  decreasing  nii  and  thus  increasing  A.  The  instability 
area  corresponding  to  mode  I  progressively  shrinks  as 
m-i  decreases  and  disappears  altogether  at  m2~6.  The 
remaining  two  modes  appear  to  coalesce  into  one  as 
shown  in  Fig.  5  where  J,  cr  and  Ru  (Rd  essentially 
greater  than  \  throughout)  are  plotted  vs  a  in  (a), 
while  in  (b)  the  growth  rates  ad  and  phase  velocities 
cT  are  given  in  terms  of  a.  The  neutral  curves  are 
evanescent  in  the  top  layer  for  all  the  values  of  a. 

By  keeping  m%  =  2  and  decreasing  m\  to  10,  we  obtain 
an  even  broader  jet  with  A  =  7.83  km.  The  character- 
istics of  the  neutral  curves  are  described  in  Fig.  6. 
Although  the  neutral  curve  gives  the  appearance  of 
being  made  of  two  separate  branches,  the  waves  are 
evanescent  in  the  top  region  over  the  entire  range  of 
values  of  a.  This  latter  example  has  little  more  than  an 
illustrative  meaning  if  indeed  h  and  8  are  kept  at  the 
values  of  12  km  and  100  K,  because  the  values  of  V 
required  to  bring  the  values  of  J  to  less  than  £  are  too 
large.  For  this  case  to  be  physically  meaningful,  one 
has  to  reduce  h  and  6  so  that  B/h  remains  equal  to 
1/120  K  m_1,  as  discussed  earlier. 
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Fig.  5a.  Minimum  Richardson  number  J  in  the  flow,  values  of  the  Richardson  number  R„  at  the  upper  critical  level  and  normalized 

horizontal  phase  velocities  cr  as  a  function  of  a  for  the  case  A —  5.10  km  specified  by  Eq.  (16b).  R<j>j. 
Fig.  5b.  Corresponding  normalized  growth  rates  ad  and  normalized  horizontal  phase  velocities  cr  as  a  function  of  a  for  given  values  of  J. 


We  now  turn  our  attention  to  the  waveforms  and 
fluxes  associated  with  the  solution  just  presented.  In 
Fig.  7  the  eigensolutions  Zc  =  Re(^)  and  Zs=  —Im(\p) 
corresponding  to  the  maximum  growth  rates  for  the 
specified  values  J  of  modes  I,  II  and  III  are  shown  for 
the  case  with  A~  2.28  km.  The  arbitrary  amplitude  of 
the  disturbance  is  chosen  so  that 


dZc    dZs 

= =1     at     v  =  0. 

dy      dy 


(17) 


In  order  to  compare  pressures,  displacements,  etc., 
with  data  from  an  observed  case,  one  would  choose  the 
amplitude  by  matching  some  measured  parameter  at  a 
given  height,  as  will  be  done  in  the  next  section.  As  can 
be  seen  by  the  behavior  of  Zs  and  Zc,  mode  I  shown  in 
Fig.  7a  is  essentially  propagating  above  and  below  the 
jet,  while  mode  II  (Fig.  7b)  and  mode  III  (Fig.  7c)  are 
evanescent  above  and  below.  In  addition,  the  energy 
flux  PiW\,  i.e.,  the  product  of  the  perturbation  pressure 
and  vertical  velocity  averaged  over  a  horizontal  wave- 
length, is  plotted.  Energy  is  shown  to  be  radiated 
away  from  the  region  between  the  two  critical  levels 
in  both  directions,  out  to  considerable  distances  for  the 
propagating  mode  I.  The  energy  flux  had  to  be  zero 
at  the  ground,  so  that  if  these  waves  were  not  unstable, 
the  flux  would  have  been  zero  below  the  bottom 
critical  level.  For  all  modes  shown,  the  Richardson 
number  is  below  0.25  at  both  critical  levels.  For 
different  a  (not  shown)  Ri  is  below  0.25  at  only  one 
critical  level,  in  which  case,  as  expected,  there  is  strong 
absorption  at  the  other  critical  level. 

b.  Low-level  jet 

For  this  configuration  we  have  only  analyzed  one 


with  the  temperature  at  the  ground  Tg  —  290  K  and 
»zi=14.  The  results  are  shown  in  Fig.  8.  The  neutral 
waves  of  Fig.  8a  are  all  evanescent  in  the  top  layer. 
Unstable  waves  of  large  wavelengths  are  now  possible, 
in  contrast  to  the  flow  with  a  boundary-layer  type 
velocity  profile  and  the  same  temperature  difference 
between  the  ground  and  the  inversion  height  studied 
by  Fua  et  al.  (1976).  Even  though  we  have  not  yet 
analyzed  a  wide  variety  of  profiles  for  the  low-level  jet, 
we  feel  that  these  partial  results  indicate  the  need  for 
consideration  of  such  wave  modes  in  boundary  layer 
dynamics. 

4.  An  illustrative  application  of  the  results 

We  carry  out  in  this  section  a  comparison  between 
the  theoretical  results  of  our  model  and  those  observed 


J,Ru.Rd 
0  20 


0  15 


010 


0  05 


. 

"i  v- 

s 
• 
** 

•Ru 

•Rd 

1      x- 

^ 

/          1             1 

i  \ 

05 


0 


Jo 


case  with  h  =  300  m,  0  =  5  K,  so  that  0/7r=  1/60  K  m"1 


Fig.  6.  As  in  Fig.  5a,  but  for  the  case  A  =  7.83  km, 
specified  by  Eq.  (16c). 


562 


1736 


JOURNAL     OF     THE     ATMOSPHERIC     SCIENCES 


Volume  33 


(b) 


v* 


4 


0 


j 
2 

'y 

/i 
i 
li 
/ 1 

yVi.5 

Zs>X 

~T 

0  5- 

0 

-08  -04 


04   08  f  0 
-005 


01     02    03    "20 


P,w, 


■10 


ZS'ZC 


fy 
2 

i 
V-5 

\ 

\ 

\ 

\ 

i 

•1 

i 

05 

0. 

10-15 


P.w, 


15 


vJ 

\ 
2 

15 

V 

\ 

I 

■05 

0, 

IO"3xZs,IO"3xZc 


10    xp.w. 


Fig.  7.  Plots  of  Zc  =  Rt(\p)  and  Z,  =  —  Im(^),  the  vertical  velocities  weighted  by  p0_i  and  the  wave  energy  flux  p\W\,  all  normalized  so 
as  to  satisfy  (17),  as  a  function  of  the  normalized  height  y  for  A==2.28  km  and  for  the  following  three  values  of  a,  each  approximately 
corresponding  to  the  maximum  growth  rate,  for  given  7:  (a)  mode  I:  7  =  0.05,  a  =1.0,  c,  =  0.0206,  cr  =  0.8087,  y<i  =  0.95  and  yu=  1.045; 
(b)  mode  II:  7  =  0.1,  a  =  5.4,  c,=0.0302,  cr  =  0.7986,  yd  =  0.948  and  yu=  1.047;  (c)  mode  III:  7  =  0.1,  a=  12,' c,  =  0.0479,  cr=O.S517, 
yd  =  0.907  and  yu=  1.078. 


in  the  case  study  (Reed  and  Hardy,  1972;  Hooke  and 
Hardy,  1975)  mentioned  in  the  Introduction.  For  this 
event  the  background  velocity  reaches  a  maximum 
slightly  in  excess  of  80  m  s_1  at  about  12  km,  with  an 
essentially  linear  decrease  in  the  background  tempera- 
ture from  289  to  217  K.  Of  the  cases  described  in  the 
previous  section,  the  one  corresponding  to  mi  =  30  and 
W2  =  2  and  shown  in  Fig.  5  is  closest  to  the  actual  pro- 
files. The  correspondence  is  only  approximate,  however, 
and  no  special  attempt  has  been  made  to  improve  it 
because  some  doubts  exist  about  the  accuracy  of  the 
original  profiles,   especially  above    12   km,   where  no 


direct  data  are  available  and  a  sounding  taken  about 
250  km  away  had  to  be  utilized  to  complete  them. 

Since  no  accurate  determination  of  J  can  be  ob- 
tained from  the  data,  we  take  7=0.1,  so  that  the 
maximum  velocity  F  —  89  m  s_I.  Hooke  and  Hardy 
indicate  that  the  observed  wavelength  is  between  14 
and  15  km.  We  take  the  wavelength  to  be  14.7  km  so 
that  a  =  5.1,  and  from  Fig.  5b  we  then  determine  cr 
and  aci,  and  therefore  the  two  critical  levels  zd  =  hyd 
and  zu  =  hyu.  In  addition,  from  the  measured  peak-to- 
peak  pressure  variation  on  the  ground  of  200  dyn  cm-2, 
we  calculate  through  the  usual  gravity  wave  polariza- 
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tion  relations  the  corresponding  displacement  at  8.3  km, 
where  the  actual  displacement  has  been  measured 
directly  by  the  radar.  In  Table  1,  we  present  the  ob- 
served and  the  calculated  quantities  for  this  case. 

Since  Ru  =  0.125  and  Rd=1.36,  the  disturbance  is 
generated  in  the  upper  part  of  the  jet.  The  waveforms, 
however,  which  we  do  not  display  here,  have  rather 
large  gradients  near  both  critical  levels,  much  in  the 
manner  of  the  waveforms  described  in  Fig.  7.  Thus  a 
wave  may  indeed  be  detected  by  radar  at  the  lower 
critical  level  even  though  the  wave  is  generated  above. 
In  view  of  the  observational  uncertainties,  the  agree- 
ment is  satisfactory.  If  the  background  velocity  profile 
were  better  known,  so  that  more  accurate  modeling  of 
it  would  be  meaningful,  and  the  value  of  /  could  be 
calculated  a  priori,  even  better  agreement  could  be 
expected. 

5.  Conclusions 

We  have  presented  in  this  paper  the  results  of  the 
linear  stability  analysis  of  a  tropospheric,  as  well  as  of  a 
low-level,  jet  stream.  By  solving  numerically  the 
governing  equations  of  motion  in  the  inviscid  and 
Boussinesq  limit,  we  have  shown  that  a  tropospheric  jet 
stream  can  in  general  support  a  number  of  modes 
whose  characteristics  (namely  growth  rates  and  hori- 
zontal phase  velocities)  have  been  calculated  in  terms 
of  the  corresponding  horizontal  wavelengths.  Some  of 
these  modes  correspond  to  waves  which  can  propagate 
energy  and  momentum  away  from  the  main  region  of 
shear  and  which  can  therefore  play  an  important  role 
in  mesoscale  dynamics.  Of  particular  significance  in  this 
respect  is  the  fact  that,  for  one  of  the  cases  examined, 
a  propagating  mode  exists  (mode  I  of  Fig.  2)  for  non- 
zero values  of  the  minimum  Richardson  number  in  the 
flow,  even  for  very  small  values  of  a.  Wavelengths  of 
the  order  of  ten  as  well  as  a  few  hundred  kilometers 
have  been  recently  detected  and  appear  to  be  re- 
sponsible for  triggering  various  kinds  of  atmospheric 
events  along  their  path  (Uccellini,  1975;  Goff,  1976). 
The  calculations  presented  here  confirm  the  idea  that 
tropospheric  jet  streams  can  be  a  source,  among  many, 
for  such  waves.  More  cases  should  be  analyzed  to  have 
a  more  complete  knowledge  of  the  spectra  of  waves 
that  can  be  excited.  In  particular,  one  might  wish  to 
include  the  effect  of  a  rather  sharp  increase  of  the 
Brunt -Vaisala  frequency  near  the  tropopause  as  it  is 
often  observed  (Klemp  and  Lilly,  1975).  The  numerical 
program  utilized  in  this  paper  can  make  use  of  spline 
functions  determined  from  experimentally  obtained 
points. 

Similarly,  the  results  presented  here  for  the  low- 
level  jet  streams  should  be  extended  to  include  a  larger 
number  of  cases  with  different  temperature  and  velocity 
profiles. 

Finally,  we  should  mention  that  although  an  extensive 
search  for  possible  extra  modes  has  been  carried  out,  the 


Table  1.  Comparison  of  observed  and  calculated  characteristics 
for  the  case  study  analyzed  by  Reed  and  Hardy  (1972)  and  Hooke 
and  Hardy  (1975). 


Observed 

Calculated 

Phase  velocity  (m  s_1) 
Period  (s) 
Growth  rate  oj,(s_1) 
Critical  levels  (km) 

-47 
~300 

62 
236 

8.32  •  10-" 
9.732 
12.996 

Displacement  at  z  =  8.3  km 
(peak-to-peak,  in  meters) 

680 

635 

possibility  exists  that  we  might  have  missed  some. 
This  is  particularly  probable  in  the  region  of  small 
values  of  a  and  large  values  of  J,  where  there  are 
indications  both  for  the  calculations  we  have  carried 
out  here  and  in  I,  that  modes  might  exist  which  define 
a  rather  narrow  area  in  the  (a,J)  plane  and  which 
therefore  have  very  small  growth  rates.  These  modes 
are  difficult  to  determine.  An  analysis  of  this  region, 
with  all  compressibility  terms  included,  is  presently 
under  way. 
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ABSTRACT 

A  model  having  smooth  wind  and  density  profiles,  for  which  a  new  solution  of  the  Taylor-Goldstein 
equation  can  be  found,  is  described.  This  model  is  particularly  suitable  for  comparison  with  the  analogous 
piecewise  linear  model  so  that  the  influence  of  "corners"  in  profiles  can  be  judged.  Such  corners  are  found 
in  models  studied  by  Rayleigh,  Goldstein,  Taylor,  Howard,  Holmboe,  and  Gossard. 


1.  Introduction 

Small   perturbations   in    the   atmosphere   obey    the 
equation  (Gossard  and  Hooke,  1975) 


d2W(z) 
dz2 


r    N* 
l(u-c)2     1 


-k2- 


2 IV 


T2  \W(z)  =  0.    (1) 


In  this  equation  W(z)=  [_p(z)/p^w,  where  w  is  the 
vertical  component  of  the  velocity  perturbation,  p  the 
unperturbed  density  of  the  fluid,  and  p0  the  density  at 
some  reference  level.  The  Vaisala-Brunt  frequency 
squared  is  represented  by  N2=  gd(\nd)/dz,  where  8  is 
the  potential  temperature.  The  ambient  wind  and  its 
second  derivative  with  respect  to  height  z  are  u  and  u", 
respectively.  The  phase  velocity  of  the  disturbance 
is  c,  and 

T=(g/2c2)(l-N2c2/g2), 

where  c„  is  the  speed  of  sound. 

When  ce  is  large,  the  terms  containing  T  are  negligible 
compared  with  the  first  term  in  the  coefficient  for 
reasonable  values  of  u'.  Eq.  (1)  then  reduces  to 


r     N2  u"         1 

H k2  \W(z)  =  0,        (la) 

l_(w— c)2     u—c        J 


d2W(z) 
dz2        L(m— c) 


which  has  been  studied  by  Taylor  (1931),  Goldstein 
(1931),  and  many  other  authors.  This  approximation 
is  equivalent  to  the  Boussinesq  approximation. 

An  important  feature  of  Eq.  (la)  is  that  the  first  and 
second  terms  in  the  brackets  may  become  infinite 
where  u=c.  This  problem  may  be  circumvented  by 

1  This  work  was  carried  out  while  under  a  temporary  ap- 
pointment at  the  NOAA/ERL  Wave  Propagation  Laboratory. 


requiring  that  N2(z)  and  u"  (z)  go  to  zero  at  the  height 
zc  where  u=c  (the  critical  level)  rapidly  enough  to 
overcome  the  zeroes  in  their  respective  denominators. 
Alternatively,  one  may  require  that  W(z)  tend  to  zero 
more  rapidly  than  u  —  c  does  as  zc  is  approached.  In  this 
study  we  have  chosen  the  former  course. 

Because  we  wish  our  model  to  represent  the  earth's 
atmosphere  as  nearly  as  possible,  we  choose  to  describe 
the  stratification  in  terms  of  potential  temperature  6{z) 
instead  of  density  p(z).  For  static  stability  0(z)  .must 
increase  with  height.  In  an  atmosphere  whose  lapse  rate 
is  exactly  adiabatic  d(\nd)/dz=0. 

2.  The  model 

The  profiles  we  chose  for  the  potential  temperature 
and  the  ambient  wind  are 


6=  do  exp 


AH 


N. 


AH/  z 
\AH 


2   V 

tanh J 

AH/1 


u  =  u~  tanh- 


AH 


(2) 


(3) 


where  NJ  and  ux  are  the  Vaisala-Brunt  frequency  and 
ambient  wind,  respectively,  at  z— ►<».  This  model  is 
shown  in  Fig.  1.  Models  having  a  hyperbolic  tangent 
wind  profile  have  been  studied  by  Drazin  (1958), 
Holmboe  (1960),  and  others.  This  wind  profile  has 
simple  analytic  properties  and  is  a  reasonable  repre- 
sentation of  real  shear  layers. 

We  chose  Eq.  (2)  because  it  is  a  smooth  profile  model 
that  can  be  compared  directly  with  the  corresponding 
piecewise  linear  model  and  so  can  be  used  to  assess  the 
effect  of  corners  on  the  profile.  However,  such  profiles 
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may  sometimes  represent  actual  atmospheric  conditions 
during  the  onset  of  intense  mixing  associated  with  a. 
wind  discontinuity.  The  mixing  of  momentum  would 
tend  to  erase  the  shear  as  well  as  the  gradient  of  poten- 
tial temperature  in  the  eventual  steady  state,  but  if  the 
shear  is  maintained  by  some  process  external  to  the 
model,  the  profiles  might  look  much  like  those  of  our 
model  during  the  transient  thickening  of  the  mixed 
layer. 

The  almost  linear  appearance  of  6  away  from  the 
shear  layer  is  due  to  the  very  small  (typical  atmo- 
spheric) value  of  A^2  in  the  exponent.  In  this  model 


N'< 


:AVtanh2 , 

AH 


ux  z  z 

u"  =  —2 sech2 tanh , 

A//2  AH         AH 


(!) 


(5) 


both  of  which  vanish  at  z=0. 

Eq.  (1)  applies  to  a  two-dimensional  disturbance 
propagating  in  the  x  direction.  Thus  c=a/ky  where  a  is 
the  frequency  and  k  the  wavenumber  in  the  x  direction. 
Solutions  for  which  the  frequency  (and  hence  the  phase 
speed)  is  complex  will  represent  unstable  perturbations. 
However,  we  only  seek  solutions  where  c  is  real  because 
such  solutions  define  the  stability  boundary  [see  Miles, 
(1963)  and  the  discussion  below  J.  In  addition,  because 
of  the  symmetry  of  the  profiles,  we  assume  that  c=0. 
In  this  case,  using  Eqs.  (4)  and  (5),  Eq.  (1)  becomes 


(PW(z) 


l    r/Na 


dz 


r(~Y-! 

(A#)2L\/3o/ 


+  2  sech2 


A//J 


W(z)  =  0,    (6) 


where  /30=  ux/AH  and  a=kAH. 

A  solution  to  Eq.  (6)  which  satisfies  the  boundary 
conditions  W{±  °° )  =  0  is 


W{z)  =  A  sech- 


and 


AH 


/N  \2 


(7) 
(8) 


290°K    3001 

Fig.  1.  Wind  and  potential  temperature  profiles  for  this  model. 


Fig.  2.  Neutral  curves:  solid  for  this  model;  dashed  for  Gossard's 
three-layer  model. 

Another  solution  to  Eq.  (6)  is  W(z)  =  A  cosh2 (2/ AH). 
However,  this  does  not  satisfy  the  boundary  conditions 
and  we  disregard  it.  Eq.  (8)  defines  a  curve  shown  as 
the  solid  line  in  Fig.  2.  According  to  an  important  result 
of  Miles  (1963),  such  a  locus  of  stable  solutions  in  the  a, 
(A^/jSo)2  plane  implies  the  existence  of  a  contiguous 
region  of  unstable  solutions.  Eq.  (8)  thus  defines  the 
stability  boundary.  The  unstable  region  lies  above  the 
curve. 

3.  Comparison  with  other  models 

Perhaps  the  principal  practical  value  of  this  solution 
is  that  it  permits  us  to  compare  the  stability  boundary 
of  this  model,  which  has  smooth  profiles  with  continuous 
derivatives,  with  the  stability  boundary  of  the  corre- 
sponding three-layer,  piecewise  linear  model.  This  com- 
parison will  permit  an  assessment  of  the  effects  of 
"corners"  on  the  profiles  of  models  such  as  those  of 
Goldstein  (1931),  Taylor  (1931),  Howard  (1963), 
Holmboe  (1962)  and  Gossard  (1974).  This  is  important 
because  piecewise  linear  models  can  be  synthesized  that 


Fig.  3.  Wind  and  potential  temperature  profiles  for  Gossard's 
three-layer  model. 
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Fig.  4.  Streamline  pattern  for  this  model. 

represent  very  general  conditions  including  a  rigid  lower 
boundary  at  an  arbitrary  distance  below  the  shear  laver 
and  discontinuities  at  the  edges  of  the  shear  layer. 

The  general  eigensolution  for  a  three-layer  model, 
piecewise  linear  (almost)  but  continuous  in  wind  and 
potential  temperature  and  containing  a  rigid  lower 
boundary,  has  been  given  by  Gossard  (1974).  The 
model  is  shown  in  Fig.  3  and  the  required  relation 
between  cr,  a  in  terms  of  H,  AH,  Ni,  N3  and  /3  is 


1+- 


<X\OL3 


tanh2a+- 


ai-ra.3 


+ 


a.\  —  a3 


tanh2a 


0' 

a 
-+(2a- 

(3 


-  aa\—  aa3) 


where 


-(1+a2—  a\—  a3-\-aia3)  tanh2a  =  0,     (9) 


a\  =  yiAH  ctnli7i# 
a3  =  y3AH 


7i 


1- 


y3  =  k 


Ni/P 

AV/3 
a/ 13— a 


The  subscripts  1,  3  apply  to  the  lower  and  upper  layers, 
respectively.  Ari  and  X3  are  assumed  to  be  constant  in 
the  lower  and  upper  layers  so  the  profile  of  6  is  exponen- 
tial and  thus  not  quite  linear  above  and  below  the  shear 
laver.  However,  applied  to  the  real  atmosphere,  it  is 
very  nearly  linear  in  those  regions  when  X  is  constant. 
Within  the  shear  layer  Ar2=0. 

When  Ari=Ar3,  H=  oo  and  a//3=c=Q,  this  becomes 
the  three-layer  analog  of  the  smooth  model  we  study 
in  this  paper.  Under  these  conditions  F.q.  (9)  simplifies 
to 

[(<*„- 1)2+ a2]  tanh2a4-2a(aw-l)  =  0,         (10) 

where  ax2=  or—  (:\Tx/(3)2  and  the  subscript  oo  designates 
the  value  in  both  layers  1  and  3.  The  stability  boundary 
plotted  from  Eq.  (10)  is  shown  plotted  as  the  dashed 
curve  in  Fig.  2.  The  general  shape  is  the  same  as  that 
of  the  solid  curve  plotted  from  Eq.  (8).  Both  curves 
pass  through  (AV/?0)2=  -1  at  a=0. 


When  the  model  shown  in  Fig.  3  has  a  homogeneous 
density  distribution  (or  dd/dz=0)  it  becomes  a  special 
case  studied  by  Rayleigh  (1945).  Then  Aroo  =  0  so 
ax  =  a  and  (10)  reduces  to  the  Rayleigh  condition  for 
stability: 

tanh2a 

a(l-a)>0,  (11) 

l  +  tanh2a 

which  yields  a>0.64.  Therefore,  the  stability  boundary 
for  the  three-layer  model  passes  through  0.64  at 
A,roo//3=0  as  seen  in  Fig.  2. 

Two  smooth  models  in  which  the  Richardson  number 
does  not  vanish  at  the  critical  level  were  analyzed  by 
Drazin  (1958)  and  Holmboe  (1960).  For  density  (or, 
similarly,  potential  temperature)  Drazin  uses  a  simple 
exponential ;  Holmboe  uses  a  hyperbolic  tangent 
exponent.  For  example,  the  Holmboe  function  is,  in 
our  notation 


h  exp 


AH 


\AH/J 


(12) 


where  Ar0  represents  the  Vaisala-Brunt  frequency 
at  z=0.  Both  Drazin  and  Holmboe  use  a  hyperbolic 
tangent  wind  profile. 

The  eigensolutions  and  stability  boundaries  for  both 
models  are  similar  in  form : 


W(z)  =  A 


sechl  

\AH 


AH 


tanh   ,      (13) 


a 


<l-e). 


(14) 


N0\  2 

(3 

For  the  Drazin  model,  e  =  a2;  for  the  Holmboe  model, 
e=  a. 

Eq.  (14)  has  a  maximum  at  (Ar0//3)2=j  in  either 
model.  This  is  in  agreement  with  a  theorem  of  Miles 
(1961)  and  Howard  (1961)  which  states  that  a  sufficient 
condition  for  stable  fluid  flow  is  that  the  local  Richard- 
son number  C(^V/3)2J  be  greater  than  \  everywhere  in 
the  fluid.  The  stability  boundary  curves  shown  in 
Fig.  2  exhibit  no  such  limit.  This  is  because  (N/j3)2=0 
at  2=0  and  thus  the  Miles-Howard  theorem  cannot  be 
satisfied.  Instead,  the  curves  increase  monotonically 
as  a  increases  and  there  is  always  instability  at  some  a. 

Both  of  the  eigenfunctions  represented  by  Eq.  (13) 
become  that  of  our  model  [Eq.  (1)J  in  the  special  case 
of  a=  1.  However,  our  solution  and  the  stability 
boundary  we  find  are  valid  for  all  a's. 

At  Ar0=Aroo  =  0,  corresponding  to  a  homogeneous 
fluid,  or  an  adiabatic  atmosphere,  all  three  smooth 
models  give  a=  1  as  the  stability  boundary.  The  piece- 
wise  linear  model,  however,  yields  a=0.64,  as  men- 
tioned earlier.  This  difference  between  the  smooth  and 
the  piecewise  linear  models  is  obviously  due  to  the 
different  wind  profiles  (compare  Figs.  1  and  3). 
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The  streamlines  for  our  model  resemble  the  cat's  eye 
pattern  that  is  often  seen  in  radar  and  acoustic  sounder 
records  (see  Fig.  4).  The  Drazin  and  Holmboe  models 
only  yield  the  cat's  eye  when  a=  1,  which  implies  an 
entirely  homogeneous  atmosphere,  i.e.,  (Ar//3)2=0 
(see  Howard  and  Maslowe,  1973). 

The  cat's  eye  pattern  only  occurs  when  IF(zc)^0. 
This  can  occur  only  if  all  the  terms  of  the  Taylor- 
Goldstein  equation  [Eq.  (la)]  remain  finite  at  z  =  zc. 
Thus,  the  existence  of  the  cat's  eye  depends  critically 
on  the  property  of  our  model  that  .Y'2(zc)  =  0,  that  is, 
on  our  assumption  of  an  adiabatic  atmosphere  at  the 
critical  level.  Mathematically,  this  is  a  very  special  case, 
but  observationally  the  cat's  eye  pattern  is  a  common 
pattern  found  in  records  from  many  kinds  of  remote 
sensors. 

A  model  due  to  Garcia  (1961),  u=  ux  tanh(z/A//), 
0=  0oexp[ (const)  tanh3(z/A#)],  also  yields  the  cat's 
eye  and  instability  for  all  a.  However,  in  the  Garcia 
model  the  atmosphere  becomes  homogeneous  at 
z=±cc,  i.e.,  the  environment  away  from  the  shear 
layer  is  nearly  homogeneous.  Our  model  may  provide 
some  insight  as  to  why  the  cat's  eye  pattern  is  often 
seen  even  when  the  shear  layer  is  imbedded  in  a  non- 
homogeneous  environment. 

Fig.  2  also  suggests  a  generalization  of  a  result  re- 
ported by  Gossard  and  Moninger  (1975).  They  analyzed 
a  fairly  complicated  model  with  profiles  composed  of 
wind  and  temperature  segments.  The  model  was  three- 
dimensional  and  included  a  surface  superadiabatic  layer, 
a  shear  layer,  and  an  inversion  capping  the  shear  layer. 
Because  the  model  contained  a  superadiabatic  layer 
and  a  shear  layer,  two  kinds  of  instability  were  found — 
one  convective  and  the  other  dynamic.  Dynamically 
unstable  disturbances  were  most  unstable  when  aligned 
transverse  to  the  wind  shear,  while  those  disturbances 
aligned  along  the  shear  were  most  convectively  un- 
stable. Both  kinds  of  instability  are  found  in  the  range 
-K(Ni/0)2(m/k)2<O,  where  A"i  is  the  Vaisala-Brunt 
frequency  of  the  superadiabatic  layer,  /3  the  shear  of 
the  shear  layer,  m  wavenumber,  and  k  the  component 


of  wavenumber  in  the  direction  of  shear.  Thus  this 
single  dimensionless  number  includes  magnitude  of 
stability,  shear,  and  orientation.  Only  convective  in- 
stability exists  below  (N\/ji)'1{m/k)2=  —  1  and  only 
dynamic  instability  above  0.  The  cutoff  in  dynamic 
instability  at  —1  was  found  to  be  very  general  and  is 
not  affected  by  the  stability  of  the  upper  atmosphere  or 
the  presence  of  the  capping  inversion.  The  present  note 
demonstrates  that  this  cutoff  also  does  not  depend  on 
the  "corners"  in  the  profiles  of  the  model.  (In  the 
two-dimensional  models  dealt  with  here,  m/k=  1.0.) 
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ABSTRACT 

A  general  hydrodynamic  solution  is  derived  for  arbitrary  gravity-wave  fields  on  the  ocean  surface  by 
extending  Stokes'  (1847)  original  perturbational  analysis.  The  solution  to  the  nonlinear  equations  of  motion 
is  made  possible  by  assuming  that  the  surface  height  is  periodic  in  both  space  and  time  and  thus  can  be 
described  by  a  Fourier  series.  The  assumption  of  periodicity  does  not  limit  the  generality  of  the  result 
because  the  series  can  be  made  to  approach  an  integral  representation  by  taking  arbitrarily  large  funda- 
mental periods  with  respect  to  periods  of  the  dominant  ocean  waves  actually  present  on  the  surface.  The 
observation  areas  and  times  over  which  this  analysis  applies  are  assumed  small,  however,  compared  to 
the  periods  required  for  energy  exchange  processes;  hence  an  "energy  balance"  (or  steady-state)  condition 
is  assumed  to  exist  within  the  observed  space-time  intervals.  This  in  turn  implies  the  condition  of  statistical 
stationarity  of  the  Fourier  height  coefficients  when  one  generalizes  to  a  random  surface.  Part  I  confines 
itself  to  the  formulation  of  a  perturbation  solution  (valid  to  all  orders)  for  the  higher  order  terms  resulting 
from  a  two-dimensional  arbitrary  periodic  description  of  the  surface  height.  The  method  is  demonstrated 
by  deriving  (to  second  order)  the  height  correction  to  the  sea  and  (to  third  order)  the  first  nonzero  correc- 
tion to  the  lowest  order  gravity-wave  dispersion  relation. 


1.  Introduction 

In  recent  years,  it  has  become  evident  that  radio 
waves  can  be  used  to  measure  an  appreciable  portion 
of  the  directional  ocean  wave-height  spectrum.  Barrick 
(1972)  has  presented  a  theory  that  relates  this  spec- 
trum to  the  radar  Doppler  spectrum,  which  is  observed 
when  radio  waves  are  scattered  from  the  sea  surface. 

The  purpose  of  this  paper  is  1)  to  derive  the  hydro- 
dynamic  part1  of  Barrick's  theoretical  results  and 
2)  to  derive  the  general  correction  term  for  the  deep- 
water  gravity-wave  dispersion  relation. 

The  approach  taken  here  to  solve  the  nonlinear 
hydrodynamic  equations  for  ocean  waves  is  similar  to 
the  approach  that  was  used  by  Stokes  (1847).  That  is, 
the  general  form  of  the  solution  is  first  postulated  and 
then  the  details  of  this  solution  are  performed  starting 
with  the  equations  of  motion.  In  his  classic  work, 
Stokes  sought  a  solution  for  a  single  gravity  wave  that 
propagates  with  a  rigid,  periodic  profile  and  a  constant 
velocity.  He  found  that  the  wave  height  contained 
higher  spatial  frequency  components  in  addition  to 
the  fundamental  sinusoid  predicted  by  the  linear  solu- 


1  The  electromagnetic  scattering  part  of  the  theory   will   be 
derived  in  another  paper. 


tion  and  that  the  higher  order  correction  to  the  wave 
velocity  depended  upon  the  wave  height. 

The  present  problem  is  to  find  a  general  periodic  wave 
train  (consisting  of  an  arbitrary  number  of  individually 
distinct  gravity  waves)  whose  profile  need  not  be 
rigid  and  whose  spectral  components  need  not  all  have 
the  same  phase  velocity.  The  condition  that  the  wave 
train  is  periodic  allows  the  wave  height  to  be  expanded 
in  a  spatial  and  temporal  Fourier  series,  which  greatly 
simplifies  the  solution.  The  assumption  of  periodicity 
is  a  mathematical  device  that  does  not  limit  the  gen- 
erality of  the  solution  because  the  fundamental  spatial 
and  temporal  periods  of  the  series  can  be  made  large 
compared  with  the  physical  area  and  time  interval 
over  which  observations  are  made.  In  fact  when  these 
periods  become  very  large — approaching  infinity — we 
intend  to  use  the  fact  that  the  series  converge  to  in- 
tegrals in  the  Riemann  sense.  It  is  assumed  that  such 
a  periodic  wave  train  can  be  used  to  give  an  approximate 
description  of  real  ocean  waves.  The  apparent  sto- 
chastic character  of  these  waves  can  then  be  included, 
if  desired,  by  allowing  the  wave  heights  to  be  random 
variables. 

It  is  more  common  to  use  a  spatial  and  temporal 
Fourier-Stieltjes    representation    for   analyzing   ocean 
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waves.  For  example,  Tick  (1959)  and  Huang  (1971)  ob- 
tained straightforward  nonlinear  solutions  by  using 
this  approach,  but  they  also  neglected  the  wave-height 
dependence  in  the  dispersion  relation.  Tick's  first  and 
second-order  perturbation  derivations  are  essentially 
the  same  as  those  presented  here,  although  Tick  con- 
fined himself  to  one-dimensional  ocean  waves.  Huang 
obtained  a  Fourier-Stieltjes  integral  equation  relating 
wave  height  to  velocity  potential  (to  all  orders) ;  this 
expression  could  have  been  expanded  in  a  perturbation 
series  to  solve  for  wave  height  correctly  to  second  order, 
but  that  result  was  not  pursued  in  Huang's  treatment. 
Huang  and  Tung  (1976)  derived  a  general  dispersion 
relation  which  was  a  function  of  wave  height  but  which 
was  also  a  function  of  space  and  time.  However,  their 
derivation  appears  inconsistent  because  they  did  not 
treat  the  wave  frequency  as  a  function  of  space  and 
time  throughout  the  entire  derivation. 

Phillips  (1957,  1960)  and  Hasselmann  (1962,  1963a,b) 
used  a  Fourier-Stieltjes  integral  for  the  spatial  coordi- 
nates alone,  leaving  the  wave  height  a  general  function 
of  time.  In  this  way,  the  original  equations  of  motion, 
which  contain  both  space  and  time  derivatives,  are 
replaced  by  differential  equations  with  time  derivatives 
only.  Longuet-Higgins  and  Phillips  (1962)  and  Benney 
(1962)  used  this  general  formulation  to  study  the  wave 
height  dependence  of  wave  velocity  for  the  simpler 
case  of  one-dimensional  wave  trains.  They  used  formal 
expressions  for  wave  height  that  are  essentially  Fourier 
series,  where  the  Fourier  coefficients  are  slowly  varying 
functions  of  time.  This  approach  leads  to  a  number 
(equal  to  the  number  of  terms  in  the  Fourier  series)  of 
coupled  differential  equations.  Therefore,  it  is  under- 
standable why  these  studies  were  restricted  to  cases 
with  small  numbers  of  waves.  The  approach  used  in  the 
present  paper  allows  for  an  arbitrary  number  of  waves 
(of  different  spatial  periods  and  directions)  by  requiring 
that  the  sea  surface  be  periodic. 

Although  we  have  neglected  the  energy  transfer  due 
to  wind-wave  interactions,  wave-wave  interactions, 
viscous  damping,  etc.,  the  present  problem  is  well- 
defined  and  soluble.  The  perturbation  approach  used 
by  Stokes  is  valid  mathematically  (see,  Lamb,  1932, 
p.  420);  thus,  we  believe  that  the  present  generaliza- 
tion of  Stokes'  solution  is  also  valid.  In  addition,  since 
the  energy  transfer  rates  are  relatively  low  compared 
with  the  periods  of  gravity  waves,  we  expect  the 
present  description  of  these  waves  to  give  an  accurate 
physical  picture  of  the  sea  surface  just  as  Stokes'  waves 
closely  resemble  simple  wave  trains  such  as  swells. 
The  various  energy  transfer  mechanisms  are  discussed 
in  detail  elsewhere  by  Phillips  (1966),  Hasselmann 
(1966),  Miles  (1967),  Willebrand  (1975)  and  Whitham 
(1967),  just  to  name  a  few.  Our  main  concern  here  is  the 
correct  description  of  the  sea  surface  over  times  and 
areas  such  that  energy  transfer  is  not  a  dominant 
feature  in  the  propagation  of  the  gravity  waves  on 
the  surface. 


This  paper  confines  itself  to  the  derivational  details 
and  their  justification.  Fourier-series  forms  are  used  in 
this  paper.  A  companion  paper  shows  that  this  gen- 
eralized two-dimentional  solution  checks,  in  the  appro- 
priate limiting  cases,  with  the  simpler  but  well-estab- 
lished results  of  Stokes  (1847)  for  wave  velocity  and 
height  corrections  for  a  single  wave;  with  Longuet- 
Higgins  and  Phillips'  (1962)  phase  velocity  correction 
for  one  wave  due  to  the  presence  of  another  colinear 
wave;  and  with  Tick's  (1959)  result  for  the  second- 
order  wave  height  of  a  one-dimensional  wave-train 
profile.  It  is  shown  how  the  Fourier  series  approach  can 
be  converted  to  integral  form  suitable  for  statistical 
averaging  processes.  Finally,  that  paper  gives  several 
applications  of  these  derivations  to  physical  situations, 
which  provide  some  appreciation  for  the  utility  of  the 
results.  Thus  we  believe  that  this  work  represents  the 
first  truly  complete  generalization  of  Stokes'  technique 
which  stands  up  to  comparisons  with  all  of  the  pre- 
viously accepted  specialized  cases. 

2.  The  generalization  of  Stokes'  problem 

The  problem  to  be  solved  here  is  a  generalization  of 
the  problem  that  was  solved  earlier  by  Stokes  (1847). 
In  that  problem,  Stokes  sought  a  periodic  wave  train 
which  propagates  with  a  rigid  profile  and  a  constant 
velocity.  The  present  problem  is  to  find  a  general 
periodic  wave  train  whose  profile  need  not  be  rigid  and 
whose  spectral  components  need  not  all  have  the  same 
phase  velocity.  The  method  of  solution  is  based  upon 
the  perturbation  technique  used  by  Stokes.  Also,  the 
equations  of  motion  are  essentially  the  same  simplified 
hydrodynamic  equations  that  Stokes  employed. 

To  begin  with,  the  ocean  is  assumed  to  be  infinitely 
deep  and  unbounded  along  its  surface.  Also,  atmospheric 
effects  are  taken  to  be  absent  so  that  the  interface  is  a 
free  surface.  Next,  the  water  is  treated  as  a  homo- 
geneous fluid  that  is  incompressible,  inviscid  and  with- 
out surface  tension.  All  of  these  restrictions  are  gen- 
erally accepted  as  being  approximately  valid  for  the 
description  of  the  free  propagation  of  gravity  waves. 
Phillips  (1966),  Lamb  (1932)  and  Batchelor  (1970)  are 
just  a  few  who  discussed  these  simplifying  restrictions 
in  detail.  These  assumptions  can  now  be  used  to 
simplify  the  general  hydrodynamic  equations. 

The  first  equation  derives  from  the  conservation  of 
mass  equation,  which  reduces  to  V  ■  v  =  0,  where  v  equals 
the  local  velocity  of  the  water.  For  an  inviscid  fluid, 
initially  irrotational  motion  will  remain  irrotational 
(i.e.,  VXv  =  0).  In  this  case,  a  velocity  potential  <f>  can 
be  defined  such  that  v=  V<f>,  and  the  conservation  of 
mass  is  then  expressed  by 


V2</>  =  0. 


(1) 


For  these  same  conditions  the  Navier-Stokes  equation 
(or  conservation  of  linear  momentum  equation)  at  the 
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surface  can  be  used  to  obtain 


«=Wo+Wl+W2+  • 


(8) 


d<t>    1 

.dt      2 


L- 


■gv, 


(2) 


where  t?  is  the  vertical  displacement  of  the  surface  due 
to  waves.  The  coordinate  system  for  this  equation 
was  chosen  so  that  the  positive  (vertical)  z  axis  is  up 
and  the  x  and  y  axes  are  in  the  plane  (flat-earth  ap- 
proximation) of  the  undisturbed  surface  at  2=0. 

The  third  and  final  equation  comes  from  the  require- 
ment that  the  surface  remain  intact.  Then  the  vertical 
velocity  vz=  d<t>/dz  of  the  water  at  the  surface  must 
equal  the  vertical  velocity  drj/dt  of  the  surface.  That  is, 


dr, 


rd<t>~\        i 

—    =— +vr[v<*a 

L  dz J2=,    dt 


(3) 


Now  a  periodic  waveform  for  77  is  sought.  Therefore, 
t)  is  expanded  in  spatial  and  temporal  Fourier  series  as 
follows : 

ij(r,0  =  L  *KMexp[i(kT-w/)],  (4) 

where  T=£x-\-yxy  gives  the  position  in  the  x,  y  plane.  All 
of  the  spatial  and  temporal  frequencies  are  harmonics 
of  the  fundamental  frequencies,  which  may  be  taken 
to  be  infinitesimal. 

It  is  obvious  from  (4)  that  r\  is  a  function  of  only  the 
x  and  y  spatial  coordinates  and  time  t.  However,  the 
velocity  potential  </>  depends  upon  the  2  coordinate 
also.  The  form  of  the  2  dependence  in  0  is  determined 
by  (1)  and  the  condition  that  <j>— *0  as  2— +—  °c . 
Therefore, 

*(r,2,/)  =  E0M  exp[>+/(k-r-co/)].         (5) 

k,u 

These  expressions  (4)  and  (5)  give  a  general  form  for  a 
periodic  wavetrain.  The  fact  that  r)(r,t)  and  <j>(r,z,t) 
are  real  physical  quantities  requires  that  the  conditions 
t?*  (k,oo)  =  t?  ( —  k,  —  w)  and(/>*(k,oo)  =  <£(  —  k,  -co)  be  satis- 
fied by  the  series  (4)  and  (5),  respectively. 

The  fact  that  (2)  and  (3)  are  nonlinear  suggests  a 
perturbation  approach.  Stoker  (1957),  Tick  (1959)  and 
others  preferred  to  make  the  perturbation  expansions 
on  rj(r,<)  and  <j>(r,z,t).  However,  Whitham  (1974)  and 
Cole  (1968)  pointed  out  that  such  an  approach  may 
omit  the  amplitude  dependence  in  the  dispersion  rela- 
tion. On  the  other  hand,  Stokes'  perturbation  method 
does  produce  an  amplitude  dependence  for  the  disper- 
sion relation,  and  thus  it  is  believed  to  be  more  general. 

Therefore,  the  Fourier  coefficients  for  wave  height 
?j(k,<o),  velocity  potential  0(k,w)  and  the  frequency  to 
are  expanded  in  perturbation  series  as  follows : 


7?(k,co)  =  r;1(k,co)4-772(k,a))4-  • 
<t>  (k,a>)  =  0i  (k,co)+4>2  (k,«)+ 


where  the  subscripts  give  the  perturbation  order.  For 
example,  if»~ijiifi,  0i~r/i,  02~ijiiji,  etc.  Similarly, 
toi~77i,co2~Tj177i,  but  coo  is  independent  of  wave  height. 
Thus  771  is  considered  an  independent  parameter  and  k 
is  the  independent  variable  of  the  present  problem. 
The  perturbation  approach  is  valid  if  the  wave  heights 
are  sufficiently  small  such  that 


L  |7,(k,co)|X£<l. 


(9) 


(6) 

(7) 
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This  condition  limits  the  slope  of  the  surface  to  small 
values  so  that  the  perturbation  expansion  will  converge. 
Later,  it  will  become  evident  that  the  wave  heights  of 
various  orders  in  (6)  do  not  all  exist  in  the  same  domains 
of  wave  vector  frequency  space.  In  other  words,  the 
dispersion  relation  is  in  general  different  for  each  order 
of  the  ocean  wave.  For  example,  the  first-  and  second- 
order  wave-height  spectra  do  not  overlap  in  wave 
vector  frequency  space.  Therefore,  it  will  become  con- 
venient to  use  different  notation  for  the  wavevectors 
and  frequencies  of  different  orders  of  ocean  waves. 

3.  The  first-order  solution 

The  perturbation  expansions  (6),  (7)  and  (8)  can 
be  used  along  with  the  Fourier  series  (4)  and  (5)  in 
order  to  solve  the  equations  of  motion  for  a  periodic 
wave  train.  In  this  solution,  the  first-order  wave  heights 
77i(k,co)  are  arbitrary  and  all  of  the  other  variables  are 
expressed  in  terms  of  them.  The  solution  begins  by 
substituting  the  Fourier  series  (4)  and  (5)  into  the 
equations  of  motion  (2)  and  (3). 

When  the  Fourier  series  are  substituted  into  the 
equations  of  motion,  the  exponential  exp(&2)  in  (5) 
becomes  exp[&77(r,/)]  because  these  equations  are 
evaluated  at  the  surface  z=t]{r,t).  Then  the  exponential 
is  represented  by  its  power  series,  and  the  wave  height 
in  each  term  is  replaced  by  its  Fourier  series  (4). 
Finally,  the  resulting  equations  are  integrated  over  the 
spatial  and  temporal  periods  of  the  wave  train.  Because 
of  the  orthogonality  of  the  Fourier  components,  (2) 
becomes 

-tw0(k,w)+  E   [-JwT^kVMk-k^co-o/) 

k'  ,a' 

+i[^'|k-k'|-k'-(k-k')>(kV)*(k-k',co-a>')] 

r      k"1 

+  L     £      -»co'-^(kVh(k>") 

k'V  k"  V  L  2 

Xr?(k-k'-k",co-co'-co")  +  M^"-k'-k")(^+n 

X<KkV)<Kk'V'Mk-k'-k'',co-a/-a/')  1 


+0(4)--CT(k,W).     (10) 
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Fig.  1.  Gravity-wave  dispersion  relationship  diagram.  First-order  waves  exist  in  heavily 
shaded  region  centered  on  too  =  Vg£.  Second-order  waves  exist  in  remainder  of  diagram. 


*0(k,cu)+  L    k'*<t>(k',w')r)(k-k',a,-a>') 


Similarly,  the  other  equation  of  motion  [(3)]  becomes      the  perturbation  expansion  of  the  frequency  to.  The 

higher  order  terms  in  (8)  are  determined  by  the  higher 
order  terms  in  (10)  and  (11).  Also,  it  is  the  total  fre- 
quency to,  and  not  just  to0,  which  must  be  a  harmonic 
frequency  of  the  fundamental  frequency.  In  Stokes' 
case  of  a  rigid  profile,  the  frequency  of  the  first-order 
wave  is  the  fundamental  frequency-  In  the  general  case 
with  many  first-order  waves  present,  the  fundamental 
frequency  need  not  be  equal  to  the  frequency  of  any 
of  these  waves. 


+  Z    Z 

k',u'  k",u"     2 


(kVMk'V) 


X7?(k-k,-k",tO-to'-to")  +  0(4)=-/tOT?(k,to) 

+  Z    -k'-(k-k')tf>(kVMk-k',to-to') 


k',u' 


+  Z    £    -k'-k'T^kVMk'V) 


k",u' 


X7,(k-k'-k",to-to'-to")+0(4).      (11) 

Next,  the  perturbation  expansions  will  be  used  in 
(10)  and  (11)  in  order  to  separate  the  various  orders  of 
perturbation  solution.  The  first-order  terms  in  (10) 
are  equated  to  give 


-itoo0i(k,to)=-gr?1(k,to),  (12) 

while  the  corresponding  terms  in  (11)  are 
&0i(k,to)=  —  to>o»7i(k,w). 

(o>o2-g*)»?i(M  =  0.  (14) 


4.  The  second-order  solution 

The  second-order  solution  to  (10)  is 
—  ta>o02(k,to)  — i'toi#i(k,to)+  Z    {— ?'to0'£'<£i(k',to') 

k'.u' 

Xrh(k-k',to-to')  +  |[&'|k-k'|-k'-(k-k')] 

X 01  (k',to ')<*>! (k-k',  to-to')!  =  -gr?2(k,to).      (16) 

Likewise,   the  second-order  solution   to    (11)    can  be 
written 


Hence 


(13)     £<*>2(k,to)+  Z  k'-k0i(k>')i7i(k-k',co-co') 


=  —  JtO07j2(k,to)—  itOl77l(k,to),        (17) 


This  equation  can  be  satisfied  if  either  the  wave  height  where  terms  on  both  sides  of  (11)  have  been  combined. 

77i(k,to)  vanishes  or  There  are  two  ways  of  attempting  to  satisfy   (16) 

u  2—  „fo                                   /jc\  and  (17)  and  solving  for  the  desired  second-order  wave 

height  772  and/or  velocity  potential  02-  These  can  best 

Therefore,  for  finite  wa,ve  heights   (15)  becomes  a  be  explained  by  dividing  the  frequency  wavenumber 

dispersion  relation  which  must  be  satisfied.  It  is  im-  (u  —  k)  domain  into  two  distinct  regions  as  illustrated 

portant  to  note,  however,  that  this  condition  (15)  puts  in  Fig.  1.  The  heavily  shaded  ridge  is  the  region,  for  a 

a  restriction  only  upon  the  value  of  the  first  term  wo  of  given  k,  where  the  lowest  order  solution  (zero-order) 
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for  o>  must  satisfy  the  dispersion  equation  (15)  given 
in  the  preceding  section,  viz.,  o)0=  ±  vgk.  Since  we  have 
expanded  o)  in  a  perturbation  series  about  o)o,  then 
ui,  u>2,  ...  should  be  increasingly  small  corrections  to 
o>o  by  the  very  nature  of  the  perturbation  expansions. 
The  center  of  the  deep-shaded  ridge  is  therefore  defined 
by  o)o=  ygk,  and  the  width  of  the  ridge  (within  which 
o)i,  o)2,  ...  must  lie),  defining  the  complete  o),  is  kept 
small.  We  call  the  region  within  this  ridge  the  region 
of  first-order  waves ;  we  continue  to  denote  the  temporal 
frequencies  in  this  region  by  o),  o)o,  on,  etc.,  i.e.,  lower 
case.  Over  the  remainder  of  the  diagram,  no  such  re- 
striction is  required  on  the  lowest  order  temporal  fre- 
quency ;  to  avoid  confusion,  we  henceforth  redefine  the 
frequencies  and  wavenumbers  corresponding  to  this 
region  as  k=K  and  o)=-ft,  with  K  as  before  being  the 
independent  variable.  Just  as  with  o>,  we  expand  Q  in  a 
perturbation  series,  i2=S0+^i+^2+  •  •  • ;  but  here  we 
do  not  require  that  fto=  *gK.  It  will  be  shown  that 
second-order  ocean  waves  lie  in  this  lightly  shaded 
region  exclusive  of  the  ridge  around  o)o=  vgk  and  that 
the  two  regions  are  in  fact  nonoverlapping.  In  other 
words,  second-order  waves  cannot  even  approximately 
satisfy  the  first-order  dispersion  relationship  normally 
identified  with  freely  propagating  ocean  waves. 

In  order  to  eliminate  the  first  possible  way  of  solving 

(16)  and  (17),  let  us  attempt  to  solve  for  r/2  and  fa  at 
frequencies  w  which  could  lie  in  the  first-order  zone. 
Since  o>,  o/  and  o>"  all  appear  as  arguments  of  first-order 
wave  heights  and  velocity  potentials,  to  lowest  order  we 
saw  that  we  must  require  that  o)0=  \gk,  o)0'=  vgk'  and 
o)o"(=  o)0— o)o')  =  Vg  |  k  —  k'  J .  If  these  three  equations 
cannot  be  satisfied,  then  in  general  no  solution  can 
exist  within  the  ridge  for  o),  since  if  the  lowest  perturba- 
tion order  o)0  fails  to  meet  the  requirement,  then  the 
overall  frequency  o)  also  fails  (i.e.,  each  perturbation 
order  must  be  satisfied  separately). 

To  show  this  zero-order  failure,  the  three  separate 
dispersion  equations  u02=gk,  o)0'2=  gk'  and  o>0"2  =  g&" 
can  be  combined  to  give 

(3-k-k") 

0)oH 0>oO>o"+0)o'  '2  =  0, 

2 

which  has  real  roots  only  if  %•%"=  —  1.  The  solution  in 
this  event  is  o)0=  —  o)0"  (requiring  also  k=k"),  which 
leads  to  o)0'=0  and  k'=0.  Thus  of  all  the  terms  in  the 
series  of  (16)  and  (17),  only  one  is  permissible:  that 
with  k'  and  o>0'=0.  There  cannot  be  any  waves  with 
k'=0,  however,  because  this  would  produce  a  change 
in  the  mean  level  of  the  ocean,  requiring  the  creation 
or  destruction  of  water.  We  already  defined  the  x—y 
plane  to  lie  in  the  mean  plane  of  the  ocean,  implying 
that  j;i(0,o))  =  0.  Hence,  the  summations  in  (16)  and 

(17)  must  vanish,  leaving 

-zo)o</>2  (k,o>)  -  ianfa  (k,o))+ grj2  (k,o>)  =  0,        (18) 


kfa  (k,o>)+  to)o»?2  (k,o))+ i^iVi  (k,o>)  =  0. 


(19) 
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Now  if  we  multiply  the  first  equation  by  k,  multiply  the 
second  by  uo0,  and  add  the  two,  then  using  the  fact  that 
uo2=gk  we  obtain  io>ikfa{k,u)+<t)0u>iVi(K<»)  =  0-  Upon 
substitution  of  (13)  into  this,  we  have  2o)0o)177i(k,o))  =  0. 
Since  in  general  7?i(k,a>)  is  not  equal  to  zero  (i.e.,  771,  k, 
and  hence  co0,  are  the  independent  variables  of  the 
problem),  then  un^O.  This  leaves  (18)  and  (19)  for  the 
second-order  wave  height  and  velocity  potential  iden- 
tial  identical  to  (12)  and  (13)  for  the  equivalent  first- 
order  quantities.  Hence,  there  is  no  unique  second- 
order  solution  for  772  and  fa  (within  the  "ridge"  of  Fig.  1 
where  first-order  waves  can  exist)  which  is  dependent 
upon  and  expressible  in  terms  of  t?!  and/or  fa.  Since 
there  is  no  difference  between  the  fa  and  772  remaining 
in  (18)  and  (19)  and  fa  and  ^  in  (12)  and  (13),  we  can 
define  all  quantities  which  lie  in  the  ridge  and  satisfy 
these  required  first-order  equations  as  first  order. 

Therefore  we  have  established  the  following  facts 
thus  far  in  this  section : 

1)  First-order  waves — by  definition — exist  within  the 
narrow  region  in  o)  centered  about  o)0,  with  0)1,  o)2,  ... 
being  higher  order  (perturbation)  corrections  which 
are  small  compared  to  o)0;  771,  fa,  and  o)0  satisfy  the  first- 
order  relation  given  by  (12),  (13)  and  (15). 

2)  The  first-order  correction  to  o)0  (viz.,  on)  is 
identically  zero.  Therefore,  the  first  possible  correction 
to  the  lowest-order  dispersion  relation  is  second-order; 
this  fact  might  have  been  suspected  from  Stokes' 
original  derivations  as  well  as  later  works  (e.g.,  Lamb, 
1932). 

3)  Second-order  waves  772  (and  velocity  potentials  fa) 
which  are  dependent  upon  and  expressible  in  terms  of 
double  products  of  171  and/or  fa  cannot  exist  within  the 
narrow  region  in  o)  near  0)0  which  contain  the  first- 
order  waves  (such  that  the  lowest-order  dispersion 
equation  o)o2=  gk  is  satisfied).  They  can  exist  and  will  be 
derived  subsequently  over  the  remainder  of  the  tem- 
poral frequency  region. 

We  now  go  back  to  (16)  and  (17)  and  solve  for  772  and 
fa  in  the  region  where  they  can  in  fact  exist :  that  region 
of  Fig.  1  considerably  away  from  the  first-order  ridge. 
As  mentioned  before,  we  change  wavenumber  notation 
to  upper  case  (i.e.,  K,ft)  to  indicate  that  in  this  region 
the  first-order  dispersion  relation  does  not  apply,  i.e., 
U02^gK.  Thus  whenever  k  and  o>  appear,  we  change  to 
K  and  fl.  However,  k'  and  a/  remain,  and  all  arguments 
of  771  and  fa  are  still  required  to  satisfy  the  first-order 
dispersion  equation;  i.e.,  W2— gk'  and  (%— o>o')2 
=  gjK— k'|.  Also,  the  second  term  on  the  left  side  of 
(16)  and  the  last  term  on  the  right  side  of  (17)  are  zero, 
because,  as  shown  above,  <t>\  and  771  cannot  exist  in 
the  second-order  region  (where  k=K  and  o>=0).  Thus 
(16)  can  be  rewritten  as  follows: 

r  /      fc-(K-k)\-| 

-i^2(K,fl)  +  E    -o>o2-^o(fio-w0)    1 ,„     ,  ,    ) 

kaL  \         I K  — k|  /J 

X77i(k,o))7,1(K-k  G-w)  =  -gij2(K,Q),     (20) 
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where  (13)  was  used  to  replace  the  first -order  potentials 
inside  the  summation  in  (16).  Similarly,  (17)  becomes 

A>2(K,Q)+L-tooi&-Kiji(k,a>)jji(K-k,i2-u) 

k,u 

=  -iQm(K,Q).     (21) 

These  last  two  equations  can  be  combined  to  obtain 
an  expression  for  7j2(K,Q)  and  one  for  $2(K,fl). 
The  second-order  wave  height  becomes 

*i(K,o)=2:  E  A(k,ooM',u')vi(K")vdV,o>') 

k.w  k' ,w' 

X«i+k'«S+"',     (22) 

where  this  expression  has  been  written  in  a  symmetrical 
form  with  the  help  of  the  Kronecker  delta  functions, 
and  where 


k+k'+ — (i-k-k')( 

4(k,a>,k',a>')H2L  g  VgA'-fic2 


0    if    k'=-k    and    a'  = 


(23) 


This  last  expression  was  simplified  by  taking  advantage 
of  the  lowest  order  dispersion  relation. 

Since  it  has  been  proven  earlier  that  QJ^gK,  the 
denominator  in  (23)  cannot  vanish  for  any  real  values 
of  k,  k',  a,  a/  satisfying  the  Kronecker  deltas.  It  can  be 
shown  that  the  two  terms  on  the  left  side  of  (21)  vanish 
for  A=  0.  Because  the  velocity  v=  V<f>,  it  is  obvious  that 
v(k,co)  =  ?'k0(k,co)  for  all  perturbation  orders.  Now,  it  is 
always  possible  to  choose  our  coordinate  system  so  that 
the  undisturbed  ocean  is  stationary  (i.e.,  there  is  no 
current).  Hence,  v(k,w)  =  0  for  k  =  0  to  all  perturbation 
orders  and  the  first  term  on  the  left  side  of  (21)  vanishes. 
Similarly,  the  second  term  vanishes  because  A  is  a 
multiplying  factor.  As  a  result,  A  (k,co,k',cj')  in  (23)  is 
defined  to  be  identically  zero  when  k+k'=0. 

Since  second-order  waves  cannot  satisfy  the  first- 
order  dispersion  equation,  these  waves  are  not  "free" 
in  that  they  do  not  remove  energy  from  the  first-order 
waves,  and  hence  cannot  propagate  freely  without  the 
two  first-order  waves  with  wavenumbers  k,  to  and 
k',  &>';  they  are  said  to  be  "trapped"  or  "evanescent" 
ocean  waves.  By  the  same  token,  whenever  the  first- 
order  waves  are  present,  the  second-order  waves  will 
always  accompany  them. 

The  second-order  wave  height  (22)  was  used  by 
Barrick  (1972)  in  order  to  calculate  the  theoretical  radar 
Doppler  spectrum  that  is  continuously  distributed  about 
the  first-order  solution.  The  coefficient  A  (k,a>,k',a>'), 
which  appears  in  this  wave-height  expression  and  is 
given  by  (23),  is  equal  to  iYH  in  Barrick's  integral 
expression  for  the  Doppler  spectrum.  There  is  also 
another  quantity  in  this  integral  which  accounts  for 
second-order  electromagnetic  contributions. 

In  a  similar  manner,  (20)  and  (21)  can  be  combined 
to  obtain  an  expression  for  the  second-order  velocity 
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potential.  Hence, 

tf>2(K,o)  =  E  £  /^k^kVO'ntMTntkV) 

k,w  k'  ,u>' 

xgM-k'g?,+<y        (24) 

where  _   . 

—  tflowowo'  (1  —k-k') 

B(k,co,k>')= •         (25) 

By  using  the  same  line  of  reasoning  that  followed  (23), 
it  is  clear  that  A/3(k,w,k',a/)  — »  0  for  A— >0  because 
the  current  velocity  vanishes  by  definition.2 

5.  The  third-order  solution 

The  higher  order  equations  from  (10)  and  (11)  can 
in  principle  be  solved  to  all  perturbation  orders.  How- 
ever, the  complexity  of  these  equations  becomes  pro- 
hibitive for  large  orders.  In  general,  the  nth  order 
equations  will  have  solutions  for  all  orders  of  waves 
from  first  order  up  to  and  including  nth  order.  That  is, 
there  are  n  different  solutions  for  the  nth  order  equa- 
tions. Each  of  these  solutions  uses  all  of  the  previous 
solutions  to  all  of  the  lower  order  equations. 

The  discussion  here  will  be  limited  to  the  third-order 
solution  for  first-order  waves.  In  other  words,  just  as 
we  did  for  second-order  waves,  we  initially  assume  that 
these  third-order  waves  can  exist  over  all  k— a>  space, 
both  in  the  "ridge"  region  of  Fig.  1  near  which  coo2=  gk 
and  over  the  remaining  region  where  U02^gK.  We 
proved  in  the  preceding  section  that  second-order 
waves  cannot  exist  in  the  first-order  region  near  the 
ridge.  A  similar  argument  can  be  presented  for  third- 
and  higher  order  waves.  We  will  concern  ourselves 
here  with  only  those  solutions  which  exist  within  the 
first- order  wave  region. 

By  following  the  pattern  of  the  second-order  solution 
and  by  using  the  first-  and  second-order  results,  it  is 
possible  to  obtain  the  following  simplified  equations. 
The  third-order  expression  for  (10)  becomes 

— /wo03(k,w)  — /w^i(k,w)  +  E  =  — g'?3(k,a)).     (26) 


Likewise,  (11)  leads  to 

2 


-;a>o?73(k,co)  —  ;a>2rn(k,a)),         (27) 


where  the  terms  Ei  and  £2  are  abbreviations  which 
represent  expressions  that  have  the  form  of 

E    E  (...)rn(kVMk>") 

k'  «'   k"  ,<ji' ' 

X7n(k-k'-k",co-co'-co"). 


2  Expressions  obtained  by  Hasselmann  (1962)  for  the  second- 
order  wave  height  and  velocity  potential  coefficients  can  be  shown 
to  reduce  exactly  to  our  (23)  and  (25).  Because  that  approach 
ignores  corrections  to  the  dispersion  relation,  however,  wave 
height  and  velocity  potential  solutions  of  order  higher  than  third 
will  differ  from  those  obtained  with  our  formulation. 
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Now,  both  7/3(k,co)  and  03(k,co)  can  be  simultaneously 
eliminated  from  (26)  and  (27)  by  using  the  first-order 
dispersion  relation  (15) ;  thus,  they  are  indeterminant 
and  can  be  taken  to  be  identically  zero  because  they 
are  physically  indistinguishable  from  first-order  waves.2 
One  then  obtains  an  expression  for  the  second-order 
frequency  term  co2 : 

a»2^(M=  £     £   (...)in(k>0ui(k>") 

k'  ,u>'  k"  ,oj" 

Xi?i(k-k'-k",a>-<o'-a>").     (28) 

At  first,  this  equation  seems  to  contain  an  inconsistency 
because  co2  is  real,  while  the  first-order  wave  heights 
7/i  (k,w)  are  arbitrary  complex  parameters.  However, 
this  equation  also  implies  that  there  must  be  four  waves 
such  that  co'"=co-co'-co"  and  k'"=k-k'  — k".  As  was 
discussed  in  detail  earlier  with  respect  to  the  second- 
order  solution,  this  equality  between  the  temporal 
frequencies  must  and  does  hold  for  all  perturbation 
orders. 

All  of  these  equations  of  different  perturbation  order 
(i.e.,  «»/"=«»— co/  —  oin")  cannot  be  simultaneously 
satisfied  unless  pairs  of  the  frequencies  are  identically 
equal.  That  is,  co=co'  and  co"=  —  co'",  or  co=co"  and 
co'=  —  co'",  or  to=co'"  and  w'=  — «".  At  the  same  time, 
there  must  be  the  analogous  equalities  among  the 
spectral  wavenumber  vectors.  In  the  case  that  co=co' 
and  co"  =  -co'",  for  example,  it  is  also  true  that  k=k' 
and  k"  =  —  k"'.  Consequently,  7/i(k,w)  is  a  factor  in 
every  term  on  both  sides  of  (28).  Thus,  (28)  reduces  to 


co2=to0    £    C(k,w,k',o)')\rn(k',ui')\2, 
k',«' 


(29) 


where 
C(k,w,k>'); 


1  r        wo'       /      k  \-| 

\W*+— kk'  (2+-J 

2L         coo         \       k'/J 


X[l-2 


1  j«  xk 


§«, 


<u5k-k]+.4(k,o),k',co') 


coo' k-k'" 


X 


+- 


co0 


k'  A 


B(k^,k>') 


;co0 


wo 


k-(k+k') 


-/fe|k+k'|H -k'-(k+k 

coo  k 


■>} 


(30) 


The  expressions  for  .4  (k,co,k',co')  and  7?(k,co,k',w')  are 
given  by  (23)  and  (25),  respectively.  Since  />(k,co,k',co') 
contains  a  factor  of  i,  the  i  in  (30)  is  cancelled  so  that 
C(k,co,k',o/)  is  clearly  real.  Here  we  see  one  advantage 


2  These  waves  are  interesting  in  another  context  because,  as 
was  shown  in  the  works  of  Hasselmann  (1963a,b)  and  Phillips 
(1966),  since  these  waves  do  satisfy  the  first-order  dispersion 
equation — and  hence  are  indistinguishable  physically  from  first- 
order  waves — they  can  and  do  carry  energy  (in  contrast  with 
the  evanescent  or  trapped  second-order  waves  ^(K.ft)).  Therefore, 
nonlinear  wave-wave  energy  redistribution  of  the  original  spec- 
trum can  and  does  occur  via  third-order  waves. 


in  retaining  series  formulations  rather  than  integral 
notation,  at  least  to  this  point.  The  step  from  (28)  to 
(29)  would  be  more  difficult  mathematically  had  we 
been  using  integrals. 

Higher  order  correction  terms  to  the  frequency  co  in 
(8)  can  be  computed  in  principle,  but  they  are  small 
compared  to  co2.  Thus,  the  dispersion  relation  for  first- 
order  ocean  waves  is  given  (to  second  order)  by 
a>=coo+cu2,  where  co0  is  defined  by  (15)  and  o>2  is  defined 
by  (29).  It  is  recalled  that  the  first-order  correction 
term  wi  was  shown  to  be  zero  for  these  waves.  Once 
the  dispersion  relation  is  known  for  first-order  waves 
it  is  also  known  for  second-order  waves  because  the 
Kronecker-delta  functions  in  (22)  imply  that  f2=co+co', 
where  Q,  is  the  frequency  of  a  second-order  wave  and 
co  and  co'  are  the  frequencies  of  first-order  waves.  Hence 
to  second-order  ft=coo+coo'+co2+co2'.  Some  interesting 
numerical  examples  will  be  presented  in  a  companion 
paper. 

6.  Discussion  and  conclusions 

The  nonlinear  solution  presented  here  for  a  two- 
dimensional  deep-water  surface  of  arbitrary  profile — 
periodic  in  space  and  time — can  be  evaluated  to  any 
perturbation  order  following  the  technique  presented 
here.  To  second  order,  we  determined  expressions  for 
the  wave  height  and  velocity  potential  and  showed  that 
those  do  not  represent  free  waves,  i.e.,  waves  which 
follow  (approximately)  the  first-order  dispersion  equa- 
tion u)02=  gk.  We  then  carried  the  solution  to  third  order 
to  solve  for  the  first  nonzero  correction  to  the  first- 
order  dispersion  equation. 

This  solution  gives  a  complete  mathematical  de- 
scription (but  only  an  approximate  physical  descrip- 
tion) of  the  sea  surface;  it  must  be  restricted  in  area 
and  time.  The  sizes  of  the  observed  area  and  time  in- 
tervals over  which  the  solutions  are  valid  are  such  that 
they  are  large  compared  to  the  spatial  periods  27r/ 1  k  | 
and  temporal  periods  27r/|co|  of  the  dominant  waves 
present,  but  small  in  terms  of  the  areas  and  times  over 
which  energy  transfer  takes  place  (i.e.,  both  nonlinear 
wave-wave  energy  transfer,  energy  transfer  between 
the  atmosphere  and  ocean  and  viscous  effects).  The 
waveheights  7/i(k,co)  are  in  general  complex  random 
variables  whose  statistics  change  over  areas  and  times 
larger  than  those  required  for  energy  transfer. 

So  long  as  the  above  area/time  restrictions  are  under- 
stood, the  Fourier  series  solution  can  be  generalized 
to  allow  one  to  perform  statistical  averaging,  and  sums 
are  readily  converted  to  integrals,  with  average  wave- 
height  spectra  evolving  from  the  height  coefficients. 
This  process  will  be  illustrated  in  a  companion  paper. 
In  certain  (but  not  all)  averaging  processes,  one  must 
define  a  length  or  time  period  associated  with  the  series- 
integral  conversion,  and  this  quantity  remains  in  the 
final  result.  For  the  radar  problem,  this  length  (or  area) 
period  must  logically  be  taken  as  the  actual  areal  resolu- 
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tion  cell  observed  by  the  radar.  Likewise,  the  temporal 
period  (if  needed  explicitly  in  the  final  result)  would  be 
the  coherent  observation  time  associated  with  the  buoy 
or  radar  experiment.  An  example  will  be  given  in  the 
companion  paper. 
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NOAA  Technical  Memorandum  ERL  WPL-20 
February  1977 


DETECTION  OF  GUST  FRONTS  USING  SURFACE  SENSORS 
A.  J.  Bedard,  Jr.  and  D.  W.  Beran 


Properties  of  thunderstorm  gust  fronts  and  the  surface  effects  they 
produce  are  reviewed  with  emphasis  on  density  currents  and  their  associated 
wind  shear  as  a  hazard  to  aircraft.  Methods  of  detection  are  reviewed  in  terms 
of  their  utility  in  warning  systems  for  airports.  A  first-generation  warning 
system  developed  at  NOAA/ERL's  Wave  Propagation  Laboratory  is  described. 
It  consists-of  an  acoustic  Doppler  system,  a  Doppler  radar,  and  a  dense 
array  of  pressure-jump  detectors.  It  overcomes  deficiencies  of  systems 
developed  previously,  which  lack  sufficient  spatial  resolution  and  areal 
extent  for  measurements  of  evolving  gust  fronts.  The  research  program 
continuing  at  WPL  to  evaluate  and  optimize  the  system  is  documented. 
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ATMOSPHERIC  PRESSURE  JUMPS  MEASURED  WITH  ARRAYS 

OF  SENSITIVE  PRESSURE  SENSORS  IN  THE  VICINITY 

OF  CHICAGO'S  O'HARE  INTERNATIONAL  AIRPORT 

A.  J.  Bedard,  Jr.  and  M.  M.  Cairns 

We  describe  an  experiment  designed  to  evaluate  the  use  of  arrays  of 
sensitive  pressure  sensors  for  gust-front  detection.  First  results  of  the 
experiment  (which  is  still  underway  at  Chicago's  O'Hare  airport  in  conjunction 
with  the  Transportation  Systems  Center  of  the  Department  of  Transportation) 
have  demonstrated  the  feasibility  of  predicting  the  motion  of  such  density 
currents  by  using  an  array  of  such  sensors.  Using  data  sets  obtained  in  June 
through  August  of  1976  we  discuss  their  implications  for  the  design  of  arrays 
to  provide  warnings  of  gust  front  systems  in  airport  environments.  Although 
we  tracked  over  80%  of  the  pressure  jumps  over  the  O'Hare  system,  several 
events  went  undetected  at  two  or  more  of  the  outer  array  locations.  We  there- 
fore conclude  that  the  optimum  array  density  will  involve  a  compromise  between 
practicality  and  a  need  for  high  reliability  in  detection.  The  current  outer 
array  configuration  of  absolute  pressure  sensors  seems  to  represent  the  mini- 
mum array  dimensions  and  density  needed  for  detection  and  tracking.  Although 
a  1  km  spacing  permits  resolution  of  small-scale  features,  to  obtain  accurate 
velocity  computations  (permitting  prediction)  increased  spacings  (to  about 
2  km)  and/or  more  pressure  jump  detectors  seem  necessary. 
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MEASURING  THUNDERSTORM  GUST  FRONTS  USING  SURFACE  SENSORS 


A.  J.  Bedard  and  M.  M.  Cairns 

KOAA/ERL/Wave  Propagation  Laboratory 
Boulder,  Colorado 


1. 


INTRODUCTION 


A  concept  has  evolved  for 
using  the  sudden  pressure  rise  associ- 
ated with  the  leading  edge  of  cold  air 
outflows  from  thunderstorms  as  a  means 
of  detecting  such  systems  and  the  hazard- 
ous wind  shears  associated  with  them 
(Bedard  and  Beran,  1977) .   We  describe 
here  our  efforts  (funded  by  the  Federal 
Aviation  Administration)  to  evaluate  the 
use  of  pressure  sensors  to  detect  thun- 
derstorm outflows.   Although  we  have 
several  other  measurement  efforts  using 
pressure  sensors  currently  in  progress 
(e.g.,  at  Dulles  airport  (Bedard,  Hooke 
and  Beran,  1977)  and  with  the  National 
Severe  Storms  Laboratory),  space  and 
time  considerations  caused  us  to  re- 
strict our  presentation  here  to  studies 
involving  the  Chicago  O'Hare  airport 
area. 
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Figure  1.      Causes   of  atmospheric  pressure 
disturbances . 
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2. 


PRESSURE  DISTURBANCE  STA- 
TISTICS FOR  CHICAGO'S 
O'HARE  AIRPORT  ' 


Details  of  the  statistics 
presented  in  this  section  appear  in  a 
Federal  Aviation  Administration  Final 
Report  (Greene  et  al.,  1977a)  reviewing 
the  wind  shear  problem.   Papers  by 
Greene  et  al.  (1977b)  and  Frank  and 
Moninger  (1977)  in  these  proceedings  are 
Also  based  upon  that  final  report. 

We  analyzed  the  occurrences 
of  pressure  jumps  in  the  Chicago  O'Hare 
Airport  area  for  the  period  1968  through 
1972,  using  standard  National  Weather 
Service  24-hour  barogram  traces  in  the 
analysis.   Daily  surface  weather  maps 
and  station  weather  for  0700,  EST,  Storm 
Data  and  Severe  Weather  Phenomena  (which 
included  location,  date,  time,  and 
character  of  the  storm) ,  and  radar  sum- 
maries for  the  United  States  were  used 
to  determine  the  type  of  local  weather 
phenomena  occurring  at  the  time  of  the 
event.   We  applied  several  criteria  in 
defining  a  significant  pressure  distur- 
bance.  Here  we  present  data  for  one  of 
them  --  a  pressure  rise  exceeding  one 
millibar  in  ten  minutes  (600  sec) ,  which 
is  the  threshold  for  one  type  of  sensi- 
tive pressure  jump  detector  designed 
for  possible  use  as  part  of  a  future 
shear  warning  system. 

Figures  2  through  4  show 
the  occurrence  of  pressure  jumps  meet- 
ing this  criterion  as  a  function  of 
time-of-year  for  events  related  to 
thunderstorms,  gravity-shear  waves,  and 
frontal  activity  respectively.   It  is 
evident  that  thunderstorm-related  pres- 
sure disturbances  occurred  mainly  during 
the  months  of  April  through  September, 
the  peak  months  being  May  and  June. 
Figure  3  shows  that  gravity  shear  wave 
activity  peaks  in  March,  April,  and 
November  with  few  events  in  the  summer. 
December  and  January  have  no  events  in 
contrast  to  the  winter  maximum  observed 
by  Flauraud  et  al.,  (1954).   This  may 
reflect  the  movement  of  the  upper  level 
jet  to  lower  latitudes.   We  categorized 
oscillatory  pressure  disturbances  of 
long  duration  (>  1  hour)  as  related  to 
gravity-shear  waves  (especially  when 
they  occurred  in  the  presence  of  an  in- 
tense jet  stream  aloft) .   Figure  4  pre- 
sents time-of-year  occurrence  of  dis- 
turbances related  to  frontal  passages. 
It  shows  no  clear  peak  in  the  yearly 
statistics  for  these  events. 

Figures  5  and  6  show  the 
sources  of  pressure  disturbances  by  per- 
centage of  occurrence.   Figure  5  shows 
the  data  for  the  entire  year,  and  fig- 
ure 6  shows  only  the  months  of  May 
through  September.   Thus,  a  variety  of 
source  mechanisms  are  'responsible  for 
pressure  disturbances  at  this  location 


Fib     Mar      Apr.    May     June    July     Aug.    Sept.    Ocl.     Hon      Oec. 


Figure  2.      Time-of-year  variation  of  pressure 
disturbances  due   to  thunderstorms . 
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Figure   3.      Time-of-year  variation  of  pressure 
disturbances  due   to  gravity-shear  waves. 
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Figure  4.      Time-of-year  variation  of  pressure 
disturbances  due  to  frontal   activity . 


regardless    of   season.      Most   of    them 
(over    82%)    probably   correlate  with   shear 
events    at    lower   altitudes. 
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Figure   5.  Sources  of  pressure  disturbances  at 
Chicago's  O' Hare  International  Airport  by  per- 
centage of  occurrence    (1968-1972)  . 


Figure  6.     Sources  of  pressure  disturbances  at 
Chicago's  O' Hare  International  Airport  by  per- 
centage of  occurrence    (May-September ;1968-1972) , 


Figure  7  is  a  plot  of  AP, 
the  maximum  pressure  change  in  millibars 
as  a  function  of  t,  the  rise  time  of  the 
jump  in  minutes .   This  plot  is  shown  only 
for  the  thunderstorm- related  cases. 
These  data  in  conjunction  with  the  time- 
of-year  source  frequency  statistics  can 
be  used  to  make  estimates  concerning  de- 
tection rates  for  pressure  detectors. 

We  analyzed  anemometer  re- 
cordings for  O'Hare  Airport  for  the  5- 
year  period  during  the  months  of  May 
through  September  and  noted  the  maximum 


Figure  7.     Pressure  amplitude  versus  rise  time 
statistics  for  thunderstorm-related  cases. 


change  in  speed  (AU)  for  all  cases  in 
which  a  sudden  wind  surge  appears  (an 
increase  greater  than  4.5m  sec"l — 
10  mph) ,  usually  occurring  within  5 
minutes) .   The  AU  values  constitute  mini- 
mum changes  of  horizontal  wind  speed, 
not  taking  into  account  changes  in  wind 
direction  often  associated  with  the  pas- 
sage of  gust  fronts.   We  measured  the 
maximum  pressure  change  and  rise  time, 
t,  for  each  of  the  events  and  present 
these  data  in  two  ways.   Figure  8  is  a 
plot  of  AP  as  a  function  of  AU  and 
appears  as  a  scatter  plot  with  no  evi- 
dence of  the  (AP) 1/2  law  frequently 
assumed  for  density  currents.   On  the 
other  hand  if  we  plot  AP/t  as  a  function 
of  AU,  a  better  correlation  is  evident 
(Figure  9) . 

We  interpret  these  results 
as  evidence  that  atmospheric  gust-fronts 
frequently  move  due  to  driving  forces  in 
the  central  outflow  region,  as  opposed 
to  pressure  gradients  across  the  density 
discontinuity  at  the  nosa  of  the  current. 
A  simple  model  of  a  source-driven  den- 
sity current  appears  in  the  report  by 
Greene  et  al.  (1977a) .   Our  data  imply 
that  statistically  some  value  of  gust- 
front  severity  can  be  chosen  as  a  warn- 
ing threshold  for  operational  systems. 
For  example,  some  threshold  level  of 
AP/t  could  be  related  to  the  speed  of 
motion  of  the  discontinuity  and  magni- 
tude of  the  shear.   However,  we  need 
more  statistics  about  these  relation- 
ships. 
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Figure  8.     Plot  of  maximum  pressure  change 
versus  gust  surge  maximum   (1968-1972)  . 
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gust  surge. 


3.  DETECTION  OF  THUNDERSTORM 

GUST  FRONTS  USING  AN  ARRAY 
OF  PRESSURE  SENSORS  NEAR 
CHICAGO'S  O'HARE  AIRPORT 

Figure  10  shows  the  passage 
of  a  pressure  discontinuity  across  the 
array  of  pressure  sensors  at  O'Hare  In- 
ternational Airport.   Using  the  arrival 
times  of  the  pressure  maximum  at  the  P0 
(absolute  pressure  sensor)  locations  in 
the  outer  arrays  we  computed  the  azimuth 
of  arrival  and  horizontal  trace  speed. 
We  assumed  a  plane  wave  front  for  the 
disturbance  and  show  its  measured 
arrival  times  by  the  dashed  lines.   The 
disturbance  arrived  from  an  azimuth  of 
226.7°  at  a  speed  of  12.6  ms-1,  appar- 
ently originating  from  thunderstorm 
cells  southwest  of  the  airport. 

In  addition  we  used  these 
data  to  compute  the  arrival  time  of  the 
pressure  maximum  at  the  location  of  the 
airport  anemometer.   Figure  11  presents 
the  anemometer  trace  corresponding  to 
this  event  with  the  dashed  lines  indi- 
cating the  predicted  arrival  times  of 
the  start  and  maximum  of  the  pressure 
jump.   Note  the  good  agreement  between 
time  of  the  gust  surge  and  the  computed 
arrival  time  of  the  pressure  maximum. 
South  and  west  departures  were  stopped 
because  of  heavy  cells  shortly  after 
the  arrival  of  the  wind  surge. 

We  are  preparing  a  detailed 
report  describing  the  operation  of  the 


O'Hare  airport  pressure  sensor  array 
during  the  spring  and  summer  of  1976. 
Between  June  and  August  we  detected  ten 
events  similar  to  the  one  described.   A 
key  conclusion  is  that  the  speed  of 
motion  of  thunderstorm  gust-fronts  often 
does  not  change  significantly  over  dis- 
tances of  about  10  km,  thus  permitting 
prediction  of  discontinuity  position  as 
a  function  of  time.   In  the  future  we 
hope  to  compare  pressure  sensor  data 
from  such  events  with  data  from  an  array 
of  rain  gauges  operated  by  the  Illinois 
State  Water  Survey  (Changnon  and  Huff, 
1976) .   We  also  hope  to  obtain  data  from 
additional  anemometers,  pressure  sen- 
sors, and  temperature  sensors  now  oper- 
ating near  the  ends  of  runways  at  O'Hare 
airport  as  part  of  a  cooperative  effort 
with  TSC. 

One  weakness  of  these  ex- 
periments is  that  we  have  no  quantita- 
tive measurement  of  the  wind  shear  to 
compare  with  the  surface  array  data. 
On-going  experiments  with  surface  pres- 
sure sensor  arrays  at  Dulles  airport 
and  at  the  National  Severe  Storms  Labor- 
atory should  help  fill  this  gap.   At 
Dulles  an  acoustic/microwave  radar  sys- 
tem measures  wind  and  wind-shear  con- 
tinuously from  the  surface  to  500  m 
(Hardesty  et  al. ,  1977).   Bedard,  Hooke 
and  Beran  (1977)  describe  the  dense 
array  of  surface  sensors  installed  at 
Dulles  airport.   A  meteorological  tower 
near  Oklahoma  City,  Oklahoma,  provides 
the  reference  for  the  NSSL  experiment. 
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Figure  10. 


Motion  of  a  pressure  jump  across  Chicago's  O'Hare  International  Airport 
on  28  June  1976. 
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Figure  11. 


Comparison  showing  the  arrival  of  a  gust  surge  relative   to  the 
predicted  arrival    time  of  the  pressure  jump. 


4. 


IMPLICATIONS  FOR  DETECTION 
AND  ANALYSIS  OF  THUNDER- 
STORM GUST-FRONT  EVENTS 


Observations  showing  that  gust  fronts  often  move  with  little  change  in  speed 
over  distances  of  about  10  km  indicate  the  usefulness  of  surface  sensors  to  predict 
system  motion  and  provide  warnings.   The  events  accompanied  by  pilot  reports  of  weather- 
related  problems  in  the  vicinity  of  the  airport  were  all  detected  by.  at  least  three  of  the 
outer  arrays  and  we  could  compute  azimuths  and  speeds  of  motion.   However,  other  data  sets 
from  O'Hare  show  pressure  disturbances  that  were  spatially  complex.   For  these,  the  plane 
wave  assumption  is  not  valid,  and  detection  requires  a  dense  array  of  surface  sensors  to 
resolve  their  fqrm  and  motion.   Such  a  dense  array  is  currently  being  tested  in  the 
vicinity  of  Dulles  airport. 
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The  statistical  studies  in- 
dicate the  frequency  with  which  various 
mechanisms  produce  significant  pressure 
disturbances.   Although  thunderstorms 
and  frontal  activity  accounted  for  most 
of  the  events,  gravity-shear  waves  also 
produced  large  pressure  perturbations. 
We  are  currently  working  on  methods  for 
distinguishing  between  various  source 
mechanisms.   The  observation  of  a  cor- 
relation between  the  peak  surface  wind 
surge  and  the  ratio  AP/t  suggests  that 
estimates  of  the  speed  of  motion  of  the 
system  are  possible  by  the  use  of  pres- 
sure data  alone.   We  hope  to  extend 
these  statistical  studies  to  other 
regions  of  the  country. 
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ABSTRACT 

A  model  of  an  evolving  hailstorm  is  synthesized  from  data  presented  in  four  related  papers  in  this  issue. 
The  storm  model,  which  is  applicable  to  a  class  of  ordinary  multicell  hailstorms  and  similar  to  earlier  models 
derived  by  workers  in  South  Dakota  and  Alberta,  is  discussed  in  terms  of  the  growth  of  hail  and  its  impli- 
cations for  hail  suppression.  Hail  is  grown  in  time-evolving  updrafts  that  begin  as  discrete  new  clouds  on 
the  flank  of  the  storm.  Low  concentrations  of  embryos  develop  rapidly  within  each  of  these  clouds.  The 
embryos  subsequently  grow  into  small  hailstones  while  suspended  near  or  above  the  — 20°C  level  as  each 
new  cloud  grows  and  becomes  the  main  updraft.  Recycling  is  not  a  feature  of  this  model  as  it  is  in  supercell 
models.  To  improve  the  chance  of  silver  iodide  seeding  being  effective  in  suppressing  the  growth  of  hail  in 
multicell  storms,  it  is  proposed  that  the  seeding  should  be  carried  out  not  in  the  main  updraft  as  is  often 
the  practice,  but,  rather,  in  the  regions  of  weaker  updraft  associated  with  the  early  stages  of  developing 
clouds  on  the  flank  of  the  storm. 


1.  Introduction:  the  ordinary  multicell  storm  as  a 
distinct  hailstorm  type 

Several  categories  of  hailstorms  have  recently  been 
proposed  (Marwitz,  1972  a,  b,  c ;  Chisholm  and  Renick, 
1972).  According  to  Browning  (1975),  one  of  the  most 
important  distinctions  is  between  ordinary  multicell 
storms  and  supercell  storms.  The  essential  difference 
between  these  two  types  is  that,  whereas  a  supercell 
storm  is  dominated  by  a  single  cell  which  attains  a 
quasi-steady  structure  with  updrafts  and  downdrafts 
coexisting  symbiotically  for  long  periods,  an  ordinary 
multicell  storm  consists  of  a  sequence  of  evolving  cells 
each  of  which  may  go  through  a  life-cycle  resembling 
that  first  described  in  the  Thunderstorm  Project  (Byers 
an  J  Braham,  1949).  Both  kinds  of  storms  can  produce 
damaging  hail  and,  although  the  biggest  and  most 
damaging  hailstorms  tend  to  be  supercells,  the  majority 
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Research  Experiment,  managed  by  the  National  Center  for 
Atmospheric  Research  and  sponsored  by  the  Weather  Modifica- 
tion Program,  Research  Applications  Directorate,  National 
Science  Foundation. 


of  hailstorms  in  the  North  American  continent  appear 
to  be  of  the  ordinary  multicell  variety. 

Each  new  updraft  cell  in  an  ordinary  multicell  storm 
is  seen  first  as  a  discrete  new  growing  cumulus  cloud. 
During  Project  Hailswath  (Goyer  el  al.,  1966)  these 
became  known  as  feeder  clouds.  This  term  can  be  mis- 
leading when  applied  to  ordinary  multicell  storms  in 
the  sense  that  the  clouds  do  not  feed  the  mature  hail 
cloud  but,  rather,  grow  and  become  the  mature  hail 
cloud.  Therefore,  we  refer  to  them  instead  as  daughter 
clouds.  Such  clouds  have  been  discussed  by  Dennis 
et  al.  (1970)  and  Musil  (1970).  They  consider  them  to 
be  one  of  the  most  striking  visual  phenomena  associated 
with  Great  Plains  thunderstorms.  They  find  that  the 
daughter  clouds  begin  forming  at  distances  up  to  30  km 
away  from  the  hailstorm  core.  Each  cloud  grows  rapidly 
as  it  approaches  and  merges  with  the  main  cumulo- 
nimbus cloud  mass.  For  an  eastward-moving  storm  the 
merger  usually  takes  place  on  the  southwestern  side  of 
the  main  cloud  mass  and  occurs  15-40  min  after  the 
initial  formation  of  the  daughter  cloud.  As  shown  in 
Fig.  1,  a  first  radar  echo  usually  appears  in  a  daughter 
cloud  just  before  it  merges  fully  with  the  main  cloud 
mass.  A  burst  of  heavy  rain  or  hail  usually  reaches  the 
ground  soon  after  the  merger.  The  evolution  of  the 
individual  areas  of  heavier  precipitation  associated  with 
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Fig.  1.  Schematic  diagram  showing  an  NE-SW  cross  section 
through  a  typical  hailstorm  of  western  South  Dakota.  Stippled 
shading  denotes  cloud ;  solid  contours  represent  radar  reflectivity 
in  dBz  (adapted  from  Dennis  el  al.,  1970). 


successive  cells  has  been  studied  by  Renick  (1971).  He 
shows  that  the  individual  cells  may  produce  hail  for 
periods  of  up  to  30  min.  At  the  surface  this  gives  rise 
to  families  of  what  Changnon  (1970)  refers  to  as  hail- 
streaks.  Since  the  new  cells  usually  form  on  the  right 
flank,  the  storm  as  a  whole  propagates  discretely  to  the 
right  of  the  cell  motion  (Browning,  1962 ;  Renick,  1971 ; 
Marwitz,  1972b). 

The  purpose  of  this  paper  is  to  present  a  model  of  the 
storm  that  gave  hail  in  the  vicinity  of  Raymer,  Colorado, 
on  9  July  1973,  synthesized  from  data  in  Parts  I  through 
IV.  As  we  shall  show,  the  model  conforms  in  many 
ways  to  the  above  description  of  ordinary  multicell 
storms.  Of  course,  this  is  not  to  say  that  all  such  storms 
can  be  expected  to  fit  this  model.  The  maximum  tem- 
perature excess  in  the  updraft,  assuming  unmixed 
parcel  ascent,  was  5°C;  the  mean  wind  shear  in  the 
layer  from  cloud  base  to  cloud  top  (650-150  mb)  was 
about  2X10-3  s_1 ;  and  the  mean  wind  in  the  subcloud 
layer  was  8  m  s_1.  According  to  Marwitz  (1972b)  these 
values  are  characteristic  of  the  environment  of  multi- 
cell  hailstorms.  In  terms  of  the  updraft  intensity,  the 
frequency  of  development  of  new  cells  and  the  resulting 
hail  size,  the  Raymer  hailstorm  can  be  categorized  as 
being  of  moderate  intensity. 


some  low-latitude  storms  (e.g.,  Ludlam,  1963;  Zipser, 
1969),  this  caused  air  to  feed  the  updraft  from  the 
front  of  the  storm  and  to  leave  it  as  an  anvil  trailing 
to  the  rear.  Owing  to  strong  veer  of  the  environmental 
winds  with  height  relative  to  the  storm,  the  inflow 
actually  approached  the  updraft  with  a  small  compo- 
nent also  from  beneath  the  page  in  Fig.  2  and  the  anvil 
outflow  left  with  a  strong  component  back  into  the 
page.  However,  because  of  the  general  rearward  tilt  of 
the  updraft  most  of  the  small  hailst  jnes  which  grew 
within  the  updraft  probably  descended  directly  into 
the  underlying  downdraft  rather  than  re-entering  the 
updraft.  Thus,  although  turbulent  motions  may  have 
transferred  some  particles  from  an  older  updraft  cell 
to  a  younger  one,  the  majority  of  particles  would 
probably  have  been  denied  the  chance  of  a  second  ascent 
in  which  to  continue  their  growth  into  larger  stones.  A 
similar  (although  steadier)  updraft  configuration  to  that 
in  Fig.  2  has  been  inferred  for  a  supercell  storm  by 
Browning  and  Foote  (1976)  but  in  that  case  strong 
winds  blowing  around  the  storm  in  the  middle  tropo- 
sphere were  able  to  carry  particles  around  the  periphery 
of  the  updraft  so  that  they  could  indeed  re-enter  the 
foot  of  the  updraft. 

Figure  3  (top)  embellishes  the  model  with  more  de- 
tailed information  from  Parts  I-IV.  Plotted  at  the 
bottom  of  the  figure  are  curves  showing  the  variation 
of  updraft  velocity  and  water  content  along  the  line 
NS  at  a  height  of  7.2  km  (all  heights  are  above  MSL). 
Different  parts  of  Fig.  3  were  derived  from  different 
sources  of  data  obtained  over  a  period  of  about  an 
hour  during  which  a  sequence  of  five  cells  was  observed. 
Times  and  sources  of  the  data  are  plotted  in  Table  1. 

The  model  in  Fig.  3  can  be  interpreted  in  two  ways. 
It  can  either  be  regarded  as  an  instantaneous  view  of 
a  typical  structure  with  four  different  cells  at  different 
stages  of  evolution  or  it  can  be  regarded  as  showing 
four  stages  in  the  evolution  of  an  individual  cell.  Thus 
Cell  n,  which  had  developed  a  "first  echo"  shortly 
before  the  time  portrayed  in  Fig.  3,  began  growing  out 
of  the  shelf  cloud  as  a  distinct  daughter  cloud  (w+1) 


2.  Model  of  the  Raymer  hailstorm 

Figures  2  and  3  are  simplified  representations  of  the 
Raymer  storm,  each  depicting  a  vertical  section  along 
the  storm's  direction  of  travel  (approximately  north  to 
south).  The  former  figure  is  highly  schematic;  the  latter 
is  rather  more  realistic. 

Figure  2  shows  the  configuration  of  the  updraft  circu- 
lation derived  from  the  observations,  and  also  the  way 
it  depends  on  the  environmental  winds.  The  wind 
pattern  was  rather  complex  but  the  main  feature  dis- 
tilled here  is  that  the  storm  traveled  roughly  with  the 
winds  in  the  middle  troposphere,  the  winds  in  the 
lower  and  upper  troposphere  having  a  component  from 
south  to  north  relative  to  the  storm.  As  in  the  case  of 


STORM    MOTION 


WINDS 

RELATIVE   TO 

STORM 


I  I  I  I  I  I  I  I  I  I  I  I  )/  t  )?  I  I  I  I/I! ) I  If  I 


Fig.  2.  Schematic  diagram  showing  the  configuration  of  the 
updraft  in  the  Raymer  hailstorm  in  relation  to  the  environmental 
flow.  (Strictly  the  updraft  was  in  the  form  of  a  chain  of  con- 
tiguous updraft  elements  with  centers  lying  along  the  arrow 
shown  in  the  figure.) 
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about  15  min  earlier.  Cell  n  —  1,  which  has  almost  converted  into  a  vigorous  downdraft.  The  decaying 
reached  its  maximum  reflectivity,  is  in  its  mature  Cell  n— 2  is  characterized  by  weak  downdrafts  at  most 
stage;  it  has  a  vigorous  updraft  but  part  of  it  has  been      levels,  with  a  residual  weak  updraft  in  places  aloft.  The 
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Fig.  3.  Schematic  model  (top)  of  the  Raymer  hailstorm  showing  a  vertical  section  along  the  storm's  direction  of  travel  through  a 
sequence  of  evolving  cells.  Solid  lines  are  streamlines  of  flow  relative  to  the  moving  system;  they  are  shown  broken  on  the  left  side  of 
the  figure  to  represent  flow  into  and  out  of  the  plane  and  on  the  right  side  of  the  figure  to  represent  flow  remaining  within  a  plane  a 
few  kilometers  closer  to  the  reader.  The  open  circles  represent  the  trajectory  of  a  hailstone  during  its  growth  from  a  small  droplet  at 
cloud  base  (see  text).  (Actually  the  airflow  in  each  cell  has  been  drawn  relative  to  the  individual  cell  and,  since  the  developing  Cells 
«+l  and  n  traveled  more  slowly  (5  m  s"1)  than  either  the  mature  cells  (7  m  s~')  or  the  storm  as  a  whole  (10  m  s"1),  the  streamlines 
in  the  young  cells  would  have  had  a  stronger  component  from  the  south  relative  to  the  storm  as  a  whole.  This  explains  why  in  the 
model  the  trajectory  of  the  growing  hailstone  crosses  over  the  streamlines  during  its  early  growth  as  shown  in  the  figure.)  Lightly 
stippled  shading  represents  the  extent  of  cloud  and  the  three  darker  grades  of  stippled  shading  represent, radar  reflectivities  of  35,  45, 
and  50  dBz.  The  temperature  scale  on  the  right  side  represents  the  temperature  of  a  parcel  lifted  from  the  surface.  Winds  (m  s_1,  deg) 
on  the  left  side  are  environmental  winds  relative  to  the  storm  based  on  soundings  behind  the  storm.  Surface  rainfall  rate  averaged  over 
2  min  intervals  during  the  passage  of  the  storm  is  plotted  below  the  section.  The  horizontal  line  NS  through  the  section  at  7.2  km 
shows  the  track  of  the  T-28  penetration  aircraft,  smoothed  data  from  which  are  plotted  at  the  foot  of  the  figure.  Although  the  T-28 
data  were  not  quite  synchronous  with  the  data  in  the  vertical  section,  a  comparison  of  the  T-28  updraft  velocity  measurements  with  the 
flow  pattern  in  the  vertical  section  shows  that  the  agreement  is  reasonably  good. 
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Table  1.  Times  and  sources  of  data  in  Fig.  3. 

Time 
Data  Source  (MDT) 

Radar  echo  Grover  10  cm  radar  (See         1716-1717 

Part  I) 
Visual  cloud  Airborne  photographs  1719 

(Part  II) 
Inflow  to  updraft  and       4  aircraft  at  sub-cloud  1642-1727 

gust  front  levels  (Part  II) 

Surface  mesometeorological     1653-1727 
network  (Part  II) 
Airflow  within  interior      2  Doppler  radars  (Part  III)     1727-1736 

of  storm 
Microphysical  mea-  T-28  penetration  aircraft         1717-1720 

surements  in  relation         (Part  IV) 
to  vertical  air  motion 

time  interval  between  development  of  successive  cells 
was  15±2  min;  it  took  15  min  for  n  to  evolve  to  the 
stage  of  development  of  n—  1,  and  similarly  for  n  —  \ 
to  evolve  to  n  —  2.  The  total  lifetime  of  each  cell  was 
about  45  min.  The  lifetime  for  individual  radar  echoes 
was  rather  longer  than  the  average  figure  for  singlecell 
echoes  reported  by  Battan  (1953). 

The  entire  inflow  toward  the  updraft  originated  close 
to  the  ground  ahead  of  the  storm ;  at  a  distance  of  20  km 
upwind  of  the  updraft  the  inflow  was  about  500  m 
deep.  The  inflow  rose  unmixed  to  cloud  base,  consistent 
with  the  laminar  flow  generally  observed  below  cloud 
base  in  earlier  studies  (e.g.,  Auer  et  al.,  1970).  The 
lateral  dimensions  of  individual  updraft  cells,  about 
8  km  at  cloud  base  level,  are  similar  to  the  average 
value  for  High  Plains  hailstorms  found  by  Auer  and 
Marwitz  (1968).  Cell  dimensions  decreased  in  the 
present  case  to  roughly  5  km  in  the  middle  tropo- 
sphere. Successive  updraft  cells  may  have  been  sepa- 
rated by  an  area  of  weak  subsidence  at  cloud  base  level 
but  they  were  contiguous  at  higher  levels,  giving  rise 
to  a  fairly  broad  region  of  general  updraft  aloft.  The 
maximum  updraft  velocity  in  a  mature  cell  reached  6 
to  8  m  s_1  at  cloud  base  and  20  m  s_1  at  7  km  MSL 
just  above  the  level  of  maximum  parcel  buoyancy.  The 
average  value  of  the  updraft  at  cloud  base  was  4  ms-1, 
again  similar  to  that  measured  by  Auer  and  Marwitz 
(1968)  in  typical  High  Plains  hailstorms.  Horizontal 
momentum  was  conserved  in  parts  of  the  updraft,  the 
relative  southerly  component  being  10  to  12  m  s_1  in 
the  inflow  below  cloud  base  and  also  in  the  updraft 
core  at  7  km,  but  decreasing  by  a  few  meters  per 
second  in  the  core  at  10  km.  The  outflow  from  the  up- 
draft formed  an  anvil  which  was  directed  mainly  toward 
the  left  rear  flank  of  the  storm  (to  the  left  and  into  the 
page).  The  entire  updraft  was  tilted  toward  the  rear 
of  the  storm  and,  as  noted  above,  there  seemed  to  be 
little  opportunity  for  precipitation  particles  grown 
within  one  cell  to  be  recycled  into  a  younger  cell. 

As  for  the  downdraft,  part  of  it  originated  in  the  mid- 
troposphere  at  the  level  of  lowest  equivalent  potential 
temperature  (6  km)  and  descended  unmixed  to  the 


surface;  this  air  entered  the  storm  on  its  right  rear 
flank  (from  the  left  of  and  above  the  page).  Some  of 
the  downdraft  was  also  probably  generated  within 
former  updraft  air.  This  is  suggested  by  the  form  of  the 
streamlines  in  Fig.  3  but  the  possibility  of  motion  out 
of  the  plane  weakens  the  inference  somewhat.  The 
maximum  observed  downdraft  velocity  of  15  m  s_1 
was  located  in  the  region  of  highest  radar  reflectivity, 
close  to  cloud  base  level.  Downdraft  velocities  greater 
than  10  m  s_1  occurred  in  a  region  2  km  wide  ex- 
tending from  a  height  of  2  to  6  km.  A  pronounced 
maximum  of  turbulence  intensity  existed  at  the  up- 
draft-downdraf t  interface  of  the  mature  cell ;  it  reached 
a  peak  near  the  level  of  maximum  parcel  buoyancy 
(7  km).  The  depth  of  the  surface  outflow  exceeded  1  km 
ahead  of  the  storm,  but  behind  the  storm  the  depth  of 
downdraft  air  that  was  directed  rearward  relative  to 
the  storm  was  less  than  500  m.  Surface  divergence 
beneath  the  strongest  downdraft  was  4X10-3  s-1. 
Maximum  surface  convergence  at  the  inflow-outflow 
interface  was  1  to  2X10-3  s-1.  On  average  the  gust 
front  extended  5  km  ahead  of  the  leading  edge  of  the 
surface  precipitation,  a  feature  which  according  to 
Auer  et  al.  (1969)  is  typical  of  intense  and  persistent 
hailstorms. 

Measurements  with  the  penetration  aircraft  indi- 
cated that  supercooled  water  was  most  abundant  in 
the  young  updraft  regions  in  the  vicinity  of  the  "first 
echo."  Small  supercooled  droplets  (diameter  <50/mi) 
were  present  at  the  7  km  level  in  amounts  of  about 
1  g  m-3.  This  is  about  a  third  of  the  adiabatic  content. 
The  "first  echo"  in  each  cell  occurred  typically  at 
—  12°C  (7  km  MSL),  rather  lower  than  usual  for  High 
Plains  hailstorms  (Browning,  1975).  Shortly  after  the 
appearance  of  the  first  echo  it  contained  particles  5  mm 
in  diameter  in  a  number  concentration  of  1  m-3 ;  most 
of  these  larger  particles  were  frozen  but  a  few  (up  to 
25%)  appeared  to  be  entirely  water.  The  mature  cell 
(«  —  1)  contained  particles  with  diameter  8  to  10  mm 
in  concentrations  of  about  0.5  m~3  at  a  height  of  7  km. 
These  particles,  which  accounted  for  most  of  the  maxi- 
mum radar  reflectivity,  were  almost  entirely  of  ice  and 
were  most  abundant  on  the  rear  edge  of  the  updraft 
and  in  the  downdraft.  Large  concentrations  of  water 
corresponding  to  possible  "accumulation  zones''  (Sulak- 
velidze  et  al.,  1967)  were  not  found.  Heavy  rain  (~100 
mm  h_1)  and  hail  (maximum  diameter  15  mm)  reached 
the  surface,  giving  a  total  of  12  mm  in  20  min  of  which 
5%  was  due  to  hail.  Although  no  hail  was  collected  for 
the  particular  storm  of  interest,  in  a  nearby  storm  25% 
of  the  hailstone  embryos  were  frozen  drops  and  75% 
were  graupel. 

3.  Growth  of  hail  in  the  Raymer  storm 

In  the  previous  section  we  summarized  the  bare 
facts  about  the  storm  structure  as  derived  in  Parts  I  to 
IV.   We  now  attempt  to  piece  some  of  these  facts 
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together  in  a  more  speculative  way  to  infer  the  likely 
growth  conditions  for  the  hail  and  also  the  possible  in- 
fluence of  silver  iodide  seeding. 

Large  hailstones  have  fallspeeds  Vt  of  20  m  s_I  or 
more  and  in  any  theory  their  production  requires  that 
the  updraft  in  which  they  are  grown  shall  have  com- 
parable speeds.  However,  in  the  early  stages  of  its 
growth  (when  Vt<  10  m  s_I)  the  fallspeed  of  a  hailstone 
embryo  increases  rather  slowly  and  a  steady  strong 
updraft  would  carry  it  through  the  supercooled  zone 
of  a  cloud  before  it  could  attain  a  large  size  (Ludlam, 
1958).  A  favorable  growth  regime  can  occur  in  at  least 
two  ways.  One  way  is  for  an  embryo  to  grow  during  an 
ascent  on  the  edge  of  a  quasi-steady  updraft  where  the 
vertical  velocity  is  relatively  weak  and  then,  after  its 
terminal  fallspeed  has  reached  about  10  m  s_1,  for  it  to 
get  carried  around  to  the  inflow  side  of  the  main  updraft 
to  enter  the  core  of  the  updraft  at  a  low  level.  Such  a 
behavior  probably  applies  to  supercell  storms  (Brown- 
ing and  Foote,  1976)  but  is  not  applicable  to  the 
Raymer  storm  because  individual  updraft  cells  were 
short-lived  and  in  any  case  there  were  no  significant 
components  of  flow  aloft  capable  of  causing  the  em- 
bryos to  recycle  in  this  way ;  neither  does  it  seem  likely 
that  turbulence  can  have  transferred  many  such 
particles  from  the  mature  cells  into  the  daughter  clouds 
against  the  mean  flow.  A  second  way  for  the  embryos 
to  grow,  exemplified  in  this  case  stud)-,  is  for  them  to 
grow  in  a  time-developing  updraft.  The  young  daughter 
clouds  which  characterize  an  ordinary  multicell  storm 
are  thus  favored  regions  for  the  growth  of  embryos  be- 
cause they  do  not  develop  into  strong  updrafts  until 
some  time  after  the  initial  cloud  formation  (Musil, 
1970). 

In  the  Raymer  storm  the  earl)'  growth  of  embryos 
typically  5  mm  in  diameter  from  small  cloud  particles 
seems  likely  to  have  occurred  within  newly  rising 
daughter  clouds  going  from  the  »  +  l  position  in  Fig.  3 
to  the  n  position  (see  trajectory  in  Fig.  3).  The  sub- 
sequent motion  of  the  embryos  was  determined  by 
tracking  local  volumes  of  relatively  high  reflectivity 
through  the  storm  echo  (see  Part  I).  This  showed  that 
the  further  growth  of  the  embryos  into  hailstones 
which  reached  the  ground  10  to  15  mm  in  diameter 
occurred  while  the  particles  (mean  terminal  fallspeed 
~20  m  s_1)  were  essentially  balanced  within  the  up- 
draft as  Cell  n  moved  into  the  n  —  \  position  in  Fig.  3. 
Recall,  now,  that  the  flow  pattern  in  Fig.  3  is  drawn 
relative  to  each  individual  cell  and  that  the  developing 
cells  were  moving  relatively  at  5  m  s_1  into  the  main 
storm  system.  During  their  growth  most  of  the  small 
hailstones  probably  will  have  remained  within  the  same 
updraft  cell  as  the  cell  moved  through  the  storm  system. 
In  this  case,  the  apparent  crossing  of  the  hail  trajectory 
from  one  cell  to  another  in  Fig.  3  can  be  construed  as  a 
stone  staying  within  a  single  cell  as  the  cell  goes  through 
successive  phases  of  development.  On  the  other  hand, 


hailstone  embryos  growing  on  the  northern  edge  of 
Cell  n  may  have  descended  into  part  of  the  older  up- 
draft associated  with  Cell  n—  1,  just  as  the  stones  in 
the  unsteady  hailstorm  observed  by  Battan  (1975) 
sometimes  appeared  to  be  falling  from  one  small  up- 
draft core  into  another.  In  either  event  the  hailstones 
at  this  stage  were  evidently  encountering  updraft  ve- 
locities sufficient  to  keep  them  aloft  without  major 
fluctuations  in  altitude. 

The  final  stage  in  the  hailstone  growth  history  was 
for  the  particle  content  to  increase  to  about  2  g  m~3 
near  the  region  in  Fig.  3  where  the  reflectivity  exceeds 
50  dBz.  It  appears  that  precipitation  loading  and,  more 
importantly,  mixing  with  low-0<.  air,  began  to  have  an 
effect  here,  for  the  lower  portions  of  the  updraft  were 
quickly  converted  into  a  downdraft,  and  the  hailstones 
cascaded  rapidly  to  the  ground  with  negligible  further 
growth  in  a  region  almost  depleted  of  supercooled 
water.  Taking  a  mean  terminal  fallspeed  of  23  m  s_1  for 
hailstones  15  mm  in  diameter  and  a  mean  downdraft 
velocity  of  10  m  s_1,  such  particles  will  have  descended 
from  8  km  to  the  ground  at  1.5  km  MSL  in  as  little  as 
200  s.  For  a  period  of  about  120  s  the  stones  will  have 
been  descending  below  the  0°C  level.  As  a  result  of 
melting  such  stones  will  have  reached  the  ground  about 
13  mm  in  diameter  (Ludlam,  1958). 

Growth  of  the  hailstones  from  embryos  nominally 
5  mm  in  diameter  to  stones  15  mm  across  is  believed 
to  have  occurred  as  they  were  carried  more  or  less 
horizontally  relative  to  the  storm  system  through  a 
distance  of  6  km  at  an  ambient  temperature  between 
—  20  and  — 30°C  (Fig.  3).  Taking  a  relative  horizontal 
velocity  of  8  m  s_1,  consistent  with  the  Doppler  radar 
measurements  in  Part  III,  gives  a  period  of  750  s. 
According  to  Ludlam  (1958),  this  period  is  sufficient 
to  account  for  growth  from  5  to  15  mm  diameter  in  the 
presence  of  a  cloud  water  content  of  1  g  m-3.  This  is 
broadly  consistent  with  the  values  measured  by  the 
T-28. 

The  most  difficult  stage  of  growth  to  reconstruct  is 
the  development  of  the  5  mm  embryos  during  the 
approximately  15  min  period  of  initial  growth  of  the 
daughter  cloud.  It  has  been  suggested  that  the  ice- 
crystal/graupel  mechanism  is  the  dominant  process  in 
High  Plains  storms  (e.g.,  Dye  el  al.,  1974),  and  the 
fact  that  75%  of  the  embryos  in  a  nearby  storm  on  this 
occasion  were  graupel  tends  to  support  this  view.  How- 
ever, there  remains  the  problem  of  accounting  for  the 
remaining  25%  of  frozen-drop  embryos  in  the  nearby 
storm  and  the  similar  proportion  of  large  all-water 
drops  in  the  region  of  the  first  echo  in  the  Raymer 
storm.  We  have  already  shown  that  the  flow  pattern 
in  this  storm  was  not  conducive  to  such  particles  having 
been  recycled  from  other,  more  mature,  parts  of  the 
storm.  Possibly  these  large  drops  did  begin  as  graupel 
and  experienced  a  brief  turbulent  excursion  below  the 
0°C  level  during  the  growth  of  an  individual  daughter 
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cloud.  Alternatively  the  few  large  water  drops  en- 
countered in  the  region  of  the  first  echo  may  have  been 
due  to  growth  by  coalescence.  As  shown  by  Danielsen 
et  al.  (1972),  for  coalescence  to  account  for  the  ob- 
served growth  rate,  it  is  necessary  to  assume  the  exis- 
tence of  rare  large  cloud  droplets  at  cloud  base.  Perhaps 
these  arose  due  to  the  presence  of  a  few  large  aerosol 
particles;  such  particles  have  been  detected  within 
hailstones  and  are  probably  due  to  wind-raised  dust 
(Rosinski,  1966;  Rosinski  and  Kerrigan,  1969). 

The  above  discussion  indicates  that  the  nature  of  the 
early  growth  is  still  open  to  question  although  the 
balance  of  evidence  suggests  that  the  ice  crystal/ 
graupel  mechanism  is  likely  to  predominate.  It  is 
clearly  important  that  more  aircraft  penetrations  of 
daughter  clouds  (i.e.,  first  echo  regions)  should  be  made, 
especially  using  instruments  which  are  specially  de- 
signed to  identify  the  phase  of  the  hydrometeors  (e.g., 
Cannon,  1974).  However,  the  uncertainties  that  exist 
should  not  detract  from  the  general  conclusions  that 

(1)  the  embryos  originate  in  the  young  daughter  clouds, 

(2)  they  grow  into  hailstones  while  suspended  at  high 
levels  after  the  updraft  has  become  strong,  and  (3) 
they  follow  a  trajectory  broadly  resembling  that  de- 
picted in  Fig.  3.  These  conclusions  are  similar  to  those 
reached  by  Musil  (1970)  and  Renick  (1971). 

It  is  instructive  to  compare  the  vertical  section  in 
Fig.  3  with  that  through  supercell  storms — see  e.g., 
Fig.  11  of  Browning  and  Foote  (1976).  In  both  cases 
the  updraft  enters  the  storm  within  a  weak  echo  region 
(WER).  In  the  supercell  the  WER  is  in  the  form  of  a 
vault  bounded  by  an  overhanging  curtain  of  echo  con- 
taining embryos  which  have  formed  elsewhere  and  have 
circulated  around  the  edge  of  the  updraft  so  as  to  re- 
enter it  on  its  forward  side.  In  the  ordinary  multicell 
storm  the  WER  is  not  bounded :  there  are  probably  no 
recirculating  embryos  either.  Instead  the  embryos  form 
in  situ  during  relatively  weak  ascent  on  the  leading 
edge  of  the  WER.  In  a  supercell  the  re-entering  em- 
bryos grow  into  hailstones  while  crossing  over  the  vault 
from  front  to  back ;  the  newly-grown  embryos  in  an 
ordinary  multicell  storm,  on  the  other  hand,  grow  into 
hailstones  while  they  (and  their  associated  first  echo) 
are  first  suspended  above  and  then  descend  into  the 
WER.  In  a  supercell  the  growth  of  the  hailstones  on 
the  edge  of  the  vault  is  favored  since  they  are  the  first 
large  particles  to  encounter  undepleted  cloud  water  in 
the  updraft:  to  use  the  terminology  of  Browning  and 
Foote  (1976),  they  "compete  unfairly"  for  the  cloud 
water  in  the  updraft.  To  some  extent  this  may  still  be 
true  of  particles  above  the  WER  in  an  ordinary  multi- 
cell  storm  as  they  descend  into  the  WER.  However, 
there  is  evidence  that,  whereas  the  updraft  in  a  super- 
cell  is  sufficiently  strong  and  continuous  both  to  prevent 
any  cloud  droplets  attaining  precipitation  size  within 
the  vault  and  to  prevent  precipitation  from  entering  it 
from  its  periphery,  the  same  does  not  necessarily  apply 


in  the  WER  of  an  ordinary  multicell  storm.  Perhaps 
because  of  rapid  growth  on  very  large  aerosol  particles 
or  because  of  turbulence  bringing  in  particles  from 
the  side,  additional  precipitation  particles  appear 
beneath  the  particles  descending  from  the  original  first 
echo.  They  can  be  seen,  for  example,  as  the  extensive 
region  of  relatively  weak  echo  on  the  inflow  side  of  the 
high  reflectivity  hailshaf t  in  Fig.  3 ;  in  supercells  this 
region  is  usually  absent  and  there  is  instead  an  abrupt 
transition  from  no  detectable  echo  in  the  vault  to  the 
high-reflectivity  hailshaft  bounding  the  vault.  The 
presence  of  such  particles,  provided  they  are  frozen, 
would  have  the  effect  of  depleting  the  cloud  water 
from  which  the  original  large  embryos  are  able  to  grow 
and  might  account  for  the  low  cloud  water  content 
measured  aloft  by  the  T-28.  These  additional  precipi- 
tation particles,  being  situated  close  to  where  the  up- 
draft is  converted  into  a  downdraft,  are  not  themselves 
likely  to  grow  into  hail  since  they  fall  out  of  the  up- 
draft prematurely.  Any  effect  of  this  kind  would  of 
course  tend  to  suppress  hail  growth  naturally  by  di- 
minishing the  ability  of  the  first-born  embryos  to 
compete  unfairly  for  the  available  water. 

4.  Some  implications  for  hail  suppression 

One  way  of  attempting  to  suppress  hail  is  to  try  to 
emulate  nature  by  generating  further  competing  em- 
bryos in  the  parts  of  the  updraft  containing  abundant 
supercooled  water  just  beneath  the  main  region  of 
growing  hailstones.  According  to  Browning  and  Foote 
(1976),  this  approach  may  be  be  possible  in  the  case 
of  supercells  because  it  requires  the  generation  of 
competing  particles  within  the  vault  where  the  updraft 
is  persistently  too  strong  to  give  enough  time  for  com- 
peting particles  to  develop.  The  situation  appears  to 
be  better  in  an  ordinary  multicell  storm  provided  one 
is  able  to  take  advantage  of  the  time-evolving  character 
of  the  individual  updrafts  and  attempts  to  seed  each 
cell  prior  to  the  development  of  the  first.  In  this 
way  one  cannot  only  try  to  insure  that  the  newly- 
introduced  embryos  are  able  to  start  depleting  the  cloud 
water  before  the  development  of  the  precipitation 
particles  responsible  for  the  first  echo,  but  also,  if  the 
seeding  is  begun  early  enough,  one  can  exploit  the  rela- 
tively slow  updraft  velocity  during  the  earliest  stage 
of  growth  of  the  daughter  cloud  so  as  to  give  more 
time  for  the  competing  embryos  to  become  effective. 

Much  of  the  growth  of  the  initial  embryos  in  the 
Raymer  storm  was  accomplished  during  ascent  from 
cloud  base  to  the  first  echo  at  the  —  12°C  level.  The 
level  of  formation  of  the  first  echo  on  this  occasion  was 
rather  lower  than  usual  for  hailstorms;  it  can  be  as 
high  as  the  —  40°C  level  although  perhaps  a  more 
typical  value  would  be  —20  to  —  30°C  (Browning, 
1975).  If  seeding  is  to  be  effective  in  slowing  down  the 
growth  of  such  embryos  and  in  producing  many  more 
of  comparable  size,  it  is  probably  necessary  for  it  to 
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cause  the  liquid  water  content  to  be  substantially  de- 
pleted by  the  —  20°C  level.  In  some  recent  calculations 
Young  (1975)  has  derived  the  seeding  rate  required  to 
deplete  (through  glaciation)  different  proportions  of  the 
cloud  water  at  different  altitudes.  He  finds  that  the 
required  seeding  rate  depends  very  sensitively  on  the 
updraft  velocity.  For  a  very  weak  updraft  of  2  m  s_1  at 
about  3  km  MSL  increasing  upward  linearly  at  0.75 
m  s_1  km-1,  the  seeding  rate  required  to  achieve  90% 
glaciation  by  the  —  20°C  level  is  of  order  1  g  min-1  km-2 
of  silver  iodide ;  for  an  updraft  of  4  m  s_1  at  3  km  in- 
creasing upward  at  1.5  m  s-1  km-1  the  corresponding 
seeding  rate  is  of  the  order  of  30  g  min-1  km-"2.  For 
comparison,  a  typical  seeding  rate  as  used  by  NHRE 
is  only  1  g  min-1  km~2,  although  this  seeding  rate  could 
reasonably  be  increased  by  at  least  an  order  of  magni- 
tude. Of  course,  Young's  calculations  are  highly  simpli- 
fied. No  allowance  is  made  for  the  decrease  in  concen- 
tration of  silver  iodide  in  the  cloud  due  to  turbulent 
diffusion.  The  assumed  mode  of  nucleation  may  also 
be  in  error.  Consequently  these  results  must  not  be 
relied  on  in  a  highly  quantitative  way.  However,  they 
do  suggest  that  a  significant  proportion  of  the  super- 
cooled water  can  be  glaciated  by  the  —  20°C  level  only 
if  the  seeding  is  applied  at  an  early  stage  in  the  growth 
of  each  successive  daughter  cloud  while  the  vertical 
velocities  are  still  very  weak.  Updrafts  often  intensify 
quite  rapidly  in  daughter  clouds,  however,  and  so  it 
appears  to  be  desirable  to  act  quickly  as  soon  as  a 
growing  daughter  cloud  is  identified.  As  shown  in  Fig.  3, 
the  developing  daughter  clouds  are  located  many  ki- 
lometers ahead  (or  to  the  right)  of  the  mature  updraft 
region :  according  to  the  above  arguments  this  is  where 
the  seeding  should  be  concentrated. 

It  is  not  clear  for  how  long  one  should  continue 
seeding  a  daughter  cloud  as  it  develops  into  the  main 
updraft.  One  hopes  that  the  early  seeding  will  produce 
more  and  smaller  embryos  in  the  initial  stages  of  growth 
so  that  they  will  compete  among  themselves  for  the 
available  water  when  they  later  find  themselves  in  the 
intensifying  updraft.  In  some  ways  one  would  have 
liked  to  have  been  able  to  glaciate  the  mature  updraft 
in  order  to  be  more  certain  of  preventing  significant 
further  hailstone  growth  but,  as  Young  has  shown, 
there  comes  a  stage  in  the  intensification  of  the  updraft 
beyond  which  reasonable  seeding  rates  will  no  longer 
have  any  worthwhile  effect.  In  any  case  there  is  good 
reason  to  avoid  seeding  the  strong  updraft  very  heavily 
since,  according  to  Young,  this  might  cause  a  reduction 
in  surface  rainfall.  Seeding  at  moderate  rates  in  a  weak 
updraft  on  the  other  hand  is  more  likely  to  have  the 
opposite  effect. 

Seeding  the  regions  of  initial  embryo  development  is 
the  approach  adopted  by  Schock  (1971),  Summers  et  al. 
(1972),  and  Abshaev  and  Kartsivadze  (1973).  Abshaev 
and  Kartsivadze  recommend  seeding  near  the  leading 
edge  of  the  radar  echo,  up  to  3  to  5  km  ahead  of  it,  as 
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Fig.  4.  Schematic  diagram  showing  the  preferred  seeding  loca- 
tion in  an  ordinary  multicell  hailstorm  (after  Abshaev  and 
Kartsivadze,  1973).  Features  are  identified  by  numbers  as  follows: 
(1)  main  hailshaft,  (2)  hail  growth  zone,  (3)  hail  embryo  forma- 
tion zone,  (4)  seeding  zone,  (5)  radar  echo  boundary,  (6)  zone  of 
highest  reflectivity,  (7)  boundary  of  region  of  fairly  high  reflec- 
tivity, (8)  cloud  base  level,  (9)  surface  level.  The  dots  and  crosses 
are  discussed  in  the  text. 


shown  by  the  crosses  in  Fig.  4.  The  region  denoted  by 
the  dots  in  Fig.  4,  within  the  radar  overhang,  was  the 
primary  target  of  the  seeding  carried  out  by  Sulakve- 
lidze,  Bibilashvili,  and  Lapcheva  (1967),  based  upon 
the  "accumulation  zone"  concept.  The  latter  corre- 
sponds to  the  common  practice  of  seeding  in  the  mature 
updraft,  which  we  now  suggest  is  not  the  best  pro- 
cedure. Abshaev  and  Kartsivadze  (1973)  used  radar  to 
determine  where  to  seed;  however,  since  the  initial 
embryo  development  is  within  daughter  clouds  before 
the  "first  echo"  stage,  it  may  sometimes  be  easier  to 
identify  the  seeding  locations  visually  (Summers  et  al., 
1972).  Visibility  from  the  ground  is  often  obscured  and 
so  such  observations  are  most  reliably  obtained  from 
an  aircraft. 

It  is  important  to  keep  in  mind  the  limitations  of 
the  above  discussion  regarding  the  possibilities  for  hail 
suppression.  What  we  have  suggested  on  the  basis  of 
indirect  inference  is  that  the  prospects  for  at  least 
partial  success  in  hail  suppression  seem  rather  more 
promising  in  ordinary  multicell  storms  than  in  the 
archetypal  supercell  storms  discussed  by  Browning  and 
Foote  (1976).  We  have  also  suggested  a  way  of  improv- 
ing the  chance  of  seeding  having  a  beneficial  effect. 
However,  this  suggestion  is  tentative;  the  observa- 
tional evidence  is  scanty.  Much  more  research  is 
needed  in  the  areas  of  the  cloud  dynamics,  the  hail 
trajectories,  and  the  processes  of  natural  hail  growth 
(especially  during  the  early  stages  of  growth)  before  we 
can  predict  the  outcome  of  different  seeding  procedures 
with  any  confidence.  The  possibility  that  a  given  seed- 
ing technique  may  have  a  different  (sometimes  adverse) 
effect  on  the  precipitation  in  different  kinds  of  storms 
makes  it  imperative  that  we  avoid  indiscriminate  seed- 
ing and  put  more  effort  into  developing  a  sounder, 
more  quantitative,  physical  understanding. 
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1 .  INTRODUCTION 

A  number  of  phenomena  that  produce 
strong  winds  and  wind  shear  In  the  lower  atmos- 
phere can  be  described  as  density  currents; 
among  these  are  synoptic  and  sea-breeze  fronts, 
and  thunderstorm  outflow  currents  or  gust 
fronts.   Recently  atmospheric  density  currents 
have  received  considerable  attention,  largely 
due  to  the  serious  threat  that  severe  low-level 
wind  shear  presents  to  large  jet  aircraft. 

Laboratory  studies  performed  by 
Keulegan  (1957,  1958),  Simpson  (1969,  1972)  and 
Middleton  (1966)  have  revealed  a  great  deal 
about  the  nature  of  density  currents  in  water, 
and  have  established  a  conceptual  model  and 
non-dimensional  descriptive  parameters  that 
apply  to  currents  of  widely  different  dimensions 
and  intensity.  Unfortunately  the  rules  govern- 
ing laboratory  density  flows  cannot  be  trans- 
ferred directly  to  atmospheric  counterparts 
with  substantially  different  Reynolds  numbers, 
ambient  stabilities  and  generating  mechanisms. 
Limited  observations  of  density  currents  in  the 
atmosphere  show  encouraging  similarities,  but 
the  great  difficulty  of  obtaining  needed  mea- 
surements has  precluded  a  thorough  description 
of  atmospheric  density  currents.  Simpson  (1972) 
pointed  out  similarities  between  density  current 
models  and  atmospheric  density  flows  associated 
with  both  sea  breeze  and  thunderstorm  condi- 
tions. Using  data  from  the  National  Severe 
Storms  Laboratory's  (NSSL)  surface  observation 
network  and  an  Instrumented  481  m  tower,  Charba 
(1972)  analyzed  one  gust  front  and  compared  it 
to  the  density  current  model.  Goff  (1975)  anal- 
yzed 20  gust  fronts  of  varying  intensities  ob- 
served at  NSSL.  A  two-dimensional  numerical 
model  of  the  thunderstorm  gust  front,  developed 
by  Mitchell  (1975),  investigates  regions  of 
wind  shear  and  the  effects  of  the  temperature 
drop  and  ambient  stability  upon  the  gust-front 
structure.  Other  gust-front  studies  have  been 
conducted  by  Colmer  (1971),  Goldman  and  Sloss 
(1969),  Idso  et  al.  (1972)  and  Hall  et  al. 
(1976). 

In  this  report  we  discuss  four 
density  currents  observed  at  the  Wave  Propaga- 
tion Laboratory  (WPL)  Instrumented  tower  near 
Haswell,  Colorado.  The  four  cases  vary  widely 
in  sice  and  severity,  but  each  is  found  to 
contain  potentially  dangerous  wind  shear, 
and  in  each  the  overall  structure  is  grossly 
similar  to  that  displayed  by  laboratory  cur- 
rents. However,  we  find  that  certain  scaling 


parameters  are  substantially  different,  and 
that  mixing  is  apparently  more  intense  in  the 
atmosphere  than  in  the  laboratory  studies.   In 
the  following  we  will  outline  a  conceptual  model 
of  density  current  structure  that  relies  pri- 
marily on  laboratory  observations,  and  then 
discuss  our  results  in  terms  of  that  model. 


2.  DENSITY  CURRENT  STRUCTURE 

The  atmospheric  density  current  is 
a  mass  of  relatively  dense  air  propagating  along 
the  ground  within  a  thin  layer,  typically  less 
than  2  tan  deep.   Figure  1  shows  the  character- 
istic shape  and  features  of  a  density  current. 
At  the  leading  edge  of  the  dense  mass  a  sharp 
density  gradient  defines  the  current  front,  or 
gust  front;  the  passage  of  the  front  is  marked 
at  the  surface  by  a  sharp  pressure  rise.  An 
elevated  head  of  dense  air  is  maintained  be- 
hind the  front,  followed  by  a  turbulent  wake 
that  expands  in  depth  with  increasing  distance 
behind  the  front.  Photographs  of  laboratory 
and  atmospheric  density  flows,  and  acoustic 
sounder  observations  presented  in  this  report, 
suggest  that  the  wake  may  extend  well  above  the 
head  height . 

Friction  retards  the  current  at 
the  ground  so  the  leading  edge,  or  nose,  of 
the  current  may  be  found  some  distance  above 
the  surface.  Dense  fluid  moves  forward  with 
respect  to  the  front  in  the  lower  portion  of 
the  current  (under  the  wake) ,  diverging  upward 
in  the  forward  part  of  the  head  close  behind 
the  front.  A  large  roll  may  be  formed  in  the 
top  of  the  head  as  shown  in  Figure  1,  with  down- 
ward flow  behind  the  head  and  upward  motion  in 
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Figure  1.     Depletion  of  atmoepherio  density  current 
structure  booed  on  deeoriptione  of  laboratory  flout. 
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the  front  part  of  the  head.   Updrafts  are  also 
found  ahead  of  the  front  where  ambient  fluid  is 
lifted  over  the  head.   The  roll  feature  was 
observed  in  laboratory  flows  by  Simpson  (1972) 
and  is  predicted  by  Mitchell's  (1975)  atmos- 
pheric model.   The  maximum  speed  of  the  forward 
flow,  or  undercurrent,  occurs  beneath  the  down- 
flow  at  the  rear  of  the  head,  where  the  forward 
current  is  compressed  and  pushed  toward  the 
ground.   This  location  of  the  high-speed  wind 
"core"  is  verified  by  Middleton's  (1966)  ex- 
periments and  by  Mitchell,  who  also  finds  that 
peak  surface  wind  is  found  below  the  core. 
Because  of  surface  friction,  the  maximum  wind 
is  always  some  distance  above  the  ground  (up 
to  several  hundred  meters) ,  reaching  its  lowest 
height  in  the  core  region  where  the  wind  speed 
is  about  1.5  times  the  front  speed.   Mean  veloc- 
ity within  the  steady  dense  current  following 
the  front  is  generally  somewhat  greater  than 
the  front  speed,  providing  an  excess  of  dense 
fluid  that  must  be  entrained  into  the  wake. 

In  the  initial  stage  of  outflow 
from  a  dense  fluid  source  (for  example,  when 
a  thunderstorm  downdraft  first  reaches  the 
ground)  the  gravity  current  model  clearly  does 
not  apply,  as  the  head  and  horizontal  flow 
pattern  have  not  reached  an  equilibrium  state. 
The  laboratory  experiments  indicate,  however, 
that  the  gravity  current  configuration  is 
attained  soon  after  the  flow  begins  and  per- 
sists until  the  current  dissipates  after  the 
source  of  dense  fluid  is  depleted.   As  the 
supply  of  dense  fluid  diminishes,  the  depth 
and  velocity  of  the  current  decrease,  but  the 
current  maintains  a  similar  structure  in  that 
its  shape  is  preserved  and  key  parameters  of 
the  flow  do  not  change  appreciably.   "Similar- 
ity" for  gravity  currents  can  be  expressed  in 
terms  of  the  non-dimensional  Froude  number,  F, 
of  the  head  region: 


F  = 


(g  Dn  Ap/p0) 2 

where  Cp  is  the  front  propagation  speed,  D^  the 
head  depth,  Ap/pn  the  relative  density  in  the 
head  of  the  current,  and  g  the  gravitational 
acceleration.   The  theoretical  value  of  F  for 
the  head  region  of  an  Idealized  flow  is  near 
unity  (see  Benjamin,  1968).   However,  observa- 
tions in  the  laboratory  (e.g. ,  Keulegan,  1958; 
Middleton,  1966)  indicate  smaller  values  for  F, 
in  the  neighborhood  of  0.76.   Limited  observa- 
tions in  the  atmosphere  (Simpson,  1969;  Charba, 
1972)  suggest  F  values  ranging  from  0.A  to  1.1. 


3. 


OBSERVATIONS 


The  four  events  to  be  discussed  in 
this  paper  occurred  on  August  2,  5  and  11,  1972 
and  March  27,  1974,  henceforth  referred  to  as 
cases  1,  2,  3,  and  4,  respectively.   Data  are  dis- 
played in  time-height  coordinates  in  Figures  2-5. 

The  152  m  Haswell  tower  was  in- 
strumented with  bivanes  and  temperature  sensors 
at  30  m  intervals  beginning  at  30  m,  except  that 
temperature  was  measured  at  the  surface  and  not 


at  120  m  for  cases  3  and  4.   Calibration  of 
these  instruments  was  performed  daily,  but  off- 
sets in  the  vertical  velocity  were  not  recorded 
and  these  data  were  adjusted  by  assuming  zero 
mean  vertical  motion  in  the  ambient  air  outside 
gravity  flows.   Occasional  uncertainties  in  the 
offset  of  temperature  instruments  were  resolved 
by  hygrothermograph  recordings  at  0,  30,  100, 
and  152  m.   Wind  and  temperature  data  were  re- 
corded at  one-second  intervals  on  magnetic  tape, 
and  one  minute  block  averages  were  later  com- 
puted to  construct  time-height  plots.   Twelve- 
second  averages  were  used  for  a  portion  of  case 
4  as  discussed  below.   Gust-front  propagation 
speeds  and  directions  were  determined  from 
pressure  disturbances  at  three  surface  micro- 
barographs  near  the  tower.   The  local  frontal 
motions  determined  this  way  may  not  represent 
the  average  motions  because  of  possible  ir- 
regularities and  unsteadiness  at  the  fronts  such 
as  those  described  by  Simpson  (1969,  1972). 
Horizontal  wind  components  normal  to  the  fronts 
(along  the  propagation  direction)  and  parallel 
to  the  fronts  were  computed  using  these  esti- 
mates of  propagation  direction.   Contours  were 
drawn  by  hand  from  the  averaged  data,  smoothing 
out  scales  smaller  than  one  or  two  grid  in- 
tervals.  Vertical  velocity  at  the  152  m  level 
is  included  for  the  first  three  cases,  and  is 
similarly  hand  smoothed  from  averaged  data. 

The  four  cases  will  be  discussed 
together  following  brief  descriptions  of  the 
individual  events. 

Case  1 .   After  an  initial  rapid 
temperature  drop  of  about  5°C  at  1827  hr  (all 
times  MDT) ,  the  temperature  continued  to  decrease 
throughout  the  observed  time.   Although  the 
coldest  area  was  apparently  above  the  tower  top, 
a  well-defined  wind  maximum  was  located  near  60 
m  height  and  ahead  of  the  temperature  minumum. 
Contoured  fields  show  evidence  of  retardation 
(elevated  nose)  in  the  temperature  field,  and 
clearly  indicate  that  the  wind  profile  nose  is 
about  150  m  high.   Large  eddies  (i.e.,  large 
with  respect  to  the  data  intervals)  are  indicat- 
ed by  flow  reversal  below  the  wind  nose.   Data 
collection  was  stopped  around  1910  hr  as  a 
number  of  the  instruments  were  destroyed  by  high 
winds.   Acoustic  signals  were  masked  by  wind 
noise;  therefore,  the  depth  was  estimated  at  450 
m  on  the  basis  of  temperature  drop,  AT,  and 
propagation  speed,  Cp,  assuming  that  the  Froude 
number  was  0.76. 

Case  2.   With  the  arrival  of  the 
gust  front  at  1931  hr,  temperatures  dropped  very 
rapidly  at  all  tower  levels  by  about  10°C.   All 
temperature  recorders  were  off  scale  for  approx- 
imately 7  min,  preventing  us  from  plotting  tem- 
peratures in  the  front  vicinity.   Since  the 
initial  drop  occurred  almost  simultaneously  at 
all  levels,  the  front  must  have  had  a  nearly 
vertical  slope  in  the  tower  layer.   The  wind 
maximum  was  apparently  just  above  the  tower  at 
about  200  m,  but  the  earliest  evidence  of  wind 
increase  in  the  lowest  150  m  occurred  near  the 
ground,  10  min  ahead  of  the  temperature  tran- 
sition.  A  well-defined  cold-air  mass  and  wind 
core  persisted  for  about  30  min  after  the  front- 
al passage,  followed  by  relatively  constant 
temperatures  and  winds. 
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Figure  2.     Case  1,  August  2,    1972.      Time-height  displays  of  temperature  and  wind  structure.     Stippled 
areas  indicate  where  the  normal  wind  is  forward  with  respect  to  the  front,   and  where   the  parallel 
wind  is  directed  to  the  right  of  the  propagation  direction. 


As  in  the  preceding  case,  intense 
eddies  appeared  near  the  leading  edge  of  the 
maximum  wind  core,  and  again  there  was  no 
usable  acoustic  sounder  record.   Outflow  depth 
was  estimated  at  about  1400  m  by  the  same  method 
as  mentioned  above.  A  brief  period  after  2000  hr 
when  no  data  were  recorded  is  indicated  in  the 
plots  by  a  dashed  section  of  the  time  axis. 

Case  3.  This  and  case  4  were  re- 
latively mild  density  currents  that  nevertheless 
provided  exceptionally  good  descriptions  of 
atmospheric  gravity  flow  structure  because  they 
were  fairly  shallow  with  respect  to  the  tower 
height.  A  number  of  features  described  in 
Section  2  are  illustrated  in  Figure  4;  the 
current  head,  375  m  deep,  is  clearly  outlined  on 
the  acoustic  sounder  display  between  2317  and 
2323  hr.  Minimum  temperature  and  a  well-defined 
wind  core  appear  in  the  head  region.  Vertical 
velocity  at  152  m  Is  upward  ahead  of  the  front 
and  downward  in  the  rear  portion  of  head,  sug- 
gestive of  the  expected  roll  within  the  head. 


The  maximum  normal  wind  in  this 
case,  4.3  m  sec-1,  is  less  than  the  6.7  m  sec-1 
propagation  speed  of  the  front,  a  surprising 
observation  that  may  result  from  the  irregular 
local  motion  of  the  front  (which  might  cause  a 
poor  estimate  of  propagation  speed).   Middleton 
(1966)  observed  similar  cases  in  dissipating 
currents  and  suggests  that  the  front  may 
temporarily  move  faster  than  the  following  flow 
if  the  head  depth  is  decreasing.   It  appears 
possible,  therefore,  that  at  the  time  of  these 
observations  the  current  was  approaching  dis- 
sipation, and  the  head  was  beginning  to 
collapse. 

A  surface-based  temperature  in- 
version observed  before  this  event  was  dis- 
rupted only  temporarily  near  the  ground,  and 
was  reestablished  soon  after  passage  of  the 
head.   The  stability  of  the  ambient  atmos- 
phere may  have  had  a  suppressing  effect,  con- 
tributing to  the  shallowness  of  the  flow. 
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Figure  3.     Case  2,  August  5,   1972.     Same  ae  Figure  2. 


Cage  4.  Being  only  100  m  deep, 
this  current  wa8  contained  in  the  tower  height 
interval,  but  the  30  m  spacing  of  instruments 
proved  inadequate  to  resolve  the  detailed 
structure.  The  wind  maximum  was  close  to  the 
ground,  below  the  lowest  tower  instrument  level 
at  30  n,  and  near  the  center  of  the  head.   From 
0005  to  0025  hr,  tower  data  were  plotted  at  12 
sec  rather  than  1  min  intervals  to  emphasize 
the  turbulent  wake  and  the  detailed  corre- 
spondence of  the  acoustic  sounder  record. 

Table  1  lists  the  parameters 
which  were  chosen  to  represent  vital  features 
observed  in  the  various  case  studies.  For  the 
most  part  these  descriptors  are  derived  from 
the  time-height  plots,  and  therefore  represent 
time  scales  generally  greater  than  one  minute. 
Instantaneous  peak  values  of  some  parameters 
are  likely  to  exceed  the  listed  values. 

For  most  of  the  Haswell  density 
currents,  the  forward  flow  with  respect  to 
frontal  motion  persists  for  fairly  short 
periods.  There  are  two  likely  explanations  for 
this:   (1)  the  currents  may  be  separated  from 


their  source  when  they  reach  the  tower  site 
and  are  thus  not  sustained  by  a  steady  flow  of 
new  dense  air,  and  (2)  the  currents  might  dis- 
sipate significantly  during  the  observation 
period.   In  the  first  three  cases,  for  which 
vertical  velocity  is  recorded,  there  is  a  clear 
indication  of  downflow  behind  the  fronts. 
Significant  updrafts  ahead  of  the  fronts  are 
apparent  only  in  the  shallower  cases  1  and  3; 
presumably,  similar  updrafts  would  have  been 
recorded  for  case  2  had  the  measurement  been 
taken  at  a  higher  level ,  i.e.,  above  the  wind 
core.  Maximum  vertical  velocity  is  on  the 
order  of  2  m  sec-1  in  each  case.  We  find  clear 
evidence  of  the  head  feature  and  of  forward 
flow  beneath  the  head  with  respect  to  the 
front.  Middleton  (1966)  observed  in  laboratory 
flows  that  the  ratio  of  front  propagation  speed, 
to  the  core  wind  speed  Increased  with  distance 
traveled,  and  a  similar  observation  was  made  by 
Simpson  (1964)  for  sea-breeze  currents.  The 
ratios  observed  ranged  from  about  0.5  to  1.0. 
Charba  (1972)  found  the  ratio  to  be  0.63  for  one 
thunderstorm  outflow  current,  and  Goff  (1975) 
observed  an  average  ratio  of  0.67  for  thunder- 
storm gust  fronts.  Our  data  do  not  allow  us  to 
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Figure  4.      Case  3,  August  11,    1972.      Same  as  Figure  2  except  acoustic  sounder  record  is  included. 


evaluate  the  effect  of  distance  traveled,  but 
they  are  fairly  consistent  with  other  observa- 
tions.  (The  anomalous  behavior  of  case  3  was 
discussed  earlier.)  Also  we  observe  a  strong 
relationship  between  the  heights  of  wind  maxima, 
H(Un),  and  depths  of  the  heads  (see  Table  1) 
with  an  average  observed  ratio  H(Un)/Dh  around 
0.15.  The  shapes  of  the  Haswell  currents  are 
consistently  longer  and  shallower  than  their 
laboratory  counterparts.   For  example  Keulegan 
(1958)  and  Middleton  (1966)  found  that  current 
heads  had  depth-to-length  ratios,  Dh/Ln,  of 
about  0.4,  but  in  all  the  Haswell  currents  this 
ratio  is  much  smaller,  averaging  0.11. 

Figure  6  shows  pressure  traces  for 
cases  2  and  3.   These  data  were  recovered  from 
microbarographe  having  high-pass  filters,  hence 
the  pressure  magnitude  is  uncertain.  We  are 
confident  of  the  shape  of  the  pressure  surge 
before  the  gust  fronts;  the  high  winds  obscure 
the  pressure  trend  after  the  gust  fronts  have 


passed  by  the  sensors.   Case  2  shows  a  dip  in 
the  pressure  surge  at  1927  hr  slightly  ahead  of 
the  front.   This  dip  correlates  with  the  gust  in 
the  normal  wind  component  seen  in  Figure  3.   A 
similar  pressure  dip  just  ahead  of  the  front  was 
seen  by  Charba  (1972).   Case  3  shows  evidence  of 
a  gravity  wave-like  structure  ahead  of  the 
front.   Analysis  of  the  velocity  of  this  struc- 
ture suggests  that  it  is  not  associated  with  the 
front.   In  both  these  cases  the  initial  pressure 
rises  precede  the  density  fronts  and  are  roughly 
coincident  with  the  earliest  wind  disturbances, 
consistent  with  the  observations  of  Charba 
(1972)  and  Goff  (1975).   Sharp  pressure  peaks 
occur  near  the  density  fronts. 

Evidence  of  mixing  and  turbulent 
wakes  behind  the  heads  is  seen  in  cases  2,  3, 
and  4,  as  average  temperature  increases  and 
temperature  gradients  weaken  with  time.   Well 
behind  the  fronts  the  mixed  layer  extends  down 
to  the  ground  or  to  the  tops  of  thin  surface 


164 

598 


•■  ' 


~  300 

~200 

|  lOi 

I 


TEMPERATURE     (°C) 


.300 
200 


S  it 

x 


•: 


200 


NORMAL    WIND    COMPONENT    ims'1) 


PARALLEL     WIND     COMPONENT     (msH) 


15       00-20       0025 
Time  (MDT) — ► 


Figure  5.     Case  4,   March  27,    1974.      Same  as  Figure  4  except  vertical  velocity  is  not  included. 


inversion  layers.   Acoustic  sounder  data  show 
the  mixing  also  extends  upward  above  the  heads, 
and  turbulence  in  the  wake  region  is  evidenced 
by  fine-scale  fluctuations  in  all  the  measured 
quantities.  Wave-like  patterns  behind  the  heads 
suggest  gravity  waves  or  large  turbulent  eddies. 
Since  the  patterns  break  down  into  smaller  and 
smaller  scales  with  time,  the  latter  seems  more 
likely.  The  measured  vertical  velocity  patterns 
are  consistent  with  the  presence  of  large  rolls 
in  the  heads  that  would  produce  deep  downward 
Intrusions  of  warm  air,  thereby  initiating  the 
mixing  process  on  a  fairly  large  scale  imme- 
diately behind  the  heads. 

Our  observations  indicate  that  mix- 
ing in  atmospheric  gravity  currents  is  consider- 
ably greater  than  in  laboratory  experiments,  and 
this  might  significantly  affect  the  behavior  of 
thunderstorm  gust  fronts.   If  an  outflow  current 
it  disrupted  by  mixing  close  behind  the  initial 
front,  a  new  front  must  form  provided  that  the 
outflow  supplying  the  cold  air  persists.   In  the 
absence  of  a  steady  supporting  current,  the  in- 
itial front 'must  eventually  dissipate.   This 
mechanism  might  explain  some  cases  in  which 
multiple  surges  have  been  observed  In  storm 
outflows  (for  example,  Goff,  1975),  and  have 
been  attributed  to  merging  of  outflows  from 
pulsating  or  separate  downdrafts. 


4.  SUMMARY  AND  CONCLUSIONS 

M 
Using  data  from  an  instrumented 
tower,  acoustic  sounder  and  surface  microbaro- 
graphs,  we  have  described  the  wind  and  tempera- 
ture structure  within  four  atmospheric  density 
currents.   The  observed  cases  compare  quite  well 
with  laboratory  and  model  counterparts,  but 
several  essential  differences  are  noted.  The 
atmospheric  currents  are  relatively  longer  and 
shallower,  and  in  the  two  milder  cases  frontal 
slopes  are  observed  to  be  less  than  the  miniumum 
slope  achieved  in  the  laboratory  by  eliminating 
surface  friction.   On  the  other  hand,  the  more 
intense  cases  1  and  2  have  nearly  vertical 
slopes  near  the  ground  (I.e.,  in  the  tower  In- 
terval) ,  but  they  were  too  deep  to  determine 
frontal  slopes  from  the  tower  data.   The  high 
speed  wind  core  is  observed  at  a  height  about 
0.15  times  the  depth  of  the  current  head,  and 
wind  and  pressure  disturbances  precede  the 
density  fronts  in  agreement  with  other  investi- 
gators. Mixing  is  found  to  be  greater  in  the 
atmosphere  than  in  laboratory  flows,  Suggesting 
that  multiple  surges  often  observed  in  gust 
fronts  may  result  from  disruption  (by  mixing) 
and  subsequent  reforming  of  the  front  and 
current  head.  Multiple  surges  have  previously 
been  attributed  to  multiple  or  pulsating  down- 
drafts. 
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Table  1.   Haswell  Density  Current  Parameters 


Parameter 

C-jsv    N 

umbc  r 

1 

2 

3 

4 

Temp  drop, AT  (  C) 

2:9.7 

2  9.8 

4.0 

5.5 

Head  depth  ,  D   (m) 

450 

1394 

375 

100 

Head  length,  L,  (km) 

7.0 

25 

3.2 

1.0 

Max  shear,  S  (s   ) 

0.7 

1.1 

0.23 

0.16 

Max  normal  wind.U   (ms   ) 
n 

20.0 

>19.5 

4.2 

4.0 

Height  of  U  ,  H  (U  )  (m) 
&       n '   ^  n^ 

60 

200 

60 

15 

Front  speed,  C   (ms   ) 

_  Q 

Reynold  number,  Re(xlO  ) 

9 

lb 

6.7 

3 

2.6 

15 

1.7 

0.21 

Froude  number,  F 

-- 

-- 

0.96 

0.69 

Cp  1   Un 

0.44 

<0.82 

1.6 

0.75 

H(Un)  /  Dh 

0.  13 

0.  14 

0.  16 

<0.3 

Dh  1   \ 

0.07 

0.1b 

0.  12 

0.  10 

Figures  2-5  indicate  areas  where 
aircraft  safety  might  be  threatened.   Most 
notably,  severe  wind  shear  occurs  in  the  head 
region  both  above  and  below  the  wind  core, 
strong  turbulence  is  seen  near  the  front  ahead 
of  the  wind  core,  and  there  is  a  significant 
updraf t-downdraf t  couplet  associated  with  the 
roll  within  the  head.   The  severity  of  these 
conditions  is  clearly  related  to  overall  in- 
tensity of  the  respective  cases,  and  the  data 
suggest  that  temperature  contrast,  maximum  wind 
speed,  propagation  speed,  and  possibly  other 
parameters  might  serve  as  indicators.   (See 
Greene,  et  al.  (1977)  for  a  discussion  of  the 
possible  warning  parameters.)  While  the  data 
set  used  in  this  report  is  not  adequate  for 
evaluating  these  indicators,  one  important 
point  is  illustrated  in  the  plots  of  Figures 
2-5:  surface  measurements  of  wind  or  tem- 
perature often  will  not  represent  the  true 
severity  of  the  disturbance  at  higher  levels. 
This  suggests  that  propagation  speed  may  be 
the  most  reliable  of  the  easily  measured  par- 
ameters as  an  indicator  of  density  current  wind 
and  wind  shear  hazards. 
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Figure  6(a).      Pressure  record  for  case   2  (arbitrary  Figure  6(b).     Pressure  record  for  case  3,   as 

pressure  scale).     See  text  for  discussion.  vn  Figure  6(a). 
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A  brief  review  of  the  major  causes  of  severe  low-level  wind  shear  indi- 
cates that  the  thunderstorm  gust  front  is  the  most  dangerous  source  of  poten- 
tial aircraft  accidents.  The  study  constains  the  analysis  of  several  gust- 
front  events  in  detail  using  meteorological  tower,  acoustic  echo  sounder,  and 
pressure  sensor  data.   The  results  have  been  compared  with  theoretical  models 
and  laboratory  studies.   Our  analyses  show  that  gust  front  can  probably  be 
detected  reliably  with  a  suitable  array  of  different  ground-based  sensors. 
However,  the  determination  of  wind-shear  severity  is  a  more  difficult  problem. 
The  results  thus  far  show  a  promising  relationship  between  the  gust-front 
speed  of  motion  and  maximum  shear. 
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1. 


INTRODUCTION 


Low-level  wind  shear  is  a  major  haz- 
ard to  the  safe  performance  of  aircraft,  particu- 
larly during  take-offs  and  landings.  A  sudden 
change  in  the  speed  and/or  direction  of  the  wind 
can  affect  the  lift  on  an  aircraft  abruptly  enough 
that  the  pilot  may  be  unable  to  take  corrective 
action  in  time,  especially  if  the  plane  is  close 
to  the  ground.  Therefore,  it  is  important  to 
develop  methods  for  predicting  both  the  occur- 
rence and  severity  of  low-level  wind  shear. 

The  three  major  sources  of  signifi- 
cant low-level  wind  shear  are  the  low-level  jet 
(Blackadar,  1957),  the  synoptic-scale  frontal 
zone,  (Sowa,  1974),  and  the  thunderstorm  gust 
front  (Simpson,  1972;  Goff,  1975;  Hall  et  al., 
1976).  However,  sub-synoptic  discontinuities  and 
■eso-scale  fronts  as  well  as  orographic  features 
such  as  strong  airflow  over  mountains  can  also 
produce  significant  shear.  Of-  all  of  these 
sources,  one  of  the  more  frequent  causes  of 
severe  low- level  wind  shear  is  the  gust  front  as- 
sociated with  thunderstorms.   Consequently  we 
have  focused  our  investigation  on  gust-front  dy- 
namics with  a  view  toward  potential  detection  and 
forecasting  of  the  resultant  wind  shear. 

The  magnitude  of  shear  that  can  pro- 
duce potentially  hazardous  conditions  is  diffi- 
cult to  determine  because  it  depends  on  several 
parameters  such  as  the  flight  characteristics  of 
the  aircraft  and  its  proximity  to  the  ground.  A 
frequently  used  value  has  been  defined  by  Sowa 
(1974)  as  significant  when  a  change  in  airspeed 
greater  than  8.4  m  sec*  occurs  within  100  m,  a 
shear  of  0.08  sec"1.  This  value  is  in  close 
agreement  with  the  one  derived  by  Snyder  (1968) 
from  a  theoretical  analysis  of  swept-wing  air- 
craft dynamic  response. 

2.         THE  GUST  FRONT 

Thunderstorm  gust  fronts  result  from 
downdrafts  of  relatively  cold,  dense  air  produced 
in  the  storms  by  evaporative  cooling.  As  the 
dense  air  collides  with  the  ground  it  spreads  out- 
ward, away  from  the  source,  displacing  the  warmer 
air  surrounding  the  thunderstorm.  This  outflow 
is  often  referred  to  as  a  "density  current"  or 
"gravity  current"  since  the  primary  motive  force 
is  provided  by  gravity  and  the  density  gradient. 
The  cold-air  outflow  propagates  as  a  micro-cold 
front  and  can  create  strong  wind  gusts  up  to  20 
km  away  from  the  parent  thunderstorm  in  a  clear- 
air  environment  that  makes  it  difficult  to  detect. 

Our  study  consisted  of  thorough 
analyses  of  several  gust-front  events  for  which 
considerable  meteorological  data  were  available 
and  of  statistical  analyses  of  other  available 


data  such  as  barograph  and  anemometer  records. 
Detailed  studies  of  individual  gust  front  events 
are  presented  by  Frank  and  Moninger  (1977)  in  a 
companion  paper.   Some  of  the  statistical  re- 
sults and  the  potential  use  of  surface-based  sen- 
sors are  discussed  by  Bedard  and  Cairns  (1977)  in 
a  second  companion  paper.   More  details  of  this 
work  are  presented  in  a  Federal  Aviation  Adminis- 
tration Report  (Greene  et  al.,  1977)  along  with 
a  review  of  the  overall  wind-shear  problem. 

3.         RESULTS 

Results  from  our  detailed  case 
studies  show  that  several  features  of  observed 
atmospheric  gust  fronts  compare  quite  well  with 
laboratory  and  theoretical  models;  however,  im- 
portant differences  are  also  evident.   Some  of 
these  features  are  discussed  in  detail  by  Frank 
and  Moninger  (1977).   For  example,  they  point  out 
that  the  temperature  drop  measured  near  the  ground 
is  frequently  unrelated  to  the  magnitude  of  shear 
at  higher  elevations. 

This  effect  has  been  observed  when 
stable  inversion  layers  were  present.   In  his 
numerical  model  of  gust  fronts,  Mitchell  (1975) 
considered  the  effect  of  ambient  stability  on 
several  gust-front  parameters  and  found  that  high 
stability  results  in  a  far  smaller  frontal  tem- 
perature decrease  than  does  a  neutral  atmosphere. 
Figure  1  shows  his  predicted  effect  in  terms  of 
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Brunt-  Vaisala  Frequency  (sec  '  x  102) 

Figure  1.     Gust-frontal  temperature  decrease  as  a 
function  of  ambient  stability. 


1/2 


the  Brunt -Vaisala  frequency, 

w  «  (g/6(Z)  •  d9(Z)/dZ) 

where  6  is  the  potential  temperature,  g  is  the 
acceleration  due  to  gravity,  and  Z  is  the  height 
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above  the  surface.  Using  10-min  150-m  time-height 
profile  data  from  several  case  studies  presented 
by  Goff  (1975),  we  estimated  both  the  drop  in 
potential  temperature  near  the  surface  (Z<50ra) 
and  the  maximum  change  in  horizontal  wind  speed 
normal  to  the  gust  front,  Un.  We  also  estimated 
M  for  these  events  by  evaluating  the  temperature 
difference  between  the  surface  and  450  m  height 
froa  Goff's  isotherms.  Although  these  estimates 
are  quite  coarse,  Figure  2  shows  a  significant 
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figure  2.     Horizontal  wind  change  vs.   surface 
temperature  decrease  for  neutral  and  stable 


difference  between  the  neutral  or  near-neutral 
(<D<10"2sec"  *)  and  stable  cases.   Neutral  condi- 
tions indicate  a  linear  relationship  between  tem- 
perature drop  and  wind  change  (or  gust  surge) 
whereas  increased  stability  results  in  a  much 
smaller  temperature  drop  with  accompanying  large 
wind  changes.   The  same  limitation  appears  to 
hold  for  measurements  of  wind  near  the  surface. 
These,  too,  frequently  fail  to  reflect  the  greater 
Intensity  of  wind  fluctuations  at  higher  levels. 
As  a  consequence,  the  effectiveness  of  surface- 
based  anemometers  and  thermometers  can  be  greatly 
influenced  by  the  state  of  atmospheric  stability 
during  the  passage  of  a  gust  front.   A  promising 
ground-based  gust-front  detection  technique  that 
is  not  affected  by  atmospheric  stability  uses  the 
measurement  of  atmospheric  pressure  jumps;  this 
is  discussed  by  Bedard  and  Cairns  (1977).   This 
has  great  potential  because  the  surface  pressure 
change  results  from  the  integrated  mass  change 
aloft  and  hence  reflects  conditions  aloft. 

A  vivid  example  of  the  gust-front 
hazard  has  been  presented  by  Caracena  (1976)  who 
performed  a  detailed  streamline  analysis  of  the 
wind  field  at  the  time  that  Continental  Flight  426 
crashed  at  Stapleton  International  Airport  in  Den- 
ver, Colorado,  while  attempting  to  take-off  on 
August  7,  197S.   Figure  3  shows  the  streamline  pat- 
tern over  the  runway  resulting  from  a  nearby  down- 
draft.  The  aircraft  began  its  take-off  with  a 
slight  tail  wind,  entered  a  head  wind  about  a 
third  of  the  way  along  the  runway,  thereby  obtain- 
ing additional  lift,  but  then  abruptly  encountered 


Figure  3.     Surface  airflow  pattern  in  the  vicinity 
of  Runway  35L  at  1610  MDT  on  August  7,   1976. 

a  strong  tail  wind,  lost  its  lift  and  was  unable 
to  compensate  for  it  with  sufficient  power  before 
impact  with  the  ground.   Fortunately  there  were 
no  fatalities  in  this  case;  however,  other  acci- 
dents, thought  to  be  caused  by  the  gust -front 
phenomenon,  have  been  more  serious  (Fujita  and 
Caracena,  1977).   The  need  to  develop  reliable 
methods  for  detecting  dangerous  conditions  pro- 
duced by  severe  gust  fronts  is  an  important  one 
that  requires  considerable  additional  study. 

4.         SUMMARY  AND  CONCLUSIONS 

As  mentioned  above,  a  detailed  summary 
of  all  this  work,  together  with  an  extensive 
reference  list,  is  available  in  a  Federal  Aviation 
Administration  Report  by  Greene  et  al.  (1977). 
As  a  result  of  this  study  the  investigators  of  the 
Wave  Propagation  Laboratory  have  reached  a  number 
of  conclusions,  some  of  which  are  summarized  below. 

1)  The  state  of  atmospheric  stability 
at  the  time  of  a  gust-front  arrival  has  a  signifi- 
cant effect  on  surface-based  measurements.   Be- 
cause low-level  surface  inversions  inhibit  mixing, 
none  or  only  part  of  the  dynamics  within  the  den- 
sity current  may  reach  the  ground.   We  have  found 
a  linear  relation  between  vertical  wind  shear  and 
the  maximum  temperature  decrease  across  the  front; 
however,  the  maximum  temperature  change  occurred 
well  above  the  surface,  especially  when  an  inver- 
sion was  present . 

2)  A  linear  relationship  has  been 
found  between  the  speed  of  motion  of  the  density 
outflow  and  the  maximum  vertical  shear.   Conse- 
quently, a  warning  system  should  have  the  capabil- 
ity to  measure  the  gust-front  motion  directly 
(companion  paper  by  Frank  and  Moninger) . 

3)  Statistics  comparing  pressure  and 
anemometer  records  have  shown  that  the  time  rate 
of  change  of  the  pressure  disturbance  caused  by  a 
cold-air  density-current  passage  is  related  to  the 
gust  surge,  or  change  in  horizontal  wind  speed  pro- 
duced by  the  event.   Thus  pressure  measurements 
may  provide  some  indication  of  wind-shear  severity 
(companion  paper  by  Bedard  and  Cairns) . 
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4)  Atmospheric  density  currents  were 
found  to  be  considerably  longer  and  shallower  than 
those  measured  in  laboratory  flows.  Also,  much 
greater  nixing  occurs  in  the  atmosphere  than  in- 
dicated by  laboratory  experiments,  suggesting 
that  observed  multiple  surges  may  be  produced  by 
the  formation  of  a  new  current  head  in  place  of 
the  previous  one  disrupted  by  intense  mixing. 
Previously  these  surges  have  usually  been  attri- 
buted to  the  merging  of  outflows  from  pulsating 
"or  separate  downdrafts. 
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A  transmission  line  model  which  incorporates  general  discharge  velocities  is  presented,  and  formulas 
for  the  current  and  charge  densities  are  derived.  The  resultant  formulas  for  the  electromagnetic  fields  are 
given  in  a  form  applicable  to  intercloud  and  intracloud  discharges.  A  spectral  study  of  a  vertical  discharge 
results  in  a  velocity  equation.  This  equation  relates  the  velocity  of  ionization  of  the  discharge  to  the 
current  at  the  base  of  the  discharge  and  the  radiation  held  of  the  sferic.  Analysts  of  a  dimensionless 
parameter  for  a  Bruce-Golde  type  discharge  and  an  example  suggest  that  vertical  discharges  may  become 
horizontal  after  entering  the  cloud. 


Introduction 

This  paper  consists  of  two  rather  interwoven  parts.  The  first 
part  is  directed  at  the  theoretical  problem  of  constructing 
models  of  lightning  discharges.  The  general  model  pursued  is 
patterned  after  the  transmission  line  models  of  Uman  and 
McLain  [1969]  and  Uman  el  at.  [19756].  In  particular,  our 
formulation  incorporates  general  velocities  along  the  dis- 
charge path.  Such  models  do  not  seem  to  be  completely  devel- 
oped in  previous  literature.  Also,  formulas  for  the  electromag- 
netic fields  are  presented  in  a  form  applicable  not  only  to 
vertical  discharges  but  also  to  intercloud  and  intracloud  dis- 
charges. Reafistic  models  of  intercloud  and  intracloud  dis- 
charges are  needed  for  analyzing  and  interpreting  sferic  data. 
It  is  hoped  that  this  work  will  be  a  constructive  step  in  this 
direction. 

In  the  development  of  the  general  model  it  is  shown  that  for 
a  lossless  transmission  line  all  points  on  the  discharge  path  see 
the  same  time-retarded  current.  In  other  words,  a  point  farther 
down  the  channel  will  see  the  same  current  at  a  later  time.  We 
also  show  how  current  losses  can  be  included  in  this  formula- 
tion. 

Models  of  this  kind  can  be  expected  to  yield  good  first-order 
approximations  of  cloud-to-ground  discharges  because  the 
current  is  usually  very  sharply  peaked.  Conceptually,  if  most 
of  the  charge  is  considered  as  being  carried  or  as  occurring  in  a 
region  near  this  peak,  then  the  charge  velocity  can  be  modeled 
as  the  propagation  velocity  of  the  peak  current.  To  say  this 
another  way,  if  the  current  were  a  delta  function,  then  the 
formulation  given  below  (with  losses)  would  be  exact. 

The  second  part  of  the  paper  is  more  specific  and  perhaps  of 
more  immediate  interest.  Here  a  somewhat  specialized  cloud- 
to-ground  discharge  model  is  used,  and  the  Fourier  transform 
is  applied  to  obtain  the  velocity  equation  (33),  which  can  be 
used  to  compute  discharge  velocities  when  sferic  data  and  the 
current  at  the  base  of  the  discharge  are  given.  This  specialized 
model  is  further  analyzed  and  compared  with  data.  Specifi- 
cally, if  tx  is  the  crossover  time  of  a  sferic  and  /„  is  the 
frequency  of  peak  spectral  amplitude,  it  is  shown  that  the 
parameter  tjm  is  bounded  by  a  constant  for  Bruce-Golde  type 
discharge  models.  This  bound,  in  turn,  is  inconsistent  with 
Taylor's  [1963]  group  I  sferic  data  for  normal  sferics.  It  is 
interesting  to  note  that  rescaling  the  time  axis  of  any  sferic  will 
leave  tjm  unchanged  and  consequently,  t,fm  can  be  considered 
as  a  measure  of  the  shape. 

Finally,  one  possible  way  of  resolving  this  discrepancy  is 
presented  by  way  of  an  example  and  indicates  that  perhaps  the 
path  of  the  discharge  becomes  horizontal  after  the  discharge 
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enters  the  cloud.  Some  evidence  to  this  effect  is  given  by  Uman 
el  al.  [1975a],  Brantley  et  al.  [1975],  Few  [1974],  and  Teer  and 
Few  [1974].  We  should,  nonetheless,  emphasize  that  inferences 
which  can  be  drawn  from  Taylor's  [1963]  data  and  the  example 
are  bound  to  be  somewhat  controversial.  Perhaps  the  most 
important  thing  to  come  out  of  this  analysis  is  the  need  to 
develop  models  which  can  account  for  spectral  as  well  as 
temporal  properties  of  sferics.  The  difficulty  is  that  both  must 
be  done  at  the  same  time. 

General  Aspects  of  Lightning  Models 

One  of  the  main  problems  confronting  lightning  research  is 
to  determine  the  currents  and  charges  associated  with  a  return 
stroke  of  a  lightning  discharge.  For  us  this  amounts  to  finding 
methods  for  computing  the  charge  and  current  densities,  given 
electromagnetic  field  data  at  some  distance  from  the  source. 
This  is  what  is  sometimes  called  the  inverse  source  problem. 
The  realistic  problem  is  made  more  difficult  in  that  all  relevant 
propagation  effects  should  be  included,  and  consequently,  the 
solution  of  the  inverse  source  problem  requires  a  propagation 
model.  Unfortunately,  even  with  a  free  space  propagation 
model  no  exact  solution  of  the  general  inverse  source  problem 
is  known.  For  this  reason  there  seems  to  be  no  alternative  but 
to  simplify  the  general  problem  by  making  restrictive  assump- 
tions about  the  source  in  the  form  of  a  discharge  model. 

Bruce  and  Guide  [1941]  seem  to  have  formulated  the  first 
successful  model  of  the  discharge  process.  This  model  was, 
however,  unrealistic  in  that  it  assumed  that  charge  could  be 
transferred  instantaneously  along  the  discharge  path.  Two 
notable  modifications  which  corrected  this  difficulty  were 
made  by  Dennis  and  Pierce  [1964]  and  Uman  and  McLain 
[1969].  The  model  developed  here  is  patterned  after  these 
models  insofar  as  it  is  a  transmission  line  model.  However,  the 
way  in  which  velocity  is  incorporated  in  our  formulation  is 
more  precise. 

Ideally,  the  propagation  model  should  include  the  propaga- 
tion effects  attributed  to  a  finitely  conducting  curved  earth  and 
ionosphere.  Again,  however,  no  solution  of  the  inverse  source 
problem  is  known  for  any  realistic  discharge  model.  Fortu- 
nately, this  last  difficulty  can  be  circumvented  for  the  analysis 
of  the  ground  wave  of  a  sferic  because  the  ionosphere  plays  no 
role  in  ground  wave  propagation  and  a  suitable  transforma- 
tion can  be  used  to  convert  the  remaining  curved  earth  prob- 
lem to  a  flat  earth  problem.  A  good  approximation  of  this 
transformation  is  given  by  Wait  and  Howe  [1956],  which  we 
describe  as  follows.  Let  ir  denote  the  vertical  electric  field  for 
an  infinitely  conducting  flat  earth  at  a  linear  distance  R  from 
the  source.  Also  let  tc  denote  the  vertical  electric  field  for  a 
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spherical  earth  of  conductivity  a  at  a  circular  distance  R  from 
the  source.  If  both  fields  are  produced  by  identical  sources, 
then  their  Fourier  transforms  will  satisfy  J(*,)  =  %(tF)W(R, 
a),  where  the  transfer  function  W(R,  <x)  is  a  certain  complex- 
valued  function  which  has  been  computed  and  tabulated  for 
selected  values  of  the  parameters  R  and  a  by  them.  Thus  when 
data  te  are  given,  the  flat  earth  equivalent  is  the  inverse  Fou- 
rier transform  of  $(<<  )/W(R,  a).  Taylor's  (1963)  spectral  data 
used  later  are,  as  has  been  published,  converted  in  this  manner. 
For  these  data,  however,  computing  the  inverse  Fourier  trans- 
form was  unnecessary. 

We  remark  that  the  height  of  the  ionosphere  limits  the  range 
for  which  the  ground  wave  can  be  separated  from  the  total 
sferic.  Consequently,  the  practical  relevance  of  this  method  is 
limited  to  distances  from  the  source  which  are  usually  less  than 
about  500  km. 

In  summary,  the  restricted  inverse  source  problem  pursued 
in  this  paper  will  amount  to  modeling  the  discharge  process  up 
to  a  number  of  appropriate  unknown  functions  of  parameters. 
These  functions  or  parameters  can,  hopefully,  then  be  com- 
puted from  converted  ground  wave  data  in  the  context  of  an 
infinitely  conducting  flat  earth  propagation  model  A  partial 
solution  of  this  problem  can  be  found  in  the  velocity  equation, 
derived  later. 

Transmission  Line  Model 

We  begin  by  supposing  that  the  path  of  the  lightning  dis- 
charge (henceforth  referred  to  as  the  antenna)  is  a  continuous 
nonintersecting  curve  of  finite  length  d  with  distinct  endpoints 
P0  and  P,.  Then  the  main  assumptions  are  that  charge  always 
moves  from  P0  toward  P,  and  that  the  propagation  character- 
istics of  the  antenna  do  not  change  with  time  or  with  the 
amount  of  charge  being  propagated.  In  other  words,  suppose 
that  before  time  t  -  0  a  quantity  of  charge  Qa  is  stored  at  the 
point  P0.  If  Q(l)  denotes  the  charge  remaining  at  the  point  P0  at 
time  i,  then  the  charge  leaving  P0  is  a  current  l{t)  =  -£)(/).  We 
then  assume  that  the  quantum  of  charge  /(/)  dt  leaving  P0 
between  times  /  and  I  +  dt  is  propagated  as  a  wave  packet  (or 
via  the  billiard  ball  effect)  in  such  a  manner  that  its  velocity 
o{s)  depends  only  on  its  distance  5  from  P„  and  that  this 
velocity  is  always  positive. 

Thus  for  any  time  t,  l{t)  dt  arrives  at  a  distance  s  from  P„  at 
some  time  /  +  t{s).  That  is,  t(s)  is  the  'antenna  time'  required 
for  /(f)  di  to  travel  this  distance.  Now  s  can  also  be  considered 
as  a  function  of  antenna  time  t.  In  fact,  s  is  a  solution  of  the 
first-order  autonomous  differential  equation 


Hr)  =  v[s{t)] 


(I) 


because  u(t)  =  s'{t)  is  velocity  as  a  function  of  time.  Moreover, 
t'(s)  =  l/i(r),  and  consequently,  t(s)  can  be  calculated  as 


*>-/:£ 


(2) 


For  example,  suppose  that  v  decays  linearly  with  distance: 

o{s)  '  uj,\  -  s/d)        i;„>0  (3) 

Then  from  (I )  and  (2)  we  deduce 

«(t)  =  vJTyT        t(s)  =  -?-'  log  (I  -  s/d)         (4) 

where  7  =  vjd. 

From  our  assumptions  on  the  antenna,  charge  density  p(s,  1) 
satisfies 


/; 


p(x,t)dx  =  Q[t-  r(s)\-  Q(t) 


(5) 


and  consequently, 

p(s.  1)  =  (d/ds)Q[t  -  t{s)]  =  l[t  -  t{s)]/d(s)  (6) 

Moreover,  the  current  density  J(s,  1)  is  computed  from  (6)  by  a 
standard  application  of  the  equation  of  continuity  and  the 
divergence  theorem: 


J(s.  t)  =  l['  ~  t(s)]caU) 


0) 


where  eA(s)  is  the  unit  vector  tangent  to  the  antenna  at  .r, 
pointing  in  the  direction  in  which  charge  is  being  propagated. 
Thus  if  the  antenna  is  linear,  c  =  (P,  -  Pt,)/d.  Equations  (6) 
and  (7)  are  then  the  main  ingredients  of  a  lossless  transmission 
line  model.  In  particular,  it  should  be  noted  that  lor  a  lossless 
transmission  line  every  point  on  the  antenna  eventually  sees 
the  same  current. 

Transmission  line  losses  can  be  included  as  follows.  First, 
modify  (7)  to  include  a  current  loss: 

J(s.  t)  =  G[t{s)]1[i  -  T(s)]eA(s)  (8) 

where  G  is  an  attenuation  factor. 

The  charge  density  can  then  be  recomputed  from  the  equa- 
tion of  continuity  and  the  divergence  theorem: 

p(s,  1)  =  \G[T(s))l[t  -  t(s)]  -  G[t(s)]S(i.  s)\/v(s)        (9) 


where 


S{t,s)  =  J  I[6-  r(s)] 


dB 


(10) 


We  remark  that  this  model  differs  from  the  classical  model 
of  Bruce  and  Golde  [1941  ]  in  that  for  their  model,  v  is  assumed 
to  decay  linearly  with  height  (see  (3))  and  is  interpreted  as  the 
velocity  of  the  wave  front  or  as  the  velocity  at  which  ihe 
discharge  channel  is  being  energized  (i.e.,  ionized).  Moreover, 
behind  this  wave  front  the  channel  is  assumed  to  be  infinitely 
conducting  with  uniform  current  /(/). 

One  of  the  first  steps  in  refining  the  model  of  Bruce  and 
Golde  was  taken  by  Dennis  and  Pierce  [1964],  who  observed 
that  the  assumption  of  uniform  current  is  unrealistic. 

In  a  later  model,  Vman  and  McLain  [1969]  dealt  with  this 
difficulty  by  using  a  current  density  of  the  form 


J(5,  /)  =  /[/  -  s/(u{s))]cA 


(ID 


where  (u{s))  is  the  average  of  u  from  ground  to  height  s.  If  u 
is  a  constant,  then  (7)  and  (II)  agree.  Otherwise,  (7)  and  (II) 
are  different. 

Free  Space  Solution 

We  now  obtain  the  electromagnetic  fields  for  the  charge  and 
current  densities  derived  above  for  a  lossless  transmission  line 
The  field  expressions  for  a  lossy  transmission  line  would  be 
completely  analogous  but  more  complicated.  It  should  be 
emphasized  that  the  solutions  obtained  below  do  not  account 
for  the  presence  of  the  earth  Although  it  is  not  difficult  to 
include  the  boundary  data  of  an  infinitely  conducting  flat  earth 
by  using  mirror  images  and  ray  tracing  techniques,  it  would  be 
cumbersome  to  do  so  here,  and  consequently,  this  is  left  to  the 
reader.  Moreover,  formulas  for  vertical  discharges  which  in- 
clude the  presence  of  the  earth  are  given  by  Vman  el  al 
[1975*1. 
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A  solution  of  the  inhomogeneous  wave  equation  with  free 
space  propagation  constant  and  no  boundary  data  is  given  by 
Panufsky  and  Phillips  (1962,  p.  248],  We  write  this  solution  as 
follows: 


E»TA 


2tr(tr-Jrtt)  ~  h., 


4re^r 


/. 


dv 


Chad 


4lTt0c' 


/* 


x  e.)  x  e. 


dv 


(12) 
(13) 

(14) 


where  Estat.  Eind.  and  EH„D  are  the  static,  induction,  and 
radiation  components  of  the  electric  field  and  the  subscript  rei 
refers  to  the  retarded  field  Note  in  particular  that  the  static 
field  obeys  an  inverse-square  law  only  when  no  boundary 
conditions  are  imposed  The  integration  is  performed  over  a 
volume  V  containing  the  charge  and  current  densities,  while  r 
and  t,  denote  the  distance  and  unit  direction  from  a  source 
point  in  V  to  the  point  of  observation  (the  origin).  Thus  when 
(6)  and  (7)  are  substituted  into  (12)-(I4),  we  have  the  free 
space  solution  of  our  lossless  transmission  line  model.  For 
example,  when  (7)  is  substituted  into  (12),  we  obtain 


__l 
<Art 


;/: 


l[t  -  t(s)  -  r\s)/c] 


e.  ds  +  D 


(15) 


where  e,  =  e^o  and  as  was  true  above,  d  is  the  total  length  of 
the  antenna.  The  term  D  accounts  lor  the  charge  remaining  at 
P0  and  any  charge  which  collects  at  P,.  However,  we  observed 
in  ( I )  that  s  can  be  considered  as  a  function  of  antenna  timer. 
Consequently,  by  a  simple  change  of  variable  we  obtain  the 
following  "undamental  representations  of  these  fields: 


E„ 


Artgc 


«o  i. 


/; 


l[l-  r  -  r{T)/c\ 
^T) 


Crdr  +  D 


(16) 


l[t-r-r(T)/c]u(T) 


i\r) 


[2M«r'««)]*   <'7) 


AxtgC* 


J.  r<T) («."*>»** 


(18) 


where  r^r)  =  r[s(t)],  er  =  e<(o,  and  u(r)  is  the  velocity  (see  (I )) 
as  a  function  of  time.  Also,  the  upper  limit  of  infinity  on  these 
integrals  makes  use  of  the  assumption  that  l(x)  =  0  when  x  < 
0. 

In  a  similar  fashion  the  magnetic  fields  can  be  shown  to  be 


™m 


M.      r    l[t-T-  f<r)/c]u(r) 


4*   J. 


r'ir) 


tA*t,dT  (19) 


R         _    "•      f   Hi  ~  r  -  r{r)/c]u{T) 

Brad  "  -; —    /      — ; CA  x  e,  dr 

4wc  J,  r(T) 


(20) 


We  remark  that  (I6H20)  can  be  improved  for  computer 
computation.  For  example,  with  T  =  I  +  r{t)/c,  (18)  can  be 
written  as 


o(T)  = 


4rttC* 


f. 


I[T  -  r  -  r{r)/c\u(r) 


(e,,xer)xera'r 


(21) 

The  principal  advantage  of  (21)  over  (18)  is  that  the  upper 
limit  of  integration  is  precisely  known.  Vector  integrals  of  this 
kind  have  been  coded  for  the  computer  with  no  serious  diffi- 
culties. The  presence  of  the  earth  is  also  easy  to  incorporate  on 
the  computer.  In  short,  for  computer  solutions  no  further 
simplification  is  needed. 

We  remark  that  (16M20)  can  be  used  to  obtain  equations 
similar  to  those  given  by  Uman  el  at.  [  19756]  with  one  impor- 
tant change.  Conventions  standard  to  lightning  research  re- 
quire a  change  of  sign  in  both  electric  and  magnetic  fields. 
Thus  (I6H20)  should  all  be  multiplied  on  the  right  by  -  I 
Perhaps  a  more  useful  exercise  for  understanding  these  equa- 
tions is  to  recover  the  electric  dipole  approximation  from 
them.  All  that  is  needed  is  some  careful  vector  arithmetic. 

Velocity  Equation 

We  here  analyze  the  transmission  line  model  for  a  vertical 
discharge  at  a  distance  large  enough  to  make  the  charge  mo- 
ment equation  applicable.  By  solving  this  equation  for  the 
radiation  field  we  obtain  the  general  equation  (33).  which 
relates  the  observed  radiation  field  to  the  current  of  the  base  of 
the  channel  and  the  velocity  along  the  channel  By  assuming 
the  form  of  the  current  at  the  base  of  the  channel  »e  can  then 
solve  for  velocity  when  the  transmission  line  is  lossless 

Again  suppose  that  the  antenna  is  vertically  oriented  on  an 
infinitely  conducting  flat  earth  and  that  the  point  of  observa- 
tion is  likewise  on  the  earth  A  typical  length  o(  the  antenna  is 
5  km.  McLain  and  Uman  [1971]  analyzed  (12)-(I4)  in  this 
situation  and  concluded  that  if  the  distance  R  from  the  point 
of  observation  to  the  antenna  is  greater  than  50  km.  then  (he 
variable  distance  r  in  (l2H14)can  be  replaced  by  the  constant 
distance  R.  The  only  additional  restriction  on  this  approxima- 
tion is  that  the  significant  spectral  frequencies  lie  below  about 
1  MHz.  Since  the  spectral  amplitude  of  most  atmospherics 
peaks  in  the  very  low  frequency  (VLF)  range  (3-30  kHz)  with 
a  typical  value  of  5  kHz  [Taylor.  1963],  this  approximation  can 
be  used.  In  any  case,  when  the  above  boundary  conditions 
hold  and  when  this  approximation  is  valid,  the  charge  moment 
equation  also  holds.  This  equation  is  a  second-order  linear 
differential  equation: 


nUi)  +  Am(i)  +  A*m(t)  =  t, 
where  A  =  c/R  and 


m(»)  -  (2»«^,A)-'  j*p(s,  t)sds 


(22) 


(23) 


is  the  charge  moment.  Moreover,  the  terms  A'm,  Am,  and  m  in 
(22)  are  known  to  represent  the  static,  induction,  and  radiation 
fields,  respectively.  This  equation  is  sometimes  credited  to 
Lejay  [1925].  It  was  used  by  Bruce  andGolde  [1941  ].  and  it  was 
analyzed  by  McLain  and  Uman  [1971]. 

The  traditional  use  of  (22)  has  been  to  calculate  tr  when  a 
charge  density  p  was  given.  We  shall,  however,  take  the  oppo- 
site point  of  view.  That  is,  given  data  tr.  we  can  recover  the 
vertical  radiation  field  t,  as  the  second  derivative  of  the  par- 
ticular solution  of  the  differential  equation  (22).  The  results  of 
this  computation  are 
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m(0 


-/ 


tf{T)e""-T'  sin  [a(i  -  r)\dr 


(24) 


and 


t,(l)  '  tF(t)  -  4*0'  ftfiTte"'-"  sin  [a(l  -  T)  +  */3]dr 

(25) 

where  a  =  (3)"2A/2  and  b  =  A/2. 

"We  remark  that  for  distances  R  greater  than  about  200  km 
the  transformation  (25)  is  usually  unnecessary,  since  the  'dif- 
ference' between  total  and  radiation  fields  is  less  than  about 
5%.  We  next  compare  this  computed  radiation  field  with  the 
radiation  field  predicted  from  the  general  transmission  line 
model. 

For  the  above  boundary  conditions  the  vertical  component 
of  the  electric  field  is  the  only  nonzero  component  and  is  twice 
as  large  as  (I2H'4)  because  of  the  ground-reflected  image. 
Consequently,  if  £,  denotes  the  (negative)  vertical  component 
of  the  radiation  field  and  t,(;)  =  £,(»  +  R/c),  then  (18) 
becomes 


MO  «*  j~A 


I  -  t)u(t)cIt 


(26) 


where  K  =  l/2n„c2R.  A  change  of  sign  in  (26)  has  been 
introduced  for  consistency  with  field  conventions  standard  to 
lightning  research. 

Now  the  Fourier  transform  1(g)  of  a  function  g  which  is 
zero  for  times  less  than  zero  is 


P(*)](u>)  =    f g(t)e-""  dt 


(27) 


and  transforms  convolutions  into  products.  But  (26)  is  a  con- 
volution, and  consequently, 

5(t,)  =  K5(/yj(u)  =  /u./C5(/)5(u)  (28) 

When  transmission  line  losses  (8)  are  included  in  this  calcu- 
lation, we  get 


5(<x)  =  iuKSdmGu) 


(29) 


In  order  to  exploit  the  full  potential  of  (28)  we  make  use  of 
the  following  estimate  for  current  at  the  base  of  the  discharge: 


/(*)  =  U(e"  -  e-"')        i>0 
/(/)=  0  t<0 


(30) 


where  0  >  a   >  0.  Such  currents  have  often  been  used  in 
discharge  models.  But  then 

OV)  =  /,(/?-  «)/[(<*  +  iu)(0  4-  iu))  (31) 

which  gives,  when  5(u)  in  (28)  is  solved  for. 


w^r^Vi 


(32) 


Kltf-a) 
The  inverse  transform  of  (32)  gives  us  the  velocity  equation: 

■« =  w^)[a0LlAx)dx  +  (a  +  PM,)  +  d?-(,)] 

(33) 

The  importance  of  the  velocity  equation  is  almost  self-evident, 
since  it  provides  a  straightforward  way  of  computing  velocities 


from  data.  It  should  also  be  pointed  out  that  the  above  analy- 
sis could  be  reversed.  We  could  have  assumed  a  known  veloc- 
ity and  solved  for  the  current. 

Finally,  if  the  losses  (8)  are  included,  then  u(t)  in  (33)  is 
replaced  by  G(i)u(i).  It  is  interesting  to  note  that  the  product 
G(t)u(i)  may  be  interpreted  as  a  'pseudo'  velocity  insofar  as 
(33)  is  concerned. 

Analysis  of  isf„ 

We  here  analyze  the  radiation  field  of  a  vertically  oriented 
discharge  in  the  case  when  the  velocity  is  given  by  (4)  and  the 
current  is  given  by  (30).  This  case  is  of  particular  interest 
because  such  currents  and  velocities  have  been  widely  used  in 
the  literature.  When  the  distance  R  is  large  enough  to  use  the 
approximation  (26),  it  will  be  shown  that  the  resultant  wave 
forms  have  the  property  that  the  product  lxfm  is  bounded  by 
about  l/2ir,  where  t,  is  the  crossover  time  and  /„  is  the 
spectral  frequency  at  which  the  amplitude  attains  a  maximum. 
In  other  words,  the  product  /,/„  is  quite  insensitive  to  the 
parameters  in  a  Bruce-Golde  type  model.  Now  according  to 
Taylor  [1963]  a  typical  value  of /m  is  5  kHz,  and  this  quantity 
has  already  been  converted  to  a  flat  earth  propagation  model 
However,  the  corresponding  value  of  53  jis  for  ix  has  not  been 
so  adjusted.  Nevertheless,  an  estimate  of  48  tts  for  the  adjusted 
value  can  be  obtained  by  using  the  calculations  of  Wait  and 
Howe  [1956],  But  then  the  flat  earth  value  of  tj„  is  approxi- 
mately 0.25  and,  consequently,  is  much  too  large  to  be  realized 
by  using  traditional  currents  and  velocities.  We  remark  that 
the  average  distance  from  the  source  for  these  data  was  about 
300  km,  and  consequently,  we  equate  the  total  electric  field 
with  the  radiation  field. 

To  begin,  a  straightforward  computation  using  (26)  for  the 
currents  and  velocities  under  consideration  gives 


«,(/)- 


-[ae"'  -  ye-y']  + 


■[■ye--"  -  0eg')     (34) 


where  k  =  uJ0K  and  a,  0,  and  y  are  assumed  to  be  positive 
distinct  parameters,  0  being  the  largest.  For  this  calculation  it 
is  useful  to  replace  the  upper  limit  of  infinity  in  (26)  by  the 
variable  t.  Now  t,(»)  starts  at  zero,  increases  to  a  positive 
maximum,  decays  back  to  zero  (the  crossover  time  ts),  and 
then  stays  negative.  In  particular,  the  crossover  time  is  less 
than  the  value  of  t  which  makes  the  first  three  terms  in  (34) 
vanish.  We  therefore  arrive  at  the  following  bound  for  /,: 


h<. 


I 


y  -  a 


log  (7 /or)  + 


1 


y  -  a 


log 


0-a 

(j-y 


(35) 


But  for  y  >  -I,  log  (1  +  y)  <  y,  and  so  if  we  write  (0  -  a)/(/3 
-  y)  =  I  +  (7  -  a)/(/3  -  y),  we  can  replace  (35)  by 


/.  £ 


I 


log(7/a)  + 


i! 


(36) 


y  -  a  0  -  y 

Next,  by  (28)  the  Fourier  transform  5(t,)  of  (34)  satisfies 

\$(t,V  =  ATV|SF(/)Mff(«)|' 

=  AV(0  -  af/[(a*  +  ui'W1  +  uj'Ky'  +  u>a)]       (37) 

By  setting  the  logarithmic  derivative  of  (37)  to  zero  it  is  easily 
verified  that  the  spectral  frequency  f„  at  which  the  amplitude 
attains  a  maximum  satisfies  U(2*fm)  =  0,  where 


r    i    ,    »    i    '    i 

*/(«)  =  '  *-  [(a/u?  +  I       (0/«Y  +  I       (y/u?  +  I  J 


(38) 
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However,  U  is  monotonically  decreasing,  and  U[(ay)1"]  <  0; 
thus /„  <,  (a>)"V2T.  The  following  inequality  then  combines 
this  with  (36): 


2xt,fm  <; 


(»7)' 
y  -  a 


log(>/a)  + 


(«7)"' 


(39) 


(40) 


From  (39)  we  finally  obtain  the  basic  inequality 
2x/JM  <£  B/{fi  -  y)        y>a 

2*txjm  £  B/(B  -  a)        a>y 

Because  the  verification  of  (40)  in  both  cases  :s  similar,  only 
the  case  y  >  a  will  be  treated. 
First,  the  inequality 


log  (/)  £  y  -  y 


y^  1 


(41) 


may  be  verified  by  using  elementary  calculus.  With  y  = 
(7/a)"a  it  then  follows  that  the  first  term  on  the  right  in  (39)  is 
bounded  by  I.  Also,  (ay )'  '  <  y,  and  consequently,  (39) 
becomes 


2*tJm  <  I  +  [7/03  -7)1  =  0/(0  -7) 


(42) 


which  establishes  (40) 

We  remark  that  either  inequality  of  (40)  is  valid  when  a  =  y . 
This  case  is,  however,  relatively  easy  to  verify  by  first  applying 
a  limit  to  (34)  and  is  therefore  left  to  the  reader. 

Now  a  crude  upper  bound  for  7  can  be  obtained  from  (4),  7 
=  vjd,  by.  setting  p„  =  c  and  d  =  3  km  to  obtain 


7  £  1  x  I0» 


(43) 


Typical  values  of  7  are  usually  less  than  §  of  this  value.  For  an 
example,  see  Srivastava  [1966]. 

According  to  Cianos  and  Pierce  [1972,  p.  60],  typical  rise 
times  (the  time  to  the  maximum )  for  currents  lie  between  1 .5 
and  2  n%,  while  typical  times  to  half  of  the  peak  value  (this  time 
occurs  after  the  rise  time)  lie  between  40  and  50  ps.  For  these 
ranges  it  can  be  shown  that 


a  <  3  X  I01     0  >  1  X  10* 


(44) 


It  then  follows  from  (40)  for  such  ranges  of  parameters  that 
the  largest  value  of  i,fm  must  be  less  than  about  0.18,  which  is 
inconsistent  with  Taylors,  [1963]  value  of  0.25. 

There  are  at  least  four  possible  errors  which  could  cause  this 
inconsistency. 

First,  using  a  lossless  transmission  line  could  introduce  sig- 
nificant error.  We  choose  to  neglect  these  losses  in  order  to 
keep  the  analysis  as  simple  as  possible.  The  intelligent  use  of 
current  losses  would  require  answers  to  the  following  ques- 
tions. What  percent  of  the  current  is  lost  to  branches?  What 
percent  is  lost  in  neutralizing  the  main  channel?  How  are  cur- 
rent losses  correlated  with  velocities'  Is  there  any  practical 
advantage  in  including  such  losses?  For  example,  the  practical 
way  to  handle  losses  might  be  to  reinterpret  the  product 
G(i)uii)  as  a  pseudo  velocity  (see  the  statement  following  (33)). 

Furthermore,  it  is  possible  that  all  transmission  line  models 
are  incorrect.  In  this  respect,  however,  other  models  seem 
equally  unsatisfactory  in  that  they  do  not  yield  values  of  /,/„, 
much  above  0.18  In  particular,  this  is  true  for  the  model  of 
Bruce  and  Golde  [1941]  and  the  model  of  Dennis  and  Pierce 
[1964). 

Second,  Taylor's  [1963]  group  I  data  might  not  be  typical. 
However,  the  value  of  0  25  for  i,fm  is  based  on  a  frequency  jm 
of  5  kHz,  which  according  to  Cianos  and  Pierce  [1972,  p.  103] 


is  typical.  It  therefore  seems  unlikely  that  the  crossover  time  ;, 
of  48  us  would  be  abnormal.  It  is  also  interesting  that  the  data 
from  Taylor  and  Jean  [1959]  give  an  average  value  of  0  282  for 
ixfm-  These  data  were  not,  however,  adjusted  for  propagation 
effects. 

Third,  the  currents  (30)  could  be  in  error.  However,  the 
current  at  the  base  of  the  discharge  is  one  of  the  better  docu- 
mented quantities  in  the  discharge  process  and,  consequently, 
a  less  likely  source  of  the  inconsistency. 

Last,  the  velocities  (4)  could  be  inappropriate.  Because  ve- 
locities are  difficult  to  measure,  especially  when  the  discharge 
enters  the  cloud,  this  would  seem  to  be  another  explanation  for 
the  above  discrepancy.  The  following  example  suggests  a  suit- 
able modification  of  the  velocities  (4)  to  obtain  consistent 
results. 

Example 

We  here  illustrate  the  use  of  the  velocity  equation  when  R  = 
100  km  to  show  one  way  of  resolving  the  difficulty  of  the 
preceding  section.  For  this  we  consider  the  wave  form  shown 
in  Figure  I,  which  was  constructed  by  the  authors  to  meet 
certain  conditions.  In  particular,  this  wave  form  has  a  rise  time 
of  about  4  ^s,  a  crossover  time  of  about  50  ms.  and  no  dc 
component.  Moreover,  the  amplitude  of  the  Fourier  spectrum 
peaks  at  a  frequency  of  5  kHz.  This  wave  form  should  be 
interpreted  as  the  ground  wave  of  the  vertical  radiation  field 
generated  by  the  first  return  stroke  of  a  vertical  cloud-to- 
ground  lightning  discharge  in  the  presence  of  an  infinitely 
conducting  flat  earth.  It  should  be  noted  that  the  derivative 
changes  abruptly  at  about  60  ms,  which  we  will  refer  to  as  the 
break  time.  We  do  not  claim  that  this  is  a  typical  wave  form, 
although  something  like  this  might  be.  Neither  do  we  claim 
that  such  an  abrupt  break  is  realistic.  In  fact,  the  only  reason 
for  depicting  such  a  sharp  break  is  to  help  clarify  the  exposi- 
tion However,  the  authors  do  not  know  of  a  viable  way  to 
construct  a  wave  form  with  these  properties  for  which  the  time 
to  the  minimum  differs  very  much  from  70  *is. 

The  result  of  computing  the  velocities  for  two  different 
currents  is  then  shown  in  Figure  2.  The  currents,  as  usual,  are 
given  by  (JO)  and  have  rise  times  of  2  ^s  along  with  peak  values 
of  12.5  kA.  The  solid  line  ut  corresponds  to  a  current  with  a 
time  to  half  peak  of  20  ps,  while  the  dashed  line  i>,  corresponds 
to  a  current  with  a  time  to  half  peak  of  40  ms.  The  current 
parameters  (a,  tf )  are  3.96204  x  10*  and  2.00053  x  10"  for  v, 
and  1.84385  X  10*  and  2.46649  X  10"  for  v,.  The  current  for  t\ 
is  a  typical  one,  while  the  current  for  v,  is  not.  In  remarkable 
agreement  with  this  observation  are  the  computed  antenna 
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Fig.  I.     Constructed  sferic  wave  form. 
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Leise  and  Taylor:  Transmission  Line  Model  kor  Lightning 


Fig.  2.     Velocities  computed  from  the  constructed  wave  form  by  using 
'  two  different  currents. 


lengths  of  about  5.2  km  for  u,  and  about  9  km  for  u,,  as  can  be 
seen  in  Figure  2.  The  length  of  5.2  km  is  a  typical  one,  while 
the  length  of  9  km  is  not. 

We  next  observe  that  there  is  an  abrupt  break  in  the  veloci- 
ties e,  and  v,  at  about  5  km  and  7  4  km  and  that  these  breaks 
correspond  to  the  break  time.  Note  that  smoothing  out  the 
break  in  the  original  wave  form  will  simply  smooth  out  the 
breaks  in  the  velocities  u,  and  v,;  the  overall  characteristics  will 
be  the  same. 

We  further  note  that  both  velocities  are  approximately 
linear  over  the  major  part  of  the  discharge  path.  The  linear 
part  of  v,  has  a  slope  of  about  2.2  x  10*  The  velocity  as  a 
function  of  time  can  therefore  be  approximated  as  follows: 


u(i)  =  Vve-"        0  <,  t  <  T 


(45) 


M')  =  0 


i£  T 


where  v,  is  about  1.5  x  10"  m/s,  y  =  2.2  X  10*  units/s,  and  T 
=  GO  lis  is  the  break  time.  If  the  time  T  is  omitted  from  (45),  we 
again  have  (4),  in  which  case  the  values  of  e0  and  7  are  in  good 
agreement  with  the  literature.  In  fact.  7  =  3  X  10*  was  used  by 
Bruce  and  Golde  [1941].  It  therefore  appears  that  the  truncated 
linear  velocities  of  (35)  provide  the  minimal  modification  of 
the  velocities  of  (4)  necessary  to  remove  the  inconsistency  of 
the  preceding  section  Computer  solutions  using  velocities  sim- 
ilar to  (45)  have  been  obtained  to  check  this  conclusion. 

Another  observation  of  some  relevance  in  favor  of  a  break  is 
that  the  crossover  time  for  a  sferic  is  usually  quite  well  defined 
In  other  words,  the  slope  of  a  sferic  at  crossover  is  consistently 
much  steeper  than  is  predicted  by  traditional  model  wave 
forms.  This,  in  turn,  suggests  that  the  break  usually  occurs 
before  crossover  rather  than  after  crossover,  as  is  seen  in  this 
example. 

We  consider  how  this  might  be  interpreted.  First,  the  break 
time  is  roughly  the  time  length  of  the  vertical  discharge  path. 
After  this  time,  something  rather  dramatic  probably  happens 
to  the  movement  of  charge.  There  seem  to  be  two  possibilities. 


Either  the  charge  stops  abruptly  by  combining  with  the  ions  in 
the  clouds,  or  the  discharge  path  changes  from  a  vertical  path 
to  a  predominantly  horizontal  one.  Experimental  results  seem 
to  support  the  latter  conclusion,  although  much  remains  to  be 
done. 

We  finally  point  out  that  Uman  el  al  [1975a]  have  used 
models  in  which  the  discharge  channel  is  also  abruptly  termi- 
nated and  qualitatively,  our  analysis  is  in  good  agreement  with 
their  model  sferics. 
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pointing  out  the  importance  of  including  propagation  effects  when 
sferics  are  being  analyzed. 
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WSMR  ATMOSPHERIC  STRUCTURE  CONSTANT  (C2  )  SURVEY 
R.  B.  Fritz  and  R.  S.  Lawrence 

Between  March  25  and  April  5,  1977,  a  multi-sensor  cooperative  atmos- 
pheric survey  was  carried  out  at  White  Sands  Missile  Range,  New  Mexico.  The 
Atmospheric  Sciences  Laboratory  of  WSMR  conducted  ground-based  and  rawinsonde 
measurements  of  the  refractive  index  structure  constant  Cp  (at  heights  of  8 
and  32  meters  on  two  meteorological  towers),  wind,  temperature,  humidity,  and 
pressure.  The  Optical  Propagation  Group  of  the  NOAA/ERL  Wave  Propagation  Lab- 
oratory (Boulder,  Colorado)  carried  out  measurements  of  Cp  using  an  aircraft- 
mounted  temperature  probe,  including  vertical  profiles  to  3000  meters  above 
ground  and  constant  altitude  circuit  surveys.  The  aircraft  measurements  and 
concurrent  rawinsonde  launches  took  place  at  approximately  local  midnight, 
dawn,  noon,  and  sunset.  This  report  describes  and  summarizes  the  aircraft 
measurements  only. 
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Technical  Digest,  Topical  Meeting  on  Optical  Propagation  Through  Turbu- 
lence, Rain  and  Fog,  August  9-11,  1977,  TuCl-1  -  TuCl-4,  Optical  Society 
of  America,  1977. 


Index  of  Refraction  Structure  Parameter  in  the  Real  Atmosphere  -  an  Overview 

Freeman  F.  Hall,  Jr. 
Wave  Propagation  Laboratory 
NOAA  Environmental  Research  Laboratories 
Boulder,  Colorado  80302 

The  index  of  refraction  structure  parameter,  Cn  ,  is  simply  the  difference 
in  optical  index,  squared  and  averaged  as  measured  at  two  points  divided  by 
the  2/3  power  of  the  distance,  r,  separating  the  measurements  or 


Cn2  =  (nj  -  n2J2/r2/3. 

For  a  given  meteorological  condition  the  principal  meteorological  parameter 

2  2 

determining  Cn  is  the  temperature  structure  parameter,  Cy  ,  although  the 

2 
humidity  structure  parameter,  Ce  ,  may  also  be  important  where  turbulent  fluxes 

2 
of  water  vapor  are  large.   (Density  or  pressure  fluctuations,  Cp  ,  can  be 

2       2 
neglected  in  the  real  atmosphere  as  only  important  when  Cj  and  Ce  are  very 

2  -20  -2/3 

small,  or  when  C   is  less  than  10   m    .)   Wesely  (1976)  has  shown  that 

a  convenient  form  for  the  index  of  refraction  structure  parameter  is 
Cn2  =  6.2  X  10"9  CT2(p/f2)2[l  +  (0.036"1)2], 

where  3  is  the  Bowen  ratio,  the  ratio  of  sensible  turbulent  heat  flux  to  mois- 
ture flux.   This  expression  assumes  that  there  is  no  correlation  between  the 
temperature  and  hu.'iidity  fluctuations.   This  assumption  may  be  quite  safe  in 
the  upper  regions  of  the  planetary  boundary  layer,  but  in  the  surface  layers, 
over  evaporating  lakes  or  over  the  tropical  ocean  the  correlation  in  temperature 
and  moisture  fluctuations  may  be  very  high  and  the  Bowen  ratio  may  be  as  low  as 
0.1.   For  such  a  case, 

2  -92 2  2  -12 

Cn  =  6.2  X  10   C   (p/T  )   (1  +  0.036   ) 

where  it  is  assumed  that  the  correlation  is  ret  =  ±1.   (The  correlation  may  be 
negative  as  when  warm  dry  air  entrains  downward  through  a  temperature  inversion 
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into  a  cool,  moist  region.   More  measurements  need  to  be  made  in  cloud-free 
marine  inversions  to  confirm  such  ant i -correlation,  however.)   Curves  summar- 
izing the  correction  factor  a  for  no  correlation  or  ±1  correlation  of  Ct  and  C 

are  shown  in  Figure  1,  after  Wesely.  3 

7        _  n  n    i       (t    a        i 

In  discussing  C 
b   n 

in  the  atmosphere, 
there  are  clearly  three 
regions  where  the  condi 
tions  determining  the 
structure  parameter  are 
quite  different.   These  a  i ,  o 
three  regions  are  the 
planetary  boundary  layer, 
the  free  troposphere, 

and  the  stratosphere. 

2 
Characteristics  of  C 


in  the  three  regions 
will  now  be  discussed 


0 


0.5 


CeT/(CT  p) 


Figure   1.      Correction  factor,    a,    to  be  used  in 

P  2 

computing  Cn     from  Crp     for  various  values  of 

the  humidity- temperature  correlation,    r    ,,    as 

a  function  of  Bowen  ratio,    3.  After  M.    /"-. 

Wesely    (1976). 


Over  dry  land  at 
midday,  the  planetary 
boundary  layer  is  charac- 
terized by  convective 
plumes  of  turbulent, 
rising,  warm  air  separa- 
ted by  regions  of  somewhat  cooler  well-mixed  air  with  temperature  fluctuations 
one  or  two  orders  of  magnitude  less  than  in  the  rising  plumes.   The  convective 
plumes  are  characterized  by  scale  sizes  of  several  hundred  meters  and  they 
advect  with  the  mean  wind  which  shows  little  shear  above  the  lowest  few  tens 
of  meters  to  the  top  of  the  convectively  mixed  layer. 

At  a  height  of  one  meter  in  the  convective  plumes  over  grass  covered  terrain, 

typical  midday,  summertime  values  of  Cn  may  average  6  X  10   m    .   In  such 

9  -4/3 

well  mixed  convective  regimes,  Cnz  decreases  with  height,  z,  as  z     so  that 
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at  40  m,  on  the  average,  C  ^  =  4  X  10   m    .   Measured  values  of  C   ,  obtained 
using  fast  response,  spaced  temperature  sensors  show  rapid  fluctuations;  the 
distribution  of  the  measured  values  follows  approximately  a  log-normal  distri- 
bution spread  over  two  decades  between  1%  and  99%  probability.   Since  Cn^   is 
a  simple  function  of  the  sensible  turbulent  heat  flux  at  ground  level  (Wyngaard 
et  al.,  1971),  measured  C  2  values  will  be  larger  over  dry  desert  surfaces  and 
especially  over  blacktop  areas. 

The  warm,  moist  convective  plumes  found  over  tropical  oceans  will  average 
Cn  about  one-half  the  values  mentioned  above  with  at  least  40%  of  the  contribu- 
tion occurring  because  of  Ce^,  as  determined  from  acoustic  scattering  measurements 

made  during  the  GATE  experiment.   (The  acoustic  index  of  refraction  structure 

2 
parameter  is  determined  by  almost  the  same  relative  contributions  from  Cy 

and  Ce2  as  for  the  optical  case.   Therefore  it  is  possible  to  determine  the 
optical  parameter  from  acoustic  scattering  measurements  (Neff,  1975).) 

Temperature  inversions  in  the  planetary  boundary  layer,  where  the  temperature 
(more  exactly,  the  potential  temperature)  increases  with  height  are  almost 
always  dynamically  unstable  and  turbulent,  at  least  intermittently,  although 
statically  stable.   The  downward  turbulent  transport  of  heat  through  such  inver- 
sions leads  to  values  of  Cn  on  the  order  1  X  10   m     and  typically  these 
values  will  decrease  with  height  more  slowly  than  for  the  convective  case.   The 
assumption  of  the  Kolmogorov  spectrum  of  turbulence  is  not  so  well  justified 
in  the  stably  stratified  nocturna  1  inversion  case,  and  in  some  instances,  Cn 

may  actually  increase  with  height,  although  in  general  it  does  fall  off  as  a 

-2/3 
z    .   The  distribution  of  values  in  the  stably  stratified  atmosphere  also 

seems  to  follow  a  log-normal  distribution  although  the  spread  in  values  will  be 
less  than  for  the  convective  case;  typically  between  the  1%  and  99%  scales  only 
one  order  of  magnitude  difference  will  be  found  in  the  stably  stratified  atmos- 
phere.  In  developing  tropical  cumulus  clouds,  C   may  reach  6  X  10   m 
because  of  turbulent  entrainment  at  the  edges  of  the  clouds  and  the  release  of 
sensible  heat  from  condensation.   Optical  rays  which  graze  developing  clouds 
will  thus  experience  considerable  scintillation. 

In  the  free  atmosphere,  the  model  of  Cn^   given  by  Hufnagel  (1974)  is  proving 
to  be  quite  reasonable.   This  model  takes  into  account  the  wind  shear  found 
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between  5  km  and  20  km  altitude.   A  number  of  optical  measurements  of  C   by 
Ochs  et  al.  (1976)  show  rather  good  agreement  with  this  model.   It  must  be 
emphasized  that  even  in  the  free  atmosphere,  which  is  generally  statically  stable, 
that  a  given  profile  of  C   will  change  rapidly  as  shear  zones  develop  and  dissi- 
pate.  Thus  balloon-borne  measurements  of  C  *,    which  resolve  the  fine  scale 
altitude  differences,  quite  impossible  to  detect  with  the  path  averaging  optical 
methods,  typically  show  extreme  excursions  in  thin  layers  with  the  number  of  these 
layers  increasing  in  zones  of  more  intense  wind  shear.   Van  Zandt  et  al .  (1977) 
present  a  model  explaining  such  intermittent  C^   layers. 

Wind  shear  values  frequently  increase  near  the  top  of  the  troposphere,  especi- 
ally in  the  vicinity  of  jet  streams.   This  will  in  general  produce  an  increase  in 
C„2  (the  high  altitude  hump  in  the  Hufnagel  model) .   Once  above  the  tropopause, 

wind  shear  and  turbulence  generally  decrease  in  the  stratosphere  and  a  decrease 

2 
of  Cn  with  hei^ghc  is  usually  found.   Since  we  know  so  little  about  stratospheric 

turbulence  there  are  no  really  good  models  to  explain  the  observations  although 

balloon-borne  microthermal  probes  and  optical  phase  measurements  are  beginning  to 

shed  more  light  on  the  upper  atmosphere.   Figure  2  summarizes  our  knowledge  of 

2 
Cn  throughout  the  three  atmospheric  regions  with  the  solid  line  representing  a 

typical  daytime  profile  from  the  surface  to  15  km  and  with  the  dashed  lines 

representing  3a  from  the  mean. 
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Figure  2.  C  profiles 
in  the  temperate  reg- 
ion,  daytime  atmospher 
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SIAT1A1,  OK  TEMPORAL  TRANSITION 


IN    BOUNDARY    I.AV1.US   UNDI  KliOINl 

L.    I 
NOAA/LRI./Wavc    Pn 
Boulder,    Cole 

SUMMARY 

The  height  distributions  of  C.  (the  structure 
parameter  of  potential  refractive  index)  in  a  steady, 
horizontally  uniform  boundary  layer  are  calculated 
ssuming  power-laws  for  meteorological  quantities. 
The  results  arc  then  compared  with  those  of  more  ri- 
gorous models  examined  by  Wyngaard  ct  al.  (1971).   It 
is  shown  that  the  results  arc  in  very  satisfactory 
agreement  when  m  is  properly  chosen.   Finally,  power- 
law  profiles  are  used  to  calculate  horizontal  and 
temporal  variations  in  vertical  profiles  of  C,  and  to 
calculate  radio-duct  thickness  for  several  boundary 
transitional  conditions. 

1  -  INTRODUCTION 

With  the  widespread  realization  of  the  capabili- 
ties of  new  clear-air  Dopplcr  radars,  there  is  renewed 
interest  in  the  spatial  distribution  of  radio  refrac- 
tive index  and  its  statistics.   Of  particular  interest 

? 
is  the  refractive  index  structure  parameter  C~  ,    which 

is  the  turbulence-related  quantity  of  primary  concern 
for  the  prediction  of  clear-air  backscattcr.   The 
Wave  Propagation  Laboratoiy  of  NOAA  has  developed  a 
frequency-modulated,  continuous-wave  (lll-CW)  radar 
with  Dopplcr  capability  whose  principal  value  is  that 
it  can  monitor  wind  and  wind  shear  in  the  planetary 
boundary  layer.   Therefore,  it  is  urgent  to  determine 
how  changes  and  modifications  in  the  boundary  layer 
affect  C,  and  the  performance  of  the  radar.   This 
paper  presents  methods  for  calculating  the  height  dis- 
tribution of  C.  in  boundary  layers  undergoing  spatial 
or  temporal  transition. 

2  -  FORMULA!  ION  Oh  Till'  l'UOIil.P.M 

The  refractive  index  parameter  to  be  used  is  the 
potential  refractive  index  <|>,  which  is  defined  as  the 
refractive  index..of  a  parcel  of  air  brought  adiabati- 
cally  and  without  change  ill  absolute  humidity  to  a 
pressure  level  of  1 000  mbars.  In  terms  of  meteorolo- 
gical quantities 
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where  0  is  potential  temperature  and  c   is  the  poten- 

P 
tial  vapor  pressure  (sec,  e.g.,  Rcan  and  Dutton,  1966). 

So  defined,  the  quantity  <$>   can  be  considered  to  diffuse 
much  as  0,  e  ,  or  any  passive  additive  undergoing 
turbulent  mixing.   The  approach  that  will  be  followed 
in  this  paper  is  to  solve  the  diffusion  equation  for 
<,''(z,x,t)  and  C,(z,x,t),  where  x,y,z  and  t  are  the 
three  space  coordinates  and  time,  respectively,  with 
z   being  the  vertical  direction.   The  quantity  of  pri- 
mary interest  is  C  ,  where  (Corrsin,  1951;  Otterstcn, 
1969) 


C\   =  3.2  c-1/3  C.. 


(2) 


c  is  the  turbulent-dissipation  rate  and  r.  is  the  rate 
of  destruction  of  the  variance  of  41-   lor  a  steady- 
state  regime  of  turbulence,  the  kinetic  energy  balance 
equation  under  conditions  of  forced  convection  can  be 
represented,  according  to  lumlcy  and  I'anofsky  (1964), 
by 


z   »  -  u'w,-|.|!  (1  r-1(f). 


(3) 


where  Rf  is  related  to  t lie  more  common  Richardson 
Number,  Ri  =  (g/8)  (d6/dz) / (du/dz ) 2 ,  by  the  ratio  of 
the  eddy  coefficients  of  heat  to  momentum.   Under 
neutral  or  stable  conditions  that  ratio  is  near  unit)'. 
Symbols  with  a  prime  refer  to  turbulent  perturbations. 
Furthermore ,  assuming  that  the  destruction  of  variance 
of  <J>  is  balanced  by  shear  production, 


<J»*  w ' 


3z 


(4) 


Roth  llqs.  (3)  aiul  (4)  neglect  potentially  important 
terms  such  as  radiative  flux  divergence  and  divergence 
of  energy  and  pressure  forces.   'Ibis  has  been  custo- 
mary in  studies  of  this  type,  because  of  difficulties 
in  evaluating  the  neglected  terms  experimentally. 
Nevertheless  tiiis  approximation  must  ultimately  be 
justified  by  experiment. 

Defining  the  eddy  coefficient  K  for  $  by  ^'w' 
=  K(5''f>/3z)  and  defining  the  friction  velocity  u„  such 
that  ii,  -  -  u'w',  Iqs.  (3)  and  (4)  can  be  substituted 
into  l.q.  (2)  yielding 
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where  .i    1<>J!-1  inear  velocity  profile  has  been  assumed 
so  that   K/u,   =   k  z(l-alti).     The  universal   constant  u 

is    est  illl.lt  I'd    ll/    Bus  ingcr    cl     a).     (1971)     to    1)0    -i.7. 


c,  / 1      ue/<ti) 


HCUIti;    1. 

The  result  of  hq.  (5)  may  be  compared  with  mca 
sured  data  reported  by  h'yngaard  ct  al.  (1971)  and  i; 
shown  in  lig.  1.   The  right  side  of  Iq.  (S)  is  plotted 
as  a  dashed  curve.   Throughout  the  stable  range  it 
nearly  coincides  w4th  the  solid  curve  that  fits  the 
data  but  fails  seriously  in  the  range  of  negative  Ri . 
Frum  this  ivc  cj.i  conclude  thai  Mic  issu;npt.ioi)F  and 
the  balance  equations  kc  have  used  are  an  adequate 
representation  of  conditions  in  the  steady-state, 
uniform  surface  layer  of  the  atmosphere  under  neutral 
or  stable  conditions. 

Under  unstable  conditions,  Vv'yngaard  et  al. 
suggest  that  . 


2      2   -2/3 


is  a  good  fit  to  their  data,  where 


(01 


g(z/l.)    =  4.9    [1-7(2/1.)  ] 


■2/3 


L  is   the  Monin-Obukov    length   representing  static 
stabi li  ty ,    and 

Y   =  Ri/O-aKI). 


(7) 


Hlots  of  C   vs.  height  from  l.qs.  (5)  and  (6)  are 
shown  in  the  lower  frame  of  lig.  2  for  sever. il  stabi- 
lities represented  by  I..   These  curves  represent  the 
probable  best  estimate  of  the  height  distribution  of 
C .  in  the  idealized  boundary  layer.   However,  the 
model  used  cannot  be  applied  to  the  diffusion  equation 
to  obtain  useful  solutions  except  by  numerical  methods 
and  high-speed  computers .   On  the  other  hand,  if 
power- law  profiles  had  been  used  instead  of  log- linear 
profiles,  then 

m 


u  =  b: 


=  be 


0s  -  b2z 


where  <J>  and  G  arc  surface  values  and  b,  b  ,  and  b. 


are  constants.   Hun 


J=3.2(^4/3Z4n-n»/3(].RJrl/3(||)2_      ( 


The  term  that  includes  Ri  stays  very  near  unity  for 
reasonable  values  of  Ri  because  of  the  small  negative 
power  to  which  the  expression  is  raised.   The  effect 
of  stability  is  almost  completely  a  function  of  m. 
The  resulting  distribution  of  C.  vs.  height  is  shown 
in  the  top  frame  of  fig.  2  for  several  values  of  m. 
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To  further  test   the  adequacy  of  the  power   law,    it 
is  revealing  to  compaVe   the  predictions  of  surface  duet 
thickness    for  the   two   models.      The   thickness    of   the 
duct  in  rooters   is  the  height   at  which  dij'/dz  =  0.131 
flit"   ).      The   results    for  t lie    two  models   are   shown   in 

Pie-  s. 
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FIGUKR  3. 

It  is  evident  that  the  power- law  profiles  with 
properly  chesen  values  of  m  can  give  a  very  adequate 
representation  of  the  more  rigorous  model.   They  have 
the  important  advantage  that  classical  solutions  to  th 
diffusion  equations  can  then  be  applied. 

3  -  BOUNDARY  IjViT.US  IINPUIU.OINC".  MOOIf ICATION 


Written  in  general  form,  the  diffusion  equation 
for  6   is 


3tt  3d>  3d> 

3t  3x  3y 


3di 


temporal    udvectivc  terms 
t  c  nn     ' 


dx    X  dx 


3y  (Ky  3y]  *  3-"  (Kz  3z} 


('->) 


ivhere   the  quantities    K    ,    K    ,    K     arc   the   eddy   diffusion 

x   y   z 

coefficients  of  <p   in  the  x,  y,  and  ?.   directions,  and 
u,  v  and  w  arc  the  corresponding  velocity  components. 


'ihu.S  formulated,  the  eddy  coefficients  can  tie  con- 
sidered functions  of  position,   'lhis  use  of  the  eddy 
coefficients  in  diffusion  problems  is  classical.   How- 
ever, it  lacks  any  fundamental  physical  basis  and 
depends  on  a  tenuous  analogy  with  molecular  diffusion 
foi  its  justification.   With  the  use  of  modern  compu- 
ters one  can  numerically  solve  a  more  rigorous  formu- 
lation.  However,  it  is  the  intent  in  this  paper  to 
go'  as  far  as  possible  without  relying  on  large  com- 
puters, and  also  to  provide  useful  functional  relation 
ships  for  predicting  system  performance.   In  the  past 
tnalytic  solutions  of  Pq.  (!>)  have  provided  numerical 
results  in  close  agreement  with  observations,  except 
under  conditions  of  relatively  extreme  stability. 

Mien  the  boundary  layer  is  temporally  stationary 
f3d;/3t  =  0)  and  horizontally  uniform  with  w  =  0  (i.e., 
the  advectivc  terms  are  zero)  the  left  side  of  (9)  is 
zero,  and  K   3rf'/3z  is  constant.   This  is  the  constant 
flux  approximation  that  is  usually  valid  near  the 
ground.   For  a  transition  taking  place  in  the  x 
lircction  3<J>/3x  is  no  longer  zero,  although  the  x 
divergence  of  flux  in  the  x  direction  (3/3x)(K  3di/3x) 
can  still  be  considered  negligible.   Then 


3x  "  3z  lKU]  3zJ 


(10 
1-m 


Using  power-law  distributions  we  find  k  =  (u'/hnOi 
Jrost  (11Mb)  dealt  with  the  corresponding  problem  in 

moisture  flux  (evaporation)  and  found  that  the  vari- 

2m+l         2 
able  transformation  to  C  -  z    /nx(2m+l)   pemutted 

strai  g'\t- forward  solution  of  (10).   The  corresponding 

olution  for  3y/3;  may  then  he  used  in  Iq.  (.S)  ro 

obtain  C..   The  results  arc  shown  in  fig.  4  for  three 

offshore  distances,  and  fig.  5  shows  the  corresponding 

duct  thickness. 


For  a  horizontally  uniform  boundary  layer  tli.it 
is  not  in  steady  state  F.q .  ('.')  reduces  to 


3t    3z  |kU'  3zJ  * 


(11) 


There  arc  simple  solutions  to  this  equation  if  k  is 
assumed  constant.   Although  this  assumption  is  un- 
realistic, the  resulting  solution  may  be  expected  to 
reveal  sonic  of  the  qualitative  features  to  be  observed 
during  diurnal  cycles  or  other  quasi-sinusoidal  varia- 
tions in  temperature  or  humitity  at  faith's  surface. 
Data  recorded  at  O'Neill,  Nebraska,  and  Manor,  Texas, 
USA,  were  used  to  fit  a  trochoidal  function  to  the 
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temperature   at    z   =   0   and   at    a    few  meters   above   the 
ground.      A   best    average    value   of   K   was    determined    from 
the  amplitude  difference  and  phase    lay   at    the    two 
heights.      The    resulting   distributions    of   <J> ,    C        and 
M  s   ifi   ■»   0.151i   are   shown    in   fig.    6.      Altlioug.b   the 
model    is   crude,    it    shows    features    (such   as   the   small 
C.    values   before   sunrise)    that   arc   observed  with 
acoustic    and   ra<lar   sounders. 
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FIGURE  6. 
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With  the  advent  of  radars  capable  of  detecting  backscatter  from  turbulent  inhomogeneities  in 
the  clear  air,  there  is  renewed  interest  in  the  refractive  character  of  the  atmosphere.  The  radio 
refractive  index  structure  constant  and  its  spatial  and  temporal  distribution  are  of  particular  importance. 
The  general  refractive  properties  of  air  masses  are  discussed  in  this  paper.  Based  on  certain 
assumptions,  the  distribution  of  optical  and  radio  refractive  index  structure  constants  are  then 
calculated  and  the  results  are  compared  with  the  limited  observational  data  available. 


INTRODUCTION 

The  coverage  of  microwave  radar  and  communi- 
cations systems  depends  critically  on  the  refractive 
structure  of  the  atmosphere,  and  its  refractive 
properties  have  been  investigated  for  many  years 
[see  Kerr,  1951;  Bean  and  Dutton,  1966].  It  has 
also  been  long  recognized  that  turbulent  fluctuations 
in  atmospheric  refractive  index  can  produce  a  kind 
of  Bragg  scattering  of  energy  beyond  the  geometri- 
cal horizon  that  can  greatly  extend  the  coverage 
of  microwave  communications  systems  [Booker 
and  Gordon,  1950].  However,  such  scattering 
strongly  favors  the  forward  direction  and  seemed 
to  be  of  little  interest  for  monostatic  radar  systems, 
although  a  long  lasting  controversy  developed  about 
the  subject  of  "angels"  producing  radar  returns 
from  the  clear  air.  One  school  of  thought  argued 
that  the  returns  were  indeed  from  refractive  index 
fluctuations  in  the  clear  air,  while  another  argued 
that  they  were  from  birds  or  insects.  With  the  advent 
of  powerful,  narrow-beam  radar  systems  with  so- 
phisticated processing  capabilities,  such  as  the 
NASA  radar  at  Wallops  Island  and  the  Lincoln 
Laboratory  radar  at  Millstone  Hill  in  the  USA,  and 
the  Royal  Aircraft  Establishment's  radar  at  Defford, 
England,  it  became  evident  that  returns  from  the 
clear  air  could,  in  fact,  occasionally  be  detected 
[Browning,  1972;  Hardy,  1972;  Ottersten,  1969]. 

A  further  breakthrough  occurred  with  the  devel- 
opment of  a  frequency  modulated,  continuous  wave 
radar  (FM-CW)  sounder  capable  of  sensing  targets 
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very  close  to  the  radar,  thus  taking  advantage  of 
the  inverse-range-squared  strength  of  the  received 
signal  to  study  the  lower  atmosphere  [Richter, 
1969] .  This  sounder  also  had  a  capability  of  viewing 
the  atmosphere  with  very  fine  resolution,  and  it 
was  immediately  evident  that  there  were  commonly 
returns  both  from  diffuse  clear  air  structures  [Gos- 
sard et  al.,  1970]  and  from  point  targets  such  as 
insects  and  birds  [Atlas  et  al.,  1970].  More  recently 
a  Doppler  capability  of  measuring  the  velocity  of 
distributed,  clear  air  targets  has  been  demonstrated 
in  a  microwave  FM-CW  radar  at  NOAA's  Wave 
Propagation  Laboratory  [Strauch  et  al.,  1976],  and 
actual  wind  profiles  have  been  measured  in  the 
clear  air  to  a  height  of  about  2  km  [Chadwick  et 
al.,  1976].  Finally,  a  near  vertically  pointing  Doppler 
radar  at  VHF  has  been  shown  to  be  able  to  measure 
winds  in  the  clear  air  to  heights  of  many  kilometers 
[Green  et  al.,  1972]. 

One  approach  to  developing  a  refractive  index 
climatology  is  through  the  classification  of  air 
masses  and  the  mechanisms  of  their  modifications. 
In  developing  any  climatology  it  must  be  recognized 
that  the  deviation  of  any  chosen  parameter  (such 
as  temperature)  from  its  average,  within  any  given 
air  mass,  is  likely  to  be  much  greater  than  the 
variation  of  the  average  from  air  mass  to  air  mass. 
Thus  the  results  of  this  paper  should  only  be 
regarded  as  typical  for  a  given  air  mass  and  large 
variations  are  to  be  expected  depending  on  the 
modification  the  air  mass  has  undergone  and  the 
geographical  location  of  the  air  mass.  In  Figures 
10-12  and  14-16  the  distribution  of  structure  param- 
eter in  the  same  air  mass  at  more  than  one  location 
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is  shown  to  illustrate  its  variability.  For  any  given 
synoptic  situation,  the  air  mass  refractive  index 
structure  must  therefore  be  judiciously  interpreted 
in  terms  of  the  modification  it  has  undergone  and 
the  geographical  location  of  interest.  However,  in 
a  climatological  sense,  the  frequency  of  occurrence 
of  the  various  air  masses  in  a  certain  locality  and 
season  should  provide  a  statistical  base  on  which 
to  judge  the  performance  of  a  particular  radar  or 
optical  system. 

This  paper  includes  a  description  of  an  air  mass 
classification  system,  and  a  discussion  of  air  mass 
modification.  The  radio  refractive  index  is  then 
analyzed  and  its  dependence  on  the  meteorological 
variables  summarized.  Special  emphasis  is  placed 
on  the  relationship  of  refractive  index  variance  to 
the  variance  of  meteorological  properties.  Height 
profiles  of  the  ratio  of  the  radio  refractive  index 
structure  constant  to  the  temperature  structure 
constant  are  calculated.  This  ratio  is  believed  to 
be  important  because  many  more  measurements 
of  optical  refractive  index  structure  constant  (which 
depends  only  on  temperature)  have  been  made  than 
of  radio  refractive  index.  In  fact,  a  tentative  model 
of  the  height  variation  of  optical  refractive  index 
structure  has  been  proposed  by  Hufnagel  [1974]. 

This  report  attempts  to  "calibrate"  the  radio 
refractive  index  structure  constant  using  the  Hufna- 
gel optical  model  and  thus  to  deduce  absolute 
quantities  from  what  would  otherwise  be  only  a 
relative  comparison  between  air  mass  types.  Finally, 
the  deduced  height  distributions  of  refractive  index 
structure  constant  are  compared  with  the  very 
limited  amount  of  observational  data  that  exist — 
data  collected  by  the  powerful  Millstone  Hill  L-band 
radar  of  Lincoln  Laboratory  described  by  Crane 
[1970]. 

AIR  MASS  CLASSIFICATION 

An  air  mass  is  an  extensive  portion  of  the  earth's 
atmosphere  with  meteorological  properties  which 
approximate  horizontal  homogeneity.  Thus  the  re- 
fractive index  within  an  air  mass  is  also  approxi- 
mately horizontally  homogeneous. 

One  classification  of  air  masses  divides  them  into 
two  basic  types  according  to  latitude  in  the  northern 
hemisphere.  Those  originating  in  sources  north  of 
approximately  40°  lat  are  designated  "arctic"  (A) 
or  "polar"  (P),  depending  on  their  temperature, 
and  those  originating  south  of  40°  lat  are  called 


"tropical"  (T).  Source  regions  are  classified  as 
"primary"  or  "secondary."  A  primary  source  re- 
gion is  an  extensive  area  favorable  to  air  stagnation 
for  appreciable  periods  of  time.  A  secondary  source 
region  is  one  in  which  stagnation  does  not  occur, 
but  in  which  the  air  trajectories  are  so  long  that 
the  air  mass  takes  on  characteristics  associated  with 
the  underlying  surface. 

The  air  mass  types,  arctic,  polar,  and  tropical, 
are  further  subdivided  according  to  the  nature  of 
the  surface  in  the  source  region.  Air  masses  origi- 
nating over  snow,  ice,  or  land  surfaces  are  called 
continental,  while  those  originating  over  the  sea 
are  called  maritime.  Continental  air  masses  are 
designated  by  a  lower  case  letter  c  preceding  the 
capital  A,  P,  or  T  designations  and  a  lower  case 
letter  m  indicates  maritime.  The  average  location 
of  the  various  air  masses  is  shown  for  January 
and  July  in  Figure  1  [from  Chromov,  1937]. 

In  addition  to  the  air  masses  described  above, 
a  third  classification  called  "Superior"  is  often 
used.  This  describes  a  mass  of  air  formed  at  high 
levels  in  the  atmosphere.  However,  this  air  mass 
may,  on  occasion,  descend  to  the  surface  of  the 
earth.  In  midwestern  United  States  this  most  com- 
monly occurs  during  sustained  subsidence  in  a 
southward  moving  cP  air  mass.  Superior  air  usually 
has  a  large  lapse  rate;  in  addition,  it  is  low  in 
humidity,  so  such  air  masses  tend  to  be  compara- 
tively subrefractive  except  at  night  when  clear  skies 
may  lead  to  a  surface-based  inversion  due  to  strong 
radiational  cooling  at  the  ground.  In  this  paper  the 
temperature  and  humidity  profiles  published  by 
Showalter  [1939]  were  used. 

Further  subclassifications  are  often  used.  Proba- 
bly the  most  common  indicates  the  temperature 
of  the  air  mass  relative  to  the  surface  over  which 
it  is  passing.  If  the  air  mass  is  warmer  than  the 
surface,  a  lower  case  letter  w  follows  the  capital 
P  or  M,  and  if  it  is  colder  it  is  so  designated  with 
a  lower  case  letter  k.  Air  masses  with  the  k  designa- 
tion are  thermally  unstable,  gusty,  and  turbulent 
with  cumuliform  clouds  and  showers.  Those  with 
the  w  designation  are  stable  with  steady  winds, 
stratiform  clouds,  and  drizzle.  The  k  and  w  designa- 
tions are  an  effort  to  extend  air  mass  classification 
to  include  modification  processes  and  will  not  be 
used  in  this  paper.  We  prefer  to  treat  the  "typical" 
air  mass  separate  from  its  modification,  because 
modification  of  the  boundary  layer  can  often  be 
dealt  with  using  analytical  and  numerical  methods, 
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Fig.  1.  Mean  global  air  mass  distribution  for  summer  (top)  and  for  winter  (bottom)  [from  Chromov,  1937]. 

and  because  assumptions  about  independence  of  corresponding  stability  or  instability  within  their 
properties  can  legitimately  be  made  in  the  deep  boundary  layer  causing  either  stratified  or  convec- 
air  mass  which  may  not  apply  to  its  boundary  layer  tive  conditions  to  prevail.  In  this  paper  we  consider 
undergoing  modification.  Thus  air  mass  types  other  the  "typical"  air  mass  in  more  or  less  neutral 
than  Superior  may  at  one  time  or  another  be  either  equilibrium  with  the  underlying  surface.  The  sec- 
warmer  or  colder  than  their  underlying  surface  with  ondary  source  regions  are  really  regions  in  which 
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the  modification  process  has  proceeded  essentially 
to  completion  forming  a  new  air  mass  that  can  again 
be  treated  as  "typical." 


AIR  MASS  MODIFICATION 

Air  mass  modification  occurs  primarily  due  to 
two  classes  of  processes:  (a)  transfer  processes  that 
take  place  at  the  air-earth  boundary,  (b)  dynamical 
processes  that  cause  convergence  and  divergence 
within  the  air  mass. 

The  first  class  of  processes  includes  transfer  of 
heat,  moisture,  or  momentum  between  the  atmo- 
sphere and  the  earth's  surface.  Transfer  processes 
are  especially  active  when  a  dry  continental  or  arctic 
air  mass  moves  out  over  a  relatively  warm  sea 
surface.  However,  significant  modification  of  the 
surface  layers  also  occurs  when  air  moves  over 
a  relatively  cooler  surface.  An  example  of  the 
modification  of  the  refractive  structure  in  the  lower 
layers  as  air  moves  southward  from  its  source  region 
in  central  Canada  is  shown  in  Figure  2.  Refractive 
index  can  also  be  modified  by  transfer  processes 
that  result  from  radiational  heating  or  cooling. 
Temporal  changes  in  structure  then  occur  that  are 
somewhat  analogous  to  spatial  changes  that  result 
from  transport  over  a  different  surface.  Diurnal 
radiational  cooling  of  the  earth-air  interface  is  an 


important  example  of  this  kind  of  modification.  In 
the  calculation  of  mean  refractive  index  structure 
and  refractive  variance  for  air  masses,  it  must  be 
remembered  that  an  important  diurnal  variation  in 
the  lower  layers  should  in  fact  be  superimposed 
on  the  means.  Temporal  changes  can  also  occur 
over  a  much  longer  time  span  due  to  radiational 
cooling  when  a  winter  air  mass  stagnates  for  a 
considerable  length  of  time  in  an  arctic  source 
region.  An  example  is  shown  in  Figure  3  which 
illustrates  the  progressive  cooling  of  the  surface 
layers  of  an  air  mass  at  Fairbanks,  Alaska. 

The  second  class  of  processes  results  in  stretching 
or  subsidence  within  the  air  mass.  If  stretching  due 
to  convergence  takes  place,  the  air  mass  will  tend 
toward  thermal  instability  and  turbulent  mixing,  its 
temperature  lapse  will  approach  the  adiabatic,  and 
the  potential  refractive  index  gradient  will  tend 
toward  zero.  The  refractive  index  variance  will  be 
small  compared  with  that  of  stratified  air  masses 
for  a  given  intensity  of  mechanical  mixing.  Such 
convergence  is  typically  associated  with  a  north- 
ward-moving cyclonic  trajectory. 

Subsidence  within  an  air  mass  can  be  the  result 
of  descent  of  the  air  mass  due  to  topography  or 
it  can  result  from  divergence  in  the  lower  levels. 
One  classical  example  of  topographic  subsidence 
occurs  when  air  from  the  high  desert  interior  of 
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Fig.  2.  Modification  of  the  surface  layers  of  an  air  mass  as  it  moves  southward  along  a  trajectory  shown  by  the 
solid  arrows  on  the  map  at  the  right  [adapted  from  Plank,  1952]. 
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Fig.  3.  Modification  of  the  surface  layers  of  an  air  mass  in 

its  source  region  as  radiational  cooling  of  the  underlying  surface 

proceeds. 


the  western  United  States  flows  down  toward  the 
coast  of  southern  California  and  out  over  the  sea. 
A  strong  low-level  inversion  forms,  often  surface 
based,  in  the  air  over  the  coastal  water.  A  very 
strong  refractive  gradient  results  from  the  tempera- 
ture inversion  and  also  from  the  evaporation  of 
moisture  into  the  dry  continental  air. 

A  somewhat  different  kind  of  topographic  subsi- 
dence is  common  on  the  eastern  slope  of  the  Rocky 
Mountains  and  the  adjacent  plains.  This  subsidence 
occurs  when  a  deep,  wide-spread  westerly  circula- 
tion dominates  the  area.  When  enhanced  by  a 
surface-based  radiation  inversion,  it  can  produce 
severe  air  pollution  in  the  Denver  area  as  well  as 
strong  radio  refraction.  An  example  of  the  refractive 
index  distribution  during  this  subsidence  condition 
(without  the  surface  radiation  duct)  is  shown  by 
the  Denver  sounding  in  Figure  4.  In  spite  of  subsi- 
dence, solar  heating  often  creates  a  nearly  adiabatic 
layer  near  the  ground. 

Another  type  of  subsidence  occurs  within  an  air 
mass  due  to  divergence.  This  commonly  occurs  in 
a  southward  moving  air  mass  having  an  anticyclonic 
circulation  pattern  [see,  for  example,  Byers,  1944]. 
The  following  generalizations  can  be  stated: 

1)  Decreasing  vorticity  (increasing  anticyclonic 


circulation)  at  a  given  latitude  leads  to  subsidence 
within  the  air  mass  and  vice  versa. 

2)  In  the  absence  of  lateral  convergence  or  diver- 
gence, increasing  vorticity  results  from  a  northerly 
(equatorward)  flow  in  the  northern  hemisphere  or 
a  southerly  flow  in  the  southern  hemisphere. 

3)  If  vorticity  in  the  air  mass  is  conserved, 
subsidence  (i.e.,  divergence)  occurs  in  a  northerly 
(equatorward)  flow  in  the  northern  hemisphere  or 
a  southerly  flow  in  the  southern  hemisphere. 

An  example  of  the  modification  of  radio  refractive 
index  due  to  air  mass  subsidence  resulting  primarily 
from  (1),  but  also  with  some  contribution  from  (3), 
is  shown  in  Figure  5.  That  is,  it  results  from  a 
southward  flow  pattern  in  which  the  anticyclonic 
circulation  is  increasing.  An  example  of  a  radio 
refractive  index  profile  resulting  primarily  from  (3) 
is  illustrated  by  the  San  Diego  sounding  in  Figure 
4.  This  sounding  is  typical  of  an  mP  air  mass 
originating  in  the  north  Pacific  and  moving  south- 
ward around  the  periphery  of  the  large  subtropical 
high  pressure  system  which  dominates  the  eastern 
Pacific  during  the  period  June  through  October. 
During  this  period,  radio  refraction  can  be  so  strong 
that  television  coverage  can  be  greatly  enhanced 
for  these  transmitters  located  at  elevations  just 
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Fig.  4.  Refractive  index  distribution  resulting  from  two  kinds 
of  subsidence  in  different  climatic  regimes. 
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Fig.  5.  Height  distribution  of  radio  refractive   index   N  in  an  air  mass  which  is  subsiding  as  it  moves   southward 
anticyclonically  along  the  trajectory  shown  by  the  solid  arrows  on  the  map  to  the  right  [adapted  from  Plank,  1952]. 


beneath  the  inversion.  However,  such  coverage 
tends  to  be  quite  sporadic  and  is  characterized  by 
fading. 

The  topography  of  the  western  United  States  can 
modify  mP  air  from  the  Pacific  by  "wringing  it 
out,"  and  creating  what  amounts  to  a  new  air  mass 
aloft  in  the  central  US.  The  moist,  cool  air  from 
the  Pacific  is  lifted  topographically,  causing  con- 
densation and  precipitation  on  the  western  slope 
of  the  Sierra  Nevada  and  Cascade  mountain  ranges. 
It  may  then  pass  inland  across  the  Great  Basin 
where  it  may  stagnate  or  be  carried  to  the  Rocky 
Mountains  where  it  is  again  topographically  lifted 
removing  still  more  moisture  in  the  form  of  precipi- 
tation on  the  western  slope.  It  then  is  warmed 
adiabatically  as  it  descends  the  eastern  slope  form- 
ing a  dry,  relatively  warm  mass  of  one  kind  of 
superior  air  often  found  overlying  cP  or  cA  air 
in  the  midwest.  The  equivalent  potential  tempera- 
ture distribution  in  the  original  mP  air  can  be  used 
to  estimate  the  refractive  index  distribution  in  the 
air  mass  that  results  after  the  topographic  modifica- 
tion. 


RADIO  REFRACTIVE  INDEX  AT  MICROWAVE 
FREQUENCIES 

The  refraction  of  radio  waves  in  the  non-ionized 
atmosphere  depends  on  both  nonpolar  and  polar 
gaseous  constituents.  However,  for  comparable 
concentrations,  the  effect  of  the  polar  constituent, 
i.e.,  water  vapor,  is  much  greater  than  that  of  the 
nonpolar.  The  expression  relating  the  refractive 
index  m  to  the  various  meteorological  measurables 
is: 


(n  -  1)  x  106=  K, 


»d  e  e  Pc 

—  +  K7  —  +  K, +  K.  — - 

T  T  T2  T 


(1) 
where  Kl,  K2,  K3,  and  K4  are  constants,  T  is 
absolute  temperature,  pd  is  partial  pressure  of  the 
dry  air  constituents,  e  is  partial  pressure  of  water 
vapor  and  pc  is  partial  pressure  of  carbon  dioxide. 
The  first  and  fourth  terms  represent  the  effects 
of  nonpolar  constituents  and  the  second  and  third 
represent  the  effects  of  polar  constituents.  A  sum- 
mary of  the  values  of  K  found  by  various  workers 
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has  been  given  by  Bean  and  Dutton  [1966].  Here, 
we  simply  adopt  the  values  of  Smith  and  Weintraub. 
If  we  define  N  =  (n  -  1)  x  106,  this  gives 


N  =  77.6  —  +  72  —  +  3.75  x  105 

T  T  T2 


(2) 


where  pd  and  e  are  in  millibars.  Because  total 
pressure  p  is  the  easy  quantity  to  measure,  substitute 
pd  =  p  -  e  and  (2)  becomes 

N  =  77.6  —  -  5.6  —  +  3.75  x  105  — 
T  T  T2 

Therefore,  for  T  =  300, 

N  =  77.6  p/T  +  (e/T*)(3.75  x  105  -  5.6T)  -  77.6  p/T 
+  3.73  x  \05  e/T2  (3) 

which  is  commonly  written  in  the  form 

N  =  (77.6/ T)  [p  +  (4810  e/T)]  (4) 

REFRACTIVE  INDEX  VARIANCE 

In  problems  dealing  with  scatter  and  backscatter 
of  radio  waves  from  the  clear  air  it  is  important 
to  know  how  perturbations  of  the  meteorological 
quantities  e,  p,  and  T  affect  perturbations  of  N. 
At  a  fixed  height  in  the  atmosphere,  perturbations 
of  T,  e,  and  p  are  essentially  independent,  so 


dN=  (3N/dT)dT  +  (dN/de)de  +  (dN/dp)dp 


(5) 


Rigorously,  potential  temperature,  potential  vapor 
pressure,  and  potential  refractive  index  should  be 
used  here,  but  the  relationship  is  to  be  applied  at 
a  constant  pressure  level  (i.e.,  constant  height)  so 
no  distinction  need  be  made.  Then  from  (4), 

dN/dT=  -77.6  p/T2  -  7.46  x  105e/T3  =  -a 
dN/de=  (3.73  x  105)/T2  =  b 

dN/dp  =  77.6/  T~  c 
which  define  the  quantities  a,  b,  and  c.  Thus, 

N'  =  -aV  +  be'  +  cp' 

where  primed  quantities  denote  deviations  from  the 
mean.  The  variance  of  refractive  index  is  related 
to  the  variance  of  the  meteorological  quantities  by 


W7 


a2   T'2  +  b2!77  +  c2  p'- 


lab  T'e' 


lac  T'p'  +  Ibc  p' e' 


where  the  overbar  denotes  average  (usually 
temporal).  The  possible  importance  of  the  term  in 
T'e',  when  temperature  and  humidity  fluctuations 
are  correlated,  was  pointed  out  and  evaluated  by 
Gossard  [I960]. 

REFRACTIVE  INDEX  STRUCTURE  FUNCTION 

Suppose  the  refractive  index  fluctuations  are 
spatially  statistically  uniform  and  define  N  =  N 
+  N' .  The  structure  function  DN(l)  is  then  defined 
as 


DN(l)=  [N'(r)-  N'(r+  I)]2 


=  2  N'7(r)  [1  -  N'(r)  N'(r+  /)/  N'2(r)  ] 


(7) 


where  we  recognize  the  last  term  inside  the  brackets 
as  just  the  spatial  autocorrelation  function,  say 
pN(/).  Then  similarly, 


DT(/)=    [T'(r)-  T(r+  I)]2   =  2T2(r)  [1  -  pT(/)] 
DM)=   [e'(r)-e'(r+  I)]2  =   le'2(r)  [1  -pe(/)] 


Dp(')  =  ip'(r)  -  P'(r+  I)]2  =   2p'2(r)  [1  -pp(/)] 

For  convenience  we  redesignate  N'(r)  =  JV, ,  N'(r 
+  /)  =  N2,  etc.  Then  from  (7), 


DN(/)=  N2  +  N2-l  N,N2 


(8) 


From  our  assumptions  of  statistical  uniformity  and 
(6), 


N-; 


N2 


a2   T2  +  b2  e'2  +  c2  p'2  -lab  T'e' 


-  1  ac  T'  p'  +  1  be  p'  e' 


Also,  assuming  T,  T2   =   T2Tt  ,  etc., 


N{N2  =  a2  T,T2  +  b2  exe2  +  c2  plp2-l  ab  T,  e2 


-  1  ac  T,p2  +  1  cb  ex  p2 

Recalling  that  DT(l),  De(l),  Dp(/)  are  of  the  same 
form  as  (8),  e.g., 


DT(l)  =  T]  +  T\  -  1  T,T2 
we  see  that 

DN(/)  =  a2  DT(l)  +  b2  Dt(l)  +  c2  Dp(l) 


lab  [  T(r)  e(r)  -  T(r)  e(r  +  /)  ]  -  lac  [  T(r)  p(r) 


(6) 
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-  T(r)  p(r  +  l)]+lbc[  e(r)  p(r)   -  e(r)  p(r  +  I)  ] 
Therefore: 
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TABLE  1.     Continental  polar-winter. 


Ht(m) 

a 

b 

c 

a2 

b2 

«■-' 

lab 

lac 

Ibc 

Oklahoma  City 

0 

1.09 

5.19 

0.29 

1.19 

26.9 

0.08 

11.3 

0.63 

3.00 

500 

1.02 

5.17 

0.29 

1.05 

26.7 

0.08 

10.6 

0.59 

2.98 

1000 

0.96 

5.15 

0.29 

0.92 

26.5 

0.08 

9.88 

0.55 

2.97 

1500 

0.90 

5.19 

0.29 

0.81 

26.9 

0.08 

9.37 

0.52 

3.00 

2000 

0.84 

5.15 

0.29 

0.71 

26.5 

0.08 

8.70 

0.49 

2.97 

DN(l)  =  a2  DT(l)  +  b2  De(l)  +  c2  Dp(l)  -  lab  DTe(l) 


-  lac  DTp(l)  +  2cb  Dep(l) 
where 


DN(/)  =  2N7T[1  -pN(/)] 
Dr(/)  =  2T7T[1  -pT(/)] 
De(/)  =  2¥7T[1  -p,(/)] 
Dp(l)  =  lVT[\  -pp(/)] 


(9) 


DT,(/)  =  2  T'e'  [1  -pTe(0] 

DTp(/)  =  2  Ty  [1  -pTp(/)] 


Dep(/)  =  2  e'p'  [1  -Pep(0] 

and  the  p's  are  the  spatial  auto-  and  cross-correlation 
functions.  They  are,  of  course,  normalized,  so  the 
variance  and  covariance  appear  as  factors  outside 
the  brackets. 

Within  the  inertial  subrange  we  can  express  the 
structure  function  D(/)  in  terms  of  the  structure 
constant  C2,  e.g., 


=  C2  l2/i 


DNU) 
So,  for  any  given  /, 

C2N  =  a2C\+  b2C]  +  c2C2  -  labC\e~  lac  C2 


Tp 


+  Ibc  C2 

ep 


It  is  reasonable  to  suppose  that  the  quantity  in 
brackets,  in  the  expressions  for  D,  is  very  nearly 
the  same  for  all  D,  so  all  D  (or  C2)  can  be  expressed 
in  terms  of  one  (say  C\)  by  simply  multiplying 
by  the  ratio  of  their  variances  or  covariances,  and 
the  ratios  of  the  factors  a2,  b2 ,  c2 ,  ab,  ac,  cb 
multiplying  the  appropriate  terms.  The  values  of 
the  coefficients  in  (9)  and  (10),  for  a  variety  of 
air  masses  and  locations,  are  shown  in  Tables  1 
through  8. 

The  pressure  fluctuations  are  typically  more  than 
an  order  of  magnitude  smaller  than  the  water  vapor 
or  temperature  fluctuations,  and  c2  and  products 
of  c  with  a  and  b  are  typically  orders  of  magnitude 
less  than  a2 ,  b2 ,  or  ab.  Consequently,  the  important 
terms  are 


C2 


a2C2T+  b2C] 


lab  C\e 


11) 


where 


C]  =  (e'2/  T2)C\ 


(10) 


C2Te  =  (T'e'  I  T2  )C2T 

If  we  presume  it  is  possible  to  acquire  information 
about  the  height  distribution  of  C2T  in  a  variety 
of  air  masses,  a  convenient  form  of  (11)  is 

C2N/C\^a2  +  b2C2JC\-labC\jC\ 
or 


TABLE  2.     Maritime  polar-winter. 


Ht(m) 

a 

b 

c 

a2 

b2 

c2 

lab 

lac 

Ibc 

Seattle 

0 

1.27 

4.76 

0.28 

1.62 

22.6 

0.08 

12.1 

0.71 

2.63 

500 

1.22 

4.84 

0.28 

1.49 

23.5 

0.08 

11.8 

0.68 

2.71 

1000 

1.13 

4.93 

0.28 

1.28 

24.3 

0.08 

11.2 

0.64 

2.78 

1500 

1.06 

5.05 

0.28 

1.13 

25.5 

0.08 

10.7 

0.61 

2.88 

2000 

1.00 

5.15 

0.29 

1.00 

26.6 

0.08 

10.3 

0.58 

2.97 

2500 

0.29 

2.01 

-0.18 

0.08 

4.03 

0.03 

1.16 

-0.10 

0.72 

3000 

0.86 

5.42 

0.30 

0.75 

29.4 

0.09 

9.43 

0.51 

3.21 

4000 

0.77 

5.73 

0.30 

0.60 

32.8 

0.09 

8.87 

0.47 

3.48 

5000 

0.70 

6.13 

0.31 

0.49 

37.6 

0.10 

8.61 

0.44 

3.86 
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TABLE  3.     Maritime  tropical-winter. 


Ht(m) 

a 

b 

c 

a2 

b2 

c2 

lab 

lac 

Ibc 

i 

Zanal  Zone 

0 

1.64 

4.21 

0.26 

2.69 

17.7 

0.07 

13.8 

0.85 

2.19 

500 

1.56 

4.28 

0.26 

2.44 

18.4 

0.07 

13.4 

0.82 

2.25 

1000 

1.41 

4.37 

0.27 

1.98 

19.1 

0.07 

12.3 

0.75 

2.32 

1500 

1.26 

4.46 

0.27 

1.60 

19.9 

0.07 

11.3 

0.68 

2.39 

2000 

1.12 

4.52 

0.27 

1.25 

20.4 

0.07 

10.1 

0.60 

2.44 

2500 

0.99 

4.59 

0.27 

0.99 

21.0 

0.07 

9.11 

0.54 

2.49 

3000 

0.89 

4.66 

0.27 

0.79 

21.7 

0.07 

8.30 

0.48 

2.56 

4000 

0.76 

4.81 

0.28 

0.58 

23.1 

0.08 

7.33 

0.42 

2.67 

5000 

0.61 

4.99 

0.28 

0.37 

24.9 
Pensacola 

0.08 

6.12 

0.35 

2.82 

0 

1.54 

4.36 

0.26 

2.37 

19.0 

0.07 

13.4 

0.82 

2.31 

500 

1.42 

4.40 

0.29 

2.02 

19.4 

0.07 

12.5 

0.76 

2.35 

1000 

1.32 

4.50 

0.27 

1.74 

20.2 

0.07 

11.9 

0.71 

2.43 

1500 

1.16 

4.60 

0.27 

1.35 

21.2 

0.07 

10.7 

0.63 

2.51 

2000 

1.09 

4.69 

0.27 

1.19 

22.0 

0.08 

10.2 

0.60 

2.58 

2500 

1.01 

4.81 

0.28 

1.01 

23.1 

0.08 

9.69 

0.56 

2.68 

3000 

0.92 

4.91 

0.28 

0.85 

24.1 

0.08 

9.04 

0.52 

2.77 

4000 

0.76 

4.91 

0.28 

0.58 

24.1 

0.08 

7.46 

0.43 

2.77 

5000 

0.68 

5.37 

0.29 

0.47 

28.9 

0.09 

7.36 

0.40 

3.16 

C2N/C\  =  a2  +  b2  e'2/  T'2  -  lab  e'  T"  /  T'2  (12)      quantities  and  the  mean  profile  is  to  adopt  the  mixing 

length  concept.  A  more  rigorous  approach  would 
To  proceed  further  with  the  analysis  of   C2N,      be  through  the  relationship  of  the  vertical  flux  of 
having  only  mean  profile  data  from  many  air  masses.       temperature,  moisture,  and  momentum  to  the  eddy 
requires  additional  assumptions.   One   method  of       diffusion  coefficients  and  profile  gradients.  How- 
deriving  the  relationship  between  the  perturbation       ever,  both  derivations  lead  to  the  same  result  and 

TABLE  4.     Superior  air-winter. 


Ht(m) 

a 

b 

c 

a2 

b2 

c2 

lab 

lac 

Ibc 

Oklahoma  City 

0 

1.06 

4.76 

0.28 

1.12 

22.7 

0.08 

10.1 

0.59 

2.64 

500 

0.99 

4.66 

0.27 

0.97 

21.7 

0.07 

9.20 

0.54 

2.56 

1000 

0.92 

4.59 

0.27 

0.85 

21.1 

0.07 

8.45 

0.50 

2.50 

1500 

0.86 

4.61 

0.27 

0.73 

21.3 

0.07 

7.91 

0.47 

2.52 

2000 

0.80 

4.73 

0.28 

0.64 

22.4 

0.08 

7.56 

0.44 

2.61 

2500 

0.75 

4.86 

0.28 

0.57 

23.6 

0.08 

7.31 

0.42 

2.72 

3000 

0.69 

4.89 

0.28 

0.48 

24.0 

0.08 

6.77 

0.39 

2.75 

4000 

0.63 

5.25 

0.29 

0.39 

27.6 

0.08 

6.59 

0.36 

3.06 

5000 

0.56 

5.54 

0.30 

0.32 

30.7 
Pensacola 

0.09 

6.26 

0.34 

3.32 

0 

500 

1.15 

4.51 

0.27 

1.33 

20.3 

0.07 

10.4 

0.62 

2.43 

1000 

1.06 

4.71 

0.27 

1.12 

21.7 

0.07 

9.8 

0.58 

2.55 

1500 

0.95 

4.74 

0.28 

0.91 

22.5 

0.08 

9.06 

0.53 

2.63 

2000 

0.89 

4.79 

0.28 

0.79 

23.0 

0.08 

8.53 

0.49 

2.67 

2500  0.83  4.86  0.28  0.70  23.6  0.08  8.16  0.47  2.72 

3000  0.79  4.96  0.28  0.63  24.6  0.08  7.85  0.45  2.81 

4000  0.71  5.15  0.29  0.50  26.6  0.08  7.29  0.41  2.97 

5000  0.63  5.40  0.29  0.40  29.2  0.08  6.83  0.37  3.19 
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TABLE  5.     Continental  polar-summer. 


Ht(m) 

a 

b 

c 

a2 

b2 

c2 

lab 

lac 

Ibc 

Omaha 

0 

1.22 

4.42 

0.27 

1.48 

19.5 

0.07 

10.8 

0.65 

2.36 

500 

1.25 

4.35 

0.27 

1.57 

18.9 

0.07 

10.9 

0.66 

2.31 

1000 

1.14 

4.42 

0.27 

1.29 

19.5 

0.07 

10.0 

0.61 

2.36 

1500 

1.06 

4.51 

0.27 

1.11 

20.3 

0.07 

9.53 

0.57 

2.43 

2000 

0.98 

4.59 

0.27 

0.96 

21.1 

0.07 

9.04 

0.54 

2.50 

2500 

0.91 

4.67 

0.27 

0.83 

21.8 

0.07 

8.52 

0.50 

2.57 

3000 
4000 

0.89 

4.70 

0.28 

0.79 

22.1 

0.08 

8.34 

0.49 

2.59 

5000 

— 

— 

— 

— 

— 

— 

— 

— 

— 

the  mixing  length  approach  contains  more  intuitive 
insight  and  requires  less  background  in  turbulence 
theory.  It  assumes  that 


■  p ' 


=  Ld(ep,8)/d; 


where  L  is  a  mechanical  mixing  length,  analogous 
to  the  molecular  mean  free  path  in  Brownian  diffu- 
sion, and  ep  and  6  are  the  potential  vapor  pressure 
and  potential  temperature,  respectively.  They  are 
the  values  of  e  and  T  that  a  parcel  of  air  would 
have  if  it  were  taken  adiabatically  to  some  reference 
pressure  without  change  of  state.  The  reference 
pressure  is  usually  1000  mb,  so  6  =  T(1000/p)°  286 
and  ep  —  e(\000/p).  To  illustrate,  suppose  the  line 
segment  in  Figure  6  represents  a  portion  of  the 


height  profile  of  potential  temperature.  If  an  air 
parcel.  A,  with  potential  temperature  02  is  mixed 
downward  a  distance  L,  it  will  cause  a  perturbation 
of  0  at  that  level  equal  to  L  d0/d;.  In  like  manner, 
if  an  air  parcel,  B,  with  potential  temperature  0, 
is  mixed  upward  it  will  cause  a  similar  perturbation 
in  0  at  its  new  level.  The  same  arguments  apply 
to  ep;  so,  if  the  same  mechanical  mixing  length 
applies  to  0  and  e  , 


1000 


e  ' 


T- 


and 


(dep/d:)2 
(de/de)2 


ao: 


(13) 


TABLE  6.     Maritime  polar-summer. 


Ht(m) 

a 

b 

c 

a2 

b2 

c2 

lab 

lac 

Ibc 

Spokane 

0 
500 
1000 

1.18 

4.48 

0.27 

1.40 

20.0 

0.07 

10.6 

0.63 

2.41 

1.05 

4.35 

0.27 

1.09 

18.9 

0.07 

9.11 

0.55 

2.31 

1500 

0.94 

4.35 

0.27 

0.89 

18.9 

0.07 

8.22 

0.50 

2.31 

2000 

0.88 

4.54 

0.27 

0.78 

20.7 

0.07 

8.03 

0.48 

2.46 

2500 

0.83 

4.68 

0.28 

0.69 

21.9 

0.08 

7.80 

0.46 

2.57 

3000 

0.78 

4.79 

0.28 

0.60 

22.9 

0.08 

7.44 

0.43 

2.67 

4000 

0.68 

5.15 

0.29 

0.46 

26.5 

0.08 

7.04 

0.39 

2.97 

5000 

0.58 

5.29 

0.29 

0.34 

28.0 
Omaha 

0.08 

6.14 

0.34 

3.09 

0 

1.32 

4.26 

0.26 

1.74 

18.0 

0.07 

11.2 

0.69 

2.22 

500 

1.19 

4.23 

0.26 

1.41 

17.9 

0.07 

10.1 

0.62 

2.21 

1000 

0.98 

4.26 

0.26 

0.96 

18.1 

0.07 

8.38 

0.52 

2.23 

1500 

0.87 

4.41 

0.27 

0.76 

19.5 

0.07 

7.72 

0.46 

2.36 

2000 

0.80 

4.52 

0.27 

0.64 

20.4 

0.07 

7.25 

0.43 

2.44 

2500 

0.83 

4.72 

0.28 

0.68 

22.3 

0.08 

7.81 

0.46 

2.61 

3000 

0.77 

4.84 

0.28 

0.58 

23.4 

0.08 

7.41 

0.43 

2.70 

4000 

0.67 

5.05 

0.29 

0.44 

25.5 

0.08 

6.74 

0.38 

2.88 

5000 

0.58 

5.29 

0.29 

0.33 

28.0 

0.08 

6.12 

0.34 

3.09 
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TABLE  7.     Maritime  tropical-summer. 


Ht(m) 


^-, 


lab 


lac 


2bc 


0 

1.65 

4.23 

500 

1.50 

4.22 

1000 

1.35 

4.30 

1500 

1.24 

4.40 

2000 

1.13 

4.49 

2500 

1.04 

4.58 

3000 

0.94 

4.67 

4000 

0.82 

4.88 

5000 

0.69 

5.09 

0 

1.31 

4.21 

500 

1.22 

4.15 

1000 

1.10 

4.13 

1500 

1.00 

4.21 

2000 

0.93 

4.33 

2500 

0.87 

4.45 

3000 

0.81 

4.56 

4000 

0.69 

4.80 

5000 

0.61 

5.09 

0.26 
0.26 
0.26 

0.27 
0.27 
0.27 
0.27 
0.28 
0.29 


0.26 
0.26 
0.26 
0.26 
0.26 
0.26 
0.27 
0.28 
0.29 


Pensacola 

2.70 

17.9 

2.24 

17.8 

1.82 

18.5 

1.54 

19.4 

1.28 

20.2 

1.08 

20.9 

0.88 

21.8 

0.66 

23.8 

0.48 

25.9 

Omaha 

1.71 

17.7 

1.48 

17.3 

1.20 

17.1 

1.01 

17.7 

0.87 

18.7 

0.76 

19.8 

0.66 

20.8 

0.48 

23.0 

0.37 

25.9 

0.07 
0.07 
0.07 
0.07 
0.07 
0.07 
0.07 
0.08 
0.08 


0.07 
0.07 
0.07 
0.07 
0.07 
0.07 
0.07 
0.08 
0.08 


13.9 

0.86 

12.6 

0.78 

11.6 

0.71 

10.9 

0.66 

10.2 

0.61 

9.52 

0.56 

8.79 

0.52 

7.97 

0.46 

7.07 

0.40 

11.0 

0.68 

10.1 

0.63 

9.06 

0.56 

8.46 

0.52 

8.07 

0.49 

7.78 

0.47 

7.41 

0.44 

6.66 

0.38 

6.18 

0.35 

2.21 
2.20 
2.27 
2.35 
2.42 
2.49 
2.56 
2.74 
2.92 


2.20 
2.15 
2.13 
2.19 
2.28 
2.39 
2.47 
2.67 
2.92 


1000 


e'T 


4^ 

e'2 


A6 


(14) 


is  the  correlation  coefficient  of   ep  and 


where  p 

0.  In  the  examples  shown  in  Figures  7  through 
10,  it  was  assumed  that  p  =  0.5.  From  mean  profile 
data  in  various  air  masses,  the  terms  on  the  right- 
hand  side  of  (12)  can  be  estimated  and  thus  an 
estimate  of  C2N/ CyCan  be  obtained. 

If  the  quantities  0  and  ep  are  used  in  (4)  instead 
of  T  and  e,  the  potential  refractive  index  <J>  is 
obtained.  The  quantity  C2N/C\  could  then  have 
been  found  directly  from  the  ratio  (d^/dz)2/ 
(dd/dz).2  However,  the  above  derivation  reveals 


Z  +  L 


Z-L 


Fig.  6.  Schematic  illustration  of  turbulent  mixing  of  air  parcels. 


TABLE  8.     Superior  air-summer. 


Ht(m) 

a 

b 

c 

a2 

b2 

c2 

lab 

2ac 

2bc 

Omaha 

0 

1.17 

4.12 

0.26 

1.39 

16.9 

0.07 

9.67 

0.61 

2.12 

500 

1.12 

4.02 

0.26 

1.25 

16.2 

0.07 

9.01 

0.57 

2.05 

1000 

1.00 

4.06 

0.26 

1.00 

16.3 

0.07 

8.13 

0.51 

2.08 

1500 

0.92 

4.18 

0.26 

0.85 

17.5 

0.07 

7.73 

0.48 

2.17 

2000 

0.82 

4.29 

0.26 

0.67 

18.5 

0.07 

7.04 

0.43 

2.26 

2500 

0.76 

4.40 

0.27 

0.58 

19.4 

0.07 

6.72 

0.41 

2.34 

3000 

0.72 

4.54 

0.27 

0.52 

20.7 

0.07 

6.53 

0.39 

2.46 

4000 

— 

4.80 

0.28 

— 

23.0 

0.08 

— 

— 

2.67 

5000 

0.54 

5.08 

0.29 

0.30 

25.8 

0.08 

— 

— 

2.90 
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Fig.  7.  Ratios  of  the  structure  constant  of  refractive  index  and 
humidity  to  the  structure  constant  of  temperature  for  various 
North  American  air  masses  at  the  season  and  location  indicated. 


the  way  it  depends  on  the  meteorological  makeup 
of  the  air  mass  and  therefore  contains  more  in- 
formation useful  in  judging  how  air  mass  modifica- 
tion is  likely  to  change  the  refractive  index  structure. 
With  additional  assumptions  C2Ncan  be  estimated, 
rather  than  just  its  relation  to  C\.  For  convenience 
the  following  discussion  will  use  C\  instead  of  C2N. 
Potential  refractive  index  can  be  considered  to 
diffuse  like  a  passive  property,  so 


C2 


a  e 


•1/3 


(15) 


within  the  inertial  subrange  of  turbulence  [Corrsin, 
1951].  Here  e  is  the  turbulent  kinetic  energy  dis- 
sipation rate  and  e^  is  the  rate  of  destruction  of 
variance  of  the  fluctuations  in  4>  (actually  1/2 
variance). 

For  a  fairly  wide  range  of  atmospheric  conditions, 
the  rate  of  dissipation  of  variance  is  approximately 
balanced  by  the  rate  of  variance  generation  by 


mixing  in  the  mean  gradient  of  the  quantity  (in 
this  case  (J>).  Then 


**,  -  -<!>'  w>  d<t>/<3; 


(16) 


where  w'  is  the  perturbation  of  vertical  velocity. 
This  statement  ignores  some  terms  representing 
vertical  divergence  of  flux,  but  such  divergence 
is  usually  associated  with  modification  processes 
such  as  those  due  to  spatial  transitions  at  the  lower 
boundary  or  diurnal  fluctuations.  However,  in  this 
paper  it  is  suggested  that  the  various  types  of 
modification  that  air  masses  undergo  be  treated  as 
deviations  from  the  "typical"  structure  above  the 
planetary  boundary  layer. 
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Fig.  8.  See  caption  for  Figure  7. 
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Noting  that  <}>'  w'  is  the  vertical  flux  of  4>,  the 
eddy  diffusion  coefficient  is  defined  by 


-<t>'  w'  =  K^dfy/dz 
Inserting  (16)  and  (17)  into  (15), 

Cl  =  ae-l/>KAd4>/dz)2 


(17) 


(18) 


Most  experiments  find  the  diffusion  coefficients 
of  passive  quantities  such  as  cj>  to  be  similar  to 


that  for  momentum  so  that  K. 


K,  where  K  is 


the  mechanical  eddy  viscosity.  Therefore  the  factor 
K,  which  multiplies  (dfy/dz)2,  represents  the 


1/3 


effect  of  mechanical  turbulence.  Note  that  e  appears 
to  a  very  small  power  while  dcj>/dz  is  squared. 


r  2      r    2 
<-€       we 


Ct2      Ct2 

-2        -I         0 


2 


Ht(m) 


i         i         |         i         r 

Maritime  Polar -Summer 

SPOKANE 


\ 


> 


-40       -20 


20        40 


Ht  (m) 
3000 


Maritime  Polar -Winter 
SEATTLE 


Ct2 


1 I L 


J L 


20 


-2 


Ct2 
-I 


We 
Ct2 
0 


I 


2 


Ht  m] 


i         I         i         r 
Superior  Air- Summer 
OMAHA 


Htm 


Fig.  9.   See  caption  for  Figure  7. 


Ct2 


Fig.  10.  See  caption  for  Figure  7. 

Furthermore,  there  seems  to  be  little  reason  to 
expect  e  " ' /3  K  to  be  systematically  related  to  height, 
to  height  gradient  of  cf>,  or  to  air  mass,  except  in 
frontal  zones  between  air  masses  and  in  the  plane- 
tary boundary  layer  where  air  mass  modification 
processes  are  at  work;  there  the  e  l/3  K  factor 
may  be  closely  related  to  d$/dz  as  when  an  air 
mass  moves  over  a  warmer  or  colder  surface  pro- 
ducing intense  or  weak  mechanical  mixing  in  the 
lower  layers.  However,  we  have  chosen  to  treat 
such  modification  as  anomalies  producing  devia- 
tions about  the  "typical' '  air  mass.  Such  modifica- 
tion of  atmospheric  boundary  layers  can  be  treated 
more  or  less  independently  using  available  analytical 
and  numerical  techniques. 
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Ife"l/3  K  varies  little,  or  if  it  is  not  systematically 
related  to  height,  height  gradient  of  4>,  or  to  air 
mass,  the  distribution  of  C^  (or  C2N)  in  the  various 
air  masses  can  be  determined  except  for  a  common, 
unknown  factor.  A  model  proposed  by  Hufnagel 
for  optical  C2n  is  then  used  to  estimate  the  unknown 
factor. 


DISCUSSION 

Figures  7  through  10  show  the  height  distribution 
of  the  ratios  C2JC\,  C\J C\  and  C2„/C2T  for 
a  variety  of  air  masses  and  locations.  These  quanti- 
ties are  calculated  from  (12),  (13),  and  (14).  The 
assumption  on  which  these  plots  are  based  is  rela- 
tively defensible,  requiring  only  that  the  quantities 
ep,  8,  and  (j>  be  mixed  by  turbulence  in  the  same 
way;  it  is  generally  assumed  that  the  eddy  coeffi- 
cients of  the  various  conserved  quantities  are  ap- 
proximately the  same.  Because  we  deal  with  ratios, 
we  need  assume  nothing  about  the  intensity  of 
mechanical  turbulence. 

One  incentive  for  these  plots  is  the  belief  that 
more  measurements  exist  for  C\  (or  the  C2n  for 
optical  refractive  index)  than  exist  for  the  C2N  of 
radio  refractive  index.  Therefore,  these  plots  permit 
one  to  make  use  of  measurements  made  for  optical 
systems  to  infer  the  scattering  and  scintillation 
characteristics  of  the  atmosphere  for  radio  waves. 
They  also  reveal  the  relative  roles  played  by  tem- 
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Fig.  12.  Distribution  of  optical  refractive  index  structure  con- 
stant in  maritime  air  masses  at  the  locations  shown.  The  winter 
and  summer  seasons  are  indicated  by  the  small  5  and  w  following 
the  air  mass  type.  C2  is  in  m"2/3.  Hufnagel  model  included 
for  comparison. 

perature,  moisture,  and  their  correlation  within  the 
various  air  masses. 

Figures  11,  12,  and  13  show  the  distribution  of 
C\  with  height  in  various  air  masses,  where  C\ 
is  the  structure  constant  for  optical  wavelengths. 
To  make  these  calculations  from  mean  temperature 
profile  information,  it  was  necessary  to  assume  that 
the  temperature  variance  caused  by  vertical  mixing 
was  proportional  to  the  square  of  the  height  gradient 
of  potential  temperature.  The  validity  of  this  as- 
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Fig.  11.  Distribution  of  optical  refractive  index  structure  con-  Fig.  13.  Distribution  of  optical  refractive  index  structure  con- 
stant in  continental  air  masses  at  the  locations  shown.  The  winter  stant  in  superior  air  masses  at  the  locations  shown.  The  winter 
and  summer  seasons  are  indicated  by  the  small  s  and  w  following  and  summer  seasons  are  indicated  by  the  small  s  and  w  following 
the  air  mass  type.  C\  is  in  m~2/i.  the  air  mass  type.  C\  is  in  m~2/3. 
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sumption  requires  that  e  l/3  K  bear  no  systematic 
relationship  to  air  mass  type  or  height  within  the 
air  mass.  After  calculating  profiles  of  (A0/Az)2 
for  the  various  air  masses,  the  plots  were  "calibrat- 
ed" in  terms  of  C2  by  assuming  the  Hufnagel  model 
to  represent  a  median  profile  for  the  various  air 
masses.  Hufnagel's  model  is  shown  superimposed 
on  Figure  12.  It  is  evident  that  the  scatter  of  the 
air  mass  profiles  about  the  Hufnagel  profile  is  very 
large.  However,  measured  profiles  deduced  from 
optical  scintillation  of  stars  show  great  scatter 
also,  as  seen  in  Figure  13,  from  Ochs  et  al.  [1976]. 
In  the  calculated  profiles  C2  occasionally  drops 
to  very  low  values.  This  occurs  in  height  regions 
where  the  temperature  gradient  is  very  nearly  the 
adiabatic  lapse  rate.  There  is  some  evidence  of  such 
deep  troughs  in  the  data  of  Ochs  et  al.  even  though 
the  measurement  technique  had  poor  height  resolu- 
tion and  must  have  smoothed  the  true  profiles 
appreciably.  These  data  were  acquired  in  just  one 
location  (Boulder,  Colorado)  on  only  a  few  days. 

Profiles  of  the  radio  refractive  index  structure 
constant,  CN,  can  be  calculated  from  the  relation 
C2N  =  [(d4>/dz)/(d6/dz)]2  C2  with  no  additional 
assumptions.  These  profiles  are  shown  in  Figures 
14,  15,  16,  and  17  and  are  labeled  C2N  to  distinguish 
them  from  the  optical  refractive  index  structure 
constant  labeled  C2;  however,  C^  has  not  had  the 
factor  10  6  removed  from  the  refractive  index  as 
has  N  in  (2)  and  so  differs  from  the  structure 
constant  of  N  by  the  factor  10  I2.  There  are  several 
points  worth  noting: 

(a)  The  value  of  radio  C2N  is  not  always  larger 


Fig.  14.  Measured  distribution  of  optical  refractive  index  struc- 
ture constant  compared  with  Hufnagel  model  indicated  by  dashed 
curve  [from  Ochs  et  al.,  1976]. 
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Fig.  15.  The  height  distribution  of  radio  refractive  index  struc- 
ture constant  in  some  continental  air  masses  at  the  locations 
indicated.  The  winter  and  summer  seasons  are  indicated  by 
w  or  s  following  the  air  mass  type.  The  N  subscript  designates 
radio  refractive  index  as  opposed  to  optical  refractive  index. 
However,  the  factor  (10  6)2  is  included  in  this  structure  constant 
in  contrast  to  the  definition  of  N  given  above  (2).   Cjj  is  in 

than  the  optical  C2 .  Note,  for  example,  the  topmost 
value  in  winter  cP  air  at  Oklahoma  City  (see  Figures 
11  and  15).  This  occurs  when  temperature  and 
moisture    fluctuations    are    positively    correlated. 
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Fig.  16.  The  height  distribution  of  radio  refractive  index  struc- 
ture constant  in  some  maritime  air  masses  at  the  locations 
indicated.  The  winter  and  summer  seasons  are  indicated  by 
wors  following  the  air  mass  type.  The  N  subscript  designates 
radio  refractive  index  as  opposed  to  optical  refractive  index. 
However,  the  factor  (10  ~6)2  is  included  in  this  structure  constant 
in  contrast  to  the  definition  of  N  given  above  (2).  C^  is  in 
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Fig.  17.  The  height  distribution  of  radio  refractive  index  struc- 
ture constant  in  some  superior  air  masses  at  the  locations 
indicated.  The  winter  and  summer  seasons  are  indicated  by 
wand  s  following  the  air  mass  type.  The  N subscript  designates 
radio  refractive  index  as  opposed  to  optical  refractive  index. 
However,  the  factor  10~12  is  included  in  this  structure  constant 
in  contrast  to  the  definition  of  N  given  above  (2).   C^  is  in 

Then  the  last  term  in  (12)  can  potentially  subtract 
more  from  C2N  than  is  contributed  by  the  moisture 
(middle  term).  This  occurs  when  moisture  increases 
with  height,  because  potential  temperature  must 
always  increase  with  height  (except  in  rare  super- 
adiabatic  layers)  in  order  that  the  atmosphere  be 
statically  stable. 
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Fig.  18.  Measured  height  distribution  of  radio  refractive  index 
structure  constant  recorded  with  the  Millstone  Hill  radar  de- 
scribed by  Crane  [1970]  at  the  times  indicated  in  December. 
The  circles,  squares,  and  triangles  are  calculated  values  for 
winter  cP,  winter  mP,  and  winter  mT  air  masses. 
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Fig.  19.  Diurnal  distribution  of  C„  measured  at  a  height  of  2 
m  above  the  ground  [from  Clifford  et  a\.,  1974]. 


(b)  The  scatter  of  C2N  is  less  than  that  of  C2n. 
This  is  because  the  temperature  lapse  rate  ap- 
proaches the  adiabatic  more  often  than  the  gradient 
of  potential  refractive  index  approaches  zero  since 
nearly  zero  gradients  of  both  humidity  and  potential 
temperature  are  usually  required  in  the  latter  case. 
Thus  C2„  reaches  very  low  values  more  often  than 
C2 

(c)  There  is  a  dramatic  decrease  in  C2N  above 
2  km  altitude  in  continental  air  masses,  but  in 
maritime  air  masses  C2N  does  not  decrease  with 
height  any  more  rapidly  than  C;  up  to  a  height 
of  5  km. 

The  calculated  values  of  C2N  agree  fairly  well 
with  the  limited  observational  data  available.  For 
example,  Figure  18  shows  profiles  of  C2N  reported 
by  R.  K.  Crane  (personal  communication,  1975). 
These  data  were  collected  by  the  large,  powerful 
Millstone  Hill  L-band  radar  in  December  1967.  A. 
that  time  of  year  one  of  three  air  masses  might 
well  have  been  in  the  area.  Consequently,  points 
representative  of  winter  cP  (circles),  winter  mP 
(squares),  and  winter  mT  (triangles)  air  masses  were 
superimposed  on  Crane's  data.  The  agreement  is 
generally  satisfactory  except  for  the  surface  values. 
This  discrepancy  probably  represents  a  diurnal 
effect,  as  Crane's  observations  were  made  near 
midday  when  surface  heating  and  turbulent  convec- 
tion were  probably  occurring.  Figure  19  taken  from 
Clifford  et  al.  [1974],  shows  the  diurnal  variation 
of  Cn  measured  at  a  height  of  2  m.  Apparently 
more  than  an  order-of-magnitude  enhancement  in 
C2n  is  to  be  expected  around  midday.  Such  an 
enhancement  would  bring  our  calculated  values  into 
good  agreement  with  Crane's  observations. 
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'   REFRACTIVE  INDEX  SPECTRAL  STRUCTURE 

IN  THE  ATMOSPHERIC  BOUNDARY  LAYER 

J.  C.  Wyngaard 
NOAA/CIRES,  Boulder,  Colo.  80302 

1.   Introduction 

One  frequently  needs  only  the  spatial  spectrum  of  refractive  index 

fluctuations  in  order  to  calculate  the  effects  of  turbulence  on  optical 

propagation.   We  will  briefly  discuss  here  the  behavior  of  this  spectrum  at 

inertial  range  and  smaller  scales.   We  use  one-dimensional  spectra,  since 

they  are  the  type  usually  measured.   The  relation  between  the  full  refractive 

index  spectrum  $   and  the  1-D  form  F   is 
n      ™  n 


// 


$  (k)  dK0  dK"„  =  F  (k.)  (1) 

n  —    I        j    n  1 


2.   Inertial  Range 

Inertial  range  structure  is  usually  assumed  to  be  isotropic,  so  the 
structure  function  of  refractive  index  fluctuations  n  depends  on  r  =  |r 


[n(x)  -  n(x  +  r)]2  =  C2  r2/3  (2) 

_      _   _       n 

2 
with  C   the  refractive  index  structure  parameter.   The  1-D  spectrum  is 

n  r  r 

2  -5/3 
F  =  0.25  C  K,  '  (3) 

n         n  1 

under  the  convention 


-  — —     w 

n2  =/  F  (k  )  dK-  (4) 

«^  n  1    1 


2 

0 

For  optical  wavelengths  in  the  atmospheric  boundary  layer  (ABL)  the 
principal  contributors  to  n  are  temperature  and  humidity  fluctuations.  We  have 

n  =  C(8  +  aq)  (5) 

where  9   and  q  are  fluctuations  in  temperature  and  absolute  humidity;   a 
is  a  factor  depending  on,  among  other  things,  the  wavelength  of  the  radia- 
tion; and  the  conversion  constant  C  we  will  ignore  hereafter.   From  (5)  the 
spectra  are  related  by 

F  =  F  +  2a  Co_  +  a2  ?n  (6) 

n    T        Tq       q 

where  Co    is  the  temperature-humidity  cospectrum  [Friehe  etal.,    1975]: 

00 

6q  =  f  Co Tn(K.)  dK.  (7) 

o   q  L  x 
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It  is  well-known  that   F   and  F   have  k      inertlal  ranges; 

Wyngaard  et  at.     [1977]  have  shown  that  Co    does  as  well,  so 

C°Tq  =  °'25  CTq  ^ 

2     -5/3 
FT  =  0.25  C^  K^/J  (8) 

2  -5/3 
F  =  0.25  C  K,  ' 
q         q   1 

The  joint  temperature-humidity  structure  parameter  C    is  not  written  as  a 
squared  quantity  because  it  can  be  either  positive  or  negative. 

A  starting  point  for  describing  the  behavior  of  the  structure  parameters, 
and  hence  the  inertial  range  refractive  index  spectrum,  is  the  set  of  rela- 
tions between  structure  parameters  and  other  turbulence  properties: 


C2  .  46,  e"1/3  e 

q      1        q 


(9) 


Here   8,   is  the  one-dimensional  inertial  range  scalar  spectral  constant, 
which  currently  is  believed  to  be  in  the  range  0.4-0.5  [Champagne  et  at.3 
1977];   e   is  the  dissipation  rate  of  turbulent  kinetic  energy,  and  efl  and 
£   are  the  dissipation  rates  of  0~^  and  q^  .   Wyngaard  et  at.    [1977]  show 
that 

S  "  '\  e"1/3  eeq  (10) 

and  find  Y-i  -  8,  »  nere  En   is  the  destruction  rate  of  Oq  .   They  discuss 
11  t)q 

the  behavior  of  eQ   in  the  convective  ABL. 
0q  

Thus  the  budgets  of  9^  ,   q^  ,  6q  ,  and  turbulent  kinetic  energy  contain 

2    2 
the  information  necessary  for  describing  the  behavior  of  CT  ,  C   ,  and  CT   . 

2  q     2   q 

Recent  data  on  C   are  presented  by  Kaimal  et  at.    [1976].  Data  on  C 

remain  relatively  scarce. 

3.   Spectral  Bumps 

Recent  fine-resolution  temperature  spectral  data  show  a  distinct  "bump" 
at  the  small-scale  end  of  the  inertial  range.   The  bump  seems  real,  and  has 
been  reproduced  by  different  workers  with  different  equipment  [e.g.t 
Williams,  1974;  Champagne  et  at.,    1977]. 
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Hill  [1977]  has  developed  a  model  of  the  scalar  transfer  spectrum  in  a 
turbulent  fluid  of  arbitrary  Prandtl  number   Pr   (the  ratio  of  molecular 
dif f usivities  for  momentum  and  temperature) .   He  finds  that  for  air 
(Pr  =  0.72)   a  bump  appears  in  the  spectrum,  in  agreement  with  data.   This 

bump  can  be  broad  (typically  one  decade  in  the  1-D  spectrum  in  the  ABL)  and 

-5/3 
rises  about  30%  above  an  extension  of  the  K  line.   Since  the  molecular 

dif f usivities  for  water  vapor  and  temperature  are  nearly  the  same,  we  expect 

a  similar  bump  in  the  humidity  spectrum,  the  temperature-humidity  cospectrum 

and  the  refractive  index  spectrum.   Some  of  the  first  calculations  of  the 

effect  of  this  bump  on  optical  propagation  are  presented  by  Hill  and 

Clifford  [1977]. 

U.      Local  Isotropy  and  Spectral  Tails 

The  hypothesis  of  "local  isotropy" — that  the  fine  structure  in  a  turbu- 
lent flow  is  statistically  isotropic — is  one  of  the  cornerstones  of  turbulence 
theory.   Recent  measurements  of  scalar  derivative  statistics  [see  Mestayer 
et  at. j    1976,  for  a  summary]  show  anisotropic   scalar  fine  structure  and  no 
indication  of  an  approach  to  isotropy  with  increasing  Reynolds  number.   Recent 
data  from  LaRue  [personal  communication]  show  that  this  anisotropy  exists  at 
the  highest  measureable  wavenumbers.   This  area  of  research  is  severely 
hampered  by  experimental  difficulties,  and  critical  measurements  are  often 
not  possible  with  present  techniques.   One  obviously  important  but  unanswered 
question  is  the  extent  to  which  level  surfaces  of  the  3-D  temperature  spectrum 
at  large  K     depart  from  the  sphericity  implied  by  local  isotropy. 

A  less  important  but  easier-to-answer  question  involves  the  shape  of  the 
"tail"  on  the  scalar  spectrum  at  very  large  K  .   Propagation  calculations 
often  use  the  Gaussian  tail,  with  the  spherically-averaged  spectrum  E 

falling  as 

-5/3       2   2 
E  *   K     exp(-K  <   )  (11) 

m 

Turbulence  workers,  on  the  other  hand,  often  use  the  Corrsin-Pao  form 

[Pao,  1965] 

-5/3       4/3,  4/3 
E  ^  K   D/      exp(-K   U        )  (12) 

These  models  are  now  being  tested  against  recent  1-D  spectral  measurements. 
The  conversion  between  the  measured  frequency  spectrum  and  the  streamwise 
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wavenumber  spectrum  at  these  large  wavenumbers  has  been  found  to  be  not  as 
simple  as   k  =  2TTf/U   [Taylor's  hypothesis];  it  is  necessary  to  correct  for 
the  spectral  content  aliased  by  the  convection  velocity  fluctuations 
[Wyngaard  and  Clifford,  1977]. 

Optical  techniques  for  determining  the  extent  to  which  scalar  fine 
structure  is  locally  isotropic,  or  for  measuring  the  shape  of  the  spectral 
tail,  would  be  very  valuable. 
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Log-normality  of  the  vorticity  at  a  fluid  particle 
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It  is  shown  that  the  magnitude  of  the  vorticity,  at  a  given  fluid  particle  in  inviscid  turbulent  flow,  is  a  log- 
normal  random  function  of  time. 


Obukhov1  introduced  the  assumption  that  the  energy 
dissipation  rate,  when  averaged  over  a  volume  of  dimen- 
sion much  smaller  than  an  outer  scale  but  much  larger 
than  the  microscale,   is  a  log -normal  random  variable. 
Chen2  has  shown  that  the  log -normal  distribution  cannot 
follow  if  the  averaging  is  over  a  volume  of  dimension 
comparable  to  the  dissipative  scales.    The  analysis  pre- 
sented here  is  distinct  from  that  of  Obukhov  in  that  (1) 
no  averaging  over  spatial  domains  is  introduced  in  the 
present  analysis,  and  (2)  the  log-normality  of  the  mag- 
nitude of  the  vorticity  at  a  fluid  particle  is  shown  to  fol- 
low from  the  vorticity  equation. 

The  method  of  proof  used  here  is  similar  to  that  used 
by  Hill  and  Bowhill3  who  show  that  the  magnitude  of  the 
gradient  at  a  fluid  particle,  of  a  turbulently  advected 
scalar  is  a  log-normal  random  function  of  time.    The 
present  analysis  does  not  apply  to  the  magnitude  of  the 
vorticity  at  a  fixed  point  in  space  nor  to  the  case  of  non- 
zero viscosity  because  of  the  presence  of  spatial  deriv- 
atives of  the  vorticity  in  the  vorticity  equation  for  those 
cases. 

We  now  turn  to  the  proof  of  the  log-normality  of  the 
magnitude  of  the  vorticity  at  a  fluid  particle  within  in- 
viscid  turbulent  flow.    We  denote  time  by  /  and  the  posi- 
tion vector  by  x;  the  jth  component  of  x  is  denoted  by  xy 
For  inviscid  flow  the  equation  for  the  vorticity,   in  an  in- 
ertial  reference  frame,  is 

(8w,/W),+  F/Bw/BXj),  =  ^tSlr 

where  u>,  is  a  component  of  the  vorticity  vector,  Su  is 
the  rate-ofrstrain  tensor,   V ,  is  a  component  of  the  ve- 
locity field,   and  the  subscripts  /  and  x  on  t  he  derivatives 
denote  the  variables  held  fixed.    The  position  of  the  fluid 
particle  that  was  at  x0  at  t  =  0  is  denoted  by  X(x0,  t). 
Then,  the  position  of  a  point  relative  to  the  fluid  parti- 
cle is  denoted  by  {,  where 

{»i-X(x0,(). 

We  transform  to  a  moving  coordinate  system  which  has 
its  origin  at  the  fluid  particle  and  which  has  its  axes 
always  parallel  to  the  axes  of  the  inertia!  Eulerian  co- 
ordinate system.    Then,  the  velocity  of  the  fluid  relative 


to  this  moving  coordinate  system  is 

U&,  t)=Vi(x,t)-Vt(X,t). 

The  vorticity  vector  and  rate-of-strain  tensor  are  un- 
changed by  this  coordinate  transformation  since 

(8tri/8|j)«  =  (BV8^)t 

where  both  sides  of  the  equation  are  evaluated  at  the 
same  point.  In  this  coordinate  system  the  vorticity 
equation  becomes 

We  now  define  a  rotating  coordinate  system,  called 
the  primed  coordinate  system,  which  has  its  origin  at 
the  fluid  particle;  thus, 

where  the  AtJ(t)  are  the  time-dependent  direction  co- 
sines. The  velocity  field  as  observed  from  the  rotat- 
ing coordinate  system  is  given  by 

U't(i',t)  =  [/,($,  t)Aij(t)+Aij(tn], 

where  the  dot  denotes  differentiation  with  respect  to 
time.    The  rate-of-rotation  tensor  of  the  primed  co- 
ordinate system  with  respect  to  the  unprimed,  with  its 
components  resolved  on  the  primed  axes,   is  given  by 

ttu-AtkAjf 
The  vorticity  equation  may  now  be  written 


/8u/\         ,„       r-/8u>'\ 


where  u)'t  and  S'u  are  the  vorticity  vector  and  rate-of- 
strain  tensor  at  the  fluid  particle  as  observed  from  an 
inertial  reference  frame  but  with  the  components  re- 
solved on  the  rotating  and  translating  primed  axes.  Note 
that  uj  is  not  the  vorticity  observed  from  the  rotating 
reference  frame. 

Hitherto,  the  rotation  of  the  primed  axes  with  respect 
to  the  unprimed  axes  was  arbitrary.    We  now  restrict 
this  rotation  to  be  such  that  the  vorticity  vector  at  the 
fluid  particle  lies  along  the  one  axis  of  the  primed  co- 
ordinate system  for  all  time;  that  js,  we  let 
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where  84l  is  the  unit  vector  along  the  one  axis,  and  W(t) 
Is  the  magnitude  of  the  vorticity  vector  that  an  Eulerian 
observer  would  measure  at  the  position  of  the  fluid  par- 
ticle at  time  /.  The  vorticity  equation  is  now  evaluated 
at  the  position  of  the  Quid  particle  and  becomes 

dW(t)/dt6{l  +  W(t)ao=W(t)S'il(0,  t). 
These  three  equations  may  be  expressed  as  follows: 

W(t)/W(0)  =  exp[j(t)],    for»=i,  (1) 

with 

JW'j^Sl^O,  t)dt; 

AttAu*$u(Q,t),     fori  =  2;  (2) 

AitAH  =  Szl(Q,  t),    fori  =  3.  (3) 

Equations  (2)  and  (3)  partially  determine  the  Au(t)  In 
terms  of  the  rate-of-strain  tensor  at  the  position  of  the 
fluid  particle.    There  are  three  independent  direction 
cosines;  thus,  there  exists  another  condition  on  the ,4,  (f). 
This  other  condition  corresponds  to  the  arbitrariness 
of  the  rotation  of  the  primed  system  about  the  1th  primed 
axis.    Equation  (1)  is  the  solution  for  the  time  depen- 
dence of  the  magnitude  of  the  vorticity  at  the  fluid  par- 
ticle. 

These  results  apply  to  laminar  as  well  as  turbulent 
flow.    Equation .(1)  implies  that  a  stretching  along  the 
1-primed  axis  results  in  an  increase  in  the  vorticity  W, 
whereas  a  compression  along  the  1-primed  axis  leads  to 
a  decrease  in  W.    Moreover,  the  exponential  function 
weights  the  positive  excursions  of  J(t)  more  than  its 
negative  excursions.    The  positive  excursions  of  J(t) 


tend  to  increase  W.    Thus,  in  turbulent  flow  we  expect 
that  W(t)  should  increase,  on  the  average,  provided  that 
«/(/)  is  not  an  excessively  negatively  skewed  random  func- 
tion of  time. 

The  statistics  of  integrals  is  described  by  Tennekes 
and  Lumley.4    In  turbulent  flow  S(,(0,  t)  has  some  finite 
correlation  time  t.     For  times  /  very  long  compared 
with  t,  the  integral  J(t)  can  be  divided  into  segments 
each  of  which  is  an  integral  over  a  time  long  compared 
with  t.    Then,  for  these  long  times,  J(t)  is  expected  to 
be  a  normal  random  function  by  an  extension  of  the  cen- 
tral limit  theorem.     In  this  case  W(t)  is  seen  to  be  a 
log-normal  random  function  of  time  by  virtue  of  Eq.  (1). 
The  existence  of  times  t»  t  requires  that  the  turbulent 
flow  exhibits  a  sufficient  degree  of  statistical  stationari- 
ty  and  homogeneity. 

In  the  presence  of  viscosity  it  is  expected  that  the 
magnitude  of  the  vorticity  will  be  more  limited  than  as 
given  by  Eq.  (1).    Thus,  it  is  expected  that  the  probabil- 
ity density  of  the  magnitude  of  the  vorticity  at  a  fluid 
particle  within  turbulent  flow  will  converge  to  zero  more 
rapidly  for  large  values  of  W  than  does  the  log-normal 
probability  density. 

This  work  was  supported  by  the  National  Research 
Council  through  the  Resident  Research  Associateship 
program. 
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Modification  of  the  Pasquill  atmospheric  diffusion  equations  for  estimating 
viable  microbial  airborne  cell  concentrations  downwind  from  a  continuous  point 
source  is  presented  A  graphical  method  is  given  to  estimate  the  ground  level 
cell  concentration  given  (i)  microbial  death  rate,  (ii)  mean  wind  speed,  (iii) 
atmospheric  stability  class,  (iv)  downwind  sample  distance  from  the  source,  and 
(v)  source  height. 


Microorganisms  may  be  introduced  into  the 
atmosphere  from  various  sources,  transmitted 
downwind  via  the  airstream,  and  finally  depos- 
ited on  some  surface  (B.  Lighthart,  A.  B.  Ak- 
ers,  and  J.  C.  Spendlove,  in  press).  The  air- 
borne microorganisms  may  originate  from  hu- 
man sources  and  activities,  such  as  dust  gener- 
ated by  urban  and  rural  vehicles  (J.  W.  Rob- 
erts, M.  S.  thesis,  Univ.  of  Washington,  Seat- 
tle, 1973),  manufacturing  processes,  and  con- 
struction. Microbial  aerosols  may  be  produced 
also  from  solid  waste  and  sewage  treatment 
plants  (26;  C.  R.  Albright,  M.  S.  thesis,  Univ.  of 
Florida,  Gainesville,  1958;  B.  Lighthart,  Ph.D. 
thesis,  Univ.  of  Washington,  Seattle,  1967), 
talking,  coughing,  sneezing  (3),  and  skin  shed- 
ding. 

Nonhuman  sources  of  airborne  microbes  may 
be  aquatic,  such  as  bubble  bursting  of  micro- 
bial-laden  surface  films  of  rivers,  lakes,  and 
oceans  or  from  spray  generated  by  breaking 
waves  (20,  28)  and  rainwater  splashes  (2,  27), 
or  terrestrial  sources,  such  as  dislodgement 
from  vegetation  or  soil  as  a  result  of  wind  action 
or  thermal  convection  (10-12).  A  new  and  po- 
tentially significant  source  of  airborne  mi- 
crobes could  be  those  originating  from  huge  air 
draft  cooling  towers  associated  with  nuclear 
and  fossil-fueled  power  plants.  The  source  of 
microorganisms  is  the  water  being  used  as  the 
liquid  coolant  in  the  towers. 

While  airborne,  microbial  death  is  a  function 
of  many  factors,  including  cellular  physiologi- 
cal differences  (1),  relative  humidity  (9,  15), 
temperature  (8),  oxygen  concentration  (4,  16), 
light  (22),  and  air  "pollutants  (7,  17,  19,  23). 
Depending  upon  the  quality  and  quantity  of 
these  factors,  the  death  rate  (see  reference  6  for 
definition)  may  increase  or  decrease  (e.g.,  17). 


Deposition  of  airborne  bacteria  may  be  by 
gravitational  fallout,  wind  impaction  of  parti- 
cles onto  surfaces,  and  other  mechanisms  (13, 
14). 

It  is  the  purpose  of  this  communication  to 
present  a  relatively  simple  graphical  method  to 
estimate  the  potential  concentration  of  viable 
microorganisms  at  ground  level  downwind 
from  a  continuous  point  source  given:  (i)  micro- 
bial death  rate,  (ii)  wind  speed,  (iii)  atmos- 
pheric stability  class,  (iv)  source  height,  and  (v) 
microbial  source  concentration. 

METHODS 

Microbial  diffusion  model.  The  downwind  con- 
centration of  viable  microbes  may  be  estimated  by 
using  a  modified  Pasquill  inert  particle  dispersion 
model  (21,  24).  The  inert  particle  dispersion  model  is 
an  empirical  model,  based  on  many  observations  of 
the  dispersion  of  tracers  in  the  atmosphere.  For  this 
reason  we  used  it  as  the  basis  of  our  calculations  of 
the  numbers  of  microbes  downwind  from  a  source 
We  can  use  this  model  if  we  know:  (i)  the  initial 
concentration  of  cells  at  the  injection  site,  (ii)  the 
death  rate  of  the  microorganisms  in  the  ambient 
atmospheric  after  injection,  and  (iii)  the  meteorolog- 
ical conditions  (i.e.,  wind  velocity  and  diffusion  fac- 
tors) about  the  injection  site. 

The  microbial  death  rate  (A)  in  the  "real  world" 
atmosphere  is  a  dynamic  function  of  many  biological 
and  environmental  variables  and,  to  our  knowledge, 
has  not  been  measured  Laboratory  measurements 
of  the  death  rate  of  airborne  microbes  as  a  time 
function  of  several  variables  (see  B  Lighthart,  C. 
Mason,  G.  Vali,  and  R  Edmonds,  in  R.  L.  Edmonds 
(ed.),  Ecological  Systems  Approaches  to  Aerobiology , 
in  press,  for  a  description  of  these  variables)  have 
been  made  under  steady-state  and,  to  a  limited  ex- 
tent, dynamic  environmental  conditions  (15).  Be- 
cause of  the  lack  of  data  describing  death  rates  in 
the  natural  environment,  it  is  assumed  for  the 
purposes   of  this   communication   that   laboratory- 


Tin) 

645 


Vol.  31,   1976 


ESTIMATING  AIRBORNE  MICROBES  FROM  A  SOURCE 


701 


measured  values  will  at  least  roughly  approximate 
mean  death  rates  in  the  dynamically  changing 
atmosphere  Laboratory  measurements  vary  from 
very  rapid  death  rates  for  sensitive  cells  in  hostile 
environmental  conditions,  e.g.,  A  =  10 ""Vs,  to  mod- 
erate death  rates,  e.g.,  A  =  10'Vs,  to  negligible 
rates  for  certain  endospores  (see  Table  1).  In  any 
event,  they  are  the  only  measurements  we  have  and 
must  suffice  for  the  moment. 

Atmospheric  dispersion  of  inert  materials 
[x(x,y,z:H)]  from  a  point  source,  given  the  source 
height  (//)  and  meteorological  conditions  (see  Table 
2  for  categories  of  weather  conditions  (24]),  may  be 
predicted  by  Pasquill's  models: 

X(x,y,z:H)  =  Q/i2ll[aucr!)U) 

«   EXP[ -0.5(7/0-,/]  x  <EXP[-0.5((Z         (1) 

-  H)/au)2]  +  [-0.5HZ  +  H)/tj:)2]) 

where  \  is  number  of  particles  per  cubic  meter,  Q  is 
number  of  particles  emitted  from  the  source  per 
second,  U  is  mean  air  speed  in  meters  per  second, 
and  o-„,  rr,  are  the  diffusion  factors  in  the  y  and  z 
plans  and  are  functions  of  meteorological  conditions 
and  downwind  distance  from  the  source  The  source 
height  (H)  and  x,  y,  and  z  are  coordinates,  all  in 
meters. 

BI)  modification  of  dispersion  model.  The  maxi- 
mum number  of  viable  particles  remaining  in  the 
atmosphere  after  some  time  (/)  depends  upon  at- 
mospheric and  cellular  conditions.  Knowing  the  bio- 
logical death  (BD)  constant  (A)  under  various  spe- 
cific conditions,  we  may  modify  equation  1  to  ac- 
count for  these  factors  by  letting 

\ix,y,z:H)m,  =  x(x,y,z:H  )EXP(~kl)         (2) 

where  \(x,y,z:H  )H[,  is  the  concentration  with  a  death 
rate,  i  is  the  average  time  in  seconds  for  transit  of 
the  bacteria,  and  A  is  the  microbial  death  constant 


Table  1.  Some  reported  death  rate  constants"  of 

certain  airborne  bacteria  at  the  indicated  relative 

humidities  and  temperatures 


Death  rate  constant 

°lc  Relative 
humidity 

Organism 

Temp 

(C) 

Ms 

1 1 

Source 

Serratia 

1.2-3.4 

15 

7.5  x 

10  - 

Ref.  17 

marce- 

23.4-26.5 

15 

8.1   x 

10  J 

Ref.  17 

sens 

45.0-51.5 

15 

2.4  x 

10  ' 

Ref.  17 

8UK 

73.0-75.5 

15 

13  x 

10  ' 

Ref.  17 

88.0-96.0 

15 

1.1   » 

10  ' 

Ref.  17 

Sarcina  lu- 

1.2-3.4 

15 

4.6  x 

10  - 

Ref.  17 

tea 

23.4-25.5 

15 

1.1      K 

10  - 

Ref.  17 

45.0-51.5 

15 

5.5  < 

10  :l 

Ref  17 

73.0-75.5 

15 

5.5  x 

10  :i 

Ref.  17 

88.0-96.0 

15 

5.8  x 

10  4 

Ref   17 

Pasture!  la 

90 

26.8 

2.4  x 

10  :' 

Ref.  5 

tularen- 

80 

26.8 

5.5  x 

lO"4 

Ref.  5 

sis    LVS 

0 

26.8 

7.1  x 

10  -2 

Ref.  5 

Table  2.  Relation  of  turbulence  types  to 
meteorological  conditions  I  from  reference  24)" 


Daytime  insolation 

Nighttime 

conditions 

Surface 
wind 
speed 

(m/s) 

Strong 

Moder- 
ate 

Slight 

Thin  over- 
cast or 

>4/8 

cloudi- 
ness'' 

53'8 

cloudi- 
ness 

<2 

A 

A-B 

B 

2 

A-B 

B 

C 

E 

F 

4 

B 

B-C 

C 

D 

E 

6 

C 

C-D 

D 

D 

D 

>6 

C 

D 

D 

D 

D 

"  A,  Extremely  unstable  conditions;  B,  moder- 
ately unstable  conditions;  C,  slightly  unstable  con- 
ditions; D,  neutral  conditions  applicable  to  heavy 
overcast,  day  or  night;  E,  slightly  stable  conditions; 
F,  moderately  stable  conditions 

''  The  degree  of  cloudiness  is  defined  as  that  frac- 
tion of  the  sky  above  the  local  apparent  horizon  that 
is  covered  bv  clouds. 


(per  second)  experimentally  determined  for  the  par- 
ticular atmospheric  conditions.  We  may  approxi- 
mate t  by  xlU .  Thus  equation  2  becomes 


X(x,y,z:H)HU  =  xtx,y,z:H)EXP(-\x/U 


(3) 


where  \{x ,\-,z:H  )M)  is  the  concentration  of  microor- 
ganisms per  cubic  meter  with  the  microbial  death 
constant  included.  Figure  1  shows  examples  of  com- 
puted viable  cell  concentrations  downwind  from  a 
continuous  point  source  for  the  given  conditions. 

Knowing  the  microbial  death  constants,  atmos- 
pheric conditions,  <r„,  and  ir.,  we  may  apply  this 
model  to  give  the  concentration  of  microorganisms 
as  a  function  of  the  distance  [x  )  from  the  source  with 
some  effective  height  (H).  If  the  death  rates  change 
with  time,  equation  2  can  be  modified  to  account  for 
this  change.  For  example,  let  A,  be  the  first  death 
rate  until  time  / , ,  and  let  A  ,  be  for  times  greater  than 
/,.  Then 


X(x,y,z:H)m>  =  \  [x,y,z:H  )EXP(  -A,M  for  t  s  t 
Since  the  mean  distance  traveled  in  time  /  is 


Ut 


(4) 


(5) 


th< 


X(x,y,z:H)m)  =  x<-X,y,z:H  )EXP(-K,x/U)      (6) 

for  a:  <  x,  (where  x,  =  Ut,),  and 

X^x,y,z:H)m  =  x  <x,y,z:H  )EXP(  -  K,xjU)      (7) 
■EXPl-XjU-jO/t/] 

for  a:  <  x,  (see  reference  18  for  further  details). 

Using  equation  1,  and  letting  v   =   0  and  z  =  0, 
equation  3  may  be  rewritten 


U 


1 


Q      EXP(-XxiU)      2H«y^ 


"  Data  include  aerosols  up  to  1  h  old. 


EXP 


H2 

2~fr=z 


(8) 
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STABILITY    CONDITION    '  F' 


5  DISTANCE    IN    METERS 

Fig.  1.  Examples  of  the  relative  number  of  viable  cells  per  cubic  meter  divided  by  the  number  per  second 
injected  into  the  atmosphere  downwind  from  a  continuous  point  source  (using  equation  2)  at  a  sample  height 
of  2  m  and  a  microbial  death  rate  of  0  (a),  10  '  (b),  10  .~  (c),  and  10~:'  la)  per  s  for  stability  classes  "A"  and 
"F."  (A)  and  (D)  Source  height,  0  m;  mean  air  speed,  1  mis.  IB)  and  (E)  Source  height,  200  m;  mean  air  speed, 
1  mis.  (C)  and  (F)  Source  height,  200  m;  mean  air  speed,  10  mis.  *Percentage  of  viable  organisms. 


Once  this  function  is  evaluated  for  a  certain  source 
height,  stability  class,  wind  speed,  and  distance,  one 
can  use  any  death  rate  to  evaluate  the  ratio  of  the 
concentration,  \,  to  source  strength  Q .  For  conveni- 
ence, g  versus  x  for  several  source  heights  are 
shown  in  Fig.  2  for  the  stability  classes  defined  in 
reference  24.  With  these  figures,  the  user  can  esti- 
mate the  viable  microbial  concentration  down- 
wind at  a  distance  from  a  source  of  height  H  and 
strength  Q  and  for  a  given  stability  class  and  death 
rate  A. 

EXAMPLE  AND  DISCUSSION 

The  question  asked  was  how  many  viable 
microorganisms  at  ground  level  (i.e.,  sample 
height  =  0)  are  there  per  cubic  meter  downwind 
some  distance  (x  in  meters)  from  a  continous 
point  source,  given  an  emission  source  strength 
of  Q  bacteria  per  second?  One  must  first  know 
or  estimate  (i)  the  microbial  death  constant  (A 


in  seconds)  under  the  prevailing  atmospheric 
conditions,  (ii)  the  mean  wind  speed  (U  in  me- 
ters per  second),  (iii)  the  meters  downwind  from 
the  source,  (iv)  the  atmospheric  stability  class 
(Table  2),  and  (v)  the  source  height  (H  in  me- 
ters). With  this  data  one  can  use  equation  8 
with  the  appropriate  values  of  au  and  u\,  or, 
alternatively,  one  can  use  Fig.  2,  which  is  based 
on  equation  8,  to  evaluate  g. 

For  example,  a  hypothetical  200-m-high 
point  source  (H )  might  have  an  emission  rate, 
Q,  of  10"'  bacteria/s  in  particles  assumed  to  be 
distributed  about  a  10-pim  diameter  (Lighthart 
et  al.,  in  press).  Assuming  that  these  viable 
particles  were  dispersed  from  the  source  into  a 
class  "A"  stability  atmosphere  with  winds  of  10 
m/s,  using  our  calculations,  one  might  expect 
that  viable  bacteria  having  a  mean  death  rate 
(A.)  of  10" '/s  (e.g.,  see  Table  1)  would  be  found  at 
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SOURCE    HEIGHT      10 


DISTANCE    FROM    SOURCE    IN    METERS 


I020    r. 


10  10 

OISTANCE    FROM    SOURCE    IN    METERS 


SOURCE    HEIG  H  T    100    M 


OISTANCE    FROM    SOURCE    IN    METERS 


I05  10  * 

OISTANCE    FROM    SOURCE    IN    METERS 


SOURCE    HEIGHT    200 


10'  10 

DISTANCE    FROM    SOURCE    IN    METERS 


Fig.  2.  Function  \IQ  x  (U/e~Kr,r)  versus  distance  from  the  source  m  meters  for  the  indicated  stability 
classes  and  several  source  heights.  \  is  the  downwind  concentration  of  viable  bacteria  per  cubic  meter,  Q  is 
the  injection  rate  of  live  bacteria  (number  per  second) ,  and  U  is  the  mean  wind  velocity  in  meters  per  second, 
x  the  downwind  distance  < meters) ,  and  K  the  microbial  death  rate  (number  per  second) . 


a  concentration  of  1.4  *  104  viable  bacteria/liter 
in  the  ground  level  atmosphere  1,000  m  down- 
wind from  the  source.  That  is,  from  Fig.  2,  g  is 
found  to  be  316/m2;  solving  for  \  =  (QIU)  x  g 
\EXP( -kx/U)}  =  (10'"  bacteria/s)/10  m  per  s  x 
316/mJ  x  [EXPl-lO'/s  x  10:i  m/10  m  per  s)J 
=  1.4  x  107  bacteria/m1.  It  is  also  estimated 
that  a  person  with  a  0.5-liter  lung  tidal-volume 
breathing  rate  of  12  cycles/min  would  inhale  8.4 


■  104  bacteria/min  at  this  same  location  (25). 
This  estimate  is  significant  even  if  the  diffusion 
model  is  in  error  by  a  factor  of  10.  In  this 
example,  the  pathogenic  and  allergenic  poten- 
tial of  the  phenomena  remains  problematical. 
Albeit  the  flavor  of  this  technique  of  estimat- 
ing viable  airborne  cells  is  quantitative,  it  is 
anticipated  that  present  and  future  research  in 
the  areas  of  atmospheric  turbulence  and  model 
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development,  microbial  death  mechanisms,  at- 
mospheric injection  phenomena,  and  particle 
sizing  of  airborne  microorganisms  will  result  in 
more  precise  estimates  of  airborne  microbial 
loads  downwind  from  sources. 
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ABSTRACT 

It  is  shown  that  the  lognormal  distribution  describes  the  frequency  distributions  of  height,  horizontal 
size,  and  duration  of  cloud  and  radar  echo  populations  in  many  different  regions  and  convective  situations. 
Two  hypotheses  are  suggested  to  explain  this  phenomenon.  The  first  postulates  a  growth  process  of  cloud 
parcels,  in  which  growth  by  entrainment  of  environmental  air  occurs  by  a  random  process  that  obeys  the 
law  of  proportionate  effects.  The  second  postulates  a  formation  process  for  clouds,  in  which  the  clouds  are 
formed  by  the  merger  of  random  boundary-layer  convective  elements. 

The  information  presented  in  this  paper  should  be  useful  for  the  parameterization  of  cumulus  convection 
in  larger  scale  models,  and  for  the  understanding  and  modeling  of  cloud  formation  and  development. 


1.  Introduction 

In  a  recent  paper,  Lopez  (1976)  found  that  the  fre- 
quency distributions  of  the  height  and  maximum  hori- 
zontal area  attained  by  radar  echoes  of  tropical  dis- 
turbances in  the  northwest  Atlantic,  follow  lognormal2 
distributions.  At  the  same  time,  Biondini  (1976)  found 
that  the  duration  and  rainfall  volume  of  Florida  radar 
echoes  are  also  lognormaily  distributed.  A  question  im- 
mediately arises:  Is  this  a  characteristic  particular  to 
cumulus  cloud  populations  of  tropical  maritime  sys- 
tems, or  is  this  a  general  property  of  cumulus  cloud 
populations  everywhere?  If  lognormality  is  indeed  a 
general  characteristic  of  cumulus  convection,  the 
efforts  to  parameterize  the  effects  of  clouds  in  large- 
scale  numerical  models  would  be  greatly  benefited.  In 
addition,  by  extending  the  theory  of  the  genesis  of 
lognormal  distributions  to  cumulus  convection,  our 
knowledge  of  cloud-formation  processes  would  be 
enhanced. 

Accordingly,  the  objective  of  this  paper  is  to  deter- 
mine if  lognormality  is  a  general  characteristic  of 
cumulus  convection.  For  this  purpose,  many  cloud  and 
radar  echo  populations  (for  different  regions  and  vary- 
ing large-scale  conditions)  are  examined  to  see  if  their 
frequency  distributions  of  height,  horizontal  size  and 
duration  are  lognormal.  As  will  be  seen,  the  vast  ma- 
jority of  cases  do  indeed  indicate  lognormality.  The  few 
cases  that  depart  from  this  tendency  are  shown  to 
respond  to  physical  bounds  to  growth  which  produce 
truncated  lognormal  distributions. 


1  Present  affiliation :  Wave  Propagation  Laboratory,  NOAA, 
Boulder,  Colo.  80302. 

s  A  variable  is  said  to  be  lognormaily  distributed  when  its 
logarithm  follows  the  normal  probability  law. 


2.  Characteristics  of  cumulus  cloud  populations 

a.  Height 

Figs.  1  and  2  present  the  cloud  and  echo  height 
distributions  of  six  different  cumulus  cloud  populations. 
For  convenience  they  are  separated  into  tropical  and 
extratropical  situations.  The  frequency  distributions 
are  plotted  on  logprobability  paper:  the  ordinate  is 
plotted  in  a  logarithmic  scale,  while  the  abscissa  is 
plotted  in  a  normal  probability  scale.  A  lognormal 
distribution  would  thus  describe  a  straight  line  in  this 
coordinate  system  (Aitchison  and  Brown,  1957,  pp. 
31-35).  The  straight  lines  drawn  through  the  different 
sets  of  points  correspond  to  the  lognormal  distributions 
that  best  fit  the  data  and  give  a  smaller  X2  value  for 
each  population.  Table  1  shows  the  best-fit  parameters 
of  the  different  distributions. 

A  chi-square  test  for  goodness-of-fit  has  been  applied 
to  these  data  sets.  This  test  has  been  amply  described 
in  the  literature  (see,  e.g.,  Meyer,  1975).  For  the 
purposes  of  this  paper  it  suffices  to  say  that  if  a  popula- 
tion is  distributed  lognormaily  (with  geometric  mean 
and  standard  deviation  \x  and  a',  and  with  interval 
frequencies  f't)  and  if  random  samples  are  drawn  from 
that  population  (with  N  interval  frequencies  /,■  each), 
then  the  sample  chi-squared  statistic 

x2=£ 

'-l     f'i 

would  be  distributed  according  to  the  X2  function  with 
N—3  degrees  of  freedom.  Moreover,  this  function  has 
the  property  that  large  values  for  X2  have  a  small 
probability  of  occurring  under  random  sampling.  Thus, 
if  a  random  sample  from  a  supposedly  lognormal  popu- 
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Fig.  1.  Accumulated  frequency  distributions  of  cloud  and  radar 
echo  height  for  tropical  data  sets.  The  straight  lines  correspond 
to  the  lognormal  distributions  that  best  fit  the  different  data  sets. 

lation  (null  hypothesis)  produces  a  large  X2  value  Which 
has  a  small  probability  of  occurrence  according  to  the 
corresponding  X2  distribution,  then  the  null  hypothesis 
is  rejected.  The  "small"  probability  level  has  been 
selected  at  5%  for  the  present  application,  which  is  a 
value  commonly  used.  The  next  to  the  last  column  of 
Table  1  gives  the  corresponding  X2  value  for  this 
probability  for  each  of  the  distributions. 

As  can  be  seen  from  the  table  the  X2  values  obtained 
from  the  samples  are  in  all  cases  smaller  than  the  value 
at  a  level  of  significance  of  5%.  Thus  the  lognormal 
hypothesis  is  consistent  with  the  data  at  this  level  of 
significance.  In  fact  the  probability  of  obtaining  a  value 
of  X2  as  large  as  or  larger  than  the  value  measured  is 
generally  high  (last  column  of  Table  1).  The  case 
giving  the  worst  fit  is  Battan  (1967).  It  is  shown  below 
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Fig.  2.  As  in  Fig.  1  except  for  extratropical  data  sets. 


that  data  by  Battan  (1953)  also  produce  the  worst 
lognormal  fit  in  respect  to  echo  horizontal  dimension. 
In  both  cases,  however,  the  lognormal  hypothesis  can- 
not be  rejected  at  a  level  of  significance  of  5%. 

Notice  how  the  lognormal  probability  law  describes 
the  height  distribution  of  echoes  and  clouds  in  a  wide 
variety  of  situations:  from  the  trade  winds  to  maritime 
and  continental  tropical  conditions,  and  from  moist  to 
dry  mid-latitude  environments.  Although  the  shape  of 
the  distributions  is  the  same  for  all  cases,  the  means 
and  standard  deviations  vary  considerably  from  case 
to  case.  In  general,  it  can  be  observed  from  Figs.  1  and 
2  that  the  echoes  tend  to  increase  (the  geometric  mean 
corresponds  to  the  50%  intercept  of  the  lines)  as  one 
moves  from  oceanic  to  continental  conditions  in  the 
tropics,  and  from  moist  to  dry  conditions  in  the  middle 
latitudes. 


Table  1.  Cloud  and  radar  echo  height  distribution. 


Best-fit  parameters  (lognormal) 

Value  of  x1  at 

Probability  of  x1 

a  level  of 

value  as  large 

Geometric 

Geometric 

Degrees  of 

significance 

as  measured 

Author 

Location 

Feature 

mean 

sigma 

freedom 

X« 

of  5% 

or  larger 

Gerrish  (1969) 

Miami  over  water 

Echo  height  (km) 

5.71 

1.97 

8 

3.74 

15.50 

88% 

Braham  (19S8) 

Arizona 

First  echo  height  (km) 

6.08 

1.23 

5 

3.02 

11.07 

70% 

Battan  (1967) 

Arizona 

Echo  height  (km) 

8.87 

2.98 

i 

7.79 

9.49 

10% 

Cruz  (1973) 

Venezuela 

Max  echo  height  (km) 

9.38 

2.99 

4 

2.93 

9.49 

55% 

Byers  and 

Hall  (1955) 

Puerto  Rico 

Cloud  height  (km) 

2.44 

0.54 

8 

2.79 

15.50 

95% 

L6pez  (1976) 

NW  Atlantic 

Echo  height  (km) 

4.47 

2.58 

12 

3.61 

21.03 

99% 

Mather  (1949) 

Massachusetts 

Echo  height  (km) 

3.17 

1.31 

5 

3.79 

11.07 

58% 
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Fig.  3.  Accumulated  frequency  distributions  of  cloud  and  echo 
horizontal  dimension.  The  straight  lines  correspond  to  the  log- 
normal  distributions  that  best  fit  the  different  data  sets. 

b.  Horizontal  dimension 

Figs.  3  and  4  show  the  distribution  of  horizontal 
size  of  eight  cumulus  cloud  populations.  Originally  the 
data  were  expressed  variously  as  diameter,  radius, 
length  and  area  distributions.  For  purposes  of  com- 
parison, all  the  data  points  have  been  reduced  to  an 
equivalent  diameter  or  characteristic  horizontal  dimen- 
sion. Again,  the  distributions  have  been  plotted  on 
logprobability  paper.  Similarly,  straight  best-fit  lines 
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Fig.  4.  Continuation  of  Fig.  3. 

have  been  drawn  through  the  data  points.  Table  2 
presents  the  corresponding  parameters. 

As  in  the  case  of  height,  the  hypothesis  that  the 
frequency  distributions  of  echo  and  cloud  horizontal 
dimension  are  lognormal  cannot  be  rejected  at  a  level 
of  significance  of  5%  or  better.  The  fits  are  very  good 
for  the  smaller  98%  of  the  elements  of  the  populations. 
The  distribution  of  the  larger  2%  deviate  somewhat 
from  a  lognormal  law.  This  deviation,  however,  is  not 
significant  enough  to  warrant  the  rejection  of  the 
lognormal  hypothesis.  It  will  be  shown  that  .these  small 
deviations  correspond  to  a  physical  limit  to  growth. 
The  resultant  distribution  can  be  better  described  by 
a  truncated  lognormal  law.  As  in  the  case  of  the  height 
distributions,  the  worst  fit  corresponds  to  the  data  ob- 
tained by  Battan  (1953).  However,  the  data  scatter  is 
not  large  enough  to  justify  rejecting  the  lognormality 
of  this  distribution  at  5%  level  of  significance.  In  gen- 
eral it  can  be  said  that  the  lognormal  probability  law 


Table  2.  Cloud  and  radar  echo  horizontal  size  distribution. 


Best-fit  parameters  (lognormal) 


Author 

Location 

Feature 

Hudlow  (1971) 

Barbados 

Echo  length  (km) 

Cruz  (1973) 

Venezuela 

Echo  max.  area  (100  km2) 

Mather  (1949) 

Massachusetts 

Mean  echo  diameter  (km) 

Battan  (1953) 

SW  Ohio 

Max.  horiz.  echo 
dimension  (km) 

Plank  (1969) 

Florida. 

Equivalent  cloud 

0905  GMT 

diameter  (km) 

Miller  el  al. 

(1975) 

NW  Dakota 

Echo  diameter  (km) 

Dennis  and 

Florida  to 

Fernald  (1963) 

California 

Cloud  length  (km) 

Dennis  and 

Fernald  (1963) 

Eniwetok 

Shower  radius  (km) 

L6pez  (1976) 

NW  Atlantic 

Max.  echo  area  (km2) 

Geometric       Geometric       Degrees  of 
mean  sigma  freedom 


Value  of  x2  at 
a  level  of 
significance 

of  5% 


Probability  of  x1 

value  as  large 

as  measured 

or  larger 


2.30 

8.16 

5.64 

4.90 

6.22 

4.03 

3.59 

1.84 

0.11 

0.15 

3.31 

2.99 

1.85 

1.32 
* 

1.75 

1.71 

20.96 

71.20 

0.10 
1.96 
0.82 

4.68 

2.68 

0.56 

0.32 

2.19 
0.03 


3.84 

7.81 

11.07 

5.99 

7.81 

11.07 

5.99 

7.81 
7.81 


75% 
59% 
98% 

10% 

44% 

99% 

85% 

53% 
99% 
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Fig.  5.  Accumulated  frequency  distributions  of  radar  echo 
duration.  The  straight  lines  correspond  to  the  lognormal  dis- 
tributions that  best  fit  the  different  data  sets. 


can  be  fitted  very  well  to  echo  and  cloud  horizontal 
dimension  distributions. 

As  in  the  case  of  height,  it  is  worthwhile  noting  the 
wide  range  of  climatic  situations  in  which  the  log- 
normal  has  been  found  applicable:  maritime  and  con- 
tinental tropical  regions;  dry  and  moist,  coastal  and 
continental  mid-latitudes.  In  general,  continental  tropi- 
cal echoes  tend  to  be  larger  than  echoes  in  Atlantic 
tropical  cloud  clusters,  and  they  are  larger  than  the 
clouds  induced  by  the  Florida  sea  breeze. 

c.  Duration 

Fig.  5  presents  the  lognormal  plots  of  the  frequency 
distributions  of  radar  echo  duration  for  four  cumulus 
cloud  populations.  Again,  best-fit  straight  lines  have 
been  drawn.  Table  3  shows  the  pertinent  statistical 
parameters.  Once  more,  the  hypothesis  that  the  fre- 
quency distributions  of  echo  duration  are  lognormal 
cannot  be  rejected  at  a  level  of  significance  of  5%  or 
better.  The  lognormal  law  can  be  fitted  very  well  to  all 
of  the  echo  duration  distributions.  Again,  tropical  and 
extratropical,  maritime  and  continental  populations  all 
are  lognormally  distributed. 


3.  The  lognormal  distribution  and  cumulus  cloud 
growth  processes 

a.  The  genesis  of  lognormal  distributions 

From  the  evidence  presented  in  the  last  section  it 
can  be  said  that  echo  and  cloud  height,  horizontal 
size  and  duration  are  distributed  lognormally  in  a  wide 
variety  of  convective  situations.  The  question  immedi- 
iately  arises:  What  is  it  in  the  formation  and  growth 
process  of  cumulus  clouds  that  produces  cloud  popula- 
tions which  are  lognormally  distributed?  It  is  reason- 
able to  assume  that  the  formation  and  growth  processes 
in  cumulus  clouds  follow  the  same  stochastic  processes 
that  determine  the  genesis  of  the  lognormal  probability 
law.  The  lognormal  distribution  can  be  considered 
(Kapteyn,  1903 ;  Aitchison  and  Brown,  1957,  pp.  20-27) 
the  frequency  distribution  of  a  variate  that  is  subject 
to  the  law  of  proportionate  effects,  i.e.,  a  variate  whose 
change  in  value  at  any  step  of  a  process  is  a  random 
proportion  of  the  previous  value  of  the  variate.  Thus, 
consider  a  variate  whose  value  is  x&  at  the  start  of  the 
process  and  x,  at  the  7th  step,  reaching  a  value  xn  at 
the  end  of  n  steps.  At  the  2th  step  the  change  in  value 
can  be  expressed  as 


Xi       X-i — i       tiAj'_i, 


(1) 


where  t,  is  a  random  variable,  independent  of  x.  Con- 
sidering n  steps, 


n     Xi~  Xi-1  n 

E -£«. 

If  the  change  at  each  step  is  small, 
•Xn  dx 


so  that 


"  Xi—Xi-i       r  n  dx 
£ — ~/      —  =  \nxn-\nx0, 

'  =  1        X,_i  Jo        x 


lnx„  =  ln  x0+  €i+  e2+  ■  •  ■  +  *„. 


(2) 


(3) 


(4) 


By  the  additive  form  of  the  central-limit  theorem, 
In  xn  is  in  the  limit  normally  distributed  and  therefore 
xn  is  lognormally  distributed.  So,  something  that  is 
formed,  grows  or  changes  according  to  the  law  of  pro- 
portional effects  will  yield  a  lognormal  size  distribution. 


Table  3.  Radar  echo  duration  distribution. 


Best-fit  parameters  (lognormal) 

Value  of  x2  at 

Probability  of  x! 

a  level  of 

value  as  large 

Geometric 

Geometric 

Degrees  of 

significance 

as  measured 

Author 

Location 

Feature 

mean 

sigma 

freedom 

X2 

of  5% 

of  larger 

Cruz  (1973) 

Venezulea 

Echo  duration  (min) 

113.98 

75.93 

5 

3.30 

11.07 

65% 

Blackmer  (1955) 

Massachusetts 

Echo  duration  (min) 

44.72 

38.58 

11 

5.57 

19.68 

90% 

L6pez  (1976) 

NW  Atlantic 

Echo  duration  (min) 

2.29 

9.89 

5 

2.27 

11.07 

81% 

Battan  (1953) 

SW  Ohio 

Echo  duration  (min) 

21.01 

10.41 

4 

2.53 

9.49 

64% 

Biondini  (1976) 

Florida 

Echo  duration  (min) 

32.38 

22.84 

4 

3.87 

9.49 

42% 
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Both  Biondini  (1976)  and  Lopez  (1976),  working 
simultaneously  and  independently,  have  hypothesized 
that  cumulus  clouds  could  grow  and  develop  by  a 
process  which  follows  the  law  of  proportionate  effects, 
thus  producing  the  observed  lognormal  distributions  of 
echo  characteristics.  Although  Biondini  speculates 
about  a  "multiplicative  diffusion  process"  to  explain 
cloud  formation,  neither  he  nor  Lopez  discussed  the 
particular  physical  mechanism  that  could  be  respon- 
sible for  the  characteristic  growth  patterns.  In  the 
next  two  sections  two  hypotheses  are  advanced  to 
explain  how  clouds  could  develop  according  to  the  law 
of  proportionate  effects.  The  first  has  to  do  with  growth 
by  turbulent  diffusion  and  the  second  with  growth  by 
the  merger  of  smaller  cloud  elements. 

b.  Stochastic  growth  process 

Applying  the  stochastic  process  described  above 
to  the  growth  of  clouds,  a  process  like  this  can  be 
hypothesized : 

1)  The  large-scale  features  of  the  flow  (convergence 
field,  thermal  stability,  etc.)  produce  an  initial  popula- 
tion of  small  convective  elements,  the  average  size  of 
this  initial  population  probably  being  related  to  the 
depth  of  the  local  boundary  layer. 

2)  These  elements  then  develop  by  a  process  whereby 
growth  is  a  random  proportion  of  the  size  of  the  ele- 
ment, i.e.,  by  the  process  of  proportionate  effects. 

3)  In  this  way  a  cloud  population  develops  whose 
eventual  size  distribution  is  lognormal. 

In  terms  of  the  mass  m  of  a  cloud  parcel,  step  2 
above  can  be  represented  as 


dm 
dt 


■nit, 


(5) 


where  e  is  a  random  number.  This  can  be  rewritten  as 


1  dm 
m  dt 


(6) 


It  can  now  be  seen  that  e  is  just  the  fractional  entrap- 
ment rate  for  the  cloud  parcel.  This  quantity  figures 
prominently  in  parametric  models  of  cumulus  clouds. 
It  has  been  variously  parameterized  in  terms  of  the 
mean  vertical  velocity  of  the  cloud  parcel  and  its  radius 
(e.g.,  Simpson  and  Wiggert,  1969)  and  in  terms  of  the 
parcel  turbulence  intensity  and  its  radius  (Lopez,  1973). 
In  order  to  understand  physically  how  the  entrain- 
ment  rate  could  be  a  random  quantity,  consider  the 
growth  of  the  parcel  by  entrainment  as  a  flux  of  mass 
through  the  surface  of  the  parcel.  Thus 


dm 
dt 


■■PeVeA, 


(7) 


where  pe  is  the  density  of  the  entrained  air  and  ve  the 
mean  velocity  of  the  entrained  mass  averaged  over 
the  surface  area  A  of  the  parcel.  Let  m  be  the  mass  of 
the  parcel,  where 


m  =  PpV, 


(8) 


V  being  the  valume  and  pp  the  density  of  the  parcel. 
Dividing  Eq.  (7)  by  (8)  and  setting  pp~pe,  one  obtains 


1  dm     A 
m  dt      V 


(9) 


Let  the  ratio  of  the  surface  to  the  volume  of  the  parcel 
be 


A     A" 
V     R 


(10) 


where  R  is  the  parcel's  radius  and  K  a  geometric  con- 
stant depending  on  the  configuration  of  the  parcel.  Eq. 
(9)  now  becomes 


1  dm        ve 

-= K— 

m  dt         R 


(11) 


By  comparing  Eqs.  (6)  and  (11)  it  can  be  seen  that  the 
entrainment  rate  would  be  random  (and  the  cloud 
parcel  would  grow  according  to  the  law  of  proportionate 
effects)  if  the  velocity  of  entrainment  averaged  over 
the  surface  of  the  parcel  were  a  random  variable. 

Now,  the  entrainment  of  outside  air  into  the  cloud 
parcel  is  controlled  by  the  turbulence  near  the  surface 
of  the  cloud.  The  convolutions  and  invaginations  of  the 
cloud  surface  trap  the  exterior  air  and  draw  it  inside 
(Turner,  1962,  1963).  Thus,  the  mean  velocity  of  en- 
trainment at  a  given  moment  during  the  growth  of  a 
parcel  depends  on  the  particular  turbulent  configura- 
tion of  the  parcel's  surface.  This  is,  of  course,  a  random 
variable.  Thus,  the  mean  velocity  of  entrainment  would 
be  a  random  variable,  also.  As  a  consequence,  the 
fractional  entrainment  rate  would  be  random.  The  law 
of  proportionate  effects  would  apply,  and  the  resulting 
distribution  of  cloud  size  would  be  lognormal. 

From  strictly  dimensional  arguments  it  can  be  rea- 
soned (Telford,  1966;  Morton,  1968)  that  the  velocity 
of  entrainment  fluctuates  randomly  around  a  value 
that  is  determined  by  the  root-mean-square  of  the 
velocity  fluctuations  inside  the  parcel  (turbulence  in- 
tensity). Thus,  although  the  value  of  the  velocity  of 
entrainment  for  the  particular  times  during  the  growth 
of  a  parcel  is  going  to  vary  randomly,  its  time  average 
is  going  to  be  dependent  upon  the  average  turbulent 
intensity  of  the  cloud  parcel.  Upon  integration  of  Eq. 
(11),  one  obtains 


In  m  =  \n  Wo+A' 


r'iiedt 


(12) 
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where  m  is  the  final  mass  at  time  /,  and  mo  the  initial 
mass  of  the  cloud  parcel.  Notice  that,  in  addition  to  the 
initial  mass,  the  final  size  depends  on  the  mean  ratio 
between  the  velocity  of  entrainment  (fluctuating  ran- 
domly around  a  value  determined  by  the  degree  of 
turbulence)  and  the  radius  of  the  parcel.  Thus,  although 
this  hypothesis  would  explain  the  observed  lognormal 
size  distribution  of  fields  of  clouds,  it  also  retains  the 
Rr1  and  turbulence  intensity  dependency  in  the  en- 
trainment formulation  that  have  been  well  established 
in  the  cumulus  dynamics  literature. 

It  should  be  noted  that  in  all  of  the  entity  type  cloud 
models  (e.g.,  Simpson  and  Wiggert,  1969;  Weinstein 
and  Davies,  1968;  Lopez,  1973)  a  different  initial 
radius  has  to  be  specified  to  generate  each  cloud  of 
different  size  under  the  same  thermodynamic  situation. 
In  addition,  nothing  can  be  said  about  the  different 
proportions  of  cloud  types  to  be  expected  in  a  given 
case.  The  present  hypothesis,  however,  by  assuming  a 
stochastic  process  and  a  characteristic  initial  convec- 
tive  element  size,  would  explain  the  size  distribution 
of  the  entire  convective  field  under  a  given  thermo- 
dynamic situation.  The  author  is  working  on  the  theory 
of  a  stochastic  cloud  model  based  upon  the  present 
hypothesis  to  test  the  possibility  of  producing  popula- 
tions of  clouds  that  are  lognormally  distributed  in  size 
and  duration. 

c.  Stochastic  formation  process 

In  the  previous  section  it  was  indicated  that  the 
lognormality  of  cloud  and  radar  echo  distributions  can 
be  explained  by  assuming  that  the  clouds  grow  to  their 
final  size  from  an  initially  small  volume  by  the  process 
of  random  entrainment  of  environmental  air.  Log- 
normality  can  also  be  explained  by  postulating  a  process 
by  which  clouds  of  a  particular  size  are  formed  by  the 
merger  of  smaller  elements.  Thus,  the  following  second 
hypothesis  can  also  be  made  to  explain  the  occurrence 
of  lognormal  cloud  size  distributions : 

1)  In  a  given  region  many  small  convective  elements 
are  randomly  formed  throughout  the  subcloud  layer. 

2)  As  they  rise  and  expand  they  aglomerate  into 
larger  elements. 


14 


16        18 


20 


10        12 
X (arbitrary  units) 

Fig.  6.  A  theoretical  lognormal  frequency  distribution  with 
geometric  mean  and  standard  deviation  equal  to  1  in  arbitrary 
units  of  x.  Points  A  and  B  are  identified  in  Fig.  7. 


§    5 


£    3 


S   2 
x 


05 


III     III 1 — I 1     I    I    I    I    I     I 1 — I 1    II     III 


Original  Distribution 

(/i=l,  (7  =  1) 


Truncated  Distributions 


i  i  -i i    i    i 


III     III 


001      0.1  I    2     5    10    20  30  4050  60  70  80    90  95   98  99        99.9     9999 

Accumulated  Frequency(%) "  Normal  Probability  Scale 

Fig.  7.  The  accumulated  frequency  distributions  of  a  theo- 
retical lognormal  distribution  (straight  line)  and  the  same  for 
two  truncated  lognormals  (curves  A  and  B). 

3)  The  larger  elements,  covering  a  greater  area, 
intercept  a  larger  number  of  other  elements  and  thus 
grow  more  rapidly  than  the  smaller  ones,  i.e.,  growth 
proceeds  according  to  the  law  of  proportional  effects. 

4)  In  this  way  a  cloud  population  develops  whose 
eventual  size  distribution  is  lognormal. 

The  author  is  also  working  on  the  development  of  a 
stochastic  cloud  formation  model  of  this  type. 

This  merging  process  probably  continues  during  the 
latter  stages  of  cloud  life.  Evidence  for  this  mechanism 
can  be  seen  in  the  studies  of  cloud  mergers  by  Simpson 
and  Woodley  (1971)  and  Lopez  (1976).  It  is  not  the 
purpose  of  this  paper  to  formulate  the  theoretical 
models  that  can  be  derived  from  the  abovementioned 
hypotheses,  but  merely  to  advance  these  two  hypothe- 
ses of  growth  and  formation  as  possible  explanations 
of  the  observed  lognormal  distributions  of  echo  and 
cloud  size  and  duration. 

d.  Truncated  lognormals  and  limits  to  cloud  growth 

It  was  noted  in  Section  2  that  some  of  the  logproba- 
bility  plots  of  size  distributions  departed  to  the  right 
of  a  straight  line  (lognormal  distribution)  for  the  largest 
2%  of  the  echo  and  cloud  sizes  (see  Fig.  3).  This  de- 
parture indicates  that  there  are  more  echoes  or  clouds 
observed  in  that  size  range  than  are  called  for  by  the 
lognormal  law,  and  at  the  same  time  that  the  lognormal 
predicts  some  elements  with  larger  sizes  Aat  were  not 
observed.  This  is  exactly  the  situation  to  be  expected 
if  there  is  a  physical  limit  to  the  growth  of  clouds. 

In  order  to  illustrate  this  limiting  effect  on  a  log- 
normal  distribution  some  theoretical  examples  can  be 
considered.  Fig.  6  shows  a  theoretical  lognormal  fre- 
quency distribution  with  mean  and  standard  deviation 
equal  to  1  in  arbitrary  units  of  the  variable  *.  The 
logprobability  plot  of  this  distribution  is  shown  as  the 
straight  line  of  Fig.  7.  The  theoretical  lognormal  has 
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Fig.  8.  Accumulated  frequency  distribution  of  radar  echo 
height.  The  solid  curve  corresponds  to  the  truncated  lognormal 
distribution  that  best  fits  the  data. 

been  arbitrarily  truncated  at  *  =  5  (point  A)  and  x=\0 
(point  B)  (Fig.  6).  The  logprobability  plots  of  the  re- 
sulting (renormalized)  distributions  are  shown  as  curves 
A  and  B  in  Fig.  7.  Notice  that  the  curves  depart  to  the 
right  of  the  parent  full  lognormal  in  the  same  way  as 
the  size  distributions  of  Fig.  5. 

Accordingly,  truncated  lognormals  were  fitted  to  the 
three  distributions  that  departed  most  from  a  full  log- 
normal  in  the  highest  values.  These  three  distributions 
were  not  pictured  in  Figs.  1-5,  but  their  regular  log- 
normal-fit  parameters  are  shown  in  Tables  1-3.  Figs. 
8-10  portray  the  original  distributions  and  the  cor- 
responding truncated  lognormal  fits.  These  were  trun- 
cated at  the  maximum  observed  dimension.  In  general, 
the  truncated  lognormals  fit  the  observed  distributions 
much  better  than  the  corresponding  regular  lognormals 
do,  especially  in  the  range  of  largest  sizes  and  durations. 
Still,  however,  some  departure  from  the  theoretical 
distributions  toward  higher  frequencies  is  noticed  in 
all  three  examples.  It  must  be  recalled  that  the  theo- 
retical distributions  were  arbitrarily  truncated  at  the 
observed  maximum  dimension.  This  procedure  tacitly 
assumes  that  only  clouds  that  would  grow  to  be 
smaller  than  the  maximum  size  were  initially  generated. 
In  reality,  however,  clouds  might  be  generated  that 
potentially  could  be  larger  than  the  maximum  permitted 
by  the  environment.  Those  clouds  would  then  be 
stunted  in  their  development  and  would  appear  to  be 
of  the  same  size  as  clouds  that  just  reach  unhindered 
the  maximum  size.  Thus  the  frequencies  of  the  upper 
size  range  would  appear  inflated  as  observed. 
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Fig.  9.  Accumulated  frequency  distribution  of  radar 
echo  horizontal  dimension. 

4.  Summary  and  conclusions 

This  paper  has  shown  that  the  lognormal  distribution 
describes  well  the  frequency  distributions  of  height, 
horizontal  size  and  duration  observed  in  cloud  and 
radar  echo  populations  in  many  different  regions  and 
convective  situations. 

Two  hypotheses  have  been  suggested  to  explain  this 
phenomenon.  One  has  to  do  with  the  growth  process 
of  cloud  parcels  by  mixing  with  environmental  air. 
Here  growth  by  entrainment  occurs  by  a  random  proc- 
ess that  obeys  the  law  of  proportionate  effects.  The 
second  hypothesis  postulates  a  formation  process  of 
clouds  by  mergers  of  smaller  elements.  Here  the  size 
of  the  cloud  being  formed  by  the  conglomeration  of 
random  boundary  layer  convective  elements  depends 
on  how  many  elements  have  joined  already. 

The  importance  of  the  ideas  presented  in  this  paper 
should  again  be  emphasized.  First,  here  is  the  possi- 
bility of  an  analytical  expression  for  cloud  populations. 
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This  is  of  crucial  importance  for  the  parameterization 
effort.  Second,  the  evidence  presented  here  indicates 
that  cloud  formation  and/or  growth  may  not  be  an 
entirely  deterministic  process,  but  may  instead  involve 
a  significant  stochastic  mechanism  that  follows  the  law 
of  proportionate  effects. 
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Dye-laser  scanning  spectroscopy  and  fluorescence-quenching  cross  sections 
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A  tuneable  dye  laser  was  used  to  study  the  energy-level  structure  near  the  dissociation  limit  of  the  B  Jno*. 
State  of  l2-  The  laser  was  continuously  scanned  from  498  0  to  520.0  nm  while  irradiating  iodine  vapor.  Use  of 
a  wide-band  filter,  selected  to  pass  only  the  third  Stokes  line  of  the  fluorescence  over  the  range  of  the  laser 
Scan,  resulted  in  a  continuous  plot  of  the  energy-level  structure  from  about  35  vibrational  levels  below  the 
dissociation  limit  to  beyond  the  dissociation  limit.  From  the  spectrum,  a  value  for  the  dissociation  energy  of 
the  B  Jn*„  state  was  determined,  corresponding  to  K  =  498.8  ±  0.3  nm,  in  agreement  with  recent  absorption- 
spectroscopy  experiments.  The  laser  »»  iiicu  -xi  ji  each  of  two  waveie.igths:  517.1  nm.  well  below  the 
dissociation  limit,  and  501.2  nm,  close  to  the  dissociation  limit;  the  absolute  self-quenching  and  foreign-gas 
(N2)  quenching  cross  sections  for  I,  were  measured  by  use  of  a  digital  detection  system.  The  results  w;re  Stem- 
Votoer  plots  that  yielded  values  of  o-2t.  where  no-1  is  the  quenching  cross  section  and  t  is  the  lifetime.  Cross 
sections  are  reported  on  the  basis  of  t  =  1.15  x  10~°  s.  A  surprisingly  large  background  fluorescence,  due  to 
coilistonal  excitation  transfer,  was  superimposed  on  the  line  spectrum  in  the  foreign-gas  quenching  data,  but 
not  for  self-quenching;  appropriate  corrections  therefore  were  required  for  the  former.  Values  obtained  for 
A  -  517.1  and  501.2  nm  were,  respectively,  o-^,  =  40  ±  8  and  75  ±  15  A2,  o-j,2  =  3.7  ±  1.0  and  15  ±  3  A3. 


Since  the  studies  of  Bernstein  and  co-workers1  on  laser 
Raman  scattering  of  the  B  3n*tll  state  of  I2  above  the 
dissociation  limit  indicated  the  possibility  of  using  the 
resonance  Raman  effect  to  enhance  Raman-scattering 
signals,  there  has  been  much  interest  in  investigating 
the  frequency  dependence  of  the  Raman-cross  section 
approaching  an  absorption  resonance  of  a  molecule. 
The  feasibility  of  using  Raman  iidar  to  measure  mete- 
orological parameters  such  as  water-vapor  and  tem- 
perature profiles  in  the  atmosphere  has  been  demon- 
strated.*'3  However,  such  measurements  are  extremely 
difficult,  owing  to  the  very  small  cross  sections  for 
Raman  scattering.    Fouche  and  Chang4  reported  res- 
onance Faman  scattering  below  the  dissociation  limit 
of  the  B  'n*,.  state  of  I2,  with  an  enhancement  of  108 
by  use  of  an  incident  wavelength  from  an  argon- ion  la- 
ser about  2  GHz  from  the  resonance  center.    However, 
St.  Peters  et  o/.s  have  disputed  this  finding,  showing 
mat  in  a  very  similar  experiment  the  signal  in  the  Ra- 
man channel  was  quenched  and  hence  was  not  resonance 
Raman  scattering  but  resonance  fluorescence  excited 
in  the  wing  of  the  pressure-broadened  profile. 

In  Ihe  present  experiment,  a  tuneable  dye  laser  was 
used  to  scan  the  region  above  and  below  the  dissoci- 
ation limit  of  the  B  Jn;f„  state  of  12,  to  measure  the 
quenching  cross  section  at  various  wavelengths  within 
the  transition  region  from  resonance  Raman  scattering 
above  the  dissociation  limit  to  resonance  fluorescence 
below  the  dissociation  limit.    However,  at  the  I,  vapor 
pressures  sufficiently  low  to  ensure  the  absence  of 
radiation  trapping  (which  would  invalidate  the  results 
unless  complicated  radiative-transfer  corrections  were 
made)  it  was  not  possible  to  observe  resonance  Raman 
scattering  above  the  dissociation  limit  with  the  rela- 
tively low-power  laser  used  in  this  experiment.    (There 
fts  strong  absorption  in  I2  vapor  even  for  X  above  the 
dissociation  limit. 8)    Instead,  the  experiment  was  con- 
fined to  a  study  of  the  region  of  resonance  fluorescence 
Immediately  below  the  dissociation  limit  of  the  B  ■1n*>, 
state.    As  a  prelude  to  the  quenching  studies,  we  de- 
cided to  use  the  continuous  tuneability  of  the  dye  laser 
to  scan  the  energy  levels  of  the  molecule  while  moni- 


toring the  intensity  of  a  single  line  in  the  fluorescence 
spectrum.    A  direct  plot  of  the  level  structure  of  the 
B  3nj#ll  state  near  the  dissociation  limit  was  thus  ob- 
tained.   Because  this  laser  scan,  when  applied  to  the 
upper  electronic  state  of  the  transition,  gives  essen- 
tially the  counterpart  of  the  usual  monochromatically 
excited  fluorescence  spectrum  obtained  with  a  scanning 
spectrometer,  which  instead  scans  the  lower  electronic 
state,  we  refer  to  the  method  as  "laser-scanning  spec- 
troscopy. "  Having  investigated  the  level  structure 
near  the  dissociation  limit,  we  then  selected  two  wave- 
lengths at  which  to  measure  the  absolute  fluorescence- 
quenching  cross  sections  for  I,,  both  for  self -quench- 
ing and  for  foreign-gas  quenching  (due  to  collisions 
with  N2)  using  conventional  Stern- Volnier  plots  of  the 
scattered  intensities.    In  addition  to  yielding  new  in- 
formation about  the  I2  molecule  near  the  dissociation 
limit,  these  results  should  serve  as  a  useful  prelude 
for  comparison  to  quenching  cross  sections  of  reso- 
nance Raman  scattering  above  the  dissociation  limit  if 
they  are- measured  when  more-powerful  dye  lasers  be- 
come available. 

I.  THEORY 

An  excited  Ia  moleci'le,  after  absorbing  a  photon  of 
energy,  hv,  can  obiter  reradiate  this  energy  as  fluores- 
cence or  it  can  redistribute  the  energy  in  a  collision 
with  an  unexcited  I2  molecule  or  with  a  foreign-gas 
molecule  such  as  N2.    The  various  processes  are  in- 
dicated symbolically  by 

I,—  lt  +  hv    (fluorescence),  (1) 

r£  +  Ij-2I  (or  I2)  +  Ia    (self-quenching),  (2) 

1^  +  N|-2I  (or  I»)  +  Nj  (foreign-gas  quenching).       (3) 

Quenching  processes  (2)  and  (3)  may  cause  the  excited 
molecule  to  be  nonradiatively  de-excited  to  the  ground 
state  or  may  cause  the  molecule  to  dissociate  into  two 
unbound  Iodine  atoms.    It  has  been  shown7'8  that  the 
dominant  quenching  products  are  probably  free  iodine 
atoms,  due  to  collision-induced  predissociation  to 
nearby  repulsive  electronic  states  whose  potential 
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carves  cross  that  of  the  state  B  3n;  „.    Both  processes 
(2)  and  (3)  are  proportional  to  the  concentration  of  ex- 
cited iodine  molecules,  denoted  [l*J,  and  to  the  con- 
centration of  ground-state  I2  or  the  concentration  of 
nitrogen  buffer  gas,  respectively.    In  a  steady  state  of 
absorption  and  decay  (including  atomic  recombination 
via  wall  collisions),  the  number  of  excitation  transi- 
tions per  second  can  be  equated  to  the  number  of  decay 
transitions  per  second, 


"oi„/0[lJ='r1[lJ]+^<4Lr^I2][Il] 


+  *<^JN2][I*2]    , 


m 


where  soiBS  is  the  absorption  cross  section  for  pho- 
tons of  frequency  v  (cm2),  /0  is  the  irradiance  by  inci- 
dent photons  (cm'2s"'|,  t  is  the  effective  lifetime  of 
excited  state  (s),   !ro2ELF  is  tne  self-quenching  cross 
section  for  I2  (cm2),  -<jSz  is  the  I2  quenching  cross  sec- 
tion due  to  collisions  with  N,  (cm2),  and  T\,vz  are  the 
mean  relative  collision  speeds  (cm/s). 

T  may  contain  a  nonradiative  component,  in  addition 
to  the  radiative  lifetime,  because  of  spontaneous  pre- 
dlssociation.    The  fluorescence  intensity  for  a  par- 
ticular transition  from  the  excited  state  is  given  by 

I,' Aft)   ,  (5) 

where  A  is  the  transition  probability  (per  unit  time). 
Combining  Eqs.  (4)  and  (5)  gives  a  linear  relation  use- 
ful for  determining  the  quenching  cross  sections  (Stern- 
Volmer  law9>: 


1?  =  v°&slf   "i^OabsAT,,)"1 


(^Bs^r'M*1 

*v\vg{v^AMAI0[lt]rl  [N2]    .  (6) 

For  experimental  purposes,  it  is  more  convenient  to 


Vacuum  Sv»«m 


FIG.  1.    Experimental  arrangement.    Q:  quartz  sample  cell. 
Pi  photomultiplier.    S:  laser  source.    L:  lens,  adjustable  in 
three  axes.    The  la  reservoir  is  maintained  at  a  fixed  tempera- 
ture. 


convert  concentrations  to  partial  pressures  (Torr). 
When  this  is  done  we  see  from  Eq.  (6)  that  if  the  par- 
tial pressure  of  N8  buffer  gas  is  zero,  a  plot  of  the 
reciprocal  of  I2  fluorescence  intensity  versus  the  re- 
ciprocal of  I2  vapor  pressure  should  yield  a  straight 
line  with 

intercept/slope  =  (j:(7|ELrF1T)(7. 501  xlO^rr1    ,      (7) 

where 

t?,=(8*Tff-,^1),/* 

and  k  is  the  Boltzmann  constant  (1.3805x  If)-1*  erg/K), 
T  is  the  absolute  temperature  (K),  and  n  is  the  reduced 
mass  of  12,  I2  collision  partners  (g).    Similarly,  if  the 
partial  pressure  of  I2  is  held  constant,  a  plot  of  the 
reciprocal  of  I2  fluorescence  signal  versus  N2  gas  pres- 
sure yields 

slope/intercept  =  *(?„  F2  t(7.  501  x  W^kT)'1 

xtt  +  soiELr^I*])"1    ,  (9) 

where 

[U]=/'i2(Torr)/(7.  SOTxlO-^T)  (9) 

and  vt  is  the  mean  collision  speed  for  I*  ,  N2  collisions 
(cm/s).    The  use  of  these  expressions  to  determine 
the  cross  sections  is  discussed  in  Sec.  III. 

II.  EXPERIMENTAL  CONFIGURATION 

The  optical  system  is  shown  schematically  in  Fig.  1. 
The  light  source  was  a  flashlamp-pumped  dye  laser  of 
20  kW  peak-power  output  per  pulse  (0.  5  us  pulse  width, 
30  pps  repetition  frequency).    The  laser  was  continu- 
ously tuneable  over  most  of  the  visible  spectrum  by 
rotating  a  reflection  grating  that,  used  in  first  order, 
formed  the  mirror  for  one  end  of  the  cavity.    For  the 
wavelength  region  of  interest  in  this  experiment,  the 
dyes  l,2-dihydro-4-methoxybenzo/c/xanthylium  fluoro- 
borate  and  Coumarin  102  (Eastman  Kodak  trade  name) 
were  found  most  useful.    The  former  dye  tuned  from 
560.0  to  505.0  nra.    Coumarin  102  tuned  from  510.0  nm 
to  well  beyond  the  dissociation  limit  of  the  B  311J >a  state 
of  Ia  at  e  499.0  nm.    Both  dyes  were  dissolved  in  water 
to  minimize  thermal-dissipation  problems  and  thus 
narrow  the  linewidth  of  the  laser  (Coumarin  102  was 
Initially  dissolved  in  a  tiny  amount  of  ethanol  and  5% 
Ammonyx  Lo  was  added  to  H20  to  keep  the  dye  in  solu- 
tion).   The  linewidth  of  the  laser  source  (full  width  at 
10%  maximum  intensity)  measured  by  a  Spex  1401 
Spectrometer  (dispersive  resolution  =  0.005  nm)  was 
approximately  0.05  nm. 

The  fluorescence  cell  consisted  of  a  cylindrical 
quartz  tube  30  mm  long  and  12  mm  in  diameter  with 
flat  windows  sealed  onto  both  ends.    The  curved  side 
of  the  tube  served  as  the  exit  window.    A  lens  (/=40  cm) 
with  micrometer  adjustments  along  three  axes  focused 
the  laser  into  the  cell  and  allowed  for  precise  position- 
ing of  the  beam.    The  fluorescent  light  was  focused  by 
the  two-lens  collecting  optics,  also  with  micrometer 
adjustments  as  indicated  in  Fig.   1,  onto  the  slit  of  a 
Jarrell-Ash  0.  5  m  spectrometer  oriented  with  the 
slit  parallel  to  the  laser  beam  to  accept  the  central 
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l.S  era  length  of  excitation  region  in  the  sample  cell. 
The  output  of  the  spectrometer  was  detected  by  an  RCA 
1P28-A  photomultiplier.    The  fluorescence  cell  con- 
tained a  vertical  tube  extending  below  the  cell  that  con- 
tained solid  iodine.    The  temperature  of  this  reservoir 
determined  the  vapor  pressure  of  I2  in  the  cell,  which 
was  found  by  using  the  vapor-pressure  data  of  Gillespie 
and  Fraser.10    The  I2  reservoir  v/as  immersed  in  a 
Dewar  containing  ethanol;  the  temperature  was  accurate- 
ly controlled  by  cooling  coils  that  circulated  coolant 
from  a  regulated  cooling  system.    During  the  self- 
quenching  studies,  the  reservoir  temperature  was  main- 
tained within  ±0.05  °C  for  each  data  point,  over  the 
range  —5  to  +20  °C.    (For  computing  cross  sections, 
only  data  for  T<  14  "C  were  used,  to  prevent  radiation 
trapping. )   During  the  foreign-gas  quenching  studies, 
the  temperature  of  the  reservoir  was  maintained  at 
285.0 ±0.3  K.    Temperatures  were  read  to  0.01  °C  from 
a  Hg  thermometer  immersed  in  the  reservoir.    The 
upper  part  of  the  cell  was  maintained  at  room  tempera- 
ture (296  ±1  K)  throughout  all  runs.    The  cell  was 
Initially  baked  and  pumped  for  over  24  h  until  a  residual 
pressure  of  ~5xl0"s  Torr  was  maintained.    Baker 
reagent-grade  iodine  was  then  distilled  into  the  cell 
under  vacuum  and  the  cell  was  sealed  off  at  a  pressure 
of  «  1  xlO*4  Torr.    The  cell  contained  a  side  tube  with 
a  ground-glass  valVe  through  which  N2  could  be  intro- 
duced into  the  cell  for  the  foreign-gas  quenching  ex- 
periments.   Special  halogen-resistent  Halocarbon  grease 
was  used  to  coat  the  valve  to  prevent  contamination  by 
the  Ia.    In  situ,  the  cell  was  permanently  connected 
through  this  side  tube  to  the  vacuum  system,  which 
allowed  easy  evacuation  of  the  cell  and  continual  moni- 
toring of  the  pressure  in  the  cell  to  detect  any  leakage 
of  the  valve.    No  leakage  was  found.    The  N2  pressure 
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TIG.  2.    Fluorescence  spectrum  of  Ij,  dye-laser  excitation 
(X-617.1  nm).    Bottom  graph:  I:  vapor  pressure  =0.12  Torr, 
Nj"0  Torr.    Top  graph  shows  elleet  e{  general  background 
fluorescence  due  to  N2  added  at  1.0  Torr  vapor  pressure. 


In  the  cell  was  determined  within  ±0.01  Torr,  over 
the  range  0  to  8.  5  Torr,  by  a  manometer  permanently 
affixed  to  the  vacuum  system.    For  more  accurate 
reading,  the  manometer  was  filled  with  Kel-F  No.  3 
oil  (halogen  resistent),  obtained  from  3M  Co.,  Minne- 
apolis, Minn. 

In  the  recording  electronics,  the  signal  from  the 
photomultiplier  went  directly  into  a  FET  source -fol- 
lower preamplifier  and  then  into  an  integrate-and-hold 
circuit,  which  integrated  the  signal  from  several  laser 
pulses  and  ^ent  the  integrated  value  through  a  multi- 
plexer to  an  analog-to-digital  converter  to  be  printed 
in  digital  form  on  paper  tape.    To  correct  for  fluctu- 
ations of  laser  intensity  from  one  pulse  to  the  next, 
a  beam  splitter  separated  a  reference  sample  of  the 
incident  laser  flux,  which  was  simultaneously  inte- 
grated, digitized,  and  recorded  on  paper  tape.    The  re- 
corded data  were  analyzed  in  a  NOVA  computer.    The 
entire  system  was  checked  in  situ  for  linearity  by  in- 
terposing interference  filters,  whose  transmittances 
had  been  measured  on  a  Cary  spectrophotometer,  in 
front  of  the  spectrometer.    The  system  was  found  to 
be  linear  within  10%  over  the  range  involved  in  the  ex- 
periment. 

DI.  RESULTS 

A.  Fluorescence  spectra 

Figure  2  shows  an  X-Y  recorder  plot  of  the  fluores- 
cence spectrum  from  I2  with  the  excitation  wavelength 
from  the  laser  set  at  517.1  nm,  about  18  nm  (701.5 
cm"1)  below  the  dissociation  limit  (at  about  499.0  nm) 
of  the  B  3n*iU  state.    This  spectrum  was  obtained  with 
the  experimental  arrangement  described  above,  except 
that  the  digital  recording  system  was  replaced  by  an 
analog  system  in  which  the  signals  from  the  preanps 
were  sent  through  separate  channels  of  a  boxcar  inte- 
grator.   The  fluorescence  signal  was  divided  by  the 
reference  signal,  in  an  analog  divider,  and  the  ratio 
was  plotted  on  an  X-Y  recorder.    The  spectrometer 
slits  were  400  um  wide  for  these  spectra,  correspond- 
ing to  a  dispersive  resolution  of  0.64  nm.    In  these 
low-resolution  spectra,  each  vibrational  transition, 
which  in  actuality  consists  of  several  rotational  tran- 
sitions, corresponding  to  the  several  rotational  levels 
excited  by  the  laser  and  also  arising  from  &J=±  1 
transitions  in  emission,  corresponds  to  a  single  line. 
In  the  lower  plot  of  Fig.  2,  four  prominent  Stokes  lines 
can  be  seen.    Also,  one  prominent  and  two  weak  anti- 
Stokes  lines  were  present.    The  spacing  between  these 
lines  (~  208  cm"1  or  6  nm)  corresponds  to  the  spacing 
of  the  vibrational  levels  of  the  ground  state  X  "SJ,  to 
which  the  excited  molecule  makes  transitions.11    These 
transitions  arise  primarily  from  molecules  that  were 
Initially  excited  from  v"  =0  and  1,  and  to  a  lesser  ex- 
tent from  v*  =2  and  3.    The  upper  plot  in  Fig.  2  shows 
the  effect  of  introducing  1.0  Torr  or  N2  buffer  gas  into 
the  cell.    A  surprisingly  large  amount  of  excitation 
transfer  to  nearby  vibration- rotation  levels  in  the  ex- 
cited state  is  apparent  from  this  plot.    This  transfer 
fluorescence  complicated  the  determination  of  the 
foreign-gas  quenching  cross  sections.    The  procedure 
for  subtracting  this  effect  is  described  in  Sec.  11I.C 


23S 


J.  Opt.  Soc  Am..  Vol.  66.  No.  3.  March  1976 


M.  H.  Ornslein  and  V.  E.  Dcrr 


235 


660 


Wtrofftftglh  (nm) 


FIG.  3.    Fluorescence  spectrum  of  I2,  dye-laser  excitation 
0=601.2  nm).    Bottom  graph:  I2  vapor  pressure  =0.12  Torr, 
N|*0  Torr.    Top  graph  shows  effect  of  general  background 
fluorescence  due  to  N2  added  at  1.0  Torr  vapor  pressure. 


A  negligible  amount  of  transfer  fluorescence  was  ob- 
served in  the  self-quenching  experiments.    Figure  3 
shows  a  similar  set  of  plots  with  the  laser  wavelength 
shifted  to  501.2  nm,  only  about  2.2  nm  below  the  dis- 
sociation limit.    In  Fig.  3,  the  first,  third,  and  fourth 
Stokes  lines  are  again  prominent.    These  transitions 
all  arise  from  molecules  that  were  initially  excited  from 
»*=0,  because  the  laser  wavelength  is  too  close  to  the 
dissociation  limit  to  excite  fluorescence  for  i"  >0. 
IWs  accounts  for  the  absence  of  any  anti-Stokes  lines. 
As  described  in  Sec.  m.  B,  we  estimate  v  =  62  for  the 
excited  state.    The  second  line  is  missing,  presumably 
due  to  a  vanishing  Franck-Condon  factor  for  that  tran- 
sition.   The  small  additional  feature  near  the  laser 
wavelength  is  not  readily  explained.    It  may  be  due  to 
an  Intersection  of  the  B  3n;,.  state  with  a  nearby  re- 
pulsive electronic  state,  which  may  also  influence  the 
vanishing  of  the  second  Stokes  line.    Higher-resolution 
spectroscopic  studies  of  this  region  would  be  interest- 
ing' and  useful.    This  was  not  possible  with  the  present 
system  because  of  spatial  instability  of  the  laser  beam, 
which  caused  the  image  on  the  entrance  slit  of  the  spec- 
trometer to  wander  over  a  region  of  ±200  Mm,  which 
limited  narrowing  of  the  slit  to  not  less  than  400  um. 

B.  Laser-scanning  spectroscopy 

To  obtain  a  direct  display  of  the  level  structure  near 
the  dissociation  limit  of  the  B  3n' ,  state  as  a  prelude 
to  the  quenching  studies,  we  decided  to  use  the  con- 
tinuous tuneability  of  the  dye  laser  as  a  scanning  probe. 
The  data  of  Fig.  4  were  obtained  by  use  of  the  same 
recording  system  as  in  Figs.  2  and  3,  but  instead  of 


scanning  the  spectrometer  with  a  fixed  laser  wavelength, 
we  continuously  scanned  the  laser  wavelength,  from 
498.0  to  520.0  nm,  by  rotating  the  grating  in  the  laser 
cavity  with  a  motor.    The  spectrometer  was  used  essen- 
tially as  a  variable-setting  wide-band  filter,  by  using 
a  relatively  narrow  entrance  slit  (100  Mm)  and  a  wide 
exit  slit  (3  mm)  with  the  spectrometer  grating  at  a 
fixed  setting,  positioned  so  that  only  the  third  Stokes 
line  passed  through  the  exit  slit.     With  the  spectrom- 
eter grating  now  fixed,  the  laser  wavelength  was 
scanned.    As  the  third  Stokes  line  moved  across  the 
exit  slit  of  the  spectrometer  it  exhibited  various  peaks 
of  intensity,  corresponding  to  the  vibrational  energy 
levels  of  the  B  3n*>1(  state  (see  the  schematic  energy- 
level  diagram  in  Fig.  4).     (Use  of  the  100  Mm  entrance 
slit  created  additional  fluctuations  of  the  signal,  owing 
to  spatial  instability  of  the  laser  beam,  but  this  en- 
tered essentially  as  a  random -noise  factor  and  was 
compensated  by  additional  filtering  in  the  electronics. ) 
The  different  scans  in  Fig.  4  correspond  to  different 
orientations  of  the  spectrometer  grating,  and  hence  to 
different  centers  of  the  spectrometer  pass  band  (used 
as  a  filter).    Increased  photomultiplier  gain  was  used 
from  one  plot  to  the  next  as  the  dissociation  limit  was 
approached.    For  these  scans,  no  N2  buffer  gas  was 
present  in  the  cell  and  the  I2  vapor  pressure  was  0. 15 
Torr.    Spatial  instability  of  the  laser  beam  caused 
limited  resolution,  but  the  vibrational  structure  is 
clearly  evident.    Our  best  estimates  for  the  positions 
of  band  heads  are  indicated  as  vertical  lines  on  the 
graphs,  out  to  the  dissociation  limit.    The  wavelength 
scale  in  Fig.  4  was  determined  by  calibrating  a  microm- 
eter scale  on  the  laser-grating  mount  against  laser 
wavelength  determined  by  manually  scanning  the  Jar- 
rell-Ash  spectrometer  (with  100  urn  slits)  and  detecting 
peak  signals  on  an  oscilloscope.    The  spectrometer, 
in  turn,  was  calibrated  by  using  the  known  emission 
lines  of  an  argon-ion  laser  at  487.99,  496.51,  501.76, 
and  514.54  nm.    The  wavelength  marks  in  Fig.  4  cor- 
respond to  direct  data  from  the  calibration;  they  are 
not  necessarily  evenly  spaced.    Resolution  was  not 
deemed  sufficient  to  warrant  a  detailed  analysis  to  ob- 
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FIG.  4.  Spectra  of  the  vibrational  structure  of  the  B  3nj„ 
state  near  the  dissociation  limit.  Obtained  by  scanning  the 
dye  laser. 
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tain  spectroscopic  constants  from  the  data.    However, 
the  spectra  are  useful  for  determining  the  vibrational 
levels  excited  in  the  quenching  studies,  and  for  visu- 
alizing the  level  structure  in  this  region.    The  dissoci- 
ation limit  of  the  B  3n*  „  state  can  also  be  estimated 
from  the  graph;  it  is  estimated  to  be  498. 8  ±0.3  nm, 
In  very  good  agreement  with  the  value  obtained  by  ab- 
sorption spectroscopy. 12,13 

Excitation  wavelengths  501.2  and  517.1  run  were 
used  in  the  quenching  experiments.    The  v'  level  ex- 
cited by  517. 1  nm  can  be  detf  rmined  from  the  precise 
spectroscopic  constant  of  Wei  and  Tellinghuisen14  for 
the  B  5n*ir  state,  and  of  Rank  and  Rao"  for  the  ground 
State,  giving  «■'  =40.    By  determining  the  position  of 
this  wavelength  on  the  extension  of  Fig.  4  to  longer 
wavelengths,  we  assigned  this  v'  value  to  a  particular 
band.    The  v'  level  excited  by  501.2  nm  was  then  as- 
signed by  merely  counting  the  vibrational  bands  in 
Fig.  4,  which  gave  r'  =62.    This  value  agrees  with 
that  determined  by  direct  calculation  for  501.2  nm  by 
use  of  the  spectroscopic  constants  of  Ref.  14,  which 
serves  as  a  check  on  the  assignment.    This  assignment 
assumed  excitation  from  r*  =  0ofthe  ground  state,  the 
only  level  possible  for  the  501.2  nm  excitation  because 
of  its  proximity  to  the  dissociation  energy.    For  517. 1 
nm,  excitation  from  t"  =  \,  2,  and  possibly  3,  are  al- 
so permitted.    By  counting  from  the  assigned  bands  to 
the  dissociation  limit,  we  resolved  discrete  levels  up 
to  v'  =  70.    In  their  high-resolution  absorption-band 
study,  Barrow  and  Yee13  observed  discrete  levels  to 
o*  =  77.    By  extrapolation  they  estimated  that  the  final 
bound  vibrational  level  is  v'  =37.    The  laser-scanning- 
spectroscopy  technique  that  we  employed  has  quite  gen- 
eral applicability  to  excited-state  molecular  spectros- 
copy. 

C.  Quenching  cross  sections 

The  experimental  system  that  W3  used  for  the  abso- 
lute-quenching cross  section  measurements  was  as 
described  in  Sec.  II.    The  dye-laser  emission  was  pre- 
dominantly polarized  in  the  vertical  plane;  a   Po- 
laroid filter  was  inserted  to  obtain  complete  linear  ver- 
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FIO.  8.  1}  fluorescence  Intensity  of  the  third  Stokes  line  as  a 
function  of  I2  vapor  pressure.  Laser  >  -  517. 1  nm.  N2  pres- 
sure »  0  Torr. 
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FIG.  b.    Stern-Volmer  graphs  of  the  reciprocal  of  the  I2  fluo- 
rescence intensity  as  a  function  of  the  reciprocal  of  the  I2  va- 
por pressure.    Laser  \=  501.2  nm  for  top  graph;  laser  X 
=  517.1  nm  for  bottom  graph.    No  Nj  in  cell.    Small  circles 
are  experimental  points. 


tical  polarization  of  the  exciting  light.    The  fluores- 
cence signal  collected  at  right  angles  (horizontally)  to 
the  laser  beam  was  dispersed  by  the  spectrometer 
(with  400  fim  slits);  to  reduce  leakage  from  unwanted 
scattered  light,  only  the  third  Stokes  line  in  the  fluores- 
cence was  sent  to  the  recording  electronics.    The  de- 
tection electronics  was  designed  to  record  only  during 
the  0.5  jxs  duration  of  each  laser  pulse,  which  essen- 
tially eliminated  photomultiplier  noise  from  the  signal. 
Figure  5  shows  a  plot  of  the  I2  fluorescence  intensity 
for  the  third  Stokes  line  as  a  function  of  I2  vapor  pres- 
sure.   These  data  were  obtained  from  a  computer  analy> 
sis  of  the  recorded  raw  data.    A  computer  subtracted 
the  zero  levels  for  each  data  set,  divided  the  fluores- 
cence signal  by  the  reference  intensity  for  each  re- 
corded set  of  values,  averaged  the  results  for  3  sets 
of  values  (320  laser  pulses),  and  printed  the  results 
{dotted  on  Fig.  5.    Quenching  cross  sections  were 
found  by  use  of  the  reciprocal  plots  discussed  in  Sec.  I. 
In  order  to  eliminate  error  due  to  radiation  trapping, 
only  data  for  I2  vapor  pressure  <0. 12  Torr  were  used 
for  determining  cross  sections.     Figure  6  shows  Stern- 
Volmer  plots  obtained  in  this  experiment  for  two  laser 
excitation  wavelengths,  one  (517. 1  nm)  well  below  the 
dissociation  limit  and  the  other  (501.2  nm)  close  to  the 
dissociation  limit.    There,  wavelengths  were  chosen 
to  coincide  with  the  peaks  of  their  respective  fluores- 
cence vibrational  bands  determined  from  Fig.  4  and 
Use  extension  for  Fig.  4  to  longer  wavelengths.    The 
p'  excited  levels  have  been  discussed  in  Sec.  III.  B 
The  self-quenching  cross  sections  (recorded  in  Table 
I)  were  determined  by  a  least-squares  linear  fit  to  the 
data  in  Fig.  6  and  by  use  of  Eq.  (7),  assuming  a  life- 
time for  both  excited  states  of  t  =  1.15*  10"8s.    This 
lifetime  was  obtained  by  averaging  all  vibrational -state 
lifetimes  for  the  B  3fi;>a  state  obtained  by  Sakurai, 
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FIG.  7.    Stern-Volmer  graphs  of  the  reciprocal  of  the  I;  fluo- 
rescence Intensity  as  a  function  of  the  buffer  gas  (K;)  pressure. 
Ij  vapor  pressure  =  0.  0982  Torr.     Top  graph:    >  =501.  2  run. 
Bottom  graph:   X=517.1nm.    Background  fluorescence  was 
subtracted  from  data.    Small  circles  are  experimental  points. 


Capelle,  and  Broida. 1S   No  more-accurate  value  was 
found.    However,  the  values  of  o^t,  recorded  in  Table 
I,  are  the  fundamental  results  of  this  study.    More- 
accurate  cross  sections  can  be  determined  when  fu- 
ture measurements  yield  more-accurate  values  of  t  for 
these  states.    (Although  customarily  cilled  a  cross  sec- 
tion, o*  is  the  square  of  an  effective  collision  diameter. 
The  actual  cross  section  is  -crj 

Figure  7  shows  plots  of  the  reciprocal  of  I2  fluores- 
cence signal  versus  N2  gas  pressure  in  the  cell  for 
fixed  It  vapor  pressure.    As  mentioned  previously,  the 
determination  of  the  foreign-gas  quenching  cross  sec- 
tions was  complicated  by  large  background  fluorescence 
caused  by  collisional  excitation  transfer  to  nearby  lev- 
els In  the  excited  state  (see  Figs.  2  and  3).    In  the 
quenching  studies,  the  spectrometer  slit  width  was 
400  um,  which  corresponded  to  a  dispersive  resolution 
(silt  function)  of  0.64  nm  centered  on  the  third  Stokes 
line  of  the  fluorescence.    Because  of  the  very  close 
spacing  of  the  rotational  levels  of  the  I2  molecule" 
("0.002  ran  at  t-'=40,  J'  =  1  and  «0.06  nm  at  t>'=40, 
J' *50),  the  spectrometer  slit  function  passes  not  only 
third  Stokes  fluorescence  from  the  directly  excited  lev- 
els but  also  from  several  nearby  rotational  levels  that 
are  excited  by  excitation  transfer.    This  transfer  flu- 
orescence must  be  subtracted  from  the  data  to  obtain 
the  true  quenching  cross  section  for  the  directly  ex- 
cited levels.    This  was  done  by  taking  two  sets  of  data 
for  each  data  point  in  Fig.  7.    The  first  data  were  taken 


with  the  spectrometer  set  to  the  peak  of  the  third  Stokes 
line.    Then  the  spectrometer  grating  was  rotated  slight- 
ly to  record  the  minimum  intensity  between  the  third  Stokes 
line  and  the  next  adjacent  line  Uee  Figs.  2  and  3). 
The  two  signals  were  subtracted  in  the  computer  analy- 
sis, to  yield  the  values  plotted  in  Fig.  7;  this  assumes 
the  transfer  fluorescence  to  be  a  uniformly  distributed 
background  in  the  region  of  the  third  Stokes  lines.    This 
procedure  was  quite  accurate  for  501.2  nm  exciting 
radiation.    It  was  somewhat  less  accurate  for  517.  1 
nm,  where  vibrational  structure,  in  addition  to  rota- 
tional structure,  appeared.     Foreign-gas  quenching 
cross  sections  for  collisions  with  N2  were  determined 
from  least-squares  linear  fits  to  the  data  in  Fig.  7  by 
use  of  Eq.  (8)  with  the  previously  determined  values 
of  0sELFt,  and  on  the  assumption  of  r  =  1.5  10"*  s.    The 
values  are  listed  in  Table  I.    For  comparison,  the  val- 
ues oblained  by  Brown  and  Klemperer18  with  Na  .D-line 
excitation  are  also  given.    These  authors  used  a  life- 
time of  7.2 x  10"7  s  to  compute  their  cross  sections. 
For  comparison  with  our  results,  we  computed  new 
cross  sections  from  their  ozr  values,  using  t=1.15 
xlO"*  s.    The  error  estimates  in  Table  I  represent  an 
attempt  to  include  the  effects  of  systematic  error, 
which  is  likely  to  be  larger  than  the  random  errors  in 
the  data. 

The  two  types  of  quenching  involve  different  inter- 
actions.   The  self-quenching  must  arise  from  inter- 
actions of  I2  molecule  in  electronic  states,  whereas 
the  foreign-gas  (N2)  quenching  surely  involves  transfer 
of  energy  among  vibration/ rotation  substates  of  the  ex- 
cited electronic  states.    Thus  they  are  very  different 
processes.    Their  significance  is  that  in  certain  kinds 
of  measurements  (e.g. ,  I2  in  air)  they  can  occur  si- 
multaneously; the  separate  measurements  may  be  com- 
bined, if  the  pressure  is  not  too  high,  to  estimate  a 
total  quenching  cross  section.    These  results  are  im- 
portant for  any  use  of  I2  Raman  or  fluorescent  spectra 
for  identification.    The  cross  sections  are  an  average 
over  many  J  values. 

IV.  DISCUSSION 

A.  Pressure  broadening 

A  potential  source  of  error  in  determining  the  quench- 
ing cross  sections  arises  from  collisional  broadening 
of  the  I2  absorption  profile  as  the  pressure  of  foreign 
gas  is  increased.    Before  foreign  gas  is  introduced, 
the  absorption  profile,  for  the  I2  pressures  employed, 


TABLE  I.    Absolute  quenching  cross  sections*  for  the  B  3rrj— 
state  of  I2. 
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*The  actual  cross  section  Is  tut2  (a*  Is  the  square  of  effective 
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(Sakuraiefo*'.15). 
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is  primarily  Doppler  broadened,  with  the  width  -  0.002 
nm.    (The  laser-line  width  is  ~0.05  nm. )    If  the  ab- 
sorption profile  is  appreciably  pressure  broadened, 
the  amount  of  laser  light  absorbed  will  be  different  at 
different  pressures,  invalidating  the  analysis  in  Sec.  I. 
For  the  foreign-gas  pressures  employed  in  the  present 
experiment,  the  line  width  due  to  pressure  broadening 
can  be  estimated  to  be  about  two  orders  of  magnitude 
smaller  than  the  laser-line  width. n,ie  Hence,  this 
source  of  error  should  be  negligible,  and  the  analysis 
Is  valid. 

B.  Radiation  trapping 

If  the  fluorescence  is  significantly  reabsorbed  by  the 
Ij  vapor  before  it  leaves  the  exit  window  of  the  cell, 
the  fluorescence  intensity  recorded  by  the  detection 
system  at  different  I2  pressures  will  not  obey  the  work- 
ing equations  of  Sec.  I,  because  radiation-trapping  ef- 
fects were  ignored  in  that  analysis.    Because  the  laser- 
line  width  was  broader  than  the  absorption  line  of  the  I, 
vapor,  meaningful  absorption  data  could  not  be  obtained 
with  which  to  estimate  radiation  trapping.    We  employed 
an  approximate,  satisfactory  method  to  estimate  the 
effect  of  this  source  of  error.    The  laser  beam  was 
moved  from  the  center  of  the  cell  to  a  position  just  next 
to  the  exit  window  by  a  slight  horizontal  movement  of 
die  lens  that  focuses  the  laser  beam  into  the  cell.    (This 
of  course  required  slight  refocusing  of  the  collecting 
optics.)   The  fluorescence  intensity  recorded  for  this 
beam  position  was  compared  to  that  recorded  with  the 
beam  in  the  center  of  the  cell.     For  I,  reservoir  tem- 
perature equal  to  21  °C,  corresponding  to  P,,  =0.22 
Torr,  the  difference  of  intensity  was  found  to  be  sig- 
nificant, about  20^,    Figure  5  shows  that,  in  this  re- 
gion, the  curve  of  growth  has  reached  its  asymptotic 
value  and  is  starting  to  decrease  because  of  radiation 
trapping.    To  minimize. this  source  of  error,  we  de- 
termined cross  sections  by  use  of  data  only  for  Plz 
<0. 12  Torr.    In  this  range,  the  error  of  the  cross  sec- 
tion due  to  radiation  trapping  is  estimated  to  be  -10%. 
A  potentially  more  accurate  method,  not  employed, 
would  be  to  insert  an  absorption  cell  in  the  fluorescence 
path. 

C  Density  measurement 

To  determine  the  absolute  quenching  cross  sections, 
the  absolute  densities  of  I2  and  N2  in  the  cell  must  be 
determined.    This  is  likely  to  be  the  major  source  of 
error  In  this  type  of  experiment.    The  pressure  of  N2 
was  measured,  with  an  oil  manometer,  with  an  esti- 
mated accuracy  of  ±5%.    The  I2  vapor-pressure  deter- 
mination was  likely  to  be  considerably  less  accurate. 
We  took  many  precautions  to  control  accurately  the  I2 
reservoir  temperature  and  allowed  about  20  min.  after 
each  temperature  change  for  re-establishment  of  equi- 
librium of  the  pressures  in  the  reservoir  and  at  the 
top  of  the  cell.    Initially  we  took  data  from  high  to  low 
temperatures,  as  well  as  in  the  reverse  sequence;  the 
data  were  consistent  to  about  ±10%.    However,  ex- 
perience showed  that  equilibrium  was  established  more 
rapidly  from  low  to  high  temperature;  hence,  the  runs 
for  determining  cross  sections  were  taken  in  this  di- 


rection.   The  uncertainty  of  the  lt  density  determina- 
tion is  estimated  as  *  15%. 

D.   Error  estimate 

In  addition  to  the  systematic  errors  mentioned,  there 
is  an  additional  error  in  the  foreign-gas  quenching 
cross  sections  associated  with  the  transfer-fluores- 
cence correction.    This  is  accounted  for,  at  least  in 
part,  by  the  random  scatter  of  the  data.    The  random 
scatter  was  more  serious  for  X  =  517. 1  nm  than  for  x 
=  501.2  nm.    The  systematic  error  was  combined  with 
the  random  error,  determined  by  the  least-squares 
fit  to  the  data,  by  taking  the  square  root  of  the  sum  of 
squares  to  give  the  error  estimates  listed  in  Table  I. 

A  possible  source  of  error  arises  from  diffusion  of 
molecules  from  the  observation  region  before  they  de- 
cay.   A  simple  estimate  may  be  made  of  the  fraction 
(AX/X)  of  molecules  that  decay  before  leaving  the  ob- 
servation region.    The  mean  speed  of  the  molecules  is 
v  =  (BkT/zM)1,z.    For  an  I2  molecule  the  molecular 
weight  M  =254  amu.    Thus  r  =  1.56xl04  cms"1  at  T 
=  293  K.    Then  A.V/.Y  =  [1  -  exp(-  t/r)],  where  t=1.15 
xlO"6  s  tSakurai  el  al.li),  the  average  lifetime,  and  t 
is  the  average  time  to  traverse  a  0.04  cm  diam  sample 
volume,  that  is  t  =  2.56  *  10"6  s.    Thus  A.Y/,V  =  0.89. 
Hence,  approximately  89%  of  the  excited  molecules  de- 
cay before  they  leave  the  sample  volume.    Of  the  re- 
maining 11%  approximately  one  third  travel  along  the 
direction  of  the  laser  beam  parallel  to  the  spectrom- 
eter slit,  which  increases  the  number  observed  to  93%. 
The  effect  of  collision  in  the  sample  volume  is  to  slow 
the  diffusion  of  molecules;  obviously,  collisions  occur, 
because  quenching  is  observed.    Therefore,  the  maxi- 
mum error  due  to  this  effect  is  7%.    This  error  con- 
tributes little  to  the  error  estimate.    The  Stern-Volmer 
plots  are  not  affected  over  the  range  of  pressure  used. 
This  type  of  error  is  obviously  smaller  for  the  N2 
quenching  studies. 

The  gating  technique  did  not  exclude  any  meaningful 
emission.    The  emission  was  continuously  monitored 
with  a  range  of  ten  times  the  gate  width,  and  the  gate 
was  adjusted  to  a  length  at  least  double  any  observed 
emission.    The  error  estimated  from  this  source  is 
modi  less  than  1%. 
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Ocean  Surface  Currents 
Mapped  by  Radar 

Mobile  coastal  units  can  map  variable  surface  currents 
in  real  time  to  70  kilometers,  using  ocean  wave  scatter. 

D.  E.  Barrick,  M.  W.  Evans,  B.  L.  Weber 


Currents  within  I  meter  of  the  ocean 
surface  are  highly  variable,  being  driven 
by  geostrophic  forces  and  tides,  but  are 
strongly  influenced  by  the  local  surface 
wind  and  wave  fields.  These  currents 
transport  floating  matter  and  thus  are  of 
great  importance  in  coastal  areas,  where 
considerable  damage  can  be  done  by  sur- 
face-borne pollutants  and  oil.  In  the  case 
of  the  large  oil  spill  by  the  tanker  Argo 
Merchant  off  New  England  in  December 
1976,  for  example,  catastrophic  environ- 
mental damage  was  averted  because 
strong  offshore  winds  counteracted  the 
normal  surface-current  drift  toward 
shore.  In  a  positive  vein,  the  upper  por- 
tion of  the  sea  carries  the  zooplankton 
and  phytoplankton,  which  are  the  domi- 
nant components  at  the  bottom  of  the 
food  chain  and  are  responsible  for  pro- 
duction of  most  of  the  world's  oxygen. 
Many  types  of  fish  eggs  are  borne  by  sur- 
face currents,  which  are  therefore  of 
concern  to  the  fisheries  industry.  The 
transport  of  water  with  anomalous  tem- 
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perature  differences  is  now  believed  to 
be  responsible  for  unusual  weather  pat- 
terns affecting  entire  continents. 

Near-surface  current  patterns,  and 
how  they  respond  locally  to  the  relevant 
prevailing  forces,  are  a  subject  that  is 
largely  unknown.  Yet  the  subject  is  a 
crucial  ingredient  for  the  effective  man- 
agement of  operations  in  coastal  waters, 
and  an  increasingly  important  input  for 
global  resource  monitoring  and  weather 
predictions. 


Current  Measurements 

In  conventional  methods  of  measuring 
currents  moored  meters  are  used;  the 
most  recent  types  are  referred  to  as  vec- 
tor-averaging current  meters  and  the 
Aanderaa  meter  (/).  These  devices  must 
be  moored  at  depths  exceeding  10  m,  and 
thus  provide  little  indication  of  the  cur- 
rent at  the  surface,  which  is  often  dif- 
ferent. Furthermore,  data  must  be  either 
recorded  aboard  the  buoy  (to  be  picked 
up  later  for  analysis)  or  telemetered  to 
shore;  the  instrumentation  for  the  latter 
often  restricts  the  operating  range  from 


the  receiver  to  tens  of  kilometers.  Sur- 
face currents  have  been  measured  by 
tracking  floating  objects.  Qualitative  es- 
timates can  be  obtained  by  photograph- 
ing the  dispersal  of  dye  packages  from  an 
aircraft,  or  by  analyzing  satellite  infrared 
and  optical  imagery  of  suspended  sedi- 
ment (to  a  coarser  area  scale)  (2).  Quan- 
titative measurements  are  made  by  pho- 
tographically recording  the  positions  of 
time-released  floats  dropped  from  the 
air,  as  described  by  Richardson  et  al.  (3), 
or  by  tracking  a  drifting  drogue  buoy 
from  a  ship  (/ ).  In  the  latter  case,  a  high- 
precision  navigation  system  is  required 
on  the  ship  to  accurately  establish  the 
drift  of  the  buoy.  Operations  with  air- 
craft or  ships  are  both  expensive  and 
time-consuming  for  the  meager  amount 
of  current  data  obtained  (one  vector  over 
a  period  of  about  1/2  hour).  The  velocity 
accuracy  of  these  float-locating  tech- 
niques appears  to  be  of  the  order  of  10  to 
15  centimeters  per  second  in  magnitude 
and  5°  in  angle  (2).  The  location  of  such 
drogues  by  triangulation,  using  high-fre- 
quency (HF)  surface-wave  emissions 
from  the  buoy,  is  described  in  (J);  al- 
though such  drogues  are  inexpensive 
($175),  the  positional  accuracy  deterio- 
rates with  distance  from  shore,  making 
this  an  unacceptable  alternative  near  the 
edge  of  the  continental  shelf. 

We  discuss  here  a  coastally  located 
HF  radar  system  that  can  measure  and 
map  near-surface  currents  to  ranges 
about  70  kilometers  from  shore.  This  in- 
strument deduces  current  velocity  from 
the  echoes  scattered  continuously  from 
the  ocean  waves;  buoys  and  drifters  are 
not  required.  The  radar  units  were  built 
to  be  transportable  and  quickly  deploy- 
able  on  a  beach.  A  minicomputer  con- 
trols the  radar  and  processes  the  signals, 
permitting  a  current-vector  map  to  be 
plotted  in  the  field  after  1/2  hourof  opera- 
tion. Two  spatially  separated  radar  units 
are  presently  employed,  simultaneously 
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but  independently,  in  order  to  yield  the 
total  current  vector  at  each  map  grid 
point. 

The  principles  underlying  the  system 
have  been  studied  theoretically  and  ex- 
perimentally over  the  past  several  years. 
The  motion  of  the  waves  is  seen  by  the 
radar  as  a  translation  of  the  frequency  of 
the  received  echo  signal  from  that  of  the 
transmitted  signal;  this  frequency  trans- 
lation is  called  the  echo  Doppler  shift. 
The  radar  can  thus  resolve  and  measure 
the  component  of  scatter  velocity  along 
the  line  between  the  scatterer  and  the  ra- 
dar, referred  to  as  the  radial  velocity. 
Crombie  (4)  first  showed  experimental- 
ly— and  it  was  later  confirmed  theo- 
retically (5) — that  to  first  order  the 
scatterers  at  high  frequency  are  ocean 
wave  trains  moving  toward  and  away 
from  the  radar,  having  spatial  periods 
precisely  one-half  the  radar  wavelength. 
Thus  the  scattering  mechanism  is  the  dif- 
fraction grating  or  Bragg  effect  used  in 
holography  or  in  x-ray  analysis  of  crys- 
talline structures.  The  spectrum  of  the 
continuous-wave  transmitted  signal  is  a 
narrow  peak  at  the  carrier  frequency 
location,  as  shown  in  Fig.  1.  In  the 
absence  of  current,  the  received  first- 
order  sea  echo  appears  as  two  symmetri- 
cally spaced  peaks  about  the  carrier, 
whose  Doppler  shifts  are  given  by  the 
lowest-order  dispersion  relation  of  the 
scattering  gravity  waves;  that  is 


/d  _  2i'ph/X  — 

2(#Z./277)"2/A  =  {g/vk)' 


(I) 


where  X  is  the  radar  wavelength, 
L  =  \/2  is  the  length  of  the  ocean  waves 
responsible  for  the  first-order  Bragg  scat- 
tering, i'ph  is  the  phase  velocity  of  these 
waves,  and  g  is  the  gravitational  con- 
stant. 

A  current  beneath  the  surface  waves 
represents  a  transport  of  the  water  mass, 
and  can  be  thought  of  as  a  translation  of 
the  entire  coordinate  frame  for  the  waves 
with  respect  to  the  observer  at  the  sta- 
tionary radar  on  shore.  Hence  the  two 
spectral  peaks  scattered  from  the  waves 
will  be  shifted  (with  respect  to  the  posi- 
tion of  the  carrier  frequency)  by  a  small 
amount  proportional  to  the  radial  com- 
ponent of  current  velocity,  as  shown  at 
the  bottom  of  Fig.  1.  This  amount  is 
A/  =  2icr/\,  where  i'Cr  is  the  mean  ef- 
fective current  velocity  radial  to  the  ra- 
dar. In  (6),  radar-deduced  radial  current 
observations  were  compared  with  drifter 
measurements  of  currents  at  San  Cle- 
mente  Island;  the  narrow  radar  beam  and 
short  pulse  kept  the  ocean  patch  size  un- 
der observation  to  about  7  by  7  km.  The 
agreement  was  about  ±  10  cm/sec.  In 


these  investigations  (6.  7)  the  effect  of  a 
nonuniform  current  on  the  transport  of 
the  radar-observed  surface  waves  was 
also  analyzed  as  a  function  of  depth. 

Experiments  such  as  those  at  San  Cle- 
mente  Island  (6,  7),  resolving  the  sea 
echo  from  narrow  azimuthal  sectors  at 
high  frequency,  require  long  permanent 
phased-array  antenna  systems  (>  300  m) 
on  the  beach  to  form  a  narrow  beam. 
When  one  considers  typical  current  pat- 
terns and  the  various  echo-signal  Dop- 
pler shifts  they  would  produce  at  dif- 
ferent azimuths  from  the  radar,  one  can 
conceive  of  much  smaller,  simpler  an- 
tenna systems  for  determining  the  direc- 
tion of  arrival  of  the  echo.  For  example, 
by  comparing  the  phase  between  two 
noninteracting  antennas  separated  by 
less  than  one-half  wavelength,  one  can 
uniquely  determine  the  direction  of  ar- 
rival over  180°  of  space  of  a  single  signal 
at  a  given  Doppler  shift.  Crombie  (8) 
showed  that  this  simple  two-antenna  sys- 
tem was  adequate  to  azimuthally  resolve 
sea-echo  signals  from  Florida,  looking 
eastward  across  the  south-to-north  Gulf 
Stream  current  flow. 


Concepts  Behind  the  Present  System 

Because  seawater  is  nearly  a  perfect 
conductor  at  high  frequency  (3  to  30 
megahertz),  the  "ground-wave"  propa- 
gation mode  is  employed  (9).  In  this 
mode,  vertically  polarized  electric  fields 
are  transmitted  and  received.  The  propa- 
gating fields  at  these  frequencies  follow 
the  curvature  of  the  earth  and  continue 
well  into  the  shadow  region  beyond  the 


horizon,  even  in  the  absence  of  atmo- 
spheric and  ionospheric  refractive  index 
anomalies.  Mathematical  solutions  for 
the  ground  wave — corrected  to  include 
the  effects  of  sea-surface  roughness  (9) — 
are  available.  They  show  that  (i)  near  the 
radiating  source  the  field  decays  with 
the  expected  inverse  range  dependence 
of  free  space,  and  (ii)  far  into  the  shadow 
region,  the  fields  near  the  surface  decay 
exponentially  with  range.  This  exponen- 
tial range  dependence  ultimately  dictates 
the  maximum  distance  at  which  currents 
can  be  observed  for  a  particular  trans- 
mitted power.  For  the  hardware  de- 
scribed in  the  next  section,  the  maximum 
range  for  the  system — allowing  for  a  10- 
decibel  signal-to-noise  ratio  (S/N)  at  the 
receiver  (10) — is  about  70  km;  this  has 
been  verified  in  our  recent  experiments, 
which  are  discussed  below. 

Although  the  system  does  not  employ 
ionospheric  or  atmospheric  refraction  to 
propagate  beyond  the  horizon,  it  is  in- 
correct to  call  it  a  "line-of-sight"  radar 
(as  is  a  microwave  radar).  In  fact,  trying 
to  increase  the  useful  range  of  the  radar 
by  elevating  the  antennas  (in  order  to  in- 
crease the  distance  to  the  horizon)  is 
counterproductive,  because  there  is  a 
discontinuity  in  the  propagation  path  in 
free  space  between  the  antennas  and  the 
highly  conducting  seawater.  We  have  es- 
tablished this  fact  theoretically  and  also 
experimentally,  by  trying  to  put  the  an- 
tennas on  roofs  of  buildings  (but  back 
several  hundred  meters  from  the  water) 
to  increase  the  range.  We  have  found 
that  the  optimal  locations  for  the  an- 
tennas are  at  sea  level  on  the  beach,  as 
close  to  the  water  as  possible;  in  fact,  it 
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Fig.  1.  Sketch  showing  the  principles  of  first-order  HF  Bragg  scatter  from  the  sea,  and  resulting 
signal  echo  spectra  without  and  with  an  underlying  current. 
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is  best  if  the  grounding  system  beneath 
the  antennas  makes  electrical  contact 
with  the  seawater. 

A  separate  antenna  is  used  for  trans- 
mitting. It  produces  a  slightly  directional 
pattern,  peaked  out  toward  the  sea,  with 
a  half-power  beam  width  of  ±90°;  its  radi- 
ation in  the  backward  direction  is  ~  10 
db  lower  than  that  in  the  forward  direc- 
tion, which  minimizes  unwanted  illumi- 
nation over  land.  As  with  nearly  all  ra- 
dars, time  gating  of  the  received  signal 
echo  referenced  to  the  transmitted  pulse 
time  determines  the  range  to  the  sea 
echo.  Our  system  transmits  a  20-micro- 
second  unmodulated  pulse  and  digitizes 
the  received  echo  signal  every  20  micro- 
seconds after  transmission.  The  signal 
sample  from  each  range  (time)  gate  thus 
represents  the  echo  from  an  annulus  of 
the  sea  surface  3  km  in  width,  concentric 
with  the  radar  location.  A  total  of  25  con- 
secutive range-gated  signals  are  thus  re- 
tained for  every  transmitted  pulse,  pro- 
viding a  total  distance  of  about  75  km 
from  the  radar.  The  transmitted  pulse 
repetition  interval  is  1  millisecond. 

Since  echo-signal  Doppler  shifts  are  to 
be  related  to  current  velocities,  the  time 
series  for  each  range  gate  is  spectrally 
processed.  This  is  done  digitally  at  the 
radar  site  with  a  fast  Fourier  transform 
(FFT)  algorithm.  Appropriate  digital  fil- 
tering of  the  signals  is  performed  before 
the  FFT  to  prevent  spectral  aliasing  and 
to  maximize  S/N.  Since  the  sea  surface  is 
a  random  variable,  the  sea  echo  is  also  a 
random  variable.  In  fact,  each  spectral 
power  point  output  from  the  FFT  is  an 
independent  random  variable,  following 
a  chi-square  distribution  with  two  de- 
grees of  freedom  (//). 

In  the  first  series  of  experiments,  three 
colinear  independent  receiving  antennas 
were  employed.  The  received  signal  was 
sampled  on  each  antenna  separately  and 
sequentially  for  each  transmission  every 
millisecond,  with  the  other  two  antennas 
switched  open  to  minimize  mutual  inter- 
actions. Therefore  the  FFT  outputs  from 
the  three  antennas  (for  a  given  range 
gate)  can  be  thought  of  as  being  mea- 
sured simultaneously;  the  only  theoretical 
difference  between  the  signals  at  the  an- 
tennas is  due  to  the  phase  path  dif- 
ferences undergone  by  an  echo,  at  a  par- 
ticular Doppler  frequency  from  a  partic- 
ular direction,  arriving  at  the  different 
positions  of  the  three  elements.  Three 
antenna  elements,  each  separated  for  our 
first  experiments  by  one-quarter  wave- 
length (3  m  at  25  Mhz),  aligned  parallel  to 
a  straight  coastline,  can  unambiguously 
resolve  two  sea-echo  signals  at  a  particu- 
lar Doppler  frequency  from  180°  of 
space.  For  two  signals  with  complex  am- 


plitudes A,  and  A2  from  angles  a,  and  a2 
(with  respect  to  the  perpendicular  to  the 
coastline),  the  three  complex  received 
voltages  VA,  VH,  and  Vc  can  be  solved  in 
closed  form  for  the  desired  angles  and 
amplitudes,  with  the  following  results 
(asterisks  denote  complex  conjugates) 
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In  reality,  since  the  sea-echo  signal  am- 
plitudes A,  and  A2  are  random  variables 
to  which  random  noise  is  added,  the  an- 
gles of  arrival  determined  from  Eqs.  2 
to  4  contain  a  random  error  that  de- 
creases with  increasing  S/N.  Extensive 
simulations  and  special  experiments 
have  shown  that  for  10-db  S/N,  such  an- 
gular errors  are  less  than  1°  for  lal  <  70°. 
We  have  recently  changed  to  a  four- 
antenna  configuration  (arranged  in  a 
square)  to  resolve  two  signals  from  360°; 
this  permits  us  to  operate  the  radar  on  a 
peninsula  or  an  island  with  ocean  water 
subtending  more  than  180°  around  the 
site. 

Two  sites  are  required  to  obtain  two 
radial  current-vector  components  along 
lines  pointing  in  different  directions  in 
order  to  construct  a  total  current  vector 
at  a  particular  point  on  the  sea.  For  a 
straight  coastline,  the  question  arises  as 
to  how  far  apart  the  sites  should  be. 
Since  a  total  current  vector  can  be  con- 
structed only  within  the  common  over- 
lapping areas  seen  by  both  sites,  it  is  de- 
sirable to  maximize  this  area  (by  moving 
the  sites  closer  together).  On  the  other 
hand,  as  the  sites  become  close  (super- 
posed in  the  limit),  they  see  most  points 
on  the  sea  in  the  common  area  along 
nearly  the  same  radial  direction,  which 
makes  construction  of  the  total  vector  in- 
accurate. Consequently,  we  defined  the 
optimization  criterion  for  site  separation 
as  the  product  of  the  common  coverage 
area  times  the  average  of  the  sine  of  the 
angle  between  the  lines  to  the  two  sites. 
This  product  has  a  broad  maximum,  in- 
dicating that  for  a  coverage  distance 
from  a  single  site  of  about  70  km,  a  site 
spacing  anywhere  between  25  and  55  km 
is  adequate. 

Various  trade-offs  were  considered  in 
selecting  the  frequency  range  25  to  26 
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Mhz  for  our  first  series  of  tests  (the  radar 
wavelength  of  12  m  is,  to  first  order, 
scattered  from  ocean  waves  with  a  6-m 
wavelength).  At  these  frequencies  atmo- 
spheric and  external  man-made  electrical 
noise  are  often  low,  being  equal  to  inter- 
nal electrical  receiver  noise,  whereas  at 
lower  frequencies  atmospheric  noise 
seen  by  the  radar  increases  sharply.  In 
addition,  antenna  sizes  also  increase 
with  decreasing  frequency,  requiring 
larger  structures  and  more  ground  area. 
On  the  other  hand,  ground- wave  propa- 
gation loss  decreases  with  decreasing 
frequency,  offsetting  the  noise  depen- 
dence. There  are  additional  reasons  for 
operating  at  higher  frequencies,  how- 
ever. For  one 
-  (|^c|2  -  IV'aI2)2)"2  thing,  above  25 
Mhz  ionospheri- 
cally  propagated 
echoes  are  rarely  encountered,  whereas 
at  lower  frequencies  such  distant  echoes 
can  be  folded  in  with  the  desired  short- 
range  sea  return.  Two  other  important 
reasons  for  higher  frequencies  are  ocean- 
ographic  in  nature.  First,  the  Bragg-scat- 
tering  6-m  ocean  waves  are  relatively 
short  and  are  likely  to  be  present  more  of 
the  time  than  longer  waves,  which  re- 
quire stronger  winds  to  develop  them.  A 
wind  with  a  velocity  greater  than  3  m/sec, 
blowing  longer  than  1  hour,  will  develop 
6-m  waves  to  their  (equilibrium)  root- 
mean-square  height  of  -  10  cm.  Inas- 
much as  the  waves  are  used  only  as  a 
"tracer"  for  the  underlying  currents,  it  is 
desirable  that  they  be  present  as  often  as 
possible.  Second,  the  shorter  the  ocean 
waves  under  observation,  the  more  they 
are  influenced  by  currents  very  near  the 
surface.  A  rule  of  thumb  (6,  7)  is  that  the 
depth  of  the  layer  whose  current  will 
affect  a  surface  wave  of  length  L  is  L/27T 
(about  1  m  for  L  =  6  m).  Hence,  if  one 
wants  to  observe  currents  in  the  upper- 
most ocean  layers  by  measuring  their 
effect  on  the  phase  speeds  of  gravity 
waves,  he  should  use  as  high  a  rad?r 
frequency  as  possible.  These  factors  lei. 
us  to  select  25  to  30  Mhz  for  our  initial 
operations. 


Hardware  Description 

The  present  two-unit  radar  system  was 
designed  as  a  prototype  of  an  operational 
version,  with  considerably  more  flexibil- 
ity than  will  ultimately  be  needed,  in  or- 
der to  facilitate  changes  as  experience  is 
gained  in  the  field.  Yet  this  system  was 
built  to  be  transported  by  vehicle  (see 
Fig.  2),  easily  erected  on  a  beach,  and 
capable  of  being  operated  from  a  port- 
able power  supply  (a  2.2-kilowatt  gaso- 
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Fig.  2  (left).  Sketch  of  the  system  as  operated  on  the  beach.  Trans- 
mitting antennas  are  on  the  left  and  receiving  antenna  on  the 
right.         Fig.  3  (right).  Block  diagram  of  radar  system. 


line  generator).  The  entire  radar  is  con- 
trolled by  a  minicomputer,  which  also 
does  the  signal  and  data  processing  in  the 
field.  The  end  result  is  a  map — drawn 
on  a  pen  plotter — of  the  surface-current 
vector  field. 

The  system  radiates  -  2.5-kw-peak 
pulse  power,  as  a  stream  of  20-ju.sec 
pulses  every  millisecond;  thus  the  aver- 
age radiated  power  is  only  50  watts.  The 
radar  is  presently  capable  of  transmitting 
any  operator-selected  frequency  be- 
tween 25  and  35  Mhz  (in  200-khz  in- 
crements), but  so  far  we  have  operated 
primarily  between  25  and  26  Mhz.  The 
transmitting  antenna  is  a  log-periodic 
vertical  monopole  array  of  three  (or  four) 
elements  designed  especially  for  this  ap- 
plication at  Lawrence  Livermore  Labo- 
ratories (12).  Both  versions  were  de- 
signed to  have  an  input  impedance  of 
~  50  ohms  (real)  from  25  to  27  Mhz;  the 
three-element  version  has  a  half-power 
beam  width  of  ±  90°,  while  the  four-ele- 
ment version  has  ±  43°. 

The  individual  receiving  elements  are 
readily  available  fiberglass-encased  citi- 
zens-band whips  cut  to  a  height  of  1.575 
m  and  each  fed  against  a  quarter- 
wavelength,  four-element,  radial  ground 
screen.  The  three  (and  currently  four)  re- 
ceiving elements  are  aligned  on  the 
beach  with  a  tape  measure  and  compass. 
These  elements  are  each  connected 
through  one-half  wavelength  of  coaxial 
cable  to  a  switching  network  and  pre- 
amplifier box,  which  cycles  sequentially 
through  each  of  the  antennas  at  a  rate  of 
1  msec  per  antenna.  From  this  switch, 
the  signals  then  pass  through  a  single 
preamplifier  and  coaxial  line  several  tens 


of  meters  in  length  to  the  receiver  hard- 
ware in  the  van.  From  the  antenna 
switch  onward,  the  signals  from  each  an- 
tenna pass  through  the  same  hardware, 
eliminating  mismatch  problems  through 
separate  channels.  The  entire  antenna 
system  can  be  unfurled  by  two  men  in 
about  1/2  hour. 

The  heart  of  the  radio-frequency  sys- 
tem is  the  receiver  (Fig.  3),  designed  by 
Barry  Research,  Inc.,  especially  for  this 
radar.  In  addition  to  its  obvious  function, 
the  receiver  also  synthesizes  the  desired 


carrier  frequency  and  the  pulse  stream  to 
be  transmitted.  This  stream  is  amplified 
in  hardware  designed  and  built  in-house. 
Every  20  /xsec,  the  receiver  gain  is 
changed  under  computer  control,  called 
a  sensitivity  time  control  (STC),  in  order 
to  compensate  for  the  decrease  of  echo 
strength  with  range.  The  echo  is  coher- 
ently mixed  down  to  zero-intermediate- 
frequency  in-phase  and  quadrature  (I 
and  Q)  signals.  These  I  and  Q  signals  are 
then  digitized  with  a  ten-bit  analog-to- 
digital  (A/D)  converter  every  20  /xsec, 
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Fig.  4.  Photograph  of  complete  radar  radio-frequency  and  digital  hardware. 
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and  all  subsequent  signal  processing  is 
done  digitally.  This  includes  filtering 
(called  preaveraging,  over  1/2  or  1/4  sec- 
ond) to  reduce  the  signal  bandwidth  to  2 
or  4  hertz.  The  filtered  signals  for  each 
range  gate  and  each  receiving  antenna 
are  then  collected  for  128  or  256  seconds 
as  the  input  to  a5l2-point  complex  FFT; 
thus,  for  the  128-second  option,  for  ex- 
ample, the  displayed  spectrum  has  a 
Doppler  resolution  of  1/128  hertz  over  a 
window  from  -  2  to  +  2  hertz.  (These 
parameters  can  be  selected  by  the  oper- 
ator.) The  l/128-hertz  Doppler  resolution 
translates  into  a  radial  current  velocity 
resolution  of  —  5  cm/sec. 

The  heart  of  the  digital  system  for  ra- 
dar control  and  data  processing  is  a  Digi- 
tal Equipment  Corporation  PDP  11/34 
minicomputer.  The  operator  communi- 
cates with  the  system  through  a  portable 
keyboard  terminal.  Moving-head  mag- 
netic disk  and  nine-track  magnetic  tape 
units  are  available  for  loading  system 
software  into  the  computer  and  also  for 
recording  and  archiving  processed  radar 
data.  Graphic  displays  and  pen  plotters 
are  available  to  display  raw  spectra  and 
current-vector  plots.  Further  description 
of  the  system  hardware  is  found  in  (10);  a 
photograph  of  the  complete  digital  and 
radio-frequency  hardware  (excluding  an- 
tennas) for  one  site  is  shown  in  Fig.  4. 


Experimental  Results  and  Digital 
Data  Analysis 

Initial  field  operations  began  with  the 
new  radar  system  in  southern  Florida 
during  late  1976;  there  was  an  additional 
final  week  of  operations  in  Florida  from 
20  to  26  March  1977,  during  which  fairly 
extensive  independent  measurements  of 
surface  currents  were  made  for  com- 
parisons. The  Florida  area  was  selected 
for  initial  operations  and  system  calibra- 
tions because  of  the  fairly  regular  but 
strong  south-to-north  Gulf  Stream  flow 
east  of  Miami.  The  two  sites  were  lo- 
cated at  South  Miami  Beach  (20° 
46'00"N,80°07'58"W)  and  Fort  Lauder- 
dale (26°05'0rN,80°06'38"W),  approxi- 
mately 36  km  apart.  The  latitudes  and 
longitudes  of  the  two  sites  are  entered  in- 
to the  computer,  along  with  the  azi- 
muthal  bearings  of  the  two  receiving  an- 
tenna arrays.  The  software  then  calcu- 
lates the  jc,  y  positions  of  a  rectangular 
grid  (3  by  3  km)  of  points  to  the  east  of 
the  baseline  joining  the  two  sites — at 
which  current  vectors  will  be  plotted 
from  the  radar  data — after  conversion 
from  the  radar-oriented  polar  coordi- 
nates (range  and  azimuthal  bearing  from 
each  site).  Most  of  the  measurements 


were  made  on  25.4  or  25.6  Mhz,  with  a 
128-second  coherent  integration  time 
(providing  a  Doppler  resolution  of  1/128 
hertz). 

The  output  of  a  single  FFT  is  a  com- 
plex random  variable,  having  Rayleigh 
amplitude  and  uniform  phase  probability 
densities.  The  desired  first-order  portion 
of  the  sea  echo  is  random  because  of  the 
statistical  nature  of  the  scattering  sea 
surface.  The  remaining  portion  of  the 
FFT  output  can  be  thought  of  as  additive 
random  noise  with  respect  to  its  effect  on 
the  desired  first-order  signal.  In  reality, 
there  are  at  least  four  types  of  noise, 
originating  from  different  sources:  (i)  ex- 
ternal atmospheric  or  man-made  noise, 
(ii)  internal  receiver  noise,  (iii)  second- 
order  radar  sea  echo  (13),  and  (iv)  proc- 
essor noise  due  to  limited  system  dynam- 
ic range,  system  nonlinearities,  and 
quantization  noise.  Finally,  the  actual 
current  field  beneath  the  waves,  instead 
of  being  uniform,  is  more  likely  to  be 
somewhat  turbulent  within  the  spatial 
resolution  scales  seen  by  the  radar. 
Hence,  the  total  signal  plus  noise  is  ran- 
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Fig.  5.  Plot  of  FFT  spectral  power  output. 
The  black  spectrum  is  the  idealized  test  sea- 
echo  spectrum  in  the  absence  of  a  current. 
The  gray  spectrum  is  the  measured  sea  echo 
at  37.5  km  from  Fort  Lauderdale,  as  modified 
by  Gulf  Stream  current  shear. 
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dom,  and  from  this  we  intend  to  extract 
(i)  an  estimate  of  the  azimuth  angle  of  ar- 
rival of  the  signal  at  each  Doppler  fre- 
quency output  from  the  FFT,  (ii)  an  esti- 
mate of  the  radial  current  velocity  at  this 
range  and  azimuth,  and  (iii)  the  sea-echo 
signal  amplitude. 

Since  extraction  of  the  angle  of  arrival, 
using  the  equations  given  above,  re- 
quires the  use  of  coherent  simultaneous 
signals  from  each  of  three  (or  four)  re- 
ceiving antennas  for  a  given  range  cell, 
we  cannot  average  the  individual  outputs 
of  the  FFT's  in  order  to  reduce  the  ef- 
fects of  random  signal  fluctuation  and 
noise.  Instead,  we  go  through  the  follow- 
ing process.  Figure  5  is  an  example  of  the 
right  half  of  the  amplitude-squared  out- 
put of  the  FFT  processor  for  the  37.5-km 
range  gate  for  sea  echo  measured  at  Fort 
Lauderdale.  A  threshold  level  is  estab- 
lished for  the  usable  portion  of  the  signal 
(for  example,  20  db  down  from  the  mean 
peak  level),  and  the  remainder  of  the 
FFT  output  is  discarded.  The  solid  curve 
shows  the  expected  position  of  the  echo 
in  the  absence  of  any  current  over  the 
semicircular  range  cell;  it  occurs  at  a 
Doppler  shift  fA  (Eq.  1).  All  echo  points 
at  Doppler  shifts  different  from  fd  are 
therefore  due  to  currents,  and  a  radial 
current  velocity  scale  centered  on/d  can 
be  given  in  terms  of  the*e  Doppler  shifts, 
as  shown  in  Fig.  5.  The  angle  of  arrival  of 
the  signal  at  each  of  these  Doppler  shifts 
(or  radial  current  velocities)  is  then  ob- 
tained from  the  complex  signals  VA,  VB, 
and  Vc  at  each  of  the  three  antennas,  us- 
ing Eqs.  2  to  4. 

At  this  point,  for  a  given  128-second 
run  and  for  each  range  gate,  we  have  an 
array  of  azimuth  angles  and  signal  echo 
amplitudes  as  a  function  of  radial  current 
velocity.  We  then  interchange  the  roles 
of  the  dependent  and  independent  vari- 
ables, considering  radial  velocity  as  a 
function  of  azimuth  angle.  After  accumu- 
lating and  storing  radial  velocity  data 
over  several  consecutive  128-second 
runs  (typically  ten),  we  then  average  the 
radial  velocities  that  fall  within  preset 
angular  "bins." 

This  averaging  is  actually  done  in  a 
manner  that  gives  preference  to  higher- 
quality  points.  First  of  all,  each  sample 
radial  velocity  point  in  a  particular  angu- 
lar bin  is  weighted  by  the  ratio  of  the  sig- 
nal (amplitude  squared)  to  the  average 
noise  power  level  for  that  same  point; 
higher  signal  amplitude  values  give  more 
accurate  angle  estimates.  Second,  other 
quality  factors  are  used  to  weight  the  ra- 
dial velocity  samples.  For  example,  in 
the  absence  of  noise,  the  amplitudes  of 
xu2  given  in  Eq.  4  will  always  be  unity. 
Hence  samples  whose  values  of  |jt,,2|  de- 
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Fig.  6  (left).  Computer-generated  map  of  the  Gulf  Stream  current  on 
20  October  1976  as  deduced  by  radar.  Fig.  7  (right).  Comparison 
of  radar -deduced  surface  currents  and  drifter  measurements,  resolved 
into  north-south  (solid  symbols)  and  east-west  (open  symbols)  com- 
ponents. 


part  significantly  from  unity  are  weighted 
lower.  Finally,  the  signal-to-noise  ratios 
for  all  of  the  samples  in  a  particular  angu- 
lar bin  are  averaged;  this  is  used  in  a  final 
thresholding  process  to  decide  whether 
the  (weighted)  averaged  radial  velocity 
for  that  bin  will  ultimately  be  used.  If  it  is 
not  used  (because  the  signals  are  too 
low)  or  if  there  were  no  values  falling  in 
the  bin,  then  a  value  for  the  radial  veloci- 
ty at  that  angle  is  calculated  by  inter- 
polation from  the  adjacent  range-azi- 
muth cells. 

In  the  process  of  producing  a  map,  the 
data  from  both  sites  are  combined  (in  our 
case,  either  by  data  telemetry  between 
the  two  sites  or  by  physically  trans- 
porting the  data  tapes  from  one  site  to 
the  other).  Then  the  arrays  of  radial  cur- 
rent velocities  from  each  radar  site  to- 
gether with  range  and  azimuth  (in  polar 
coordinates)  are  entered  for  each  rec- 
tangular grid  point;  also,  direction  co- 
sines at  the  grid  point  are  calculated  for 
the  radial  lines  to  the  sites.  This  allows 
the  total  current  vector  to  be  plotted  at 
that  grid  point.  The  angular  sectors  very 
near  the  shore  are  sometimes  excluded 
because  the  nearly  parallel  radial  veloci- 
ties seen  from  each  site  at  these  grid 
points  give  rise  to  large  vector  errors;  in- 
tegration techniques  to  improve  the  qual- 
ity of  the  maps  near  shore  are  being  in- 
vestigated. Figure  6  is  an  example  of  a 
map  made  in  Florida  by  using  these  data 
processing  steps.  The  well-known  hori- 
zontal shear  of  the  Gulf  Stream  (outward 
from  the  shore)  is  clearly  visible  in  these 
maps. 

The  point  to  be  emphasized  is  that  all 
of  the  averaging,  weighting,  and  thresh- 
olding procedures  described  above  are 
done  digitally  (not  arbitrarily  or  subjec- 
tively), according  to  rules  that  are  being 


optimized.  The  mathematical  steps  in- 
volved, beginning  with  the  angle  extrac- 
tion, are  nonlinear  in  nature.  Hence  it  is 
not  possible  to  obtain  mathematical  error 
estimates  in  closed  form.  The  opti- 
mization of  the  processing  algorithms 
must  therefore  be  based  on  two  methods 
of  quality  assessment.  First,  simulations 
are  employed  in  which  one  begins  with 
known  current  patterns,  randomizes  the 
first-order  sea-echo  spectrum,  adds  ran- 
dom noise,  converts  to  a  time  series,  and 
then  processes  this  simulated  echo  sig- 
nal to  see  how  well  the  original  current 
patterns  are  recovered.  We  have  been 
using  such  simulations  for  nearly  3  years 
to  arrive  at  our  present  algorithms.  Sec- 
ond, independent  measurements  of  sur- 
face currents  are  obtained  during  radar 
operations,  using  drifters  and  timed-re- 
leased floats.  Comparisons  of  these 
measurements  with  radar  data  are  the 
subject  of  the  next  section. 


Comparison  with  Drifters 

As  an  ultimate  calibration  standard, 
one  would  like  to  employ  independent 
measurements  of  near-surface  currents 
as  "ground  truth."  However,  since  dif- 
ferences of  tens  of  centimeters  per  sec- 
ond have  been  documented  in  drifter 
current  measurements,  there  is  consid- 
erable doubt  as  to  whether  dis- 
agreements of  this  order  between  drifter- 
and  radar-deduced  currents  are  due  to 
radar  errors  or  drifter  errors.  Further- 
more, the  two  techniques  are  so  dis- 
similar in  nature  that  there  are  many  rea- 
sons why  they  should  respond  dif- 
ferently to  conditions  near  the  surface. 
Nonetheless,  since  drifters  are  the  only 
established  quantitative  method  of  esti- 
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mating  surface  currents,  we  made  a  se- 
ries of  radar  measurements  on  23  to  26 
March  1977  in  Florida  in  conjunction 
with  ship  tracks  of  drifters  in  order  to  es- 
tablish some  initial  credibility  for  this 
new  remote-sensing  technique.  The 
Nova  University  vesui  Youngster  III — 
supported  by  a  Hi-Fix  Navigation  sys- 
tem— tracked  a  drifter  at  several  posi- 
tions in  the  radar  coverage  area  over  8-  to 
12-hour  periods  on  23  and  25  March. 
This  drifter  was  drogued  with  rigid  verti- 
cal aluminum  baffle  plates  extending  46 
cm  below  the  surface  float.  Each  track 
consisted  of  a  5-  to  8-minute  drift  whose 
start  and  end  points  were  marked  navi- 
gationally;  from  this  a  mean  (Lagrangi- 
an)  drift  velocity  was  calculated.  In  addi- 
tion, the  National  Oceanic  and  Atmo- 
spheric Adminstration  vessel  Virginia 
Key — supported  by  a  miniranger  naviga- 
tion system — tracked  a  cork  float  on  23 
and  24  March  at  other  locations  in  the 
coverage  area.  Again,  each  track  lasted 
about  5  minutes. 

The  velocities  deduced  from  both  ra- 
dar and  drifter  measurements,  and  the 
differences  between  them,  were  relative- 
ly similar  in  all  cases.  Significantly,  the 
drifter  velocities  show  considerable  dif- 
ferences from  day  to  day.  For  com- 
parison, we  show  here  our  longest  set  of 
drifter  measurements,  made  eastward 
from  shore  (at  the  midpoint  between  the 
two  radar  sites)  to  a  range  of  50  km; 
these  drifter  measurements,  made  with 
the  Youngster  III  and  the  drogued  buoy, 
required  12  hours  to  complete.  These 
measurements  are  shown  in  Fig.  7  along 
with  radar-deduced  current  velocities. 
The  north-south  and  east-west  com- 
ponents of  the  fotal  velocity  vectors  are 
plotted  in  each  case. 

The   agreement    is   very    reasonable. 


within  the  range  of  the  expected  drifter 
variances.  Of  possibly  greater  signifi- 
cance than  the  actual  differences  are  the 
facts  that  (i)  both  the  radar  and  the  drift- 
er observed  the  "countercurrent"  flow- 
ing toward  the  south  close  to  shore  (this 
current  element  is  seen  only  occasion- 
ally, and  was  not  observed  with  the  radar 
or  drifters  on  the  other  2  days);  and  (ii) 
both  instruments  recorded  the  consid- 
erable current  shear  with  distance  from 
shore.  This  shear  was  also  seen  to  be 
variable  in  its  magnitude  and  position 
from  day  to  day.  The  maximum  dif- 
ference between  the  currents  determined 
by  the  two  techniques  is  about  50  cm/ 
sec.  The  root-mean-square  difference 
from  this  plot  is  27  cm/sec,  defined  as 


d2  (x)  dx 


where  d  is  the  difference  between 
straight-line  segments  joining  radar  and 
buoy  points  and  L  is  the  total  length  of 
the  common  path  over  which  the  two 
sets  of  measurements  were  made. 

There  are  many  possible  explanations 
for  the  differences  between  the  two  tech- 
niques. First  the  radar  was  observing  a 
wave  phase-velocity  change  due  to  cur- 
rents in  a  (mean)  layer  Im  thick,  while  the 
drogue  felt  currents  only  within  the  top 
0.46-m  layer.  Since  currents  nearest  the 
surface  are  known  to  differ  most  from 
deeper  currents,  this  may  explain  some 
of  the  difference.  Second,  some  of  the 
buoy  motion  was  directly  due  to  the 
wind;  during  the  ship  measurements 
over  the  easternmost  20  km,  a  strong 
wind  (-12  m/sec)  blew  from  the  east- 
southeast.  Third,  breaking  waves,  which 
were  prevalent  with  the  high  wind  and 
wave  conditions  on  these  days,  entrain 
floating  surface  objects,  pushing  them 
along  (over  short  distances)  at  a  much 
greater  wave  phase  velocity.  Fourth,  the 
drifter  and  radar  measurements  at  some 
locations  were  of  necessity  made  several 
hours  apart.  And  fifth,  the  drifter  mea- 
surement is  Lagrangian  in  nature,  aver- 


aged only  over  a  short  line  (400  to  1000 
m);  the  radar  measurement  is  Eulerian, 
averaged  over  an  area  of  about  3  by  3 
km. 


Applications  and  Future  Directions 

The  HF  radar  remote-sensing  system 
appears  to  provide  considerably  ex- 
panded observational  capability  for 
coastal  physical  oceanographic  research. 
Since  it  is  transportable  and  offers  output 
current  maps  on  site  in  near  real  time, 
the  system  has  a  great  potential  for  oper- 
ational coastal  current  monitoring  and 
for  quick  response  to  offshore  accidents. 
Inasmuch  as  surface  currents  are  highly 
variable,  elusive,  and  expensive  to  mea- 
sure by  existing  in  situ  techniques,  this  in- 
strument offers  an  attractive  alternative. 
To  duplicate  the  large  area!  volume  of 
data  vectors  obtained  with  only  a  1/2-hour 
radar  operation  would  require  many 
ships  or  aircraft  tracking  drifters  simulta- 
neously— an  experiment  that  would  cost 
hundreds  of  thousands  of  dollars.  Our 
discussion  with  commercial  manufac- 
turers lead  us  to  believe  that  streamlined 
operational  versions  of  our  prototype  ra- 
dar could  be  available  for  about  $50,000 
per  complete  radar  pair. 

The  need  to  understand  and  better  de- 
fine the  structure  of  currentlike  water 
movement  near  the  surface  becomes 
more  evident  as  we  attempt  to  further  in- 
terpret and  refine  the  accuracy  of  this 
system.  Both  theoretical  analyses  and 
carefully  planned  experiments  should  be 
undertaken  to  quantify  the  effects  of  cur- 
rent turbulence  within  the  radar  cell, 
wave-wave  interactions,  and  current 
shear  with  depth  on  the  radar  measure- 
ments. Furthermore,  the  actual  linear 
horizontal  drift  of  particles  at  the  surface 
(for  example,  oil)  and  its  relation  to  mean 
near-surface  current  velocity  must  be  de- 
termined, especially  under  conditions  of 
high  winds  and  breaking  waves.  The  sim- 
ilarities and  differences  between  Eule- 


rian areal  and  Lagrangian  linear  mea- 
surements need  to  be  better  understood. 
The  prospect  of  having  continuous  sur- 
face-current data  should  provide  the  im- 
petus to  correlate  currents  with  their 
short-term  driving  forces  (such  as  winds, 
waves,  and  tides).  Such  a  correlation  is 
potentially  a  means  of  using  the  surface- 
current  data  to  measure,  indirectly, 
those  driving  forces. 


Summary 

A  high-frequency  radar  remote-sens- 
ing system  for  measuring  and  mapping 
near-surface  ocean  currents  in  coastal 
waters  has  been  analyzed  and  described. 
A  transportable  prototype  version  of  the 
system  was  designed,  constructed,  and 
tested.  With  two  units  operating  tens  of 
kilometers  apart,  the  currents  were 
mapped  in  near  real  time  at  a  grid  of 
points  3  by  3  km  covering  areas  exceed- 
ing 2000  km2,  out  to  a  distance  of  about 
70  km  from  the  shore.  Preliminary  esti- 
mates of  the  precision  of  current  velocity 
measurements  show  it  to  be  better  than 
30  cm/sec. 
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Abstract 

Wind  shear  has  long  been  recognized  as  one  of  the  major 
aviation  hazards  in  the  airport  environment.  A  principal 
source  of  dangerous  wind  shear  is  the  thunderstorm  gust 
front,  a  cold  air  outflow  from  the  thunderstorm  downdraft. 
The  gust  front  is  particularly  hazardous  not  only  because  of 
the  large  surface  wind  shears  associated  with  it,  but  also 
because  of  its  highly  localized  character.  Often  the  down- 
draft  or  downburst  region  producing  such  fronts  is  of  the 
order  of  a  few  kilometers  or  less  in  dimension. 

As  a  result,  vertically  profiling  wind  shear  detection  tech- 
niques such  as  the  hybrid  acoustic-microwave  radar  system 
described  in  the  companion  paper  by  Hardesty  et  al.  (1977) 
do  not  provide  adequate  total  protection.  In  this  paper  we 
describe  an  array  of  pressure  sensors  installed  at  Dulles  In- 
ternational Airport  in  Washington,  DC,  to  detect  and 
monitor  gust  fronts  that  could  endanger  aircraft  operations. 
The  pressure  sensors  (designed  to  respond  only  to  sudden 
pressure  increase)  are  so  inexpensive  that  they  can  be  used 
in  dense  networks  of  large  spatial  extent  to  monitor  in  detail 
the  gust  front  progress  as  it  approaches  the  airport.  Some 
125  sensors  have  been  installed  at  Dulles.  Indeed,  a  major 
cost  of  the  installation  is  the  cost  of  the  phone  lines  required 
to  return  the  information  to  a  central  data-processing  loca- 
tion. 

The  system  has  been  operating  unattended  for  extended 
periods  of  time,  registering  the  frontal  passages  that  have 
also  been  detected  by  the  acoustic-microwave  radar  system 
as  they  pass  overhead.  Results  are  presented  showing  the 
complementary  nature  of  the  two  monitoring  methods. 

1.  Introduction 

In  recent  years  the  Federal  Aviation  Administration 
(FAA)  has  become  increasingly  concerned  about  the 
dangers  posed  by  low-level  wind  shear  to  aircraft  take- 
offs  and  landings.  Some  degree  of  wind  shear  is  usually 
present  at  low  levels;  however,  it  has  become  apparent 
that  in  a  number  of  instances  low-level  wind  shear  can 
reach  magnitudes  that  exceed  the  design  capabilities  of 
the  aircraft  and  the  ability  of  the  crew  to  implement 
corrective  procedures.  The  problem  is  exacerbated  by 
the  highly  localized  nature  of  the  hazardous  condition, 
lack  of  unambiguous  information  on  its  presence,  and 
an  enormous  economic  price  tag  associated  with  sudden 
and  unscheduled  changes  in  airport  operations  (change 
of  runways,  airport  closings,  etc.)  during  peak  traffic 
periods. 

This  paper  and  its  companion  (Hardesty  et  al.,  1977) 
describe  systems  developed  by  NOAA's  Wave  Propaga- 
tion Laboratory  (WPL)  for  the  detection  and  monitoring 
of  low-level  wind  shear.  Hardesty  et  al.  describe  a  verti- 
cally profiling  hybrid  acoustic-microwave  radar  system 
for  monitoring  the  wind  shear  associated  with  wide- 
spread inversions  and  frontal  surfaces.  In  this  paper  we 


describe  the  use  ol  an  array  of  pressure  sensors  to  detect 
highly   localized    thunderstorm  gust   fronts. 

Cold  air  outflow  from  the  base  of  a  thunderstorm 
produces  the  gust  front,  which  manifests  itself  as  a 
sudden  surge  of  wind  speed  along  the  discontinuity  be- 
tween the  cold,  dense  air  and  the  less  dense  ambient  en- 
vironment near  the  surface  (Fig.  1).  The  convergence 
initially  responsible  for  the  familiar  convective  cloud 
becomes  balanced  by  a  divergence  from  the  lower  re- 
gions of  the  thunderstorm.  This  divergence,  driven  by 
the  fall  of  rain  and  by  cooling  of  the  air  by  evaporation, 
can  spread  cool  air  many  kilometers  from  the  base  of 
the  cloud.  The  surface  friction,  the  stability  of  the  air 
being  overrun,  the  speed  of  movement  of  the  system  as 
a  whole,  the  amount  of  downdraft  air  and  its  mo- 
mentum, and  the  proximity  of  nearby  cells  all  combine 
to  make  gust  front  systems  complex  entities.  Typically, 
the  outflow  air  is  ' —  1  km  high.  Its  flow  pattern  over  the 
earth's  surface  is  quite  intricate  and  hard  to  predict, 
exhibiting  effects  of  terrain,  surface  drag,  low-level  atmo- 
spheric stability,  and  prevailing  wind  direction.  There 
is  evidence  of  instability  and  lobing  structure  in  the 
gust  front  flow  (Figs.  1  and  2).  Gust  fronts  have  been 
known  to  move  with  speeds  of  the  order  of  10-20  m  s'1 
for  distances  of  —30  km,  thus  persisting  for  as  long  as 
1  h  after  their  development.  Bedard  and  Beran  (1977) 
give  pertinent  references. 

Associated  with  the  downdraft  region  and  the  gust 
front  may  be  enormous  wind  shears  and  horizontal 
divergence  (Byers  and  Braham,  1949;  Lewellen  et  al., 
1976;  Fujita  and  Byers,  1977;  Fujita  and  Caracena, 
1977).  It  is  these  variations  that  pose  a  direct  threat 
to  aircraft  takeoffs  and  landings.  The  lift  on  the  air- 
craft is  proportional  to  the  square  of  the  airspeed. 
If  a  plane  were  traveling  at  70  ms"1  and  suddenly 
encountered  a  tail  wind  of  20  m  s~l,  it  would  experi- 
ence a  50%  reduction  in  lift.  Luers  and  Reeves  (1973) 
performed  numerical  simulations  to  evaluate  the  in- 
fluence of  wind  shear  on  a  variety  of  aircraft  and  con- 
cluded that  sudden  decreases  in  relative  velocity  can 
result  in  potentially  hazardous  conditions.  A  review  of 
the  important  factors  in  the  Eastern  727  accident  at 
Kennedy  Airport  in  June  1975  indicates  that  downdrafts 
contributed  to  that  accident  (Fujita,  and  Byers,  1977), 
as  did  variations  of  horizontal  winds  in  the  vertical 
(Lewellen  et  al.,  1976).  The  study  by  Fujita  and  Cara- 
cena (1977)  shows  that  there  were'  downbursts  (highly 
concentrated  and  severe  downdrafts)  in  the  vicinity  at 
the    time    of    three    recent    aircraft    accidents.    However, 
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Fig.  1.  Cross-sectional  view  illustrating  the  complex  flow  fields  surrounding  a  thunderstorm. 


Fig.  2.    Leading  edge  of  a  gust  front  rendered  visible  by  entrained  dust  (courtesy  of 
Dr.  Sherwood  B.  Idso  of  the  U.S.  Department  of  Agriculture). 
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concern  about  this  phenomenon  dates  back  at  least  as 
far  as  the  U.S.  Weather  Bureau  Thunderstorm  Project 
(1948). 

Ultimately,  the  entire  three-dimensional  wind  field 
within  the  gust  fronts  may  be  monitored  by  scanning 
radar  and/or  lidar  systems,  making  all  other  approaches 
obsolete.  In  the  interim,  however,  it  seems  attractive  to 
explore  the  possibility  of  monitoring  gust  fronts  through 
their  associated  surface  effects.  These  include  changes 
in  surface  wind  speed  and  direction,  reflecting  the  air- 
flow itself,  temperature  changes  associated  with  the 
cooler  air,  and  pressure  changes  associated  with  the 
weight  of  the  gust  front  air  mass.  Of  these,  the  most 
attractive  from  the  standpoint  of  the  surface  monitoring 
of  the  gust  front  passage  is  the  surface  pressure  change, 
for  a  variety  of  reasons  given  below. 

1)  Gust  front  pressure  changes  amount  to  the  order 
of  1  mb  in  600  s  and  are  among  the  most  rapid  in 
nature.  Devices  triggering  at  such  levels  rarely  will 
issue  false  alarms.  The  corresponding  gust  front 
changes  in  temperature,  wind  speed,  and  direction 
are  not  so  unique. 

2)  The  surface  pressure  change  reflects  the  integrated 
change  in  air  mass  in  the  air  column  above  the 
sensor;  thus  it  is  unique  among  the  surface  mani- 
festations in  that  it  reflects  changes  occurring  at 
aircraft  altitudes.  This  can  result  in  an  improve- 
ment in  timeliness,  since  gust  fronts  occasionally 
exhibit  an  overhang,  manifested  by  a  nose  that  ex- 
tends as  much  as  1  km  ahead  of  the  surface  gust. 
It  also  results  in   improved  false  alarm  rate,  since 


the  system  is  less  vulnerable  to  the  effects  of  small 
dust  devils  and  turbulent  eddies  of  lesser  practical 
consequence  that  can  trigger  other  sensors.  Since 
the  detector  only  indicates  positive  pressure  changes, 
large  negative  changes  such  as  those  associated  with 
vortices  do  not  cause  the  detectors  to  trigger. 

3)  A  simple,  inexpensive  instrument  suffices  to  mea- 
sure the  gust  front-associated  pressure  changes.  The 
instrument  does  not  have  to  be  exposed  to  the 
ravages  of  weather  during  operation.  It  is  easy  to 
design  the  instrument  so  that  it  uses  power  only 
during  gust  front  passage.  Operation  tends  to  be 
relatively  maintenance  free.  Because  the  instrument 
is  inexpensive  it  can  be  deployed  economically  in 
dense  arrays,  as  required  for  effective  detection 
(e.g.,  Sinclair  et  al.,  1973;  Fujita  and  Byers,  1977; 
Bedard  and  Beran,   1977). 

4)  The  pressure  sensor  can  be  operated  indoors,  a 
not  inconsiderable  advantage  (as  indicated  by  the 
discussion  of  vandalism  in  Section  3)  not  enjoyed 
by   anemometers  and    temperature   sensors. 

2.   Pressure  jump  detector 

Figures  3  and  4  shows  the  pressure  jump  detector  and 
its  block  diagram,  respectively.  The  basic  sensor  is  a 
simple  pressure  switch,  utilizing  a  diaphragm  that  flexes 
in  response  to  imposed  pressure  changes  across  it.  In 
fact,  these  switches  are  available  commercially  and  are 
used  in  household  dryers  to  prevent  damage  resulting 
from  failure  to  clean  the  dryer  lint  trap.  In  operation 
the  pressure  jump  detector  uses  a  high-pass  filter  con- 
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FlC.  3.    View  of  pressure  jump  detector  with  major  components  identified. 
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Fig.  4.  Schematic  view  indicating  pressure  jump 
detector  operation. 


sisting  of  a  thermally  insulated  backing  volume  and  a 
capillary  leak,  in  order  to  suppress  long-period  pressure 
changes  associated  with  synoptic-scale  weather.  (In  a 
prototype  sensor  these  consisted  of  a  hypodermic  needle 
and  a  Coke  bottle.)  Thus  the  sensor  responds  to  positive 
pressure  changes  dp/dt  that  exceed  a  certain  threshold. 
After  considering  statistics  on  atmospheric  pressure 
jumps  available  from  Williams  (1953)  and  Bleeker  and 
Andre  (1950)  as  well  as  some  individual  case  studies 
(Byers  and  Braham,  1949;  Tepper,  1950),  we  have  used 
a  trigger  level  that  can  be  thought  of  in  a  loose  sense 
as  corresponding  to  a  1  mb  pressure  increase  in  600  s. 
This  detector  presently  uses  a  high-pass  filter  with  a 
3  min  time  constant.  The  pressure  switch  triggers  for 
positive  pressure  differences  in  excess  of  I  mb.  (For  a 
precise  description  of  the  instrument  response,  the 
reader  is  referred  to  Bedard  and  Meade  (1977).)  Thus 
the  instrument  has  a  single  moving  part — the  diaphragm. 
In  the  mode  of  operation  shown  here,  the  warning  de- 
vice is  on  and  consuming  power  only  during  gust  front 
passage.  Thus,  in  effect,  it  places  one  level  of  processing 
(is  an  event  occurring?)  at  the  sensor  itself,  permitting 
more  flexibility  in  multiplexing  the  sensor  data  over 
telephone  lines  and  simplifying  the  entire  data-process- 
ing task  considerably.  The  capillary  leak  equalizes  the 
pressure  across  the  switch  within  a  short  time  (typically 
several  minutes),  thus  shutting  itself  off.  Although  the 
basic  sensor  is  simple  and  inexpensive,  it  is  a  major 
task  to  build  in  the  degree  of  reliability,  ruggedness,  and 
thermal  stability  required  for  outdoor  use.  This  raises 
the  cost  of  the  pressure  jump  detector  substantially. 
Figure  5  shows  the  sensor  in  its  weatherproof  case 
mounted  on  a  telephone  pole. 

Laboratory  tests  indicate  that  the  thermal  time  con- 
stant of  the  detector  is  >2  h.  This  means  that  the  large 
temperature  decreases  caused  by  thunderstorm  gust 
fronts  (which  can  exceed  10°C  over  time  scales  of  10  min) 
will  not  produce  rapid  temperature  changes  (and  hence 
pressure  changes)  in  the  reference  volume.  Longer- 
period,  diurnal  variations  in  temperature  can  vary  the 
threshold  of  all  the  sensors  of  an  array  (typically  0.2  mb). 
All  indications  are  that  such  changes  do  not  degrade 
array  performance. 
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Fie.  5.  View  of  pressure  jump  detector  mounted  on  a 
telephone  pole. 


3.  Dulles  surface  sensor  array 

With  FAA  funding  and  sponsorship,  we  have  fabricated 
some  125  pressure  jump  detectors  and  deployed  these  in 
the  vicinity  of  Dulles  International  Airport.  Our  goals 
included: 

1)  examination    of    the    performance    of    the    pressure 
jump  detector  system; 

2)  comparison  of  its  performance  with  a  sparser  net- 
work of  anemometers; 

3)  comparison    of    the    surface    array    data    with    the 
acoustic-microwave  radar  profiles. 

Figure  6  shows  the  locations  of  the  pressure  jump  de- 
tectors, absolute  pressure  detectors  (for  examining  which 
pressure  waveforms  actually  triggered  the  detectors), 
anemometers,  and  temperature  sensors  in  the  vicinity 
of  Dulles.  Data  from  the  pressure  jump  detectors  and 
sensors  were  returned  to  a  central  recording  site  (the 
National  Weather  Service's  Sterling  Test  and  Evalua- 
tion Facility  near  Dulles)  using  leased  phone  lines.  By 
using  different  tones  for  each  detector,  we  multiplex  up 
to  eight  pressure  jump  detectors  on  each  leased  line. 
Since  the  Dulles  airport  area  is  primarily  rural,  with 
few  buildings  or  spare  phone  lines,  we  installed  our 
sensors  on  existing  telephone  poles  and  had  to  arrange 
for  the  installation  of  a  significant  number  of  phone 
cables  to  complete  the  system.  Because  most  of  the 
pressure  jump  detectors  are  physically  exposed,  they  are 
vulnerable  to  the  ravages  of.  both  weather  and  vandalism 
(at  this  writing,  28  have  been  hit  by  firearms — our 
NOAA  sticker  is  apparently  too  evocative  of  a  bullseye). 
The  installation  of  choice  in  more  heavily  populated 
areas  (e.g.,  around  Chicago's  O'Hare  Airport,  where  we 
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Fig.  6.  Locations  of  surface  sensors  for  the  Dulles  Airport 
system.  The  open  circles  indicate  the  positions  of  the  pres- 
sure jump  (dP)  detectors. 
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Fig.   8.   Motion   of   a    pressure   jump   across    the 
Dulles  Airport  array  on  7  December  1976. 


have  a  smaller  installation)  is  inside  buildings  and  would 
use  existing  phone  lines.  Operation  of  the  pressure  jump 
detector  is  virtually  unaffected  by  being  indoors. 

A  word  about  other  sensors  used  in  the  Dulles  installa- 
tion is  in  order. 

Absolute  pressure  sensors  built  by  Ball  Engineering 
(Model  EX340B)  are  mounted  on  telephone  poles  col- 
located with  certain  of  the  pressure  jump  detectors. 
Each  absolute  pressure  sensor  uses  a  local  115  V,  60  Hz 
power  drop  and  has  a  sensitivity  of  0.1  Vmb"1  and  a 
range  of  ±50  mb.  A  voltage-controlled  oscillator  sends 
an  FM  tone  back  to  the  recording  site.  The  data  from 
each  absolute  pressure  sensor  are  multiplexed  with  three 
pressure  jump  detectors  and  sent  over  the  same  leased 
line. 


Absolute  Pressure  Sensors 
Temperature  Sensors 


125 

Pressure  Jump  Detectors 


Selectable 
GraphicDisplay 


D-L*HTS 


Power  Out 


A/D  Converters 

Magnetic  Tape 

Deck 


Remote 
Display 


Local 
Display 


115V 
60Hz- 

Power 


Inverter 

, 

i 

DC  Power 

Battery  Bank 

Supply 

Fig.  7.  Block  diagram  of  the  system  for  recording  and 
displaying  the  surface  sensor  array. 


Ten  Climatronics  Wind  Mark  III  systems,  mounted  on 
20  ft  aluminum  towers,  record  the  wind  speed  (0-100 
mph)  to  ±5  mph  and  wind  direction  (0-540°)  to  ±1.5° 
on  a  strip  chart  collocated  with  each  anemometer.  The 
anemometers  use  local  115  V,  60  Hz  power  but  have  a 
battery  backup  that  will  last  several  days  in  the  event 
of  a  power  failure.  The  strip  charts  are  changed  once 
per  month. 

To  look  at  the  surface  temperature  changes  associated 
with  gust  front  passage,  we  use  thermivolt  temperature 
probe  Type  705  and  signal  conditioning  circuitry 
(manufactured  by  Yellow  Springs  Instrument  Co.)  with 
a  Gill  naturally  ventilated  radiation  shield  (R.  M.  Young 
Co.,  Type  43103)  for  temperature  measurement  at  two 
sites  within  the  array.  The  probes  provide  an  accuracy 
of  ±0.50°C  from  -30°  to  +  100°C  (sensors  with  specifi- 
cations similar  to  the  above  should  suffice  in  each  case). 

The  system  block  diagram  in  Fig.  7  indicates  the  data 
flow  for  the  recording  system.  Although  a  primary  goal 
is  the  evaluation  of  the  pressure  jump  detector  array  as 
a  means  of  providing  operational  warnings  to  airports, 
the  system  is  designed  to  record  data  for  after-the-fact 
analyses.  The  absolute  pressure  and  temperature  data 
are  collected  and  recorded  once  every  10  s.  The  entire 
array  of  pressure  jump  detectors  is  scanned  about  once 
per  second  and  recorded  if  one  or  more  of  the  sensors 
is  in  an  alarm  status. 

Displays  consisting  of  a  map  of  the  Dulles  area  with 
lights  indicating  the  status  of  each  sensor  are  provided 
at  the  Sterling  and  acoustic-microwave  radar  sites. 
These  displays  are  updated  once  per  second.  The  indi- 
cators latch  at  the  initial  alarm  for  each  sensor,  so  that 
the  display  vividly  depicts  the  encroaching  discontinuity. 
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Fig.  9.  Vertical   profiles  of  wind   speed   and   wind   direction   before   and   after   the 
7  December  1976  event  at  Dulles  Airport. 


4.  The  event  of  7  December  1976 

The  operation  of  the  complete  Dulles  system  (see 
Hardesty  et  al.  (1977)  for  a  description  of  the  vertically 
profiling  portion)  is  illustrated  by  its  performance  dur- 
ing a  wind  shear  event  on  7  December  1976.  On  this 
date,  at  about  0530  EST,  the  array  of  pressure  jump 
detectors  tracked  a  disturbance  approaching  from  the 
northwest  at  a  speed  of  —20  m  s"\  The  shaded  areas  in 
Fig.  8  depict  the  motion  of  the  discontinuity  by  showing 
groups  of  triggered  sensors  together  with  the  average  of 
the  initial  trigger  times  for  the  earliest  and  latest  sensors 
in  each  shaded  area.  The  full  complement  of  sensors 
operating  on  this  date  (47  in  all)  triggered  during  this 
event.  Additional  sensors  to  the  west,  south,  and  north 
of  the  airport  were  not  installed  at  the  time  of  this 
observation  and  thus  the  north-south  limits  of  the  shaded 
areas  represent  lack  of  data  and  not  the  limits  of  the 
discontinuity. 

The  discontinuity  arrived  at  the  sounder  site  at  about 
0532  E.ST.  A  time  sequence  of  wind  speed  and  direction 
profiles  measured  by  the  acoustic-radar  portion  of  the 
system  (Fig.  9)  shows  that  a  strong  shear  layer  and  shift 
in  mean  wind  direction  occurred  near  the  arrival  time 
of  the  pressure  jump.  The  history  of  this  event  demon- 
strates the  total  wind  shear  system  concept  with  a  warn- 
ing provided  by  the  dense  array  of  pressure  jump  de- 
tectors followed  by  a  measurement  of  the  shear  magni- 
tude and  location  by  the  vertically  profiling  portion  of 
the  system.  In  this  case  the  pressure  jump  detectors 
provided  about  a  5  min  warning  of  the  arrival  of  the 
discontinuity  at  the  airport.  With  the  full  array  operat- 
ing we  estimate  a  warning  time  of  7  min  for  a  dis- 
continuity traveling  at  20  m  s"1. 

5.  Concluding  remarks 

Current  plans  call  for  cross-comparisons  between  the 
surface  array  and  the  acoustic-microwave  radar  data 
sets  for  each  event  detected  by  the  total  system. 

Parallel   programs  using  our  pressure  jump   detector 


arrays  are  being  carried  out  at  O'Hare  Airport  (in  con- 
junction with  the  Transportation  Systems  Center  of  the 
Department  of  Transportation)  and  near  Oklahoma 
City,  Okla.  (in  conjunction  with  the  National  Severe 
Storms  Laboratory  gust  front  experiment).  These  are 
also  providing  data  sets  comparing  pressure,  wind,  and 
temperature  measurements. 
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WIND  SHEAR  TEST  SITE  UPGRADING 
D.  W.  Beran  and  Duane  Haugen 

During  late  1975  and  early  1976  the  FAA  was  faced  with  the  problem  of 
selecting  one  or  two  remote  sensing  techniques  from  many  which  might  be  used 
to  solve  the  airport  wind  shear  problem.   To  do  this  a  suitable  test  site, 
along  with  test  personnel  were  required.   The  Table  Mountain  field  site  near 
Boulder,  Colorado,  was  chosen  because  it  met  most  of  the  requirements. 

This  report  describes  the  field  site  modifications  that  were  made  for 
the  tests.   In  addition,  the  results  from  tests  of  a  commercial  acoustic 
Doppler  system,  a  CW  lidar  system  and  a  WPL  owned  FM-CW  radar  and  prototype 
acoustic  Doppler  system  are  summarized.  The  commercial  devices  were  tested 
for  only  a  short  period  of  time  due  to  other  contracted  arrangements  and 
limited  resources  for  maintaining  the  systems  on  site.  As  a  result  the  tests 
were  useful  but  inconclusive.   This  limited  availability  for  testing  was  also 
a  problem  with  the  FM-CW  radar.   However,  it  was  possible  to  make  the  first 
comparisons  of  this  device  with  an  acoustic  Doppler  system.  Winds  measured 
by  the  two  systems  over  approximately  5  minute  averaging  times  compared  well. 

The  WPL  prototype  acoustic  Doppler  system  was  operated  for  a  much  longer 
period  and  we  now  have  a  better  understanding  of  its  potential.   This  partic- 
ular system  is  limited  by  surface  winds  above  10  meters  per  second  and  its 
performance  is  degraded  by  other  background  noises  such  as  thunder.   The 
limiting  influence  of  rain  is  not  as  severe  as  had  previously  been  expected, 
but  it  is  a  serious  problem  for  intense  rainfall. 
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Airport  Weather  service: 
Some  Future  Trends 


D.  W.   Beran,1  W.   H.  Hooke,1 
C.  G.  Little,1  and  F.  Coons  2 


Abstract 

The  current  slate  of  aviation  weather  forecasting  and  its 
effect  on  weather-related  aircraft  accidents  are  reviewed.  The 
authors  predict  that  new  approaches  will  be  necessary  if  the 
technological  gap  is  to  be  narrowed  between  weather  fore- 
casting and  aircraft  design  and  utilization.  The  importance 
of  mesoscale  modeling  and  new  remote  sensing  devices  is  dis- 
cussed. (Increased  emphasis  in  these  areas  is  to  some  extent 
a  response  to  aviation  needs  and  also  to  the  need  for  im- 
proved synoptic-scale  modeling.)  Statistical  and  deterministic 
models  that  can  assist  in  the  prediction  of  the  evolution  of 
area  weather  are  currently  under  development,  but  major 
obstacles,  such  as  the  difficulty  in  parameterizing  the  plane- 
tary boundary  layer,  suggest  that  useful  models  are  at  least 
10  years  away.  Furthermore,  it  is  predicted  that,  although 
weather  modification  and  aircraft  design  will  undoubtedly 
play  important  roles,  the  most  immediate  improvements  will 
come  from  departures  from  traditional  approaches  to  fore- 
casting. 

1.  Introduction 

The  aviator's  need  for  weather  information  parallels  the 
history  of  manned  flight.  The  fact  that  an  aircraft  de- 
pends on  the  atmosphere  to  function  makes  the  motions 
and  characteristics  of  that  medium  vitally  important.  It 
is  clear  from  the  large  number  of  weather-related  aircraft 
accidents  that  the  vehicle  and  the  medium  that  supports 
it  are  sometimes  not  in  harmony.  Accidents  continue  to 
occur  despite  our  modern  weather  services.  Even  when 
tragedy  is  not  the  final  result  of  foul  weather,  there  may 
be  a  heavy  cost  in  terms  of  delays  and  missed  schedules. 
It  is  appropriate  to  ask  if  a  stage  has  been  reached  where 
these  delays  and  accidents  are  the  price  that  must  be 
paid  for  a  highly  efficient  form  of  transportation.  Given 
the  present  rapid  rate  of  technological  development, 
there  is  a  basis  for  believing  that  the  answer  to  this  ques- 
tion  is  no. 

By  examining  state-of-the-art  technology  and  plans  for 
future  developments  we  can  speculate  about  some  of  the 
advances  that  may  occur  in  the  next  few  years  in  avia- 
tion weather  forecasting.  Beyond  that  time,  foreseeing 
the  I  mure  becomes  extremely  difficult,  because  it  is  not 
possible  to  predict  technological  advances  that  may  have 
a  major  impact  on  aircraft  operation  and  on  the  way  we 
forecast  or  control  the  weather.  Highlighting  critical 
problem  areas  may  provide  some  guidance  to  those  re- 
sponsible for  improving  the  satety  of  air  travel. 

Despite  many  efforts  to  improve  observing  and  fore- 
casting techniques  (i.e.,  Crisci,  1975;  Chisholm,  1976) 
the  weather  prediction  component  of  aviation  still  lags 
behind   the   technology    that   has  produced   the   sophisti- 

1  Wave  Propagation  Laboratorv,  ERL/NOAA,  Boulder, 
Colo.  80302. 

-  Federal  Aviation  Administration,  Department  of  Trans- 
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cated  aircraft  of  today.  Compare,  for  example,  modern 
airliners  with  radiosondes  and  other  standard  weather- 
observing  devices.  Although  aircraft  design  has  pro- 
gressed from  the  Ford  Tri-motor  to  supersonic  jets,  the 
mainstays  of  meteorological  data-gathering  equipment 
continue  to  be  the  radiosonde  and  a  few  ground-based 
m  situ  instruments  that  provide  only  a  glimpse  of  meso- 
scale conditions.  Despite  this,  meteorologists  are  expected 
to  accurately  forecast  the  occurrence  of  events  ranging 
from  a  few  minutes  to  >48  h  in  the  future.  Planned  new 
developments  like  AFOS  (Automation  of  Field  Opera- 
tions and  Service)  and  AV-AWOS  (Aviation-Automatic 
Weather  Observing  System)  (SDO,  1976)  are  steps  in  the 
direction  of  improved  communication  and  automation, 
a  vitally  important  area,  but  they  do  not  address  the 
question  of  how  to  use  radically  new  or  different  data 
sets.  Radar  is  an  important  tool;  however,  its  operational 
use  has  been  confined  to  identification  of  regions  of 
precipitation.  The  demonstrated  potential  of  radar  for 
measuring  wind  fields  in  the  clear  air  remains  untapped, 
and  indeed  there  are  no  plans  as  yet  to  use  it  opera- 
tionally. 

The  National  Transportation  Safety  Board  (1974) 
reported  that  47%  of  aircraft  accidents  during  the 
previous  4  years  were  weather  related.  This  statistic  bears 
out  the  assertion  that  there  is  a  technological  lag  in 
aviation  weather  observations  and  forecasts  relative  to 
the  activities  they  serve.  To  find  reasons  for  this  lag, 
several  basic  questions  must  be  answered:  Are  the  dy- 
namics and  driving  forces  of  mesoscale  weather  events  sc 
poorly  understood  that  we  cannot  use  our  present  knowl- 
edge to  make  better  predictions?  Is  the  complexity  of 
the  problem  so  great  that  even  a  better  understanding 
of  the  physics  would  offer  little  hope  of  predicting  on  all 
scales  important  to  aircraft  operations?  Is  the  present 
data  base  sufficient  for  numerical  models  and  prediction 
techniques?  No  simple  answers  can  be  found,  but  weak- 
nesses in  our  present  approach  can  be  identified.  By 
correcting  these  weaknesses  it  may  be  possible  to  signifi- 
cantly  improve  aviation   weather  services. 

What  conditions  need  to  be  forecast?  Current  critical 
aviation  weather  forecasting  problems  can  be  categorized 
into  problems  affecting  airplanes  in  the  terminal  area 
and  en  route.  The  former  category  includes  fog,  winds 
(crosswinds,  shear,  and  turbulence),  thunderstorms,  tem- 
perature, and  precipitation;  the  latter  category  includes 
winds,  turbulence,  thunderstorms,  and  temperature. 
Meteorological  conditions  affecting  the  airport  terminal 
are  of  two  distinct  time  scales.  The  first,  derived  from 
the  response  time  of  the  pilot  and  his  aircraft,  ranges  in 
scale  from  the  shortest  time  during  which  it  is  possible 
to  maneuver   the  aircraft   to   the   time  required   for  the 
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final  approach  (on  the  order  of  a  few  minutes).  These 
correspond  to  spatial  scales  up  to  20  km.  The  second 
can  be  thought  of  as  the  response  time  of  the  aggregate 
of  all  aircraft  under  the  terminal's  control  at  any  given 
time.  At  major  airports,  operations  are  tightly  scheduled, 
and  response  to  changes  in  the  weather  (diversions,  run- 
way closures,  etc.)  can  take  an  hour  or  more  and  affect 
aircraft  hundreds  of  kilometers  away.  Thus,  the  so-called 
terminal  weather  problem  in  fact  extends  to  spatial 
scales  up  to  synoptic. 

Therefore,  the  associated  weather  forecasting  problem 
is  one  of  providing  a  mesoscale  time  forecast  over  a  sub- 
synoptic  area,  and  it  poses  two  fundamental,  challenging 
questions:  1)  What  is  the  current  status  of  the  relevant 
volume  of  air?  2)  How  will  this  volume  of  air  evolve 
over  the  next  few  hours? 

Progress  in  understanding  the  laws  of  nature,  the  use 
of  statistical  methods,  and  the  ability  to  use  the  com- 
puter has  been  substantial,  but  many  experts  feel  that 
we  are  approaching  a  forecasting  plateau  that  is  far  from 
perfect.  This  "leveling  off"  in  forecasting  skill  is  occur- 
ring despite  the  use  of  ever  more  powerful  computers 
and  complex  numerical  models;  it  is  appropriate  to  ask 
why.  The  neglected  areas  of  mesoscale  modeling  and  ob- 
servations may  hold  the  key  to  further  overall  improve- 
ments, and  these  areas  could  be  candidates  for  more  in- 
tensive research  and  development. 

Support  for  this  assumption  derives  from  the  point 
of  view  that  further  improvement  in  synoptic-scale  fore- 
casting will  occur  if  and  when  we  gain  a  better  under- 
standing of  mesoscale  and  synoptic-scale  interactions. 
Forecasts  for  specific  events  and  regions  are  now  very 
dependent  on  synoptic-scale  numerical  prognosis  in 
combination  with  the  ability  to  properly  interpret  and 
use  this  information.  Even  new  forecasting  techniques 
such  as  MOS  (Model  Output  Statistics)  (Klein  and 
Glahn,  1974),  which  are  helping  to  improve  present 
forecasts,  must  rely  on  synoptic-scale  input.  These  same 
methods  should  be  even  more  effective  if  they  are  used 
with  a  truly  mesoscale  data  base.  In  other  words,  we 
work  down  from  what  is  predicted  or  observed  on  the 
larger  scales  to  local-  or  regional-scale  forecasts.  This  is 
operationally  proper,  since  for  longer-term  forecasts  the 
synoptic  pattern  and  its  changes  are  a  major  control. 
However,  this  method  falls  short  of  perfection  because 
of  a  poor  understanding  of  mesoscale  phenomena  and  of 
the  interplay  between  the  two  scales.  Large-scale  patterns 
may  help  position  a  given  evetit,  but  the  importance  of 
the  smaller  scale  to  the  genesis  of  new  conditions  cannot 
be  overlooked.  From  this  we  conclude  that  a  major  im- 
provement is  needed  in  understanding  mesoscale  and 
shorter-term   atmospheric   events. 

Why  has  this  important  area  of  meteorology  appar- 
ently been  neglected?  Rather  than  being  neglected,  it 
has  been  a  case  of  taking  the  path  of  least  resistance.  The 
present  data  network  is  geared  to  the  synoptic  scale, 
making  mesoscale  research  and  forecasting  difficult.  With 
this  limitation  it  has  been  far  easier  to  show  significant 
improvement  by  concentrating  on  forecasting  the  larger 


scales  and  to  take  advantage  of  the  technological  ad- 
vances in  computers  and  statistical  methods  to  reach 
present  higher  forecasting  plateaus  on  all  scales. 

2.  Improving  forecasting — Mesoscale  approach 

We  believe  that  major  forecasting  improvements  will  be 
made  if  more  effort  is  directed  toward  the  mesoscale.  To 
be  most  efficient,  how  should  this  be  accomplished?  One 
approach  would  be  to  work  down  to  smaller  and  smaller 
scales  until  we  have  reached  our  goal.  An  opposite  ap- 
proach would  be  to  concentrate  on  acquiring  a  better 
understanding  of  the  smaller  scales  and  then  to  expand 
the  sphere  of  interest  until  it  merges  with  larger  scales. 
Neither  approach  is  totally  satisfying.  In  the  first,  a  point 
is  soon  reached  where  regional  differences  and  the  lack 
of  high-resolution  data  are  limiting  factors.  The  second 
overlooks  the  important  control  functions  exerted  by  the 
larger  scale;  we  might  soon  discover  that  we  knew  a  lot 
about  a  particular  "tree,"  but  very  little  about  the 
"forest." 

Both  approaches  will  be  needed.  Our  understanding 
of  the  mesoscale  must  be  improved  by  concentrating 
more  research  in  this  area.  Larger-scale  influence  cannot 
be  neglected,  and  we  must  do  more  to  introduce  unique 
regional  effects.  This  is  not  an  easy  task,  since  each  meso- 
scale region  will  require  special  attention.  It  will  be  im- 
portant to  concentrate  efforts  in  the  areas  of  highest 
need,  i.e.,  where  the  largest  number  of  people  are  af- 
fected. Therefore,  the  environment  of  major  airports  will 
unquestionably  have  a  high  priority. 

Most  past  efforts  to  improve  mesoscale  or  short-term 
prediction  have  involved  the  use  of  richer  data  sets,  per- 
sistence, local  knowledge,  and  synoptic-scale  prognosis. 
True  mesoscale  m'odels  for  a  given  region  have  not  been 
well  developed,  nor  have  the  so-called  "richer  data  sets" 
been  adequate.  Improved  data  sets  have  been  provided 
by  a  "more-of-the-same"  approach:  the  installation  of  a 
denser  network  of  standard  ground-based  sensors  and 
perhaps  an  increased  launch  rate  of  radiosondes.  The 
need  for  high-resolution,  real-time  mesoscale  data  for 
short-term  small-scale  forecasts  is  apparent.  It  is  equally 
important  to  know  how  many  and  what  kinds  of  data 
are  required  for  a  given  region  and  for  a  given  phe- 
nomenon. Improved  boundary  layer  models  must  play 
a  key  role,  since  they  increase  the  understanding  of 
meteorology  and  provide  direction  to  the  sensor  de- 
velopers. Furthermore,  such  work  cannot  proceed  with- 
out a  thorough  understanding  of  present  and  potential 
observation  techniques.  Therefore,  what  is  required  is 
an  iterative  program  emphasizing  both  a  better  under- 
standing of  mesoscale  meteorology  and  the  development 
of  techniques  for  monitoring  conditions  on  a  real-time 
basis. 

It  is  our  assertion  that  the  mesoscale  will  be  the  next 
important  meteorological  frontier.  Furthermore,  we  be- 
lieve that  better  observations  on  this  scale  combined  with 
the  development  of  new  mesoscale  models  are  key  factors 
that  will  lead  to  improved  forecasts.  Insight  can  be  gained 
by   examining   these    two   areas,    now   largely   separated, 
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and  by  attempting  to  predict  what  might  happen  when 
they  are  properly  merged. 

The  mesoscale  monitoring  challenge  is  awesome;  what 
we  require  is  the  specification  of  atmospheric  parameter 
fields  within  a  volume  ranging  from  20-100  km  wide  to 
~20  km  deep.  Specification  of  this  volume  must  be  most 
complete  and  must  have  its  highest  resolution  in  the 
kilometer  closest  to  earth,  where  wind  and  turbulence 
profiles  along  glide  paths  are  critical.  Surface  tempera- 
tures, visibilities,  and  precipitation  conditions  must  also 
be  accurately  known.  ///  situ  meteorological  instrumenta- 
tion is  incapable  of  accurately  measuring  these 
parameters.  However,  as  the  result  of  much  research  and 
development  over  the  last  decade,  remote  sensing  instru- 
ments (both  ground-  and  satellite-based)  will  soon  be 
available  for  the  monitoring  requirements  of  the  airport 
terminal.  Although  the  majority  of  these  new  techniques 
have  not  been  put  into  operational  use,  demonstrated 
capabilities  of  remote  sensing  techniques  give  an  indica- 
tion of  future  trends. 

Both  path  averages  and  profiles  of  wind  have  been 
measured  by  optical,  acoustic,  and  radar  techniques 
(Beran,  1971;  Lawrence  et  al.,  1972;  Chadwick  et  al., 
1976).  Complete  three-dimensional  clear-air  wind  fields 
have  been  measured  with  new  radar  techniques.  Tem- 
perature sensing  has  been  less  tractable;  however,  radi- 
ometry  and  some  optical  techniques  hold  promise.  We 
should  also  not  overlook  capabilities  to  measure  second- 
order  effects  of  the  temperature  field,  such  as  mixing 
depth  and  structure  constant  (CT),  an  indication  of  the 
intensity  of  turbulent  fluctuations.  Although  these  are 
not  direct  measures  of  the  temperature  field,  they  may 
prove  to  be  significant  parameters  in  forecasting  tech- 
niques that  are  yet  to  be  developed.  They  can  be  readily 
sensed  by  optical,  acoustic,  and  radar  techniques. 

Moisture  parameters  in  the  form  of  path-averaged 
humidity  and  integrated  water  vapor  content  have  been 
measured  by  differential  absorption  and  by  radiometers 
(Decker  et  al.,  1973).  Measurements  of  path-averaged 
rainfall  rates  and  drop  sized  distribution  are  both  ame- 
nable to  optical  scintillation  techniques,  and  integrated 
liquid  water  content  and  melting  layer  height  can  be 
measured  by  microwave  radar  methods.  In  addition, 
water-ice  differentiation  can  be  accomplished  with  po- 
larized lidar,  and  visibility  and  ceiling-restricting  cloud 
and  log  can  be  monitored  by  both  lidar  and  radar  tech- 
niques. 

The  usefulness  of  these  measurements  will  largely 
depend  on  how  they  are  integrated  into  a  total  monitor- 
ing and  forecasting  plan.  The  particular  platform, 
whether  ground  based,  airborne,  or  satellite  mounted, 
and  the  meteorological  stale  of  interest  will  also  have  a 
bearing  on  how  a  particular  device  should  be  employed. 
(These  comments  are  meant  to  give  only  a  broad  impres- 
sion of  the  capabilities  of  remote  sensor  techniques. 
More  details  and  references  can  be  found  in  the  works 
by  Derr  and  Little  (1970),  Derr  (1972),  Little  (1972, 
1973),  and  Beran  and  Hall  (1974).) 
Mesoscale   forecasting,   even  when    the   mesoscale  data 


set  is  available,  remains  formidable,  since  there  is  little 
research  or  operational  experience  in  this  area.  A  great 
deal  is  known  about  the  diurnal  evolution  of  the  convec- 
tive  boundary  layer  (e.g.,  Carson,  1973;  Zeman  and  Lum- 
ley,  1976),  but  beyond  this  the  best  forecasting  technique 
currently  available  is  persistence.  The  forecaster  ex- 
amines the  current  atmospheric  state,  including  the  posi- 
tions and  speeds  of  such  entities  as  storm  cells  and  gust 
fronts,  and  then  predicts  that  conditions  will  remain  as 
they  are,  except  that  those  observed  features  whose  mo- 
tions arc  currently  known  will  continue  to  move  at  the 
same  velocity.  The  next  step  is  a  big  one,  involving  the 
prediction  ot  the  evolution  of  area  weather — e.g.,  the 
development  oi  a  storm  cell  where  currently  none  exists 
or  a  change  in  the  motion  or  intensity  of  a  gust  front. 

Two  techniques  appear  to  be  available:  statistical  and 
deterministic.  Statistical  approaches  analogous  to  those 
used  in  synoptic-scale  prediction  involve  the  study  of 
linear  regression  analyses  to  determine  optimal  predic- 
tors of  short-term  changes  in  the  weather.  Algorithms 
based  on  this  approach  were  mentioned  earlier  and  are 
currently  being  developed  by  NOAA's  Techniques  De- 
velopment Laboratory  and  by  the  U.S.  Air  Force's  Air 
Weather  Service,  among  others.  Deterministic  approaches 
involve  the  numerical  modeling  ot  mesoscale  weather. 
This  method  is  currently  under  extensive  development 
at  several  institutions.  The  research  involves  several 
problems.  The  first  is  the  same  initialization  problem 
facing  those  concerned  with  global  circulation  models 
(CCM).  However,  many  ot  the  difficulties  are  more  seri- 
ous in  the  case  ot  mesoscale  weather.  For  example, 
spurious  gravity  wave  modes  that  arise  from  faulty 
initialization  must  be  differentiated  from  actual  storm- 
producing  gravity  wave  modes  (Uccellini,  1975).  Thus 
it  is  critical  that  significant  measurements  not  be  re- 
jected in  the  process.  Another  unique  feature  of  most 
current  mesoscale  models  is  the  need  to  "nest"  or  imbed 
them  in  the  appropriate  larger-scale  flow.  Although  a 
number  ol  procedures  have  evolved,  the  proper  specifica- 
tion ol  such  boundary  conditions  remains  a  problem. 
Parameterization  of  subgrid-scale  processes  is  critical  in 
the  mesoscale  models.  First-order  parameterizations  in- 
corporate fixed  forcing  terms  to  describe  the  subgrid- 
scale  processes.  Second-order  parameterizations  allow  for 
forcing  terms  linear  in  the  larger-scale  variables,  with 
the  coefficients  determined  by  various  regression  pro- 
cedures. We  are  still  far  from  being  able  to  optimize 
such  parameterizations.  Foremost  among  the  processes 
that  need  to  be  parameterized  are  those  that  occur 
within  the  planetary  boundary  layer  (PBL).  A  broad 
range  of  PBL  models  are  available;  however,  the  best  are 
prohibitively  complex,  and  the  simplest  are  otten  inade- 
quate. Because  of  the  many  obstacles  remaining,  useful 
forecast  models  lor  the  mesoscale  are  unlikely  to  be 
available  lor  operational  use  within  the  next  10  years. 

We  believe  that  with  improved  understanding  of  the 
mesoscale  and  with  better  sensing  techniques  there  could 
be  radical  departures  from  traditional  forecasting  meth- 
ods.   For  example,   remote  sensors  can   detect   anomalies 
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(i.e.,  sharp  gradients,  strong  turbulence,  or  heavy  pre- 
cipitation) more  readily  than  they  can  measure  the  stan- 
dard, slowly  varying  distributions  of  wind,  temperature, 
moisture,  and  pressure.  This  happens  because  regions 
such  as  strong  baroclinic  zones  are  associated  with  a 
more  intense  energy  release.  This,  in  turn,  produces  the 
necessary  refractive  index  change  or  particulate  concen- 
tration change  that  the  remote  sensor  in  large  part  de- 
pends on  for  a  tracer.  Such  anomalies  are  also  of  vital 
importance  to  the  forecaster  since  most  significant 
weather  events  are  embodied  in  these  deviations  from 
normal.  Present  synoptic  models  generally  deal  only  with 
entire  parameter  fields  that  contain  but  do  not  always 
delineate  the  anomalies.  Given  the  capability  of  remote 
sensors  to  detect  anomalies  more  readily,  we  can  foresee 
a  shift  from  the  emphasis  now  placed  on  parameters 
associated  with  the  standard  pressure  surface  to  a 
stronger  reliance  on  the  significant  weather  event.  This 
parallels  Ramage's  (1976)  thinking  that  improved  meth- 
ods of  observing  turbulence  bursts  in  their  earliest  stage 
may  be  one  of  the  few  ways  of  improving  forecasts  on 
the  mesoscale. 

Although  many  segments  of  society  would  benefit  from 
improvement  of  short-range  mesoscale  prediction,  it  is 
most  probable  that  the  needs  of  aviation  will  provide 
the  impetus  for  major  changes.  As  emphasized  earlier 
it  is  in  the  airport  environment  that  inaccurate  forecasts 
can  have  a  major  influence.  We  are  already  seeing  the 
first  indications  of  the  interaction  between  need  and  the 
development  of  new  techniques  in  such  areas  as  wind 
shear  and  wake  turbulence.  Both  of  these  conditions 
have  become  serious  aviation  hazards  primarily  because 
of  our  inability  to  observe  and  predict  mesoscale  condi- 
tions. This  has  led  to  new  initiatives  in  the  development 
of  improved  sensors  and  forecasting  techniques.  Al- 
though these  efforts  are  narrowly  confined  to  the  subject 
problems,  the  instruments  and  techniques  will  un- 
doubtedly have  broader  applications  leading  to  general 
improvement  in  our  ability  to  deal  with  aviation  weather 
hazards. 

3.  The  future  of  airport  weather  forecasting 

It  is  convenient  to  divide  our  forecast  of  future  develop- 
ments into  two  parts:  near  term  (<10  years)  and  long 
term  (>10  years).  For  the  near  term  we  assume  techno- 
logical persistence;  that  is,  those  developments  in  airport 
weather  forecasting  that  have  already  been  made  in  the 
past  10  years  will  now  be  put  into  operational  use. 
Prototypes  of  some  of  the  observing  systems  and  forecast- 
ing techniques  are  being  tested;  others  will  be  tested 
shortly.  This  trend  is  expected  to  continue,  so  that  dur- 
ing the  next  10  years  these  systems  will  lie  optimized, 
adapted  to  operational  use,  and  either  installed  at  major 
airports  or  used  by  NWS  to  provide  better  service.  Al- 
though recent  developments  in  meteorological  sensors 
have  been  outstanding,  they  have  widened  the  gap  be- 
tween our  ability  to  observe  and-  our  ability  to  forecast 
on  the  airport  scale.  New  monitoring  systems  should 
permit  improved  nowcasts  and  persistence  forecasts.  Over 


the  long  term,  our  "persistence"  prediction  of  aviation 
weather  breaks  down.  The  development  of  operational 
regional  and  mesoscale  models,  hybrids  of  both  the  sta- 
tistical and  deterministic  approaches,  will  make  reliable 
airport  terminal  evolutionary  forecasts  a  reality. 

In  attempting  to  loresee  the  long-term  future  of  avia- 
tion weather  forecasting  we  cannot  take  the  narrow  view 
that  solutions  will  be  restricted  to  meteorological  ap- 
proaches. Aircralt  and  flight  system  designers  are  equally 
aware  of  weather-related  problems  and  are  striving  to 
design  equipment  that  will  compensate  for,  or  will  not 
be  affected  by,  adverse  weather  conditions.  A  notable 
example  is  the  development  of  Category  III  landing 
systems,  which  would  virtually  eliminate  low  visibility  as 
a   problem  at  least   for   commercial   aviation. 

Another  area  that  cannot  be  overlooked  in  any  long- 
term  view  concerns  efforts  to  control  the  weather.  At 
the  present,  forecasting  represents  the  highest  mete- 
orological skill,  but  in  the  future  this  ultimate  capability 
could  be  replaced  by  the  ability  to  control  or  modify 
the  weather.  Evidence  of  this  type  of  activity  can  be 
seen  in  present  fog  dispersal  efforts.  Future  develop- 
ments could,  perhaps,  lead  to  the  suppression  of  thunder- 
storms near  airports,  the  control  of  precipitation,  and 
other  modification  eflorts  to  improve  the  environment 
for  aircraft  operations.  The  feasibility  and  desirability 
of  such  weather  control  will  certainly  be  the  subject  of 
future  debates. 

Given  a  continuing  need  for  weather  information  and 
forecasting,  it  is  likely  that  our  capability  will  be  signifi- 
cantly improved  during  the  last  quarter  of  this  century. 
The  most  immediate  improvements  will  come  not  from 
more-of-the-same  but  lrom  marked  deviations  in  tradi- 
tional thinking.  This  change  will  result  from  a  more 
intense  effort  to  understand  the  mesoscale,  especially 
the  anomalies,  coupled  with  use  of  radically  new  obser- 
vation techniques. 
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1.  INTRODUCTION 

An  experiment  to  test  the  operational 
capability  of  an  acoustic  Doppler  wind-shear  detec- 
tion system  was  described  by  Beran  et  al.  (1974), 
and  Beran  (1974).  This  test  was  the  forerunner  of 
an  extensive  development  program  to  produce  a 
prototype  acoustic  system  and  an  operational  test 
unit  for  installation  at  Dulles  International 
Airport.   Highlights  of  this  FAA-sponsored 
development  program  and  modifications  that  have 
been  made  to  produce  a  complete  wind- shear  and 
gust-front  detection  system  are  described.  This 
is  followed  by  a  description  of  potential  second- 
generation  wind-shear  detectors  which  have  re- 
sulted from  recent  technological  advances. 

2.  WIND  SHEAR  TYPES 

In  1972,  at  the  inception  of  the  FAA- 
sponsored  program  to  develop  a  wind-shear  detec- 
tion system,  the  critical  aircraft  safety  problem 
was  perceived  to  be  low  level  changes  in  horizontal 
wind  speed  or  direction  with  height.  These  condi- 
tions occur  at  the  interface  between  separate  air 
masses,  such  as  along  a  synoptic-scale  frontal  sur- 
face or  across  an  intense  radiation  inversion.  Cold 
air  outflow  from  thunderstorms  also  produces  wind 
shear,  but  this  condition  was  then  thought  to  be 
less  of  a  detection  problem  since  the  generating 
thunderstorm  is  a  highly  visible  phenomenon  which 
should,  at  least,  alert  pilots  to  be  cautious. 

The  record  of  several  recent  aircraft 
crashes  suggests  that  the  danger  from  gust  fronts 
was  underrated.  There  is  also  evidence  indicating 
that  the  change  in  horizontal  wind  with  height  may 
not  have  been  the  only  contributing  factor,  but 
that  downdrafts  or  changes  in  the  wind  with  hori- 
zontal distance  were  equally  to  blame. 

The  acoustic  Doppler  system  was  not 
designed  to  detect  all  aspects  of  these  thunder- 
storm-related conditions.   Its  ability  to  measure 
a  single  vertical  profile  of  the  wind  above  a 
point  is  effective  only  for  changes  in  the  hori- 
zontal wind  with  height,  conditions  expected  with 
synoptic-scale  features  having  large  horizontal 
extent . 

The  tendency  to  lump  both  types  of  wind 
conditions  under  the  common  title  of  "wind  shear" 
is  unfortunate  and  is  a  contributing  factor  to 
some  of  the  confusion  that  now  exists.   It  is 
recommended  that  wind  changes  associated  with 
synoptic-scale  fronts  or  strong  radiation  tempera- 
ture inversions  be  referred  to  as  "wind  shear", 
and  that  those  conditions  associated  with  thunder- 
storms be  called  "gust- front  wind  shears."  From 
the  operations  viewpoint,  both  situations  can  pose 
a  hazard  and  should  be  detected. 

3.  ACOUSTIC  DOPPLER  PROTOTYPE  DEVELOPMENT 

Following  the  Stapleton  Airport  tests 
(Beran  et  al.,  1974)  a  program  to  upgrade  that 


acoustic  Doppler  system  for  a  prototype  installa- 
tion was  started.   Improvements  were  made  to  the 
main  transmitter,  the  receiver  antennas  and  bunkers, 
and  the  data  processing  portions  of  the  system. 
New  transmitter  designs,  including  an  array  antenna 
with  Bessel  function  amplitude  shading  and  an  off- 
axis  parabolic  antenna  with  multiple  driver  feed 
were  explored.  The  potential  complexity  and 
maintenance  problems  associated  with  arrays  made 
them  unattractive  for  operational  use.   For  this 
reason,  the  off-axis  parabolic  horn  antenna  with  a 
12  driver  manifold  was  selected  for  the  prototype 
unit.  This  antenna  has  significant  advantages 
over  the  simple  on-axis  feed  parabolic  dish  used 
at  Stapleton.   It  has  much  reduced  side  lobe 
radiation  levels  and  is  capable  of  generating 
nearly  three  times  the  acoustic  power  produced  by 
the  Stapleton  unit. 

A  second  conclusion  from  the  early 
experiments  was  that  a  major  signal-to-noise  ratio 
improvement  could  be  obtained  by  replacing  the 
fan-beam  receiver  antennas  with  units  employing 
narrow  steerable  beams  to  track  the  upward  travel- 
ing transmitted  pulse.  An  antenna  was  designed 
with  three  columns  of  seven  receiver  transducers, 
all  but  one  of  which  were  displaced  from  the 
parabolic  antenna's  prime  focal  point.  Through 
electronic  switching,  three  columns  of  seven  re- 
ceiver beams  were  produced  in  vertical  planes 
along  a  major  axis,  and  at  plus  and  minus  10 
degrees  away  from  the  central  major  axis. 
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The  system  used  at  Stapleton  employed 
analog  Doppler  extraction  techniques;  the  NOVA  820 
computer,  which  was  part  of  the  system,  acted 
mainly  as  a  data  manipulation  unit.  The  new, 
more  advanced  system  design  employed  the  computer 
for  digitally  extracting  the  Doppler  frequency 
shift  of  the  received  signal  and  as  the  main 
control  unit  for  the  entire  system.   It  controlled 
the  pulse  repetition  rate,  beam  steering  and  data 
manipulation  thus  eliminating  many  of  the  analog 
functions  of  the  previous  system. 

A  prototype  unit  incorporating  the  design 
changes  resulting  from  the  Stapleton  experiment 
was  constructed  at  Table  Mountain,  a  field  site 
near  Boulder,  Colorado.  This  unit  consisted  of 
only  one  leg  of  a  complete  system;  i.e.,  it  had  a 
main  transmitter,  but  only  one  receiver  bunker. 
Thus,  only  one  wind  component  could  be  measured. 
The  primary  function  of  this  installation  was  to 
test  a  full-scale  mock-up  of  future  operational 
test  installations  like  that  planned  for  Dulles 
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International  Airport.   Because  of  the  urgency 
of  the  wind-shear  problem,  this  testing  was 
accomplished  in  parallel  with  the  final  design 
phases  for  the  Dulles  operational  test  unit. 

The  prototype  receiver  antenna  bunker 
at  Table  Mountain  incorporated  an  absorbing  liner 
on  critical  surfaces  and  a  receiver  antenna  with 
a  beam  which  could  be  steered  to  seven  positions 
along  a  vertical  axis.   Figure  1  shows  a  cutaway 
view  of  the  prototype  receiver  bunker  with  the 
parabolic  reflector  in  place.   The  acoustic 
signal  enters  through  the  acoustically  transparent 


Figure   1.      Isometric  cut-away  diagram  of  the  Table 
Mountain  prototype  receiver  bunker. 

cover,  is  reflected  by  the  parabolic  surface, 
and  is  collected  by  the  transducers  mounted  on 
the  transducer  plane  shown  in  the  figure.   The 
final  bunker  installation,  complete  with  earth 
backfill  and  transparent  cover  is  shown  in  Figure 
2.  Beam  pattern  measurements  of  the  receiver 
antenna  mounted  in  the  bunker  were  made  (Willmarth 
et  al.,  1975)  and  have  been  compared  with  theore- 
tical patterns  for  the  seven  separate  beam 
positions.  The  comparison  is  shown  in  Figure  3, 
where  the  seven  theoretical  antenna  patterns  are 
shown  above  the  measured  ones. 
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Figure  2.  Final  prototype  receiver  bunker  in- 
stallation showing  smooth  transition  between 
the  surrounding  terrain  and  the  acoustically 
transparent  cover. 
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The  prototype  main  transmitter  is  shown  in 
Figure  4.   It  is  of  the  off-axis  parabolic  horn 
type  discussed  above  and  is  driven  by  the  array 
of  manifolded  transducers  shown  in  Figure  5. 
Beam  pattern  measurements  for  this  antenna  indi- 
cated that  absorptive  liner  and  a  cuff  extension 
were  needed  to  produce  the  necessary  side  lobe 
reduction. 


Figure  3.      Theoretical    (top)  and  measured   (bottom) 
receiver  antenna  beam  patterns.      The  elevation 
angles  are  measured  from  a   line  between  the 
transmitter  and  receiver.      The  main  lobes  for 
each  of  the  patterns  shown  indicate  the  posi- 
tions  through  which  the  receiver  can  be  steered. 
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Figure  4.      Prototype  main  transmitter  mounted  on  movable  platform.      The  transducers 
(see  Fig.    5)  are   located  in  the  box  at  the   left.      The  diameter  of  the 
exit  portion  of  the  horn  is  approximately  2  m. 


Figure  5.      Main   transmitter   (see  Fig.    4)    trans- 
ducers.     Each  unit  is  connected  into  a  mani- 
fold which  is  attached  to  the  entry  cone  of 
the  horn  reflector  antenna. 


In  addition  to  serving  as  a  first  test 
of  the  major  new  design  elements,  the  Table 
Mountain  installation  is  also  used  as  a  test 
bed  for  hardware  and  software  modifications  that 
may  later  be  incorporated  into  operational  units. 
The  Table  Mountain  system  will  also  be  used 
to  determine  the  meteorologically-imposed  operat- 
ing limits  for  this  acoustic  Doppler  system.  The 
determination  of  these  limits  is  a  time  consuming 
iterative  process  which  is  dictated  by  the 
necessity  to  wait  for  meteorologically-limiting 
conditions  and  then  to  make  modifications  that 
will  improve  the  overall  system  performance. 
Such  testing  is  further  complicated  by  the 
necessity  to  use  the  facility  for  developing  and 
testing  other  hardware  and  software  modifications 
which  account  for  a  high  proportion  of  the  system 
down  time. 

These  difficulties  are  exemplified  by 
the  work  that  has  been  required  to  identify  an 
optimum  bunker  cover  material.  The  primary 
function  of  the  cover  is  to  reduce  receiver  noise 
generated  by  strong  surface  winds.  Several  types 
of  open  cell  foams  are  effective  for  this  purpose, 
but  the  best  material  can  be  found  only  by  sub- 
jecting the  prime  candidates  to  actual  winds  that 
are  experienced  at  the  bunker.  This  means  that 
a  cover  material  must  be  installed  and  left  in 
place  until  sufficiently  strong  surface  winds 
occur  to  determine  its  effectiveness.  This 
procedure  is  further  complicated  by  the  fact  that 
the  direction  of  the  wind  also  has  a  bearing  on 
the  noise-reducing  qualities  of  the  cover.  The 
entire  procedure  must  be  repeated  for  each  cover 
material  before  a  final  selection  can  be  made. 
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The  cover  material  is  only  one  of  the 
many  elements  and  system  parameters  that  have 
been  changed  during  the  prototype  test  period 
which  started  in  October  1975.   These  necessary 
changes  have  made  it  impossible  to  collect  a 
statistical  data  set  on  a  fixed  system  for  pre- 
dicting down  time  and  ultimate  operating  limita- 
tions. These  modifications,  of  course,  become 
fewer  as  the  final  system  configuration  and  soft- 
ware are  fixed,  and  a  data  set  is  now  being 
collected.   When  the  Dulles  installation  becomes 
active,  giving  us  a  second  data  set,  operating 
limits  will  be  easier  to  determine. 

Despite  the  difficulties  described 
above,  we  have  obtained  some  preliminary  estimates 
of  system  limits.   For  example,  the  best  cover 
material  tested  to  date  has  made  it  possible  to 
measure  a  wind  profile  with  surface  winds  of  up 
to  about  20  m/s.   The  maximum  tolerable  rain  rate 
has  not  yet  been  established.   Comparison  of  the 
acoustic  Doppler  winds  and  those  measured  by  a 
balloon-borne  anemometer  have  shown  excellent 
agreement  (see  Figure  6),  but  the  measurements 
are  limited  to  wind  speeds  below  10  m/s,  the 
operating  limit  of  the  balloon.  The  design  goal 
of  measuring  winds  within  an  accuracy  of  ±  1  m/s 
and  ±  10°  azimuth  appears  to  be  met  for  wind  speeds 
below  10  m/s.   Data  for  higher  wind  speeds, 
especially  at  the  greater  heights  will  not  be 
available  until  acceptable  standard  sensors  can 
be  provided.   Winds  measured  by  a  150-m  tower 
about  1  mile  from  the  prototype  installation 
provide  some  comparison  information.   However, 
the  measurements  are  of  limited  use  because  of 
the  distance  between  the  two  facilities  and  be- 
cause there  are  no  data  for  heights  above  150  m. 
The  FM-CW  radar  that  is  now  under  development  at 
WPL  and  has  been  tested  at  Table  Mountain  may 
provide  the  needed  calibration  data.   Unfortunately, 
this  system  is  in  the  very  early  development 
stages  and  extensive  work  is  still  required  be- 
fore processed  wind  information  is  readily  avail- 
able. A  preliminary  comparison  between  winds 
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Figure  6.      Comparison  of  wind  profiles  measured 
by  WPL  acoustic  echo  sounder  and  balloon-borne 
anemometer. 


measured  by  the  acoustic  Doppler  and  by  FM-CW 
radar  is  shown  in  Figure  7.  The  deviations  seen 
between  the  two  are  the  result  of  the  different 
pulse  volumes  and  Doppler  resolution  angles. 
These  winds  were  measured  at  a  height  of  about 
200  meters  on  a  hot  day  characterized  by  strong 
convective  motions  in  the  boundary  layer.  The 
geometry  of  the  two  sensors  was  such  that  the 
acoustic  Doppler  system  sensed  a  larger  component 
of  the  vertical  velocity  associated  with  the 
thermal  plumes.   Hence,  larger  oscillations 
appeared  in  the  acoustic  Doppler  wind  trace  shown 
in  Figure  7. 
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Figure   7.      Comparison  of  winds  measured  by  FM-CW 
radar  and  acoustic  Doppler  at  Table  Mountain 
field  site  on  6/24/76.      The  curves  shown  have 
been  filtered  with  a  10  min  running  average  to 
remove  differences  due  to  different  measure- 
ment volumes  and  separation. 


4. 


THE  DULLES  INSTALLATION 


The  first  operational  test  installation, 
made  at  Dulles  during  the  summer  of  1976,  was  de- 
signed to  provide  the  maximum  detectability  for 
all  types  of  wind  shear.  To  do  this,  two  new  con- 
cepts were  introduced  into  the  overall  system. 
Rain  noise  has  long  been  recognized  as  a  potential 
limitation  for  acoustic  devices.   To  counter  this 
problem,  a  dual-sensor  approach  using  an  acoustic 
Doppler  for  clear  air  conditions  and  a  low-power, 
pulsed  electromagnetic  (EM)  Doppler  radar  during 
precipitation  has  been  employed.   Wind  measurement 
during  precipitation  with  meteorological  EM  Doppler 
radars  is  a  proven  technique  (Battan,  1973).  The 
dual-sensor  concept  for  continuous  monitoring  is, 
however,  untried  and  will  be  tested  for  several 
months  at  Dulles  during  1976  and  1977.   If  the 
concept  proves  successful  the  EM  radar  will  be 
incorporated  as  part  of  the  total  system. 

Because  the  acoustic  Doppler  has  been 
designed  for  measuring  a  wind  profile  in  the 
vertical  and  the  EM  radar  requires  hydrometeors , 
neither  of  these  sensors  will  be  effective  for 
gust  front  monitoring.  Gust  fronts  produce  at 
least  three  distinct  and  detectable  changes  at  the 
surface  of  the  earth.  These  are:  temperature 
drop,  wind  speed  and  direction  change  and  sharp 
increase  in  pressure.  While  there  is  some  debate 
as  to  the  exact  relationship  between  these  changes 
and  the  severity  of  the  wind  shear  produced  by  a 
given  gust  front,  they  are  all  recognized  as 
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Figure  8.      Site  of  aaoustio  Doppler  and  EM  radar  installation  at  Dulles. 
The   location  is   labeled  "site  2"  in  the  photo. 


potential  indicators.   Based  on  extensive  work 
with  microbarographs  (Bedard,  1966;  Bedard  and 
Meade,  1976;  Bedard,  1976)  it  was  concluded  that 
an  inexpensive,  surface-based  pressure  jump  de- 
tector could  be  designed  to  indicate  the  passage 
of  a  gust  front  over  a  point.  Thus,  providing 
a  warning  of  the  gust  fronts  presence,  if  not  the 
magnitude  of  the  shear  aloft. 

A  comprehensive  first-generation  wind- 
shear  detection  system  has  evolved  that  uses 
the  dual  sensors  and  pressure  detectors.   Follow- 
ing an  extensive  site  survey  which  placed  prime 
emphasis  on  the  climatology  of  wind  shear,  pre- 
vailing storm  motion,  and  noise  sources,  the 
location  of  the  acoustic  Doppler  system  at  Dulles 
International  Airport  was  selected  and  is  shown 
in  Figure  8.  The  EM  radar  test  unit  is  located  at 
this  same  position. 

To  give  an  effective  advanced  warning  of 
an  approaching  gust  front,  the  pressure  jump 
detectors  must  be  placed  at  some  distance  from  the 
active  airport  approach  paths,  and  several  units 
must  be  used  to  give  broad  coverage  and  indicate 
the  speed  and  direction  of  the  approaching  dis- 
turbance. An  optimum  array  would  completely 
surround  the  airport,  but  for  the  sake  of  economy 
at  this  test  installation  the  climatology  of  storm 
tracks  was  considered  in  selecting  only  a  portion 
of  the  region  around  Dulles  for  the  installation 
of  a  pressure  jump  detector  array.  The  location 
of  these  detectors  is  shown  in  Figure  9. 


x  =  Pressure 
Jump 
Detector 


x  x  x  %   20  km 
x  x  x  len9th 

X   X   x 


1  km 


Figure  9.      Location  of  pressure  jump  detectors 
around  Dulles. 
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An  artist's  concept  of  the  dual-sensor 
(acoustic/radar)  installation  is  shown  in  Figure 
10.  The  major  elements  of  this  part  of  the  system 
are  the  main  transmitter  which  projects  a  1750  Hz 
acoustic  tone  burst  vertically  into  the  atmosphere, 
and  three  receivers,  placed  in  bunkers,  each 
spaced  290  m  from  the  main  transmitter  on  radii 
120°  apart.   A  smaller  satellite  transmitter  is 
positioned  50  m  in  front  of  each  receiver  to 
provide  wind  measurements  from  30  m  up  to  150  m 
in  height.  The  main  transmitter  covers  the  region 
from  150  m  up  to  500  m.  Information  from  any  two 
of  the  three  receiver  legs  is  sufficient  for 
measuring  the  wind  profile. 

When  the  rain  rate  reaches  a  point  that 
significantly  impairs  the  acoustic  system,  the  EM 
radar  is  automatically  turned  on.   Its  exact  mode 
of  operation  during  this  time  has  not  yet  been 
fixed.   However,  the  first  tests  will  employ  a 
Velocity  Azimuth  Display  (VAD)  scan  method  for  mea- 
suring the  wind  profile.   Other  operating  modes, 
such  as  scanning  along  approach  paths  may  also  be 
explored.   The  central  computer  will  accept  data 
from  both  the  acoustic  and  radar  systems. 


The  central  computer  will  also  process 
the  wind  information  to  determine  the  magnitude  of 
the  wind  shear  and  then  relay  these  data  to  the 
airport  control  tower  for  display.  As  yet,  the 
pressure  jump  detectors  have  not  been  tied  directly 
to  this  central  computer.  A  block  diagram  of  the 
pressure  jump  detector  portion  of  the  system  is 
shown  in  Figure  11.   Because  of  the  simplicity  of 
the  pressure  sensors  output ,  there  may  be  no  need 
for  further  processing  before  displaying  the 
warning  information.   The  test  unit  at  Dulles  will 
have  a  large  map  of  the  area,  similar  to  that 
shown  in  Figure  9,  with  lights  connected  to  each 
jump  detector.   When  a  segment  of  the  array  is 
triggered,  corresponding  lights  will  come  on 
displaying  the  exact  position  and  shape  of  the 
gust  front.   By  providing  the  controller  with  this 
type  of  output,  he  will  be  able  to  tell  at  a 
glance  when  a  dangerous  condition  is  approaching 
the  airport. 
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Figure   10.      Artist's  concept  of  acoustic  Doppler  installation  at  Ihilles 
International  Airport. 
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Figure  11.      Block  diagram  of  pressure  jump 
detector  system. 


We  define  a  second -generation  wind- 
shear  detection  system  as  one  capable  of  scanning 
the  entire  airport  region  out  to  something  of  the 
order  of  20  km  radius,  with  emphasis  along  approach 
and  departure  paths,  under  all  weather  conditions. 
Both  the  C02  pulsed  lidar  and  radar  now  appear  to 
have  the  potential  of  meeting  these  requirements. 
As  an  ultimate  goal  we  would  like  to  measure  all 
three  wind  components  at  any  point  within  the 
range  of  the  system.   This  could  be  achieved 
with  two  Doppler  sensors,  as  is  done  with  dual 
Doppler  radar,  (Lhermitte  and  Miller,  1970)  or 
potentially  with  only  one  sensor  using  new  spatial 
filtering  techniques  that  are  now  being  explored. 
Basic  development  and  testing  of  these  second- 
generation  sensors  are  still  required. 

Experiments  with  CO  lidars  indicate 
that  aerosol  density,  their  tracer,  is  almost  cer- 
tainly large  enough  to  allow  full-time  operation 
(DeLuisi  et  al.,  1971;  Huf faker  et  al . ,  1976). 
The  question  about  cloud,  fog  and  precipitation 
penetration  still  remains  to  be  resolved,  but 
there  is  some  evidence  that  this  problem  may  not 
be  limiting.   The  desirability  of  developing  an 
experimental  wind-shear  detection  system  based  on 
the  CO.  pulsed  lidar  sensor  is  clear.  Such  a 
system  should  incorporate  the  latest  laser  and  data 
processing  improvements  to  provide  a  large  in- 
crease in  the  signal-to-noise  ratio  over  previous 
systems. 


The  total  systems  concept  comes  into 
play  because  the  jump  detectors  can  give  only  the 
location  and  speed  of  an  approaching  gust  front. 
This  would  be  sufficient  information  to  issue  a 
warning,  but  would  not  provide  the  equally  impor- 
tant all  clear  indication.   After  the  gust  front 
has  passed  the  airport,  it  is  likely  that  dan- 
gerous shears  will  still  occur  at  the  interface 
between  the  cold  air  behind  the  front  and  the 
ambient  air  aloft,  possibly  for  30  minutes  or 
longer.   The  vertically  profiling  part  of  the 
system  can  then  be  used  to  determine  when  such 
shear  conditions  have  abated  over  the  airport. 

5.        SECOND-GENERATION  DETECTORS 

The  system  described  above  has  the 
potential  of  detecting  dangerous  wind  shears  at  an 
airport.   However,  as  a  total  system  its  cost 
effectiveness  must  be  questioned,  especially  in 
light  of  recent  developments  in  related  remote 
sensor  technology.  An  analysis  of  all  potential 
wind-shear  detection  techniques  (Beran,  1974) 
concluded  that  laser  systems,  while  having  poten- 
tial, were  not  sufficiently  developed  for  early 
installation  and  that  radar  was  limited  because  of 
its  need  for  artificial  tracers.   Since  that  time, 
laser  technology  has  advanced  and  systems  such  as 
the  C0_  pulsed  lidar  appear  to  have  significant 
promise.   In  addition,  a  major  breakthrough  in 
radar  processing  has  been  achieved  and  winds  in 
the  clear  air  can  now  be  measured  by  radar  without 
the  need  for  artificial  tracers.   Both  of  these 
systems  have  good  range  potential  and  can  be 
engineered  to  scan  over  a  wide  region. 


Sensitive  EM  radars  using  very  large 
antennas  can  detect  scattering  from  optically 
clear  air  (Hardy  and  Katz,  1972).  Since  wind 
measurements  when  hydrometeors  are  present  are 
easily  achieved,  radar  has  high  all  weather  poten- 
tial.  Both  pulsed  Doppler  and  FM-CW  radar  appear 
to  have  this  potential.   Recent  experiments 
(Chadwick  et  al . ,  1976)  have  demonstrated  that  the 
FM-CW  radar  can  measure  the  wind  in  the  lowest 
kilometer  of  the  clear  air  (see  Figure  7).  The 
FM-CW  radar  has  advantages  for  shorter  ranges,  but 
it  is  probably  equivalent  to  the  pulsed  system  at 
longer  ranges.  This  means  that  existing  airport 
pulsed  radars  might  be  modified  for  use  as  wind 
shear  detection  systems. 

The  radar  methods  are  very  promising; 
however,  a  word  of  caution  is  necessary.   Suffi- 
cient data  have  not  yet  been  taken  to  clearly 
establish  the  climatological  limits  of  the  tech- 
niques. Until  this  is  accomplished,  we  cannot  say 
with  certainty  that  all  clear-air  winds  can  be 
measured.  It  is  encouraging  to  note,  however,  that 
the  early  FM-CW  radar  experiments  have  been  con- 
ducted in  the  very  dry  climate  of  eastern  Colorado, 
under  conditions  that  are  considered  to  be  least 
favorable  for  clear-air  radar  operation.   In 
addition,  it  is  likely,  but  not  yet  firmly  estab- 
lished, that  the  wind  shear  itself  may  enhance  the 
scattering  properties  of  the  atmosphere  and  that 
the  absence  of  echoes  in  clear  air  containing  no 
shear  will  not  pose  an  operational  problem. 
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6. 


SUMMARY  AND  CONCLUSIONS 


8. 


REFERENCES 


A  first- generation  wind- shear  detection 
system  has  been  installed  at  Dulles  International 
Airport  and  is  undergoing  acceptance  testing.  The 
system  consists  of  a  dual  remote  wind  sensor 
employing  an  acoustic  Doppler  to  detect  winds 
under  all  conditions  except  those  when  hydro- 
meteors  are  present,  at  which  time  a  low  power 
pulsed  EM  Doppler  radar  takes  over  the  measurement 
task.  The  acoustic/EM  radar  portion  of  the  system 
is  designed  to  measure  a  vertical  profile  of  the 
horizontal  wind  to  heights  up  to  500  m  and  to  warn 
of  shear  layers  produced  by  synoptic- scale  fronts 
or  low- level  temperature  inversions.   In  addition, 
an  array  of  pressure  jump  detectors  is  installed 
around  a  portion  of  the  airport  to  provide  a 
warning  of  the  approach  of  more  localized  and 
transient  gust  fronts.   Because  of  the  necessity 
to  use  three  separate  sensors  to  achieve  total 
all-weather  protection,  this  installation  is 
considered  to  be  a  first-generation  system. 

Second- generation  systems  using  lidars 
or  radars  that  are  capable  of  scanning  the  entire 
airport  region  from  a  single  point,  are  under 
development  and  should  eventually  provide  a  more 
cost-effective  solution  to  the  airport  wind- shear 
problem.  These  systems  are,  however,  at  least  two 
years  away  from  prototype  installation  at  air- 
ports. Because  the  need  for  protection  is  immediate, 
we  are  faced  with  the  dilemma  of  either  rapidly 
installing  complicated  and  expensive  first- genera- 
tion systems  or  waiting  for  the  development  of  a 
second  generation  system,  all  the  while  realizing 
the  possibility  of  the  wind-shear  risk. 

The  history  of  recent  wind- shear  related 
aircraft  crashes  suggests  that  an  effective  interim 
solution  is  possible  and  should  be  seriously 
considered.  The  majority  of  recent  crashes  have 
been  associated  with  thunderstorms  and  most  pro- 
bably with  the  gust  front.   If  some  measure  of 
protection  from  the  gust  front  were  provided 
quickly,  we  could  reduce  a  major  portion  of  future 
risks  while  awaiting  the  development  of  second- 
generation  systems.   It  is  recommended  that  some 
form  of  the  inexpensive  pressure  jump  detector 
array  be  installed  soon  at  major  airports  that 
have  a  high  incidence  of  thunderstorms.  Although 
the  protection  provided  would  not  be  complete,  the 
low  cost  and  relative  simplicity  of  such  arrays 
would  make  them  an  effective,  partial,  interim 
solution. 
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Abstract 

A  new  radar  technique  for  measuring  winds  in  the  lower 
atmosphere  is  discussed.  It  is  an  extension  of  the  well-known 
FM-CW  technique  and  has  the  same  advantages  of  relatively 
low  cost  and  high  flexibility  for  a  clear-air  radar.  Two  dif- 
ferent types  of  wind  data  from  clear-air  returns  are  pre- 
sented. The  first  is  horizontal  wind  data  by  the  FM-CW 
radar;  these  are  compared  with  winds  obtained  from  a 
tethered  balloon.  The  second  is  radial  velocities  associated 
with  convection  cells  drifting  past  the  radar.  Also,  two 
types  of  data  processing  are  illustrated.  The  first  is  off-line 
processing  of  recorded  digital  data,  and  the  second  is  real- 
time processing  using  a  commercial   spectrum  analyzer. 

1.  Introduction 

Measuring  winds  in  the  atmosphere  is  a  fundamental 
requirement  in  both  research  and  operational  meteo- 
rology. Anemometers  continuously  record  wind  near 
the  ground,  but  they  provide  no  information  about 
winds  aloft.  On  the  other  hand,  rawinsonde  balloons 
give  wind  profiles  into  the  stratosphere,  but  they  pro- 
vide only  "snapshots,"  typically  every  12  h,  at  widely 
scattered  locations.  Furthermore,  because  a  single  sound- 
ing typically  takes  80  min,  it  fails  to  provide  simul- 
taneous measurements  at  all  altitudes. 

To  measure  wind  profiles  more  rapidly  and  to  improve 
spatial  and  temporal  resolution,  new  devices  are  being 
developed  that  use  electromagnetic  and  acoustic  waves 
to  measure  wind  remotely.  For  example,  the  optical- 
scintillation  technique  (Lawrence  et  al.,  1972)  continu- 
ously records  the  average  wind  component  blowing 
across  an  optical  path,  and  refinements  are  being  in- 
corporated to  yield  the  wind  profile  along  the  path.  At 
present,  however,  vertical  wind  profiles  (using  stellar 
sources)  can  be  obtained  only  at  night  and  in  clear 
weather.  The  acoustic-Doppler  technique  (Beran  et  al., 
1971;  Beran,  1974)  measures  the  motion  of  wind-carried 
eddies  from  the  Doppler  shift  of  backscattered  acoustic 
pulses.  It  can  measure  wind  profiles  up  to  0.5  km  but 
is  ineffective  in  precipitation  and  in  high  winds.  Acoustic 
absorption  imposes  height  limits.  Doppler  lidars  (Huf- 
faker,  1974;  Abshire  et  al.,  1974)  measure  the  velocity 
of  wind-advected  aerosols  and  so  depend  on  the  presence 
of  such  aerosols.  Furthermore,  they  are  vulnerable  to 
attenuation  by  precipitation.  Another  problem  is  that 
CW  Doppler  lidars  have  a  range  resolution  that  de- 
grades as  the  range  is  increased. 


Here  we  describe  a  way  to  measure  winds  with  a 
microwave  radar,  a  technique  that,  in  principle,  is  im- 
mune to  most  of  the  difficulties  that  limit  the  usefulness 
of  the  optical  and  acoustic  techniques.  The  microwave 
technique  offers  an  all-weather  measurement  capability. 

2.  Sensitivity  consideration 

Building  a  radar  that  can  measure  wind  in  the  optically 
clear  air  is  basically  a  matter  of  achieving  the  required 
radar  sensitivity.  A  few  years  ago,  pulse-Doppler  radars 
were  sensitive  enough  to  measure  wind  fields  only  if 
artificial  reflectors  (chaff)  were  provided  or  if  precipita- 
tion was  present.  Very-high-power  pulse  radars  (Hardy 
and  Katz,  1969)  and  FM-CW  radars  (Richter,  1969)  can 
now  detect  layers  of  turbulence  and  temperature  dis- 
continuities in  the  clear  air,  but,  so  far,  none  has  been 
adapted  to  wind  measurement,  which  requires  nearly 
•  continuous  echoes  in  range.  The  pulse-Doppler  radar 
recently  developed  by  Green  et  al.  (1975)  has  detected 
spatially  continuous  clear-air  echoes  between  4  and  16 
km  range  at  Sunset,  Colo.,  by  using  10  kW  average 
power,  a  7  m  wavelength,  and  a  7200  m2  aperture  an- 
tenna. (Recent  work  with  this  radar  indicates  that  the 
return  may  be  due  to  layers  that  are  not  resolved  owing 
to  the  coarse  resolution  used.)  The  continuous  radar  re- 
turn is  the  result  of  Bragg  scattering  from  refractive 
index  (mainly  temperature)  fluctuations  and  is  discern- 
ible from  background  noise  only  when  the  Doppler  in- 
formation is  extracted  from  the  signal.  However,  pulse 
radars  cannot  be  used  at  short  ranges  (specifically,  in  the 
atmospheric  boundary  layer)  because  of  receiver  recovery 
and  ground  clutter,  whereas  FM-CW  radars  can  see 
echoes  as  close  as  15  m  from  the  radar  witli  good  resolu- 
tion. We  calculated  (Chadwick  and  Little,  1973)  that  if 
the  Sunset  radar  could  detect  spatially  continuous  re- 
fractive-index fluctuations  to  16  km  range,  then  the 
Wave  Propagation  Laboratory  FM-CW  radar  should  be 
able  to  detect  fluctuations  of  similar  magnitude  to  1  or 
2  km  range.  To  make  this  possible,  however,  we  had  to 
incorporate  Doppler  processing  into  the  FM-CW  system. 
Until  recently,  there  was  no  known  way  to  extract 
the  velocity  spectrum  of  a  distributed  atmospheric  target 
from  an  FM-CW  echo.  The  supposed  difficulty  of  mea- 
suring velocity  spectra  with  an  FM-CW  r.idar  lies  in  the 
fact  that  both  range  and  Doppler  information  show  up 
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Fie.  1.  FM-CW  Doppler  radar  8  ft  parabolic  antennas,  one  for  transmitting  and 
an  identical  one  for  receiving. 


as  frequency  shifts  of  the  radar  echo.  In  conventional 
(range  only)  FM-CW  processing,  because  the  radar  em- 
ploys a  linear-sweep  frequency-modulated  waveform, 
range  is  proportional  to  the  frequency  difference  be- 
tween the  transmitted  and  received  signal;  any  Doppler 
frequency  shift  introduces  a  small  range  error,  but  this 
is  ignored.  A  power-spectral  analysis  of  the  echo  yields 
echo  intensity  as  a  function  of  range  (which  is  equivalent 
to  frequency). 

Recently,  Barrick  (1973),  referencing  work  performed 
at  Stanford,  described  signal-processing  methods  to  mea- 
sure sea  state  by  extracting  Doppler  information  from 
over-the-horizon  FM-CW  radars  of  a  few  meters  wave- 
length. In  an  FM-CW  Doppler  system,  the  velocity  spec- 
trum is  recovered  by  calculating  the  spectral  estimate 
using  a  digital  Fourier  transform  that  preserves  the 
phase  as  well  as  the  amplitude  of  the  spectral  density 
of  the  radar  signal  obtained  during  each  sweep.  It  is 
the  change  in  this  phase,  from  sweep  to  sweep,  that  con- 
tains the  Doppler  information. 

Strauch  et  al.  (1975)  applied  these  techniques  to  the 
Wave  Propagation  Laboratory's  FM-CW  radar  and  mea- 
sured the  fall  velocity  of  snow,  demonstrating  for  the 
first  time  the  applicability  of  this  Doppler  technique  to 
centimeter  wavelength  radars.  Later,  Strauch  et  al.  (1976) 


demonstrated  the  ability  of  the  same  radar  to  sense 
movement  of  the  clear  air,  with  the  radar  looking  verti- 
cally. It  remained  only  to  add  antenna  scanning  to  per- 
mit the  measurement  of  horizontal  wind. 

Our  FM-CW  radar  transmits  at  a  wavelength  of  10  cm 
with  200  W  of  power  from  an  8  ft  parabolic-reflector 
antenna  (Fig.  1).  The  adjacent  receiving  antenna  is 
identical  to  the  transmitting  one,  and  the  minimum  de- 
tectable signal  is  about  155  dB  below  1  mW.  We  further 
increased  the  radar  sensitivity  by  sacrificing  range  resolu- 
tion (increasing  spatial  integration).  We  used  a  35  m 
range  cell,  which  gives  30  m  height  resolution,  for  mea- 
suring height  profiles  of  horizontal  wind  with  an  eleva- 
tion angle  of  60°.  With  the  increased  sensitivity  provided 
by  the  Doppler  capability  and  by  increasing  our  spatial 
integration,  we  calculated  that  we  should  see  continuous 
echoes  and  thus  be  able  to  measure  wind  to  1  or  2  km 
height.  Our  measurements  demonstrated  such  a  capa- 
bility. 

3.  The  results:  Wind  measurements 

We  operated  our  Doppler  FM-CW  radar  for  two  weeks 
in  September  1975,  in  southeastern  Colorado,  near  a 
152  m  tower  and  a  tethered-balloon  system.  The  balloon 
system,  described  by  Morris  et  al.  (1975),  measured  tern- 
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Fig.  2.  Acoustic  sounder  record  for  16  September  1975  at  Haswell,  Colo.,  showing  a  tempera- 
ture inversion  at  about  150  m  at  0700  MDT,  rising  to  about  500  m  before  dissipating  about 
1300  MDT. 
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Fig.  3.  Temperature  and  relative  humidity  profiles  for  16 
September  1975,  as  obtained  with  a  tethered  balloon,  show- 
ing inversion  between  300  and  400  m. 


perature,  humidity,  and  wind  speed  up  to  600  or  700  m 
height,  for  comparison  with  the  radar  wind  measure- 
ments. 

On  16  September,  the  radar  operated  at  an  elevation 
angle  (from  horizontal)  of  60°  and  at  two  orthogonal 
azimuth  angles,  225°  and  315°,  to  measure  both  hori- 
zontal wind  components.  The  meteorology  on  this  day 
is  summarized  as  follows.  Ground  fog  was  present  at 
0700  MDT.  By  0900  MDT  the  fog  had  "burned  of!"  and 
there  was  2/10  stratified  cumulus  cover.  At  1100  MDT, 
the  sky  was  completely  clear.  The  record  from  an 
acoustic  echo  sounder  operating  nearby  (Fig.  2)  shows  a 
temperature  inversion  starting  at  about  150  m  and 
rising,  owing  to  solar  heating,  to  about  500  m  before 
dissipating  at  about  1300  MDT.  Temperature  and  hu- 
midity soundings  made  from  the  tethered  balloon  be- 
tween 1112  and  1142  MDT  are  shown  in  Fig.  3,  confirm- 
ing the  existence  and  location  of  the  inversion  between 
300  and  400  m. 

On  clays  like  this,  when  convection  is  inhibited  by  a 
low-level  temperature  inversion,  vertical  winds  averaged 
over  a  short  time  period  are  probably  negligible,  whereas 
on  days  with  vigorous  convection  the  upward  velocity 
may  be  comparable  with  the  horizontal  wind  speed. 

As  an  intermediate  output,  the  radar  produces  a  map 
of  echo  intensity  in  the  height-velocity  plane,  as  shown 
in  Fig.  4.  Here,  39  velocity  spectra  are  averaged  from 
each  height  interval,  representing  10  s  of  data  at  azimuth 
225°.  The  maximum  unambiguous  horizontal  velocity 
is  ±5  m/s,  so  that  spectral  folding  occurs  whenever 
greater  velocities  are  encountered.  In  Fig.  4,  such  folding 
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Fig.  4.  FM-CW  radar  output  as  a  function  of  height  and  horizontal  velocity.  The  numbers 
are  in  decibles  relative  to  the  smallest  value  from  that  range.  These  are  the  data  from  which 
the  radar  wind  profile  in  Fig.  5  was  obtained. 


is  evident  between  about  399  m  and  614  m  height,  so 
that  in  this  height  interval,  the  left  portion  of  the 
spectrum  is  really  a  continuation  of  the  spectrum  that 
runs  off  the  right  margin.  The  height  profile  of  the 
225°  wind  component  is  obtained  from  the  range- 
velocity  map  by  estimating  the  spectral  mean  at  each 
height.  For  example,  at  a  height  of  307  m  in  Fig.  4,  the 
spectrum  is  centered  about  a  small  outgoing  velocity. 
The  two  values  of  15  dB  near  0.00  m/s  are  partly  due 
to  ground  clutter.  Our  algorithm  selected  a  mean  value 
of  0.93  m/s.  The  resulting  profile  is  shown  by  the  dashed 
line  in  Fig.  5,  along  with  ascent  and  descent  profiles 
measured  by  the  balloon.  The  corresponding  compari- 
son for  315°  azimuth  is  shown  in  Fig.  6.  Considering  the 
time  differences  (labeling  on  the  curves),  the  10  s  averag- 
ing time  of  the  radar,  and  the  spatial  separation  (the 
radar  was  located  300  m  west  of  the  balloon  system), 
the  agreement  seems  remarkably  good.  Note  from  Fig. 
4  that  the  radar  is  sensitive  enough  to  give  significant 
returns  from  above  900  m,  well  above  the  morning  in- 
version. Evidently,  the  region  of  wind  shear  is  about  3 
times  thicker  than  the  depth  of  the  inversion. 

4.  Effects  of  convection 

As  an  example  of  the  effects  of  convection  on  wind  mea- 
surements, and  to  show  another  way  to  display  the  out- 
put of  the  radar,  we  show  some  data  collected  on  an- 
other day,  23  September  1975.  In  Fig.  7  we  display  the 
time  history  of  the  Doppler  spectra  in  each  height  cell 
by  using  the  real-time  output  of  the  radar  to  intensity 
modulate  a  CRT  display,  which  is  photographed  on 
slowly  moving  film.  The  straight  horizontal  lines  repre- 


sent the  zero-velocity  axis  at  that  slant  range,  and  the 
velocity  spectra  appear  as  the  broader  trace  that  changes 
position,  width,  and  intensity  with  time.  The  position 
represents  mean  radial  velocity;  the  width  shows  the 
spread  of  radial  velocities  in  the  range  cell,  and  the  in- 
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Fic.  5.  FM-CW  radar  and  tethered  balloon  (BLP)  wind 
profiles  for  16  September  1975.  Wind  component  is  at  225°. 
Small  circles  show  results  of  rawinsonde  release  at  1100  MDT. 
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Fie.    6.    FM-CW    radar    and    tethered    balloon    (BLP)    wind 
profiles  for  16  September  1975.  Wind  component  is  at  315°. 


tensity  is  proportional  to  radar  reflectivity.  When  the 
spectrum  lies  below  the  zero-velocity  marker,  the  radial 
wind  component  is  toward  the  radar.  The  distance  be- 
tween the  zero  markers  represents  10  m/s  radial  velocity, 
and  their  range  separation  is  122  m.  The  radial  velocity 
resolution  is  0.65  m/s,  and  the  rms  velocity  error  (which 
depends  on  signal-to-noise  ratio)  is  about  half  this  value. 
In   Fig.   7,   we   notice   that   the   radial  velocity   at  all 


heights  regularly  decreases  to  nearly  zero  at  intervals  of 
about  &  min.  The  antenna  was  pointed  upwind.  There 
are  several  possible  explanations  for  these  velocity 
perturbations.  We  interpret  this  pattern  as  the  signature 
of  a  series  of  more-or-less  evenly  spaced  convection  cells 
being  carried  past  the  radar  by  the  horizontal  wind.  The 
intensity  enhancements  that  occur  when  the  velocity 
suddenly  decreases  probably  mark  the  turbulent-updraft 
portion  of  each  cell,  which  produces  enhanced  radar 
echoes.  The  updraft  is  an  outgoing  radial  velocity  and 
thus,  in  this  case,  subtracts  from  the  incoming  radial- 
velocity  contribution  by  the  horizontal  wind.  (Our  con- 
vection-cell structure  seems  to  differ  from  those  obtained 
by  Hardy  and  Katz  (1969),  who  find  donut-shaped  echoes 
on  a  plan  position  indicator  (PPI)  display,  suggesting 
that  the  echoes  come  from  a  turbulent  interface  between 
up-  and  downdraft.  We  may  not  be  looking  through  the 
centers  of  the  cells,  however.) 

Assuming  that  the  subsidence  velocity  associated  with 
the  convection  cells  is  small,  we  attributed  the  non-en- 
hanced portions  of  the  velocity  spectra  to  the  horizontal 
wind  component;  we  could  then  estimate  the  updraft 
speed  from  a  simple  geometrical  construction.  The  value 
deduced  in  this  case  was  about  4  m/s,  not  inconsistent 
with  other  measurements  in  similar  cells.  The  same 
geometry  gives  a  horizontal  component  of  wind  at  this 
azimuth  of  about  10  m/s.  Since  this  azimuth  is  in  the 
direction  of  the  prevailing  wind,  the  total  horizontal 
wind  is  perhaps  only  slightly  larger  than   10  m/s. 

When  vertical  winds  contribute  significantly  to  the 
radial  velocity  measured  by  the  radar,  it  may  be  neces- 
sary to  make  radar  soundings  at  azimuths  180°  apart  to 
separate  the  vertical  and  horizontal  components  un- 
ambiguously. Suitable  time  averaging  would  be  required 
to  account  for   the  slightly  different  volumes   sampled. 


TIME    (  n  d  t  ) 

Fic.  7.  FM-CW  radar  time-range-velocity  display  for  23  September  1975.  The  elevation  angle 
is  45°,  range  cell  size  is  122  m,  and  velocity  width  from  one  zero  velocity  mark  to  the  next 
is  20  m/s. 
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5.  Summary 

We  have  demonstrated  an  ability  to  measure  winds  in 
the  clear  air  to  heights  in  excess  of  1  km  using  a  micro- 
wave FM-CW  radar  with  Doppler  processing.  Aside  from 
system  parameters,  the  maximum  radar  range  depends 
on  the  availability  of  turbulent  scatterers;  with  our  sys- 
tem we  have  measured  winds  at  ranges  greater  than  3 
km  when  looking  at  30°  elevation.  Furthermore,  the 
time-range-velocity  display  (as  in  Fig.  7)  is  obtained  in 
real  time  using  a  standard  spectrum  analyzer. 

Radar  wind  measurement  offers  significant  improve- 
ments in  spatial  and  temporal  coverage  over  in  situ 
techniques.  Using  higher  power  and  larger  antennas, 
we  should  be  able  to  probe  greater  heights. 
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Remote  sensing  of  the  atmosphere  by 
optical,  acoustical,  or  radar  means  is 
becoming  increasingly  important  in 
the  meteorological  community.  Yet 
those  of  us  in  remote-sensing 
development  are  frequently  asked 
the  question,  "How  do  you  know 
your  interpretation  of  the  probing 
wave  interactions  with  the  atmos- 
phere is  correct?"  Indeed,  providing 
the  independent  verification  of 
remote  sensor  performance  has 
always  been  a  challenge. 

For  the  past  ten  years,  the  NOAA 
Wave  Propagation  Laboratory  at 
Boulder,  whose  mission  is  remote- 
sensor  development,  has  operated  an 
instumented  150-m  tall  tower  at 


Figure  1 .     Artist's  concept  of  the  Boulder 
Atmospheric  Observatory  tower,  located  25 
km  from  the  Rocky  Mountain  foothills. 


Haswell,  Colorado,  in  the  southeast 
corner  of  the  state.  Many  short-term 
but  definitive  atmospheric  remote- 
sensing  experiments  have  been  con- 
ducted at  this  site.  By  1969  we  were 
aware  of  the  limitations  of  the  Has- 
well site  because  of  the  travel  ex- 
pense in  operating  so  far  from  the 
home  laboratory,  because  its 
intermittent  use  did  not  justify  sig- 
nificant improvements  in  the  in- 
strumentation there,  and  because  of 
the  limited  tower  height.  During  the 
past  four  years  we  have  been  working 
hard  to  define  the  requirements  for 
an  improved  tower  and  site  and  to 
obtain  the  monetary  support  to  build 
such  a  facility.  Now  in  1977  we  are 
constructing  the  tower.  The  purpose 
of  this  paper  is  to  familiarize  the 
optical  community  with  the  tower,  its 
instrumentation,  and  its  potential 
impact  on  atmospheric  remote 
sensing.  Possibly  you,  the  reader, 
have  in  mind  some  atmospheric  tests 
or  experiments  you  would  like  to 
conduct  at  the  site  or  use  the  tower 
instrumentation  to  support.  The 
procedure  for  accomplishing  such 
tests  will  be  described. 

THE  TOWER  STRUCTURE 

The  Boulder  tower  will  be  a  guyed, 
open-lattice  design  300  m  tall.  The 
structure  will  be  galvanized  steel 
with  the  three  legs  spaced  3  m  apart. 
Flashing  strobe  lights  will  operate 
night  and  day  to  warn  low-flying  air- 
craft of  the  tower  presence.  A 
two-man  elevator,  internal  to  the 
tower,  will  allow  access  to  the  eight 
instrumentation  levels  while  a  mov- 
able carriage  on  one  face  of  the  tower 
provides  for  profiling  or  an  inter- 
mediate platform  between  the  fixed 
levels  for  sensing  instruments.  An 
artist's  concept  of  the  tower,  showing 
these  features  and  the  general  ap- 
pearance of  the  facility,  is  illustrated 
in  Fig.  1.  The  site  is  some  25  km 
from  the  nearest  foothills  of  the 
Rocky  Mountains  so  that  the 
planetary  boundary  layer  will  be 
largely  unaffected  by  the  Rockies, 
except  when  strong  downslope  winds 
sweep  over  the  prairie  to  the  east  of 
the  mountains.  The  300-m  height  of 
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the  tower  will  ensure  that  the 
instruments  extend  above  the  noc- 
turnal planetary  boundary  layer 
most  of  the  time  during  all  seasons. 
As  the  boundary  layer  depth  is  in- 
creased by  convective  mixing  during 
the  daytime,  the  capping  inversion 
typically  found  at  the  top  of  the 
boundary  layer  will  lift  past  the  tower 
top  by  mid-morning.  By  afternoon 
the  boundary  layer  may  be  one  or 
two  kilometers  deep,  so  that  it  is  not 
feasible  to  build  any  tower  tall 
enough  to  sample  this  turbulent 
region  continually.  The  planned 
300-m  tower  is  designed  to  allow  ex- 
tension to  500-m  should  the  necessity 
for  doing  this  be  strongly  apparent 
and  the  funding  identified. 

The  location  of  the  tower  close  to 
the  mountains  requires  that  special 
care  be  given  to  its  design  to  with- 
stand the  winds  and  occasional  icing 
conditions  that  can  occur.  The 
specification  used  was  devised  by  the 
Electronic  Industries  Association 
and  caljs  for  the  tower  to  withstand  a 


Figure  2.     Drilling  for  the  tower  foundation 
piers,  November,  1976. 


wind  loading  of  3123  Nm"!  with  1.3 
cm  of  radial  ice  on  all  members.  At 
the  altitude  of  Boulder,  this  is 
equivalent  to  a  wind  speed  of  77 
ms~\  Safety  factors  of  2.5  were  used 
in  designing  the  tower  structural 
members  and  guys. 

The  tower  foundations  must 
support  not  only  the  dead  weight  of 
the  tower  but  also  the  pull-down  ten- 
sion of  the  guys.  This  required  three 


concrete  piers  under  the  foundation 
cap,  each  pier  1.5  m  in  diameter  and 
17  m  deep.  Figure  2  shows  the  drill- 
ing rig  on  the  site  in  November,  1976 
preparing  the  holes  for  the  founda- 
tion. 

One  of  the  operational  goals  was 
to  place  the  tower  close  enough  to  the 
atmospheric  sciences  community  in 
Boulder  to  keep  the  travel  time  from 
town  less  than  30  minutes.  This  was 


Figure  3.     Details  of  an  instrument  level,  showing  the  elevator  landing  platform,  instrument  boom, 
and  external  carriage. 


achieved  when  we  identified  an  un- 
developed section  of  land  in  Weld 
County,  two  miles  east  of  the  town  of 
Erie,  which  was  available  for  lease 
from  the  Colorado  State  Land  Com- 
mission. The  terrain  is  gently  rolling 
prairie  overlaying  the  Boulder- Weld 
Counties  coal  field.  Many  of  the  sur- 
rounding sections  of  land  have  been 
undermined  during  the  past  80 
years,  and  an  operating  mine  is  still 
worked  on  the  adjoining  section  of 
land.  Fortunately,  we  were  able  to 
locate  a  block  upthrust  or  horst  area 
which  had  not  been  undermined, 
wide  enough  to  accommodate  the 
tower  guys.  Coal  deposits  are  gen- 
erally thinner  in  such  horst  regions, 
explaining  the  lack  of  mining.  Be- 
cause the  surrounding  land  is  subject 
to  subsidence  over  the  old  mines, 
there  is  little  danger  in  future  years 
of  housing  or  commercial  develop- 
ments that  might  interfere  with  the 
low-level  airflow  past  the  tower. 
Most  of  the  surrounding  land  is  now 
used  in  alternate-strip,  dry-land 
wheat  farming.  . 

Besides  the  NOAA  investment  in 
the  tower  and  much  of  the  instru- 
mentation to  be  placed  on  and 
around  it,  the  National  Center  for 
Atmospheric  Reseasrch  (NCAR), 
also  located  in  Boulder,  plans  to 
move  its  Field  Observing  Facility  to 
the  site  sometime  in  the  future.  The 
combined  operation  will  be  known  as 
the  Boulder  Atmospheric  Observa- 
tory. Through  NCAR,  we  hope  that 
many  of  the  university  groups  in  the 
atmospheric  sciences  will  participate 
in  experiments  at  the  site. 


INSTRUMENTATION 
ON  THE  TOWER 

Prevailing  winds  at  the  tower  site  are 
from  the  southeast  during  the  sum- 
mer months  and  from  the  northwest 
during  winter.  For  this  reason,  the 
tower  instrumentation  will  be  located 
on  booms  which  can  be  extended  5  m 
from  the  tower  to  measure  winds  op- 
timally from  either  the  summer  or 
winter  prevailing  direction.  Instru- 
ments will  probably  need  to  be 
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moved  twice  a  year  to  ensure  proper 
exposure.  Figure  3  is  a  blow-up  of 
the  earlier  illustration  to  show  one  of 
the  instrumentation  levels.  The  ele- 
vator will  stop  at  the  steel  grating 
platforms  to  allow  access  to  the  in- 
struments. The  booms  can  be 
cranked  inward  for  instrument 
calibration  and  servicing,  then  re- 
positioned away  from  the  tower  so  as 
to  reduce  the  effects  of  the  structure 
on  measurement  accuracy.  The 
booms  will  be  located  at  10,  20,  50, 
100,  150,  200,  250,  and  300  m 
heights.  At  each  level  we  will  have 
three-axis  sonic  anemometers,  which 
can  measure  the  three  components  of 
the  wind  independently  twenty  times 
per  second.  Conventional  cup  or  pro- 
peller anemometers  m#y  be  located 
at  several  levels  for  independent, 
average  wind-speed  measurement. 
Fast-response,  platinum  resistance 
thermometers  will  be  colocated  with 
the  sonics  to  provide  10-Hz  band- 
width temperature  measurements. 
Slower  response  quartz  crystal  ther- 
mometers will  provide  averaged  tem- 
peratures accurate  to  within  0.01  K. 

A  dewpoint  hygrometer  will  be  the 
standard  humidity  measuring  instru- 
ment at  each  level  with  averaging 
times  of  several  seconds  for  each 
reading.  Lyman-a  humidiometers 
will  be  added  later  to  take  advantage 
of  the  much  faster  response  of  these 
optical  instruments.  Pyroheliometers 
will  be  located  at  the  base  and  the 
top  of  the  tower  to  measure  boun- 
dary-layer turbidity  influence  on 
solar  flux. 

The  instrument  carriage  will  be 
capable  of  handling  loads  of  1200 
kilograms  so  that  even  the  largest 
aerosol  impactors  or  spectrometers 
can  be  profiled  through  the 
boundary  layer.  To  avoid  the  neces- 
sity of  trailing  wires,  we  plan  to  tele- 
meter the  data  from  the  carriage, 
probably  utilizing  an  optical  link  for 
this  purpose.  At  times,  we  may  lo- 
cate several  three-axis  sonic  ane- 
mometers on  the  carriage  together 
with  high-frequency  temperature 
and  humidity  instruments,  thus  re- 
quiring a  communication  bandwidth 


of  a  megahertz  or  more.  We  are  now 
working  out  details  of  the  carriage 
instrumentation  and  telemetry. 

Several  remote  sensors  will  also 
operate  routinely  at  the  tower.  Sur- 
rounding the  tower  base  will  be  a  tri- 
angle of  laser  beams  to  measure  the 
transverse  wind  across  each  leg  of  the 
triangle.'  With  the  three  indepen- 
dent transverse  measurements  we 
will  be  able  to  determine  the  wind 
convergence  at  the  tower  base.  A 
typical  instrument  for  such  measure- 
ments is  shown  in  Fig.  4.  Three 
acoustic  sounders,  one  at  each  cor- 
ner of  the  laser  triangle,  will  docu- 
ment the  heights  of  the  boundary 
layer  and  the  presence  of  convective 
plumes  or  the  occurrence  of  stably 
stratified  layers.  Sensitive  micro- 
barographs  will  also  aid  in  the  inter- 
pretation of  gravity  waves  in  the 
atmosphere  propagating  across  the 
site.2 

DATA  ACQUISITION 
AND  PROCESSING 

The  tower  instrumentation,  the  laser 
triangle,  and  the  microbarographs 


will  be  under  the  control  of  a  digital 
computer  housed  at  the  base  of  the 
tower.  The  carriage  telemetry  receiv- 
er and  the  other  instruments  will  be 
hard-wired  to  the  computer  through 
analog-to-digital  converters  with 
data  being  recorded  on  seven-track 
digital  tapes.  An  XDS  920  computer, 
which  has  demonstrated  its  versatil- 
ity through  many  years  of  field  ex- 
periments, will  be  used  initially.  It 
will  perform  such  chores  as  record- 
ing the  raw  or  appropriately  time- 
averaged  data  from  each  sensor, 
multiplying  together  the  wind,  tem- 
perature, and  humidity  fluctuations 
to  provide  averaged  turbulent  fluxes 
of  momentum,  heat,  and  moisture  as 
well  as  performing  other  statistical 
manipulations  of  the  data,  printing 
out  longer-period  wind  averages  and 
variances,  and  correlating  vertical 
velocities  with  the  laser-triangle  con- 
vergence measurements.  We  are 
working  now  on  the  formatting  of  the 
digital  tapes  and  studying  the  opti- 
mum data-recording  frequency  and 
averaging  times  to  provide  a  com- 
pletely defined  microclimatology  of 
the  boundary  laver,  and  hone  to  limit 


Figure  4.     Optical  cross-beam  wind  sensor,  as  deployed  in  the  field. 
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tape  utilization  to  one  or  less  per 
day.  In  addition,  we  will  incorporate 
a  more  modern  computer,  at  first  for 
specialized,  perhaps  high-data-rate 
but  short-time-period  experiments, 
with  the  eventual  goal  of  tying  to- 
gether the  new  tower  computer  with 
the  Boulder  Laboratories  computer. 
This  will  allow  experiments  to  be 
controlled  in  the  future  by  scientists 
in  Boulder  without  their  even  visiting 
the  tower  site.  Eventually  we  may  be 
able  to  link  computer  control  to 
other  users  hundreds  of  miles  away 
from  the  facility. 


SOME  SPECIFIC  GOALS  OF  THE 
TOWER  MEASUREMENT 
PROGRAM 

The  primary  purpose  of  the  tower,  as 
previously  stated,  is  to  provide  the  in 
situ  verification  of  atmospheric  mea- 
surements made  with  remote  sen- 
sors. The  reliable  comparison  be- 
tween remote  sensors,  which  average 
over  finite  scattering  volumes  in  the 
atmosphere,  with  the  in  situ  instru- 
ments, which  are  essentially  point 
sensors,  requires  the  accumulation 
of  significant  statistics,  something 
that  the  tower  will  be  able  to  do  since 
we  plan  to  keep  it  in  continual  opera- 
tion for  a  number  of  years.  As  the  in- 
teraction of  optical,  acoustical,  and 
radar  waves  with  the  atmosphere  be- 
comes better  understood,  we  will  be 
able  to  "virtually"  extend  the  height 
of  the  tower  past  its  300-m  limit 
through  use  of  the  remote  probes. 
Indeed,  one  of  the  eventual  goals  is 
to  replace  many  of  the  in  situ  instru- 
ments with  remote  sensors,  elimi- 
nating the  need  for  conventional 
instruments  and  possibly  even  for 
balloon-borne  instruments. 

With  the  information  available  at 
the  tower  from  remote  and  in  situ 
sensors,  a  unique  data  set  on  atmos- 
pheric dynamics  will  become  avail- 
able. By  operating  the  tower  con- 
tinuously for  an  extended  period,  say 
five  years  or  more,  we  will  finally  ob- 
tain a  detailed  microscale  clima- 
tology of  the  planetary  boundary 


layer.  We  will  have  a  reliable  grasp 
on  the  statistics  of  turbulent  heat, 
momentum,  and  moisture  fluxes. 
We  will  be  able  to  verify  the  impor- 
tance of  wave  dynamics  in  boundary- 
layer  processes  and  be  able  to  under- 
stand the  scattering  mechanisms  by 
which  remote  sensors  record  these 
events.  For  opticists,  understanding 
the  turbulent  heat  flux  will  permit 
better  modeling  and  predicting  of 
the  effects  of  the  turbulent  atmos- 
phere on  optical  wave  propagation. 
We  already  have  a  good  understand- 
ing of  turbulent  heat  flux  and  optical 
index-of-refraction  fluctuations 
under  dry  daytime  convective  condi- 
tions.3 Better  models  are  needed  to 
help  us  to  understand  the  stably 
stratified,  nocturnal  boundary  layer, 
and  we  need  to  know  the  correlation 
between  moisture  and  temperature 
fluctuations  at  different  heights  in 
the  boundary  layer  so  that  the  con- 
tribution of  the  latent  heat  fluxes  on 
the  optical  index  can  be  properly 
understood.  Of  course,  this  will  re- 
quire instrumenting  the  tower  with 
fast-response  humidity  sensors, 
which  we  plan  to  do  within  the  first 
year  or  two.  Although  the  dry,  high 
plains  in  Colorado  are  usually  char- 
acterized by  low  moisture  fluxes,  on 
those  occasions  following  rain  storms 
we  will  be  able  to  study  the  convari- 
ance  of  moisture  and  temperature 
fluctuations  and  should  be  able  to 
extend  this  understanding  to  tropical 
or  marine  atmospheres  by  proper 
scaling.  The  improved  understand- 
ing of  moisture  flux  is  also  of  great 
importance  in  understanding  how 
the  upward  transport  of  water  vapor 
through  the  boundary  layer  occurs. 
After  all,  this  moisture  is  the  source 
of  clouds  and  large-scale  weather  in 
the  atmosphere. 

When  the  NCAR  Field  Observing 
Facility  moves  to  the  site,  the  mea- 
surement capability  will  be  extended 
by  the  occasional  deployment  of  its 
Portable  Automated  Mesonet  (PAM) 
system,  forty  instrumented  surface 
layer  towers  that  can  send  tele- 
metered data  to  a  central  location.  In 
addition,  NCAR  and  NOAA  aircraft 


will  use  the  tower  for  calibration  and 
be  able  to  extend  the  range  of  tower 
measurements  over  wider  horizontal 
and  vertical  scales. 

The  investment  of  tax  dollars  in 
the  NOAA  tower  is  significant.  The 
data  collected  there  will  be  of  value 
not  only  to  the  Wave  Propagation 
Laboratory  in  our  mission  of  devel- 
oping remote  sensors,  but  to  the  en- 
tire atmospheric  sciences  com- 
munity. It  will  be  NOAA  policy  to 
treat  the  tower  as  a  national  facility, 
where  others  in  the  government,  in 
universities,  or  in  the  private  sector 
will  be  welcome  to  come  and  perform 
cooperative  experiments  with  the 
NOAA  personnel.  The  digital  data 
tapes  on  which  the  routine  tower 
data  will  be  recorded  will  be  avail- 
able for  anyone  to  duplicate,  study, 
and  evaluate  for  the  cost  of  making 
the  tape  copy. 

Eventually  we  hope  that  by  obtain- 
ing better  measurements  and  model- 
ing of  the  boundary  layer  in  its  meso- 
scale  (10-100  km)  extent,  we  will  be 
able  to  deduce  better  forecasting 
schemes  for  local  weather.  This  goal, 
one  of  the  most  important  in 
NOAA's  list  of  priorities,  will  be  con- 
tinually kept  in  mind  as  this  new  na- 
tional facility  comes  on  line  and  as 
we  gain  experience  in  its  first  several 
years  of  operation. 

Do  you  have  an  experiment  you 
would  like  to  conduct  at  the  Boulder 
tower?  After  construction  is  com- 
pleted in  June,  1977,  it  will  take  sev- 
eral months  to  install  the  instru- 
ments and  shake  down  the  data  ac- 
quisition system.  We  will  then  be 
ready  for  experiments  on  the  tower. 
Get  in  touch  with  Dr.  William  H. 
Hooke  at  NOAA  in  Boulder,  (303) 
499-1000,  X6378,  and  inform  him  of 
your  experiment  requirements. 
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The  Dulles  Airport 
Acoustic-Microwave  Radar 
Wind  and  Wind  Shear 
Measuring  System 


Abstract 

Wind  shear  has  been  recognized  as  a  major  aviation  hazard 
in  the  airport  environment.  A  dual,  acoustic  Doppler- 
microwave  Doppler  ladar  system  has  been  installed  at  Dulles 
International  Airport  near  Washington,  D.C.,  to  measure  the 
vertical  profile  of  wind  from  the  surface  to  510  m  in  30  m 
height  increments.  The  acoustic  system  gathers  data  under 
clear-air  conditions,  and  the  microwave  radar  takes  over 
automatically  when  precipitation  is  present.  System  per- 
formance is  being  assessed  by  comparing  its  output  with 
National  Weather  Service  radiosondes  and  with  balloon- 
borne  anemometers  and  by  intercomparing  the  acoustic-  and 
microwave-measured  winds  under  light  precipitation  condi- 
tions. The  dual-sensor  system  has  been  operating  for  several 
months,  registering  the  passage  of  fronts,  some  with  po- 
tentially hazardous  wind  shears. 

1.  Introduction 

Analysis  of  several  major  aircraft  accidents  during  the 
past  few  years  has  established  beyond  doubt  that  low- 
level  wind  shear  can  reach  magnitudes  that  exceed  the 
design  capabilities  of  the  aircraft  and  the  ability  of  the 
crew  to  take  corrective  action  (Laynor  and  Roberts, 
1975;  Fujita,  1976;  National  Transportation  Safety 
Board,  1976;  Fujita  and  Caracena,  1977;  Caracena  and 
Fujita,  1977).  Wind  shear  of  some  magnitude  is  an  ex- 
pected feature  of  the  atmosphere  and  can  be  found  at 
nearly  all  temperature  and  density  interfaces.  On  rare 
occasions  it  can  reach  magnitudes  that  are  hazardous  to 
aircraft.  The  critical  attitude  and  slow  response  time  of 
landing  or  departing  jet-powered  aircraft,  combined  with 
a  lack  of  warning  when  strong  low-level  wind  shear  is 
present,  can  produce  a  very  dangerous  situation. 

The  Systems  Research  and  Development  Service  of 
the  Federal  Aviation  Administration  (FAA)  was  aware 
of  these  dangers  as  early  as  1972,  when  they  initiated  an 
interagency  agreement  with  tjie  Wave  Propagation 
Laboratory  (WPL)  of  NOAA  to  study  and  characterize 
the  problem  and  to  develop  techniques  that  would  pro- 
vide adequate  warning  of  low-level  wind  shear  along  the 
intended  flight  path  of  an  aircraft.  From  the  point  of 
view  of  detection  it  is  important  to  recognize  two  types 
of  wind  shear.  One  is  associated  with  large-scale  frontal 
or  inversion  surfaces  and  usually  occurs  above  the 
ground  with  little  or  no  surface  manifestation  other 
than  a  front  that  is  in  the  general  synoptic-scale  region. 
The  second  one  is  related  to  the  gust  front  that  results 
from  cold  down  currents  generated  by,  or  associated 
with,    intense    convective    activity.    In    contrast    to    the 
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synoptic-scale  frontal  shear,  the  gust  front  produces 
marked  changes  in  surface  wind,  temperature,  and  pres- 
sure and  is  usually  far  more  transient,  lasting  only 
minutes  as  compared  to  the  possibly  hour  or  more  dura- 
tion of  the  frontal  type  shear.  The  primary  danger  of 
the  frontal  shear  is  a  change  in  wind  speed  or  direction 
with  height,  whereas  the  hazard  created  by  the  gust 
front  is  more  likely  to  be  a  change  in  wind  speed  or 
direction  with  horizontal  distance.  This  paper  describes 
a  wind  shear  detection  system  that  was  designed  to 
monitor  large-scale,  less  transient  types  of  wind  shear 
produced  by  low-level  inversions  or  frontal  surfaces. 

Preliminary  results  of  the  wind  shear  detector  develop- 
ment effort  have  been  described  by  Beran  et  al.  (1976), 
Beran  (1971),  Beran  et  al.  (1971a),  and  Beran  et  al. 
(1974b).  The  WPL  development  work  consisted  of  the 
design  and  installation  of  a  wind  shear  detection  system 
at  Dulles  International  Airport,  Washington,  DC,  dur- 
ing the  summer  of  1976.  Because  precipitation  degrades 
the  performance  ol  acoustic  sensors  whereas  it  en- 
hances the  operation  of  microwave  radar  devices,  the 
system  includes  both  a  microwave  Doppler  radar  (Camp- 
bell and  Strauch,  1976)  and  an  acoustic  sensor.  This 
dual-sensor  system  measures  the  wind  profile  in  a  verti- 
cal column  directly  above  the  sensor.  The  shear  typically 
produced  by  frontal  surf. ices  is  then  derived  from  the 
vertical  profile  of  the  horizontal  wind.  It  is  assumed  that 
shears  associated  with  both  fronts  and  inversions  are 
nearly  horizontally  homogeneous  over  the  entire  area 
of  low-level  aircraft  operations  at  the  airport. 

It  should  be  recognized  that  the  problem  of  wind 
shear  in  aviation  is  very  complex  and  that  until  effective 
wind  shear  warning  systems  can  be  provided  at  all  major 
airports,  the  use  of  other,  more  limited  techniques  still 
can  improve  safety.  For  instance,  some  success  has  been 
reported  in  forecasting  frontal  shears  (Sowa,  1974).  Use 
of  existing  onboard  radar  cm  be  valuable  for  identifying 
dangerous  regions  associated  with  storm  centers.  In  addi- 
tion, by  using  the  aircraft's  inertia  1  navigation  system 
and  surface-measured  winds,  information  on  the  shear 
between  an  approaching  aircraft  and  the  touchdown 
point  can  be  obtained. 

2.  Description  of  the  dual-sensor  system 

Because  of  the  prevailing  westerly  direction  of  storm  mo- 
tion at  Dulles  and  the  necessity  to  detect  shears  asso- 
ciated  with    storms   before   they   reach    the   airport,    the 
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Fic.  1.  Artist's  concept  of  the  Dulles  wind  shear  detection  system. 


shear  detection  system  was  located  due  west  of  the  air- 
port —1.8  km  from  the  west  end  of  runway  12-30.  Addi- 
tional factors  that  affected  the  site  selection  included  the 
desire  to  minimize  acoustic  background  noise,  availabil- 
ity of  land,  and  planned  airport  expansion. 

Figure  1  is  an  artist's  concept  of  the  installation.  A 
centrally  located  transmitter  projects  short  bursts  of 
1250  Hz  acoustic  energy  vertically  at  20  s  intervals.  Three 
receivers  separated  by  120°  in  azimuth  surround  the 
transmitter  on  a  580  m  diameter  circle.  Electronically 
steered  receiver  beams  track  the  upward  propagating 
pulse  from  150  to  510  m  and  collect  signals  scattered  by 
the  atmosphere.  Smaller  satellite  transmitters  positioned 
50  m  in  front  of  each  receiver  cover  the  30-1 50  m  height 
interval.  After  amplification,  the  signals  are  digitized 
and  spectrally  analyzed.  The  spectra  obtained  from  each 
height  on  each  leg  are  exponentially  averaged  in  time 
to  improve  the  signal-to-noise  ratio.  The  wind-induced 
Doppler  shifts  are  then  determined  from  the  first  mo- 
ments of  these  spectra.  By  assuming  that  the  vertical 
wind  component  averages  to  zero  and  using  the  known 
system  geometry,  the  wind  speed  and  direction  profile 
is  determined  between  30  and  510  m  in  30  m  height 
increments.  Table  1  lists  the  more  important  acoustic 
system  parameters.  Information  from  any  two  legs  is 
sufficient  to  determine  the  horizontal  wind.  Therefore, 
the  use  of  three  legs  provides  a  degree  of  system  re- 
dundancy. 

During  precipitation,  which  may  degrade  the  acoustic 


system  performance,  the  microwave  radar  is  automati- 
cally activated.  This  system  trade-off  is  made  when  the 
acoustic  signal-to-noise  ratio  decreases  below  that  of  the 
microwave  radar.  The  microwave  radar  measures  the 
radial  wind  velocity  along  four  orthogonal  azimuths 
(north,  east,  south,  and  west)  using  an  antenna  mounted 
on  top  of  the  centrally  located  data-processing  building. 
After  emitting  a  short  pulse  along  a  given  azimuth,  the 
radar  return  is  sampled  every  microsecond  to  cover 
a  height  range  of  120-510  m  with  30  m  resolution. 
The  microwave  radar  transmits  640  pulses  along  each 
azimuth,  and  the  resultant  four  radial  velocity  profiles 
are  combined  to  produce  a  total  wind  profile  every 
minute  by  assuming  that  the  vertical  wind,  raindrop  fall 
speed,  and  horizontal  wind  are  horizontally  homoge- 
neous. The  maximum  horizontal  spacing  of  the  mea- 
surements varies  from  1.2  km  at  120  m  altitude  to  5  km 
at  510  m  altitude.  Table  1  also  lists  the  pertinent  micro- 
wave radar  system  parameters. 

Pulse  pair  processing  (Miller  and  Rochwarger,  1972) 
is  used  to  estimate  mean,  radial  velocities  from  the 
microwave  radar.  The  error  introduced  into  the  hori- 
zontal wind  estimates  by  differing  particle  fall  speeds 
and  vertical  winds  at  azimuths  separated  by  180°  is 
one-tenth  of  the  difference  between  these  vertical  mo- 
tions. If  the  magnitude  of  the  horizontal  component  of 
the  wind  along  the  direction  of  the  radar  beam  is  dif- 
ferent at  the  two  colinear  azimuths,  the  radar-measured 
wind  component  will  be  the  mean  value.  By  assuming 
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Table  1.  Dulles  dual-sensor  system  parameters. 


Acoustic  Sensor 

Main  (M) 

Satellite  (S) 

M  &  S 

Microwave  Radar 

Transmitter 

Frequency 

1250  Hz 

1250  Hz 

9310  MHz 

Pulse  duration 

250  ms 

100  ms 

0.5  »s 

Pulse  interval 

15-20  s 

15-20  s 

256  Ms* 

Peak  power  (electrical) 

720  VV 

100  W 

5kW 

Receiver 

Bandwidth 

300  Hz 

2  MHz 

Sampling  rate 

103  samples  s_1 

106  samples  s_1 

Averaging  time 

2-6  min 

2-6  min 

Antenna  beamwidth  (and  pointing) 

Transmitter 

9°  (vertical) 

13°  (elevated  at  80°) 

2.3°  (elevated  at  11.5°) 

Receiver 

8°  X  12°  (steerable) 

same  as  transmitter 

Measurement  height  interval 

30-510  m 

120-510  m 

Height  resolution 

30  m 

30  m 

Measurement  accuracy 

±1  m  s_1  (speed) 
±10°  (direction) 

*  A  pair  of  pulses  (separated  by  256 /js)  is  transmitted  every  1024  jus.  The  signal  return  from  each  transmitted  pulse  is  sampled  with  a 
1  /us  spacing  between  120  and  510  m  altitudes. 


that  the  wind  and  particle  fall  velocities  are  horizontally 
uniform,  the  standard  deviation  of  the  measured  wind 
components  is  expected  to  be  <5  cm  s"\ 

3.  Initial  test  results 

Following  system  checkout,  a  test  program  to  establish 
the  system  measurement  accuracy,  operational  limita- 
tions, and  applicability  as  a  wind  and  wind  shear  de- 
tector in  the  airport  environment  was  initiated.  Results 
presented  in  this  section  were  obtained  during  the  Sep- 
tember 1976  through  February  1977  period.  Testing  of 
the  system  is  continuing  under  the  direction  of  the  FAA 
to  assess  its  long-term  capabilities  and  limitations.  As 
with  all  remote  sensors,  it  is  inherently  difficult  to  verify 
the  sensor  accuracy  directly.  At  Dulles,  two  sources  of 
independent  wind  measurements  were  used  for  the 
initial  comparison:  a  balloon-borne  anemometer  and 
the  radiosondes  launched  by  the  National  Weather  Ser- 
vice (NWS).  In  addition,  under  light  precipitation  con- 
ditions, both  the  acoustic  and  the  microwave  radar  por- 
tion of  the  system  can  collect  data  simultaneously. 


a.   Comparisons  with   balloon-borne  anemometer  data 

The  Boundary  Layer  Profiler  (BLP)  consisting  of  a 
balloon-borne  anemometer  (Morris  et  al.,  1975)  pro- 
duced data  that  were  digitized  and  exponentially  aver- 
aged with  a  6  min  time  constant  for  comparison  with 
the  similarly  averaged  output  of  the  acoustic  system. 
Balloon  instabilities  at  wind  speeds  approaching  10  ms"1 
and  limited  battery  lifetime  severely  restricted  the  use 
of  the  BLP.  Even  under  favorable  conditions,  the  bal- 
loon's vertical  and  lateral  position  fluctuated  as  much  as 
50  m,  which  increased  the  BLP  measurement  bias 
(Haugen  et  al.,  1975)  and  resulted  in  inevitable  measure- 
ment differences  between  the  BLP  and  the  acoustic  sys- 
tem. 

Despite  these  difficulties,  — 12  h  of  BLP  data  were  col- 
lected and  compared  with  data  from  the  acoustic  portion 
of  the  system.  Scatter  diagrams  of  BLP  versus  acoustic 
wind  speeds  and  directions  for  three  height  intervals 
(Fig.  2)  show  that  >70%  of  the  speed  estimates  differed 
by  <lms~\  Directional  differences  between  the  sensors 
were  generally  less  than  ±20°. 


Table  2.  Statistics  of  Boundary  Layer  Profiler  (BLP)  and  acoustic  sensor  (A)  wind  comparisons. 


Mean 

Mean 

s.d.  of 

s 

d.of 

Speed, 

m  s  ' 

Direction,  deg 

Speed, 

ms  ' 

Direction,  deg 

Speed  rms 

Duration, 
min 

Height, 
m 

Difference, 
ms-1 

Run 

Date 

A 

BLP 

A 

BLP 

A 

BLP 

A 

BLP 

1 

10/15/76 

105 

60 

6.5 

6.3 

200 

205 

1.16 

1.27 

6.3 

4.8 

0.81 

2 

10/29/76 

120 

300 

4.5 

4.7 

253 

254 

2.42 

3.08 

36.3 

37.5 

1.3 

3 

11/4/76 

30 

410 

2.1 

2.4 

145.4 

169.5 

0.29 

0.59 

18.9 

25.0 

0.79 

4 

11/24/76 

120 

300 

4.8 

4.5 

214.5 

224.4 

1.58 

1.64' 

14.3 

15.0 

0.91 

5 

12/1/76 

42 

300 

4.9 

5.0 

193.7 

206.6 

0.29 

0.34 

3.9 

2.2 

0.5 

6 

12/1/76 

88 

210 

7.5 

8.5 

182.8 

197.1 

1.44 

0.94 

6.0 

4.5 

1.23 

7 

12/9/76 

63 

360 

3.7 

3.9 

302.6 

285.7 

0.49 

0.63 

7.7 

6.8 

0.75 
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Fig.  2.  Comparison  of  acoustic  and  BLP  wind  measure- 
ments for  three  height  intervals.  The  dashed  lines  indicate 
rms  measurement  difference  of  1.2  ms"1  in  speed  and  20°  in 
direction. 


Table  2  contains  a  comparison  of  winds  measured  by 
the  BLP  and  acoustic  sensor  for  seven  data  runs.  Mean 
wind  speeds  and  directions  were  obtained  by  averaging 
data  collected  at  the  rate  of  10  data  points  per  hour  for 
each  run,  which  ranged  from  30  min  to  2  h  in  duration. 
The  longer  averaging  time  reduced  differences  caused 
by  sensor  separation,  unequal  sampling  volumes,  and 
random  BLP  displacements.  Mean  estimates  for  the  runs 
agreed  within  ±1  m  s"1  (speed)  and  ±24°  (direction). 

Short-term  (6  min)  wind  measurement  accuracy  is  im- 
portant in  wind  shear  detection.  A  measure  of  com- 
parability is  given  by  the  rms  difference  between  sensor 
outputs.  Table  2  shows  that  the  rms  difference  exceeded 
1  m  s~l  for  only  two  of  the  seven  runs  and  increased  as 
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3.  Time  scries  comparison  of  acoustic-  and  BLP-measuied 
wind  speeds  at  300  m  height  level. 


the  standard  deviation  of  wind  speed  increased,  implying 
wider  discrepancy  between  sensors  under  turbulent  con- 
ditions. A  comparison  of  the  standard  deviations  of  the 
wind  speeds  indicates  that  the  acoustic  estimates  gen- 
erally fluctuated  more  than  those  obtained  by  the  BLP. 
The  acoustic  and  BLP  time  series  plotted  in  Fig.  3  bear 
this  out.  The  standard  deviation  and  rms  difference  can 
be  decreased  by  increasing  the  exponential  averaging 
time  constant.  However,  this  will  also  result  in  reduced 
system  response  time  to  wind  changes. 

b.  Comparison  with  NWS  radiosonde  data 

Radiosondes  launched  twice  a  day  by  the  NWS  at 
Sterling,  Va.,  6  km  distant,  provided  comparison  data  for 
^50  days  under  a  greater  variety  of  weather  conditions. 
The  degrading  effects  of  differences  in  measurement 
volumes,  techniques,  and  times  and  of  the  large  spatial 
separation  between  the  remote-sensing  system  and  the 
radiosonde  launch  site  are  indicated  in  Fig.  4  by  the 
greater  scatter  of  the  data.  Despite  the  larger  variability, 
the  mean  wind  speeds  measured  by  the  acoustic- 
microwave  radar  system  and  the  radiosondes  are  within 
0.4  m  s"1.  The  corresponding  mean  directions  are  within 
6°.  The  good  agreement  indicates  that  no  significant 
measurement  bias  exists  at  300  m,  the  only  level  for 
which  data  could  be  compared. 

r.  Acoustic— microwave  radar  internal  consistency 

Additional  information  on  system  performance  was  ob- 
tained through  the  analysis  of  simultaneous  microwave 
radar  and  acoustic  measurements.  During  periods  of  pre- 
cipitation, the  strong  returns  and  high  signal-to-noise 
ratios  dictate  the  use  of  the  microwave  radar  as  the  pri- 
mary system  sensor.  Experience  has  shown,  however, 
that  if  the  precipitation  is  light  or  is  in  the  form  of 
snow,  the  acoustic  signal-to-noise  ratio  is  also  sufficiently 
high  to  produce  reliable  wind  estimates.  An  example  of 
measurements  taken  during-  a  light  drizzle  is  shown  in 
Fig.  5,  which  indicates  excellent  agreement  between 
acoustic  and  microwave  radar  wind  profiles.  On  many 
occasions,  such  conditions  persisted  for  several  hours. 
The  time  series  of  acoustic  and  microwave  radar  wind 
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Fic.  4.  Comparison  of  acoustic-microwave  radar  system 
(acoustic/ radar)  and  NWS  radiosonde  wind  measurements 
over  a  2-month  time  period  at  300  m  height  level.  The  dashed 
lines  indicate  rms  measurement  difference  of  3.3  ms"1  in 
speed  and  26.5°  in  direction. 

estimates  for  such  periods  provided  information  on  long- 
term  agreement,  sensor  response  time,  and  relative 
measurement  variance.  Two  long-term  comparisons  of 
acoustic  and  microwave  radar  wind  estimates  at  a  height 
of  300  m  (Figs.  6  and  7)  show  very  good  correlation 
for  both  periods.  The  microwave  radar  winds  were 
block  averaged  for  1  min,  and  the  acoustic  measurements 
were  exponentially  averaged  with  a  6  min  time  constant. 
The  smoothing  effect  of  the  longer  averaging  of  acoustic 
estimates  is  apparent;  they  exhibit  less  high-frequency 
fluctuation.  The  large  spike  in  the  microwave  radar 
wind  direction  estimate  shown  in  Fig.  6  was  apparently 
caused   by   localized    turbulence   that  occurred    immedi- 
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Fig.  5.  Wind  profiles  measured  simultaneously  by  the 
acoustic  (solid  line)  and  microwave  radar  (clashed  line)  sys- 
tems under  light  precipitation  conditions. 


ately  prior  to  the  large-scale  directional  shift.  Longer 
averaging  of  the  acoustic  data  filtered  out  this  direc- 
tional anomaly.  The  trade-off  obtained  with  averaging 
(better  smoothing  versus  decrease  in  response)  also  shows 
up  in  the  data.  The  acoustic  measurement  is  seen  to  lag 
slightly  behind  the  microwave  radar  estimate  over  much 
of  the  time. 

The  acoustic  and  microwave  radar  wind  measurements 
are  totally  independent.  Therefore,  their  excellent  agree- 
ment strongly  supports  the  validity  of  these  two  separate 
measurements.  The  probability  of  two  independent 
sensors  providing  the  same  incorrect  "wind  measurement 
is  quite  small. 

d.  Observed  wind  shear  events 

During  the  first  4  months  of  system  testing,  a  number 
of  wind  shear  events  were  noted  in  the  recorded  data, 
and  on  at  least  two  occasions,  pilots  confirmed  the 
presence  of  shear.  The  utility  of  the  dual-sensor  system 
for  wind  shear  detection  was  most  dramatically  demon- 
strated on  the  evening  of  20  October  1976.  During  the 
day,  a  surface  disturbance  developed  in  the  south  At- 
lantic states  and  propagated  northeastward,  rapidly  in- 
tensifying as  it  moved  through  the  mid-Atlantic  coastal 
region.  The  low-pressure  center,  accompanied  by  wide- 
spread precipitation,  passed  east  of  the  Washington  area 
about  0000  GMT,  21  October. 

The  synoptic  frontal  conditions  indicated  the  poten- 
tial for  hazardous  wind  shear  (Sowa,  1974)  for  the  period 
beginning  2000  GMT,  20  October.  The  shear  detected 
by  the  Dulles  system  (see  Fig.  8)  slowly  developed  after 
this  time,  reaching  a  value  of  0.03  s"1  over  a  400  m  depth 
around  0000  GMT.  During  this  event,  the  wind  direc- 
tion at  higher  levels  veered  from  east  to  west,  while 
the  lower  level  (below  200  m)  wind  direction  backed 
from  northeast  to  west.  This  behavior  was  consistent 
with  the  expected  synoptic  flow  pattern  of  the  develop- 
ing system. 

Figure  9  depicts  the  surface  streamlines  and  frontal 
pattern  at  0000  GMT,  21  October.  As  frequently  occurs, 
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Fig.  6.  Time  series  comparison  of  acoustic  (solid  line)  and 
microwave  radar  (dashed  line)  measured  winds  at  300  m 
height  level. 

a  shallow  mass  of  modified  cool  air,  characterized  by 
weak  northeasterly  flow,  was  lying  on  the  east  side  of 
the  Appalachians  this  day.  The  850  ml)  (1500  m)  analy- 
sis at  0000  GMT  indicated  that  a  circulation  center 
was  located  over  southwest  Pennsylvania  and  that  a 
trough  extended  south-southeast  through  central  Vir- 
ginia. Prolonged  low-level  wind  shear  occurred  across  the 
interface  between  the  cool,  low-level  flow  and  the 
stronger  southeasterly  flow  on  the  east  side  of  the  upper 
(850  mb)  trough.  The  cool,  low-level  northeasterly  flow, 
overlain  by  warmer,  moist  air  from  the  Atlantic,  was 
gradually  replaced  after  0000  GMT  by  drier  westerly 
flow  at  all  levels  in  the  boundary  layer.  The  passage  of 
the  trough  at  the  upper  levels  resulted  in  a  uniform 
west-northwest  wind  direction  below  510  m,  eliminating 
the  low-level  shear.  The  associated  meteorological  condi- 
tions were  typical  for  a  developing  coastal  storm  and, 
although  the  shear  during  this  period  was  never  very 
intense,  the  influence  of  the  Appalachian  highlands  to 
the  west  of  Dulles  was  noticeable  both  from  the  stand- 
point of  trapping  cool  air  in  the  lee  and  of  funneling 
the  westerly  low-level  flow  after  trough  passage. 

Only  light  drizzle  occurred  during  the  shear  event. 
Returns  from  the  microwave  radar,  which  had  operated 
in  heavier  rain  through  the  day,  became  more  intermit- 
tent because  of  the  decreasing  number  of  scatterers.  As 
the  rain  rate  decreased,  the  acoustic  system  gradually 
replaced  the  radar  as  the  system  sensor.  During  the  tran- 
sition period,  continuous  data  were  produced  every  6 
min  regardless  of  which  sensor  was  used  to  obtain  the 
measurement.  The  excellent  continuity  of  measurements 
from  the  different  sensors  indicated  both  the  accuracy  of 
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Fig.  7.  Time  series  comparison  of  acoustic  (solid  line)  and 
microwave  radar  (dashed  line)  measured  winds  at  300  m 
height  level. 

the  measurements  themselves  and,  because  the  sensed  vol- 
umes were  some  2  km  apart,  also  the  horizontal  homoge- 
neity of  the  wind  field  during  the  transition  period. 
Thus  the  feasibility  of  using  the  dual-sensor  system  for 
wind  measurements  during  front-generated  wind-shear 
events  was  demonstrated. 


e.  System  reliability  and  present  operational  status 

Another  objective  of  the  system  tests  was  the  determina- 
tion of  long-term  measurement  reliability.  The  dual- 
sensor  system  has  been  in  a  test  mode  since  the  summer 
of  1976.  There  have  been  a  few  occasions  during  this 
time  period  when  the  received  signal-to-noise  ratio  was 
so  degraded  that  accurate  determination  of  the  wind 
became  impossible.  Ambient  acoustic  noise,  a  frequent 
source  of  problems  for  acoustic  sensors,  was  the  cause  of 
most  system  failures  at  Dulles.  Noise  generated  by  air- 
craft, birds,  and  high  surface  winds  at  times  altered  or 
overwhelmed  the  scattered  signal  and  resulted  in  de- 
creased data  reliability.  The  detrimental  effects  of  noise 
increased  as  a  function  of  its  duration.  For  example, 
noise  that  was  present  for  <5  min,  such  as  that  generated 
by  arriving  and  departing  aircraft,  did  not  seriously 
affect  system  performance  unless  it  recurred  within  a 
very  short  time.  The  most  deleterious  effects  were  pro- 
duced by  high  surface  winds,  which  often  persisted  for 
periods  of  several  hours.  Trees  in  the  immediate  vicinity 
of  the  receiver  sites  increased  the  wind  noise  signifi- 
cantly. Long-term  analysis  of  data  reliability  indicated  a 
substantial  decrease  in  the  percentage  of  acceptable  wind 
estimates  during  periods  when  surface  winds  exceeded 
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Fig.  8.  Wind  profiles  for  a  front-generated  wind  shear 
event.  (The  2048,  2329,  and  0124  Z  profiles  correspond  to  the 
onset,  peak,  and  dissipation  of  low-level  shear,  respectively.) 


8  ms"1.  In  contrast,  during  precipitation  periods,  when 
the  microwave  radar  was  operating,  data  reliability  was 
generally  very  high. 

The  computer  software  detected  and  recorded  those 
time  periods  during  which  data  quality  exceeded  a  pre- 
set acceptability  threshold.  Percentages  of  time  when 
wind  estimates  were  judged  to  be  reliable  are  plotted  in 
Fig.  10  as  a  function  of  height.  The  system  produced 
acceptable  measurements  90-95%  of  the  time  up  to  300 
m.  Above  300  m  the  reliability  decreased,  and  at  510  m, 
acceptable  data  were  collected  70-80%  of  the  time.  The 
decrease  in  reliability  at  the  higher  altitudes  is  due 
primarily  to  increasing  attenuation  of  the  acoustic  sig- 
nal over  the  longer  paths  traveled.  As  a  result,  the  re- 
ceived signal  is  weaker  and  is  more  susceptible  to  am- 
bient noise. 

In  early  tests  at  Dulles  the  acoustic  system  often  pro- 
duced unrealistically  low  or  even  zero  wind  values  at  the 
lower  heights  during  periods  of  moderate  winds.  Analy- 
sis of  received  signal  spectra  indicated  the  presence  of 
a  large  zero-Doppler-shifted  signal.  Side  lobe  radiation 
from  the  main  transmitter,  which  was  reflected  by  sta- 
tionary objects  on  the  ground  and  picked  up  by  the 
receivers  simultaneously  with  atmospherically  scattered 
signals,  was  found  to  be  the  cause  of  these  anomalies. 
The  problem  was  eliminated  by  upgrading  the  back- 
ground noise  cancellation  capability  of  the  system. 

Generally,  wind  profiles  obtained  by  the  system 
showed  excellent  continuity.  However,  on  occasion  a 
sharp  discontinuity  was  observed.  This  occurred  at 
heights  where  the  acoustic  system  started  using  data 
from  two  receiver  legs  instead  of  three,  because  of  in- 
adequate signal  reliability  on  one  of  the  legs.  Although 
occurring  infrequently,  the  problem  is  potentially  serious 
because  of  the  possibility  of  interpreting  the  discon- 
tinuity as  a  wind  shear.  Computer  simulations  of  the 
acoustic  propagation  paths  indicate  that  wind  acting  on 
the  transmitter  and  receiver  beams  causes  slight  mea- 
surement biases  for  each  of  the  three  wind  components. 
The  bias  is  proportional  to  the  magnitude  of  the  wind 


along  a  given  leg.  When  three  legs  are  used  to  calculate 
the  total  wind,  the  biases  tend  to  cancel  because  of  the 
symmetry  of  the  three  receivers.  However,  when  only 
two  legs  are  used,  the  symmetry  disappears  and,  depend- 
ing on  the  wind  direction,  the  biases  may  become  cumu- 
lative resulting  in  the  observed  profile  discontinuity. 
Work  is  currently  under  way  to  develop  correction  fac- 
tors that  would  eliminate  the  biases  along  each  leg. 

4.  Summary  and  conclusions 

The  acoustic-microwave  radar  concept  tested  at  Dulles 
was  selected  because  the  associated  technologies  had 
been  developed  to  the  point  where  implementation  as 
an  operational  test  system  was  feasible  within  a  rela- 
tively short  time  frame.  The  inherent  limitations  of  an 
acoustic  system  coupled  with  the  high  cost  of  installation 
cast  doubt  on  the  ultimate  usefulness  of  acoustic  Dop- 
pler  systems  at  airports.  Although  the  cost  might  be  re- 
duced for  production  models,  limitations  such  as  those 
caused  by  high  surface  winds  still  must  be  assessed  to 
determine  the  frequency  of  occurrence  of  limiting  con- 
ditions when  wind  shear  is  present.  For  operational  ap- 
plications, the  need  for  a  microwave  radar  in  conjunc- 
tion with  the  acoustic  system  will  remain  essential  unless 
unforeseen  developments  in  signal  processing  or  antenna 
design  take  place.  Second-generation  systems  using  clear- 
air  lidar  (Huffaker  et  ah,  1976)  or  FM-CW  microwave 
radar  (Chadwick  et  nl.,  1976)  have  the  potential  to 
monitor  winds  directly  along  the  takeoff  and  approach 
paths.  Even  though  these  techniques  are  promising,  their 
operational  implementation  is  still  several  years  away. 

Meanwhile,  preliminary  results  of  tests  at  Dulles 
demonstrate  the  feasibility  of  using  the  dual-sensor  sys- 
tem   for    large-scale    wind    shear    detection.    Comparing 


Fie.  9.  Surface  streamlines  for  wind  shear  event. 
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Fk;.  10.  Percentage  of  time  during  which  acoustic- 
microwave  radar  system  provided  reliable  wind  estimates  at 
the  various  measurement  heights. 

BLP  with  acoustic  wind  measurements  and  acoustic  with 
microwave  radar  wind  measurements,  we  find  agreement 
within  ±lms"'  (speed)  and  ±20°  (direction).  The  sys- 
tem has  detected  and  monitored  shear  during  typical 
shear-producing  events.  Analysis  of  archived  data  shows 
excellent  correlation  between  system-monitored  wind 
shears  and  frontal  passages  and/or  pilot-reported  shears. 

Results  of  the  initial  test  effort  have  supported  our 
belief  in  the  utility  of  the  vertical  profiling  concept. 
Excellent  agreement  between  the  microwave  radar  and 
acoustic  systems,  which  sensed  volumes  that  were  sepa- 
rated by  several  kilometers,  indicates  that  under  shear 
conditions  the  assumption  of  horizontal  homogeneity  of 
the  wind  field  over  the  airport  region  is  reasonable. 
Transitions  between  wind  profiles  taken  by  the  acoustic 
and  microwave  radar  systems  at  the  beginning  and  cessa- 
tion of  precipitation  have  been  smooth  and  continuous. 

The  optimum  form  of  presentation  of  the  system  wind 
information  remains  to  be  determined.  Examination  of 
profiles  derived  from  archived  data  has  shown  that  a 
meteorologist  observing  winds  measured  by  the  system 
during  a  frontal  passage  could  make  a  reasonable  judg- 
ment in  real  time  regarding  the  elevation  and  magni- 
tude of  shear.  However,  use  of  a  meteorologist  as  the 
"alarm"  would  place  an  exorbitant  responsibility  on 
individual  judgment,  in  addition  to  being  generally 
inefficient  because  of  the  necessity  of  having  personnel 
constantly  available  for  profile  monitoring.  Because 
large-scale  wind  shear  occurs  only  a  very  small  per- 
centage of  the  time  (Grossman  and  Beran,  1975),  a 
dedicated  monitor  would  be  inefficient. 

Shear  alerts  could  also  be  automated.  However,  before 
this  can  be  accomplished,  it  is  essential  to  develop  a 
comprehensive  definition  of  hazardous  wind  profiles. 
The  criteria  should  be  defined  such  that  any  conceivable 
shear  profile  is  detected,  while  the  probability  of  false 
alarm  approaches  zero.  As  an  indication  of  the  required 
degree  of  false  alarm  rejection,  consider  a  system  capable 
of  measuring  an  average  wind  profile  every  6  min.  The 
corresponding  probability  of  false  alarm  of  1%  produces 
an    erroneous   warning   once   every    10  h,    which    is   ob- 


viously unacceptable.  Work  on  hazardous  shear  defini- 
tion is  currently  under  way  (Fichtl,  1972)  and  may  result 
in  a  better  understanding  of  the  relative  dangers  asso- 
ciated with  various  wind  profiles.  Research  relating  ex- 
treme wind  shear  to  the  capabilities  of  various  types  of 
aircraft  must  be  completed  before  detection  and  warn- 
ing systems  can  be  fully  automated. 

The  additional  tests  now  being  conducted  by  the  FAA 
should  resolve  a  number  of  unanswered  questions.  The 
extent  of  limitations  resulting  from  susceptibility  to 
surface-wind-generated  noise  under  potential  shear  con- 
ditions is  critical  in  determining  the  eventual  usefulness 
of  this  system.  A  study  of  the  climatology  associated  with 
large-scale  shear  to  determine  the  expected  frequency  of 
occurrence  of  conditions  that  degrade  system  perform- 
ance should  be  performed.  Continued  testing  will  be 
needed  to  evaluate  this  and  other  aspects  of  system  per- 
formance under  a  wide  variety  of  meteorological  condi- 
tions. 

Complete  protection  against  the  hazard  of  low-level 
wind  shear  also  must  include  a  method  of  monitoring 
gust  front  motion  and  severity.  The  Dulles  system  in- 
cludes this  feature  in  the  form  of  an  array  of  pressure 
sensors  that  can  detect  gust  front  passage.  The  com- 
panion paper  by  Bedard  et  al.  (1977)  describes  this  por- 
tion of  the  system  and  shows  data  from  an  event  that 
was  first  detected  by  the  pressure  sensors  and  then  by 
the  acoustic-microwave  radar  system. 
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1. 


INTRODUCTION 


A  recent  analysis  by  a  National  Academy 
of  Sciences  Panel  has  shown  that  the  accuracy  and 
temporal  range  of  current  numerical  weather  pre- 
dictions are  limited  by  the  relatively  wide  sep- 
aration of  upper  air  data  points  in  space  and 
time.   This  limitation  is,  of  course,  particularly 
severe  over  the  oceans  and  other  data- sparse 
regions,  but  it  is  also  limiting  over  the  United 
States,  where  radiosonde  measurements  are  made 
once  every  twelve  hours  at  points  an  average  of 
approximately  350  km  apart.   Preliminary  analyses 
presented  here  indicate  that  satellite-borne 
Doppler  lidar  systems  should  be  able  to  measure 
wind  profiles  around  the  globe  with  greatly 
improved  spatial  and  temporal  resolution.   By 
obtaining  global  information  on  the  horizontal 
velocity  field  as  a  function  of  height  in  the 
atmosphere,  one  is  adding  a  fundamental  and  extra- 
ordinarily important  new  dimension  to  satellite 
meteorology,  since  the  velocity  field  is  the  most 
important  single  unknown  not  currently  available 
from  the  satellites.   The  addition  of  such  data, 
therefore,  holds  great  promise  for  improved 
meteorological  research  and  services. 

Our  space  exploits  over  the  past  several 
years,  especially  in  the  area  of  meteorological 
satellites,  have  helped  to  produce  a  better 
understanding  of  the  general  atmospheric  circula- 
tion.  In  particular,  we  can  now  visualize 
entire  synoptic-scale  motions  as  observed  by 
satellite  cameras  and  traced  by  clouds.   Quanti- 
tative measurements  from  space  of  important 
atmospheric  parameters  such  as  winds,  temperature, 
and  moisture  have  been  far  more  difficult  to 
achieve,  and  represent  one  of  the  major  unconquered 
frontiers  in  satellite  meteorology  (Grantham 
et  al.,  1975;  Hasler  et  al.,  1975).   Radiometric 
methods  hold  considerable  promise  for  tempera- 
ture and  possibly  moisture  soundings  from  space, 
but  truly  quantitative  wind  measurement  has 
eluded  most  past  efforts.   In  some  cases  one  can 
infer  the  wind  fields  from  cloud  motions  (Johnson, 
1973)  and  sea  states  observed  from  space.   These 
methods  are  significant,  but  clearly  limited, 
because  they  cannot  provide  measurements  of  the 
total  global  wind  field  throughout  the  depth 
of  the  troposphere. 

New  remote  sensing  techniques  using 
lasers,  coupled  with  technological  advances 
in  laser  hardware,  hold  real  promise  for  achieving 
global  tropospheric  wind  measurements  from  a  space 
platform.   Resulting  from  a  development  effort  for 
such  a  system  we  would  also  expect  to  see  ground- 
based  systems  for  mesoscale  observation  and  re- 
search, and  aircraft-mounted  systems  for  aerial 
reconnaissance  and  support  of  large  meteorological 
experiments  such  as  the  First  Global  GARP  Experi- 
ment (l-'GGF.)  .   The  development  of  coherent  laser 
Doppler  systems  has  made  such  a  remarkable  mea- 
surement capability  appear  feasible.   The  good 
spatial  and  velocity  resolutions  inherent  with 
coherent  Doppler  systems  lend  themselves  to  the 


detailed  study  of  the  earth's  wind  field.   This 
paper  explores  the  feasibility  of  such  measure- 
ments and  attempts  to  identify  the  major  problem 
areas  that  need  to  be  attacked  before  a  successful 
satellite-borne  system  is  a  reality. 

2.  HISTORY 

Coherent  C02  lidar  (optical  radar)  sys- 
tems were  developed  in  1968  for  the  measurement  of 
atmospheric  wind  velocity  (Huffaker,  1970).   Only 
limited  use  of  these  systems  has  been  made  for 
actual  wind  measurement.   Both  continuous  wave 
(CW)  and  pulsed  CO  coherent  lidar  systems  have 
achieved  accurate  remote  wind  measurements 
(Huffaker,  1974-75).  The  CW  system  obtains  range 
information  by  using  an  optical  depth  of  focus 
effect  which  limits  its  useful  range  to  <  1  km  for 
most  optical  configurations.   Range  resolution  for 
the  CO.,  pulsed  system  is  determined  by  the  pulse 
length.  The  CW  CO.,  coherent  lidar  systems  have 
compared  well  with  other  types  of  wind  sensing 
systems  and  have  been  used  experimentally  for 
tracking  and  measuring  the  properties  of  aircraft 
trailing  vortices  at  airports  (Huffaker,  1975). 

The  theoretical  performance  of  coherent 
CO.  lidar  systems  has  been  analyzed  by  Sonnenschein 
and  Horrigan  (1971),  by  Siegman  (1966)  and  by 
Biernson  and  Lucy  (1963).   The  experimental  veri- 
fication of  coherent  CO  systems  performance 
has  been  reported  by  Teich  et  al.  (1966),  Brandewie 
and  Davis  (1972)  and  Huffaker  et  al.  (1975).   The 
coherent  CO.  lidar  systems  were  calibrated  against 
standard  scattering  targets  and  the  overall  sys- 
tems efficiency  determined  (Huffaker  et  al., 
1975). 

A  pulsed  CO  coherent  lidar  system  was 
developed  in  1968-1970  by  NASA.   Later  tests, 
including  flights  on  the  NASA  Convai r  990  during 
August  1972  and  January  1973,  (see  figure  1 
showing  aircraft  mounting)  confirmed  the  feasi- 
bility of  using  a  pulsed  CO.,  lidar  system  for 
atmospheric  wind  velocity  measurement.   The  ex- 
tensive testing  of  the  CW  coherent  lidar  system 
specifically  for  wind  velocity  measurement  and 
wake  vortex  tracking,  and  the  feasibility  demon- 
stration of  the  pulsed  CO   lidar  system,  lend 
strong  support  to  the  concept  of  using  a  pulsed 
CO?  coherent  lidar  system  for  operational  airborne 
and  satellite  based  wind  field  measurements. 

3.  SYSTEM  DESCRIPTION 

The  basic  C0?  coherent  lidar  system 
consists  of  a  very  stable  single  frequency  CO 
laser,  a  Mach-Zehnder  interferometer,  transmit- 
receive  optics,  an  infrared  detector,  a  velocity- 
frequency  analyzer,  and  a  data  processor  and 
display.   The  pulsed  system  utilizes  a  modulator 
to  achieve  the  desired  pulse  length  and  range 
resolution,  and  a  laser  amplifier  to  achieve  the 
required  laser  energy.   The  laser  beam  is  directed 
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Figure   1. 
CV-990. 


Pulsed  COp  coherent  lidar  aboard  NASA 


optically  to  the  point  of  interest  in  the  atmosphere. 
The  aerosol  particulates,  present  in  the  lower 
atmosphere,  scatter  some  of  the  transmitted  radia- 
tion in  all  directions  and,  since  the  particles 
move  with  the  atmosphere,  the  frequency  of  the 
scattered  light  is  Doppler  shifted  from  the  fre- 
quency of  the  transmitted  beam.   Receiving  optics 
collect  the  backscattered  radiation  and  direct  it 
onto  an  infrared  detector  where  it  is  mixed  with 
a  small  portion  of  the  original  beam.   The  total 
radiation  seen  by  the  detector  fluctuates  at  a 
beat  frequency  that  is  proportional  to  the  radial 
component  of  the  wind  velocity  at  the  point  of 
interest. 


Figure  3.      Exterior  view  of  aircraft  pod  for  C0„ 
pulsed  lidar. 

CV-990  with  the  CC>  pulsed  system  on-board. 
The  laser  beam  exits  through  the  pod  seen  above 
the  engine  nacelle.   The  pod  incorporates  a 
germanium  window  35.6  cm  (15  in)  in  diameter. 
The  telescope  (see  Fig.  1)  is  in  the  foreground 
and  protrudes  through  the  airplane  into  the  ex- 
ternal pod.   The  system  was  shock-mounted  and  the 
critical  components  insulated  against  noise  and 
vibration.   In  figure  4,  the  photographs  of  typical 
display  outputs  taken  during  the  flights  show  the 
intensity  velocity  display  at  a  time  of  negligible 
turbulence  and  a  range-velocity  display  when  a 
wind  shear  was  present  ahead  of  the  aircraft.   For 


The  pulsed  CO  coherent  lidar  system 
shown  in  figure  1  uses  a  small,  very  stable,  CW, 
master  oscillator  laser.  This  low-power,  stable 
laser  energy  is  gated  into  variable  pulse  lengths 
by  a  Gallium  Arsenide  Modulator.   The  pulses  then 
enter  a  power  amplifier  chain  and  are  amplified 
from  approximately  10  W  per  pulse  to  5  kW  per 
pulse  (figure  2) . 


irnenstlv - VeiDCity  Display 


*Wind  Speed  Restive  to  Arcaf- 


Range- Velocity  Display  During  6 

Flight  Over  Dust  Storm 


Range  in  Nautico!  Miles 
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Figure  4.      Samples  of  output  displays  for  CO , 
pulsed  lidar. 


Figure  2.      Schematic  diagram  for  pulsed  CO* 
coherent   lidar  system. 

The  main  transmitter  characteristics 
are:   a  wavelength  of  10.6  urn,  a  pulse  length  of 
1-10  us,  a  pulse  rate  of  140-160  pulses  per 
second,  a  peak  power  of  5  kW,  an  average  power  of 
3  W,  and  an  optics  diameter  of  30.5  cm  (12  in). 
Figure  3  shows  an  exterior  view  of  the  Ames 


a  selected  range,  the  intensity  velocity  display 
shows  the  momentary  velocity  distributions  from 
the  filter  bank.  The  signal  intensity  distribu- 
tion forms  a  sharp  peak  and  is  a  measurement  of 
the  wind  speed  relative  to  the  aircraft.   When  the 
system  is  directed  straight  ahead,  this  speed 
corresponds  to  the  true  airspeed  of  the  aircraft 
at  close  range. 
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The  results  of  the  existing  pulsed 
system  as  reported  by  Huf faker  (1974-75)  have 
demonstrated  the  feasibility  and  potential  of 
pulsed  CO   lidar  systems  for  long  range  wind 
measurements. 

4.        FEASIBILITY  CONSIDERATIONS  FOR  SATELLITE 
GLOBAL  WIND  MONITORING 

Several  critical  parameters  affect  the 
performance  of  a  pulsed  coherent  infrared  lidar 
global  wind  monitoring  system.   Some  of  these  are 
the  system  signal-to-noise,  aerosol  size  and 
number  density,  and  scanning  techniques.   The 
following  is  a  brief  analysis  of  these  crucial 
parameters  as  well  as  eye  safety  to  give  an  indica- 
tion of  overall- feasibility. 

4.1       Signal-to-noise:   The  power  signal-to- 
noise  ratio  for  a  pulsed  coherent  lidar  system 
focused  at  a  range  R,  is 


S/N 


H  nJno  ct  „2 
o u_ 

32  hv    „2 


-2uR 


where 

n  =  systems  efficiency  =  0.10; 
o    '  ' 

n.  =  detector  efficiency  =  0.30; 

J  =  transmitted  energy  =  1-10  Joules; 

3  =  no  =  backscatter  cross  section  at  10.6  u 
in  units  of  m~l ; 

D  =  optics  diameter  =  1  meter; 

-2uR       .  , 

e     =  round  trip  atmospheric  transmission 

loss  (assumed  to  be  5  dB) ; 

hv  =  Planck's  constant  x  frequency  of 

the  radiation  =  1.9  x  10~20  Joules; 

R  =  range  =  200  and  400  km; 

c  =  velocity  of  light,  m/s; 

t  =  pulse  length,  sec. 

For  a  pulse  length  of  8  us,  an  optics  diameter  of 
1  m,  a  transmitted  energy  of  10  Joules,  a  6 
value  of  10~8m-l  and  a  range  of  400  km,  the  ex- 
pected power  signal-to-noise  ratio  per  pulse  is 
14  dB. 

For  a  range  of  200  km,  which  is  typical 
of  a  low-orbit  Spacelab  mission,  the  expected 
system  signal-to-noise  ratio  per  pulse  for  the 
parameters  listed  above  is  equal  to  20  dB.   For 
a  range  of  200  km  and  a  value  of  the  backscatter 
coefficient  B  of  1.0  x  lO'^m-l  the  resulting 
signal-to-noise  ratio  is  10  dB.   Figure  5  shows 
how  the  expected  signal-to-noise  ratio  of  the 
system  depends  on  the  backscatter  cross-section 
B  for  two  values  of  transmitted  energy.   These 
calculations  indicate  that,  with  state-of-the-art 
system  parameters,  the  pulsed  CO.  coherent  lidar 
mounted  in  a  satellite  would  have  a  sufficient 
signal-to-noise  ratio  for  backscatter  cross-section 
values  as  low  as  1.0  x  lO'^m'l.   With  the  optimi- 
zation of  system  parameters,  even  smaller  B  values 
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Figure  5.      Signal-to-noise  ratio  for  pulsed  CO „ 
coherent  lidar  satellite  system. 

could  be  detected.   A  backscatter  coefficient  of 
B  =  1.0  x  10""m~l  corresponds  to  a  density  of 
approximately  3  particles  per  liter,  with  index 
of  refraction  that  of  spherical  water  droplets, 
having  an  average  diameter  of  2.0  urn.   The  index  of 
refraction  of  spherical  water  droplets,  for  10.6  urn 
radiation,  is  well  established.   The  B  value 
corresponding  to  silica  particles,  which  are  the 
expected  ones  to  occur,  is  a  factor  of  10  greater 
than  that  for  water  droplets.   Using  the  B  values 
for  silica-type  particles  increases  the  signal-to- 
noise  ratio  in  the  above  cases  by  10  dB. 

4.2       Aerosol  density 

Uncertainties  exist  concerning  the  perfor- 
mance of  a  satellite-based  pulsed  CO.,  Doppler  lidar 
under  conditions  of  very  clear  atmosphere  and  also 
conditions  of  very  dense  clouds.   The  signal-to-noise 
ratio  analysis  showed  the  feasibility  of  measuring 
atmospheric  winds  from  a  range  of  200  km  for 
B  >    1.0  x  10"°m~l.   The  amount  of  data  available  ot 
number  density  and  size  distribution  of  strato- 
spheric aerosols  is  very  limited.   The  available 
data  on  stratospheric  aerosols  must  be  analyzed  and 
related  to  the  pulsed  CO.,  Doppler  lidar  performance. 
Several  investigators  have  studied  tropospheric 
aerosols.   Their  data  from  several  sources  indi- 
cate that  3  particles  per  liter  is  a  very  conserva- 
tive value.   If  the  particles  were  of  a  silica  or 
Tektite-like  composition  the  number  of  particles 
necessary  to  give  sufficient  signal-to-noise 
ratio  would  be  only  0.3  per  liter.   These  density 
values  must  be  carefully  related  to  the  available 
data  on  global  aerosol  distributions  to  allow  the 
proper  system  parametric  trade-off  analysis  to  be 
performed. 
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The  performance  of  pulsed  CO.  Doppler 
lidar  systems  in  clouds  is  relatively  untested. 
Only  limited  experimental  data  exists;  however, 
several  investigators  have  developed  theoretical 
models  of  CO,  transmission  in  clouds  and  rain 
(Carrier  et  al.,  1967;  Rensch  and  Long,  1970). 
Past  measurements,  with  an  existing  system, 
indicated  that  22  km  of  cirrus  and  5  km  of 
cumulus  clouds  were  penetrated.   Figure  6  shows 
the  backscatter  signal  intensity  as  a  function  of 
time  and  displays  the  return  from  the  second 
cumulus  cloud  transmitting  through  the  first 
one.  The  performance  of  a  more  sophisticated 
system  as  envisioned  here,  through  clouds,  must 
be  determined  by  thorough  analyses,  and  by  ground 
and  flight  verification  tests. 


&^S£>  ■• 


From  Flights  August  1972 


Figure  6.      Doppler  signal  strength   looking 
through  a  cumulus  cloud. 

Particle  sampling  equipment  was  operated 
by  I.  H.  Blifford,  Jr.  of  NCAR  on  the  Ames  CV  990 
for  2  months  during  the  pulsed- laser  system  flight 
tests.  These  tests  were  conducted  over  the 
ocean,  desert  areas,  and  the  central  United  States 
and  covered  altitudes  up  to  12  1/2  km.  The  parti- 
culate number  density  and  size  distribution  were 
measured  and  the  backscatter  cross- sections  were 
calculated  for  a  worst-case,  in  which  the  particles 
were  assumed  to  be  water  droplets.   The  8  values 
varied  from  3.0  x  10"7  to  5.0  x  lO^m"1.  The 
5.0  x  10~9m-l  value  corresponded  to  15  particles/ 
liter  with  an  average  size  of  2  u.  This  low  value 
occurred  in  only  1  sample  time  during  the  2-month 
period.   On  previous  flights,  Blifford  (1970)  and 
De  Luisi  (1972)  reported  minimum  particle  densities 
in  over  288  different  measurements  collected  over 
Scottsbluff,  Nebraska,  the  Pacific  Ocean,  and 
Death  Valley.   The  lowest  value  of  8,  calculated 
for  these  particle  number  densities  and  size  distri- 
butions, when  the  worst-case  index  of  refraction  of 
water  was  assumed,  was  3.8  x  10~"m~l.   Even  with 
the  very  conservative  estimates  of  8,  the  signal- 
to-noise  ratio  of  the  pulsed  coherent  lidar 
appears  sufficient  for  satellite-borne  global  wind 
measurements. 


4.3 


Eye  safety 


pulsed  coherent  lidar  system  is  several  orders  of 
magnitude  below  safety  limits.   The  eye-safety 
standard  published  by  ANSI  and  the  Dept .  of  the 
Army  Tech.  Bulletin  TB-MED-279  gives  the  following 
information:   For  wavelengths  between  1.4  and 
1000  u,  and  for  exposure  times  between  10" 7  and 


io- 


sec,  the  maximum  permissible  exposure  (MPE) 


is  given  by  the  following  expression 


(MPE) 


.  _,   1/4       .2 

0. 56  t    Joules/cm 


where    t  =  pulse  length  =  10  us. 

For  the  C0?  pulsed  coherent  lidar,  the  maximum 
permissible  exposure  (MPE)  is  0.03  Joules/cm  . 
The  system  must  be  designed  such  that  the  power 
density  is  less  than  0.03  Joules/cm2. 

The  actual  power  density  that  would  be 
incident  on  the  earth's  surface  from  the  pulsed 
CO.  system  in  a  200  km  orbit,  is  determined  as 
follows:   The  pulse  energy  proposed  in  the  pulsed 
coherent  lidar  system  is  a  maximum  of  10  Joules. 
The  diameter  of  the  beam  at  the  earth,  a  range  of 
200  km,  for  a  1-m  optical  telescope  is  2  meters. 
The  cross  sectional  area  is  31,400  cm2.   The 
energy  density  = 


10  Joule            -3  Joules 
— j   =  0.32  x  10   =— 

31,400  cm'  cm 


Because  of  the  long  wavelength  and  large 
telescope  diameter,  the  power  density  from  the 


This  value  is  a  factor  of  100   lower  than  the  _ 
maximum  permissible  exposure  of  0.03  Joules/cm  . 

4.4       Pointing  accuracy  required 

Because  of  the  very  high  orbital  veloci- 
ties and  the  requirement  to  measure  winds  very 
accurately  (y   1  m/s),  there  would  be  stringent 
requirements  on  the  satellite  pointing  accuracy. 
Consider  the  following  possible  conditions; 

-  Orbital  velocity  ^  9000  m/s. 

-  Beam  look  angle  is  45°  from  the  vertical. 

-  The   Doppler   shift    is   approx.    1.3  GHz. 

-  The  wind  is  blowing  1  m/s  near  the  ground 
and  the  resulting  frequency  shift  from  the 
the  air  is  ^  141  kHz. 

If  the  air  is  stationary,  the  change  in  the 
pointing  angle  that  produces  a  change  in  the 
1.3  GHz  Doppler  shift  of  141  kHz  is  ^  0.005°. 

As  an  example,  the  NASA  Spacelab  Payload 
Accommodation  Handbook  gives  the  accuracy  of  the 
pointing  information  available  to  be  20  arc- 
seconds  or  0.0055°.   The  positive  control  point- 
ing accuracy  requirements  for  the  wind  measuring 
task  are  much  less.  The  actual  positive  control 
value  available  on  the  NASA  Spacelab  is  ±  0.1°/ 
axis,  which  should  be  sufficient  to  ensure  the 
proper  investigative  area. 

The  pointing  accuracy  described  would  be 
required  only  when  the  pulsed  coherent  lidar 
system  was  not  observing  a  ground  return.  The 
ground  return,  which  is  expected  to  be  present 
most  of  the  time,  when  compared  with  the  known 
orbital  velocity,  would  provide  the  correct  angle 
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very  accurately.  The  system  is  expected  to  see 
the  ground  at  times  when  heavy  cloud  cover  is  not 
present.  The  extent  to  which  the  system  is 
expected  to  see  through  clouds  needs  to  be  ana- 
lyzed in  more  detail. 


5. 


5.1 


POTENTIAL  PROBLEMS 

Scanning  modes  for  airborne  and 
satellite  application 


Air  velocity  is  a  vector  quantity,  but 
current  Doppler  radar  techniques  measure  only  one 
component  of  that  velocity,  specifically,  the 
radial  component,  along  the  beam.   Therefore,  to 
define  the  full  velocity,  measurements  are  re- 
quired of  the  radial  velocity  components  of  a 
given  volume  from  three  different  directions.   If, 
as  is  often  the  case,  the  vertical  velocity  can  be 
ignored,  then  two  measurements  of  each  volume, 
preferably  from  widely  different  directions,  will 
be  required.   The  problem  of  how  best  to  acquire 
such  data  from  a  single  moving  platform,  by 
interrogating  each  volume  from  different  points 
along  the  path,  is  a  major  one  and  warrants  con- 
siderable study.  The  scanning  concepts  for  the 
airborne  and  satellite  system  should  be  similar 
for  looking  in  the  downward  direction.   Scanning 
techniques  already  in  use  with  ground-based 
microwave  dual  Doppler  radar  can  be  adapted  for 
use  by  a  system  on  a  moving  platform.   Here 
two  remotely  located  Doppler  radars  measure 
simultaneously  two  of  the  three  velocity  com- 
ponents as  a  function  of  position  in  the  mea- 
surement volume.   Since  wind  velocities  are 
small  compared  with  the  speed  of  sound  we  can 
assume  an  incompressible  atmosphere  and  then 
generate  the  third  velocity  component  by  inte- 
gration of  the  continuity  equation.  This  method 
assumes  the  boundary  condition  that  the  vertical 
velocity  is  0  at  the  surface.   The  motion  of  the 
aircraft  or  satellite  allows  several  look-angles 
thus  providing  the  two-dimensional  planes  of 
velocity  information  from  which  the  wind  field 
can  be  constructed  (Figures  7  and  8).   Another 
scan  technique  that  is  well  established  in  both 
microwave  and  laser  Doppler  radar  systems  is  the 
Velocity-Azimuth  Display  (VAD) .  Here,  the  hori- 
zontal gradients  in  the  wind  vector  are  assumed  to 
be  small.   The  system  scans  in  azimuth,  at  a 
constant  elevation  and  from  the  Doppler  velocity 
information  obtains  a  measure  of  the  horizontal 
wind  vector. 


Figure  8.      Concept  for  aircra  ft  -mounted  pulsed 
CO „  lidar  for  tropospheric  wind  profiles. 
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CONCLUSIONS  6  POTENTIAL  APPLICATIONS 


Figure   7.      Concept  for  satellite-mounted  pulsed 
C0„   lidar  for  global  wind  measurements. 


The  preliminary  calculations  presented 
in  this  paper  and  limited  tests  indicate  that 
atmospheric  wind  measurements  with  CO.  lidars  are 
possible.   Although  an  extensive  aerosol  climatology 
throughout  the  depth  of  the  troposphere  and 
stratosphere  is  not  yet  available,  the  results 
from  limited  samplings  are  encouraging  and  suggest 
that  a  laser  system  could  at  least  achieve  a  high 
percentage  of  the  desired  complete  wind  measuring 
capability.  Cloud  penetration  capability,  another 
potential  limiting  factor,  is  also  not  clearly 
established,  but  if  the  worst  case  of  wind  measure- 
ments in  the  clear  air  only,  could  be  achieved, 
it  would  be  a  major  contribution  to  our  present 
sensing  capability. 

Studies  are  in  progress  at  NOAA-WPL 
to  determine  the  overall  systems  design  of  ground- 
based  and  airborne  pulsed  C0_  lidar  wind  measur- 
ing systems.  The  result  of  these  studies  are 
expected  to  answer  some  of  the  questions  raised 
in  this  paper. 

The  successful  development  of  a  CO. 
pulsed  lidar  wind  measuring  system  would  have 
major  impact  on  the  study  and  observation  of  all 
scales  of  atmospheric  motion.   An  urgent  need 
exists  for  a  remote  wind  sensor  that  can  scan 
over  a  large  area  and  detect  wind  shear  conditions 
at  airports.   First  generation  wind  shear  detec- 
tion systems  (Beran  et  al . ,  1976)  lack  the 
ability  to  scan  and  must  rely  on  supporting 
ground  measurements  to  achieve  complete  airport 
wind-shear  surveillance.  The  ability  to  scan 
in  a  preprogrammed  mode  is  easy  to  achieve  through 
the  use  of  rather  simple  and  compact  optics.  This 
coupled  with  the  expected  range  capability  of 
approximately  20  km  in  the  earth's  atmospheric 
boundary  layer  make  the  pulsed  CO-  lidar  a  prime 
candidate  for  use  as  a  second  generation  airport 
wind  shear  monitoring  system.  A  single  scanning 
pulsed  CO.  lidar  centrally  located  at  an  airport  is 
envisioned  in  Figure  9.  This  system  could  detect 
a  component  of  wind  shear  both  along  approach  and 
departure  paths  and  the  dangerous  conditions  asso- 
ciated with  thunderstorm  gust  fronts. 

While  airport  wind  shear  is  an  immediate 
and  urgent  problem  that  may  be  solved  by  a  system 
such  as  that  described  above  one  should  not  over- 
look the  great  potential  of  this  measurement 
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capability  for  less  dangerous,  but  still  important 
mesoscale  meteorological  applications.  Short 
range  weather  forecasts,  ranging  from  now-casts  up 
to  a  few  hours  in  duration  are  an  important  ele- 
ment in  airport  operations.   A  major  limiting 
factor  in  making  better  short-range  mesoscale 
forecasts  is  the  lack  of  observations  on  this 
scale.  Contrasting  the  present  single  ground-based 
anemometer  and  a  twice  daily  wind  profile  with  a 
system  which  can  continuously  define  the  wind 
field  out  to  20  km  through  a  depth  of  2  km  gives 
one  a  picture  of  the  vast  potential  of  this  ob- 
servational system.  Now-casts  and  short  term 
forecasts  cannot  help  being  improved  if  the 
meteorologist  has  this  ability  to  define  his 
immediate  wind  environment.  Such  observational 
ability  should  also  help  to  solve  the  wake  vortex 
avoidance  problems.   It  is  known  that  wake  vortices 
are  strongly  influenced  by  low  level  winds  and  the 
present  solution  to  the  problem  is  to  construct 
conventional  meteorological  towers  near  the  air- 
port approach  paths.  The  pulsed  CO.  lidar  not  only 
has  the  potential  for  measuring  these  winds, 
eliminating  the  need  for  costly  and  perhaps 
hazardous  towers,  but  it  would  also  be  able  to 
observe  the  position  of  the  vortices,  thus  veri- 
fying the  predicted  vortex  motion  based  on  ambient 
winds. 

The  need  for  wind  observations  is, 
of  course,  not'  limited  to  the  immediate  airport 
environment.   Wind  profiles  throughout  the  depth 
of  the  troposphere  in  regions  where  rawinsonde 
coverage  is  inadequate,  are  needed  for  certain 
operational  applications,  such  as  enhancing  the 
data  base  for  input  into  numerical  models.   In 
addition,  vertical  profiles  of  the  wind  form  a 
vital  part  of  the  data  base  for  research  activities 
such  as  FGGE. 

By  placing  the  system  on  an  aircraft, 
the  potential  of  the  concept  is  greatly  enhanced 
and  wind  profiles  above  and  below  the  vehicle 
as  depicted  in  Figure  8  become  feasible.   This 
application  would  revolutionize  present  weather 
reconnaissance  activities  and  support  for  such 
major  experiments  as  FGGE. 

Similarly,  airborne  systems  with 
different  scanning  techniques  (Figure  10)  could 
also  benefit  severe  storm  research  and  monitoring. 
This  type  of  installation  coupled  with  an  aircraft 
mounted  pulsed  Doppler  radar  would  be  capable  of 
defining  the  "in  cloud"  and  "clear  air"  wind  fields 
in  and  around  thunderstorms,  tornadoes  and 
hurricanes. 
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Figure  9.      Concept  of  an  airport  wind  shear 
surveillance  system  using  pulsed  CO-   lidar. 


v-- 

Figuve   10.      Concept  of  an  aircraft-mounted  pulsed 
CO.  lidar  for  severe  storm  wind  measurements. 

The  ultimate  application  remains  the 
satellite-mounted  pulsed  CO.  lidar  having  the 
capability  of  making  truly  global  wind  measure- 
ments throughout  the  depth  of  the  troposphere. 
This  concept,  depicted  in  Figure  7,  would  provide 
coverage  of  the  global  circulation  that  has  not 
previously  been  possible,  for  use  in  numerical 
prediction,  airline  operations,  and  atmospheric 
research. 

The  total  potential  capability  of  this 
single  instrument,  when  used  on  the  ground  or  on 
various  platforms,  is  clearly  exceptional.   Its 
successful  development  would  have  major  impact  on 
many  of  our  present  meteorological  activities, 
only  a  few  of  which  have  been  mentioned  here. 
Much  work  remains  to  be  accomplished  before  a 
final  proven  system  can  be  developed,  but  few 
modern  devices  have  held  such  great  promise 
not  only  in  their  ultimate  planned  application 
but  at  each  stage  of  their  development.   Even 
if  only  part  of  the  predicted  capabilities  are 
achieved  a  powerful  remote  sensing  tool  would 
become  available. 
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THE    BOULDER   ATMOSPHERIC   OBSERVATORY   —     A   FACILITY 
FOR   ATMOSPHERIC    RESEARCH   AND    INSTRUMENT   COMPARISON 


J.    C.    Kaimal 

1 .  INTRODUCTION 

A  new  facility  designed  to  serve  as  a  national  resource  for  atmospheric 
research  and  instrument  testing  is  now  being  constructed  by  the  Wave  Propaga- 
tion Laboratory  (WPL)  at  a  site  20  km  east  of  Boulder  Colorado.   Located  on 
gently  rolling  terrain,  the  facility  will  consist  of  an  instrumented  300-m 
tower,  remote  sensors  of  various  types  measuring  atmospheric  parameters,  and 
a  highly  interactive  computer  system  controlling  the  processing  and  display 
of  the  acquired  data.   The  Boulder  Atmospheric  Observatory  (BAO),  as  the 
facility  will  be  called,  is  to  lie  operated  in  collaboration  with  the  N.itional 
Center  for  Atmospheric  Research  (NCAR) ,  located  at  Boulder.   In  the  near 
future  the  Field  Observation  Facility  of  NCAR  will  be  moved  to  the  BAO  site. 
The  measurement  capability  of  the  BAO  will  then  be  augmented  through  the 
deployment  of  NCAR ' s  Portable  Automated  Mesonet  System  and  its  instrumented 
aircraft,  extending  the  range  of  the  tower  measurements  over  wider  horizontal 
and  vertical  scales.   This  paper  describes  the  BAO  tower,  the  instrumentation 
on  it,  and  its  potential  for  atmospheric  studies  and  for  testing  and  calibrating 
meteorological  sensors. 

2.  THE  TOWER  AND  ITS  SENSORS 

The  tower  will  be  a  guyed,  open-lattice  structure  of  galvanized  steel 
with  three  legs  spaced  3  m  apart.   A  two-man  elevator  internal  to  the  tower 
will  provide  access  to  the  eight  instrumented  levels.   A  movable  carriage  on 
one  side  of  the  tower  serves  as  a  sensor  platform  for  vertical  profiling  and 
Tor  measurements  at  any  desired  height  between  t lie  instrumented  levels. 

The  meteorological  sensors  at  each  level  will  be  mounted  at  t he  end  of 
booms  that  extend  5  m  from  the  tower.   The  tower  levels  chosen  for  instrumenta- 
tion are  the  eight  heights  shown  in  Fig.  1.  Atmospheric  parameters  measured 
at  each  height  are  indicated  in  the  sketch.  Both  mean  anil  fluctuating  components 
will  be  measured.   For  example,  the  three  wind  components  will  be  sensed  by 
sonic  anemometers  which  measure  the  absolute  wind  component  over  a  10-11: 
bandwidth.   Aspirated  quartz  crystal  t  hei  niomet  el  s  and  dew  poinl  hygi  ome  t  et's 
will  measure  mean  temperatures  and  dewpoints  at  each  level,  while  platinum 
wire  and  Lyman  u  sensors  will  measure  the  fluctuating,  component  of  tempera- 
ture and  humidity.   The  pressure  fluctuation  sensors,  designed  primarily  for 
detecting  gust  fronts  and  gravity  waves,  have  response  times  of  the  order  of 
1  sec.   The  incoming  solar  radiation  will  be  measured  with  a  standard  Eppley 
pyrhel iometer.   In  addition  to  those  indicated  in  Fig.  1,  sensors  for  mea- 
suring net  radiation,  soil  temperatures  and  soil  heat  fluxes  will  be  installed 
in  a  separate  location  close  to  the  tower. 

From  time  to  time  the  instrument  carriage  will  carry  such  special  sensors 
as  aerosol  impactors  and  spectrometers  or  a  duplication  of  sensors  at  the 
standard  heights,  depending  on  the  requirements  of  the  specific  experiment 
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being  conducted.   The  carriage  will  be  capable  of  carrying  loads  up  to  1200 
kg.   Details  of  the  telemetry  link  for  data  transfer  from  the  carriage  to  the 
ground  station  are  now  being  worked  out. 

3.    REMOTE  SENSORS 

Several  remote  sensors  will  operate  continuously  near  the  base  of  the  tower. 
A  triangle  of  laser  beams  centered  around  the  tower  will  measure  the  surface  wind 
convergence  at  the  site.   Three  acoustic  sounders  will  be  used  to  detect  the 
presence  of  stratified  layers  at  night  and  convectivc  plumes  and  capping  inver- 
sions during  the  day.   Acoustic  Doppler  techniques  will  also  be  utilized  to 
measure  wind  components  up  to  heights  of  BOO  in.   In  addition  we  will  have  a 
variety  of  new  remote  sensors,  such  as  those  listed  in  Table  1,  operating  at 
different  times  at  the  UAO  site. 


TAIJUi  1  : 
Technique  used 


TY 


'IN  Of  REMOTE  SENSORS  AVAILABLE  AT  WPL 
Measured  parameter  Comments 


1. 

Acoustic  sounder 

4 

(Monostatic) 

2. 

Acoustic  sounder 

2        2 
Cv'  CT 

(Bistatic) 

V     1 

3. 

Acoustic  sounder 

Wind  C< 

(Doppler,  bistatic) 

Pulse  Dual-Doppler 
Radar 


5.   FM-CW  Doppler  Radar 


6.  Microwave  Radiometry 
(Passive) 

7.  CW  Infrared  Laser 

8.  Optical  Scintillation 

9.  CW  Laser 

10.  Pulse  Laser 

11.  Starlight  scintillation 

12.  Infrared  Radiometry 
(Passive) 


Wind  velocities, 
variances,  covari- 
ances,  e 

Wind  velocities, 

2 

n 


Integrated  water- 
vapor  content 

Radial  wind 
component 

Cross  wind  com- 

2 
ponent,  C 

n 

Rainfall  rate 
Aerosol  concentration 

c2 

n 
Cloud  surface 
temperatures 


Effects  of  excess  attenuation 
not  fully  understood. 

Not  fully  tested. 

50-500  m.   Performance  depends 
on  atmospheric  conditions. 

Needs  chaff  or  precipitation 
for  long  ranges.  Processing 
requires  large  computer  time. 

Operates  in  clear  air. 
Assumptions  for  converting 
VAD  outputs  to  wind  components 
need  testing. 

Occasional  large  departures 
from  radiosonde  observations 
need  to  be  resolved. 

Resolution  degrades  with 
distance. 

Double-ended,  requires  trans- 
mitter (or  receiver)  at  the 
other  end. 


Range  2.5  km  to  tropopause. 
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4 .  DATA  ACQUISITION  AND  PROCESSING 

All  sensor  outputs  with  the  exception  of  the  carriage  sensors  will  be 
hardwired  to  the  data  acquisition  computer  at  the  RAO  site  through  analog-to- 
digital  converters  or  digital  interface  buffers,  depending  on  their  output 
characteristics.   Data  acquisition  will  be  under  software  control  with  the 
fast- response  sensors  sampled  10  times  a  second  and  the  slow-response  sensors 
once  every  10  sec.   Some  amount  of  real-time  data  processing  will  be  performed 
at  the  site  to  provide  essential  information  on  instrument  performance  and  some 
basic  atmospheric  parameters  such  as  surface  heat  flux,  Richardson  number,  and 
z/L,  but  all  information  will  be  transmitted  through  phone  lines  to  a  larger 
computer  system  at  our  laboratories  in  Boulder.   Here  the  information  will  be 
sorted  out  for  more  detailed  processing  and  analysis  (e.g.,  correlations,  FFT 
spectral  and  cospectral  computations,  higher  order  moments,  energy  budgets) 
in  real  time,  for  semipermanent  disc  storage  allowing  quick  retrieval  o\~   the  past 
work's  observations,  or  for  recording  on  magnetic  fane  for  archiving,   To  conserve 
tape  utilization  wc  plan  to  record  the  fast- response  data  less  frequently  than 
the  10-117.  sampling  rate,  filling  in  the  lost  high-frequency  information  with 
lS-min  averaged  spectral  and  cospectral  information.   Studies  to  determine  the 
optimum  time  interval  between  stored  data  samples  and  the  bandwidths  needed  in 
the  spectral  computation  are  now  in  progress. 

5.  OBJECTIVES 

The  original  and  principal  purpose  of  the  tower  is  to  provide  in  situ  veri- 
fication of  atmospheric  measurements  made  with  remote  sensors.   We  hope  that  as 
the  performance  of  the  remote  sensors  becomes  better  understood,  we  will  be  able 
to  extend  the  useful  range  of  our  measurements  beyond  the  300  m  limit  imposed  by 
the  tower  through  the  use  of  remote  sensors  in  conjunction  with  the  tower  sen- 
sors. The  BAO  could  serve  as  a  calibration  and  test  facility  where  instruments  of 
different  manufacture  can  be  compared  by  the  atmospheric  science  community  both 
in  the  United  States  and  abroad. 

In  addition  to  its  uses  for  remote  sensor  development  and  instrument  cali- 
bration, we  hope  to  carry  out  a  number  of  observational  studies  of  turbulence 
structure  and  dynamics  of  atmospheric  processes  in  the  micro  and  mesoscales, 
atmospheric  refractive  index  structure,  and  the  propagation  of  acoustic  and  E-M 
waves  in  turbulent  media.   We  are  eager  to  see  the  resources  of  the  BAO  fully 
utilized  and  will  welcome  the  opportunity  to  conduct  cooperative  experiments  with 
interested  groups. 
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REMOTE  SENSING  --  THE  OTHER  SIDE  OF  THE  COIN 

C.  Gordon  Little 

Wave  Propagation  Laboratory 

Environmental  Research  Laboratories 

National  Oceanic  and  Atmospheric  Administration 

Boulder,  Colorado  80302 

Introduction 

Propagation  measurements  in  the  lower  atmosphere  tend  to  be  con- 
ducted by  two  largely  separate  groups  of  workers  --  those  tele- 
communicators  who  need  quantitative  information  on  the  propaga- 
tion limitations  and  capabilities  of  the  medium  for  telecommuni- 
cation purposes,  and  those  atmospheric  scientists  who  use  obser- 
vations of  atmospheric  propagation  to  derive  information  on  the 
medium  itself.   These  two  activities  can  be  thought  of  as  being 
at  the  two  sides  of  a  single  coin  --  the  coin  being  the  inter- 
action of  electromagnetic  waves  with  the  atmosphere.   It  is  un- 
fortunate that  the  two  groups  are  so  separate,  for  often  results 
obtained  for  one  purpose  can  have  direct  relevance  to  "the  other 
side  of  the  coin."   In  recent  years,  there  has  been  considerable 
progress  on  the  remote  sensing  side  of  the  coin;  it  is  the  pur- 
pose of  this  paper  to  summarize  this  progress  and  discuss  its 
implications  to  local  weather  services. 

Ground- Based  Remote  Sensing  of  the  Lower  Atmosphere 

Before  discussing  the  current  status  of  ground-based  remote  sens- 
ing of  the  atmosphere,  it  may  be  appropriate  to  list  the  poten- 
tial advantages  of  remote  sensors.   These  include  the  fact  that 
the  data  are  conceptually  available: 

in  1,  2,  or  3  spatial  dimensions, 

without  the  use  of  towers,  balloons,  or  aircraft, 

with  excellent  continuity  in  space  and  time, 

with  excellent  resolution  in  space  and  time, 

over  a  wide  range  of  parameters, 

as  spatial  averages, 

using  systems  which  may  be  readily  automated. 

Any  one  of  these  advantages  might  justify  the  development  of  a 
particular  sensor;  the  combination  of  advantages  in  certain  cases 
provides  an  overwhelming  justification  for  the  development  and 
use  of  new  remote  sensors. 

The  present  status  of  ground-based  remote  sensing  of  the  primary 
meteorological  variables  of  wind,  temperature,  and  humidity  is 
summarized  in  Table  I.   Because  of  the  three-dimensional  nature 
of  the  atmosphere,  it  is  appropriate  to  differentiate  between, 
three  levels  of  capability  (a)  measuring  only  the  surface  value 
of  some  parameter,  (b)  the  ability  to  measure  the  mean  vertical 
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profile,  and  (c)  the  ability  to  measure  the  parameter  as  a 
function  of  position  in  three-dimensional  space.   Since  each 
parameter  typically  exhibits  small  random  fluctuations  in  time 
and  space,  we  need  to  be  concerned  with  the  ability  to  measure 
not  only  the  mean  value,  but  also  its  small-scale  variability. 
This  variability  is  usually  expressed  in  terms  of  its  structure 
constant,  which  may  be  thought  of  as  the  root-mean- square  dif- 
ference between  simultaneous  values  of  the  parameter  at  two 
points  unit  distance  apart.   Again,  the  structure  constant  may 
be  measured  only  at  the  surface,  or  as  vertical  profiles,  or  as 
full  three-dimensional  fields. 

The  vertical  fluxes  of  momentum,  heat,  and  water  vapor  are  of 
great  importance  to  meteorology.   These  result  primarily  from  the 
covariance  of  the  turbulent  components  of  vertical  velocity  with 
horizontal  velocity,  temperature,  and  humidity  respectively.  Once 
again,  these  vertical  fluxes  can  be  measured  just  at  the  surface, 
or  as  vertical  profiles,  or  as  full  three-dimensional  fields. 

In  Table  I,  a  number  is  used  to  denote  which  research  concepts 
have  exhibited  the  ability  to  make  that  particular  measurement. 
In  general,  however,  operational  hardware  suitable  for  routine 
use  is  not  yet  available.   The  oral  version  of  this  paper  will 
include  slides  illustrating  the  capabilities  of  active  or  passive 
radio  systems  to  measure  profiles  of  wind,  temperature,  and  hu- 
midity. 

We  see  from  Table  I  that,  in  the  research  mode,  it  is  possible  to 
measure  vertical  profiles  of  wind,  temperature,  and  humidity. 
Progress  has  been  especially  complete  in  the  case  of  wind  measure- 
ments, where  three-dimensional  measurements  of  mean  wind  and  tur- 
bulence have  been  reported,  and  three-dimensional  measurements  of 
momentum  flux  for  spatial  scales  larger  than  the  pulse  volumes 
are  implicit  in  the  Doppler  data.   At  the  moment,  these  capabili- 
ties do  not  exist  in  all  weather  conditions,  though  the  recent  de- 
monstration of  clear  air  microwave  and  infra-red  Doppler  radar 
capabilities  makes  wind  measurement  feasible  in  essentially  all 
weather  conditions.   The  passive  microwave  radiometric  measure- 
ment of  temperature  and  water  vapor  profiles  has  recently  been 
demonstrated  to  be  valid  under  cloudy  as  well  as  clear  sky  con- 
ditions, but  is  not  likely  to  be  applicable  in  rain. 

In  Table  II,  the  status  of  remote  sensing  of  precipitation,  and 
of  cloud  and  aerosol  particles  is  indicated.  Here  the  most  im- 
portant parameters  to  be  measured  are  the  three-dimensional  dis- 
tribution of  the  particles,  and  their  size  distributions;  in  the 
case  of  clouds  and  precipitation,  the  water-or-ice  phase  identi- 
fication is  important;  for  precipitation,  the  precipitation  rate 
is  also  meteorologically  important. 
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Remote  Sensing  --  A  Complementary  Approach  to  Short-Term  Local 
Weather  Forecasting 

The  above  status  report  indicates  that  continuous  information  on 
the  precipitation  field,  the  cloud  field,  and  the  velocity  field, 
around  an  observing  site  could  be  provided  by  using  a  combination 
of  sensitive  microwave  and  infrared  Doppler  radar  systems.   Opera- 
tional ranges  could  range  from  a  few  tens  of  kilometers  in  clear 
air,  to  greater  than  100  kilometers  in  precipitation.   In  addition 
(but  not  during  rain),  temperature  and  humidity  profiles  could  be 
monitored  using  a  multi-wavelength  microwave  radiometer  system; 
the  same  system  could  also  monitor  integrated  liquid  water  con- 
tent. 

Since  virtually  all  changes  in  weather  can  be  well  described  in 
terms  of  the  observed  changes  in  the  wind,  cloud,  and  precipita- 
tion fields,  this  immediately  suggests  that  remote  sensors  could 
be  used  to  continuously  and  automatically  observe  the  state  of 
the  atmosphere  over  an  urban  area  out  to  ranges  of  perhaps  100  kms. 
Recent  progress  in  data  processing  and  display  further  suggest 
that  it  would  be  possible  to  prepare,  and  disseminate  in  essen- 
tially real  time,  (using  a  dedicated  TV  channel)  "nowcasts"  or 
maps  of  the  present  state  of  the  atmosphere  over  the  area.  Simple 
extrapolation  techniques,  incorporating  the  effects  of  the  ad- 
vection  and  trends  observed  in  the  remote  sensing  data,  could 
then  be  used  to  prepare  and  issue  short-term  extrapolations  or 
forecasts  of  local  weather  conditions  for  the  next  two  or  three 
hours. 

Longer  term  (3-12  hour)  forecasts  would  require  meteorological  data 
from  outside  the  200  km  diameter  circle.   Fortunately,  these  are 
available  from  two  sources  --  geostationary  satellites,  and  the 
numerical  forecasts  of  the  National  Weather  Service's  National 
Meteorological  Center.   These  data,  plus  the  continuously  avail- 
able remote  sensing  data,  could  be  used  in  local  mesoscale  numeri- 
cal models  to  prepare  detailed  local  weather  forecasts  for  the 
3-12  hour  time  frame.   These  local  weather  forecasts  could  be 
much  more  accurate  and  detailed  than  the  present  NWS  forecasts, 
primarily  because  the  local  numerical  models  could  take  into 
account  local  topography  and  other  surface  features  which  are 
on  too  small  a  scale  to  be  incorporated  in  the  continental-scale 
NWS  models. 

A  program  to  establish  a  prototype  regional  observing  and  fore- 
casting service  (PROFS)  based  in  large  part  on  the  above  consi- 
derations is  now  being  discussed  within  the  Department  of 
Commerce.   If  successfully  implemented,  it  could  have  major 
impact  within  the  U.S.  on  short-term,  local  weather  services 
through  widespread  use  of  atmospheric  remote  sensing. 
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TABLE  I.   STATUS  OF  REMOTE  SENSING  OF  PRIMARY 
METEOROLOGICAL  VARIABLES 


Type  of  Measurement 

Wind 

Temp 

erature 

Surface  Values 

Mean 

1 

5 

Structure  constant 

- 

1 

Vertical  flux 

- 

1 

Vertical  Profiles 

Mean 

2,3,4 

6,7 

Structure  constant 

2,4 

8 

Vertical  flux 

2 

- 

3-D  Field 

Mean 

2 

- 

Structure  constant 

2 

- 

Vertical  flux 


6,9 


Measurement  System  Code 

1  Optical  scintillation 

2  Doppler  radar 

3  Doppler  lidar  (infra-red) 

4  Acoustic  Doppler 

5  Optical  time-of-flight 


6  Multi-channel  microwave 

radiometry 

7  Hybrid  radar-acoustic  system 

8  Monostatic  acoustic  sounder 

9  Differential  absorption  lidar 


TABLE  II.   STATUS  OF  REMOTE  MEASUREMENT  OF 
HYDROMETEORS  AND  AEROSOL 


Type  of  Measurement    Cloud  Particles 

Precipitation 

Aerosol 

Vertical  line  integral        1 

1 

2 

3-D  distribution             3 

4 

5 

Particle  size  distri- 

bution 

- 

- 

Phase  identification 
Precipitation  rate 


6 

3,7 


Measurement  System  Code 

1  Multi-channel  radiometer  can 

measure  integrated  liquid 
water 

2  Lidar 

3  Short  wavelength  radar 


4  Radar 

5  Lidar 

6  Polarized  lidar 

7  Optical  scintillation 
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STATUS  REPORT  ON  GROUND- BASED  REMOTE  SENSING  OF  THE  ATMOSPHERE 

C.  Gordon  Little 

NOAA/ERL/Kave  Propagation  Laboratory 
Boulder,  Colorado  80302 


ABSTRACT 

In  recent  years  there  has  been  major  progress 
in  the  development  of  new  methods  for  remotely  - 
sensing  meteorological  parameters  from  the  surface 
of  the  earth.   This  talk  attempts  to  summarize 
this  progress  in  terms  of  acoustical,  optical, 
infrared,  and  radio  techniques  for  the  remote 
measurement  of  wind,  temperature,  water  vapor, 
cloud  particles,  precipitation,  and  aerosol. 


1. 


INTRODUCTION  -  THE 
REMOTE  SENSING 


POTENTIAL  ADVANTAGES  OF 


I  understand  that  the  last  conference  of 
this  type  was  held  roughly  six  years  ago.   In 
that  six  years,  there  has  been  considerable  pro- 
gress in  the  field  of  ground-based  remote  sensing 
of  the  atmosphere.   Much  of  this  work  has  been 
done  by  physicists  and  engineers  from  outside  the 
field  of  meteorology,  and  it  is  therefore  perhaps 
appropriate  that  1  atten.pt  to  summarize  the  status 
of  the  field  for  you. 

Conceptually,  ground-based  remote  sensing  has 
a  number  of  important  potential  advantages. 
These  advantages  start  with  the  fact  that  the  ob- 
servations are  obtained  remotely,  in  one,  two,  or 
three  spatial  dimensions,  without  the  use  of 
balloons,  aircraft,  or  meteorological  towers  to 
carry  in  situ  instruments  to  the  desired  observa- 
tional location.   Typically,  the  measurements 
have  excellent  resolution  and  continuity  in  ooth 
time  and  space,  and  do  not  require  tne  expensive 
installation  and  telemetry  capabilities  implicit 
in  arrays  of  in  situ  sensors.   Potentially,  a 
very  wide  array  of  meteorological  parameters 
can  be  measured  remotely,  including  such  sophis- 
ticated parameters  as  spectra  of  turbulence  and 
heat  flux.   Also,  since  the  measurements  automa- 
tically provide  some  degree  of  spatial  averag- 
ing, they  are  often  more  representative  of  the 
region  being  measured  than  the  data  from  a  single 
in  situ  sensor,  which  is  much  more  subject  to 
transient  or  local  perturbations.   Although  ini- 
tial costs  may  be  quite  high,  operating  costs  are 
often  reduced,  since  in  many  cases  the  equipment 
operates  in  an  unmanned  mode,  as  contrasted  with 
balloon  or  airborne  measurements. 

In  many  cases,  any  one  of  these  advantages 
could  justify  the  development  of  the  instrument. 
The  combination  of  advantages  can  make  an  over- 
whelming case  for  the  development  and  exploita- 
tion of  these  new  measurement  capabilities  in 
both  research  and  services. 

2.    STATUS  OF  GROUND- B\SED  REMOTE  SENSING 

In  order  to  summarize  the  status  of  remote 
sensing  of  meteorologically  significant  param- 
eters, I  have  prepared  a  series  of  tables,  one 


for  each  parameter.   These  list  the  various 
types  of  observations  of  each  parameter  for 
which  remote  sensing  capability  has  been  demon- 
strated, and  the  corresponding  measurement  tech- 
nique.  Superscript  numbers  and  footnotes  are  used 
to  indicate  where  an  important  limitation  exists, 
typically  because  the  system  does  not  have  all- 
weather  capability.   Thus,  most  optical  and  infra- 
red measurement  systems  have  greatly  reduced 
measurement  capabilities  in  fog,  cloud,  or  preci- 
pitation; on  the  other  hand  some  radar  sysccms 
require  the  presence  of  precipitation  (or  chaff) 
to  provide  echoing  targets.   Acoustic  systems  are 
usually  adversely  affected  by  the  impact  noise 
produced  by  rain  or  hail,  but,  (unlike  optical 
systems),  they  are  not  adversely  affected  by  cloud 
or  fog.   Additional  limitations  are  indicated  in 
the  text,  as  appropriate. 

2.1   Remote  Sensing  of  Kind  and  Turbulence 

Table  I  summarizes  the  current  ability  to 
remotely  sense  wind  and  turbulence.   Surface  winds 
and  surface  convergence  have  beer  measured  over 
paths  of  approximately  10  km  in  length,  using  the 
scintillations  of  optica)  beams  (Kieians  and  nchs, 
1974).   The  superscript  number  and  footnote  denotes 
that  the  system  does  not  operate  under  conditions 
of  fog  or  significant  precipitation. 

Boundary  layer  profiles  of  wind  and  turbu- 
lence have  been  measured  remotely  using  Doppler 
techniques  at  microwave  and  infrared  wavelengths, 
and  also  using  acoustic  waves. 

The  newly  developed  FM/CW  Doppler  radar 
technique  (Chadwick  et  al . ,  1976)  has  excellent 
capability  in  the  boundary  layer,  and  offers 
some  promise  of  eventually  providing  winds  and 
turbulence  profiles  to  tropopause  heights. 
Doppler  acoustic  systems  I  such  as  that  installed 
at  Dulles  airport  -  Beran  ct  al . ,  1976)  are  able 
to  measure  wind  and  turbulence  profiles  to  roughly 
500  meters  height  under  most  weather  conditions. 
but  require  supplementing  with  a  simple,  low  pewer 
Doppler  microwave  pulse  radar  if  coverage  during 
rain  or  hail  conditions  is  required.   Continuous 
wave  infra-red  Doppler  systems  are  also  capable  of 
measuring  wind  and  turbulence  profiles  in  the 
boundary  layer,  with  reasonably  good  all  wether 
capability  (Schwicsow  and  Cupp,  19761.  Height 
resolution  of  these  focu?ed  devices  however  dete- 
riorates rapidly  at  the  greater  ranges;  the  height 
capability  in  fog  or  cloud  conditions  is  not  yet 
known. 

The  most  dramatic  demonstration  of  the 
ability  to  measure  the  three-dimensional  velocity 
field  has  heen  the  use  of  multi-station  microwave 
Doppler  radar  systems  (Miller  and  Struuch,  1971). 
These  systems  usually  require  precipitation  or 
chaff  to  provide  echoes,  bur  recent  v.ork  at  NSSL 


729 


TABLE  1.   STATUS  OF  REMOTE  SENSING  OF  KIND  AND  TURBULENCE 


Measurement 


Technique 


Path- averaged  surface  wind 
(including  surface  convergence) 

Boundary  layer  wind  profile 
(including  turbulence  profile) 


3-dimensional  wind  field 
(including  turbulence  field) 


Optical  scintillations 
1.   FM/CW  radar 


(1) 


2.  Acoustic  sounder 


m 


3.   Pulsed  uw  radar 


(3) 


4.   Infrared  lidar 


(4) 


Multi-station  Doppler  radar 


(3) 


ANTICIPATED  DEVELOPMENTS 
Improved  clear  air  wind  measuring  capabilities,  using  pulsed  IR  Doppler  lidar. 

Measurement  of  both  transverse  and  longitudinal  components  of  wind  from  a  single  location. 


(1)  Performance  adversely  affected  by  haze,  fog,  or  precipitation. 

(2)  Performance  adversely  affected  by  precipitation  noise  and  wind  noise. 

(3)  Requires  high  power  system  in  clear  air. 

(4)  Present  CW  systems  have  poor  range  resolution  above  approximately  300  m. 


(Kessler  1976)  has  shown  that  at  least  in  the 
atmospheric  boundary  layer,  clear  air  echoes  can 
be  sufficiently  strong  to  permit  mapping  by  high 
power  radars  of  the  velocity  fields  over  hundreds 
of  square  kilometers.   It  is  not  yet  known  to  what 
extent  these  clear  air  measurement  capabilities 
can  be  extended  into  the  troposphere.   The  tech- 
niques could  be  applied  to  cloudy  regions  of  the 
troposphere,  if  shorter  wavelength  radars  were 
used. 

The  field  of  remote  sensing  of  winds  is  not  a 
static  one.  Current  work  at  WPL  includes  efforts 
to  improve  clear  air  measurement  capability  by 
acquiring  a  pulsed  IR  Doppler  lidar,  with  im- 
proved range  resolution,  and  maximum  range,  over 
the  existing  continuous  wave  infrared  Doppler 
lidar  systems.  A  second  promising  area  is  the 
study  of  techniques  permitting  measurement  of 
transverse  velocities,  as  well  as  the  longi- 
tudinal velocities  normally  measured  by  Doppler 
Systems  (Schwicsow  et  al.,  197b). 

2.2  Remote  Sensing  of  the  Temperature  Field 

Table  2  summarizes  the  status  of  ground- 
based  remote  sensing  of  the  temperature  field. 

The  path  averaged  surface  temperature  may  be 
measured  by  an  optical  time-of-f light  method, 
which  in  effect  measures  the  average  density  of 
the  air  along  the  path.   Recent  unpublished  mea- 
surements by  Kjngaard  have  shown  that  the  path- 
averaged  vertical  heat  flux  can  be  monitored  by 
observing  the  intensity  of  optical  scintillations 
along  the  path.   The  mixing  depth  of  the  atmos- 


pheric boundary  layer  can  be  monitored  by  micro- 
wave, infra-red,  optical,  and  acoustic  echo-sound- 
ing systems.   Temperature  profiles  in  the  boundary 
layer  can  (under  favorable  wind  conditions)  be 
monitored  using  a  hybrid  radio/acoustic  system  in 
which  the  radar  measures  the  velocity  of  a  power- 
ful sound  wave  as  a  function  of  height.   Radio 
waves  may  also  be  used  passively  to  derive  atmos- 
pheric temperature  profiles;  in  tins  case,  multi- 
frequency  microwave  radiometers  are  used  in  the 
5-6  mm  wavelength  oxygen  absorption  band.   Here, 
recent  unpublished  work  by  Decker  indicates  that 
the  addition  of  a  water  vapor  channel  and  a  window- 
channel  permits  derivation  of  the  temperature  pro- 
file even  in  the  presence  of  clouds. 

2.3  Remote  Sensing  of  the  Water  Vapor  Field 

Table  3  summarizes  the  status  of  remote  mea- 
surement of  water  vapor.   Path-averaged  water 
vapor  density  can  be  measured  by  an  optical  differ- 
ential absorption  technique;  there  arc  good  pros- 
pects that  differential  absorption  lidar  techniques 
will  eventually  make  it  possible  to  measure  verti- 
cal profiles  of  water  vapor  from  the  earth's  sur- 
face (Murray  et  al.,  1976).   The  integrated  water 
vapor  content  of  the  clear  atmosphere  can  be  mea- 
sured on  vertical  or  oblique  paths  using  a  micro- 
wave radiometer  tuned  to  the  22  GHz  water  vapor 
line  (Decker,  Guiraud  and  Westwater,  1973):  the 
addition  of  a  "window"  channel  permits  correction 
for  the  effect  of  clouds  (Decker,  1976).   Multi- 
channel microwave  radiometers. have  also  been  used 
to  derive  approximate  profiles  of  the  water  vapor 
distribution  (Decker  1976). 
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TABLE  2.   STATUS  OF  REMOTE  SENSING  OF  THE  TEMPERATURE  FIELD 


Measurement 


Technique 


Path-averaged  surface  temperature 
Path-averaged  surface  heat  flux 
Mixing  depth 


Temperature  profile 


Optical  time-of-f light 


Optical  scintillations 

(2) 


(1) 
(1) 


FM/CW  radar 

Acous 

Lidar 


Acoustic  sounder 
.(3) 


5-6  mm  0.   radiometer 


(4) 


Radar-acoustic 


fS) 


C_  profile 


Acoustic  sounder 


(2) 


ANTICIPATED  DEVELOPMENT 


FM/CW  radar-acoustic  system,  providing  boundary  layer  profiles  of  temperature,  wind, 
turbulence,  and  C  . 

(1)  Performance  adversely  affected  by  ha:e.  fog  or  precipitation. 

(2)  Performance  adversely  affected  by  precipitation  noise  or  wind  noise. 

(3)  Performance  adversely  affected  by  fog  or  cloud. 

(4)  Performance  adversely  affected  by  rain. 

(5)  Performance  adversely  affected  by  strong  winds. 


TABLE  3.   REMOTE  SENSING  OF  THE  WATER  VAPOR  FIELD 


Measurement 


Technique 


Path-averaged  water  vapor  density 
Integrated  water  vapor  content 
Water  vapor  profiles 


Differential  absorption 


(1) 


2-X  uw  radiometer 


(2) 


Multi-wavelength  uw  radiometers 


C) 


ANTICIPATED  DEVELOPMENT 


Kater  vapor  profile  by  differential  absorption  lidar 


(3) 


(1)  Performance  adversely  affected  by  haze,  fog  or  precipitation. 

(2)  Performance  adversely  affected  by  rain. 

(3)  Performance  adversely  affected  by  fog  or  heavy  precipitation. 
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2.4  Status  of  Remote  Measurement  of  the  Precipi- 
tation field 

The  status  of  remote  sensing  of  the  precipi- 
tation field  is  summarized  in  Tabic  4.   Recent 
work  by  Kang  and  Clifford  (1975)  has  shown  that 
the  scintillation  of  optical  beams  can  be  used  to 
derive  path-averaged  drop  size  distribution  and 
path-averaged  rainfall  rate.   Passive  microwave 
radiomctry  in  the  3-50  GHz  band  can  be  used  to 
derive  the  liquid  water  content  of  the  atmosphere 
along  a  microwave  beam,  with  the  lower  frequencies 
being  used  to  measure  the  larger  liquid  water 
contents  (Decker  and  Dutton,  1969).  The  three- 
dimensional  distribution  of  liquid  water  and 
frozen  precipitation,  including  the  melting  layer 
height,  can  be  determined  using  microwave  radar. 
The  water-ice  differentiation  can  be  extended  to 
cloud-size  particles  by  means  of  polarized  lidar 
(Sassen,  1976). 


2. 5  Status  of  Remote  Sensing  of  Fog  and  Cloud 
Fields 

Table  5  is  a  summary  of  the  status  of  the  re- 
mote sensing  of  fog  and  cloud  particles.   As  indi- 
cated above,  the  integrated  liquid  water  content 
can  be  measured  using  a  two-channel  microwave 
radiometer,  and  water-ice  differentiation  is 
achievable  using  polarized  lidar.   The  three  di- 
mensional distribution  of  clouds  is  best  obtained 
using  a  short  wavelength  radar,  although  infra- 
red and  optical  lidars  may  be  useful  if  the  clouds 
are  not  too  dense. 

2. 6  Status  of  Remote  Sensing  of  Aerosol  Particles 

The  status  of  remote  sensing  of  aerosol  parti- 
cles is  summarized  in  Table  6.  Aerosol  particles 
are  too  small  to  be  registered  on  microwave  radars 
or  on  acoustic  sounders;  the  propagation  effects 


TABLE  4.   STATUS  OF  REMOTE  MEASUREMENT  OF  THE  PRECIPITATION  FIELD 


Measurement 


Technique 


Path-averaged  surface  rainfall  rate 
Path-averaged  drop  size  distribution 
Integrated  liquid  water  content 
3-D  liquid  water  distribution 
Melting  layer  height 
Water-ice  differentiation 


Optical  scintillations 
Optical  scintillations 
2X  Viw  radiometer 
uw  radar 
uw  radar 
Polarized  lidar 


(1) 
(1) 


(1)  Operational  range  dependent  upon  rainfall  rate;  performance  adversely  affected  by  fog. 


TABLE  S.   STATUS  OF  REMOTE  SENSING  OF  FOC  AND  CLOUD  FIELDS 


Measurement 


Technique 


Integrated  liquid  water 
3-D  distribution 


2X  yw  radiometer 

1.  Short  X  uw  radar 

2.  Infrared  lidar 

3.  Optical  lidar(1) 

Kater/ice  differentiation  Polarized  lidar 

ANTICIPATED  DEVELOPMENTS 
Pulsed  IR  lidar  should  give  improved  sensitivity  and  range  resolution 


(1)   Performance  adversely  affected  by  intervening  fog,  cloud,  and  precipitation. 
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TABLE  6.   STATUS  OF  REMOTE  SENSING  OF  AEROSOL 


Measurement 


Technique 


Vertical  profile 
3-D  coverage 
Shape  differentiation 
Size  differentiation 


Optical  lidar 
Optical  lidar 


(1) 


(1) 


Polarized  lidar 


(1) 


Multi-A  lidar 


0) 


(1)  Not  practicable  in  fog,  cloud,  or  precipitation. 


arc  limited  to  infrared  and  shorter  wavelengths. 
Vertical  profiles  of  total  aerosol  scattering 
cross-section  may  be  obtained  by  lidar  systems, 
which  may  also  be  used  to  monitor  the  distribution 
of  the  particles  in  three-dimensional  space.   Po- 
larization measurements  can  be  used  to  differen- 
tiate between  spherical  and  non-spherical  parti- 
cles; some  information  on  the  size  of  the  scat- 
terers  can  be  obtained  from  multi-wavelength 
observations. 

3.    SUMMARY  OF  THE  STATUS  OF  GROUND- BASED  REMOTE 
MEASUREMENT  OF  THE  THREE  PRIMARY  METEORO- 
LOGICAL VARIABLES  —  WIND,  TEMPERATURE,  AND 
WATER  VAPOR 

Table  7  is  an  attempt  to  summarize  the  present 
status  of  ground-based  re:-ote  measurement  of  the 
three  primary  meteorological  variables  of  wind, 
temperature,  and  water  vapor.   Here,  an  "X"  is 
used  to  denote  that  the  measurement  capability  of 
this  particular  type  has  been  demonstrated  fat 
least  in  the  research  mode)  and  has  withstood  the 
test  of  publication.   Unpublished  capabilities, 
which  have  not  yet  received  evaluation  through 


open  literature  publication,  are  enclosed  in 
parentheses. 

Examination  of  Table  7  shows  that  a  very  full 
remote  sensing  capability  exists  for  the  velo- 
city field,  primarily  because  of  the  availability 
of  a  wide  range  of  Doppler  techniques.   All- 
weather  wind  profiling  capability  is  attainable 
in  the  boundary  layer,  with  prospects  good  for 
all-weather  wind  profiling  capability  to  tropo- 
pause  heights,  using  some  combination  of  micro- 
wave and  infrared  Doppler  systems. 

The  ability  to  remotely  sense  the  tempera- 
ture and  humidity  fields  is  unfortunately  much 
weaker,  though  progress  in  these  areas  is  showing 
signs  of  acceleration.   It  seems  likely  to  this 
author  that  it  will  be  practicable  to  measure  tem- 
perature and  humidity  profiles,  perhaps  to  tropo- 
pause  heights,  under  many  meteorological  circum- 
stances within  the  next  six  years.   However,  it 
does  not  at  this  time  seem  likely  that  the  three- 
dimensional  temperature  and  humidity  fields  will 
be  available  from  ground-based  remote  sensors  on 
this  time  scale. 


TABLE  7.   STATUS  OF  GROUND- BASED  REMOTE  SENSING  OF  WIND,  TEMPERATURE,  AND  WATER  VAPOR 


Type  of  Measurement 


Kind 


Temperature 


Water  Vapor 


Surface  Values 
Mean 
Vertical  Flux 


X 
(X) 


Vertical  Profiles 
Mean 

Structure  Constant 
Spectra 
Flux 


(X) 


3-Dimensional  Field 
Mean 

Structure  Constant 
Spectra 
Flux 
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REMOTE  SENSING  WIND  AND  WIND  SHEAR  SYSTEM 
Peter  A.  Mandics 

The  prototype  development  of  an  acoustic  Doppler  remote-sensing  system 
to  detect  low-level  wind  shear  generated  by  synoptic-scale  features  such  as 
frontal  surfaces  is  described.   The  detector  system  measured  the  vertical 
profile  of  wind  by  determining  the  Doppler  frequency  shift  of  vertically 
transmitted  acoustic  signals  that  are  scattered  by  small-scale  atmospheric 
inhomogeneities.   Following  earlier  acoustic  Doppler  tests  at  Stapleton 
International  Airport  in  Denver,  Colorado,  significant  improvements  have  been 
accomplished  on  the  acoustic  transmitter  and  receiver  antennas,  and  signal 
processing.   A  conical  horn  reflector  antenna  with  a  2-m  diameter  aperture 
fed  by  12  high-power  acoustic  drivers  through  a  manifold  increased  the  trans- 
mitted power  by  more  than  100%.   Substantial  improvements  have  been  achieved 
in  received  signal-to-noise  ratio  by  developing  a  narrow-beam,  off-focus 
steered  receiver  antenna  that  is  capable  of  tracking  the  upward  propagating 
acoustic  pulse.  Development  of  new  system  software  made  all-digital  signal 
processing  and  computerized  system  control  possible.  Tests  of  one  leg  of 
the  prototpyte  at  Table  Mountain  near  Boulder,  Colorado  revealed  that  the 
system  measured  winds  reliably  up  to  a  height  of  600  m  when  surface  wind  did 
not  exceed  10  m  s  *.  The  deleterious  effects  of  precipitation  on  system 
performance  have  not  been  fully  evaluated  yet.  A  brief  review  of  wind-shear 
types  and  their  detection  is  followed  by  a  discussion  of  second-generation 
wind-shear  detection  systems  employing  lidar  and  microwave  radar   devices. 
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WMO  Conference  on  Instruments  and  Methods  of  Observation,  July  27-30, 
45-49,  1977. 


PASSIVE  REMOTE  CROSSWIND  SYSTEM 

Thomas  H.  Pries,  Ruben  Rodriguez,  Donald  L.  Walters, 
Gerard  R.  Ochs,  Robert  S.  Lawrence 


INTRODUCTION 

It  is  well  known  (Lawrence,  Ochs,  and  Clifford,  1972)  that  atmos- 
pheric scintillation  of  light  beams  can  be  used  to  measure  the  average 
wind  blowing  across  the  beam.  Optical  crosswind  monitors  using  this 
principle  are  in  commercial  production  and  are  in  use  for  a  variety  of 
applications.  The  optical -scinti 1 lation  method  produces  excellent  re- 
sults, giving  a  true  spatial  average  over  the  entire  beam  and,  unlike 
mechanical  anemometers,  it  has  no  low-speed  threshold  below  which  it 
fails  to  operate.  Several  modifications  of  the  basic  optical  crosswind 
instrument  are  being  investigated.  Among  these  are  profiling  instru- 
ments which,  through  the  use  of  multiple  apertures,  are  able  to  localize 
wind  measurement  to  a  specific  portion  of  the  optical  path. 

A  major  improvement,  which  we  shall  describe  in  some  detail,  in- 
volves elimination  of  the  artifical  light  source,  replacing  it  by  am- 
bient light  from  a  natural  scene.  The  resulting  passive  crosswind  sys- 
tem has  obvious  advantages  in  convenience  of  use,  but  the  price  that 
must  be  paid  for  this  convenience  is  a  non-uniform  sensitivity  along  the 
line  of  sight,  and  occasional  periods  when  the  strength  of  scintillations 
becomes  so  small  that  the  system  cannot  operate. 


SYSTEM  COMPONENTS 

One  of  the  major  advantages  of  the  Passive  Remote  Crosswind  System 
(PRCS)  is  the  fact  that  it  does  not  have  a  transmitter;  elimination  of  a 
transmitter  reduces  the  size  and  power  requirements  considerably.  The 
entire  PRCS  consists  of  an  optical  receiver,  a  photodiode  array,  and  an 
electronic  signal  processor.  The  optical  receiver  has,  in  effect,  four 
2.5  cm  apertures  that  are  used  in  pairs  to  form  wide  band  filters.  These 
lens  pairs  focus  the  irregular  patterns  of  the  scintillating  light  reflec- 
ted from  the  observed  scene,  onto  the  photodiode  array.  Electronic  sig- 
nals generated  by  the  photodiodes  are  then  combined  to  produce  a  covari- 
ance  function  of  the  scintillation  pattern.  A  predetermined  model  co- 
variance  function  is  stored  in  the  electronic  receiver.  Then  using  a  14 
point  analysis,  the  best-fit  between  the  scintillation  pattern  covariance 
function  and  the  model  covariance  function  is  obtained.  Finally,  the 
time  scale  of  the  best-fit  is  used  to  determine  the  time  delay  employed 
in  the  calculation  of  the  wind  speed.  Use  of  this  procedure  yields  the 
best  compromise  among  the  effects  of  variation  in  the  scene  spectrum,  the 
spatial  spectrum  and  distribution  of  refractive  turbulence,  and  wind 
f 1 uctuations . 
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ce  to  the  operation  of  the  PRCS  is  the  weighting 
which  determines  the  relative  importance  of 
h,  in  the  computation  of  the  wind  average, 
on  will  accentuate  more  heavily  the  values 
hting  function  can  be  modified,  by  appropri- 
.  The  effective  signal-to-noise  ratio  of  the 
,  proportional  to  the  product  of  the  scene 
nd  the  square  root  of  the  refractive-index 
suit,  there  may  be  times  on  dark  or  overcast 
ossible  with  natural  illumination.  The  PRCS, 
uring  day  or  night  if  it  is  pointed  at  distant 
gle  light  is  used,  the  PRCS  must  be  carefully 
iew  is  only  6  mrad. 


500  m 
Receiver 


Figure    1.      PRCS   Weighting   Function. 

There  is  also  a  time  constant  associated  with  the  wind  measurements. 
The  PRCS  automatically  adjusts  this  time  constant  according  to  the  signal- 
to-noise  ratio,  from  a  minimum  of  3  seconds  to  a  maximum  of  approximately 
10  seconds . 


SYSTEM  DESCRIPTION 

The  entire  PRCS,  shown  in  Figure  2,  only  weights  1.4  kgm,  measures 
12  cm  by  26  cm  by  31  cm,  and  is  battery  powered.  Furthermore,  the  PRCS 
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can  also  be  powered  on  117  A.C.  volts.  Under  internal  battery  operations, 
the  PRCS  can  continuously  run  for  24  hours,  after  which  period  the  bat- 
teries will  have  to  be  recharged  for  approximately  10  hours. 


Figure 


Passive  Remote  Crosswind  System. 


The  PRCS  is  extremely  simple  to  operate.  The  front  panel  of  the  PRCS 
consists  only  of  three  switches  and  a  meter.  One  of  the  switches  turns  the 
system  on  and  off,  and  places  batteries  in  the  recharge  mode.  The  range 
switch  sets  the  meter  full  scale  deflection  to  three  different  wind  speed 
ranges  (5,  10,  20s^c).  Finally,  the  function  switch  determines  whether: 

1)  The  meter  is  used  to  calibrate  the  system  (-,  0,  +  locations) 

2)  The  system  is  to  be  in  the  run  mode 

3)  The  system  is  to  be  in  the  lock  mode  (to  find  out  if  there  is 
enough  signal  to  operate  the  system). 


SYSTEM  CAPABILITIES 

As  mentioned  before,  the  optical  crosswind  receiver  is  designed  to 
measure  the  wind  vector  across  its  lino  of  sight  out  to  a  range  of  approx- 
imately 200  meters,  when  it  is  directed  at  backgrounds  in  this  range  or 
preferably  farther  away.  The  instrument  calibration  is  especially  in- 
sensitive to  the  spatial  spectra  of  the  scene  when  it  is  more  than  500 
meters  away.  Nevertheless,  the  PRCS  is  also  capable  of  operating  on 
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rather  short  paths  (about  10  meters),  because  of  its  small  angular  field 
of  view  (6  mrad),  if  the  illumination  and  refractive  turbulence  are  large 
enough.  In  this  mode  of  operation,  the  instrument  measures  the  wind  speed 
by  observing  the  motion  of  angular  fluctuations.  For  both  modes  of  opera- 
tion, the  wind  measurement  is  more  heavily  weighted  near  to  the  receiver 
as  has  been  shown  in  Figure  1 . 

The  PRCS  has  been  tested  under  different  weather  conditions  in  order 
to  evaluate  its  accuracy  and  precision.  Considerable  amounts  of  data 
have  been  gathered  during  recent  evaluation  and  calibration  tests; 
Figure  3  shows  representative  data  taken  during  these  tests. 


Figure   .5.  PRCS  Evaluation 
Da  ta . 


3/30/?? 


POSSIBLE  APPLICATIONS 

There  is  a  myriad  of  possible  applications  for  the  PRCS  duo  to  its 
small  size,  light  weight,  and  battery-powered  features  as  well  as  for 
its  remote  quasi-real-time  measurement  capabilities;  a  few  of  the  most 
outstanding  applications  will  be  mentioned  in  the  following  paragraphs. 

By  strategically  placing  the  PRCS  at  the  top  of  a  valley  or  any  other 
advantageous  location,  the  air  pollutant  flow  can  be  evaluated.  A  modifi- 
cation of  this  application  would  locate  the  PRCS  close  to  an  industrial 
area  to  determine  approximate  pollutant  flow  rate  as  well  as  its  general 
direction  of  movement,  by  monitoring  average  speed  and  direction  of  winds. 

Many  locations  where  it  is  desired  to  measure  wind  speed  are  in- 
accessible due  to  terrain  features  (rivers,  ravines,  etc.),  or  dangerous 


739 


environmental  conditions  (large  concentrations  of  harmful  gases).  The 
PRCS  can  be  advantagously  employed  at  such  locations  because  of  the  re- 
mote capability:  it  need  only  be  placed  'within  200  meters  of  the  measure- 
ment location. 

An  airplane,  during  landing,  is  very   vulnerable  to  winds  perpendicu- 
lar to  the  runway;  therefore,  knowledge  of  the  velocity  of  such  winds 
is  of  extreme  importance  to  pilots.  Conventional  anemometers  are  placed 
to  the  sides  of  the  runway  and  provide  wind  speed  at  points  other  than 
over  the  runway  itself.  However,  a  PRCS,  even  though  located  on  the  side 
of  the  runway,  is  capable  of  measuring  the  wind  speed  directly  over  the 
runway. 


CONCLUSIONS 

There  are   times  when  it  is  desired  to  make  wind  measurements  without 
having  to  set  up  permament  type  or  extensive  instrumentation.  At  other 
times,  it  is  necessary  to  obtain  wind  velocity  at  inaccessible  locations. 
For  these  particular  applications  and  also  for  general  use,  employing  a 
PRCS  is  convenient  and  economical.  Other  advantages  of  the  PRCS  over  other 
present  systems  include  its  light  weight,  small  size,  and  battery-powered 
feature. 

Although  the  PRCS  measures  wind  velocity  only  along  one  axis,  a 
biaxial  system  can  be  implemented  by  using  two  PRCS  mutually  perpendicular. 
Furthermore,  once  these  two  normal  components  are  known, wind  speed  along 
any  other  direction  can  be  calculated,  by  use  of  vector  analysis. 
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DOPPLER  LIDAR  FOR  MEASUREMENT 
OF  POLLUTANT  TRANSPORT 


Ronald  L.  Schwiesnw  and  M.idisnn  J.  Post 
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National  Oceanic  and  Atmospheric  Administration 
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one-time  trials  of  basically  laboratory  Rear.   Law- 
rence et  al.  (1972)  reported  on  sinp,]  e-point  wind 
measurements  at  a  range  of  30  m.   Absliire  ct  al. 
(1974)  made  similar  measurements  from  hydrometeor 
targets.   Other  application  tests  have  not  been 
reported  in  the  open  literature,  although  work 
tracking  aircraft  wake  vortices  has  been  done  on 
an  In-housc  basis  by  NASA,  and  ICI'A  has  observed 
some  stack  returns  using  a  (,'02  Doppler  laser  lidar. 
Work  emphasizing  lidar  development,  rather  than  ap- 
plications, has  been  reported  in  the  literature, 
but  it  is  not  relevant  to  our  purpose  in  this  paper. 

RESEARCH  PROCRESS 


INTRODUCTION 

There  are  a  number  of  environmental  air 
quality  problems  for  which  Doppler  lidar  velocity 
sensing  is  a  useful  tool.   As  introductory  mate- 
rial, we  will  first  review  operational  character- 
istics of  Doppler  lidars,  typified  by  the  WTI. 
mobile  units  used  in  this  joint  energy  research. 
A  brief  summary  of  four  problem  areas  that  are 
being  attacked  using  Doppler  lidar  measurements 
will  serve  to  focus  the  more  detailed  discussions 
of  progress  and  applications  to  follow. 

This  remote-sensing  velocity  measurement 
capability  is  being  applied  to  four  classes  of 
problems  in  the  research  program  discussed  here. 
In  the  area  of  atmospheric  diffusion,  the  lidar  is 
being  used  to' study  the  profile  of  rrean  wind  and 
turbulent  intensity  at  scales  smaller  than  the 
resolution  volume  for  various  meteorological 
conditions  and  terrain  configurations.   For  this 
application,  the  Doppler  system  acts  as  a  mobile, 
high  instrumentation  tower  for  wind  measurement. 
Wind  characterization  is  an  important  part  of 
diffusion  experiments  if  the  experimental  results 
are  to  be  applied  to  other  topographic  and  atmos- 
pheric situations. 

For  measurements  of  the  urban  ventilation 
factor,  the  wind  profile  and  the  height  of  the 
mixed  layer  over  the  center  of  the  urban  area  must 
be  frequently  measured.   Here  again  the  wind  tower 
function  of  the  Doppler  lidar  to  heights  of  at 
least  300  m  is  important.   The  depth  of  the  mixed 
layer  as  revealed  by  the  height  at  which  the  con- 
centration of  large  (>2iim  diameter)  particles 
falls  off  is  under  study  for  CO2  lidar  measurement. 

In  addition  to  pollutant  concentrations ,  the 
stack  effluent  velocity  from  a  stationary  source 
is  used  to  determine  the  total  mass  loading  of  the 
source.   Doppler  lidar  appears  promising  tor  this 
application,  and  preliminary  checks  have  been  made. 

Critical  energy  installations  are  subject  to 
a  structural  wind  loading  from  localized  vortex 
phenomena,  such  as  dust  devils,  waterspouts,  and 
tornadoes,  as  well  as  from  the  more  commonly  con- 
sidered straight-line  winds.   This  project  is  also 
involved  in  a  study  of  dust  devils  to  determine  if 
they  provide  a  wind-loading  threat  to  structures. 

The  Doppler  lidar  state-of-the-art  in  appli- 
cations before  this  project  is  represented  by 


Technique  Development 

Guided  by  project  applications,  the  infrared 
Doppler  lidar  technique  is  being  refined  for  this 
research.   The  technique  development  is  integrated 
with  NOAA ' s  own  efforts  in  the  Wave  Propagation 
Laboratory.   At  till':  point  we  arc  using  a  compact, 
mobile  Doppler  lidar  svstem  mounted  in  a  small 
camper  shell  on  a  pickup  truck.   With  a  towed, 
small  generator,  the  unit  is  completely  self- 
contained  and  can  obtain  data  while  underway.   A 
similar  unit  has  been  installed  aboard  a  single- 
engine  Cessna.   Its  successful  operation  emphasizes 
the  ruggedneis  and  utility  of  the  basic  approach. 

The  laser,  processing  optics,  and  a  30  cm  New- 
tonian transmi t-receive  telescope  are  fixed  with 
respect  to  each  other.   Appropriate  flat  mirrors 
steer  the  beam  anywhere  within  a  full  hemisphere 
in  azimuth  and  elevation,  although  most  work  is 
done  between  -5°  and  +18°  elevation  or  at  90°  ele- 
vation.  The  range  resolution  element  is  determined 
by  the  focus  of  the  telescope  and  is  a  roughly  cy- 
lindrical volume  less  than  0.2  mrad  in  azimuth  and 
elevation  but  with  a  length  along  the  line-of-sight 
of  10  m  at  100  m  range.   This  length  increases  with 
the  square  of  the  range  out  to  a  range  where  essen- 
tially no  ranging  information  is  available. 

Actual  velocity  information  comes  from  the 
1  Ine-of-s  Ight  component  of  ! ho  motion  of  aerosol 
scattercrs  in  the  sensing  volume.   This  tracer 
motion  results  in  a  Doppler  shift  of  the  back- 
scattered  radiation,  which  is  directly  intcrpreta- 
ble  as  a  velocity  using  the  frequency  to  velocity 
conversion  of  139  kHz  per  ms    velocity  component. 
Since  the  scattercrs  are  not  in  general  in  uniform 
motion,  a  frequency  (velocity)  spectrum  is  recorded 
is  often  as  every  16  in;;  on  magnetic  tape.   From  Un- 
recorded spectrum,  the  relative  total  backscattered 
energy  (0L''  moment),  moan  velocity  (1st  moment), 
and  velocity  spread  (2°d  moment)  may  be  analyzed 
from  each  spectrum. 

Part  of  the  project  is  to  determine  the  oper- 
ating limitations  of  the  system.   Work  on  aerosol 
statistics  (Post  and  Schwiesow,  1976)  has  revealed 
that  approximately  5000  scatterers  m~3  of  diameter 
2pm  and  larger  are  required  for  a  range  of  200  m. 
This  corresponds  to  a  typical  rural  environment 
with  50  km  visibility.   The  operating  range  of  the 
lidar  in  typical  uroan  environments  is  1  km  because 
of  the  enhanced  backscatter  over  rural  areas.   The 
clearest  environments,  such  as  atop  4250  m  Mt. 
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infrared  licl.ir  is  more  sensitive  to  larger  parti- 
cles (greater  than  2  u  diameter)  than  are  Hie 
visual  aspects  of  the  plume. 

APPLICATIONS  OF  RESULTS 

Atmospheric  Diffusion 

As  a  result  of  this  study,  we  have  demon- 
strated that  wind  and  turbulence  profiles  are  meas- 
urable using  a  rapidly-deployed  remote  sensing  sys- 
tem.  Knowledge  of  the  boundary-layer  wind  field 
allows  testing  of  diffusion  models  and  transfer  of 
results  under  one  set  of  conditions  to  another. 

With  respect  to  pibal  wind  measurement,  the 
Doppler  lidar  should  allow  increased  cost- 
effectiveness  for  obtaining  nicromet  wind  data 
for  input  Lo  diffusion  models.   This  is  especially 
true  for  problems  that  require  detailed  coverage 
in  time  and/or  area.   The  lidar  provides  essen- 
tially continuous  time  coverage  of  a  fixed,  rather 
than  drifting,  point.   With  respect  I  u  w  I  mi-seas  I  ng 
tower  instrumentation,  the  lidar  provides  greater 
profile  height  capability,  portability,  and  cost- 
effectiveness.   As  part  of  this  project  we  have 
made  detailed  comparisons  between  tower  and  lidar 
wind  measurements,  which  show  correlations  greater 
than  .998  for  1  minute  averages  of  the  data. 

An  immediate  application  of  lidar  wind  data 
could  be  to  help  provide  a  djta  base  for  extension 
of  Pasquill-Gif f ord  type  curves  for  elevated 
sources  and  certain  types  of  uneven  terrain.   Ob- 
served wind  shear  and  upper  boundary  layer  accel- 
eration in  change-of- te rrn : n  Seabreeze  situations, 
for  example,  should  allow  pollutant  transport  pre- 
dictions to  be  made. 

Urban  Ventilation 

FM-CW  (f requcncy-modul ated ,  continuous-wave) 
ranging  from  a  hard  target  with  resolution  to  10  m 
has  been  demonstrated  by  using  a  simple  modifica- 
tion of  N'OAA '  s  Doppler  lidar  system.   This  approacli 
is  potentially  applicable  Lo  determinations  oi  the 
aerosol  pollution  mixing  depth. 

The  infrared  lidar  is  expected  to  have  in- 
creased accuracy  and  cost-effectiveness  over  air- 
borne in-situ  aerosol  mixed  layer  sensing  methods 
because  of  the  general  economic  advantage  of 
ground-based  systems  over  airborne  platforms.   lie- 
cause  a  lidar  measures  aerosol  profiles  directly, 
it  gives  the  pollution  mixing  depth  rather  than  the 
thermal  mixed  laver  inferred  From  acoustic  sounder 
data.   With  r.espoct  to  pulsed  visible  Udars,  the 
infrared  approach  offers  increased  eye  safety, 
freedom  from  background  light,  and  economy  because 
the  same  basic  unit  is  a] so  applicable  to  wind 
sensing.   The  infrared  depends  on  the  less-numerous 
larger  particles  (typically  1-5  urn  diameter)  for 
backseat ter  . 

We  have  demonstrated  the  ibiiity  to  measure 
one-component  wind  profiles  along  the  mean  wind  in 
an  urban  environment  to  1  km  range  and  200  m 
height.   By  increasing  the  elevation  angle  from 
12°  to  18°,  the  demonstration  would  be  valid  for 


300  m  height  If  a  sufficient  aerosol  density 
existed  to  that  height. 

In  the  urban  environment,  where  principal 
Interest  is  in  the  lowest  part  of  the  atmosphere, 
the  lidar  should  provide  increased  height  resolu- 
tion and  cost-ef f ec t f veness  over  labor-intensive 
radiosonde  measurements  of  boundary  layer  winds. 
Furthermore,  the  lidar  makes  possible  increased 
time  frequency  coverage  of  wind  profiles  with 
little  increase  In  cost  over  measurements  made  a 
few  times  daily.   Possible  effects  of  severe 
weather  on  lidar  penetration  are  not  significant 
for  this  problem,  since  under  severe  weather  con- 
ditions urban  ventilation  is  not  a  concern. 

Stack  Effluent  Velocity 

We  have  analyzed  the  expected  Doppler  lidar 
spectrum  from  a  small  mean  velocity  component  in 
the  presence  of  large  turbulence  for  a  homodyne 
(local  oscillator  frequency  equal  to  the  transmitter 
frequency)  jsy.'ilem.   Dei  ausu  hmiiodyilL'  detection  dooH 
not  reveal  the  sign  of  the  velocity  component, 
isotropic  turbulence  folds  into  a  spectrum  that 
obscures  a  small  mean  velocity  spectral  shift. 
This  effect  must  be  considered  in  interpretation 
of  homodyne  lidar  results  from  stacks. 

It  is  obvious  that  for  low  elevation  angles 
(small  line-of-sight  stack  velocity  component)  and 
large  turbulence  values,  an  offset  local  oscilla- 
tor or  heterodyne  lidar  is  essential  to  properly 
interpret  the  return  signal.   For  cases  where  the 
ambient  wind  is  not  zero,  the  sign  information  from 
heterodyne  processing,  Is  extremely  helpful  In 
separating  ambient  .u\i\    stack  velocity  effects. 

Field  experimental  stack  returns  using  the 
present  mobile  homodyne  system  have  demonstrated 
the  feasibility  of  stack  velocitv  monitoring  with 
a  CO2  Doppler  lidar.   This  suggests  that  further 
study  would  be  profitable. 

Vortex  Structural  Loads 


The  largest  observed  dust  devil  velocities  in 
the  experiments  discussed  in  the  measurements  sec- 
tion of  this  summary  were  22  ms~".   It  is  fairly 
obvious  without  detailed  engineering  analysis  that 
such  winds  pose  negligible  threat  to  energy-related 
structures  designed  for  higher  straight-line  winds. 

Although  the  dust  devil  measurements  represent 
the  conclusion  of  vortex  studies  for  this  Joint 
agency  project,  studies  on  waterspouts  arc  continu- 
ing under  other  sponsorship.   Should  experiments 
reveal  potentially  damaging  winds  In  these  vortices, 
the  results  could  be  Important  to  the  design  of 
energy-related  structures.   The  subvortex  struc- 
tural details  Inferred  I  rum  I  lie  (hint  devil  data  may 
provide  helpful  information  lor  tornado  models, 
since  photographic  evidence  of  subvortex  structure 
in  tornadoes  has  been  suggested  by  other  observers. 

STATUS 

This  research  task  is  two  years  into  a  five- 
year  program.   Milestones  are  on  schedule.   We 
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Evans,  lead  to  a  b07.    signal  dropout  rate  at  200  m 
range. 

We  have  established  concepts  for  system  im- 
provements to  be  made  during  the  remaining  3  years 
of  the  program.   These  improvements  include  offset 
local  oscillator,  pulse  ranging,  and  further  dif- 
ferential Doppler  work.   Details  of  these  efforts 
are  given  under  future  plans. 

Measurement  to  Date 

Profiles.   One-  and  two-dimensional,  single- 
component  wind  profiles  have  been  measured  for 
various  locations.   For  these  measurements  the 
lidar  is  either  scanned  in  range  for  a  fixed  eleva- 
tion angle  or  is  scanned  in  elevation  (e.g.  0°  to 
18°)  for  a  fixed  range.   Negligible  vertical  veloc- 
ity is  assumed  to  allow  conversion  from  line-of- 
sight  to  horizontal  wind  component.   This  assump- 
tion on  vertical  velocity  is  weaker  at  higher 
elevation  angles,  so  we  have  operationally  limited 
the  elev.it  i. hi  to  18". 

We  have  measured  a  Seabreeze  situation  with 
profiles  200  in  over  the  water  and  200  m  inland 
using  a  variable  elevation  scan.   Analysis  of  the 
terrain-induced  wind  modification  is  underway.   A 
desert  wind  profile  was  determined  using  a  fixed 
elevation  scan,  which  shows  an  interesting  mid- 
layer  shear,  as  does  a  fixed  elevation  scan  taken 
in  Denver.   Other  profiles,  using  both  fixed  ele- 
vation and  fixed  range  have  been  taken  in  a  prairie 
environment  under  convective  conditions,  and  in 
various  locations  near  Doulder. 

Conclusions  from  the  profile  measurements  to 
date  include  the  fact  that  operational  wind  pro- 
files are  available  using  a  proven  field  lidar 
system  (although  not  yet  with  real-time  processing 
for  resulting  velocity).   Feasibility  is  demon- 
strated.  Tills  field  Doppler  lidar  unit  in  Its 
present  configuration  measures  velocity  spectra  to 
a  range  of  1  km  and  a  usable  height  of  300  m  using 
naturally-occurring  aerosols.   In  contrast  to 
towers,  the  seLup  time  for  a  measurement  is  less 
than  1  minute.   The  muarsitri  iincnl  t  line  loi  JO-point 
height  resolution  is  approximately  5  minutes. 

Vort  ices  ■   We  have  measured  the  velocity 
spectra  for  dust  devils,  a  measurement  listed  in 
the  project  plan,  and  for  waterspouts,  which  repre- 
sents additional  benefit  to  this  project  from  other 
related  work.   ISoth  phenomena  are  representative 
of  localized  wind  phenomena. 

Although  apparently  vigorous  because  of  t lie 
unusually  large  (for  the  atmosphere)  radial  accel- 
erations Involved,  Lin;  largest  •  1 1 1  ■ ;  I.  devil  velocity 
observed  in  a  two-state  field  program  was  22  ms    in 
the  horizontal  plane  (Schwlcsow  and  (aipp,  1976). 
Waterspout  maximum  velocities  are  still  under  analy- 
sis, but  the  observed  spectra  are  generally  similar 
to  dust  devil  observations. 

FM-CW  Ranging.  Frequency  modulation  of  the 
continuous-wave  CO2  laser  (FM-CW)  allows  one  to 
determine  range  to  a  target  by  measuring  the 
homodyne  frequency  difference  between  the  instan- 
taneous transmitted  and  received  signal.   We  have 


performed  such  an  experiment,  ranging  from  a  hard 
target  (hillside). 

A  range  of  6.8  km  gave  an  easily  observed  sig- 
nal with  the  FM-CW  lidar  in  a  breadboard  stage. 
Although  this  experiment  satisfied  a  project  goal, 
the  form  of  the  observed  signal  spectrum  was  far 
from  ideal.   Rather  than  occurring  at  a  single 
frequency,  the  return  from  fixed  targets  is  spread 
significantly  in  frequency  space.   This  means  that 
it  would  be  difficult,  at  best,  to  determine  the 
profile  of  a  distributed  (e.g.,  aerosol)  target. 

The  conclusion  of  this  study  is  that  it  is 
more  desirable  for  operational  aerosol  profiling 
purposes  to  explore  some  other  type  of  modification 
to  the  Doppler  lidar.   Also,  it  has  proven  analy- 
tically difficult  to  separate  range  and  velocity 
information  from  an  infrared  FM-CW  return  from  a 
moving  target.   We  are  therefore  pursuing  a  co- 
herent pulsed  lidar  technique  at  10.6  urn  for  this 
continuing  project  effort. 

Three -Component  Measurements ■   We  have  demon- 
strated a  technique  for  measuring  three  components 
of  atmospheric  velocity  at  a  single,  remote  point 
(Schwiesow  et  al ■ ,  1977).   The  experiment  used  two 
pairs  of  closely-spaced  beams  in  a  time-shared  mode 
and  a  hard  target  at  30  m  range. 

This  project  on  pollutant  transport  includes 
the  goal  of  measuring  profiles  of    all  three  com- 
ponents of  the  wind.   The  significance  of  the  dif- 
ferential Doppler  technique  mentioned  above  is 
that  a  new,  more  effective  way  of  determining  all 
three  components  of  the  atmospheric  velocity  vector 
is  potentially  available.   The  comparative,  con- 
ventional approach  is  based  on  some  variation  of 
an  azimuth-scanning  technique.   Azimuth  scanning 
involves  an  inherent  assumption  of  horizontal 
homogeneity  of  the  wind  field  and  therefore  repre- 
sents an  area  average  with  departures  from  homo- 
geneity as  noise.   The  differential  Doppler  ap- 
proach avoids  the  need  for  a  homogeneity  assumption. 
It  can  produce  an  area  average  by  range  and  azimuth 
scanning,  or  by  averaging  a  time  history.   In  the 
latter  c.i'.e,  111  >  moiliniile.il  scanning,  is  required  to 
measure  all  three  components. 

The  present  status  of  the  study  is  that  the 
theoretical  analysis  of  the  technique  is  complete. 
System  design  parameters  for  increased  range  have 
been  established.   Tests  on  aerosol  targets  at 
longer  ranges  are  planned. 

Stack  and  Cooling  Tower  Plumes.   To  establish 
the  basic  feasibility  ol  slack  and  cooling  tower 
plume  measurements,  Doppler  lidar  tests  using  the 
mobile  system  were  performed  on  actual  pLimic/i, 
The  question  of  signal  return  Is  important  because 
liquid  water  Is  <it)"ongly  absorbing  at  10.6  pm. 

The  results  of  measurements  on  power  plant 
plumes  showed  signal-to-noisc  ratios  of  15  db  and 
greater  at  a  range  of  500  '100  m.   Signal  inten- 
sity from  the  st.ick  varied  by  more  than  10  db  over 
time  periods  cf  a  few  minutes,  presumably  because 
of  varying  burner  loads  or  tube  cleaning.   These 
results  may  not  apply  to  all  stacks  since  the 
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have  made  goal  revisions,  based  on  research  results 
to  uatc,  in  two  .ire. 13.   First,  new  concepts  In 
optical  signal  processing  (illHerenti.il  Doppler) 
allow  transverse  wind  component  measuring  research 
to  be  an  effective  replacement  for  azimuth  scanning 
geometries  for  the  purpose  of  3-component  wind  pro- 
filing.  Differential  Doppler  is  also  applicable 
to  low-elev.i  t  i  ou-anp.lo  stack  velocity  measurements. 
Second,  Ftl-CW  ranging  has  been  found  difficult  to 
apply  to  aerosol  targets  in  practice.   Progress  in 
digital  data  handling  of  high-frequency  signals, 
done . elsewhere ,  suggests  that  CO^  laser  pulse  tech- 
niques with  coherent  detection  are  a  viable  method 
for  obtaining  aerosol  profiles. 

By  using  two  existing  Doppler  lidar  systems, 
we  will  be  able  to  explore  the  extension  of  3- 
component  velocity  sensing  by  differential  Doppler 
to  aerosol  targets  and  longer  ranges.   Attempts 
will  be  made  to  determine  the  limiting  angular 
beam  separation  required  for  operation  and  to 
relate  observed  signal -to-nolse  values  obtained  in 
the  diffurenti.il  case  to  those  seen  In  the  normal 
pure  backscatter  geometry.   Applications  in  dif- 
fusion, urban  ventilation  factor  determination, 
and  stack  effluent  velocity  sensing  should  all 
benefit  from  progress  in  this  area. 
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Work  on  heterodyne  Doppler  signal  processing 
is  designed  to  give  the  sign  of  the  line-of-sight 
velocity  component  measured  by  the  lidar.   This 
capability  is  related  to  diffusion  studies,  espe- 
cially vertical  velocity  measurements,  and  stack 
effluent  velocity  applications. 

Various  types  of  digital  data  processing,  be- 
ginning with  a  high-speed  clipped  correlator,  will 
be  studied  in  an  attempt  to  increase  the  signal- 
to-noise  and  therefore  effective  range  of  the 
system  in  low-signal  conditions.   Chances  ■of  suc- 
cess in  this  exploratory  research  are  uncertain. 

Coherently  detected  pulse  ranging,  without  ex- 
tracting Doppler  information,  will  be  attempted  for 
aerosol  profile  measurements.  This  work  is  related 
to  the  urban  ventilation  factor  application. 

Studies  of  coherently  detected,  pulsed  Doppler 
lidar,  if  successful,  would  lead  to  increased  range 
resolution  at  ranges  beyond  approximately  500  m. 
A  low  duty  cycle,  pulsed  return  also  opens  the 
possibility  of  other  types  of  signal  processing 
than  we  now  use.   However,  within  the  resource  con- 
straints and  operational  orientation  of  the  proj- 
ect, successful  pulsed  Doppler  experiments  are  not 
presented  as  a  working  objective. 

Field  experiments  using  the  Doppler  lidar  are 
the  basic  part  of  the  project.   We  will  continue 
appropriate  feasibility  studies  to  apply  our  im- 
proved understanding  and  techniques  to  the  measure- 
ment of  wind  profiles  for  atmospheric  diffusion, 
urban  ventilation  factor  profiles  of  wind  and 
aerosol  loading,  and  stack  effluent  velocity 
profiles. 
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I.  INTRODUCTION 

We  have  developed  a  laser-beam  system  that  uses  raindrop- induced 
scintillations  to  measure  path-averaged  rain  parameters.1   The  general 
philosophy  of  the  approach  is  to  measure  the  raindrop-induced  irradiance  (or 
amplitude)  scintillations  with  two  vertically  spaced  horizontal  detectors. 
The  time- lagged  covariance  function  is  obtained  by  delaying  the  signal  from 
the  upper  detector  and  then  correlating  with  the  signal  from  the  lower 
detector.   This  temporal  covariance  function  yields  the  path-averaged  terminal 
velocity  distribution  of  the  raindrops.   With  a  known  relationship2  between 
drop-size  and  terminal  velocity,  the  measured  velocity  distribution  can  be 
converted  to  path-averaged  drop-size  distribution  and  hence  to  rain  rate. 
Sample  measurements  show  that  the  path-averaged  drop-size  distribution  of  a 
steady  rain  follows  a  Marshall-Palmer  distribution.1  The  optically  measured 
path-averaged  rain  rate  also  shows  good  agreement  with  conventional  tipping- 
bucket  rain-gauge  data.1 

This  technique  can  also  be  used  to  measure  the  terminal  velocity  distribu- 
tion of  other  precipitation,  e.g.,  snow  and  hail.   Because  the  relationship 
between  particle  size  and  terminal  velocity  of  these  particles  is  not  as  well 
determined  as  for  raindrops,  quantitative  measurements  of  the  amount  of 
precipitation  is  not  as  easy  to  achieve.   However,  this  information  is 
useful  for  qualitative  identification  purposes. 

II.  IMPLEMENTATION 

The  prototype  velocimeter  consists  of  a  low-power  laser,  two  line  detectors 
and  an  analog  correlator  to  provide  the  computation  of  the  temporal  covariance 
functions.   The  transmitter  is  a  4  mW  He-Ne  laser,  followed  by  an  optical  system 
that  expands  the  collimated  beam  to  produce  a  uniform  beam  20  cm  in  diameter. 
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Two  horizontal  line  detectors  25  cm  long  and  0.15  cm  high  are  used  as  receivers, 
The  detectors  are  mounted  on  a  frame  that  allows  their  vertical  separation  to 
be  adjusted  easily.   Interference  filters  with  a  passband  of  0.002  urn  centered 
at  0.6328  urn  are  used.  Also,  multiple  field  stops  are  used  to  exclude  back- 
ground light.   The  signals  detected  by  the  two  detectors  are  then  processed 
by  a  correlator  that  consists  of  analog  delay  devices,  analog  multipliers 
and  integrators  to  obtain  the  time- lagged  covariance  functions. 


The  system  was  used  during  the  summer  and  fall  of  1976  on  a  200-m  flat 
path  at  Table  Mountain,  a  mesa  located  12  km  north  of  Boulder,  Colorado. 
Time- lagged  covariance  functions  induced  by  rain,  hail  and  snow  were  detected, 
Typical  results  are  shown  in  Fig.  1,  where  z  is  the  vertical  separation 
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of  the  two  line  detectors.  The  path- 
averaged  velocity  distributions 
converted  from  Fig.  1  are  shown  in 
Fig.  2.   The  typical  falling  speeds 
of  snow,  rain  and  hail  are  2  m/s, 
6  m/s  and  10  m/s  respectively. 
However,  these  values  could  vary  for 
different  storms.  A  bimodal  distribution 
was  detected  on  June  23,  1976,  during 
a  mixture  of  rain  and  hail.  The 
time- lagged  covariance  functions 
(displayed  for  5  min  interval)  of  the 
signals  detected  by  two  vertically 
separated  line  detectors  with  z  =4  cm 
are  shown  in  Fig.  3.  The  shorter 
delay  peak  (t-4  ms)  contributed  by 
hail-induced  scintillations  corresponds 
to  a  terminal  velocity  equal  to  10 
m/s.  The  long  delay  peak  (t-9  ms) 
is  caused  by  raindrops  with  terminal 
velocity  equal  to  4.5  m/s.   At  the 
end  of  the  storm,  the  hail  peak 
disappeared;  however,  small  raindrops 
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were  still  falling.   If  we  assume  that  the  relationship  between  drop- 
size  and  the  terminal  velocity  follows  that  given  by  Gunn  and  Kinzer,2 
we  obtain  the  drop-size  distribution  as  shown  in  Fig.  4.   Because  hail 
may  not  follow  the  relationship  assumed,  the  results  are  only  qualitatively 
correct  for  hail  sizes.   The  dashed  lines  represent  the  corresponding 
Marshall-Palmer  distribution3  for  the  rain  rate  at  that  moment.   With 
the  presence  of  hail  particles,  the  drop-size  distributions  have  more 
large  drops  than  a  Marshall-Palmer  distribution.   At  the  end  of  the 
hail  storm,  the  rainfall  drop-size  distribution  agrees  with  the  Marshall- 
Palmer  distribution. 
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Fig.  k 


III.  CONCLUSIONS 

We  have  demonstrated  that  the  path-averaged  velocity  distribution  of 
precipitant  particles  can  be  measured  by  observing  the  time-lagged  covariance 
function  of  the  irradiance  fluctuations  of  a  laser  beam  induced  by  falling 
particles.   We  believe  this  is  a  potentially  useful  device  for  identification  of 
various  kinds  of  precipitation. 
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Concerning  the  influence  of  echo  carrier  frequencies  and 
antenna  dimensions  on  the  performance  of  echosonde 
(acoustic-radar)  antenhasa) 
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Wave  Propagation  Laboratory,  Environmental  Research  Laboratories.  National  Oceanic  and  Atomspheric 
Administration,  U.  S  Department  of  Commerce.  Boulder.  Colorado  80302 
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A  study  of  the  influence  of  echo   carrier  frequencies  and   antenna   dimensions  on   the   performance  of 
acoustic-radar  antennas  is  reported   with  features  of  practical  interest.   For  a  steady-state  plane-wave 
propagation,  appropriate  expressions  are  given  for  the  acoustic  impedance,  the  homogeneous  boundary 
conditions  analogous  to  the  electromagnetic  type  of  problems,  and  the  time-averaged  acoustic  energy 
Diffraction  pattern  integral  equations  for  echosonde  antennas  are  evaluated  in  closed  forms   using  the 
Zernike  polynomials  and  the  generalized-hypergeometric  functions,  and  physical  interpretations  are  given 
where  appropriate.   Accurate  computer  simulations  can  contribute  toward:  (1)  Better  understanding  of 
acoustic  remote  sensing  of  atomspheric  structure/properties  and  (2)  time-saving/avoidance  of  hidden 
problems  in  field  work.  Antenna-pattern  simulations  are  examined  using  modifications  of  antenna  design 
which  improve  antenna-system  performance.  By  proper  choices  of  echo  earner  frequencies  and  antenna 
dimensions,   quasiuniform    phase   distributions    pertinent    to   modest    phase   shifts   of  experimental 
measurements  (in  striking  contrasts  with  rapidly  changing  phases  of  previous  results),  are  obtained.  Severe 
side  lobes  are  major  detriments  in  acoustic  remote  sensing.  Results  presented  include  computer  simulations 
of  an  antenna  employed  in  probing  the  marine  atmosphere  remotely  from  a  moving  ship  during  a  cruise  in 
the  Pacific  Ocean/Canbbean  Sea,  and  simulations  of  an  antenna  employed  over  dry-land;  ground-level 
side  lobes  versus  echo  carrier  frequencies;  and  3-dB  beamwidth  variations  with  echo  earner  frequencies 
and  with  antenna  dimensions.  For  1-5-kHz  earner-frequency  range,  acceptable  antenna  dimensions  are 
1.22,  1.8,  and  1.8  m  for  the  illuminating-  transmitting-aperture  diameters,  and  height  of  the  absorbing 
cuffs,  respectively.  Half-power  beamwidths  within  7*- 13.5°  are  obtained  in  the  1 -2-kHz  frequency 
range;  and  selection  of  antenna  flare  angles  between   15*  and   18°  tends  to  give  optimum  side-lobe 
attenuations.  Comparisons  between  theory  and  measurements  show  overall  good  agreements.  Maximum 
relative  side-lobe  rejections  of  about   —  56.5  dB  (in  good  accordance  with  measurements)  in  the  20° 
region  near  the  ground,  are  obtained  at  2-kHz  carrier  frequency. 


PACS  numbers:  43  28Tc.  43.85.Ta,  43.20.Rz 

INTRODUCTION 

Efficient  and  highly  directional  antennas,  with  ade- 
quately suppressed  sidelobes  are  needed  for  accurate- 
quantitative  measurements  of  the  characteristics  of 
atmospheric  scatterers  using  acoustic  echo-sounding 
(echosonde)  techniques.1-5    This  new  and  powerful  tech- 
nique has  proved  to  be  an  efficient  and  valuable  tool  for 
investigating  the  structures  and  dynamics  of  the  lower 
atmosphere. °~8    Proper  choices  of  antenna  dimensions 
and  operating  carrier  frequencies  can  produce  sharp 
antenna  beams  with  reduced  sidelobes,  thereby  improv- 
ing the  efficiency  of  the  entire  system.    Consequently, 
measurements  of  the  characteristics  of  smaller  atmo- 
spheric-scatterers  than  those  measured  at  present  would 
be  possible.    The  antenna  mainbeam  is  primarily  re- 
sponsible for  the  sounding  operation.    Severe  detriments 
are  interferences/ground  echoes  from  the  Earth's  sur- 
face received  through  the  sidelobes.9   On  transmission, 
the  sidelobes  may  also  constitute  a  noise-pollution  prob- 
lem to  life  near  the  antenna.    Thus,   sidelobes  in  the  20° 
region  near  the  ground  should  be  controlled. 

Effects  of  variations  of  carrier  frequencies  on  anten- 
na gains  are  also  of  fundamental  significance  in  view  of 
the  transmitting  and  receiving  efficiencies  which  re- 
markably differ  for  different  ranges  of  operating  car- 
rier frequencies.     For  example,   for  1  W  rms  electrical 
input  power,  efficiencies  of  50%,   10%,  and  3  70,  have 
been  reported  for  frequency  ranges  between  1-2,  2-3.5, 
and  3. 5-6  kHz,  respectively.4 


Echosonde  techniques  provide  excellent  means  of 
monitoring  the  lower  boundary  layer  of  the  atmosphere 
because  acoustic  waves  interact  strongly  with  atmo- 
spheric structures.    As  one  example,  an  echosonde  sys- 
tem provides  a  convenient  and  accurate  tool  for  sensing 
in  real  time  the  wind  field  around  an  airport  for  aircraft 
safety.10    The  system  is  highly  sensitive  to  small-scale 
turbulent  eddies  of  the  order  of  one  half  the  acoustic 
radar  wavelength.     For  example,  for  a  2-kHz  frequency 
(radar  wavelength  A  =  0.17  m),  the  strongest  scatter  is 
produced  by  turbulence  components  whose  dimensions 
are  of  the  order  of  half  the  radar  wavelength  (i.  e. ,   §,\ 
=  0.085  m).     This  scattering  phenomenon  is  known  as 
Bragg  scatter  and  has  been  observed  in  sea  scatter  with 
radars  which  are  used  for  remote  sensing  of  ocean 
waves.11    Smaller-scale  eddies  at  the  lower  boundary 
layer  are  of  significance  in  that:    Larger-scale  motions 
can  be  deduced  from  them;  they  are  related  to  eddy  in- 
tensities at  other  scales  of  turbulence  in  the  inertial 
subrange;  and  they  are  influenced  by  larger  turbulent 
motions.10 

In  this  paper,  we  first  outline  the  theory  of  diffraction 
integrals  for  the  echosonde  antenna,   and  present  some 
integral  equations  needed  in  the  analysis  of  the  antenna 
characteristics.    The  result  lends  itself  readily  to  pre- 
dicting the  antenna  behaviors  by  computer  simulations. 
An  account  is  also  given  for  the  fluid  velocity  normal  to 
the  radiating  surface.     Relations  are  developed  for:    the 
homogeneous  boundary  conditions  analogous  to  the  elec- 
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tromagnetic  case,  the  time-averaged  acoustic  energy, 
and  the  acoustic  impedance,   using  a  steady-state  plane- 
wave  propagation  assumption.    Some  of  the  developed 
integral  equations  are  evaluated  in  closed  forms  using 
the  Zernike  polynomials,  and  the  generalized-hyper- 
geometric  functions. 

Next,  we  examine  pattern  simulations  for  two  anten- 
nas employed  in  remote  sensing  applications.    In  view 
of  the  system  efficiencies  stated  above,  the  frequency 
ranges  considered  for  the  antennas  are  1-5  and  1-3 
kHz,   for  favorable  practical  applications.    Considera- 
tions also  include  ground-level  sidelobes  versus  car- 
rier frequencies,   and  half-power  beamwidth  variations 
with  carrier  frequencies  and  with  antenna  dimensions. 
This  paper  also  addresses  the  important  problem  of  an- 
tenna simulations  which  seem  to  be  at  odds  with  mea- 
surements,  particularly  regarding  the  phase  distributions 
across  the  radiating  antenna  aperture.     By  adequate 
choices  of  carrier  frequencies,   and  modifications  of  an- 
tenna dimensions,   modest  phase  shifts  pertinent  to  ex- 
perimental predictions  are  presented. 

Finally,   some  of  the  computer-predicted  beam  pat- 
terns are  compared  with  two  sets  of  experimentally  mea- 
sured patterns,   namely,  the  previously  available  ex- 
perimental measurements,4  and  recent  pattern  measure- 
ments made  with  the  radar  now  located  at  White  Sands 
Missile  Base  in  New  Mexico — furnished  by  the  Acoustic- 
Radar  Group  of  the  Wave  Propagation  Laboratory.     For 
proper  visualization  of  the  antenna-radiation  patterns, 
isometric  plots  are  given  for  two  cases  of  the  pattern 
simulations. 

I.    ON  THE  DIFFRACTION  INTEGRALS 

The  Kirchhoff-Fresnel  diffraction  integral  has  been 
modified  for  the  echosonde  antenna  as2""' 
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(1) 

where  P(R)  is  the  required  pressure  field  of  the  anten- 
na, P(R')  is  the  source  distribution,  R  and  R'  are  the 
position  vectors  to  the  field  and  source  points,  respec- 
tively, C(R',  R)  is  the  Green's  function,  and  it'  is  a  unit 
vector  pointing  into  the  volume  for  which  S  is  a  surface. 
The  radar-antenna  configuration  is  depicted  in  Fig.  1. 
The  lower  illuminating  antenna  aperture  (radius  p(mail)  is 
smaller  in  size  than  the  radiating  aperture  (radius 
p4(miB])  at  the  upper  base  such  that  the  antenna  is  tapered 
as  indicated  in  the  figure.    The  antenna  height  H  is  made 
of  shielding  absorbing  shrouds  supported  by  a  six-sided 
plywood  structure  on  the  outside.    One  side  of  the  six 
sides  has  been  removed  from  Fig.  1  so  as  to  show  the 
physical  configuration  more  clearly.    In  order  to  be 
perfectly  absorbing,  the  inside  of  the  antenna  is  lined 
with  absorbent  materials  like  urethane  foam  or  con- 
voluted polyurethane.    Some  lead  sheet  or  lead  septum 
is  then  sandwiched  between  the  absorbing  urethane  foam 
(on  the  inside)  and  the  plywood  structure  (on  the  out- 
side).   The  lead  sheet  is  to  further  block  the  transmis- 
sion of  acoustic  energy  through  the  antenna  walls.    Any 
energy  that  is  not  absorbed  by  the  convoluted  polyure- 
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FIG.   1.     Radar-antenna  physical  configuration  for  narrow -beam 
transmitter-receiver  modes. 


thane  is  reflected  by  the  floating  lead  septum.    The  sym- 
bol d  (as  shown  in  the  figure)  represents  the  distance 
between  two  arbitrary  points  on  the  lower  and  upper 
apertures  of  the  antenna,  respectively. 

In  order  to  employ  Eq.  (1)  in  studying  the  character- 
istics of  the  radar  antenna  of  Fig.  1  using  the  cylindri- 
cal coordinate  system,  one  modifies  Eq.  (1)  to  give 


P(5)  = 


jk 


/"(ma) 
F(p') 


exp(-jkr') 


(l+cose)p'dp'd<t>'t 

(2) 

where  F(p')  is  the  excitation  at  the  antenna-aperture  in 
amplitude  and  phase,  cos0  =  (z  -z')/\R  -R'\,  r'  =  \R 
-R'\,  and  the  integration  is  performed  along  the  anten- 
na aperture  in  question.    Throughout  this  paper,  an 
exp(ju)/)  time  variation  is  assumed  and  suppressed. 
Notice  that  Eq.  (2)  can  be  used  to  integrate  along  the 
illuminating  aperture  to  obtain  the  near  field  of  this 
aperture  in  amplitude  and  phase  at  a  height  H  above  the 
aperture.    If  this  nearfield  is  truncated  at  psimu)  (radius 
of  the  radiating  aperture),  then  it  becomes  the  equiva- 
lent excitation  at  the  radiating  aperture.    With  this 
equivalent  excitation,   Eq.  (2)  can  be  used  again  to  in- 
tegrate along  the  radiating  aperture  to  obtain  the  far- 
field  of  the  antenna,  with  the  entire  antenna  then  acting 
like  a  point  source.     This  point  would  be  deferred  until 
later,  first  we  shall  consider  some  pressure  fields  and 
boundary  conditions. 

A.    Some  pressure  field  considerations 

On  the  radiating  surface  S,  a  requirement  or  boundary 
condition  can  be  imposed  such  that  the  Green's  function 
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appearing  in  the  integrand  of  Eq.  (1)  can  be  specified  as         /.    The  acoustic  impedance 


■8C^'',  fi)  =0      (on  the  radiating  surface),  (3) 

where  dn'  signifies  the  differentiation  along  a  direction 
normal  to  the  radiating  surface.    Thus,  taking  the  re- 
quirement of  Eq.  (3)  into  consideration,  the  pressure 
field  of  Eq.  (1)  can  be  represented  by 


/>(£)  =  -    \  G<$,W)^pl  dS' , 
J<  dn 


(4) 


where  G(fi,  R')  satisfies  the  radiation  condition  for 
exp(jvt)  time  dependence.    The  arguments  of  the  Green's 
function  have  been  interchanged  in  view  of  the  symmetry 
property  of  the  Green's  function.     The  quantity  3P(R')/ 
dn'  appearing  in  the  integrand  of  Eq.   (4)  can  be  ex- 
pressed in  terms  of  the  fluid  velocity  V„  (R')  normal  to 
the  radiating  surface  S  at  R'  as 


Vtf')- 


-l     dp(r.') 


;wa> 
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where  pg  is  the  mean  fluid  density,  and  <x>  is  the  angular 
frequency  in  radians.    The  fluid  velocity  describes  the 
motion  of  the  acoustic  wave  and  it  is  assumed  to  have 
small  amplitudes.     Employing  Eq.   (5)  in  Eq.   (4),  the 
pressure  field  then  becomes 


P(R)=;'wpo    (  G<M,  R')Vnlfi')dS', 


(6) 


where  R'  is  the  position  vector  to  an  arbitrary  point  on 
the  radiating  surface.    The  entire  radiating  surface  S  in 
Eq.  (6)  may  comprise  any  significant  supporting  struc- 
tures, baffles,  and  piston  faces. 

For  an  idealized  point  source  on  the  radiating  surface 
S  and  located  in  a  rigid  baffle  where  Vn(R')  =  0,  except  at 
the  source  itself,  and  if  R0  is  the  position  vector  of  the 
location  of  the  point  source,  then  we  have 


Vn<fi')  =  Q(M')5{R0-R'), 


(7) 


where  Q  is  the  strength  of  the  point  source,  and  6(R0 
-R')  is  an  impulse  function.    Substituting  Eq.  (7)  in 
Eq.   (6),  and  by  virtue  of  the  impulse  function  properties, 
one  obtains 

P(fl)  =jPo  ckG(fi,  R0)  Q(fi0),  (8) 

where  the  identity  u;  =kc  has  been  used,  c  is  the  velocity 
of  sound,  and  RQ,  R,  and  R'  €  S.    The  strength  Q  of  the 
point  source  can  be  defined  as 


Q  =  lim  V„AS  . 

AS-0 


(9) 


For  a  source  to  be  considered  small,  with  ds  the  maxi- 
mum extent  of  the  source,  then  ds/\«  1.    Thus,  for  a 
small  source  in  which  there  is  no  appreciable  spatial 
phase  delay  between  individual  radiating  elements  we 
have 


dS 


(10) 


where  S0  is  the  radiating  surface  of  the  source.28 


By  employing  the  fluid  velocity  Vn(R')  along  a  normal 
direction  to  the  radiating  surface,  and  using  the  relation- 
ship between  the  fluid  velocity  and  the  derivative  of  the 
pressure  field  as  given  by  Eq.   (5),   the  surface  acoustic 
impedance  can  be  expressed  in  terms  of  the  pressure 
field  and  its  derivative.     Thus,   if  p0  is  the  mean  fluid 
density,  then  the  surface  acoustic  impedance  denoted  by 
the  symbol  Zs  is  given  by 


P_ 
V. 


(l/jupvUdP/dn) 


(U) 


In  many  instances,  the  field  behavior  is  that  of  a  plane 
wave  or  approximately  so,  and  the  plane-wave  assump- 
tion simplifies  the  results  significantly.    Thus,   if  a 
steady-state  plane  wave  is  assumed  to  be  propagating 
in  the  positive  z  direction,  then 


P  =  P0exp(-;^)  , 


(12) 


where  P0  is  the  amplitude  of  the  wave  which  may  be  a 
complex  quantity,   and  k  is  the  wavenumber.    Conse- 
quently, the  characteristic  impedance  Zc  for  plane-wave 
propagation  can  be  obtained  from  Eq.   (11)  by  replacing 
Zs  by  Zc  as 


wPo 


(*/«WPo        k 


=  ftc  , 


(13) 


where  the  medium  is  a  gas  with  characteristic  imped- 
ance Zc. 

2.    Homogeneous  boundary  conditions 

The  pressure-field  homogeneous  boundary  condition, 
which  is  analogous  to  a  corresponding  electromagnetic 
problem,   is  discussed  in  this  section.    The  following 
relationship  between  the  pressure  field  P  and  the  sur- 
face impedance  Z3  follows  directly  from  Eq.  (11): 


-Z, 


jupo        dP/dn 
The  boundary  condition  then  becomes 

P+T-5 r—  =  0. 

;wpo    dn 
This  reduces  to 


8P 

dn 


+  jk 


(£),.. 


(14) 


(14a) 


(14b) 


By  virtue  of  Eq.  (13),  the  above  homogeneous  boundary 
condition  for  the  acoustic  field  can  be  expressed  in  the 
following  form: 


8P 

—  +;*yiP  =  0  , 


(15) 


where  ys  =  Zc/Z,  is  the  normalized  surface  acoustic  ad- 
mittance, Z%  is  the  acoustic  impedance  for  the  surface, 
and  the  pressure  field  P  satisfies  the  radiation  condi- 
tion for  exp{jut)  timedependence.2,29  Equation  (15)  is  the 
acoustic  counterpart  of  the  general  homogeneous  (im- 
pedance-type) boundary  condition  on  the  radiating  sur- 
face usually  encountered  in  electromagnetic  problems. 
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3.    Acoustic  intensity  S,  and  the  time-averaged  energy 
(S)  m  an  acoustic  plane  wave 

If  the  symbol  S  represents  the  instantaneous  energy 
flux  density,  then  the  time-averaged  energy  flux  density 
(S)  is  given  by 

<S>£Re[P?»],  (16) 

where  the  angular  brackets  (•)  denote  a  time-averaged 
quantity  in  the  complex  notation,  Re[  •  ]  is  the  real  part 
of  the  argument,  the  star  sign  (*)  is  a  complex  conjugate 
quantity,  and  V  is  the  velocity  given  by 


K=(-l/jwpo)VP 


(16a) 


where  VP  is  the  gradient  of  the  pressure  field.  Substi- 
tuting Eq.  (16a)  in  Eq.  (16),  then  the  time-averaged  en- 
ergy flux  becomes 

(S  >  =  i  Re  [P(VP)*/;wpo]  .  (16b) 

Employing  the  plane  wave  Eq.  (12),  then  the  velocity 
V  of  Eq.  (16a)  reduces  to 

V=zP/Zc,  (16c) 

where  I  is  a  unit  vector  in  the  positive  z -propagation 
direction,   and  P  and  Zc  are  defined  in  Eqs.   (12)  and  (13), 
respectively.    Consequently,  the  time-averaged  energy 
flux  (S)  reduces  to 


<s)=i|p0|72zc, 


(17) 


where  IP0I  is  the  absolute  value  of  the  complex  magni- 
tude of  the  plane  wave  defined  in  Eq.   (12).    Equation  (17) 
holds  for  a  pure  real  characteristic  impedance  Zc.  How- 
ever, for  a  complex  Zc  in  which  Zr  and  Z{  are,   respec- 
tively, the  real  and  imaginary  components  (i.e.,  if  Zc 
=  Zr+jZ{),  then  the  time-averaged  energy  flux  (S)  is 
given  by 


(S)=z\P0\iZr/2(ZzT+Z])' 


(17a) 


The  identity  PP*  =  IP0I2,  which  follows  directly  from 
Eq.  (12),  has  been  used.  In  subsequent  sections,  the 
diffraction  patterns  will  be  discussed. 

B.    Diffraction  patterns 

When  the  modified  diffraction  integral  Eq.   (2)  is  used 
to  integrate  along  the  radiating  aperture  of  the  antenna 
configuration  of  Fig.  1,  the  following  diffraction  pattern 
expression  is  obtained  for  the  farfield2-4: 


P(9) 


jk{l  +cosfl) 
2D 


exp(-jkD) 


xf''     *'  A(p's)  exp[j>t>(p's)}j0(kp'ssine)P'sdp'„     (18) 
o 

where  6  is  the  angle  off  the  antenna  axis  in  degrees,  D 
is  the  distance  from  the  center  of  the  radiating  aper- 
ture to  the  farfield  point,   ps(maj)  is  the  radius  of  the 
radiating  aperture,   and  J0  is  the  zero-order  Bessel 
function  of  the  first  kind.    The  excitation  quantity 
A(  rij)exp[j*(p()]  in  the  integrand  of  Eq.  (18)  is  obtained 
by  using  Eq.   (2)  to  integrate  along  the  illuminating  an- 
tenna-aperture to  obtain  the  two-dimensional  Eq.  (18a) 
from  which  A(pj)exp[;*(pJ)]  can  be  computed.    Thus, 


^(p;)exp[;*(p:)]  =  ift,rtm,,,^(p') 

A  jq     Jo 

x  exp[;4>(p')]exp[-;  j-(d-H)j  t{d)  p' dp'd<j>' , 

(18a) 

where  d  is  given  by 

d(p',  <n  =  [p'2sinV  +  (P;-p'«)s4»')'+tfi]1/' 

and  £(d)  is  the  decay  of  the  signal  with  distance  d  given 
by 

1+H/d 


Ud)  = 


2d 


The  computed  diffraction  pattern  is  obtained  by  convert- 
ing Eq.  (18)  to  decibels  thus 


P„(e)=201og10|P(e)/P(0)|rfB, 


(18b) 


where  P(0)  is  a  normalizing  factor  obtained  from  Eq. 
(18),  by  setting  6  equal  to  zero.    From  the  practical 
standpoint,  it  is  desirable  to  explore  forms  of  the  radial 
phase-  and  amplitude-distributions  A (p's)  exp[j$(p's)],  at 
the  radiating  aperture  in  which  the  resulting  diffraction 
integral  equations  are  expressed  in  closed  forms.    The 
integral  equations  arising  from  some  phase  distributions 
at  the  antenna  aperture  and  their  physical  interpreta- 
tions will  be  discussed  in  Sec.  IC. 

C.    Radiation  integrals  arising  from  some  aperture  radial- 
phase  distributions  and  their  interpretations 

Ne-.v  variables  can  be  introduced  in  Eq.  (J.8)  as  follows: 
If  we  let 

f  =  Ps/Ps(m«) 

and 

v=kpslma)sin6,  (19) 

then,  the  quantity  A  (p's)  exp[j<b(p's)]  in  the  integrand  of 
Eq.   (18)  goes  over  into  the  new  quantity  A0{r)  exp[j$0(r)], 
and  the  diffracted  field  P(8)  goes  into  a  new  function  to 
be  denoted  for  the  present  considerations  as  P(v),  then 
Eq.  (18)  reduces  to 

„,  >     jk{l  +COS0)         ,     .,  „.    . 
PM  2D &M-jkD)  p8s(m„, 


xj     A0(r)exp[j$Q(r)]J0(vr)rdr. 


If  we  let  the  complex  amplitude  and  phase  function 
A0(r)  exp[j$0(r)]  be  represented  by 

A0(r) exp[;$0(r)]  =A0(r)  exp[-;a(r)]  ,  (20a) 

where  A0(r)  and  a{r)  are  real  functions  of  r,  and  a(r)  is 
a  radial  phase  variation,  then  substituting  Eq.  (20a)  in 
Eq.  (20),  we  have 

P(v)  =  k(9){    A0(r)ex^-ja(r)]jQ(vr)rdr,  (21) 

where  k(8)  is  given  by 


k(8)  = 


jk(l  +cosfl) 
2D 


exp(-jkD)  p\ia 


(21a) 
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We  shall  next  examine  Eq.   (21)  for  cases  of  practical 
Interest  and  then  interpret  the  results.    The  phase  dis- 
tribution a(r)  of  practical  interest  can  be  represented 
as 


a(r)  =  \urz    , 


(21b) 


where  ;/  is  a  dimensionless  constant.    Substituting  Eq. 
(21b)  into  Eq.   (21),  we  have 


P(v)  =  k(6)  f  Aa(r)exp(-yurz)J0(i>r)rdr 

-'n 


(22) 


The  following  physical  interpretations  are  applicable  to 
Eq.  (22)  above. 

/.    Physical  interpretations 

There  are  three  interpretations  that  can  be  given  to 
the  expression  of  Eq.  (22)  thus; 

(a)  In  the  farfield  region,  the  diffraction  pattern  P(v) 
represents  the  pattern  arising  from  an  aperture  excita- 
tion with  amplitude  A0(r)  and  with  a  quadratic  phase  mod- 
ulation produced  by  defocusing  the  radiating  system. 
Further  discussions  about  the  effects  of  phase  modula- 
tion errors  on  the  beam  patterns  have  been  considered 

in  Ref.  3.    When  a  radar  antenna  is  defocused,  beam 
widening,  which  may  be  useful  in  monopulse  tracking 
applications,   can  be  obtained.    An  aperture -antenna  sys- 
tem can  be  defocused  by  ordinarily  displacing  the  an- 
tenna-feed position  without  changing  the  aperture  size 
of  the  antenna  (in  contrast  with  other  methods  of  defocus- 
ing12).   Such  defocused  systems  would  preserve  the  nec- 
essary phase  and  amplitude  information  in  the  beam 
pattern  required  for  tracking  applications. 

(b)  In  the  near-field  region,  if  Rt  represents  the  dis- 
tance of  the  near-field  region  from  the  radiating  anten- 
na aperture,  the  expression  of  Eq.  (22)  is  the  field  dis- 
tribution arising  from  an  in-phase  radiating  aperture 
excitation  with  circular  symmetry  and  with  u  given  by 


Equation  (22)  then  becomes 


P(v)*k{9)  f 


AQ(r)  exp 


■Jkrzozs{n 


2Rt 


«"  )J0{vr)rdr 


(22a) 


(22b) 


(c)  The  last  interpretation  applicable  to  the  acoustic 
pressure  field  integral  Eq.   (22)  is  made  if  the  quantities 
u  and  v  are  Interpreted  as  follows: 


u=k(p,{mlI)/f)z 


and, 


«  =[kpsima)/f]  (x2  +  y2)1/2  =kpt(am)  sine 


(22c) 


(22d) 


where/  is  the  focal  length  of  the  antenna  aperture,  and 
(x,  y,  z)  are  the  rectangular  coordinates  at  the  focus, 
with  z  the  axis  of  symmetry  (i.  e. ,  the  antenna  axis). 
Using  these  definitions,   then  Eq.   (22)  is  the  threedimen- 
sional  field  distribution  at  the  focus  of  the  antenna  sys- 
tem.   The  above  interpretations  are  also  applicable  to 
nonuniform  circular  apertures.13-14 


2.    Integral  evaluations 

Some  of  the  integral  equations  will  be  evaluated  or  ex- 
pressed in  closed  forms  by  employing  functions  like  the 
Zernike  polynomials  used  in  the  theory  of  diffraction 
images.    Since  A0(r)  exp(-  \jurz)  is  complex  with  cir- 
cular symmetry  then  after  a  few  steps  (see  Appendix  A), 
Eq.  (22)  yields 


p(v)=K(e)     £      bs(_i)</2i^iM 


(23) 


where  Js^(v)  is  the  (s  +l)'h  order  Bessel  function  of  the 
first  kind,  and  the  coefficients  bs  are  given  by 

bs=2(s+l)f   ^0Wexp(-i;Mr-2)i?°(r)rdr,  (23a) 

where  R°s(r)  is  one  form  of  a  set  of  Zernike  polynomials15 
of  the  general  form  R"{r)  (see  Appendix  A).    The  pro- 
cedure of  obtaining  the  diffraction  pattern  of  Eq.   (23), 
consists  essentially  of  computing  the  coefficients  b„ 
which  are  of  interest  in  diffraction  theory.    A  few  of  the 
Zernike  polynomial  quantities  are  given  in  Appendix  A. 
Equation  (23a)  has  also  been  further  simplified  in  Ap- 
pendix A. 

3.    Uniform  amplitude  distribution:    A0(r)  =  1 

For  the  case  of  uniform  amplitude  distribution  we  set 
A0(r)  =  l  in  the  integrand  of  Eq.   (22)  giving 

P(u,  v)  =  k(6)  I     exp(-  ±jurz)J0(vr)  rdr  .  (24) 

•'o 

By  separating  the  above  equation  into  real  and  imaginary 
components,  the  resulting  expressions  can  be  integrated 
by  parts  separately  to  yield  the  following  expression  for 
the  diffraction  pattern: 

cosfja),,  /       »     T2        /  »z\ 

ilMFo(M)l))_5MiL)Ki(M(l,)ll        (24a, 

U  2U  J  ) 


COS  (| 


where  the  V„  functions  used  in  Eq.   (24a)  are  the  Lommel 
series  functions  which  have  been  explicitly  discussed 
elsewhere.2,14    The  slightly  modified  V„  functions  of 
V0(u,v)  and  Vl{u,v)  used  in  Eq.   (24a)  above  are  given  in 
Append ix  B. 

D.    Some  aperture  amplitude  distributions  with  uniform 
phase-fronts  of  the  form  a(r)=0 

For  a  uniform  phase-front  distribution  of  the  type 
a(r)=0,   Eq.  (21)  reduces  to 


P(v)  =  k(9)J     Aa(r)J0(ir)rdr  . 


(25) 


Amplitude  functions  Aa(r)  which  are  capable  of  represen- 
tations by  polynomials  or  series  expansions  can  be  used 
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in  Eq.  (25).    Thus,   Eq.   (25)  can  be  transformed  into 
diffraction  patterns  that  can  be  represented  by  the  gen- 
eralized hypergeometric  series.     Two  such  cases  will 
be  discussed. 

/.    Amplitude  distribution  with  a  Taylor  series  expansion: 
A0(r)  =  Z"n,0(r"/ni)A0(0) 

Amplitude  distributions  which  are  capable  of  a  good 
polynomial  approximation  or  a  series  expansion  can  be 
transformed  or  expressed  in  closed  forms  when  they 
appear  in  diffraction  pattern  integral  equations.    The  re- 
sult from  a  Taylor  series  expansion  of  the  amplitude  dis- 
tribution,  for  example,   leads  to  a  representation  of  the 
diffraction  pattern  integral  by  the  generalized  hyper- 
geometric series.    Thus,   if  the  amplitude  function  A0{r) 
can  be  represented  by  a  Taylor  series  expansion  such 
that 

Mr)=T,rrAt0"t{0),  (26) 

then,   substituting  Eq.   (26)  in  Eq.   (25),  one  obtains 

Pb')  =  K(0)E  ^"T^  f  r"*  JoMdr  .  (26a) 

And  by  the  property  of  the  integrals  of  Bessel  functions 
we  have16 

fr"1  J0(vr)dr=^%   ^(1;  Jn  +  2,  \n+l;  -\v\ 

(26b) 

where  the  symbol  xFz(-)  denotes  the  generalized  hyper- 
geometric series.    Thus,   Eq.   (26a)  reduces  to 

„u„/9*  i'itt;in+2f  in+2; 


W). 


(27) 


The  diffraction  pattern  of  Eq.  (27)  can  be  alternatively 
expressed  by  a  series  of  Bessel  functions  since  hyper- 
geometric functions  are  expressible  in  terms  of  series 
of  Bessel  functions.16 

2     Amplitude  distributions  of  the  form  A0(r)  =  cost  Vtitr) 

Since  amplitude  functions  represented  by  cosine  func- 
tions are  capable  of  series  expansions,  the  diffraction 
patterns  arising  from  such  amplitude  distributions  can 
also  be  expressed  in  closed  forms  using  the  hypergeo- 
metric series.  A  cosine-amplitude  function  can  be 
represented  by  a  power  series  containing  factorials  of 
the  form" 


^0(r)  =  cos(!*r)  =  E  ("ir  %Sr 


(28) 


Substituting  Eq.   (28)  in  Eq.   (25),  one  obtains 

P(v)  =  k(6)  J  (-1)"  %^Jf   C  r^lJ0(vr)dr,      (28a) 


C  r2"1  J0{vr)dr=  ^  3F0(-n,  -n,  1;  =4)  ,     (28b) 

therefore,  the  diffraction  pattern  of  Eq.  (28a)  reduces 
to 

(29) 

where  the  symbol  3F0(-)  stands  for  the  generalized  hyper- 
geometric function,  and  Jj  is  the  first-order  Bessel 
function  of  the  first  kind. 


II.  COMPUTER  SIMULATIONS  OF  THE  DIFFRACTION 
PATTERNS  OF  AN  ANTENNA  EMPLOYED  IN  PROBING 
THE  MARINE  ATMOSPHERE  FROM  A  MOVING  SHIP 

Pattern  simulations  of  an  antenna  whose  dimensions 
are  similar  to  those  of  the  antenna  installed  on  a  moving 
ship  platform  are  presented  in  this  section.    The  feasibil- 
ity of  echosonde  system  operation  at  sea  from  ships  or 
buoys  (with  proper  attention  given  to  the  antenna  instal- 
lation) appears  to  have  first  been  demonstrated  during 
JONSWAP  (Joint  North  Sea  Wave  Project)2  experiment." 
The  echosonde  antenna  recently  employed  in  shipborne 
remote  sensing  applications  during  GATE  (Global  At- 
mospheric Research  Program  Atlantic  Tropical  Experi- 
ments19'20),  has  an  illuminating  diameter  of  1.2  m  at 
the  lower  base  which  tapers  to  a  larger  diameter  at  the 
upper  base  with  noise-suppressing  shrouds  of  height 
1.8  m.    Figure  2  illustrates  the  pattern  simulations  of 
antennas  with  similar  dimensions  which  approximately 
satisfy  the  relation 


H  =  DR=1.5DR, 


(30) 


and  since18 


where  H  is  the  height  of  the  noise-suppressing  shrouds, 
and  DR  and  DR    are  the  illuminating-/radiating-aper- 
ture  diameters,  respectively  (see  Fig.  1).    All  dimen- 
sions are  in  meters.    The  symbols  R  and  Rs  are  the 
radial  variations  across  the  illuminating-  and  radiating- 
apertures,  respectively.    These  symbols  are,  respec- 
tively, used  to  represent  p'  and  p's  in  the  computer  sim- 
ulations for  ease  of  programming  purposes.    The  pat- 
tern behaviors  with  frequency  variations  in  the  range  of 
1-5  kHz  are  indicated  in  Fig.  2.    The  radiating-aper- 
ture  excitations  producing  the  beam  patterns  of  Fig.  2, 
and  some  beam-pattern  characteristics  are  discussed 
below.    The  beam-patterns  are  computed  from  the  nor- 
malized version  of  Eq.  (18),  while  the  phase-  and  am- 
plitude-field distributions  at  the  radiating  aperture  are 
computed  from  Eq.   (18a). 

A.    Quasiuniform  phase  excitations  at  the  radiating  antenna 
aperture 

The  diffraction  patterns  of  Fig.  2  are  produced  by  the 
near-uniform  phase  variations  at  the  radiating  aperture 
depicted  in  Fig.  3  for  the  respective  frequencies.    The 
phase  distributions  are  shown  for  the  radiating  aperture 
diameters  of  1.8  and  1.7  m,  respectively.    The  phase 
distributions  are  fairly  uniform  across  the  aperture  ex- 
cept at  the  edges.    The  distributions  are  symmetrical 
about  the  aperture  axis,  and  only  the  variations  from 


J.  Acousl.  Soc.  Am..  Vol.  62.  No.  3,  September  1977 


754 


630 


S.  Adeniyi  Adekola:  Effect  of  carrier  frequencies  and  antenna  dimensions  on  echosondes 


630 


20 


S      20 


c  — 


J     -60 

< 

1 

*      80  - 


■100- 


I 

III! 

0fl    -1.80m       Or  "  122m      H  =  1  80m         _ 

Radar  Antenna  Half  Flare  Angle  =  9  15° 

l&\ 

i\V\  x 

_ 

\\\     \ 

"N                     1kHz                                         _ 

\    ""N          \s — *  \ 

5kHz^     %,       «Av"\ 

I 

I         I         I          I 

i 1 1 1 r~ 

Drs-  1.70m      DR  =  1.22m      H  =  1  80m 
Radar  Antenna  Half  Flare  Angle  «  7.63° 


30  60 

Off-Axis  Angle  (degrees) 

FIG.  2.    Normalized  echosonde-antenna  gain  patterns  with  the 
maximum  directed  along  the  zenith  (6  =  0  direction)  for  1-5  kHz 
frequency  variations. 


the  aperture  center  to  the  edge  are  indicated  in  the  fig- 
ure.   The  phase  shifts  are  expressed  in  cycles  across 
the  aperture  and  are  shown  for  carrier  frequencies  of 
1-5  kHz.    The  phase  variations  show  negligible  depar- 
tures from  uniform  phase  fronts  in  accordance  with  pre- 
dictions.4 

Equivalent  amplitude  distributions 

The  variations  of  the  symmetrical  amplitude  distribu- 
tions (of  the  aperture  field)  with  frequency  are  depicted 
in  Fig.  4  for  the  radiating  aperture  diameters  of  1.  8 
and  1.7  m.    In  most  cases,  the  distributions  are  modi- 
fied such  that  their  intensities  are  peaked  at  the  aper- 
ture center,  and  are  tapered  to  small  values  at  the  aper- 


ture edge.    Such  gradual  amplitude  tapers  give  reason- 
ably low  sidelobe  patterns.21    If  the  respective  phase  ex- 
citations depicted  in  Fig.  3  are  represented  by  the  sym- 
bol <I>,  then  the  corresponding  amplitude  distributions  of 
Fig.  4  are  multiplied  by  an  exponential  function  of  the 
form  exp(;<f>)  to  obtain  the  aperture-field  distribution  in 
amplitude  and  phase. 

B.    Half-power  (3-dB)  beamwidth 

The  half-power  beamwidth  (HPBW)  of  an  antenna  pat- 
tern is  the  angular  distance  between  the  half -power 
points,   i.e. ,  the  positions  on  the  beam  where  the  power 
has  decreased  to  half  its  maximum  value.    The  half- 
power  points  represent  70.7%  of  the  total  energy  (or  -3 
dB  relative  to  the  maximum  power  of  0  dB).     The  3-dB 
beamwidths  can  be  estimated  by  using  the  usual  relation9 

HPBW  =  1.13X/D„  ,  (31) 

where  Da  is  the  diameter  of  the  aperture  and  \  is  the 
wavelength.    The  radiating  aperture  diameters  ex- 
pressed in  wavelengths  as  given  in  Table  I  are  10. 59X  and 
16.36A  at  2-  and  3-kHz  carrier  frequencies,   respec- 
tively.   Using  these  values  in  Eq.  (31),  estimated  3-dB 
beamwidths  of  6.1°  and  4°  are  obtained,   respectively. 
These  estimated  3-dB  beamwidths  are  approximately  of 
the  same  orders  of  magnitudes  as  the  computed  3-dB 


0.30  0.60 

Transmitting  Aperture  Radius  (meters) 


0  90 


0.28  056  085 

Transmitting  Aperture  Radius  (meters) 

FIG.   3.    Quasiunlform  phase  distributions  of  the  signal  at  the 
radiating  antenna  aperture.  ' 
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TABLE  I.     Half -power  beamwidths.  dimensions  of  turbulent  eddies  producing  strongest  scatter,  ground-level  sidelobes  for  1-5 
kHz  carrier  frequencies,  and  antenna  dimensions  within  3.7X-25.7X  {DR  ,£)K;  and  H  are  the  radiating-,  illuminating-aperture 
diameters;  and  antenna  height,  respectively). 


Fre- 
quency 
(kHz) 


Dimensions 

of  turbulent  Relative 

Wave-      eddies  producing  ground 

length      the  strongest  Half-power        level 


Relative  max- 
imum sidelobe 
levels  in  the  20° 
region  adjacent     DR 


Dimensions  of  the  radar  antenna 


A 
(m) 


scatter  (X/2) 
(m) 


beamwidth         sidelobes        to  the  ground  (Wave-       (Wave-       (Wave- 

(deg)  (dB)  (dB)  lengths)      lengths)      lengths) 


1  0.33  0.165 

2  0.17  0.085 

3  0.11  0.055 

4  0.08  0.040 

5  0. 07  0. 035 


13. 540 
7.  204 

4.836 

3.738 

3.156 


-49.378 
.-60.994 

-74.951 

-  73. 023 

-65.935 


-41.922 
(at  70°) 

•56.506 
(at  70°) 

■58.580 
(at  76°) 

•68.027 
(at  74°) 

•63.096 
(at  70°) 


5.45X  3. 70X  5.45X 

10.59X  7.18X  10.59X 

16.36X  11.09X  16.36X 

22.50X  15.25X  22.  SOX 

25.71X  17.43X  25.71X 


DK  =1.80  m 


Off  =  1.22  m 


H  =  1.80m 


0.30  0.60 

Transmitting  Aperture  Radius  (meters) 


090 


beamwidths  of  7.2°  and  4.8°  (at  2-  and  3-kHz  carrier 
frequencies,  respectively)  from  the  beam  patterns  of 
Fig.  2,  and  shown  in  Table  I.    Another  beamwidth  which 
can  be  used  to  describe  a  pattern  behavior  is  the  beam- 
width  between  first  nulls  (BWFN).22    Figure  5  illustrates 
most  of  the  important  features  of  an  antenna  beam  in 
both  the  rectangular  and  polar  formats. 

/.     Variations  of  3-dB  beamwidth  with  echo-carrier 
frequency  and  radiating  antenna-aperture  sizes 

Figure  6  depicts  the  behaviors  of  the  half-power  beam- 
width  with  echo-carrier  frequency  and  with  transmitting 
aperture  diameters  (DR  )  of  sizes  1.5,  1.6,  1.7,  and 
1.8  m,  respectively.    The  beamwidth  variations  are 
shown  for  the  antenna  with  and  without  the  shielding  ab- 


0.28  0.56  0.85 

Transmitting  Aperture  Radius  {meters) 


EntrJ) 


HPBW  =  Half  Power  Beam  Width 
BWFN  »  Beam  Width 

Between  First  Nulls. 


Main  Beam 
En(8) 
HPBW/2 


BWFN/2 


90° 


(Rectangular  Format  for  the 
Normalized  Field  Pattern) 


Side  Lobes 


(  Polar  Format 

for  the  Normalized 

Field  Pattern.) 


FIG.  4.     Gradually  tapered  amplitude  distributions  at  the  radi- 
ating aperture. 


FIG.  5.    The  rectangular  and  polar  formats  of  representing  the 
normalized  radiation  pattern. 
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Or  •  1  50m 

Dr.  -  1.60  m 

Dr  =■  1.70m 

Or  -1.80m 


The  Same  For  The  Four  Values 

of  0rs,  i.e.  1.50m,  1.60m.  1.70m.  1.80m 


—        Without  Anechoic  Shield 


2  3 

Echo  Carrier  Frequency  (kHz) 


2.    Behaviors  of  sidelobe  intensities  with  carrier  frequency 
and  radiating-aperture  diameters 

Major  drawbacks  in  acoustic  echosounding  are  the 
strong  sidelobes  particularly  those  adjacent  to  the  ground. 
Low  sidelobe  patterns  would  reduce  interference  from 
extraneous  noise  sources  and  the  signal-to-noise  ratio 
of  the  system  would  be  improved.    The  sidelobes  could 
be  raised  or  lowered  depending  on  the  type  (and  magni- 
tude) of  the  aperture-field  distributions.    However,  re- 
duced sidelobes  would  tend  to  broaden  the  beamwidth 
(i.  e. ,  reduction  in  gain). 


kH'T^- •-__]. 


With  Anechoic  Shield 


2  kHz 

3  kHz 

4  kHz 

5  kHz 


FIG.  6.    Dependence  of  the  3-dS  beamwidth  on  carrier  fre- 
quency for  different  antenna  dimensions. 


sorbing  cuffs.    Within  the  frequency  interval  between 
1-2  kHz,  half-power  beamwidths  in  the  range  of  16°-8° 
are  obtained  as  illustrated  in  Fig.  6.    For  the  variations 
with  transmitting  aperture  sizes  shown  in  Fig.  7,  larger 
beamwidths  in  the  neighborhood  of  1  khz  carrier  fre- 
quency than  the  beamwidths  within  2-5  kHz  frequency 
range  are  noticed.    Temperature  refractions  and  wind 
gradients  in  the  atmosphere  can  cause  backscattered 
wavefronts  to  return  at  off-axis  angles  of  several  de- 
grees.5,4   Thus,  3-dB  beamwidths  greater  than  5°  may 
be  necessary  for  satisfactory  reception  of  the  backscat- 
tered energy  in  acoustic  remote  sensing.    As  shown  in 
Figs.  6  and  7,  3-dB  beamwidths  greater  than  about  5° 
are  obtained  for  frequencies  between  1-3  kHz.    The 
variations  of  the  half -power  beamwidths  with  frequency 
(for  the  patterns  of  Fig.  2)  are  summarized  in  Table  I. 
The  beamwidth  varies  from  13.45°  at  1  kHz  through 
3.16°  at  5  kHz.    The  dimensions  of  turbulence  compo- 
nents producing  the  strongest  scatter  at  the  lower  bound- 
ary layer  of  the  atmosphere,  range  from  0. 165  m  at  1 
kHz  to  0.035  m  at  5  kHz.    The  antenna  dimensions  are 
of  the  order  of  several  wavelengths  ranging  from  a 
maximum  of  25. 7A  at  5  kHz  to  a  minimum  of  3. 7A  at 
1  kHz. 


1.4  1.5  1.6  17 

Transmitting  Aperture  Diameter  (meters) 

FIG.  7.     Relations  between  the  3-dp  beamwidth  and  radiating 
aperture  diameter. 
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Figure  8  illustrates  the  behaviors  of  the  maximum 
sidelobe  intensities  (within  70° -90°  from  the  antenna 
axis)  with  carrier  frequencies  and  with  radiating-aper- 
ture  diameters.    The  sidelobes  adjacent  to  the  ground 
are  progressively  reduced  for  increasing  frequency  as 
shown  in  the  figure.    The  sidelobes  also  reduce  with  in- 
creasing aperture  diameters.    Although  increasing  the 
carrier  frequency  would  somewhat  suppress  the  side- 
lobes, the  high  propagation  losses  and  the  atmospheric 
acoustic  signal  absorption  at  high  frequencies  discour- 
age system  operations  at  high  frequencies.    As  shown 
in  Table  I,  the  maximum  relative  sidelobe  level  near  the 
ship's  platform  (ground  level)  for  the  2  kHz  carrier  fre- 
quency is  -  56.  51  dB  with  respect  to  the  mainbeam  (in 
good  Accordance  with  the  prediction  of  -  55  dB18).    Rela- 
tive sidelobes  as  low  as  -60.99  dB  can  be  obtained  as 
indicated  in  Table  I. 
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90 


FIG.  8.  The  variations  with  echo  carrier  frequencies  of  (a) 
maximum  sidelobe  amplitudes  In  the  20°  region  adjacent  to  the 
ground    and  (b)  ground-level  sidelobes. 


FIG.   9.     Normalized  echosonde-antenna  gain  patterns  with  the 
maximum  directed  along  the  zenith  (6  =  0  direction)  for  1-3  kHz; 
frequency  variations. 
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TABLE  (I.     3-dB  beamwidths,  dimensions  of  turbulent  eddies  producing  strongest  scatter,  ground-level  sldeljbes  for  1-3  kHz 
carrier  frequencies,   and  antenna  dimensions  within  5.  5A  -  22.  5A  (DR  ,DR;  and  H  are  the  radiating-,   illuminatir.g-aperture  diam- 
eters; and  antenna  height,   respectively). 


Dimensions  of  the  radar  antenna 

Or,  Dr  B 

(Wave-  (Wave-  (Wave- 
lengths) lengths)  lengths) 

7.48A  5.52A  7.39A 

11.23A  8.27A  11.09A 

14.53A  10. 71A  14.35A 

19.00A  14. 00A  18.77A 

22.45A  16.55A  22.18A 


Dimens 

ions 

Relative  max- 

of turbulent 

Relative 

imum  sidelobe 

Wave- 

eddies 

producing 

ground 

levels  in  the  20° 

Fre- 

length 

the  strongest 

3-dB 

level 

region  adjacent 

quency 

A 

scatter 

(A/2) 

beamwidth 

sidelobes 

to  the  ground 

(kHz) 

(m) 

(m) 

(deg) 

(dB) 

(dB) 

1 

0.33 

0.165 

9.80 

-53.713 

-50.471 
(at  70°) 

1.5 

0.22 

0.  110 

6.56 

-60.217 

-51.554 
(at  74°) 

2 

0.17 

0.085 

4.99 

-58.274 

-54.788 
(at  70°) 

2.5 

0.13 

0.065 

4.02 

-  70.  894 

-60.373 
(at  75°) 

0.11         0.055 


D»  =2.47  m 


Do  =  1.82  m 


fl  =  2.44  m 


3.34 


-72.847 


■67.206 
(at  75°) 


III.  SIMULATIONS  OF  THE  RADIATION  PATTERNS 
OF  AN  ANTENNA  EMPLOYED  IN  REMOTE  SENSING 
OVER  DRY  LAND 

The  antenna  dimensions  used  for  the  pattern  simula- 
tions of  Fig.  9  approximately  satisfy  the  relation 

DRs  =  1.34Dg=H.  (32) 

In  the  acoustic  radar  work  at  the  Wave  Propagation  Lab- 
oratory, an  antenna  with  similar  dimensions  (now  lo- 
cated at  White  Sands  Missile  base  in  New  Mexico)  has 
been  used  over  dry  land  for  investigating  the  structures 
and  dynamics  of  the  lower  boundary  layer.23    The  pat- 
tern simulations  of  Fig.  9  are  shown  for  frequency  vari- 
ations within  1-3  kHz.    Table  II  summarizes  some  of 
the  pattern  characteristics.    The  antenna  dimensions  ex- 
pressed in  wavelengths  vary  between  5.  5A  and  22.  5A. 
The  highest  3-dB  beamwidth  (shown  in  Table  II)  is  9.8°, 
and  the  ground-region  sidelobe  level  as  low  as  -72.85 
dB  relative  to  the  mainbeam  maximum   of  0  dB  is  ob- 
tained.   Within  1-1.5  kHz  carrier-frequency  range,  a 
maximum  operating  range  of  1524  m  (1.524  km)  can  be 
obtained.    For  a  bistatic  system,  the  baseline  separa- 
tion between  the  transmitter  and  the  receiver  can  be 
taken  as  one-half  of  the  maximum  operating  range  (i.e., 


762  m  if  the  transmitter  is  operated  within  1-1.5  kHz 
frequency  range).    Summaries  of  the  maximum  (prac- 
tical) operating  echo  ranges  and  possible  baseline  sep- 
arations for  the  corresponding  bistatic  systems  are 
given  in  Table  III.23    Other  characteristics  of  the  pat- 
terns of  Fig.  9  are  discussed  below. 

Figure  10  shows  the  phase  distributions  of  the  field  at  the 
radiating  aperture  for  the  patterns  of  Fig.  9  at  the  corre- 
sponding frequencies.    The  distributions  appear  reason- 
ablyuniform  except  for  some  phase  shifts  at  1-  and  2-kHz 
frequencies  in  the  lower  illustration  of  Fig.  10.    Some  dis- 
continuities in  the  distributions  are  noticed  near  the  rim 
of  the  cuff.    The  corresponding  amplitude  distributions 
are  shown  in  Fig.  11,  and  they  are  of  similar  charac- 
teristics with  those  described  in  Sec.  U.  The  half -power 
beamwidths  (computed  from  the  patterns  of  Fig.  9)  are 
depicted  in  Fig.  12  with  and  without  the  shielding  absorb- 
ing shrouds.    The  beamwidth  at  a  particular  frequency 
is  less  for  an  antenna  with  the  shielding  shrouds  than  an 
antenna  without  the  shrouds.    Figure  12  also  indicates 
that  the  beamwidth  reduces  with  increasing  frequency, 
for  example,  the  beamwidth  at  3  kHz  is  narrower  than 
at  1.  5  kHz  by  a  factor  of  about  2  as  expected.    Figure 
13  illustrates  that  there  are  significant  reductions  of 


TABLE  III.     Specifications  to  be  incorporated  in  the  design  of  the  antenna  structure  for  favorable  practical  applications 
(J.  W.  Wescott,  personal  communications,   1976). 


Dimensions  of 

Baseline  separation 

Height  of 

Illuminating 

Radiating 

turbulent  eddies 

for  a  corresponding 

shielding 

aperture 

aperture 

Echo 

Radar 

producing  the 

Maximum 

bistatic  system 

absorbing 

radius 

radius 

carrier 

wavelength 

strongest  scatter 

practical 

(maximum 

cuffs 

P  (max) 

p3  (max) 

frequency 

(A) 

(A/2) 

echo  ranges 

echo  range/ 2) 

(m) 

(m) 

(m) 

(kHz) 

(m) 

(m) 

(m) 

(m) 

1.83 

0.61 

0.92 

2  to  3 

0.17  to  0.11 

0.085  to  0.055 

762.20 

381.  10 

2  44 

0.91 

1.22 

1  to  1.5 

0.33  to  0.22 

0.165  to  0.  110 

1524.39 

762.20 
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FIG.   10.     Modest  phase  shifts  of  the  signal  at  the  radiating 
antenna  aperture. 


the  ground-level  sidelobes  as  the  carrier  frequency,  in- 
creases. 

IV.    MULTIPLE  PHASE  OSCILLATIONS  AT  THE 
RADIATING  APERTURE  FOR  VERY  LARGE 

ANTENNAS 

Multiple  phase  oscillations  at  the  radiating  aperture 
(noticed  from  the  pattern  simulations  of  very  large 
acoustic  antennas)  are  undesirable  in  echosounding  ap- 


20 


\        '1  kHz 

1         1 

i        i        i 

Drs- 2.47  m 

o\          "\-2.5_kHz 

.1.5  kHz 

Or  »  1  82  m 
H  -2.44  m 

V      3  kHz           "-■ 

r 

2  kHz 
/ 

s    ..      .      , 

1               1               1 

030  0.61  091 

Transmitting  Aperture  Radius  (meters) 


20 


N1         '         '         ' 
\  1k\ 

1              1 
Or    -  2.56  m 

1 

\3kHz      .                  .1.5  kHz 

^5 

Or  »  1.90m 
H  -2.50  m 

^25  kHz 

- 

2  kHz 
/ 

i              i              i              i 

i           i 

i 

0  0.30  0  61  0.91  1.22    1 

Transmitting  Aperture  Radius  (meters) 

FIG.   11.    Gradually  tapered  amplitude  distributions  at  the 
radiating  antenna  aperture. 


plications.    The  patterns  depicted  in  the  uppermost  il- 
lustration of  Fig.  14  are  computed  from  an  antenna 
whose  dimensions  satisfy  the  relation 
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FIG.   12.     Dependence  of  the  3-dB  beamwidth  on  echo  carrier 
frequency  with  and  without  shielding  absorbing  cuffs  for  the 
antenna. 
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Echo  Carrier  Frequency  (kHz) 

FIG.   13.     Dependence  of  relative  sidelobe  amplitudes  on  echo 
carrier  frequency.     Notice  that  maximum  sidelobe  rejections 
of  about  -  55  dB  In  the  20°  region  near  the  ground  are  obtained 
at  2  kHz. 


The  antenna  half-flare  angle  (slope  of  shield  wall  from 
the  vertical)  is  18.44°  and  the  half -power  beamwidths 
of  18.52°  and  7.56°  are  obtained  at  1-  and  2-kHz  car- 
rier frequencies,  respectively.    The  corresponding 


phase  oscillations  of  the  equivalent  n.diating-aperture 
field  are  shown  in  the  uppermost  illustration  of  Fig.  15. 
The  relationship  between  the  heights  (//)  and  the  il- 
luminating aperture  diameters  (DR),   is  the  same  for  the 
antennas  producing  the  three  curves  of  the  lower  illus- 
tration of  Fig.  14.     The  relationship  is  given  by 


//  =  1.5D, 


(34) 


Employing  Eq.   (34),  the  effects  of  increasing  the  values 
of  the  radiating-aperture  diameter  (DR  )  on  the  aperture 
field  are  considered,  particularly  regarding  the  phase 
distributions  across  the  aperture.    The  antenna  dimen- 
sions used  for  the  three  beam  patterns  denoted  by  the 
symbols  A,   B,  and  C  in  Fig.  14  are  considered  below. 

The  dimensions  used  to  produce  the  pattern  denoted 
by  A  satisfy  the  relation 

DR  =2H  =  3  DR  ,  (34a) 


so 
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FIG.   14.     Relative  average  gain  patterns  of  very  large  an- 
tennas for  1-2-kHz  carrier  frequencies. 
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FIG.    15.     Multiple  phase  oscillations  at  the  radiating  antenna 
apertures  for  very  large  antennas. 


where  DR  ,  DR,  and  H  are  taken  as  3.  66,  1.  22,  and  1.  83 
m,   respectively.    The  half-power  beamwidth  obtained 
is  8.1c  and  the  antenna  half-flare  angle  is  33.69°.    For 
the  pattern  denoted  by  the  symbol  B,  the  antenna  dimen- 
sions satisfy  the  relation 


L\ 


=  2.33  //  =  3.5  DK 


(34b) 


where  the  values  of  DR  ,  DR,  and  H  used  are  4.27,  1.22, 
and  1.83  m,  respectively.    The  half-power  beamwidth  is 
8"  and  the  half -flare  angle  of  the  antenna  is  39.81°. 
The  relationship  between  the  antenna  dimensions  giving 
the  curve  C  satisfies 


£>„  =2.67  H=A  Dt 


(34c) 


where  DK  ,  DR,  and  H  are  taken  as  4.88,  1.22,  and 
1.83  m,   respectively.    The  half-power  beamwidth  is 
8.  lc  and  the  antenna  half-flare  angle  is  45°.    An  echo 
carrier  frequency  of  2  kHz  is  used  for  all  the  beam  pat- 
terns A,   B,  and  C.    The  phase  curves  for  the  equivalent 
excitation  across  the  radiating  aperture  for  the  three 


different  conditions  are  given  in  the  lower  illustration 
of  Fig.  15.    One  may  notice  the  substantial  phase  oscil- 
lations for  all  the  three  aperture  dimensions.    The  rap- 
idly changing  phase  distributions  shown  in  the  figure  are 
in  sharp  contrasts  with  the  fairly  uniform  distributions 
of  Figs.  3  and  10.    Thus,  undesirable  multiple  phase 
oscillations  seem  to  be  associated  with  very  large  an- 
tenna heights  and  radiating  apertures.    The  amplitude 
distributions  of  the  aperture  field  corresponding  to  the 
phase  oscillations  of  Fig.  14  are  of  the  same  general 
forms  as  those  of  Fig.  11.    The  antennas  whose  dimen- 
sions satisfy  the  conditions  of  Eq.   (33),   (34)-(34c)  may 
be  too  bulky  for  practical  applications.    The  half-flare 
angles  of  the  large  antennas  are  between  18°  and  45°. 
The  phase  distributions  of  the  aperture  field  shown  in 
Figs.  3,  10,  and  15  illustrate  that  the  equivalent  aper- 
ture-field distributions  are  determined  to  some  extent 
by  the  antenna  dimensions. 

The  excess  attenuation  losses  and  the  molecular  ab- 
sorption for  acoustic  energy  propagating  in  the  atmo- 
sphere at  high  frequencies,  impose  limitations  on  the 
carrier-frequency  range  and  the  associated  antenna- 
aperture  dimensions  that  may  be  used.    The  time  and 
effort  needed  in  fieldwork  for  assembly  and  disassembly 
of  acoustic-antenna  shrouds,  the  costs  of  acoustic 
shroud  and  absorbing  materials  (including  the  shipping 
and  construction  costs)  also  impose  limitations  on  the 
height  of  the  absorbing  shroud  that  may  be  used.    Thus, 
for  favorable  practical  applications  (as  dictated  by  the 
above  factors)  the  specifications  given  in  Table  m  may 
be  incorporated  in  the  antenna  design. 

V.    COMPARISONS  BETWEEN  THEORY  AND 
EXPERIMENTAL  MEASUREMENTS  OF  THE  RADAR- 
ANTENNA  BEAM  PATTERNS 

The  experimental  measurement  reported  for  1  kHz 
carrier  frequency  in  Ref.  4,   is  compared  with  theoreti- 
cal gain  pattern  at  the  same  frequency  in  Fig.  16.    For 
the  theoretical  pattern,  the  height  of  the  shielding  cuff, 
and  the  illuminating  aperture  diameter  are  each  taken 
as  1.2  m.    The  antenna  half-flare  angle  is  10°,  and  the 
excitation  for  the  pattern  is  of  the  form  exp(-0.35ft!) 
xexp(-;'7r/j3).    The  experimental  pattern  is  obtained 
from  an  antenna  whose  illuminating  aperture  diameter 
and  absorbing  cuff  height  are  each  1.2  m.    Several  mea- 
surements were  averaged  to  obtain  the  smooth  experimen- 


Off  A«is  Angle,  8(Degrees) 


FIG.   16.    Comparisons  between  theory  and  experimental  mea- 
surements of  Hall  and  Wescott  (1974,  Fig.   6)  for  1-kHz  fre- 
quency. 
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tal  pattern  shown,  and  the  details  of  the  method  of  measure- 
ments have  been  reported  elsewhere  with  other  results.4 

Figure  17  shows  comparisons  between  the  computer 
simulations  and  recent  measurements  made  with  the 
acoustic  radar  now  located  at  White  Sands  Missile  Base 
in  New  Mexico.23    The  transmitting  frequency  is  3  kHz. 
The  experimental  data  are  furnished  by  the  Acoustic- 
Radar  Group  of  the  Wave  Propagation  Laboratory.    The 
input  electrical  power  of  the  transmitter  for  the  experi- 
mental measurements  is  1  W.    The  antenna-dimensions 
employed  are  2.12,  2.12,  and  1.23  m  for  the  height  of 
the  shielding  cuffs  and  the  radiating-  and  illuminating- 
aperture  diameters,   respectively.    The  experimental 
data  are  acquired  by  a  balloon  carrying  a  microphone 
probe  at  the  farfield  of  the  antenna.    The  balloon  tech- 
nique of  pattern  measurements  (developed  in  Ref.  24)  is 
by  aiming  the  antenna  vertically  and  using  a  microphone 
probe  (whose  movements  are  controlled  by  a  tethered 
weather  balloon),   moving  in  a  fixed  arc  at  the  antenna 
farfield,  to  measure  the  field  patterns.    After  bandpass 
filtering,  the  output  of  the  probe  preamplifier  is  recti- 
fied by  a  wave  analyzer.     The  experimental  patterns  of 
Fig.  17(a)  are  the  resulting  log  output  registered  on 
strip  chart  recorders.    The  slightly  wavy  nature  of  the 
patterns  may  be  due  to  lateral  drifts  (as  a  result  of  wind 
breezes)  experienced  by  the  weather  balloon  which  sup- 
ports the  probe.    Two  experimental  curves  are  shown 
in  Fig.  17(a)  because  the  microphone  probe  traces  the 
beam  patterns  on  strip-chart  recorders  when  the  probe 
is  moving  one  way,  and  also  traces  the  pattern  when 
moving  back  (along  the  same  path)  to  its  original  posi- 
tion.   The  curves  do  not  coincide  because  of  the  wind 
blowing  the  balloon  up  and  down.    The  illumination  at 
the  lower  aperture  for  the  theoretical  pattern  is  taken 
as  exp(-  cRz)  exp(-;0.  75nR3),  where  c  is  a  dimension- 
less  constant.    Four  theoretical  gain  patterns  are  de- 
picted in  Fig.  17(a)  for  the  constant  c  assuming  values 
of  0.25,  0.4,  0.5,  and  0.6,  respectively.    The  average 
of  the  experimental  patterns  of  Fig.  17(a)  is  depicted  in 
Fig.  17(b)  using  standard  error  bars.    The  theoretical 
gain  patterns  with  values  of  c=0.25,  and  0.6  are  com- 
pared with  the  averaged  experimental  gain  pattern  as 
shown  in  the  figure.    Thus,  as  illustrated  in  Figs.  16 
and  17,  the  agreement  overall  between  theory  and  actual 
experimental  measurements  is  good. 

At  2  kHz  transmitter  frequency,  the  length  of  the  base- 
line separation  for  the  White  Sands  bistatic  system  is  set 
at  300  m,  thus  giving  the  height  range  of  600  m,   i.  e. , 
twice  the  baseline  length  (see  Table  III).    More  recently, 
some  practical  antennas  have  been  built  (for  bistatic 
applications),  with  adequate  antenna  and  cuff  design 
along  the  lines  outlined  in  this  paper,  to  obtain  contin- 
uous wind  profiling  and  temperature  fluctuations  from 
the  lower  boundary  layer  of  the  atmosphere.    The  de- 
tails of  this  new  system,  developed  for  the  Air  Force 
Geophysical  Laboratories,   are  reported  in  Ref.  25. 
Adequate  wind  profile  data  are  obtained  with  this  system 
up  to  heights  twice  the  baseline  separation  between  the 
antennas.    Maximum  sidelobe  reductions  are  reported, 
and  the  frequency  tuning  is  between  1-5  kHz.    The 
height  of  the  shielding  absorbing  cuffs  used  is  1.8  m, 
and  the  illuminating  aperture  diameter  is  1.2  m  with 


ground-level  sidelobe  rejections  of  about  -  50  dB  rela- 
tive to  the  mainbeam  maximum  of  0  dB.    Also,  antenna 
flare  angle  of  16°  is  used.    Thus,   the  experimental  study 
and  the  beam-pattern  measurements  reported  in  Ref.  25, 
are  also  in  good  agreement  with  theanticipated  computer 
predictions  of  this  paper. 

Isometric  plots  for  pattern  visualizations 

The  computer  simulations  giving  the  isometric  plots 
of  Figs.  18  and  19  are  viewed  at  colatitude  and  azimuth 
angles  of  (45°,  45°),   respectively.    The  computer-pro- 
gram subroutine  which  computes  the  normalized  version 
of  Eq.   (18)  is  used  as  the  input  to  the  contour-plot  pro- 
gram (developed  for  the  acoustic-radar  antenna)  to  ob- 
tain the  isometric  plots.    The  plots  are  useful  for  beam- 
pattern  visualizations  of  the  antenna  characteristics  par- 
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FIG.   17.    Comparisons  between  theory  and  recent  measure- 
ments made  with  the  acoustic  radar  now  located  at  White  Sands 
Missile  Base  in  New  Mexico  (J.   W.  Wescott,  personal  com- 
munications,  1976),  for  3-kIlz  frequency  with  H  -2.  12  m,  DR 
=  2.12  m,  and  DK  -  1.23  m:    (a)  theory  and  recorded  measure- 
ments on  strip  charts;  (b)  theory  and  averaged  measurements 
indicated  with  standard  error  bars. 
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FIG.   18.    A  section  of  the  isometric  plot  of  the  radiation  pat- 
tern arising  from  a  cosine-squared  amplitude-tapered  distri- 
bution at  2  kHz  carrier  frequency.    Two  major  sidelobes;  scale 
factor  =  0.1. 


ticularly  regarding  the  relative  positions  of  the  side- 
lobes  with  respect  to  the  mainbeam.    The  sectional  plot 
of  Fig.  18  arises  from  a  cosine-squared  tapered  ampli- 
tude distribution  at  the  illuminating  aperture  of  the  an- 
tenna.   A  carrier  frequency  of  2  kHz  is  used,  the  scale 
factor  used  for  the  plot  is  0.1,  and  two  major  sidelobes 
are  produced.    The  isometric  plot  of  Fig.  19  arises 
from  a  cosine  squared  on  a  pedestal  amplitude-tapered 
illumination  at  a  carrier  frequency  of  5  kHz.    The  scale 
factor  used  for  this  plot  is  also  0.1.    Several  mini  side- 
lobes are  produced  in  this  case,  but  four  major  side- 
lobes are  noticed.    The  plots  are  self-explanatory. 


VI.    CONCLUDING  REMARKS 

In  the  present  paper,   some  diffraction  integral  equa- 
tions for  echosonde  antennas  have  been  developed  in 
closed  forms  using  either  the  Zernike  polynomials,  the 
generalized  hypergeometric  functions,  or  the  Lommel 
V„  functions  each  of  which  is  also  applicable  in  the  theory 
of  diffraction  images.    Appropriate  expressions  are 
given  for  the  acoustic  impedance,  the  homogeneous  bound- 
ary condition,  and  the  time-averaged  acoustic  energy  using 
a  steady- state  plane-wave  propagation  assumption. 

The  influence  of  echo  carrier  frequencies  and  anten- 
na dimensions  on  the  performance  of  echosonde  antennas 
has  been  examined.     Computer  simulations  of  the  beam 
patterns  have  been  presented  for  two  practical  anten- 
nas— an  antenna  employed  in  shipborne  remote  sensing 
applications,  and  an  antenna  used  for  remote  sensing 
over  dry  land.    Modifications  of  antenna  design  which 
improve  antenna  system  performance  have  been  con- 
sidered.   It  has  been  shown  that  the  antenna  height  (H) 
should  be  of  the  same  order  of  magnitude  as  the  radiat- 
ing aperture  diameter  (DR  ).    Based  on  the  results  of 


lei" 
*?- 

FIG.   19.     Isometric  plot  for  pattern  visualization  arising  from 
a  cosine  squared  on  a  pedestal  amplitude-tapered  distribution 
at  5  kHz  carrier  frequency.     Four  major  sidelobes  with  sever- 
al smaller  sidelobes;  scale  factor  =  0.  1. 
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many  computations,  sizes  of  H  and  DR    of  about  1.  5  DR 
are  shown  to  be  adequate,  while  sizes  as  large  as  3  DR 
give  undesirable  multiple  phase  oscillations  of  the  radi- 
ating aperture  field.    The  problems  of  portability  and 
costs  also  discourage  the  use  of  very  large  antenna  aper- 
tures in  addition  to  the  difficulties  of  steering  such  large 
antennas. 

Supporting  comparisons  between  theory  and  recent 
pattern  measurements  made  with  the  acoustic  radar  now 
located  at  White  Sands  Missile  Base  in  New  Mexico  are 
made.    The  overall  agreements  between  theory  and  mea- 
surements are  good.    The  isometric  plot  presented, 
shows  the  complete  radiation  pattern  of  the  antenna.    The 
advantages  of  using  reasonably  high  operating  carrier 
frequencies  have  been  discussed.    Narrow  beamwidths 
are  obtained  for  frequencies  above  1  kHz.    Recognizing 
that  excess  attenuation  losses  and  strong  molecular  ab- 
sorption occur  for  acoustic  signal  propagating  in  air  at 
high  frequencies,  keeping  the  sidelobe  levels  relatively 
low  is  important  for  two  reasons:    First,  the  sidelobe 
reductions  at  high  frequencies  give  improved  signal-to- 
noise  ratio  (S/N)  at  the  receiving  mode  of  operation,  and 
secondly,  the  noise  pollution  of  the  radiated  field  in  the 
sidelobes  is  reduced  in  the  transmitting  mode.    More 
Doppler  shift  sensitivity  can  be  obtained  at  high  frequen- 
cies since  windspeed  is  proportional  to  frequency.    How- 
ever, the  range  of  operation  of  the  radar  will  dictate  the 
optimum  frequency  that  can  be  used.    For  example,  an 
operating  range  of  150  m  can  be  obtained  at  5  kHz  car- 
rier frequency,  whereas,  a  reduction  to  a  lower  fre- 
quency of  1  kHz  will  be  necessary  if  the  range  is  in- 
creased to  1.  5  km.    Larger  antenna  dimensions  may  be 
needed  for  the  greater  range  of  operation  (at  the  lower 
frequency),  since  the  larger  antenna  will  tend  to  com- 
pensate for  the  higher  noise  level  at  the  lower  frequency 
by  improving  the  directivity.    For  limited  ranges, 
stronger  echoes  are  normally  expected  as  the  trans- 
mitting frequency  is  increased  because  the  turbulence 
spectrum  tends  to  be  stronger  for  the  smaller  scale 
structures.    Little  has  shown  that  the  Kolmogorov  tur- 
bulence spectrum  follows  the  l/A1/3  power  law.6 

Background  considerations  in  the  antenna  design  for 
favorable  practical  applications  include:    a  compromise 
between  portability  and  mechanical  ruggedness;  shipping 
and  construction  costs,  easy  assembly  and  disassembly 
of  the  antenna  components;  and  compromise  between 
aperture-size  and  echo  carrier-frequency  range  that 
could  be  employed  in  applications.     Echosonde  antennas 
with  moderate  heights  and  weights  as  considered  in  this 
paper  would  survive  rough  handling  and  conditions  of 
weather  and  wind,  and  would  also  give  reliable  opera- 
tions.   Such  antennas  could  be  disassembled  into  com- 
ponents which  are  of  light  weight  and  medium  dimensions 
thereby  facilitating  the  movements  of  the  entire  radar 
set  to  new  sites  if  required.    The  susceptibilities  of  the 
antenna  components  to  replacements  and  repairs  under 
operating  field  conditions  would  also  be  enhanced. 
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APPENDIX  A:    DETERMINATION  OF  THE 
COEFFICIENTS/?,  ARISING  FROM  THE 
ZERNIKE  POLYNOMIALS 

The  Zernike  polynomials  used  in  Eqs.   (23)  and  (23a) 
to  evaluate  the  integral  Eq.  (22)  are  discussed  in  this 
Appendix.     For  simplicity,  we  first  let 


/(r)=A0(r)exp(-l;r,rJ), 
such  that  Eq.  (22)  becomes 

P{v)  =  k(6)  f  f(r)J0(vr)rdr, 

•'ft 


(Al) 


(A2) 


where  k{9)  is  as  defined  in  Eq.  (21a).    A  convenient  ap- 
proach to  solve  Eq.   (A2)  is  to  use  a  set  of  orthogonal 
polynomials  in  which  Eq.   (A2)  is  a  form  of  the  integral 
transform  of  the  orthogonal  polynomials  in  question. 
The  integral  transforms  can  then  be  readily  obtained  in 
tabulated  or  analytical  forms.     Such  polynomials,   ap- 
plicable in  the  present  case,  are  the  sets  of  Zernike 
polynomials  represented  by  R"{r).    These  polynomials 
can  also  be  applied  in  the  theory  of  diffraction  im- 
ages.13'15   The  Zernike  polynomials  R"(r)  have  been 
shown  to  exhibit  the  following  properties15: 


K(r)R?  (r)  rdr  = 


n*k 


l/2(n+l),      n=k 


(A3) 


and  also 


P  R:(r)Jm(ur)rdr=(-l)a,2n"-"<,'I*^.  (A4) 

o  " 

Thus,  in  the  present  case  of  interest  in  which  the  vari- 
able m  identically  equals  zero,  one  obtains 


f    R°„(r)J0(ur)rdr=  ■ 

-'n 


(.DimmidW      if  „  is  even 
u 


if  n  is  odd 


(A5) 
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TABLE  Al.     Evaluated  quantities  for  the  R°lr).   and  R„(r)  Zernike  polynomials. 


(i):    fi„(r):    with  n  even,   andO^n^lO 


(11):    R'„M:    with  n  odd,  and  l^nSll 


R?(r)=  27^-1 

fij(r)  =  6^-6^  +  1 

ft°(r)  =  20r6  -  30r*  +  12*-2  -  1 

R|j(r)  =  70re  -  140re  +'  90/  -  20r2  +  1 

R?0(r)  =  252r10  -  630r8  +  560r£  -  210/  +  30/  -  1 


fii(r)=r 

Rj(r)=3/-2r 

R[(r)  =  10r5- 12/ +  3r 

fijM  =  35r7  -  60rb  +  30/  -  4r 

«s(r)  -  126/  -  280r7  +  210/  -  60/  +  5r 

Rjl(r)  =  462r"  -1260/  +  1260r7-560/  +  105r'-6r 


where  R°(r)  is  defined  in  terms  of  the  Legendre  Poly- 
nomial as 


Rl(rh 


^d/2)n(2r2-l)  n  even 


n  odd 


(A6) 


with  the  symbol  Pn  representing  the  Legendre  Polyno- 
mial.   In  view  of  the  above  properties,   Eq.  (Al)  can  be 
written  as 

f(r)=        X)  bfi'Ur).  (A7) 

(=0,2,4,8,8,... 

Consequently,  by  virtue  of  the  property  of  Eq.  (A3),  we 
have 

J   f(r)R°s(r)  rdr  =  £  f '  btR0i(r)R°s(r)  rdr  =  Trr^zpr  .    (A8) 

0  ,=0     0  AS  +  -U 

Thus,  the  coefficients  bs  are  obtained  from  Eq.  (A8)  as 

6S  =  2  (s  + 1 )  f   /(r)  tf  °(r )  rdr  .  (A9) 

By  using  Eq.  (A7),  Eq.  (A2)can  be  written  in  the  follow- 
ing form: 


P(v)=K(e)  J    f(r)Jo(vr)rdr  =  K{0) 
x£  J     bsR*s(r)J0(vr)rdr , 


(A10) 


which  reduces  to  Eq.  (23)  of  the  text  [after  using  the 
property  of  Eq.  (A5)]  as 


P(v)=k(9) 


£  6,(_  !)««>.  iaM 


(All) 


i=o,e,(,t,i,. 


Using  Eq.   (A9),  and  substituting  the  expression  of  Eq. 
(Al)  for  f{r),  we  obtain  Eq.  (23a)  of  the  text  given  by 

6s  =  2(s+l)f    A0{r)exp(-hJ"rl)R0,lr)rdr,  (A12) 

where  the  subscript  s  assumes  even  integer  values 

(i.  e. ,  s  =  0,  2,  4,  6,  8, ).    A  series  representation  of 

the  Zernike  polynomials  R™(r),  and  some  of  the  relevant 
Zernike  polynomial  quantities  applicable  for  further 
simplifications  of  Eq.  (A12)  are  discussed  below. 


Some  relevant  Zernike  polynomial  quantities 

In  the  theory  of  diffraction  images,  the  orthogonal 
polynomials  R™(r)  appear  to  have  been  first  employed 
by  Zernike  in  phase  contrast  and  knife -edge  techniques.15 
The  polynomials  are  represented  by 

U/2)<n-m> 

K(r)=    £      (-1)' 

14 

(n  -i)l  r    " 

*  H[ («  +  m )/2  -j]![ (n  -  m )/2  -  i] !     (n-m):  even. 

(A13) 

The  properties  are  such  that  iiJi»>0  and  (h-m)  is 
even.    The  polynomials  can  also  be  expressed  in  terms 
of  the  generalized  hypergeometric  function  denoted  by 
the  symbol  F(- )  as 

fij(r)  =  (_  l)<uwiN.>/M»+»)\f.. 

XF(|(n+w)+l,  -i(n+m),  -\(n-m),  m  +1,  r*)  . 

(A14) 

By  using  the  representation  of  Eq.  (A13)  for  the  poly- 
nomials,  the  Zernike  polynomial  quantities  R°(r)  and 
R\(r)  are  computed  and  given  in  Table  Al  below.15 

By  virtue  of  Table  Al,  further  simplifications  of  the 
coefficients  bs  of  Eq.  (A12)  corresponding  to  Eq.  (23a) 
of  the  text,  can  be  made.  Using  the  appropriate  even 
values  of  the  subscript  "s"  in  bs  corresponding  to  R%(r) 
from  Table  Al  (with  n  assuming  even  values),  the  sim- 
plified bs  coefficients,  given  in  Table  A2,  are  obtained. 


TABLE  A2.  Simplified  versions  of  the  coefficients  b,  of  the 
text,  using  the  evaluated  R°(r)  Zernike  quantities  from  Table 
Al. 

*o  =  2  \\At\r)  exp(-  \  jur1) rdr 

*2  =  6  \[Aa{r)  exp(-  J;u/)l2/  -  l)rdr 

b,  =  10  \\A^r)  exp(-  i  f«i/)l6/  -  Br2  *  \\rdr 

»6  =  14  JJ'V>')exp(-i  ju/)|20/-30/*  12/  -\\rdr 

»8  -  18  U/tdlr)  exp(-  J  Jk/)|70/  -  140rs  +  90r4  -  20/  +  \\rdr 

»,„  -  22  Jl-40(r)  expl-  J  ;ur2)|252i-'°  -  C30r8  +  560r*  -  210r'  +  30/  -  \\rdr 
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APPENDIX  B:    THE  LOMMEL  V„  FUNCTIONS 

The  Lommel  Vn  functions  discussed  explicitly  in  Ref. 
2,  have  been  used  in  Eq.  (24a)  of  the  text  in  a  some- 
what similar  but  slightly  modified  fashion.    The  V„  func- 
tions V0(u,  v)  and  V^u,  v)  as  used  in  Eq.  (24a)  of  the 
text  are  given  by 

V0(u,  v)  =J0(v)  -  (v/uf  Jt(v)  +  (v/u)*  J<(v)  -...  ,  (Bl) 

and 

Vi(u,  v)  =  (u/v)  Jt(v)  -  (v/u)3  J3(v)  +  (v/uf  J^v)-..., 

(B2) 

where  the  Jn{v)'s  are  the  appropriate  wth-order  Bessel 
functions  of  the  first  kind. 
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The  effects  of  phase-front  distributions  on  the  radiation  patterns  of  an  echosonde  (acoustic 
echo-sounding)  antenna  are  studied.  A  radiation  integral  is  used  to  compute  an  equivalent  excitation 
at  the  transmitting  antenna  aperture  at  a  height  H  above  the  illuminating  aperture  of  smaller 
radius.  A  two-dimensional  Fourier  transform  utilizing  the  Kirchhoff-Fresnel  diffraction  formula 
is  used  to  obtain  the  far-field  expressions.  The  results  reported  for  linear,  square-law,  cubic,  and 
periodic  phase-front  distributions,  indicate  that  (while  details  of  the  antenna  pattern  depend  upon 
the  specific  phase  distribution  used)  all  distributions  tended  to  raise  the  sidelobes  and  broaden 
the  mainlobe  for  stronger  phase  modulations.  In  some  cases,  the  stronger  phase  modulations  actually 
reduced  the  central  portion  of  the  mainlobe,  producing  a  hollow  conical  beam.  Some  computed 
beam  patterns  at  a  carrier  frequency  of  2  kHz  and  with  different  phase  modulation  coefficients 
were  compared  with  two  recent  sets  of  experimentally  measured  patterns.  The  agreement  overall 
is  good  with  any  variations  probably  being  due  to  the  fact  that  the  actual  phase  distributions 
on  the  antennas  were  not  exactly  known  and  also  due  to  the  lateral  drifts  that  might  be  experienced 
by  the  tethered  weather  balloon  supporting  the  microphone  probe  (used  for  some  of  the  pattern 
measurements)  as  a  result  of  wind  breezes. 


1.     INTRODUCTION 

For  a  better  understanding  of  the  atmospheric 
structure,  there  is  a  need  to  develop  an  efficient 
system  for  atmospheric  turbulence  detection  and 
measurement.  Acoustic  waves  are  generally  used 
for  detection  in  turbulence  since  they  tend  to  be 
more  susceptible  to  variations  in  the  atmosphere 
than  electromagnetic  waves  such  as  microwaves 
or  optical  waves.  Little  [1969]  points  out  that  the 
refractive  index  for  acoustic  waves  is  1000  times 
larger  than  that  of  electromagnetic  waves.  In  addi- 
tion, the  bandwidth  required  by  an  echosonde 
system  is  1 ,000,000  times  less  than  the  bandwidth 
of  an  electromagnetic  system  designed  to  probe 
the  same  volume  of  the  atmosphere. 

Some  aspects  of  a  radiating  system  applicable 
to  non-ionized  atmospheric  sounding  are  considered 
in  the  present  discussion.  The  emphasis  is  on 
acoustic  waves  as  treated  by  other  authors  [Derr 
et  al.,  1970;  Marshall  et  al.,  1972;  McAllister,  1968; 
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McAllister  et  al.,  1969;  Little,  1969;  Simmons  et 
al.,  1971].  However,  the  concepts  are  general  and 
could  be  extended  to  the  description  of  the  radiation 
of  electromagnetic  waves  (e.g.,  optical  and  mi- 
crowaves). Doppler  techniques  (using  three  inter- 
secting antenna  beams  sampling  the'same  volume 
of  the  atmosphere)  could  permit  the  study  of  wind 
velocity  distributions  [Beran  et  al.,  1973,  1972; 
Georges  et  al.,  1972].  A  formulation  that  would 
take  distortions  occurring  in  the  radiation  patterns 
into  consideration,  has  been  suggested  by  these 
authors.  Some  effects  of  distortions  on  the  radiation 
patterns  are  treated  in  the  present  investigation. 
The  antenna  is  a  component  part  of  the  transmitter 
and  receiver.  The  distortions  produced  in  the  anten- 
na beams  by  the  antenna  configuration  are  of 
interest  and  these  distortion  effects  are  represented 
as  phase  error  distributions  over  the  illuminating 
aperture  of  the  antenna.  The  effects  of  phase  errors 
across  the  aperture  on  the  mainlobe  and  sidelobes 
are  considered.  The  phase-front  distributions  of 
interest  are  (a)  linear,  (b)  square-law,  (c)  cubic, 
(d)  periodic.  A  field-expedient  antenna  (set  up  in 
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the  field  and  relatively  easy  to  carry)  is  considered. 
The  overall  system  could  be  a  pulse-type  atmos- 
pheric sounder. 

The  most  desirable  aperture  field  distributions 
are  usually  those  in  which  the  field  is  in  phase 
across  the  aperture.  For  certain  types  of  field 
distributions,  there  may  be  considerable  departure 
from  a  uniform  phase-front  [Jasik,  1961].  In  such 
cases,  the  need  to  investigate  the  effects  of  the. 
phase  distribution  on  the  antenna  radiation  patterns 
becomes  apparent.  Antenna  systems  producing  in- 
tersecting beams,  such  as  those  used  in  acoustic 
echo-sounding,  belong  to  this  group.  Some  of  the 
above  types  of  phase  errors,  e.g.,  linear,  square-law, 
cubic,  and  periodic,  may  be  inherent  in  the  design 
of  the  antenna,  and  are  usually  dependent  on 
antenna  geometry.  Phase-front  errors  may  cause 
increases  in  sidelobe  levels.  For  an  array  of  radiating 
elements,  the  position  and  excitation  errors  of  the 
elements  in  the  array  may  also  bring  about  phase 
errors.  The  phase  errors  may  also  be  due  to  inability 
to  illuminate  the  antenna  aperture  uniformly.  From 
the  ray  optics  point  of  view,  phase  errors  may  be 
incurred  by  the  differences  between  direct  rays  and 
singly  or  doubly  diffracted  rays  from  objects  in 
the  environment  of  the  echosonde  antenna.  These 
rays  may  add  vectorially  to  create  a  phase  interfer- 
ence pattern.  A  complete  treatment  of  singly  and 
doubly  diffracted  rays  belongs  to  the  realm  of 
geometrical  theory  of  acoustical  diffraction  (GTD) 
and  will  therefore  not  be  considered  in  this  article. 

A  treatment  of  typical  phase  distributions  for  the 
echosonde  antenna,  which  is  the  major  concern 
of  this  investigation,  as  stated  above,  does  not 
appear  to  have  been  considered  previously.  Consid- 
erations in  echosonde  antenna  studies  have  been 
primarily  for  zero  phase,  constant  amplitude  illumi- 
nations [Strand,  1971].  The  phase-front  distribu- 
tions of  interest  are  applied  to  a  quasi-tapered, 
cylindrical  anechoic  structure  with  absorbing  cuffs 
and  operated  at  low  acoustic  carrier  frequencies, 
although  a  horn  reflector  antenna  shielded  with 
fiberglass  as  the  absorbent  material  could  also  be 
used. 

2.     THEORY 


reported  for  a  carrier  frequency  of  2  kHz  and  a 
frequency  of  4  kHz  for  the  contour  plots.  Other 
numerical  results  for  the  more  commonly  used 
carrier  frequencies  in  acoustic  radar  work,  namely 
1,3,4,  and  5  kHz,  have  been  extensively  considered 
by  Adekola  [1975].  Further  integral  formulations 
for  the  Fresnel  zone  fields  which  are  expressed 
in  closed  forms  using  LommeTs  series  have  also 
been  considered  [Adekola,  1976].  The  Fresnel  re- 
gion representations  are  also  suitable  for  computa- 
tional techniques. 

2.1.  Radiation  integral  for  the  echosonde  anten- 
na. The  Kirchhoff-Fresnel  diffraction  physical 
optics  formula  can  be  modified  to  produce  the 
following  radiation  integral  representation  for  an 
echosonde  antenna: 


P< 


R)=   I     [P(R' 

J    C' 


){d/dn')G0iR',R) 


G{)(R',R)(d/dn')  P(R')]dS' 


(!) 


where  G()  is  the  free-space  Green's  function,  P(R) 
is  the  component  of  the  acoustic  pressure  field 
involved,  R  =  (p,c}),z)  is  the  position  vector  to  the 
field  point,  and  R  '  =  (p',<|)',z')  is  the  position  vector 
to  the  source  point.  The  applicability  of  the  for- 
mulation to  scattering  in  a  compressible  fluid  like 
the  atmosphere  and  in  an  incompressible  fluid  like 
the  ocean,  justifies  the  use  of  the  term  "fluid-filled 
region"  to  describe  both  types  of  fluids.  The  present 
discussion  deals  with  the  former  where  the  fluid 
is  the  atmosphere.  Assuming  a  circularly  symmetric 
source  where  z'  is  the  axis  of  symmetry  (e.g.,  see 
Figure  1),  the  source  term  P(R')  is  expressible  in 
amplitude  and  phase  as: 


P(R')  =  P(p',<t>',0)  =  A(p')exp  rj<J»(p')] 


(2) 


where  A(p')  and  <t>(p')  are  the  amplitude  and  phase 
distributions  respectively,  and  R'  =  (p',d>',0)  in  the 
cylindrical  coordinate  system.  Notice  that  (2)  is 
independent  of  c}>'.  The  source  distribution  could 
be  either  a  pressure  source  or  a  velocity  source 
in  as  much  as  it  can  be  represented  in  amplitude 
and  phase  as  indicated  in  (2)  above.  Using  approxi- 
mations similar  to  those  employed  by  Silver  [  1965] , 
the  surface  integral  of  (1)  simplifies  to: 


An  approach  similar  to  the  method  used  by  Strand  jk    C*«  fVmax) 

97 1]  for  a  three-dimensional  model  of  the  antenna       P(^)  =  ^~  J      I  A(p')  exp  [/4>(p')] 

employed  to  obtain  a  radiation  integral  equation  °      ° 

•  {[exp(-/kr')]/r'}(l  +  cosiJOp'  dp'  d<J>' 


[1971].. 

is  employed  to  obtain  a  radiation  integral  equation 

for  the  far  field.  The  computational  results  are 


(3) 
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where  p(max)  is  the  radius  of  the  aperture  of  the 
antenna,  r'  =  \R  -  R'\  is  the  distance  from  the 
source  point  to  the  field  point,  cos  i|i  =  (z  -  z')/\R 
—  R'\,  and  the  variable  of  integration  4>'  is  measured 
counter  clockwise  from  the  y  axis  for  convenience. 
Equation  (3)  has  also  been  used  to  obtain  nearfield 
expressions  for  the  echosonde  antenna  [Adekola, 
1975,  1976]. 

2.2.  Far-field  formula.  The  physical  configu- 
ration of  the  antenna  is  shown  in  Figure  1.  The 
antenna  geometry  is  that  of  a  frustrum  of  a  right 
circular  cone  which  tapers  from  a  smaller  aperture 
of  radius  .R(max)  at  the  lower  base  to  a  larger 
aperture  of  radius  J?5(max)  at  the  upper  base.  The 
shielding  absorbing  cuff  of  the  antenna  is  of  height 
H  feet.  Upon  transmission,  the  antenna  is  illumi- 
nated at  the  lower  aperture  and  the  signal  radiation 
is  at  the  larger  aperture.  For  the  purposes  of 
analysis,  the  antenna  is  assumed  to  have  perfectly 
absorbing  walls  on  the  inside  and  perfectly  reflecting 
ones  on  the  outside.  Plywood  could  be  used  for 
the  construction  of  the  outside  wall  to  provide  a 
rigid  structure  and  also  for  the  attenuation  of 
external  noise  interference.  This  could  be  followed 
by  a  layer  of  leadsheet  for  further  attenuation  of 
external  noise  interference.  The  inside  of  the  anten- 
na could  be  lined  with  urethane  foam  to  achieve 


Equivalent  Excitation 

Eh(Rs')  : 
Amplitude  and  Phase] 

Transmitting  Aperture 


Absorbing  Material 


Illuminating 
Aperture 


Antenna  Illumination 
•R(max)         F(R')  =  A(R')  exp[j<*»(R' 

R'.  <t>'.  O) 
Fig.  1.  The  tapered  antenna  structure. 


good  sound  absorption  to  minimize  internal  reflec- 
tions. Further  discussions  on  the  use  of  these 
materials  for  shielding  echosonde  antennas  have 
been  given  by  Tombach  et  al.  [1973]. 

For  notational  simplicity,  p,  P(p),  and  i|i  are 
identically  defined  as  R,  E{R),  and  6  respectively. 
Also,  the  primes  on  the  coordinate  variables  are 
dropped  for  ease  of  programming  purposes.  Then, 
the  integral  equation  (3)  can  be  applied  to  the 
antenna  configuration  of  Figure  1  to  obtain  the 
equivalent  excitation  Eh(Rs)  in  amplitude  and  phase 
at  the  transmitting  antenna  aperture  as: 

;       pTi      rR(max) 

Eh(Rs)  =  A(Rs)exp[j4>(Rs)]  =—  MR) 

^   J  o    Jo 

•  exp[j"«I>(J?)]exp[-j(2<7rA)(d  -  H)]T(d)R  dR  d<\> 

(4) 

where  Rs  is  the  variation  along  the  transmitting 
aperture  of  radius  Rs(max),  J?(max)  is  the  radius 
of  the  illuminating  aperture,  A(i?5)exp[/4>(/?s)]  or 
Eh(Rs)  is  the  equivalent  excitation  at  the  transmit- 
ting aperture  in  amplitude  and  phase  (see  Figure 
1),  and  F(d)  is  the  decay  of  the  acoustic  signal 
with  distance  d  given  by: 


T(d)  =  (1  +  cos  8)/2d  =  (1  +  H/d)/2d 


(5) 


where  cos  9  =  H/d.  The  distance  d  inside  the 
antenna  structure,  as  shown  in  Figure  1 ,  is  a  function 
of  R  and  4>  expressed  as: 


d(R,4>)  =  [K2sin:(j>  +  (R5  -  i?cos4>)2  +  H2] 


1/2 


(6) 


The  quantity  exp(jkH)  in  (4)  has  been  introduced 
in  order  to  start  from  zero  phase  at  the  center  of 
the  upper  aperture.  The  equivalent  excitation  at 
the  transmitting  aperture  is  a  result  of  the  illumina- 
tion at  the  lower  aperture  represented  in  amplitude 
andphaseby  A (R)exp [/<!>(/?)].  Equation  (4) is  used 
to  study  the  effects  of  various  phase  variations 
'P(R)  at  the  lower  aperture  on  the  far-field  radiation 
patterns. 

Equation  (3)  can  also  be  used  to  integrate  along 
the  transmitting  aperture  to  obtain  the  far-field 
expression.  Using  the  usual  far-field  approximations 
which  can  be  found  elsewhere  [Silver,  1965;  Adeko- 
la, 1975,  1976],  and  taking  D  as  the  distance  from 
the  center  of  the  transmitting  aperture  to  the  far-field 
point,  then  the  far-field  expression  is  given  by: 
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£(9)  =  [jk(l  +  cos6)/2D]  exp(-jkD) 


f 


A(R^)exp[j<P(Rs)]J0(kRssmQ)RsdRs     (7) 


where  the  two-dimensional  expression  (4)  which 
computes  the  equivalent  upper  aperture  excitation 
Eh(Rs)  serves  as  the  excitation  to  the  far-field 
expression,  and  it  is  represented  in  amplitude  and 
phase  by  ,4(i?s)exp[j<I>(J?s)]  in  the  integrand  of 
(7).  J0  is  the  zero-order  Bessel  function  of  the  first 
kind,  6  is  the  angle  off  the  vertical  axis  of  the 
antenna  in  degrees,  (1  +  cos8)/2  is  the  obliquity 
factor,  and  an  expQW)  time  variation  has  been 
assumed  and  suppressed.  Expression  (7)  is  then 
used  to  compute  the  relative  far-field  signal  strength 
by  computing  its  normalized  quantity  as: 


Relative  Power  Pattern  (dB)  =  20  log,0 


£(6) 


£(0) 


(8) 


where  E(0)  is  the  on-axis  value  of  the  field.  Thus, 
(8)  is  the  dB  reduction  of  the  acoustic  far-field 
signal  strength  from  the  on-axis  value. 

3.     PHASE-FRONT  DISTRIBUTIONS 

In  the  two-dimensional  integral  formula  (4),  the 
expression  A(R)exp  [j<t>{R)] ,  which  is  the  illumina- 
tion function  in  amplitude  and  phase  at  the  lower 
illuminating  aperture,  will  be  used  to  study  the 
effects  of  different  phase-front  distributions  on  the 
radiation  patterns.  The  parameter  (S  is  designated 
as  the  phase  coefficient.  It  is  used  in  studying  the 
effects  of  the  phase-front  modulations  on  the  radia- 
tion patterns.  The  parameter  is  assigned  various 
values  and  the  effects  of  the  variations  of  the 
parameter  are  studied  with  respect  to  the  response 
of  the  echosonde  antenna  patterns  to  high  and  low 
values  of  the  parameter.  Sensitivity  studies  of  the 
phase-front  distributions  could  be  considered  by 
using  small  values  of  p.  The  simplest  cases  of  the 
phase-front  distributions  are  those  in  which  the 
amplitude  excitations  have  constant  values.  For 
simplicity,  these  distributions  are  only  functions 
of  the  radial  variation  JR.  The  linear  phase  distribu- 
tion is  represented  as 


A(R)exp[j4>(j?)]  =  exp(-ftR) 
the  square-law  distribution  is 

A(R)exp[/<D(K)]  =  exp(-jpi?2) 


(9) 


(10) 


the  cubic  phase  distribution  is 

A(JR)exp[J4(A)]  =  exp(-jpR3) 

and  the  periodic  phase  distribution  is 

A(l?)exp[j*(JR)]  =  exp[jcosu3R)] 


(11) 


(12) 


In  all  the  above  cases,  the  amplitude  distribution 
assumes  a  constant  value  of  unity.  The  computation 
becomes  more  complicated  when  the  amplitude 
illumination  A(R)  is  other  than  uniform.  Thus,  if 
A{R)  is  gaussian  for  example,  the  contributions 
of  the  illuminations  become  for  the 

linear  case: 

A(i?)exp[/4>(l?)]  =  exp(-0.25R2)exp(-/pi?)  (13) 
square-law  case: 

A(i?)exp[j'4>(i?)]  =  exp(-O.25R2)exp(-j'0R2)  (14) 
cubic  case: 

A(R)exp[j<D(R)]  =  exp(-0.25R2)exp(-j(3R3)  (15) 
periodic  case: 

A(/?)exp[jcD(R)]  =  exp(-0.25R2)exp[jcos(pR)] 

(16) 

The  periodic  phase  contribution  (16)  is  used  in  the 
present  analysis  to  consider  sensitivity  effects  of 
the  phase  contributions.  The  effects  of  the  phase- 
front  distributions  are  studied  using  values  of  the 
phase  coefficients  given  by  3  =  0,  it/4,  it/2,  3tt/4, 
and  it.  The  effects  of  shielding  the  echosonde 
antenna  on  the  radiation  patterns  have  some  degree 
of  similarity  to  the  effects  of  the  variations  of  the 
phase  coefficients  (3  on  the  radiation  patterns.  The 
latter  criterion  has  also  been  previously  discussed 
[Adekola  and  Davis,  1975;  Adekola  et  al.,  1975]. 

4.     RADIATION  PATTERN  CALCULATIONS 

The  expressions  of  the  previous  sections  for  the 
echosonde  antenna  are  employed  to  calculate  the 
radiation  patterns  of  the  antenna.  The  computational 
results  were  obtained  on  the  OSU  IBM  370/165 
computer  using  Fortran  IV.  The  universal  curves 
produced  are  redrafted  for  comparison.  Equation 
(7)  gives  the  one-dimensional  integral  used  for  the 
far-field  pattern  calculations,  where  (8)  gives  the 
radiation  power  pattern  in  decibels.  Proper  attention 
is  given  to  the  oscillations  of  the  integrand  for 
accuracy  in  the  computations.  The  truncation  errors 
that  may  be  incurred  by  not  integrating  all  the  way 
to  the  aperture  edge  are  taken  into  consideration 
by  properly  truncating  and  floating  the  number  of 
oscillations  of  the  integrand  accordingly.  Equally 
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spaced  points  are  used  for  the  integral  summation 
intervals  and  these  are  0.10  and  0.15  for  the  lower 
and  upper  apertures,  respectively.  The  more  com- 
mon trapezoidal  method  of  integration  could  also 
be  used.  The  output  of  the  subroutine  which 
computes  (4)  is  used  as  the  input  to  the  second 
subroutine  which  computes  (7).  The  first  subroutine 
provides  the  equivalent  excitation  field  distribution 
in  amplitude  and  phase  at  a  height  H  feet  above 
the  lower  aperture.  The  equivalent  upper  aperture 
distribution  serves  as  the  source  function  used  in 
(7)  for  the  far-field  pattern  computations. 

In  Figures  2-7,  the  same  antenna  size  is  used 
with  height  H  =  12  ft,  the  illuminating  aperture 
radius  R(max)  =  2  ft,  and  the  transmitting  aperture 
radius  Rs(max)  =  6  ft.  Also,  the  carrier  frequency 
of  2  kHz  (wavelength  X   =  0.55  ft)  is  the  same 
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Fig.  2.  The  equivalent  upper  aperture  excitation  in  amplitude 

and  phase  for  the  curves  p   =  0  of  Figure  5;  with  gaussian 

tapered  illumination-zero  phase. 


Fig.  3.  The  equivalent  upper  aperture  excitation  in  amplitude 
and  phase  for  the  curves  of  Figure  5;  linear  phase-front  distribu- 
tion,  3   =    it/4,   tt/2,   3tt/4,   and   tt;   with  gaussian   tapered 
illumination. 


for  these  figures.  Figures  2,  3,  and  4  depict  the 
equivalent  excitations  at  the  upper  transmitting 
aperture  computed  from  (4)  and  used  as  the  source 
functions  in  (7)  to  produce  the  relative  gain  patterns 
of  Figure  5.  The  gaussian  tapered  distribution  with 
zero  phase  at  the  illuminating  aperture  producing 
the  plots  of  Figure  2  is  of  the  form 


A(R)  =  exp(-i?2/4) 


(17) 


the  linear  phase-front  distribution  with  gaussian 
amplitude  taper  at  the  illuminating  aperture  giving 
the  equivalent  transmitting  aperture  excitations  of 
Figure  3  is  given  by 


A(R)exp[j<l>(R)]  =  exp(-i?2/4)exp(-jBi?) 


(18) 


while  the  distribution  at  the  illuminating  aperture 
producing  the  equivalent  transmitting  aperture  ex- 
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Fig.  4.  The  equivalent  upper  aperture  illumination  in  amplitude 
and  phase  for  the  four  curves  of  Figure  5;  quadratic  phase 
P  =  it/4,  tt/2,  3tt/4,  and  tt;  with  gaussian  tapered  illumination. 


citations  of  Figure  4  is  of  the  form 
A(R)exp[/<I>(K)]  =  exp(-R2/4)exp(-j$R2) 


(19) 


with  the  phase  coefficient  (3  taking  the  values  of 
P  =  tt/4,  tt/2,  3tt/4,  and  tt  respectively.  Figure 
6  shows  the  equivalent  distributions  at  the  transmit- 
ting aperture  used  for  the  patterns  of  Figure  7, 
for  the  value  of  H  =  12  ft.  The  cubic  phase-front 
distribution  at  the  illuminating  antenna  aperture 
giving  the  equivalent  excitations  of  Figure  6  is  of 
the  form 


A<R)exp  [j'<t>(R)]  =  exp(-R2/4)exp(-J0/?3) 


(20) 


The  relative  gain  patterns  for  the  value  of  H  = 
8  ft  are  also  depicted  in  Figure  7.  Adequate  care 
is  taken  in  computing  the  two-dimensional  integra- 
tion of  (4)  since  any  errors  in  the  computation  of 
this  excitation  quantity  would  be  reflected  in  (7), 


which  in  turn  may  give  inaccurate  or  false  far-field 
patterns. 

In  the  relative  far-field  patterns  of  Figures  5  and 
7,  it  is  realized  that  the  phase  coefficient  (3  can 
be  used  to  regulate  the  90°  sidelobe  levels.  The 
90°  region  corresponds  to  the  ground  level  and  the 
sidelobe  level  in  the  region  is  reduced  to  about 
47  dB  below  the  center  value,  which  is  the  on-axis 
value.  The  figures  are  largely  self-explanatory  and 
are  reported  for  a  wavelength  of  X.(2  kHz)  =  0.55 
ft.  A  total  of  70  dB  reduction  of  the  sidelobe  level 
in  the  important  20°  region  between  70°  and  90° 
may  be  obtained  by  protecting  the  antenna  with 
shielding  cuffs  and  by  proper  choice  of  phase 
distribution.  The  phase  coefficient  f3  is  another 
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Fig.  5.  Relative  gain  patterns  for  H  =   12  ft.  Notice  that  the 

main  beam  is  nullified  for  the  linear  phase,   p   =   tt/4.  The 

resulting  pattern  is  conical  in  shape;  R  <  R(max). 
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parameter  for  regulating  the  intensity  of  the  sidelobe 
radiation  in  the  same  manner  as  the  shielding.  Notice 
that  the  90°  sidelobe  levels  are  highly  dependent  on 
or  sensitive  to  the  combination  of  the  amplitude 
and  phase  at  the  edge  of  the  upper  aperture  (see 
the  entries  of  Table  1  for  the  quadratic  phase 
distribution).  The  effects  of  the  shielding  absorbing 
cuffs  on  sidelobe  suppressions  are  substantiated 
in  Figure  8.  The  high  sidelobes  exhibited  without 
the  cuffs  are  well  suppressed  when  the  antenna 
is  shielded  with  absorbing  cuffs  particularly  in  the 
important  20°  region  adjacent  to  the  ground.  The 
same  antenna  size  used  in  Figures  2-7  is  employed 
for  the  curves  of  Figure  8.  The  antenna  half-flare 
angle  (slope  of  shield  wall  from  vertical)  is  18.43°. 
A  frequency  of  2  kHz  is  used. 
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Fig.  6.  The  equivalent  upper  aperture  excitations  in  amplitude 
and  phase  for  the  curves  of  Figure  7;  cubic  phase-front  distribu- 
tion,  (3   =    tt/4,   tt/2,    3ir/4,   and   -n;   with  gaussian   tapered 
illumination. 
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Fig.  7.  Relative  gain  patterns  for  H  =   12  ft,  and  H  =  8  ft, 

cubic  phase-front  distributions  and  gaussian  tapered  amplitude 

illumination.   Notice  the   nonmonotone   behaviors  of  the  90° 

sidelobe  levels;  R  &  i?(max). 


TABLE  1.  Truncation  values  of  the  equivalent  excitation  at 
the  edge  of  the  upper  transmitting  aperture  for  a  gaussian  tapered 
amplitude  illumination  with  quadratic  phase  distribution  at  the 
lower  illuminating  aperture,  i.e.,  A(R)exp[/<t>(R)]  = 
exp(-R2/4)exp(-j|3R2). 


Phase 

coefficients 

(P) 

Amplitude 

Phase 

(rad/ft2) 

(ft) 

(cycles) 

0 

0.020 

-0.24 

tt/4 

0.095 

0.15 

tt/2 

0.048 

-0.03 

3tt/4 

0.030 

0.06 

IT 

0.100 

-0.06 
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Fig.  8.  The  effects  of  the  shielding  absorbing  cuffs  on  sidelobe 
suppressions. 


4. 1  Comparisons  between  theory  and  experiment 
for  the  directional  characteristics  of  the  echosonde 
antenna.  The  computer-predicted  radiation  pat- 
terns for  the  echosonde  antenna  are  compared  with 
some  experimental  measurements  in  this  section. 
The  comparisons  between  theory  and  experiment 
are  depicted  in  Figure  9.  The  experimental  mea- 
surements of  Figure  9a  were  obtained  from  the 
experimental  data  reported  by  Hall  and  Wescott 
[1974,  Fig.  6] .  The  antenna  was  aimed  in  a  horizon- 
tal direction  while  measuring  the  experimental  far- 
field  gain  pattern  of  Figure  9a  [Hall  and  Wescott, 
1974].  The  measurements  were  made  with  a  3.94 
ft  diameter  antenna  with  a  shielding  material  of 
height  3.94  ft.  Several  experimental  measurements 
were  averaged  to  produce  the  smooth  experimental 
curve  shown  in  Figure  9a,  using  a  carrier  frequency 
of  2  kHz.  The  theoretical  curve  is  obtained  from 
an  antenna  structure  of  height  3.94  ft,  with  a 
transmitting  aperture  of  3.94  ft  diameter  and  an 
illuminating  aperture  of  diameter  2.64  ft.  A  gaussian 
tapered  illumination  with  a  cubic  phase-front  dis- 
tribution of  the  form 

A(R)exp[j<t>(R)]  =exp(-0.25R2)exp(-j-rrR3)  (21) 

is  used  for  evaluating  the  antenna  gains.  The  antenna 


half-flare  angle  is  9.51°,  and  the  computed  3  dB 
(half-power)  beamwidth  is  12.91°.  This  value  of  the 
half-power  beamwidth  is  desirable  in  acoustic  re- 
mote sensing.  As  already  pointed  out  by  Hall  and 
Wescott  [1974],  a  3  dB  beamwidth  less  than  4° 
or  5°  is  not  worthwhile  because  atmospheric  wind 
gradients  and  temperature  refractions  occasionally 
influence  the  backscattered  wavefronts  in  such 
ways  as  to  come  back  at  off-axis  angles  of  several 
degrees  from  the  vertical  axis  of  the  antenna. 


15 


i      r 

2  kHz 


Theoretical  Gain  Pattern 


(a) 


Theta  (degree) 

Fig.  9.  Comparisons  between  theory  and  experiment:  (a) 
computer-predicted  radiation  pattern  and  measurements  of  Hall 
and  Wescott  [1974,  Figure  6]  with  H  =  3.94  ft.  (b)  Computer- 
predicted  radiation  patterns  and  recent  measurements  registered 
on  strip-chart  recorders  (J.  W.  Wescott,  personal  communi- 
cation, 1976)  with  H  =  6.94  ft. 
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Two  recent  experimental  measurements  (J.  W. 
Wescott,  personal  communication,  1976)  are 
compared  with  theory  in  Figure  9b.  The  experi- 
mental measurements  were  made  with  the  echo- 
sonde  system  now  located  at  White  Sands  Missile 
Range  in  New  Mexico,  at  an  operating  carrier 
frequency  of  2  kHz  and  1  w  electrical  input  power 
for  the  transmitter.  Briefly,  the  method  of  measure- 
ments was  by  the  movements  of  a  microphone  probe 
in  a  fixed  arc  at  the  antenna  far-field,  with  the 
antenna  aimed  in  a  vertical  direction.  The  micro- 
phone probe  was  supported  and  controlled  by:  a 
weather  balloon  (1200  gm),  two  fixed-length  tethers, 
and  a  variable-length  tether.  Further  details  of  this 
method  of  far-field  pattern  measurements  have  been 
discussed  by  Willmarth  et  al.  [1975].  After  the 
probe  preamplifier  output  was  bandpass  filtered  and 
rectified  by  a  wave  analyzer,  the  resulting  log  output 
was  then  registered  on  strip-chart  recorders  giving 
the  experimental  patterns  of  Figure  9b.  The  un- 
steady nature  of  the  experimental  patterns  was  due 
to  mean  wind  breezes  which  might  have  caused 
the  balloon  to  experience  lateral  drifts  during  mea- 
surements, thereby  affecting  the  output  as  shown 
in  the  figure.  If  measurements  were  made  under 
(rare)  calm  weather  conditions,  such  problems 
would  be  alleviated.  The  antenna  size  used  for  the 
measurements  is  of  height  6  ft,  with  transmitting 
and  illuminating  aperture  diameters  of  sizes  6.94 
and  4.04  ft  respectively.  The  computer-predicted 
theoretical  gain  patterns  for  the  same  antenna  di- 
mensions are  also  shown  in  Figure  9b.  The  excitation 
at  the  illuminating  aperture  of  the  antenna  used 
for  the  theoretical  curves  is  a  gaussian  tapered 
illumination  with  cubic  phase-front  distribution  of 
the  form 

A(K)exp[jd)(K)]  =  exp(-c/?2)exp(-j  •  75-rrK3)       (22) 

where  c  is  a  dimensionless  constant  whose  three 
different  values  used  are  as  shown  in  the  legend 
of  the  figure  and  are  0.05,  0.25,  and  0.60  respec- 
tively. The  antenna  half-flare  angle  is  13.59°.  The 
3  dB  beamwidths  for  the  two  experimental  mea- 
surements are  10°  and  16°  respectively  (i.e.,  giving 
13°  beamwidth  when  averaged),  while  the  computed 
theoretical  3  dB  beamwidths  are  8°,  10°,  and  12.8° 
for  c  =  0.05,  0.25,  and  0.60  respectively. 

4.2.  Contour  plots.  In  the  contour  plots  of 
Figures  10  and  11,  the  angles  with  which  the  plots 
are  viewed  have  been  predetermined.  These  are 
taken  as 
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Fig.  10.  Contour  plot  for  the  conical  beam  pattern  resulting 

from  the  effects  of  linear  phase-front  distribution.  The  main-lobe 

is  nullified  by  the  phase  distribution. 
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Fig.  11.  The  contour  plot  for  the  highly  tapered  pattern  (with 

significant  reduction  in  the  90°  sidelobe  level)  arising  from  the 

periodic  phase  distribution. 


(60,4)u)  =  (45°,  45°) 


(23) 


where  (80,4>0)  are  the  angles  of  the  spherical  coordi- 
nate system.  However,  the  computer  program  for 
the  contour  plots  is  a  general  one  and  any  desired 
viewing  angles  may  be  used.  The  full  details  of 


the  contour  plot  program  can  be  found  elsewhere 
[Adekola,  1975].  The  relative  positions  of  the 
sidelobes  are  clearly  shown  in  the  contour  plots. 
The  effects  of  tapered  aperture  field  distributions 
on  the  radiation  patterns  become  apparent  in  the 
contour  plots  which  serve  as  the  pattern  visualiza- 
tion of  the  acoustic  echo-sounding  antenna.  In  some 
cases,  the  stronger  phase  modulations  produce 
conical  beam  distortion  effects,  the  mainlobe  being 
nullified  by  the  phase  modulations,  while  other 
minor  sidelobes  still  remain.  The  gaussian  tapered 
illumination  with  linear  phase-front  distribution 
producing  the  hollow  conical  beam  distortion  shown 
in  Figure  10  is  of  the  form: 

A{R)exp  [j<$>(R)]  =  exp(-0.25R2)exp(-j-rrR/2)       (24) 

with  an  operating  carrier  frequency  of  4  kHz  (wave- 
length \  =  0.27  ft).  The  shielding  is  of  height  12 
ft,  with  the  antenna  radii  of  6  and  2  ft  for  the 
transmitting  and  illuminating  antenna  apertures  re- 
spectively. The  90°  sidelobe  level  has  a  relative 
power  level  of  —30.69  dB.  The  two-dimensional 
relative  power  pattern  is  shown  in  the  legend  of 
the  figure. 

The  highly  tapered  pattern  of  Figure  1 1  arises 
from  the  periodic  phase  distribution  with  a  cos2 
on  a  pedestal  tapered  amplitude  illumination  of  the 
form 


A(R)exp[j<I>(R)]  =  [0.02  +  cos2  (ttR/4)] 
■  exp[/cos(TrR/  16)] 


(25) 


Four  major  sidelobes  with  several  smaller  sidelobes 
are  produced.  The  antenna  dimensions  are  the  same 
as  those  employed  with  Figure  10,  and  the  operating 
carrier  frequency  is  also  at  4  kHz. 

5.     CONCLUDING  REMARKS 

It  has  been  shown  that  the  tapered  acoustic 
antenna  structure  considered  here  is  a  good  model 
for  studying  the  characteristics  of  the  echosonde 
antenna.  The  computational  results  are  in  good 
accordance  with  available  experimental  data  [Hall 
and  Wescott,  1974;  J.  W.  Wescott,  personal  com- 
munication, 1976]. 

The  parameter  H,  which  is  the  height  of  the 
echosonde  antenna  in  feet,  could  be  used  to  control 
the  sidelobe  levels  in  the  20°  region  within  70° 
through  90°,  where  90°  corresponds  to  the  ground 
level.  Most  of  the  noise"  that  may  be  irritating  to 
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the  nearby  populace  and  the  most  significant  radia- 
tion from  the  sidelobes  come  within  this  range. 
The  present  results  are  quite  encouraging  and  fur- 
ther work  would  produce  more  information  on  the 
characteristics  of  this  radiator  particularly  concern- 
ing beam  scanning  useful  in  acoustic  radar  work, 
and  the  near-field  characteristics.  The  present  con- 
sideration could  be  extended  to  include  acoustic 
antenna  arrays  (with  the  necessary  spacing  consid- 
erations to  prevent  overlap),  and  the  use  of  Dolph- 
Tchebyscheff  polynomials  for  reduced  and  equal 
sidelobe  levels. 

Thcdetails  of  the  pattern  behaviors  depend  upon 
the  specific  phase  distributions  used,  all  phase 
distributions  tended  to  raise  the  sidelobes  and 
broaden  the  mainlobe  for  stronger  phase  modula- 
tions. The  nonmonotone  behaviors  of  the  90°  side- 
lobes are  depicted  in  the  figures.  Hollow  conical 
beam  distortions  of  the  radiation  patterns  are  pro- 
duced by  the  stronger  phase  modulations  in  some 
cases,  and  the  contour  plot  is  shown  for  the  linear 
phase  modulation  case.  As  depicted  in  the  contour 
plot  of  Figure  10,  the  mainlobe  disappears  and  it 
is  replaced  by  the  hollow  region  of  the  conical  beam. 
For  some  phase  modulations,  the  bifurcation 
appearing  produces  two  peaks  with  a  dip  in  the 
form  of  a  valley  in  between  (analogous  to  the 
bifurcation  in  circuit  theory  for  overcoupled  cir- 
cuits). For  the  cubic  phase  distortion  effect,  the 
gain  is  reduced  in  addition  to  some  broadening  of 
the  main  beam.  Operational  techniques  could  also 
be  used  to  compute  the  integrals  involving  the 
effects  of  the  phase  errors.  The  cubic  phase-front 
errors  could  arise  if  the  feed  is  moved  off  the  axis 
of  the  antenna.  The  square-law  phase  modulations 
smooth  the  nulls  and  raise  the  sidelobe  levels  while 
the  mainlobe  fattens  out.  As  the  sidelobes  blend 
with  the  mainlobe,  they  show  as  shoulders  instead 
of  appearing  as  distinct  sidelobes.  There  is  also 
a  reduction  in  directivity  for  the  quadratic  phase 
errors.  The  effect  of  sinusoidal  phase  distribution 
is  depicted  in  the  contour  plot  of  Figure  11.  The 
90°  sidelobe  levels  are  sensitive  to  small  values  of 
the  phase  coefficient  p.  The  sidelobes  coalesce  with 
the  mainlobe  in  some  cases.  The  most  significant 
effects  of  the  periodic  phase-front  errors  are  on 
the  sidelobes  as  shown  in  Figure  12.  For  weaker 
phase  modulation  coefficients,  sharp  nulls  of  the 
lower  sidelobes  are  produced.  Conical  distortion 
effects  are  also  present  for  fj  equals  -rr/4  in  this 
case.  The  antenna  dimensions  used  for  the  plots 
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Fig.  12.  The  effects  of  periodic  phase-front  errors  on  the  relative 

gain  patterns  of  the  shielded  acoustic  aperture  antenna.  The 

effects  are  shown  for  both  the  gaussian  and  constant  amplitude 

excitations. 

of  Figure  1 2  are  the  same  as  those  of  Figure  1 1 , 
but  a  carrier  frequency  of  2  kHz  is  employed  instead 
of  4  kHz. 
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Toward  a  more  general  integral  formulation  of  the  pressure 
field  of  an  echosonde  aperture  antenna* 

S.  A.  Adekolat 

Wave  Propagation  Laboratory.  NOAA  Environmental  Research  Laboratories,  Boulder,  Colorado  80302 
(Received  15  February  1976) 

The  basis  for  improvements  in  acoustic  echo-sounding  (echosonde)  antenna  characteristics  is  analyzed.  The 
results  are  based  on  a  more  general  radiation  integral  formulated  from  the  time-independent  wave  equation 
for  an  acoustic  wave,  using  a  cylindrical  antenna  as  a  model.  Employing  common  forms  of  aperture  field 
distributions  across  the  upper  transmitting  aperture  of  the  antenna,  a  Fresnel-region  field  quantity,  which  is 
expressed  in  a  closed  form  using  Lommel's  series,  is  obtained.  An  echosonde  antenna  design  meeting  the 
requirements  of  previous  specifications  is  made  from  the  numerical  results  of  the  farfield  patterns  in  order 
to  show  the  validity  of  the  results.  The  design  permits  the  operation  of  the  antenna  in  urban  environments 
since  irritating  noise  levels  are  kept  low.  The  height  of  the  antenna  shielding  cuffs  reduces  the  90*  side-lobe 
level  (ground  level)  by  3.85  dB  at  the  height  of  1  ft  through  40  dB  at  13  ft.  A  90°  side-lobe  reduction  of 
38.6  dB,  which  agrees  with  predictions,  is  obtained  for  the  more  appropriate  height  of  12  ft;  diameters  of  4 
and  12  ft  for  the  lower  illuminating — and  upper  transmitting — apertures,  respectively.  The  results,  reported 
for  acoustic  earner  frequencies  of  2  and  5  kHz,  indicate  that  small  values  of  the  antenna  height  are 
untenable  in  echo-sounding  operation. 

Subject  Classification:  [43]85.40. 


INTRODUCTION 

When  considering  the  acoustic  pressure  field  of  an 
echosonde  antenna,   the  starting  point  is  the  reduced 
time -independent,   homogeneous  wave  equation  for  an 
acoustic  wave: 

VzP{R)+k*P(R)  =  0,  (1) 

where  v2  is  the  Laplacian;  P  is  the  pressure  field  of 
the  wave;   k  =  2ti/X  ;   X  is  the  acoustic  wavelength;   and  R 
is  the  distance  to  the  field  point.     The  method  used  in 
calculating  the  field  produced  by  the  acoustic  antenna 
is  the  application  of  the  free-space  Green's  function 
and  the  adaptation  of  the  Kirchhoff-Fresnel  diffraction 
formula  to  the  antenna  configuration.    The  configuration 
considered  is  a  tapered  cylinder  with  an  open  top.    The 
radiation  integrals  developed  from  such  a  model  are 
suitable  for  studying  the  characteristics  of  the  echo- 
sonde antenna.    The  echosonde  system  is  useful  In 
studying  the  properties  of  the  atmospheric  structure.1-4 

The  Kirchhoff-Fresnel  diffraction  theory  is  applica- 
ble in  both  acoustic  and  electromagnetic-type  prob- 
lems.   It  is  particularly  useful  in  calculating  the  fields 
scattered  by  arbitrarily  shaped  objects  at  high  frequen- 
cies in  which  the  smallest  dimension  a  of  the  scatterer 
satisfies5,6  a  >  0.  8X  (i.  e. ,   ka  >  5),  where  X  is  the  cor- 
responding wavelength.    Advanced  techniques  have  been 
developed  for  electromagnetic  waves  and  such  tech- 
niques are  also  applicable  to  acoustic  waves  (e.g.,  a 
microwave  network  approach  can  be  adapted  to  acoustic 
waves  and  acoustic  models  have  been  made  of  radio 
antennas7).    However,   acoustic  wave  problems  are 
more  difficult  than  the  corresponding  electromagnetic 
field  problems  since  two  bulk-wave  types  occur  in  the 
acoustic  wave  problem  as  against  one  in  the  electro- 
magnetic field  problem,   also  acoustic  wave  boundary 
conditions  are  much  more  complicated,  particularly  In 
solids. 

Horn  reflector  and  cylindrical  antenna  structures 
have  been  used  for  boundary  layer  studies  In  acoustic 


radar  work. 8    The  radiation  integral  developed  in  this 
paper  is  based  on  the  antenna  structure  shown  in  Fig.  1. 
The  developed  integral  computes  the  excitation  at  a 
horizontal  level  of  height  H  ft  above  the  lower  illumi- 
nating aperture.    The  parameter  H  can  be  used  to  study 
the  effects  of  shielding  the  antenna  with  absorbing  cuffs 
which  can  be  absorbent  materials  such  as  fiberglass  or 
haybales.    After  truncating  the  excitation  at  Rs(max) 
which  is  the  upper  transmitting  aperture  radius  at  the 
height  H  ft,  the  farfield  is  obtained  by  a  two-dimen- 
sional Fourier  transform  of  the  excitation  function. 
The  absolute  value  of  the  farfield  signal  is  expressed 
in  decibels  relative  to  the  on- axis  value.    The  relative 
farfield  signal  strength  gives  the  required  power  pat- 
terns. 

The  lower  aperture  excitation  function  represented 
as  F(  p')  exp[j$(  p')]  is  the  controllable  illumination  in 
amplitude  and  phase.    The  upper  aperture  illumination 
given  as  F(p,)  exp[j<I>(  p,)]  is  computed  through  a  two- 


Upper  Transmitting  Aperture 
cot  *  -  H/d 


Lower  Illuminating 
Aperture 


( p\  ♦'.  01 


Illumination 
FIP'l'F(p')exp[/<l>(p')] 


FIG.  1.  Model  for  the  shielded  antenna. 
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dimensional  Gaussian  integration.    In  some  cases  of  the 
present  consideration,   the  field  expressions  in  the 
Fresnel  zone  of  the  echosonde  antenna  are  obtained 
when  specific  values  are  assumed  for  the  quantities 
F(ps)  and  4>(p3).    The  resulting  radiation  integrals  are 
expressed  in  closed  forms  using  Lommel's  series. 
For  simplicity,  circular  symmetry  is  assumed.    For 
optimum  performance  the  height  of  the  antenna  and  the 
diameter  of  the  upper  aperture  are  approximately  three 
times  the  lower  aperture  diameter.    In  order  to  con- 
trol sidelobes  effectively,   the  height  of  the  antenna  and 
the  phase  coefficients  can  be  adjusted. 

I.  KIRCHHOFF-FRESIMEL  DIFFRACTION  FORMULA 
APPLIED  TO  THE  PRESSURE  FIELD  OF  THE 
ANECHOIC  SHIELDED  ECHOSONDE  ANTENNA 

The  formulation  applies  to  both  liquid  and  gas.  The 
term  fluid-filled  region  is  used  to  cover  both  cases  of 
scattering  in  a  compressible  fluid  like  the  atmosphere 
and  an  incompressible  fluid  like  the  ocean.  The  first 
type  of  problem  is  of  interest  here  since  we  are  con- 
sidering applications  in  atmospheric  boundary-layer 
studies.  The  Green's  function  that  corresponds  to  the 
reduced  wave  Eq.  (1)  satisfies  the  equation 

V2G(R,  R')  +  &G(R,  R')  =  -  6(|  R  -  R'| ) ,  (la) 

where  G(R,  R')  is  the  Green's  function,  k  the  acoustic 
wave  number  and  6(  I  R  -  R'  I )  is  an  impulse  function. 
The  pressure  field  is  given  by 

P(R)  =  f  {G(R',R)V'P(R')-P(R')V'G(R',R)}-nrfs', 

(2) 
where  n  is  a  unit  vector  pointing  out  of  a  volume  V 
bounded  by  surface  S  and  spherical  surface  2.    The 
surface  S  has  no  contribution  to  the  integral  for  the 
exterior  problem  considered  here.    The  Kirchhoff- 
Fresnel  diffraction  formula  can  then  be  written  as 

P(R)=   f  {[8G(R',  R)/8n']P(R')-G(tf,R) 
Js 


x[dP(R')/Bn']}ds' , 

where  n'  is  a  unit  normal  vector  pointing  into  the 
volume  V.    The  integral  equation  for  a  scalar  dif- 
fracted field  given  in  Eq.  (3)  can  alternatively  be 
written  as 


(3) 


P(R)  =    f  {[8G0(R',  R)/8«')P(R') 
Js 

-G0(R',R)[8P(R')/8M']}ds' 


(4) 


In  Eq.  (4),  we  consider  S  as  a  large  sphere  having 
radius  R'\   consequently,  if  R'  is  denoted  as  the  unit 
vector  along  the  radius  vector,   then 


8    _    8 
Sn7     8ft7 


and  \R-R'\~R'  -R-k' 


(6a) 


Therefore,  the  wavelength  is  small  as  compared  with  the 
radius  of  the  large  sphere.     The  requirements  for  the 
uniqueness  condition  for  the  field  at  infinity  arise  from 
the  large  sphere  consideration.    An  outgoing  wave  is 
assumed.    Sommerfeld9  defines  this  vague  requirement 
in  a  mathematical  precision  by  stating  the  two  condi- 
tions on  the  pressure  scalar  field  P  as 


(i)    \RP\<K, 

(ii)   R(dP/dR+jkP)-0, 


(6b) 


where  K  is  an  arbitrary  constant  and  the  vertical  bars 
denote  an  absolute  quantity.    However,  the  first  of  Eqs. 
(6b)  may  not  be  a  necessary  condition  for  the  radiation 
problem.9   By  using  the  above  Sommerfeld's  condition 
Eq.  (4)  reduces  to: 


4)1  Jo   Jo  r 

x(l+cos>p)p'dp'd<p'  , 


(7) 


where  the  formulation  has  been  specialized  to  the  cy- 
lindrical coordinate  system  of  Fig.    2  and  the  other 
quantities  used  in  the  integrand  of  Eq.  (7)  are  depicted 
in  the  shielded  echosonde  antenna  model  shown  In  Fig. 
1. 

II.  FRESNEL-REGION  APPROXIMATIONS 

In  order  to  obtain  the  Fresnel-zone  field  equation 
for  the  antenna  model  of  Fig.  1,  we  let  p't  play  the  role 
of  p'  in  Eq.  (7)  to  give: 


-21    ,p-(m»l) 


PW  =  gJ     J[  F{P:)exp[jt>{p',)} 


,x1  exp(-jfer') 
r' 


x  (1+ cosirt  pirfp^',  (8) 

where  p,(max)  is  the  upper  aperture  radius  and  p',  is 


P(x.y.i) . 


G0(R',  R)  Is  the  free -space  Green's  function  defined  as 

C0(R',R)  =  exp(-;fer')/47rr')  (5) 

where  r'  Is  the  distance  from  the  source  point  to  the 
field  point  (i.e.,    IR-R'I);  P(R)  and  P(R')  are  the  field 
distributions  at  the  field  point  and  across  the  aperture 
respectively.    It  can  be  shown  that  the  term  dG^/dn'  Is 
given  by 


8G0{r')/8n'  =  (jk  +  l/r')[exp(-jkr')/r']n'  -f.       (6)  FIG.  2.  Cylindrical  coordinates.       , 


V/(x\  y',  01  -  (  p'  cot  V.  p'«n  V.  "J 
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FIG.  3.  Variations  of  the  farfield/Fresnel  regions  for  various 
values  of  the  upper  aperture  radius  of  the  antenna. 


the  variation  across  the  upper  aperture.    It  has  been 
shown  that  the  Fresnel  zone  is  defined  when  the  range 
r  satisfies  the  condition10: 

r>0.6204(8p3J(max)/X)l/2    [or  0.6204  (Ifiu/\)uz],   (9) 

where  Du  =  2p,(max)  is  the  diameter  of  the  upper  trans- 
mitting aperture  ard  it  is  regarded  as  the  maximum  ex- 
tent of  the  radiating  source.    The  variations  of  the  loca- 
tions of  the  farfield/Fresnel  zones  are  depicted  in  Figs. 
3  and  4  for  various  values  of  the  upper  transmitting 
aperture  radius  and  for  various  acoustic  wavelengths, 
respectively.    The  usual  farfield  criterion  of  Eq.  (9a) 
is  used  for  computing  the  farfield  locations: 


r>  8p*(max)/x    (or  2D2,/*) . 


(9a) 


Considering  the  field  in  a  plane  parallel  to  the  xy  plane 
one  obtains: 

exp(-;fer') 


,exp{-jk[z+f?/2z-pp'acos(<p-4>')/z+p',2/2z]} 


(10) 


where  p<z;  2>ps(max),  and  terms  with  \/zz,  l/z  ,... , 
have  been  ignored.    Using  Eq.  (10)  in  Eq.  (8)  one  ob- 
tains: 

P{>l>)  =  (jkrtiiz)(l+cosil>)exp[-jk(z+pt/2z)]U(p),        (11) 
where  U(p)  is  a  two-dimensional  integral  given  by 

J  fit    /•0|(lUl] 
F(pi)exp[;*(p;)] 
o   Jo 

xexp{jk{pp',cos(4>  -<S>')/z  -p',z/2z]}p',dp',d<p'. 

(12) 
For  sufficiently  small  wavelengths  and  large  k,  the 
saddle  point  method  can  be  used  to  evaluate  Eq.  (12). 
The  equivalent  upper  aperture  excitation  function  F(p',) 
xexpO*^))  contributes  to  the  complexity  of  the  above 
equations.    The  excitation  function  has  been  evaluated 


by  a  two-dimensional  Gaussian  integration.1"   However, 
by  assuming  certain  quantities  for  the  equivalent  upper 
aperture  illumination,  expressions  will  be  obtained  for 
the  field  values  in  the  Fresnel  zone  of  the  antenna. 
Simplifications  of  the  Fresnel  zone  field  can  be  obtained 
for  the  special  case  of  uniform  illumination  by  using 
Lommel's  series  as  originally  used  by  Lord  Rayleigh.11 
Expressions  for  illuminations  other  than  uniform  are 
more  involved.    Other  considerations  are  discussed 
below. 

A.  Upper-aperture  uniform  amplitude  and  uniform  phase 
distribution 

When  the  equivalent  illumination  at  the  upper  trans- 
mitting aperture  is  uniform  both  in  amplitude  and  phase, 
then: 


F(pi)exp(;*(p;))  =  l. 


(13) 


Using  Eq.  (13)  and  interchanging  the  order  of  integration 
Eq.  (12)  simplifies  to 

J|-P,<mau) 
J0(kpp',/z)cos(kp',z/2z)p'sdp's 
n 


J,ffj(max) 
J^kPP',/z)  siT\{kp',z/2z)p's  dp', 
o 

=  C(p)-jS(p), 


(14) 


where  the  quantities  C(p)  and  S(p)  represent  the  Fresnel 
integrals.    The  Fresnel  integrals  are  further  reduced 
into  simpler  expressions  using  Lommel's  series  for 
two  different  values  of  the  parameter  p  in  Appendix  A. 
The  pressure  field  can  then  be  represented  as 

P(ip)  =  (jk/4nz)exp[-jk(z+pz/2z)](l+cosip) 

x[C(p)-jS(p)],  (15) 
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FIG.  4.  Variations  of  the  farfield/Fresnel  regions  for  various 
acoustic  wavelengths. 
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where  C{p)  and  S(p)  are  as  defined  in  Appendix  A.     For 
the  equivalent  upper  aperture  illuminations  that  are 
different  from  uniform,   the  pressure  field  expressions 
for  the  Fresnel  region  are  much  more  involved  than  the 
field  expression  given  in  Eq.  (15). 

B.  Upper-aperture  uniform  amplitude  and  nonuniform: 
phase  distribution 

When  the  upper  aperture  excitation  has  a  nonuniform 
phase  distribution,  say  in  the  form  of  the  cubic  phase- 
front  error,   the  upper  aperture  illumination  becomes 


F(p's) exp[ j*(pj)]  =  exp(-;/3p;s) . 


(16) 


The  pressure  field  in  the  Fresnel  zone  for  this  equiva- 
lent distribution  then  simplifies  to 

P(4<)  =  {jk/2irz)exp[-jk(z  +p2/2z)](l  +costf>) 

x  M  J0(kpp's/z)cos(kp'tz/2z  +  pp'si)p'.dp', 

-J  J  <VfePPi/2)  sin{kp'*/2z  +  Pp'33)p',dp'A . 

(17) 
For  the  linear  and  square-law  distributions  with  uni- 
form amplitude,   the  second  entry  of  the  cosine  and  sine 
functions  of  Eq.  (17)  is  modified  accordingly.    Impor- 
tant pspects  of  the  approximations  are  the  farfield  ap- 
proximations and  these  will  be  considered  in  Sec.  m. 
Both  the  Fresnel-field  and  the  farfield  expressions  may 
be  adapted  to  numerical  computational  techniques  al- 
though the  latter  class  of  problems  which  are  more 
commonly  considered  will  be  treated  in  this  paper. 

III.  THE  FARFIELD  APPROXIMATIONS 

Considerations  of  the  farfield  integral  representa- 
tions require  further  simplications  of  Eq.  (8).    The 
simplifications  are  particularly  important  in  the  quanti- 
ty exp(-^r')/r'  a  appearing  in  Eq.  (8).    If  one  con- 
siders the  antenna  model  shielded  with  absorbing  cuffs 
as  depicted  in  Fig.  1,  then  r'  can  be  expressed  as 

r'  =  [DZ  +  p'az -2Dp'ssinil>sui<t>']u*  .  (18) 

Consequently,  the  usual  approximations  in  the  calcula- 
tions of  phase  and  amplitude  terms  are,   respectively, 
given  by 


r'=*D-p,su\4>sin<t>' 


(18a) 


and 


r'"D,  (18b) 

where  D  is  the  distance  from  the  center  of  the  upper 
aperture  to  the  farfield  point.    When  these  approxima- 
tions are  made  in  Eq.  (8)  and  after  reversing  the  order 
of  integration  and  integrating  with  respect  to  the  vari- 
able 4>'.  then  one  readily  obtains  the  following  expres- 
sion for  the  farfield: 


P(4>) 


jk(\  +cosift)exp(-  jkD) 
2D 


x  f*    "  F(p',)exp[j*(p;)]J0(kp'.8iwH)p',dp'„ 

■'n 


where  J0  is  the  zero-order  Bessel  function  of  the  first 
kind.     The  equivalent  upper  aperture  excitation  func- 
tion represented  in  amplitude  and  phase  by  F(p't) 
xexp[;4>(pj)]  has  been  computed  numerically  to  supply 
the  input  to  Eq.   (19)  above. 10,n"  u    Following  the  same 
approach  used  in  the  Fresnel-region  fields  considered 
earlier,   expressions  for  the  farfield  Eq.  (19)  will  be 
discussed  when  known  forms  are  assumed  for  the  ex- 
citation function  by  starting  with  the  simple  case  of 
uniform  excitation. 

A.  Upper-aperture  uniform  amplitude  and  uniform  phase 
distribution 

If  the  upper  aperture  excitation  is  uniformly  distrib- 
uted as  given  by  Eq.  (13),   then  the  farfield  Eq.  (19) 
gives  the  </,(«)/(<  form  of  the  field  as 


=    /J,[fcp,(max)sini/>]\ 
\  fepj(max)  sini/i    /   ' 


(20) 


where  J1  is  the  first-order  Bessel  function  of  the  first 
kind;  i>  is  the  angle  off-axis  in  degrees;  and  k  is  given 
by 


'•(' 


jk(l  +cos;/,)exp(-jfeD)\  /p|(max) 


2D 


\  /pzs(max)\ 


(20a) 


B.  Upper-aperture  uniform  amplitude  and  nonuniform 
phase  distribution 

The  farfield  expression  for  the  cubic  phase  distribu- 
tion at  the  upper  aperture  as  defined  in  Eq.  (16)  can  be 
written  as 


PW  = 


jk(\  +cosi|')  exp(-;fe£>) 


2D 

ps  ( max ) 


JQ(kp's  simp)  cos  (frp's^dp', 


J0(kp,  smil>)  smipp'^p,  dp',  J .        (21) 

The  above  expression  is  also  true  for  the  linear  and 
quadratic  phase  distributions  at  the  upper  aperture  with 
the  cubic  distribution  replaced  by  the  linear  and  qua- 
dratic phase-front  distributions  as  the  case  may  be. 
For  computational  simplicity,  the  primes  in  the  inte- 
grand may  be  removed.    The  farfield  expression  is 
normalized  with  respect  to  the  center  value  in  order  to 
obtain  suitable  patterns.    The  normalized  value  gives 
the  relative  power  patterns  in  decibels.    If  R,  and  8  are 
used  to  replace  ps  and  ip,  respectively,  in  the  equations 
and  the  primes  of  the  variable  of  integration  are 
dropped,   then  the  normalized  field  value  giving  the 
relative  power  patterns  can  be  expressed  as10: 


£*«?)  =  20  log,, 


1 +COS0 


(19) 


: [(J"'    "  A(RJ exp[ j*{R,)]J0(kR, sm6)R, dR^I 
J  A(R,)exp[j*{R.)]R.dR,j\  (22) 
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FIG.  5.  The  effects  of  the  size  of  the  shielding  cuffs  of  the 
antenna  on  the  relative  field  strengths  for  different  Gaussian 
coefficients  (a)  of  the  aperture  illumination  (constant  phase  coef- 
ficient).   /*j(max)  =  6  ft;  ft(max)  =  2ft;   X(,5  kHz)  =  0.  22  ft. 


where  EN(8)  is  the  normalized  power  pattern;   9  is  the 
angle  off  the  vertical  axis  of  the  echosonde  antenna; 
i?,(max)  is  the  upper  aperture  radius  of  the  antenna; 
A(Rt) exp[j$(R ,)}  is  the  equivalent  excitation  at  the 
transmitting  aperture  of  the  antenna;  R,  is  the  variable 
of  integration  at  the  upper  aperture;   and  the  vertical 
bars  denote  an  absolute  value.    Since  all  digital  ma- 
chines are  subject  to  limits  of  finite  word  lengths,  ade- 
quate care  is  taken  in  computing  Eq.  (22)  to  avoid 
round-off  errors. 

IV.  ANTENNA  DESIGN  FROM  THE  NUMERICAL 
RESULTS 

The  reduction  in  the  side-lobe  levels  is  depicted  in 
Table  L  which  gives  the  numerical  values  from  Fig.  5. 
The  table  shows  that  the  height  of  the  shielding  cuffs 
reduces  the  side  lobes  within  the  range  of  3.  85  dB  at 
1  ft  through  40  dB  at  13  ft.    It  suffices  to  design  an 
antenna  from  the  results  to  meet  the  requirements  of  a 
specified  side-lobe  level  and  a  specified  beam  width  or 
gain.    The  appropriate  illumination  function  which 
meets  the  requirements  is  chosen.    Such  considerations 
would  show  the  usefulness  of  the  numerical  results  ob- 
tained.   For  example,  let  us  consider  an  echosonde 
antenna  designed  to  meet  the  specifications  given  in 
Table  n  with  a  gain  relative  to  the  center  value  of 
-7.13  and  40  dB  side-lobe  reduction  at  the  ground  level 
(i.e.,  90°  side-lobe  level  of  40  dB). 
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Costne  Squared 
_ Tapered  Excitation 
A(R)xEXP[J4(RI! 
•90)-  Cos2(0  5nR)xEXP(  JPR2|" 

1 I I J L 


+  R  (max) 
Phase 


0  30  60  90 

6  (Degree) 

FIG.  6.  The  relative  gain  patterns  depicting  the  nonmonotone 
behaviors  of  the  90°  side-lobe  levels.    #  =  12  ft;  fls(max)  =  6  ft; 
rt(max)  =  2ft;   X(2  kHz)  =  0.55  ft;  cosVfl/2)  taper. 


In  order  to  meet  the  above  antenna  specifications,  an 
examination  of  Table. I  shows  that  a  side-lobe  reduction 
of  38.  6  dB  is  obtained  if  H  equals  12  ft  when  a  Gaussian 
excitation  is  used.    With  this  serving  as  a  guideline, 
a  cosine-squared  aperture  distribution  is  chosen.    The 
distribution  is  given  by  A(R)exp[j$>(R)}  =  cos*{vR/2) 
x  exp(-  jpR)  using  a  wavelength  X  of  0.  55  ft ;   a  height 
of  12  ft:   the  lower-  and  upper- aperture  radii  of  the 
echosonde  antenna  model  of  2  and  6  ft,   respectively. 
The  relative  gain  patterns  are  depicted  in  Fig.  6  (lin- 
ear phase).    The  antenna  design  meeting  the  required 
specifications  is  illustrated  in  Table  HI  where  the  nu- 
merical results  of  Fig.  6  have  been  used  with  and  with- 
out shielding.    It  is  thus  demonstrated  that  the  design 
of  an  antenna  from  the  numerical  results  can  meet  the 
necessary  specifications  required.    Although  a  cosine- 
squared  distribution  has  been  used,  other  commonly 
employed  distributions  can  also  be  used  depending  on 
the  requirements.     The  cosine  aperture  field  distribu- 
tion can  also  meet  the  requirements  stated  above. 
Further  details  are  available  elsewhere.10 

V.  DISCUSSION  AND  CONCLUSIONS 

This  paper  outlines  the  theoretical  basis  for  analysis 
of  the  echosonde  antenna  characteristics.    The  useful- 
ness of  the  numerical  results  is  shown  in  the  previous 
section  by  designing  an  antenna  from  the  results  to 
meet  the  requirements  of  a  specified  beamwidth  or  gain 
and  a  specified  side-lobe  level.    The  excitation  function 
satisfying  the  specifications  with  and  without  the  absorb- 
ing cuffs  is  obtained  from  the  results.    Integrals  for  the 
Fresnel  region  representations  of  the  radiated  field 
have  been  obtained  for  certain  upper  transmitting 
aperture  field  distributions  using  Lommel's  series. 
The  integral  equations  developed  are  suitable  for  eval- 


TABLE  II.  Antenna  performance  requirements. 


With  shielding 

Without  shielding 

Relative 

-7.13  dB,  with  BW  =  i° 

-7.2  dB,  withBW  =  6* 

gain 

(Gain  relative  to  the  center 

(Gain  relative  to  the  center 

value  or  18.47  dB  absolute) 

value  or  18.4  dB  aosolute) 

1st  side-lobe 

5.6  dB  below  maximum  at 

-21.3  dB  at  0  =  11* 

level 

0  =  9° 

90°  side-lobe 

90°  SL  =  40  dB  below 

-63.9  dB 

level 

maximum 

Extended 

Extension  for  future  routine 

(i)        No  further  90°  SL  re- 

requirements 

operation  in  urban  environ- 

duction, i.e.,  further 

ments  subject  to  the  additional 

90°  SL  reduction=0  dB 

conditions: 

(remains  as  before) 

(i)     Further  90°  SL  reduction  = 

(ii)    Maintain  relative 

30  dB 

gain  at  -7.2  dB  with 

(ii)    Maintain  gain  at -7.1  dB, 

BW  =  6* 

but  may  tolerate  additional 

2°  BW  increase 

Beam  maximum 

Maximum  of  beam  extending 

extending  over 

to  6=22°  (i.e.,  operation 

Power  level  =  -  24. 2  dB 

a  larger  area 

on  larger  atmospheric  volume 
with  the  disappearance  of  the 
main  lobe):  Peak  power  = 

+  2.40  dB 
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TABLE  III.  Antenna  design  from  Fig.  6  (linear  phase)  of  the  results  to  meet  the  re- 
quired specifications  of  Table  II. 

Without  Shielding 

Relative  gain  =  -7. 2001  dBs 
-7.2  dB  with  BW=  5.9999° 
6° 


-21.2462  dBs-21.3  dB  below 
maximum  with  6  =  10.9999° 

sir 

-63.8648  dBs-63.9  dB 


U)     90°  SL  =  -63.8648  dBs 
-63.9  dB.    Further  90°  SL 
reduction=0  dB  (i.e., 
no  reduction) 
(ii)   Gain  =-7.2001  dBs 
-7.2  dB  with  BW  = 
5.9999°  s6° 


With  Shielding 

Relative 

From  Fig.  6  (linear  phase) 

gain 

P^ff/2:  Relative  Gain  = 

-7.1258  dB^'-7.13  dB  (rela- 

tive to  the  center  value);  BW  = 

3.9999°  s4° 

1st  side- 

0=*/2:  -5.5708  dBs5.56  dB 

lobe  level 

below  maximum  at  9  =  8.9999° 

90°  SL 

Appropriate 
extended 
performance 


Appropriate 
extension  of 
beam  maximum 
over  a  larger 
area 


0=V2:  -40.0040  dBs 
40  dB  below  maximum 

0  =  0: 
(i)     90°SL=-70.7834  dBs 
-70.78  dBs  a  further  30.8 
dB  reduction 
(U)   Gain=-7.3356  dB,  BW  = 
5.9999°  s6°  i.e., 
additional  2°  BW  increase 

/3=*/4: 
Beam  max.  at  6=21.9999° 
3  22°.    (Mainlobe  disappears). 
Peak  power  =  +2.3606  dBs 
+  2.40  dB  (relative) 


Power  Level  =  ■ 
s-24.2  dB 


24.2193  dB 


nation  by  computer  techniques  and  numerical  results 
are  obtained  for  the  farfield  representations. 

The  relative  gain  patterns  of  Figs.  5-9  are  computed 
from  Eq.  (22).    It  is  depicted  in  the  figures  that,  for 
the  relative  gain  patterns:    the  phase  coefficient  0;  the 
Gaussian  coeificient  "a"  in  exp(-  aRz)  of  the  excitation 
function;   and  the  height  of  the  echosonde  antenna  can 
all  be  used  to  advantage  in  controlling  the  side-lobe 
levels.    Figure  5  shows  that  for  small  values  of  H— 
the  absorbing  cuffs  of  the  antenna,   the  patterns  are  er- 
ratic in  behavior    thus  indicating  that  small  values  of  H 
are  untenable.    It  is  indicated  in  Fig.  8  that  when  H 
=  0  ft  the  undulatory  nature  of  the  signal  departs  marked- 
ly from  the  required  directive  main  lobe  with  sup- 
pressed side  lobes.    The  effects  of  varying  the  height 
of  the  antenna  are  also  indicated  in  Table  I  using  Fig. 
5.    The  field  pattern  for  H  equals  0  ft  is  given  within  a 
multiplying  constant  by 


E(6)  =  Jx{u)/u, 


(23) 


where  «  =  (2i7fl(tnffl,  sin0)/X;  and  for  a  carrier  frequency 
of  2  kHz,  an  acoustic  wavelength  of  0.  55  ft,  and  a  lower 
aperture  radius  of  2  ft  (Fig.  8),  one  obtains: 

slnf)  =  0.0437  k.  (24) 

Table  IV  shows  the  locations  of  the  zeros  of  the  first- 
order  Bessel  function  obtained  from  standard  tables.15 
The  zeros  of  the  gain  for  uniform  illumination  for  H 
•  0  ft  are  indicated  in  Table  V.    The  values  of  Table  V 
are  obtained  by  numerical  integration10  using  Eq.  (22). 

The  effects  of  the  parameter  p  of  the  field  distribu- 
tion of  the  form  [l  -  {R/R0)]p  on  the  relative  gain  are 
depicted  in  Fig.  9  and  Table  VI.    The  shapes  of  this 
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FIG.  7.  Relative  gain  patterns  showing  the  effects  of  Gaussian 
coefficients  of  the  amplitude  illumination  on  the  gain.    //=  12  ft; 
R,(max)  =  6  ft;  ft(max)  =  2ft;  frequency  =  2  kHz.    Amplitude 
tapered  to  exp( —  J),  exp(  — 2),  exp(  — 3),  exp(  — 4),  and  e;q>(  — 10) 
at  the  aperture  edge  for  the  respective  values  of  a  Indicated. 


J.  Acoust.  Soc  Am.,  Vol.  60.  No.  1.  July  1976 


786 


237  S.  A.  Adekola:  General  integral  formulation  of  an  echosonde  antenna 


23? 


TABLE  IV.  The  successive  locations  of  the  Sth  zero  of  the  first-order  Bessel  func- 
tion of  the  first  kind  (i.e.,  Jt(u));  H  =  Qtti  X(2  kHz)  =  0.55  ft;  fl(max)  =  2ft;  (values 
obtained  from  standard  tables    ). 


Values  of  6 

Difference  in 

u:  Sth  zero 

from  numerical 

the  values  of 

%  age 

s 

of  J,(u) 

Sine 

0(deg) 

integration 

(deg) 

fl(deg) 

difference 

1 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

2 

3.8317 

0.1674 

9.6000 

10.5000 

0.9000 

8.6000 

3 

7.0156 

0.3065 

17.9000 

18.5000 

0.6000 

3.2000 

4 

10.1735 

0.4445 

26.4000 

28.5000 

2.1000 

7.3600 

5 

13.3237 

0.5822 

35.6000 

35.5000 

0.1000 

0.3000 

aperture  distribution  for  the  first  three  integer  values 
of/)  are  shown  in  the  legends  of  the  figure.     The  ampli- 
tude is  tapered  to  zero  at  the  aperture  edge  for  all 
cases  since  0^  \R/R0\  s  1.    The  first  side-lobe  level 
decreases  as  p  increases  from  0-5  and  increases  for 
p  greater  than  5.    However  in  the  20°  region  of  interest 
near  the  ground,   the  maximum  side-lobe  level  sharply 
decreases  as  p  changes  from  0  to  1  and  increases  with 
increasing  values  of  p  greater  than  1. 

The  Gaussian  excitation  gives  results  that  are  com- 
patible with  practical  realizability  of  the  integral  for- 
mulation.   The  main  lobe  is  directive  and  the  side  lobes 
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FIG.  8.  Relative  gains  for  the  degenerate  case  of  H  =  0  ft.  No- 
tice the  undulatory  behaviors  of  the  gains.  fl(max)  =  2  ft;  fre- 
quency =  2  kHz. 


are  reasonably  suppressed.    A  directive  mainbeam  with 
suppressed  side  lobes  can  be  obtained  by  using  a  con- 
stant excitation  across  the  illuminating  aperture.    A 
uniform  amplitude  and  phase  excitation  gives  maximum 
directivity, l6  although  uniform  distribution  may  not  be 
easy  to  realize  in  practice.    However,  Hall  and  Wes- 
cott1  have  recently  measured  an  extremely  uniform 
pressure  level  across  the  aperture  of  an  echosonde 
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FIG.  9.  The  effects  of  a  tapered  aperture  distribution  of  the 
form  [1  —  Ul/R0)2]p  on  the  relative  gain  with  respect  to  the  pa- 
rameter/).   Notice  the  behaviors  of  the  side-lobe  levels  with 
respect  to  the  variations  of  p  [W=12  ft;  /J,(max)  =  6  ft,  fl(max) 
=  7*0  =  2  ft,  Osifl/fyi  ^l,  frequency  =  2  kHz). 
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TABLE  V.  Apparent  successive  locations  of  the  zeros  of  the  gain  for  uniform  illumination  with 
zero  phase  distribution,  i.e.,  A(ft)  =  1.0,  H  =  Oft,  M2  kHz)  =  0.55  ft;  fi(max)  =  2ft,  (values  ob- 
tained by  interpolation  of  numerical  integration  results). 


Theta  (deg) 

10.5000 

18.5000 

28.5000 

35.5000 

58.5000 

71.5000 

Relative  gain 
MB) 

-22.4366 

-24.5987 

-27.0206 

-38.2150 

-40.3183 

-28.0870 

antenna,  the  measurement  of  the  pressure  levels  being 
obtained  by  a  sound-level  meter.    Such  uniform  dis- 
tributions are  desirable  in  acoustic  rad?r  work  because 
of  the  associated  directivity.    The  contour  plot  of  the 
field  strength  shown  in  Fig.   10  gives  an  extremely 
directive  mainbeam  and  significantly  reduced  side-lobe 
levels  arising  from  a  uniform  aperture  field  distribu- 
tion thus  agreeing  with  experimental  results.    The  con- 
tour plot  is  obtained  from  Eq.  22  for  the  carrier  fre- 
quency of  2  kHz  corresponding  to  a  wavelength  of  0.  55 
ft. 
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APPENDIX 

The  Fresnel  coefficients  C(p)  and  S(p)  used  in  Eq. 
(14)  in  expressing  the  Fresnel-zone  fields  are  dis- 
cussed in  this  section.    For  notational  simplicity,  let 
p,(max)  be  represented  as  a,  which  is  the  radius  of  the 
upper  transmitting  aperture  of  the  echosonde  antenna. 
The  Fresnel  expressions  have  different  representations 


for  two  values  of  p  depending  on  whether  p  is  greater  or 
less  than  the  parameter  a.  C(p)  and  S(p)  as  used  in  Eq. 
(14)  are  then  defined  as: 


C(p)  =  2tt  f   J0(kpp'Jz)  cos(kp's2/2z)p'3  dp, 


and 


(Al) 


S(p) 


=2n  r  J0(kpp's 


/z)sm(kp'?/2z)p,dp's 


Further  simplification  of  Eqs.  (Al)  is  possible  by  using 
integration  by  parts.    The  process  results  in  Lommel's 
series  representations  of  Eqs.  (Al)  for  two  different 
conditions  on  the  parameter  p  thus11,17: 

(l)Forp>a;   Eqs.  (Al)  become: 

C(p)  =  (2772  A)  [cos(fea  2/22)  U^p)  +  sin(ka z/2z)  U2(p)\ 

(A2) 
and 

S(p)  =  (2Trz/k)[sin(kaz/2z)Ul(p)-cos(kaz/2z)U2(p)], 

where  the  quantities  U^p)  and  U2(p)  are  defined  by 

Ux(p)  =  (a/p)  J,(kap/z)  -  (a/pf  Jz(kap/z) 


+  (a/p)iJ5(kap/z)- 


and 


(A3) 


U2(p)  =  (a/pf  J2(kap/z)  -  (a/p)*  Jt(kap/z) 

+  (a/p)*J6(kap/z) , 

where  J,,  J2,  </3,  </4,  etc.  are  the  Bessel  functions  of 
the  first  kind  of  orders  one,  two,   three,  four,  etc. 


TABLE  VI.    Relative  magnitude  of  the  first  side-lobe  level,  and  the  maximum  side-lobe  level  in  the  20°  region  between  70°  through 
90°  for  the  special  distribution  of  the  form  A(r)=  (1-r2?  (0«  IrUl;  r  =  R/2;  H  =  12  ft;  fis(max)  =  6ft;  R(max)  =  2  ft,  X(2  kHz) 
=  0.55  ft). 

p  01234567 

Relative  magnitude  dB  relative       -17.5267        -25.0663        -32.9437        -39.2374        -48.3850        -54.2307        -48.0724        -45.0829 

of  the  first  side-lobe         to  center 
level  (SL)  below  the  value, 

maximum  of  the  main- 
beam. 


(deg) 


13.0000  16.0000  20.0000  22.9999  26.9999  29.9999  32.9999  35.9999 


Maximum  side-lobe  dB  relative       -61.7859        -84.0075        -78.7567        -77.9515        -75.0389       -74.8827        -71.5338       -66.7955 

level  (SL)  between  to  center 

the  20*  region  of  value 
70' -90* 


(deg) 


76.9997  76.9997  76.9997  76.9997  76.9997  76.9997  76.9997  76.9997 
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and 


W  -  (p/<»)  JJkap/z)  -  (p/«)5  Wkap/z) 
+  (p/a?Js(kap/z) , 


(A5) 


FIG.  10.  Contour  plot  arising  from  a  uniform  excitation  at  the 
illuminating  aperture  of  the  antenna,   i.e.,  A(R)  exp[)<J>0R)) 
=  1.0;  tf=10ft;  flj(max)  =  6  ft;  R(max)  =  2ft;   A(2kHz)  =  0.55 
ft.    Scale  factor  =  0.2.    Thirteen  side  lobes  in  all. 


(2)  For  p<  a;   then  Eqs.  (Al)  reduce  to  the  form; 

C(p)  =  (2itz/k)  [sin(V/2z)  +  sin{ka  2/2z)  V0(p) 
-cos(kal/2z)Vl(p)} 
and  (A4) 

S(p)  =  (2vz/k)[cos(kpt/2z)  -  cos(^/2z)V0(p) 

where  the  quantities  V0(p)  and  Vj(p)  are  respectively 
defined  as 

W  =  J0(kap/z)  -  (p/af  Jz(kap/z)  +  (p/a)A  Jt(kap/z) 


where  J0  is  the  zero-order  Bessel  function  of  the  first 
kind  and  all  other  quantities  are  as  defined  above. 
Further  considerations  of  Eqs.  (A1)-(A5)  can  be  ob- 
tained from  reference11  in  which  Lord  Rayleigh  gave  the 
complete  account  of  Lommel's  memoir  in  an  article  on 
wave  theory  of  light. 
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SOME  NEW  APPROACHES   IN  DESIGN  OF  MILLIMETER-WAVE  ANTENNAS 


DAVID  C.    HOGG 


NOAA/ERL/Wave  Propagation  Laboratory 
Boulder,  Colorado  80302 


Abstract 

Four  designs  of  microwave  antennas  employing  off- 
set reflectors  are  discussed.   In  all  cases  the 
reflectors  are  fed  with  dual  or  hybrid-mode  horns. 
The  unblocked  apertures,  fed  by  a  well-defined 
illumination,  result  in  measured  radiation  patterns 
which  compare  well  with  theoretical  predictions. 


Introduction 

It  is  necessary  to  pursue  improvements  in  antenna 
design  regardless  of  wavelength;  this  is  parti- 
cularly so  at  millimeter  wavelengths  where  special 
problems  arise.  In  addition  to  a  good  match  (high 
return  loss),  a  clean  radiation  pattern  devoid  of 
high  immediate  and  far  side  lobes  (proper  aperture 
illumination  along  with  no  blockage) ,  wide  band- 
width, low  cross-polarization,  and  low  loss,  it  is 
necessary  to  attain  good  mechanical  precision  and 
to  design  so  that  environmental  factors  (rain, 
snow,  and  temperature  changes,  in  particular)  do 
not  degrade  performance. 

Offset  Reflectors 

The  elimination  of  blockage  and  attainment  of  a 

good  match    can  be  achieved  by  employing  offset 

(2) 
reflectors*.   An  example  of  an  offset  paraboloid 

with  a  prime-focal  feed  is  shown  in  Fig.  la. 

Because  this  arrangement  is  not  symmetrical  about 

the  axis  of  the  generating  paraboloid,  an  inherent 

cross-polarization  exists  with  peaks 

slightly  removed  from  the  axis  of  the  main  beam  of 
the  antenna  as  shown  by  the  radiation  patterns  at 
19  GHz  in  Fig.  lb.   This  cross  polarization  is 
important  in  communications  where  co-channel  dual- 
polarized  transmission  is  contemplated.  However, 
the  magnitude  of  the  cross-polarization  peaks 
is  a  function  of  the  offset  angle,  i.e.,  the  angle 


between  the  axis  of  the  illumination  pattern  of 
the  feed  and  the  axis  of  the  generating  paraboloid. 
Figure  lc  shows  this  dependence  for  the  configura- 
tion in  Fig.  la;  theory  and  experiment  agree 
remarkably.   The  magnitude  of  the  cross-polariza- 
tion peaks  can  be  limited  to  acceptably  small 
values  (less  than  -30  dB,  say)  by  choosing  a 
relatively  small  offset  angle  for  the  reflector*; 
this  can  also  be  readily  achieved  in  an  offset 
Cassegrainian  antenna. 

The  return  loss  of  offset  prime-focus  and 
Cassegrainian  antennas  is  essentially  that  caused 
by  reflection  from  the  feeds  per  se  since  none  of 
the  energy  incident  upon  the  reflectors  is  specu- 
larly directed  back  to  the  feed.   Likewise  most  of 
the  resistive  loss  in  the  antenna  is  inherent  in 
the  feed,  but  the  loss  can  be  limited  to  very  low 
values  even  at  millimeter  wavelengths  if  properly 
constructed  hybrid-mode  (corrugated)  horns  are 
employed.   These  feed  horns  also  produce  a  beam 
that  is  essentially  Gaussian  and  symmetrical  about 
the  axis  of  the  horn. 

A  Beam-Wave  Antenna 

Several  modifications  of  offset  paraboloids 
appear  attractive  in  the  practical  sense;  one 
example,  called  a  beam-wave  antenna,  is  shown  in 
Fig.  2.   It  is  designed  under  the  constraints  that 
the  electronics  be  mounted  below  the  antenna  and 
that  the  axis  of  the  main  beam  of  the  radiation 
pattern  be  horizontal.   In  this  case  the  offset 
angle  between  the  axis  of  the  hybrid-mode  feed 
(the  vertical)  and  the  axis  of  the  generating 
paraboloid  is  30°;  thus  the  cross-polarization 
peaks  are  about  30  dB  down.   The  radiation  from 
the  offset  paraboloid  is  reflected  from  a  flat 
into  the  horizontal  direction;  the  flat  can  of 
course  be  made  adjustable  for  slight  beam  steering. 
The  aperture  illumination  is  essentially  axially- 
symmetrical  Gaussian  because  of  the  characteristic 
of  the  hybrid-mode  feed  which  also  accommodates  a 
band  of  almost  two  to  one. 


*  Although  designs  employing  lenses  can  be  con- 
sidered, the  lens  always  introduces  some  loss,  and 
some  reflection,  and,  to  some  extent,  limits  the 
bandwidth.   Offset  reflectors  have  been  promoted 
in  the  past  by  Carlyle  Sletten  and  others. 


.(7) 


Unlike  the  horn-reflector  antenna1-'''  (cornu- 
copia) which  has  an  offset  angle  of  90°  and  high 
cross-polarization  peaks. 
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The  embodiment  of  Fig.  2  encompasses  features  that 

indicate  the  precautions  taken  against  degradation 

by  the  environment.  The  weather  cover,  of  thin 

low-loss  material,  is  mounted  at  an  angle  with 

respect  to  the  uniform  phase  front  emerging  from 

the  flat  reflector,  thereby  preventing  reflection 

back  to  the  feed.   The  function  of  the  weather 

cover  is,  of  course,  to  prevent  rain,  snow,  dust, 

insects,  and  birds  from  entering  the  enclosure. 

The  small  amount  of  radiation  specularly  reflected 

from  the  cover  is  partially  absorbed,  as  indicated 

in  Fig.  2,  to  minimize  multiple  paths  in  the 

enclosure.   Above  the  aperture  is  mounted  a  canopy 

to  help  prevent  rain  from  falling  on  the  weather 

cover.   Wet  weather  covers  can  produce  strong 

f  81 
attenuations  at  centimeter  wavelengths    ,  and  the 

degradation  becomes  even  more  severe  at  millimeter 

wavelengths. 


A  Dual-Cylinder  Offset  Antenna 

Another  offset-reflector  combination  of  interest 

is  the  Dragonian  antenna    ,  sketched  in  Fig.  4a, 
in  which  two  offset  parabolic  cylinders  are  fed  by 
a  hybrid-mode  horn.   This  arrangement  produces  a 
beam  of  elliptical  cross-section  over  a  wide  band 
of  frequencies.   Although  designed  to  cover  the 
contiguous  U.S.  from  a  synchronous-orbit  satellite 
(for  bands  at  20  and  30  GHz) ,  the  antenna  can  have 
application  in  terrestrial  radio  systems  in  the 
sense  that  a  given  tower  stability  may  mandate  a 
broader  beam  in  the  vertical  plane  than  is  neces- 
sary in  the  horizontal  plane.  An  example  of  the 
excellent  polarization  properties  is  shown  in  Fig. 
4b. 

Conclusion 


Beam-Wave  Transmission 

At  millimeter  wavelengths,  losses  in  waveguide  and 
losses  in  transitions  between  various  types  of 
waveguides  used  as  transmission  lines  to  the 
antennas  are  factors  of  major  concern.   For  this 

C9") 
reason,  beam-wave  transmission  in  free  space 

has  become  an  attractive  option  at  millimeter 
wavelengths.   It  is  possible  to  combine  the  low- 
loss  properties  of  beam-wave  transmission  and 
offset  reflectors  as  exemplified  by  the  .amusing 
design  discussed  in  the  following  paragraphs. 

The  lower  portion  of  Fig.  3  diagrams  an  installa- 
tion operating  at  8  mm  that  of  necessity  must  be 
situated  in  a  building  on  the  ground,  but  whose 
antenna,  in  order  to  obtain  path  clearance,  must 
be  100  feet  above  ground.  Within  the  building,  an 
offset  reflector  similar  to  that  in  Fig.  1  launches 
a  quasi-Gaussian  beam  with  a  20  dB  diameter  of 
about  20  inches.  In  combination  with  an  elliptical 
reflector  R   a  collimated  beam  with  a  uniform 

phase  front  and  diameter  of  12  inches  is  produced 
100  feet  above  ground.   The  two  offset  paraboloids, 
R_  and  R   tower-mounted  at  that  height,  are 

confocal  (the  focal  point  is  indicated  by  F  in 
Fig.  3  and  the  vertices  of  the  paraboloids  by  V 
and  V  ) .   The  diameter  of  the  uniform  phase  front 

from  below  is  simply  magnified  by  the  two-reflector 
combination  and  in  the  process  of  magnification, 
the  beam  negotiates  a  change  in  direction  of  90° 
thereby  producing  a  wave  for  horizontal  trans- 
mission. The  overall  transmission  from  the  build- 
ing to  the  output  aperture  undergoes  no  attenua- 
tion other  than  that  in  the  reflection  process 
(which  is  kept  low  with  proper  precision  of  the 
surfaces)  and  in  some  spillover  (which  is  minimized 
by  oversized  reflectors).   Spurious  radiation,  if 
a  problem,  can  be  prevented  by  enclosing  the  beam 
in  a  shielding  tower  which  also  shelters  the 
reflectors.   However,  because  of  the  well-confined 
beam  in  the  vertical,  it  is  believed  that  this 
antenna  will  not  contaminate  the  radio  environment 
as  the  periscope  antenna  does.   The  cross  polari- 
zation produced  by  such  combinations  of  reflectors 

can  be  estimated  analytically   . 


Configurations  employing  offset  reflectors, 
or  combinations  of  offset  reflectors  are  shown  to 
constitute  useful  microwave  antennas. 
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NOAA  Technical  Report  ERL  373-WPL  47 
July  1976 


IMPLEMENTATION  OF  COASTAL  CURRENT-MAPPING  HF  RADAR  SYSTEM 
PROGRESS  REPORT  NO.  1 

D.  E.  Barrick  and  M.  W.  Evans 

A  concept  for  radar  remote-sensing  of  near-surface  ocean  currents  in 
coastal  regions  is  described,  and  progress  is  reviewed  on  the  design  and 
construction  of  the  first  operational  units.  The  system  employs  pairs  of 
low-power  (50  W),  transportable,  HF  (30  MHz)  radars  whose  signals  from  the 
shore  are  scattered  from  ocean  waves  that  serve  as  tracers,  i.e.,  underlying 
currents  impart  a  slight  change  in  velocity  to  the  ocean  waves,  which  is  de- 
tected by  the  radar  receiver.  Signals  from  each  of  the  two  geographically 
separated  radar  units  of  the  pair,  scattered  from  the  same  point  on  the  sea, 
are  used  to  construct  a  complete  current  vector  for  that  point.  In  an  opera- 
tional system  a  radar  pair  will  take  simultaneous  measurements  over  an  ocean 
area  with  a  grid  having  a  3-km  spacing.  Vectors  will  be  constructed  for  each 
3-km-square  section,  and  a  map  of  the  near-surface  current  field  will  be 
output  in  real-time  by  a  mini-computer  on-site.  All  radar  and  digital  gear 
is  contained  in  two  shock-mounted  fiberglass  cases,  only  44  inches  high  and 
weighing  under  200  pounds.  The  radar  antennas  are   easily  erectable  frames 
holding  three  vertical  aluminum  pipes;  the  entire  system  can  be  set  up  in 
less  than  an  hour.  All  of  the  individual  components  of  the  system  have  been 
designed  and  constructed.  The  system  software  has  been  essentially  completed 
and  checked  out  in  the  laboratory.  Only  a  small  amount  of  final  assembly 
remains  to  be  done  before  checkout  and  use  in  the  field.  System  performance 
and  simulation  studies  show  that  a  radar  pair  can  provide  current  data  to  a 
range  from  the  coast  of  about  70  km.  The  optimum  spacing  between  paired 
radars  is  nominally  40  km.  Error  analyses  show  that  probable  azimuthal  posi- 
tion errors  are  less  than  3°  for  signal-to-noise  ratios  exceeding  10  dB. 
Simulations  using  random  sea-echo  and  noise  signals  indicates  that  probable 
rms  current-velocity  errors  are  not  more  than  5  cm/s. 
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THE  D-C  PRESSURE  SUMMATOR: 
THEORETICAL  OPERATION,  EXPERIMENTAL 
TESTS  AND  POSSIBLE  PRACTICAL  USES 

A.  J.  Bedard,  Jr.,  National  Oceanic  and  Atmospheric 
Administration 


In  studying  low-amplitude  acoustic -gravity  waves  in  the  presence  of  large-amplitude 
pressure  fluctuations  produced  by  atmospheric  turbulence,  some  method  is  required 
for  averaging  out  the  incoherent  turbulent  noise  by  measuring  pressure  changes  at 
distances  greater  than  the  turbulent  wavelengths  but  smaller  than  the  wavelengths  of 
infrasonic  waves.  In  practice  this  involves  a  requirement  for  measuring  pressure 
changes  at  more  than  100  locations  on  the  earth's  surface  over  a  line  1000  feet  long. 
The  use  of  a  microbarograph  at  each  of  these  points  is  too  expensive  an  approach,  so 
a  noise-reducing  line  microphone,  a  device  for  pneumatically  adding  pressures  from 
a  number  of  inputs,   is  used.   This  device  is  applicable  to  measurement  problems  where 
outputs  from  a  number  of  pressure  sensors  are  added  together.  Although  applied  by 
workers  in  geoacoustics  for  a  number  of  years,  the  technique  has  seen  few  applications 
to  other  uses.   My  purpose  is  to  describe  the  principle  of  operation  for  the  device  and 
suggest  new  applications  for  it  such  as  in  aircraft-wake  vortex-detection  and  measure- 
ment of  the  pressure  distribution  within  dust  devils.   Also,  the  sections  that  follow 
present  results  of  tests  and  calibrations  for  a  particular  summator  design.  Such  large- 
scale  devices  are  difficult  to  test  experimentally.  The  experimental  data  arid  techniques 
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presented  here  are  to  my  knowledge  the  first  for  such  a  device.  A  simple  analytical 
approach  involving  a  d-c  approximation  for  predicting  the  operation  is  described  and 
compared  with  the  experimental  data.   Finally,  some  practical  applications  are 
suggested. 


DESCRIPTION  OF  NOISE-REDUCING  LINE 
MICROPHONE 

If  microbarographs  sample  the  atmosphere  at  only  one  point,  local  turbulence  masks 
most  infrasonic  signals,  which  are  typically  1  microbar  P-P  [Reference  5],  Such 
signals  travel  at  acoustic  velocities  and  in  the  frequency  range  1  to  0.01  Hz  are 
frequently  measured  with  pressure  amplitudes  less  than  1  microbar  P-P,  thus  the 
signal  wavelengths  are  in  the  range  of  0.  3  to  over  30  kilometers.  In  practice,  the 
effects  on  each  microphone  by  local  wind  eddies  are  decreased  by  noise -reducing  lines 
of  pipe.  In  applications  of  the  Geoacoustics  Research  Program  Area  of  the  National 
Oceanic     and  Atmospheric  Administration  (NOAA),  these  typically  consist  of  1000  feet 
of  pipe  of  various  diameters,  tapering  from  1.  5-inch  (inside  diameter)  pipe  at  the 
center  in  steps  to  0.375-inch  (inside  diameter)  at  the  ends  (Figure  1).   Usually,  cap- 
illary ports  to  the  atmosphere  are  set  at  5-foot  intervals.   The  input  to  the  microphone 
is  connected  to  the  center  of  this  spatial  filter.   For  sound  waves  of  periods  longer  than 
10  seconds  the  line  microphone  is  non-directional  and  the  signal  appears  at  each  input 
of  the  adder;  however,  wind  turbulence-induced  noise  is  reduced  considerably  if  there 
is  little  coherence  between  the  various  ports  (inputs).  Borsheverov  et  al.   [Reference  3] 
present  experimental  data  showing  the  reduction  in  local  turbulent  fluctuations  of  such 
a  summator  relative  to  a  single  point  pickup.  They  used  a  line  microphone  patterned 
after  the  one  described  in  this  paper,  but  did  not  present  experimental  data  concerning 
operational  characteristics  of  the  summator  itself.  It  is  also  important  to  know  informa- 
tion such  as  frequency  response,   internal  attenuation  and  relative  effectiveness  of  ports. 
Daniels  [Reference  6]  and  Burridge  [Reference  4]  describe  the  theory  of  operation  of 
line  microphones,  including  acoustic  inductive  and  capacitative  effects.  However,  a 
simplified  view  of  this  line  microphone  as  a  purely  resistive  device  predicts  the  opera- 
tion quite  well  at  low  frequencies  and  offers  clear  insights  into  the  principles  of 
operation. 

Design  Criteria 

Before  considering  the  details  of  design,  it  is  well  to  consider  the  design  goals.  Sam- 
pling ports  need  to  be  placed  no  farther  apart  than  necessary  for  the  background 
atmospheric  turbulence  to  be  incoherent.  With  closer  spacing,  the  attenuation  of  back- 
ground noise  does  not  vary  ideally  (directly  with  the  square  root  of  the  number  of 
inlets).  Placing  the  ports  closer  together  than  necessary  will  not  necessarily  degrade 
performance  but  this  arrangement  is  probably  more  expensive.  On  the  other  hand, 
inefficient  use  of  available  space  is  the  price  paid  for  using  inlet  spacings  larger  than 
the  distance  necessary  to  produce  incoherence.  After  deciding  upon  the  length  of  array 
and  the  port  separation,  additional  measures  can  be  taken  to  insure  that  the  internal 
reflections  of  sound  waves  do  not  occur  within  the  line  microphone,  that  all  inlets  are 
approximately  equally  effective  and  that  the  desired  signals  are  not  significantly 
attenuated. 

The  port  spacing  distance  might  be  chosen  best  by  making  experimental  determina- 
tions of  the  correlation  coefficient  between  the  pressures  measured  with  various  single 
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inlet  microphones  as  a  function  of  spacing  in  the  frequency  range  of  interest  as  meas- 
ured by  Priestley  [Reference  10],  McDonald  et  al.   [Reference  9],  and  Flores  and  Otero 
[Reference  7].   Finally,  having  determined  the  desired  array  length  and  port  spacing 
from  the  above  considerations,  a  method  of  determining  that  combination  of  acoustical 
resistances  of  the  ports  and  sizes  of  pipe  or  tubing  that  constitutes  a  proper  termina- 
tion to  reduce  the  internal  reflections  should  be  applied.  The  actual  physical  dimen- 
sions of  noise-reducing  arrays  currently  in  use  usually  result  from  a  compromise 
between  theoretical  design  considerations,  availability  of  tubing  or  pipe,  and  the  type 
and  amount  of  available  terrain. 


Termination  of  Sections  of  a  Noise-Reducing  Line 
Microphone  for  Minimum  Internal  Reflection 

This  section  outlines  the  approach  devised  by  Daniels  [Reference  6]  for  noise-reducing 
line  microphone  design.   For  those  with  applications  involving  essentially  static  pressure 
measurements  the  criteria  outlined  in  this  section  are  not  of  paramount  concern. 

Internal  reflections  occur  when  sound  waves  propagate  through  a  series  of  pipes  of 
varying  cross -sectional  areas  or  through  a  pipe  of  constant  cross  section  with  side 
leaks.   After  determining  the  total  array  length  and  number  of  ports  required,  the  next 
step  involves  computing  the  combinations  of  port  resistances  and  pipe  sizes  that  mini- 
mize internal  reflections.  By  using  a  single  value  of  port  resistance  throughout,  one 
avoids  the  supply  and  installation  problems  presented  by  designs  that  require  flow 
resistors  of  differing  values. 

Daniels  [Reference  G]  made  the  following  assumptions  in  his  design: 

1.  The  impedance  of  the  sampling  ports  is  purely  resistive. 

2.  Since  the  pipe  sections  are  small  compared  with  the  wavelengths  of  interest,  the 
port  resistances  for  the  pipe  sections  and  combinations  of  pipe  sections  are  con- 
sidered as  lumped  parameters  at  a  point. 

3.  There  is  no  attenuation  of  sound  within  the  pipe  other  than  that  caused  by  failure 

to  maintain  particle  velocity  across  a  junction  of  pipe  diameters.  In  later  sections, 
the  assumption  is  shown  to  be  invalid.  It  is,  however,  sufficient  for  design  pur- 
poses when  the  goal  is  minimizing  internal  reflections. 

4.  The  velocity  of  sound  in  the  pipe  is  a  constant  and  approximately  equal  to  the  velocity 
of  sound  in  the  local  atmosphere. 

Using  these  assumptions  an  equivalent  pipe  is  devised  by  considering  a  sound  wave 
incident  on  the  junction  of  two  pipes  of  differing  cross-sectional  areas  and  on  a  junction 
of  two  pipes  of  identical  cross  section  at  which  there  is  an  opening.   By  combining  these 
two  effects,  the  ideal,  non-reflecting,  noise-reducing  array  is  approximated.  It  is 
possible  to  match  combinations  of  lumped  port  resistances  and  changes  of  cross - 
sectional  area  so  that  there  is  no  change  in  impedance  along  the  line  microphone. 
Although  this  process  is  an  important,  necessary  step  in  the  design  of  an  infrasonic 
microphone,  no  additional  detail  is  presented  here.   Many  applications  involve  frequen- 
cies so  low  that  inductive  and  capacitive  effects  are  negligible,   and  a  purely  resistive 
transmission  line  represents  a  useful  model. 
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Definition  of  a  Particular  Configuration 

Daniels  has  developed  his  theory  for  a  properly-terminated  pipe  using  the  assumption 
that  the  resistive  attenuation  effects  within  the  pipe  are  so  small  as  to  be  negligible. 
However,  in  the  space  filter,  as  it  has  been  implemented  in  practice,  this  is  not  the 
case,  and  the  resistive  attenuation  within  the  pipe  array  must  be  considered.  In  the 
sections  that  follow,  experimental  measurements  of  pipe  arrays  will  be  presented  and 
a  theoretical  consideration  of  the  array  as  a  resistive  summator  will  be  outlined.  We 
will  view  the  space  filter  as  a  static  summator  and  see  what  insights  this  will  give  into 
space  filter  operation. 

Figure  1  shows  the  outline  of  the  pipe  array  considered  here.   The  pipe  configuration 
is  presented,  and  several  equivalent  circuits  are  defined.  Details  concerning  the  sum- 
ming chamber  equivalent  circuit  will  be  presented  in  a  later  section.  It  is  usually 
instructive  and  helpful  in  understanding  complex  systems  to  consider  them  at  their 
extremes.  In  so  doing,  important  variables  may  be  identified  and  guiding  concepts 
chosen.   The  line  microphone  is  now  considered  in  the  limit  as  a  d-c  pressure  summator. 

THE  ACOUSTIC  RESISTOR 

Acoustic  resistors  are  used  as  ports  to  the  pipe.   The  pressure  changes  are  fed  through 
these  ports  into  the  pipe  tubing.   These  ports  typically  take  the  form  of  controlled  cap- 
illary leaks  whose  value  is  determined  initially  as  indicated  in  the  earlier  section 
"Termination  of  Sections  of  a  Noise-Reducing  Line  Microphone  for  Minimum  Internal 
Reflection,"  if  reduction  of  internal  reflections  is  important.   The  value  of  the  acoustic 
resistance  of  a  capillary  tubing  of  circular  cross  section  in  acoustic  ohms  may  be 
computed  using  the  Hagen-Poiseuille  law 

R  =(  SnU  ua4) 

where  a  is  the  inner  radius  in  centimeters,  n  is  the  air  viscosity  in  poises,  L  is  the 
length  of  tubing  in  centimeters,   and  R  is  the  flow  resistance  in  acoustic  ohms. 

In  practice,  these  ports  have  taken  the  form  of  drilled  brass  or  plastic  plugs,  and 
hypodermic  needles.   The  acoustic  resistors  may  be  measured  using  an  acoustic  ohm- 
meter  [Reference  1].   This  consists  of  a  precision  volume  velocity  source  and  a  cali- 
brated pressure  transducer.   The  pressure  change  resulting  from  a  known  rate  of  flow 
through  the  resistor  being  tested  is  measured  and  the  resistance  may  be  computed  from 

AP  =(JR 

where  A?  is  the  pressure  difference  in   /jbar,  and  0  is  the  volume  velocity  in  cc  per  sec. 

Note  that  the  resistance  is  one  acoustic  ohm  when  a  flow  of  1  cc/sec  through  the 
element  produces  a  pressure  change  of  1   yubar.   Because  of  the  inverse  fourth  power 
dependence  of  the  resistance  on  the  inner  capillary  tube  radius,  it  is  important  to 
insure  that  the  capillaries  are  kept  free  of  dirt. 

For  the  details  of  an  inlet  found  to  be  effective,  see  Figure  2.   This  inlet  consists  of 
a  pipe  tee,  bushing  plug  drilled  and  tapped  with  a  6-32  thread,  a  hypodermic  needle 
with  a  6-32  thread  on  it,  and  a  bent  piece  of  tygon  tubing.   This  tygon  tubing  connection 
acts  as  a  rain  shield  and  will  place  the  effective  sampling  port  at  ground  level.   Keeping 
the  effective  sampling  port  as  close  to  the  ground  as  possible  will  reduce  noise  caused 
by  a  direct  wind  blast  or  Bernoulli  effect  at  the  inlet. 
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Figure  2.   Typical  Array  Port  Configuration 


THE  STATIC  SUMMATOR 

Consider  a  chamber  with  TV  acoustic  resistors  connecting  the  inside  of  the  chamber  to 
the  atmosphere.   The  value  of  each  of  these  parallel  resistors  is  R  .   The  pressure 
change  applied  to  a  single  port  is  given  relative  to   P  ,  the  ambient  pressure  and  is 
designated  AP  .  No  pressure  change  is  applied  to  the  remaining   N  -  1  ports.   The 
pressure  in  the  chamber  is  designated  &.P    .  Note  that  all  pressure  changes  in  this 
section  shall  be  reference  ambient.   Zalmanzon  [Reference  11]  is  a  good  reference  for 
the  dynamics  of  pneumatic  chambers. 

Now  connect  this  chamber  (chamber  one)  to  an  identical  chamber  (chamber  two) 
through  an  additional  resistive  leak  R   ,  see  Figure  3.   For  this  case 

APC]    =[(APl/R)  +(A/»     /*p)]/[<  l/Rp)  +(N/R)} 
APC2   =[(AP2/R)   +(APcl/Rp)]/[(\/Rp)  +(N/R)\ 

Eliminating  AP _  from  the  above  two  equations,  we  obtain 


A/»     {  1  -[(  \/Rp)  +(N/R)]-2/(Rp))  = 


CAPj  //?)/[(  \/Rp)  +(N/R)]  +(A/>2  /RRp)/[(  \/Rp)  +(N/R)] 


For  AP    =0,  we  have 


A?C]    =(APj  /R)[(  \/Rp)  +(N/R)]-l/{\  -[(  \/Rp)   +  (  N/ R)  ]  "2  /  (  Rp) 
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Figure  3.   Pressure  Summator 


for  AP.  =  0 


AP'      =(/\P  /RR  „){!/[(  \/R   )  +(N/R)]  }2/{l  -[(!/*-)  +  (N/ R)}~2  /  (R2)) 


C\ 


2         P 


Setting  AP  =  AP^  we  obtain  that 


(AP^/APC1  )  =!/[]  +(NRp/R)] 


The  significance  of  this  result  is  explained  in  the  next  section. 


Line  Microphone  as  a  Static  Summator 

This  system  may  be  considered  as  a  much  simplified  space  filter  and  examined  to  see 
how  the  number  of  ports,  port  resistance,  and  resistance  of  the  pipe  will  influence 
operation.  The  ratio  AP'    /  AP      indicates  the  relative  effectiveness  of  a  pressure  change 
applied  to  a  port  R  of  chamber  2  compared  with  the  result  for  the  same  pressure  change 
applied  to  a  port  R  of  chamber  1.   This  simple  relation  shows  that  to  make  the  pressure 
measured  in  chamber  1  from  AP^  as  similar  as  possible  to  that  from   AP  ,  the  ratio 
NR     / R  should  be  made  small.  This  could  be  done  by  reducing  the  number  N  of  the  ports 
or  by  reducing  the  resistance  Rp  between  the  chambers.   For  the  ideal  case  no  resistive 
attenuation  would  be  present  within  the  space  filter  and  the  response  of  all  ports  would 
be  equal.   By  increasing  the  value  of  R  one  would  approach  this  ideal. 
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Implications  of  This  View 

Figure  1  shows  a  pipe  array  and  its  equivalent  circuits  made  up  of  a  set  of  summing 
chambers.   The  set  of  chambers  shown  in  the  figure  may  be  represented  by  the  group 
of  equations  shown  below. 

^CLX   -[(^V*  +(AWV  +(APCR2/RlR)]/[(Nl/R) 

UURlL)UURlR)} 

+  {UR2L}  +iUR\L)] 
+  (l//?u)  +(l/R2L)] 


apcl1  =[{ap7/R)  +l*rCL6/Ra)VWi7m  +  0//fc)] 

For  Left  Side  of  Summator 


These  equations  can  be  combined  so  that  the  pressure  measured  in  any  chamber  may 

be  expressed  in  terms  of  the  pipe  resistances  between  chambers  (/?.. /?,. and 

R  R R,R  ),  the  port  resistance  R  ,  the  number  of  ports  in  each  chamber  (  N      

N      and  N      and  N     )  and  the  pressure  AP  applied  to  any  given  port.   Thus,  calcu- 
lations may  be  made  of  the  relative  response  of  the  various  ports  of  a  pipe  array.  Again, 
an  underlying  assumption  has  been  either  that  the  acoustic  transmission  line  is  properly 
terminated  in  its  characteristic  impedance  so  that  internal  reflections  do  not  occur  or 
that  the  frequency  of  use  is  so  low  that  inductive  effects  are  not  important.  At  frequen- 
cies below  about  0.  05  Hz  for  the  particular  space  filter  used,  resistive  attenuation 
dominates,  and  the  pipe  array  may  be  considered  a  d-c  summator. 


EXPERIMENTAL  TECHNIQUES 
Low  Impedance  Pressure  Generators 

The  field  pipe  we  used  has  an  internal  volume  of  about  50  gallons  and  hence  can  repre- 
sent a  large  acoustic  load  to  a  device  used  to  generate  pressures  at  a  port.   For  example, 
the  calibrator  used  to  assign  pressure  amplitude  values  to  the  NOAA  microphone  in  the 
field  has  a  volume  smaller  than  the  pipe  array  volume  (by  a  factor  of  ten).  It  seemed 
desirable  to  apply  a  form  of  calibrator  that  would  not  be  affected  by  the  presence  of  an 
acoustic  load  of  the  form  of  the  pipe  array.   Two  types  of  low-output-impedance  pressure 
generators  have  been  devised  and  these  will  be  described  below.  The  calibrated  infra- 
sonic  microphone  normally  used  in  making  measurements  monitors  the  pressures  at 
the  center  of  the  pipe  array  being  tested.  But  it  is  also  necessary  to  monitor  the  input 
pressure  to  an  array  port.  Several  techniques  were  used  to  determine  the  value  of 
acoustic  pressure  generated. 
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Fan  Type  Generator 

Small,  low-power,  high-capacity  fans  are  now  available  and  these  may  be  used  as 
pressure  generating  elements.   A  typical  fan  flow  rate  is  472  cc/sec  with  a  pressure 
differential  developed  across  the  fan  of  about  2500  /jbar.   This  would  mean  that  the 
output  impedance  is  about  5.  3  ohms,  considerably  lower  than  the  array  port  resistances 
typically  used  (325  ohms).   Figure  4  is  a  block  diagram  showing  a  fan  configured  into 
an  assembly  suitable  for  calibration  purposes.   The  pressure  developed  in  the  chamber 
is  measured  with  reference  to  ambient  using  a  pressure  gauge.   The  switches  designated 
"SFI"  and  "SF2"  are  used  to  control  the  pressure  and  to  produce  step  functions.  A 
variable  loading  element  was  added  so  that  sinusoidal  pressure  changes  could  also  be 
generated  using  this  device.   The  switches  themselves  have  some  flow  constriction  so 
that  the  output  impedance  will  be  higher  than  that  due  to  the  fan  alone.  A  photograph  of 
the  device  is  shown  in  Figure  5. 

Centrifugal  Type  Generator 

A  second  type  of  pressure  generator  used  was  a  form  of  centrifugal  calibrator.  This 
was  applied  as  a  pressure  generator  only;  although  a  device  based  upon  the  principle 
described  by  Kemp  [Reference  8]  was  used  as  a  standard  in  itself. 

The  centrifugal  calibrator  used  here  consists  of  a  hollow  arm  open  at  both  ends.   This 
is  rotated  about  the  center.  The  resulting  pressure  at  the  center,  generated  by  centrif- 
ugal forces,  is  monitored  through  the  hollow  shaft  used  to  rotate  the  hollow  arm.   The 
system  is  outlined  in  Figure  6.   The  pressure  change  for  the  device  shown  on  this  figure 
is  given  by 

AP  =(l/2)Apcj2l2 

where  co  is  the  angular  frequency,  p  is  the  density  of  the  medium,  L  is  one-half  of  the 
tube  length,  and  K  is  a  constant. 

The  end  effects  caused  by  the  induced  Bernoulli  pressure  about  the  ends  of  the  tube 
are  probably  the  chief  source  of  error. 
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Figure  5.  Photograph  of  Fan-Type  Low  Impedance  Pressure 
Generator 


The  centrifugal  calibrator  used  as  a  generator  of  dynamic  pressure  also  has  a  low 
output  impedance.  This  was  determined  by  loading  the  device  with  a  controlled  acoustic 
load  and  measuring  the  pressure  changes  generated  with  a  water  manometer.  The 
measured  impedance  was  found  to  be  3  ohms. 

A  magnahelic  pressure  manometer  was  used  to  define  the  pressure  change  produced. 
By  driving  the  system  at  a  fixed  rpm  rate,  a  fixed  differential  pressure  is  generated. 
By  superimposing  a  small  sinusoidal  variation  in  rpm  rate  upon  a  larger  fixed  rate  of 
rotation,  approximately  sinusoidal  variations  of  pressure  will  be  generated  super- 
imposed upon  a  larger  fixed  pressure  change.  The  system  was  monitored  with  a  milli- 
barograph  to  define  the  amplitude  and  the  frequency  response  characteristics.  All  data 
presented  are  corrected  for  the  frequency  response  of  the  detection  system. 

Variable  Loading 

A  variable  resistive  load  was  designed  by  mounting  an  insert  in  a  capillary  tube.  The 
insert  was  driven  by  a  d-c  motor  and  was  eccentric  so  that  the  length  of  the  insert  in 
the  capillary  tubing  could  be  varied,  thus  varying  the  acoustic  resistance.  The  variable 
load  produced  a  variable  pressure  output  that  was  used  to  drive  array  ports.  The  fre- 
quency could  be  adjusted  over  a  limited  range  by  adjustment  of  the  voltage  to  the  d-c 
motor. 


805 


DRIVE  MOTOR 


T 

L 


HOLLO*    SHAFT 


ROTATING 
AIR  COLUMN 


e 


L  F 
OSCILLATOR 


PORT     s\  qPAfF 
•*  PRESSURE    OUTPUT    -" «~Kj 


FILTER 


AP 

METER 


CENTRIFUGAL      CALIBRATOR 


Figure  6.  Centrifugal-Type  Low  Impedance  Pressure  Generator 


Alternate  Methods  of  Calibration 

The  ideal  system  of  calibration  would  be  an  infrasonic  source  in  the  atmosphere  capable 
of  producing  signals  suitable  for  running  the  complete  system  response  tests.  Unfor- 
tunately, I  know  of  no  such  infrasonic  source  that  could  be  applied  to  the  problem  of 
array  testing  below  1  Hz.   Comparing  a  microphone  output  with  an  array  to  that  obtained 
for  the  same  far  field  signal  without  a  pipe  array  would  be  another  possible  method. 
However,  the  increase  in  the  wind-induced  pressure  noise  for  the  microphone  without 
the  pipe  would  tend  to  mask  the  array  effects. 

At  one  time  alternate  plans  were  under  way  to  (1)  mount  a  complete  microphone  sys- 
tem including  the  1000-foot  pipe  on  a  large  shake  table  and  calibrate  the  system  using 
the  pressures  induced  by  controlled  motions,  and  (2)  build  a  pipe  array  coiled  inside 
a  test  chamber,  driving  the  chamber  with  a  pressure  generator.  Because  of  other  work, 
these  efforts  never  got  beyond  the  preliminary  stages  of  preparation. 

Another  method  of  experimentally  investigating  the  response  of  a  large  line  micro- 
phone would  be  to  connect  thermophones  to  each  of  the  ports.  Phase  differences  between 
the  various  input  signals  could  be  included  in  such  a  test. 

Because  of  the  large  size  and  weight  of  a  pipe  array,  the  most  practical  approach 
for  testing  was  to  apply  portable  pressure  generators  to  an  existing  array  already 
deployed  at  our  field  site.   For  the  site  chosen,  the  suffix  N  (North)  or  S  (South)  is 
added  to  the  port  numbers  to  distinguish  between  the  two  ends  of  the  pipe. 


Acoustic  Resistors,  Measurements  and  Types 
General 

Some  of  the  characteristics  of  the  required  acoustic  resistors  have  been  mentioned 
previously  in  the  earlier  section  "The  Acoustic  Resistor.  "  Because  a  field  pipe  array 
was  used  in  making  these  tests,  the  device  tested  must  be  considered  dynamic  (an  insect 
can  and  frequently  does  crawl  into  a  port,  changing  its  properties  from  the  ideal).  In 
addition  to  the  fact  that  the  pipe  array  is  susceptible  to  changes  with  time,  the  large 
number  of  ports  involved  (200)  explains  why  it  is  desirable  to  have  a  simple  and  rapid 
method  of  accurately  varying  the  port  resistance  values  for  the  entire  pipe  array. 
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Changing  toward  Higher  Resistance 

One  method  used  to  vary  the  port  resistance  was  to  insert  thin  wires  into  a  capillary. 
Ideally,  the  wire  is  perfectly  centered,  and  the  flow  involved  is  through  an  annular 
section;  however,  an  eccentric  location  of  the  wire  would  produce  a  different  value  of 
flow  resistance  [Reference  1]  and  this  could  also  vary  dynamically  with  wind  or  vibra- 
tion.  For  a  short,   straight  length  of  capillary  tubing  a  solution  is  to  insert  a  bent  piece 
of  wire.  The  flexing  of  the  wire  holds  it  at  a  fixed  position  in  the  bore  and  only  slight 
changes  caused  by  wire  motion  will  be  observed. 

Experimental  Techniques 

The  flow  resistance  of  a  brass  port  was  measured,  and  then  a  set  of  wires  of  gradually 
increasing  diameter  was  inserted  and  the  flow  resistance  measured  for  each  wire.  In 
this  way  a  plot  of  flow  resistance  versus  wire  insert  size  was  generated.  The  necessary 
wire  size  to  obtain  a  given  flow  resistance  was  determined  from  this  plot  and  a  set  of 
wires  was  fabricated.  Each  wire  was  fitted  with  a  loop  at  the  top  to  prevent  it  from 
falling  through  the  field  port. 

For  example,  for  wires  inserted  in  a  brass  field  port  of  310  ohms  resistance,  the 
following  results  were  obtained: 

Wire  Diameter  Resistance  in  Ohms 


0. 0039  inches  405 

0. 007     inches  550 

0.0126  inches  1000 

0.0235  inches  5000 

By  walking  the  length  of  the  array  and  inserting  a  set  of  wires  in  the  ports,  the  port 
resistance  for  the  entire  pipe  array  may  be  increased  in  value  above  the  310  ohm  port 
resistance  value  used  for  the  field  test  pipe  array. 

Changing  toward  Lower  Resistance 

It  is  also  of  interest  to  test  the  field  pipe  array  over  a  range  of  flow  resistances  lower 
than  the  310  ohm  port  resistance.  A  different  type  of  flow  resistance  was  used  to  do 
this.   Porcelain  tubing  frequently  used  to  route  thermocouple  wires  can  be  obtained  at 
low  cost  in  a  multiple  bore  form  showing  uniform  bore  characteristics.   A  two-bore 
type  was  used  with  a  nominal  hole  I.D.   of  1  mm.  The  tubing  length  was  chosen  so  that 
a  resistance  of  50  ohms  was  obtained  for  the  parallel  combination  of  the  two  bores. 
Then  by  inserting  a  wire  in  one  of  the  bores  with  anO.  D.  which  just  permitted  insertion, 
the  resistance  of  one  bore  was  made  much  higher  than  the  other  one.  The  net  resistance 
obtained  was  changed  to  100  ohms.  By  placing  two  of  these  elements  in  series,  resist- 
ances of  150  and  200  ohms  can  be  obtained.  One  element  was  mounted  in  an  adaptor  usin£ 
silicone  rubber  sealant.   The  series  connection  of  the  second  element  was  made  using 
tygon  tubing. 
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SOURCES  OF  EXPERIMENTAL  ERROR 

The  chief  sources  of  experimental  error  were  wind- induced  noise  and  possible  changes 
in  the  calibrated  array  ports  caused  by  dust,  condensation  or  insects.   The  decision  to 
perform  this  testing  in  the  field  was  accompanied  by  the  limitations  of  an  uncontrolled 
environment.   The  solution  to  the  problem  of  wind-induced  noise  was  to  wait  for  a 
period  of  low  winds.   The  solution  to  the  problem  of  dirt,  dust,  and  insects  in  a  field 
environment  was  to  perform  the  tests  as  rapidly  as  possible  to  reduce  the  chances  for 
change.  But  the  uncertainty  in  amplitude  measurements  caused  by  background  local 
pressure  noise  as  well  as  far  field  signals  and  the  possibility  of  port  blockages  re- 
mained the  chief  sources  of  error.  Because  of  high  local  noise  levels  at  times  the 
amplitude  uncertainty  was  above  20  per  cent. 


RESULTS  OF  EXPERIMENTAL  TESTS  AND 
THEORETICAL  ANALYSIS 

Frequency  Response  Characteristics  of  Pipe  Array  as  a 
Function  of  Port  Position  and  for  Several  Values  of  Array 
Port  Resistance 

The  upper  portion  of  Figure  7  shows  frequency  response  data  normalized  using  data 
at  0.  25  Hz.   This  was  done  for  ports  IS,   50S  and  995.   These  data  are  for  a  type  of 
pipe  array  normally  used  with  310  ohm  array  ports. 

The  results  indicate  that  there  is  little  variation  in  the  relative  frequency  response 
characteristics  for  this  pipe  array  configuration  regardless  of  the  position  of  the  port 
being  tested.   There  was  a  variation  in  the  absolute  amplitude  with  port  position.   This 
information  obtained  at  0.  25  Hz  normalized  reference  port  IS  data  is  indicated  at  the 
upper  right  hand  side  of  the  figure.   The  absolute  amplitude  data  shows  that  signals 
near  the  ends  of  the  pipe  array  are  attenuated  when  compared  to  those  near  the  center. 
Since  this  attenuation  is  frequency  independent,  resistive  attenuation  within  the  pipe 
array  is  indicated. 

The  lower  portion  of  Figure  7  shows  frequency  response  data  taken  at  port  99S  for 
several  different  values  of  array  port  resistance.  The  resistance  of  the  entire  set  of 
array  ports  was  changed  by  using  wire  inserts.  An  earlier  section  explains  how  the 
ports  were  calibrated  under  these  conditions.   Resistance  values  of  310  ohms,  1200 
ohms  and  5000  ohms  were  used.   For  each  value  of  port  resistance  tested,  the  set  of 
data  obtained  was  normalized  with  reference  to  an  amplitude  measured  at  low  frequency, 
and  showing  a  good  signal-to-noise  ratio.   This  figure  illustrates  the  pipe  array  opera- 
tion as  a  function  of  port  resistance  and  shows  that  it  acts  as  a  low  pass  filter;  the 
shorter  periods  are  reduced  in  amplitude  as  the  value  of  port  resistance  is  increased. 


Static  Summator  Calculations  of  Pipe  Array  Attenuation 

Considering  the  pipe  array  as  a  static  summator,  the  attenuation  of  the  pipe  array  has 
been  computed  as  a  function  of  port  position  for  several  values  of  port  resistance. 
Figure  8  shows  the  results  of  these  calculations  performed  for  the  pipe  configuration 
defined  as  "normal. " 

In  this  figure  the  theoretical  response  normalized  relative  to  the  center  port  inputs 
has  been  plotted  as  a  function  of  port  location.  Note  that  as  the  port  resistance  is 
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reduced,  the  predicted  attenuation  increases  greatly.   For  an  array  port  resistance  of 
50  ohms  the  response  at  the  ends  of  the  pipe  is  about  one -tenth  of  that  at  the  center. 
For  the  array  port  resistance  normally  used  (~300  il  ),  just  under  0.  6  of  the  central 
port  response  is  predicated  for  the  end  ports. 


Step  Functions  of  Pressure  Applied 
at  Individual  Ports 

Figure  9  shows  the  plot  of  the  relative  response  as  a  function  of  port  location  in  feet 
from  the  center  of  the  pipe  array.   These  data  were  obtained  by  applying  step  functions 
of  pressure  to  array  ports  located  at  various  distances  from  the  array  center.   Each 
resulting  impulse  measured  at  the  center  of  the  array  was  processed  by  measuring 
the  amplitude  from  the  zero  position  of  an  analog  record  to  the  first  peak.   The  finite 
bandwidth  correction  for  the  electronics  used  was  measured  in  the  laboratory  prior 
to  performing  the  test  so  that  the  absolute  pressure  amplitudes  were  determined; 
however,  the  data  were  plotted  on  a  relative  amplitude  basis  together  with  the  theoret- 
ical prediction  for  300  ohm  ports.   Figure  7  demonstrated  that  there  is  little  change  in 
frequency  response  with  port  position  with  this  configuration.   Therefore,   this  attenu- 
ation is  not  produced  by  a  change  in  passband  varying  the  finite  bandwidth  correction 
for  the  step  function,  but  rather  reflects  the  broadband  attenuation  characteristics  of 
the  pipe  array.  Note  that  these  results  are  in  good  agreement  with  the  predicted  ones 
assuming  that  the  pipe  array  is  a  d-c  summator. 


Sine  Wave  Attenuation  as  a  Function  of  Port  Position 

Figure  10  is  a  plot  of  relative  response  referred  to  the  center  port  as  a  function  of  the 
port  number  from  the  array  center.   There  are  five-foot  spacings  between  the  array 
ports.   These  data  were  obtained  using  the  fan-type  pressure  generator  in  conjunction 
with  a  variable  resistive  acoustic  load  which  permitted  approximate  sine  waves  to  be 
generated  in  a  more  convenient  manner  than  did  the  centrifugal  calibrator.   Thus,  the 
more  portable  fan-type  generator  was  carried  from  port  to  port  and  operated  for  three 
different  signal  periods  (10  sec,   8  sec  and  3  sec).   The  resulting  plot  showed  that  for 
the  three  frequencies  tested,  the  attenuation  with  distance  toward  the  ends  of  the  array 
is  independent  of  frequency  and  is  similar  to  the  step  function  results  shown  in  Figure 
9. 


Attenuation  along  Pipe  Array  with  Alternate  Ports  Sealed 

Figure  11  shows  the  data  taken  with  2-second  period  sine  waves  plotted  as  a  function  of 
port  position  for  the  pipe  array.   The  predicted  response  has  also  been  included  for 
reference. 

Alternate  ports  of  the  field  array  were  capped  off,  and  the  experiment  measuring 
the  response  as  a  function  of  port  position  was  repeated.   These  normalized  data  show 
that  there  is  less  attenuation  for  the  pipe  array  with  alternate  ports  capped  than  for 
the  normal  array.   This  is  expected  from  the  decrease  in  N  in  accordance  with  the 
analysis  of  the  earlier  section  "The  Implications  of  this  View.  " 
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Attenuation  along  Line  Microphone  for  Low  Values  of 
Port  Resistance 

The  port  resistors  described  in  the  earlier  section  "Changing  toward  Lower  Resistance" 
were  installed  so  that  the  attenuation  along  the  pipe  array  could  be  examined  under 
these  conditions.  Measurements  were  made  for  a  Held  pipe  array  and  these  are  pre- 
sented in  Figures  12  and  13  for  array  port  resistances  of  50  ohms  and  200  ohms.  Note 
that  the  measured  values  for  50  ohms  presented  in  Figure  12  are  lower  than  those  pre- 
dicted using  the  d-c  summator  concept.   Those  values  measured  for  200  ohm  inlets 
are  more  in  agreement  with  the  predicted  values.  Step  functions  were  used  in  obtaining 
this  data.   The  disagreement  indicated  in  Figure  13  could  be  caused  by  a  variation  in 
the  short  period  characteristics  of  the  array  response  with  port  position. 

Pressure  Functions  Applied  to  Pipe  Array  under  Various 
Conditions  of  Leakage 

It  is  important  to  investigate  the  operation  of  systems  under  abnormal  conditions.  Just 
as  the  functioning  of  a  healthy  person  may  frequently  be  best  deduced  in  medicine  by 
study  of  the  sick;  system  operation  under  abnormal  conditions  can  yield  insights  to  an 
investigation. 

Bushings  were  removed  from  the  pipe  at  several  port  positions.   This  is  equivalent 
to  shorting  a  transmission  line  to  ground  because  the  acoustic  resistance  of  a  pipe 
inlet  without  a  bushing  is  very  low.  Complete  frequency  response  measurements  were 
made  at  port  1  with  the  bushing  removed  at  port  51S,  and  the  test  was  repeated  with 
only  bushing  99S  removed.  The  results  of  these  tests  appear  in  Figure  14.  Note  that 
at  short  periods  the  relative  response  is  not  changed  much  when  compared  with  the 
greatly  reduced  response  at  long  periods  (upper  curves,  51S  removed).   This  indicates 
that  inductive  effects  within  the  modified  pipe  are  important  at  frequencies  below  0. 1  Hz. 
The  data  could  not  be  extended  to  very  low  frequencies  because  of  the  increased  local 
noise  associated  with  a  bushing  removal. 


POSSIBLE  PRACTICAL  APPLICATIONS 

In  cases  where  it  is  desirable  to  sense  pressures  at  many  points  over  a  large  area  but 
where  the  cost  of  transducers  would  be  prohibitive,  pneumatic  tubing  with  capillary 
leaks  at  the  points  of  interest  may  provide  a  solution.   Examples  of  such  a  situation  are 
dust  devil  or  tornado  studies.  It  is  conceivable  that  a  researcher  would  wish  to  monitor 
an  area  and  yet  have  insufficient  mobility  to  be  able  to  insert  sensors  in  the  flow  field 
of  a  dust  devil.  Arrays  of  pneumatic  summing  devices  offer  economical  means  for 
sensing  over  large  areas  showing  a  high  incidence  of  dust  devil  activity.   The  passage 
of  a  dust  devil,  which  is  tracked  optically  over  an  element  of  such  an  array,  causes 
pressure  signals  which  in  turn  give  valuable  information  concerning  the  flow  field. 

It  is  possible  to  measure  the  speed  of  a  vehicle  using  a  summator  along  a  roadbed. 
The  time  between  the  arrival  of  a  vehicle  wake  system  at  various  ports  of  a  summator 
placed  alongside  a  roadbed  is  a  measure  of  vehicle  speed.  Information  concerning  the 
size  of  the  vehicle  is  contained  in  the  duration  and  pressure  amplitude  of  the  signal 
detected.   Measurement  of  the  pressure  field  caused  by  the  transfer  of  aircraft  weight 
to  the  surface  of  the  earth  [Reference  2]  required  the  use  of  such  a  pipe  array  to  detect 
the  small  pressure  signatures  in  the  presence  of  noise.  Also  sensitive  barographs 
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vented  to  the  atmosphere  through  forms  of  these  summators  provide  better  representa- 
tion of  the  ambient  pressure  field  in  which  the  influence  of  the  building  housing  the 
device  is  removed. 

There  are  also  a  wide  range  of  uses  analogous  to  electronic  adding  circuits.  Various 
combinations  of  input  pressure  signals  can  be  monitored  and  functions  activated  if  the 
summed  signal  becomes  larger  than  some  desired  threshold  at  the  pressure  transducer. 
If  one  side  of  a  differential  pressure  transducer  is  connected  to  a  set  of  monitor  points 
through  a  d-c  summator,  application  of  a  pressure  signal  to  the  other  side  is  equivalent 
to  subtraction;  therefore,  a  wide  range  of  functions  is  possible  using  only  one  basic 
sensor,  with  the  sensing  points  being  distributed  pneumatically. 

A  d-c  summator  placed  along  an  aircraft  runway  offers  an  intriguing  concept  for  use 
in  the  problem  of  aircraft-wake -vortex  detection.  When  the  long  axis  of  a  wing-tip 
vortex  is  oriented  parallel  to  and  above  a  line  of  ports,  these  sense  the  pressure  field 
essentially  coherently,  and  one  detects  a  signal  consisting  of  the  summed  pressures 
appearing  at  the  ports.  At  the  same  time  the  distributed  line  reduces  the  incoherent 
pressure  fluctuation  noise  caused  by  turbulence.   Sensing  pressure  fields  with  a  dimen- 
sion that  is  small  compared  to  the  array  length  is  possible  while  at  the  same  time 
removing  the  more  spatially  coherent  noise  caused  by  atmospheric  motions.  Pressure 
changes  caused  by  atmospheric  gravity  waves  are  an  example  of  this  class  of  noise. 
Subtraction  by  connecting  two  arrays  differentially  across  a  pressure  transducer  is  an 
approach  which  removes  such  gravity  wave  noise  when  the  spacing  between  the  two 
arrays  is  small  compared  to  a  wavelength  (typically  10  km)  for  atmospheric  gravity 
waves.   Finally,  the  test  instruments  and  techniques  described  could  be  applied  to  the 
detection  of  leaks  or  stoppages  in  pneumatic  lines. 


Summary  and  Conclusions 

A  noise-reducing  line  microphone  applied  by  geoacousticians  was  constructed  of  a  1000- 
foot  length  of  galvanized  iron  pipe  tapered  from  the  center  in  steps  to  small  diameters 
at  the  ends.  Capillary  leaks  to  the  atmosphere  at  5-foot  intervals  constitute  the  sensing 
inlets.   The  weight  and  size  of  this  device  necessitated  tests  at  a  field  site  in  spite  of 
the  concerns  about  dust  and  insects  changing  its  characteristics.  We  used  portable  low 
impedance  pressure  standards  in  the  form  of  a  centrifugal  and  a  fan-type  generator  in 
these  tests. 

A  theoretical  model  of  the  pipe  as  a  d-c  summator  demonstrated  the  importance  of 
resistive  attenuation.  The  results  of  this  analysis  showed  that  significant  attenuation 
occurs  for  the  end  ports  relative  to  the  center  ports  and  that  this  attenuation  is  directly 
proportional  to  the  number  of  ports  and  the  resistance  of  a  pipe  section.   Also  the  pre- 
dicted attenuation  varies  inversely  with  the  port  resistance. 

The  experimental  results  were  in  good  general  agreement  with  the  predicted  attenua- 
tion.  The  frequency  response  of  the  pipe  array  was  measured  as  a  function  of  port 
resistance  and  position.   Using  step  functions  of  pressure  and  sinusoidal  pressure 
variations,  we  made  detailed  measurements  for  various  array  port  positions. 

The  line  microphone  was  operated  under  abnormal  conditions  (large  leaks  to  the 
atmosphere),  and  frequency  response  data  run  under  these  conditions  are  presented. 
These  data  indicate  that  the  cause  of  d-c  summator  malfunction  can  be  deduced  from 
frequency  response  data  run  at  individual  array  ports. 

Finally,  the  applications  outlined  included  the  possible  uses  of  d-c  summators  for 
studies  of  tornadoes  and  dust  devils.   Their  use  for  the  detection  of  wingtip  vortex 
systems  near  runways  is  also  suggested  and  techniques  for  reducing  "noise"  due  to 
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atmospheric  gravity  waves  in  such  measurements  are  described.  Application  of  pneu- 
matic summing  techniques  is  possible  in  a  variety  of  geophysical  problems. 
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ABSTRACT 

We  outline  the  known  properties  of  atmospheric  pressure  jumps,  including  rise-time  and  pressure-ampli- 
tude statistics,  and  we  indicate  how  these  statistics  guide  the  choice  of  pressure-jump  detector  components. 
We  review  design  considerations  and  test  procedures  and  discuss  the  practical  constraints  of  inside  and  out- 
side installations  of  such  detectors.  Our  tentative  conclusion  is  that  a  pressure  switch  with  a  threshold  of  0.5 
mb,  used  with  a  high-pass  filter  with  about  a  3  min  time  constant,  can  detect  sudden  pressure  increases  reli- 
ably. The  final  choice  of  components  and  the  evaluation  of  the  sensor  for  thunderstorm  gust-front  detection 
will  depend  upon  the  accumulation  of  operating  experience  under  well-defined  meteorological  conditions. 


1.  Introduction 

The  official  U.  S.  Weather  Service  definition  of  a 
pressure  jump  is  a  rise  in  pressure  exceeding  0.005  inch 
of  mercury  (0.169  mb)  per  minute,  totaling  0.02  inch 
of  mercury  (0.667  mb)  or  more.  Such  sudden  increases 
in  atmospheric  pressure  have  a  variety  of  meteorologi- 
cal sources  including  thunderstorm  outflows  and  hy- 
draulic jumps  and  can  provide  storm  warning  informa- 
tion. Tepper  (1950)  suggested  that  the  detection  of  the 
pressure-jump  line  preceding  squall  lines  can  indicate 
the  presence  and  the  motion  of  a  squall  line.  Subse- 
quent measurements  such  as  those  of  Williams  (1953), 
Donn  et  al.  (1954),  Bedard  (1966)  and  Bowman  and 
Bedard  (1971)  demonstrated  that  the  pressure  jump 
can  in  fact  be  used  to  track  the  system  motion.  Bedard 
and  Beran  (1977)  review  the  techniques  available  for 
detecting  thunderstorm  gust  fronts  using  surface  sensors. 

One  problem  in  making  pressure-jump  studies  is  that 
conventional  Weather  Service  barographs  do  not  have 
sufficient  time  or  amplitude  resolution  for  pressure- 
jump  studies  (since  they  are  not  designed  for  this 
purpose).  Hence  it  is  logical  to  design  sensors  to  respond 
specifically  to  the  pressure  jump,  while  not  responding 
to  the  large  variety  of  pressure  changes  due  to  other 
sources,  such  as  local  turbulence,  low-  and  high-pressure 
systems  and  atmospheric  gravity  shear  waves  aloft. 

Responding  to  the  analyses  of  Tepper,  the  U.  S. 
Weather  Bureau  developed  a  pressure-jump  detector 
and  operated  networks  in  the  Fort  Worth,  Tex.,  and 
Washington,  D.  C,  areas  during  1955.  Unfortunately, 
investigators  did  not  publish  either  the  details  of  the 
techniques  used  or  the  results  obtained.  Mr.  William 


1  Present  affiliation:  Federal  Aviation  Administration,  St.  Paul 
Sector,  Grand  Rapids,  Minn.  55744. 


Hass  (private  communication)  of  NOAA's  Air  Re- 
sources Laboratory,  who  worked  with  the  project,  indi- 
cates that  the  detectors  operated  quite  satisfactorily. 
Using  after-the-fact  analysis  the  project  scientists 
tracked  pressure-jump  lines  across  the  network.  (Al- 
though the  project  relied  upon  local  observers  to  re- 
spond to  local  detector  alarms  and  place  phone  calls  to 
a  central  processing  location,  the  designers  of  this 
pressure-jump  detector  network  noted  the  desirability 
and  feasibility  of  using  automatic  data  transfer  and 
processing.) 

The  purpose  of  this  paper  is  to  present  the  design 
considerations  for  such  sensitive  pressure-jump  detec- 
tors including  a  description  of  the  calibration  tech- 
niques applied.  These  considerations  must  include  a 
review  of  the  statistics  of  pressure  jumps  important  to 
the  choice  of  detector  components.  Finally,  we  present 
an  example  illustrating  the  design  and  operation  of  this 
class  of  sensor. 

2.  Pressure-jump  statistics 

Although  standard  microbarographs  are  not  well 
suited  for  such  studies,  several  investigators,  either 
using  modified  microbarographs  or  carefully  studying 
standard  traces,  worked  to  compile  statistics  describing 
the  causes  and  characteristics  of  atmospheric  pressure 
jumps.  The  following  review  of  some  of  these  studies 
emphasizes  pressure-amplitude  and  rise-time  statistics. 
In  addition,  we  consider  how  pressure  amplitude  is  re- 
lated to  storm  motion  and  intensity.  This  information 
is  critical  in  choosing  optimum  time  constants,  trigger 
points  and  array  element  spacings.  The  reference  by 
Bedard  and  Beran  (1977)  provides  additional  back- 
ground. Unfortunately,  the  literature  contains  few 
references  useful  in  defining  the  statistics  of  pressure 
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Fig.  1.  Schematic  view  of  pressure -jump  detector. 

jumps  related  to  gust  fronts.  There  is  a  need  for  more 
measurements  with  quality  instruments  under  well- 
defined  meteorological  conditions. 

a.  Pressure-jump  amplitude  and  rise  time 

Published  case  studies  showing  pressure-jump  time 
series  include  those  of  Tepper  (1950),  Fujita  (1959)  and 
Charba  (1974).  These  show  positive  changes  in  pres- 
sure that  occur  over  a  time  scale  of  several  minutes 
with  typical  amplitudes  of  several  millibars.  Bleeker 
and  Andre  (1950)  summarized  pressure-time  data  from 
101  cases,  50  of  which  occurred  in  Ohio  and  51  in 
Florida.  They  found  that  the  most  rapid  portion  of  the 
pressure  rise  appears  over  a  period  of  ~10  min.  In 
studies  using  standard  microbarographs  the  peak  pres- 
sure is  probably  underestimated  because  of  the  influence 
of  pen-paper  friction.  The  application  of  a  vibrator  to 
the  microbarograph  reduces  the  friction  considerably. 
Working  with  the  properties  of  a  squall-line  event  and 
averaging  data  from  over  55  stations,  Tepper  (1950) 
found  that  the  pressure  rises  sharply  2.3  mb  in  5  min 
and  then  falls  off  gradually. 

In  a  study  of  several  squall-line  thunderstorm  events, 
Williams  (1948)  observed  a  pressure  rise  of  from  2  to 
6  mb  sometimes  occurring  within  5  min.  Williams 
(1953)  summarized  the  pressure-amplitude  character- 
istics for  what  he  called  "elevation  type  waves,"  which 
included  both  squall-line  and  cold-front  related  pressure 
increases  as  well  as  those  due  to  "isolated  discontinui- 
ties" (probably  isolated  thunderstorms).  Goff  (1975) 
found  an  average  peak  pressure  rise  of  2.5  mb  for  20 
case  studies  of  thunderstorm  gust  fronts  that  ranged 
from  0.8  to  6.6  mb.  For  some  cases  he  measured  shorter 
rise  times  (~100  s)  than  past  measurements  indicate, 
which  was  perhaps  due  to  the  better  quality  instru- 
mentation used. 


interest.  Most  of  the  disturbances  traveled  faster  than 
30  mph  (13.4  ms-1). 

Tepper  (1950),  working  with  a  pressure-jump  case 
study,  found  a  propagation  speed  for  the  pressure 
jump  of  45.6  mph  (20.4  m  s"1).  Goff  (1975)  found  the 
average  speed  of  17  thunderstorm  gust  fronts  was 
10  m  sr1. 

c.  Pressure-jump  amplitudes  and  storm  system  intensity 

The  work  of  Bleeker  and  Andre  (1950)  indicates  a 
relationship  between  pressure-jump  amplitude  and  the 
intensity  of  the  associated  weather  system.  Bleeker  and 
Andre  found  a  linear  relationship  between  amount  of 
rainfall  and  the  maximum  pressure  amplitude.  A  rela- 
tionship of  this  type  is  to  be  expected  on  theoretical 
grounds  because  the  pressure  measured  depends  di- 
rectly upon  the  height  of  the  column  of  air  cooled  by 
evaporation  as  well  as  the  magnitude  of  the  density 
difference  induced.  These  data  suggest  that  statisti- 
cally a  trigger  point  can  be  chosen  on  the  basis  of  some 
threshold  of  storm  intensity.  The  higher  the  pressure 
level  chosen,  the  fewer  the  false  triggers  due  to  other 
sources  with  the  larger  storms  detected  preferentially. 
However,  Bleeker  and  Andre  (1950)  found  no  clear 
relationship  between  storm  intensity  and  maximum 
pressure  amplitude  until  they  removed  from  the  analy- 
sis multicell  data  and  data  from  thunderstorm  cells 
that  did  not  pass  over  a  significant  segment  of  their 
array. 

3.  Design  considerations 

The  original  pressure-jump  detectors  used  internal 
volumes  of  55  gal  and  cost  approximately  $200  at  1955 
prices.  They  required  a  thermally  stable  environment 
for  proper  operation.  But  it  is  possible  to  decrease  the 
size  and  cost  while  increasing  reliability  by  using  tech- 
niques developed  for  the  detection  of  infrasound  in  the 
atmosphere.  In  addition,  one  can  use  commercial  pres- 
sure switches,  now  available  at  reasonable  cost,  for  the 
basic  pressure  sensor.  Pressure  switches  manufactured 
in  quantity  for  home  appliances  (e.g.,  clothes  dryers) 
use  a  diaphragm  that  makes  electrical  contact  when 
pressures  above  some  desired  level  occur.  These 
switches  make  convenient  sensors.  On  the  other  hand 
absolute  pressure  sensors  require  another  level  of  proc- 
essing to  distinguish  pressure  jumps  from  other  changes 
and  at  this  time  seem  to  represent  a  more  expensive 
and  complex  alternative. 


b.  The  speed  of  motion  of  pressure-jump  systems. 

Williams  (1953)  also  summarized  the  statistics  of 
propagation  speeds  for  "elevation  type  waves."  These 
data  are  pertinent  to  the  choice  of  detector  spacings  as 
well  as  the  estimation  of  warning  lead  time  offered  by 
a  detector   located   some  distance   from   a  point   of 

823 


a.  High-pass  filter  configuration 


A  pressure  switch  operated  in  a  high-pass  acoustic 
filter  configuration  (Fig.  1)  responds  to  sudden  changes 
in  pressure  while  suppressing  response  to,  long-period, 
large-amplitude  disturbances.  Such  filters  usually  con- 
sist of  a  reference  volume  to  which  we  connect  one 
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side  (in  our  case  the  negative  pressure  side)  of  a  differ- 
ential pressure  sensor.  A  capillary  leak  from  this 
reference  volume  to  the  atmosphere  permits  long-period 
pressure  changes  to  leak  through  so  that  they  appear 
on  both  sides  of  the  pressure  sensor  simultaneously, 
thus  suppressing  long-period  response.  The  capillary 
leak  is  an  acoustic  resistor,  the  value  of  which  can  be 
computed  from  the  Hagen-Poiseuille  relation 

R  =  — 

TTfl4 

where  /j.  is  the  viscosity  of  air,  /  the  length  of  the 
capillary,  a  the  radius  and  R  the  flow  resistance. 

The  reference  volume  is  analogous  to  an  electrical 
capacitor  and,  under  the  assumption  that  the  pressure 
changes  occur  isothermally,  the  capacitor  size  can  be 
computed  from 

V 

where  V  is  the  internal  volume,  Pa  the  static  pressure 
and  C  the  acoustic  capacitance. 

Thus,  the  combination  of  a  pressure  switch  and  a 
high-pass  filter  offers  a  simple  solution  to  this  detection 
problem.  The  particular  time  constant  chosen  must  be 
short  enough  to  suppress  long-period  pressure  changes 
but  long  enough  to  insure  reliable  detection  of  the 
pressure  jumps  of  interest. 

In  practice,  complex  equivalent  circuits  can  occur, 
especially  if  the  equivalent  capacitance  of  the  sensor 
is  significant  with  respect  to  the  reference  volume  C  or 
if  we  cannot  ignore  the  resistance  of  the  tubing  con- 
necting the  system  together.  For  the  simplest  case 
considered  here,  the  time  constant  r  of  the  system 
high-pass  filter  is  the  product  RC.  The  acoustic  resistor 
can  take  the  form  of  a  standard  hypodermic  needle 
and  the  capacitor  constructed  from  any  convenient 
volume  that  is  structurally  rigid  and  thermally 
insulated. 

b.  Structural  rigidity 

The  requirement  for  structural  rigidity  becomes  clear 
if  we  consider  that  a  volume  change  of  0.01%  in  a  closed 
volume  will  produce  a  pressure  change  of  about  0.1  mb 
at  standard  conditions.  If  a  volume  of  250  cm3  is  used 
this  corresponds  to  a  0.025  cm3  volume  change. 

c.  Temperature  response 

Another  consideration  is  thermal  response.  If  the 
temperature  changes  by  1°C  in  a  closed  volume  of  air 
the  pressure  will  change  more  than  3  mb  at  standard 
conditions.  Such  thermally  induced  pressure  changes 
appear  superimposed  on  variations  due  to  atmospheric 
pressure  changes  and,  unless  reduced,  will  dominate 
them. 


One  method  of  obtaining  thermal  stability  is  to  bury 
the  sensor  while  routing  the  sampling  port  to  the  sur- 
face. Geiger  (1973)  reviews  data  showing  the  diurnal 
variation  of  temperature  as  a  function  of  depth.  In 
sandy  soil  the  daily  temperature  fluctuations  at  a  depth 
of  ~40  cm  are  smaller  by  about  one  order  of  magnitude 
relative  to  those  at  the  surface.  Thus  even  relatively 
shallow  burial  can  suppress  the  influences  of  local  tem- 
perature changes. 

Two  techniques  help  greatly  in  reducing  thermal 
effects.  Using  layered  insulation  for  both  an  outer  en- 
closure and  around  the  backing  volume  itself  increases 
the  thermal  time  constants.  Packing  the  volume  with 
steel  wool  suppresses  convection  pressure  noise  and 
helps  suppress  short-period,  thermally  induced  pressure 
changes  because  of  the  increased  heat  capacity. 

We  have  built  a  low-cost  pressure-jump  detector 
following  these  design  principles.  It  consists  of  a  250 
cm3  volume,  filled  with  stainless  steel  wool,  with  a 
standard  hypodermic  needle  used  as  the  flow  resistor. 
These  components  are  placed  within  foam  insulation 
in  a  fiberglass  box  suitable  for  wall  mounting.  Use  of 
reasonably  priced  commercial  pressure  switches  keeps 
the  cost  of  the  assembly  below  $50  including  lightning 
protectors,  batteries  and  an  electronic  oscillator  for 
sending  data  over  phone  lines. 

d.  Building  installations 

We  have  installed  this  type  of  pressure-jump  detector 
inside  buildings  which  has  required  attention  to  the 
building-atmosphere  time  constant  and  internal  sources 
of  pressure  noise  as  well  as  the  influence  of  the  building 
on  the  streamlines  of  the  flow  and  hence  on  the  local 
pressure  field. 

One  must  insure  that  the  building  time  constant  is 
short  enough  that  atmospheric  pressure  changes  couple 
into  the  structure.  Even  a  small  leak  is  sufficient  to 
insure  this  for  most  structures.  For  a  tube  10  cm  in 
length  and  1  cm  in  radius  the  flow  resistance  is  about 
0.05  £2.  If  a  leak  of  such  a  size  exists  in  a  structure 
10  mXlO  mX3  m,  the  structure  acts  as  a  low-pass 
filter  with  a  time  constant  of  15  s.  Because  of  existing 
heating  and  ventilating  ducts,  most  structures  will  have 
time  constants  much  shorter  than  this  estimate  and 
thus  permit  accurate  recording  of  atmospheric  pressure 
jumps. 

A  further  consideration  applying  to  installation  of 
such  sensors  in  buildings  is  that  modern  air  conditioners 
can  develop  significant  pressure  differences  between  the 
building  and  the  outside  atmosphere.  Opening  or  clos- 
ing of  doors  and  windows  of  airconditioned  buildings 
can  introduce  step  functions  of  pressure  in  excess  of 
1  mb  superimposed  on  the  atmospheric  pressure  field. 
Venting  the  pressure  sensor  input  directly  to  the  atmo- 
sphere through  a  short  tube  is  a  simple  solution  to  this 
problem. 

Local  turbulent  flow  fields  can  produce  pressures  that 
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Fig.  2.  Response  of  detector  to  ramp  function 
with  100  s  rise  time. 

are  not  representative  of  the  atmospheric  pressure  field 
over  some  larger  area.  Small  openings  distributed  over 
the  surface  of  a  building  can  provide  some  spatial 
integration  of  the  pressure  and  give  a  more  representa- 
tive measurement.  Underground  burial  also  tends  to 
help  in  this  regard  by  placing  the  sensor  below  the 
atmospheric  boundary  layer,  thus  reducing  wind- 
induced  noise.  In  some  extreme  cases,  a  local-pressure- 
noise-reducing  device,  similar  to  that  described  by 
Daniels  (1959)  and  Bedard  (1977),  could  provide 
spatial  averaging  and  added  noise  reduction. 

e.  Exposed  installations 

In  practice,  above-ground  outdoor  mounting  of 
sensors  might  be  desirable  as  in  a  low-lying  area  subject 
to  flooding.  Or  mounting  sensors  on  existing  telephone 
poles  could  be  expedient  in  rural  areas  with  few  build- 
ings. In  such  cases  a  detector  incorporating  an  in- 
creased thermal  time  constant  is  required. 

Whereas  the  detector  described  above  for  use  in 
thermally  stable  environments  has  a  thermal  time  con- 
stant of  about  45  min,  a  detector  incorporating  a  larger 
(1000  cm3)  stainless  steel  thermos  bottle  and  thicker 
insulation  provides  a  thermal  time  constant  of  about 
3  h.  This  model  detector  is  mounted  in  a  ventilated, 
white  outside  case  to  provide  protection  for  the  sensor 
from  direct  solar  radiation. 


(as  is  typical  with  atmospheric  low  or  high  pressure 
systems).  As  a  result  of  such  a  pressure  rise  (fall)  the 
threshold  is  decreased  (increased)  for  a  pressure  jump 
of  1  mb  by  about  4%.  Also,  such  changes,  though  they 
do  cause  variations  of  the  threshold  of  array  detectors, 
influence  all  of  the  array  elements  proportionally  since 
the  scale  of  low  and  high  pressure  areas  is  usually 
measured  in  hundreds  of  kilometers,  whereas  the  array 
dimensions  for  pressure  jump  detectors  now  in  use  are 
less  than  20  km  in  their  longest  dimension.  Thus,  the 
effect  is  small  and  will  result  in  increases  or  decreases 
in  the  detection  time  for  all  the  sensors  of  such  arrays. 
The  detection  of  events  or  velocity  computations  should 
not  be  changed  except  for  pressure  jumps  just  at  the 
threshold  of  detection. 

4.  Pressure-jump  detector  component  values 

A  goal  is  the  choice  of  the  shortest  possible  high-pass 
filter  time  constant  that  permits  reliable  detection  of 
pressure  jumps.  This  is  because  short  time  constants 
for  a  high-pass  filter  reduce  response  to  unwanted  long- 
period  pressure  fluctuations.  Since  typical  atmospheric 
pressure  jumps  are  more  like  ramp  functions  than  step 
functions,  one  method  of  evaluating  detector  compo- 
nents is  to  numerically  pass  ramp  functions  with  vari- 
ous rise  times  through  a  high-pass  filter  and  evaluate 
the  resultant  response.  The  sequence  of  Figs.  2-4  illus- 
trates the  response  of  a  high-pass  filter  with  an  RC  of 
approximately  180  s  to  rise  times  of  100,  300  and  600  s. 
These  figures  show  the  relative  response  of  both  input 
wave  forms  and  the  filter  output,  normalized  to  the 
input  peak  value,  plotted  as  a  function  of  time.  Note 
that  for  a  rise  time  of  600  s  (10  min)  the  pressure 
across  the  detector  reduces  to  about  one-third  of  the 
peak  input  value.  The  way  to  use  these  curves  is  to 
pick  the  minimum  absolute  peak  pressure-jump  detec- 
tion threshold  and  the  longest  rise  time  of  interest  and 
determine  if  the  detector  would  trigger.  For  example  a 
threshold  pressure  of  2  mb  with  a  rise  time  of  600  s 
would  cause  about  600  nb  peak  pressure  across  a  sensor. 
If  the  sensor  trigger  point  were  set  to  500  fib,  the  sensor 
would  remain  above  the  trigger  level  for  over  300  s. 


/.  Slowly  varying  pressure  fields 

An  additional  consideration  is  the  influence  of  longer 
term  pressure  changes  on  detector  response.  For  ex- 
ample a  pressure  rise  or  fall  of  1  mb  h_1  occurring  for  a 
time  period  of  more  than  about  10  min  will  result  in  a 
limiting  offset  in  the  detector  threshold  of  0.042  mb 
for  the  choices  of  component  values  indicated  later.  By 
limiting  offset  is  meant  the  maximum,  constant  pres- 
sure difference  appearing  across  a  differential  pressure 
sensor  equipped  with  a  high-pass  filter,  resulting  from 
the  application  of  a  constant  rate  of  change  of  pressure. 
The  offset  will  not  exceed  this  limiting  value  though  the 
change  continues  at  a  constant  rate  for  many  hours 
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Fig.  3.  As  in  Fig.  2  except  for  300  s  rise  time. 
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Because  of  the  variability  in  rise  time  that  actually 
occurs  with  atmospheric  pressure  jumps,  the  trigger 
point  occurs  at  different  times  for  different  rise  times. 
This  means  that  the  time  constants  for  arrays  of  these 
detectors  must  be  matched.  This  disadvantage  is  bal- 
anced by  the  advantages  of  simple  processing  and  low 
cost  offered  by  such  a  detector.  On  the  basis  of  past 
pressure-jump  statistics  the  choice  of  an  RC  of  180  s 
and  a  trigger  point  of  0.5  mb  seems  reasonable.  How- 
ever, both  the  RC  and  the  trigger  point  settings  are 
adjustable  and  the  optimum  settings  could  be  different 
for  different  weather  systems  or  different  regions. 

Fig.  5  shows  a  plot  of  the  maximum  fractional  pres- 
sure appearing  across  the  detector  switch  as  a  function 
of  the  rise  time  of  the  pressure  jump.  It  also  shows  the 
ranges  of  settings  for  the  trigger  level  and  the  limits 
of  the  RC  time  constants  for  an  initial  manufacturing 
run.  For  the  distribution  of  flow  resistances  used  the 
time  constant  is  between  165  and  196  s.  (Note  that  one 
can  tighten  the  tolerances  considerably.)  A  chief  prob- 
lem associated  with  the  mismatch  of  detectors  occurs 
when  the  sensor  is  exposed  to  only  a  marginal  amount 
of  pressure  to  trigger.  In  such  instances,  whether  or 
not  a  detector  triggers  at  all  is  a  function  of  the  par- 
ticular RC  and  trigger  level.  Another  problem  is  that 
marginally  triggered  sensors  may  show  variations  in 
the  initial  trigger  times.  This  results  in  errors  in  azimuth 
and  velocity  determinations  that  use  the  sequence  of 
arrival  information  for  an  array  of  sensors.  However, 
an  event  with  a  pressure  amplitude  of  1  mb  and  a  rise 
time  of  5  min  will  produce  negligible  azimuth  and 
velocity  errors  for  most  applications,  assuming  an 
array  spacing  of  about  1  km.  We  minimize  error  by 
matching  sensor  characteristics  where  close  array 
spacings  require  the  determination  of  arrival  times  to 
within  10  s.  At  a  typical  gust-front  travel  speed  of  10 
m  s~\  the  transit  time  across  a  1  km  array  is  100  s. 

5.  Calibration  techniques 

We  apply  several  techniques  to  the  task  of  evaluating 
and  calibrating  sensitive  pressure  switches  and  measur- 
ing  the   time  constants   of  assembled   pressure-jump 
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Fig.  4.  As  in  Fig.  2  except  for  600  s  rise  time. 
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Fig.  5.  Maximum  pressure  appearing  across  sensor  for  a  1  mb 
ramp  function  as  a  function  of  rise  time. 

detectors.  Any  method  of  calibration  consists  in  a 
method  of  generation  as  well  as  a  means  of  specifica- 
tion. To  calibrate  the  trigger  point  of  sensitive  pressure 
switches,  a  water  manometer  primary  standard  can  be 
used  that  measures  pressure  differences  <  0.001  inch 
of  water;  however,  we  also  need  to  maintain  and  con- 
trol very  small  pressures.  To  do  this  we  match  thermal 
time  constants  on  both  sides  of  the  manometer  and 
provide  sufficient  heat  capacity  and  insulation  to  insure 
that  changes  occur  slowly. 

Matched  lengths  of  tubing  and  insulated  buffer 
volumes  provide  the  matched  time  constants  and  sta- 
bility. A  variable  volume  element  with  a  fine  adjust 
capability  permits  us  to  adjust  the  differential  pressure 
across  the  switch.  When  the  calibration  involves  ex- 
tremely small  pressure  changes  (in  the  range  of  0.1  to 
25  nb),  we  use  an  alternate  system,  similar  to  that 
described  by  Bedard  (1973). 

We  must  also  measure  and  check  the  calibration  and 
time  constants  of  the  computed  detectors.  One  means 
of  doing  this  is  to  apply  a  known  step  function  of 
pressure  to  the  detector  and  measure  the  detector 
trigger  time.  Ideally,  the  output  of  a  pressure-jump 
generator  will  not  be  influenced  by  the  presence  of  the 
instrument  being  calibrated.  A  small  fan  with  a  varia- 
ble rotation  rate  used  in  conjunction  with  a  sensitive 
gage  generates  and  specifies  the  desired  pressures; 
simple  switching  arrangements  permit  the  application 
of  step  functions.  Note  that  the  diaphragms  of  some 
types  of  pressure  switches  change  their  rest  position 
(and  hence  calibration)  significantly  with  different 
orientations  relative  to  the  gravitational  force.  Hence 
it  is  important  to  make  calibrations  for  the  orientation 
that  will  exist  in  actual  use  or  insure  that  orientation 
effects  are  negligible. 


_j       6.  Design  details 

Fig.  1  shows  a  schematic  view  of  a  pressure  jump 
detector  and  Figs.  6  and  7  show  details  of  our  designs. 
We  have  used  two  types  of  pressure  switches,  one 
manufactured  by  Micro  Pneumatic  Logic  and  the  other 
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Fig.  6.  Pressure-jump  detector  design  for  use  in  thermally  stable  environments. 


by  Fairchild  Industrial  Products.  These  or  equivalent 
pressure  switches  will  provide  an  electrical  contact 
closure  when  the  differential  pressure  across  the  switch 
exceeds  some  pre-set  value.  The  250  cm3  volume  is 
made  from  standard  PVC  tubing  and  filled  with 
medium-grade  stainless  steel  wool.  For  a  flow  resistor 
we  use  a  2  inch  long,  28  gauge  hypodermic  needle 
mounted  in  a  length  of  rigid  tubing  for  mechanical 
protection.  The  computed  flow  resistance  is  725  000  fi, 
which  provides  a  time  constant  of  180  s  at  standard 
conditions. 


Flow  resistors  built  by  manufacturers  of  fluidic  com- 
ponents will  work  in  this  application.  We  have  used 
flow  resistors  manufactured  by  Corning  Fluidic  Prod- 
ucts. Using  these  or  equivalent  commercial  products 
can  simplify  production  greatly. 

Fig.  8  shows  the  results  of  applying  pressure  step 
functions  to  the  detector.  The  observed  trigger  duration 
agreed  closely  with  that  predicted  from  system  compo- 
nent values.  In  practice  we  provide  a  battery  across 
the  switch  contacts.  Closure,  resulting  from  a  pressure 
jump,  causes  the  battery  voltage  to  appear  across  an 


Fig.  7.  Pressure-jump  detector  design  for  outdoor  mounting. 
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oscillator,  which  sends  a  tone  over  a  data  line.  This  is 
only  one  of  a  number  of  possible  methods  of  transferring 
data  back  from  a  remote  location.  A  number  of  detec- 
tors with  different  tone  frequencies  can  be  multiplexed 
on  a  single  dedicated  data  line.  We  are  evaluating  the 
potential  of  large  arrays  of  these  detectors  for  storm 
warning,  particularly  for  gust-front  systems  and  their 
associated  wind  shears  which  are  hazardous  to  aircraft. 
Fig.  9  shows  an  example  of  a  recording  of  a  pressure 
jump  (center  trace)  and  three  triggers  from  pressure- 
jump  detectors  located  in  a  triangular  array  about  0.6 
km  on  a  side.  The  center  trace  of  the  curvilinear  chart 
record  is  from  a  microbarograph  used  with  an  elec- 
tronic high-pass  filter  (RC=  2200  s)  to  reduce  very  long- 
period  pressure  changes.  The  upper  three  traces  are 
event  markers  corresponding  to  pressure  jump  detec- 
tors, with  the  lowest  trace  from  a  detector  colocated 
with  the  microbarograph.  The  reference  microbaro- 
graph used  (Ball  Engineering  model  EX  350b)  or  an 
equivalent  sensor  permits  evaluation  of  the  pressure- 
jump  detector  response  to  known  atmospheric  pressure 
changes. 

7.  Concluding  remarks 

We  have  described  two  alternate  pressure-jump  de- 
tector designs  for  use  either  within  buildings  or  exposed 
locations.  Comparisons  between  numerical  results  from 
pressure-jump  simulations  and  laboratory  calibrations 
indicate  that  the  sensors  operate  as  expected.  A  review 
of  pressure-jump  statistics  and  preliminary  results  from 
field  tests  also  helped  to  guide  our  choice  of  detector 
components.  Our  tentative  conclusion  is  that  a  pressure 
switch  with  a  high-pass  filter  with  about  a  3  min  time 
constant  can  reliably  detect  sudden  pressure  increases. 
The  final  choice  of  components  and  the  evaluation  of 
the  sensor  for  thunderstorm  gust-front  detection  will 
depend  upon  the  accumulation  of  operating  experience 
under  well-defined  meteorological  conditions. 

Concepts  change  from  impractical  to  practical  as  a 
supporting  technology  progresses.  We  suggest  that 
arrays  of  pressure-jump  detectors  may  now  be  a  prac- 
tical tool  for  the  meteorologist.  Current  field  tests  at 
Chicago's  O'Hare  Airport,  at  Dulles  Airport,  and  in 


0.2 


rTTTTl     TT 


111)111 L_L 


Detector  Response 
R=.725  Meg  ohms 
Volume=250  CC 

I      I      I      I      I      I      I 


0    10        30 


50 


70        90       110       130      150       170      190 
Time,  (sec) 


Fig.  8.  Experimental  and  predicted  response  of  pressure-jump 
detector  to  applied  stepfunction. 
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Fig.  9.  Example  of  a  pressure  jump  and  associated  pressure- 
jump  detector  responses  recorded  by  an  array  operated  during  a 
National  Severe  Storms  Laboratory  gust  front  experiment. 


conjunction  with  National  Severe  Storms  Laboratory 
experiments  in  Oklahoma  are  evaluating  their  useful- 
ness for  the  detection  of  thunderstorm  gust  fronts. 
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NOAA  Technical  Memorandum  ERL  WPL-23 
March  1977 

A  RESEARCH  LASER  WEATHER  IDENTIFICATION  INSTRUMENT 
K.  B.  Earnshaw  and  Brian  Keebaugh 

We  describe  an  experimental  laser  weather  identification  instrument  de- 
signed to  test  the  feasibility  of  making  automatic  indentifi cation  of  pre- 
cipitation and  other  obscurations  to  visibility.  The  nature  of  the  optical 
signals  and  electronic  processing  of  these  signals  to  make  weather  identifi- 
cation are  discussed  in  detail.  We  have  given  instructions  for  preparing  the 
instrument  prior  to  taking  data,  as  well  as  a  complete  set  of  electronic  cir- 
cuit diagrams  needed  for  instrument  maintenance. 
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NOAA  Technical  Memorandum  ERL  WPL-16 
May  1976 

PERFORMANCE  TEST  RESULTS  FOR  XONICS  ACOUSTIC  DOPPLER  SOUNDER 

Duane  A.  Haugen 

In  March  and  April  1976,  a  field  program  was  conducted  to  evaluate  the 
performance  of  a  commercially-available  acoustic  Doppler  sounder  for  measur- 
ing wind  speeds.  Wind  speed  profiles  were  measured  over  a  height  of  150  m 
with  five  in  situ  sensors.   Several  configurations  of  the  sounder  were  tested, 
one  of  which  proved  to  be  suitable  for  acceptable  wind  speed  measurements 
over  a  wind  speed  range  of  1  to  10  m/sec. 
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NOAA  Technical  Memorandum  ERL  WPL-32 
October  1977 

A  SECOND-GENERATION  PASSIVE  OPTICAL  CROSSWIND  MONITOR 
G.  R.  Ochs,  E.  J.  Goldenstein,  and  R.  F.  Quintana 

The  instruction  book  describes  a  compact  battery-powered  optical  instru- 
ment of  improved  design  that  measures  crosswinds  by  observing  the  scintilla- 
tion of  naturally  illuminated  scenes.   Operating  instructions,  adjustment 
procedures,  and  circuit  diagrams  are  included. 
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NOAA  Technical  Memorandum  ERL  WPL-14 
March  1976 

A  SATURATION-RESISTANT  OPTICAL  SySTEM  FOR  MEASURING  AVERAGE  WIND 
G.  R.  Ochs,  G.  F.  Miller,  and  E.  J.  Goldenstein 

A  optical  system  for  measuring  average  crosswind  in  the  presence  of 
strong  integrated  refractive-index  turbulence  is  described.   Circuit  diagram:; 
and  adjustment  instructions  for  the  instrument  are  included. 
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NOAA  Technical  Memorandum  ERL  WPL-30 
October  1977 

AN  OPTICAL  DEVICE  FOR  MEASURING  REFRACTIVE-INDEX  FLUCTUATION 

IN  THE  ATMOSPHERE 
G.  R.  Ochs,  R.  F.  Quintana,  and  G.  F.  Miller 

An  instrument  is  described  that  measures  the  average  value  of  the  re- 
fractive-index structure  constant  (Cp)  over  optical  paths  from  80  to  800 
meters.  Corrections  for  the  inner  scale  of  turbulence  and  difficulties  due 
to  the  saturation  of  scintillation,  both  present  in  previous  optical  tech- 
niques, are  avoided  by  using  an  extended  incoherent  light  source. 
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NOAA  Technical  Memorandum  ERL  WPL-34 
October  1977 

INFRARED  PASSIVE  WIND  SENSING  -  A  FEASIBILITY  STUDY 
G.  R.  Ochs  and  Ting-i  Wang 

We  analyze  the  feasibility  of  measuring  crosswinds  by  observing  the 
scintillation  of  the  natural  background  radiation  in  the  wavelength  region 
from  8  to  12  microns.   Methods  of  signal  analysis  and  experiment  results  for 
visual  wavelengths  are  discussed.   A  signal-to-noise  analysis  and  experimen- 
tal results  indicate  that  an  infrared  system  is  marginally  possible,  with 
S/N  ratios  approximately  two  orders  of  magnitude  below  that  of  a  visual 
system. 
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NOAA  Technical  Memorandum  ERL  WPL-15 
April  1976 


A  STELLAR  SCINTILLOMETER  FOR  MEASUREMENT 
OF  REFRACTIVE-TURBULENCE  PROFILES 

G.  R.  Ochs,  Ting-i  Wang,  and  F.  Merrem 

An  optical  system  for  measuring  refractive-turbulence  profiles  in  the 
atmosphere  is  described.   The  instrument  measures  the  profile  along  the  light 
path  to  a  star  by  analyzing  the  scintillation  of  the  star  by  the  atmosphere. 
The  circuit  diagram,  computer  program,  and  operating  instructions  for  the 
instrument  are  included. 
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NOAA  Technical  Memorandum  ERL  WPL-25 
April  1977 

STELLAR  SCINTILLOMETER  MODEL  II  FOR  MEASUREMENT 
OF  REFRACTIVE-TURBULENCE  PROFILES 
G.  R.  Ochs,  Ting-i  Wang,  and  F.  Merrem 

An  optical  system  for  measuring  refractive-turbulence  profiles  in  the 
atmosphere  is  described.   The  instrument  measures  the  profile  along  the  lighr 
path  to  a  star  by  analyzing  the  scintillation  of  the  star  by  the  atmosphere, 
and  is  an  improved  version  of  an  earlier  system.   The  circuit  diagram,  com- 
puter program,  and  operating  instructions  for  the  instrument  are  included. 
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NOAA  Technical  Memorandum  ERL  WPL-31 
October  1977 


AN  OPTICAL  SYSTEM  FOR  PROFILING  WIND 
AND  REFRACTIVE-INDEX  FLUCTUATIONS 

G.  R.  Ochs,  Ting-i  Wang,  and  E.  J.  Goldenstein 

An  instrument  is  described  that  measures  the  crosswind  and  the  refrac- 
tive-index structure  parameter  (Cp)  at  six  locations  along  an  optical  path 
Operator  instructions,  calibration  procedures,  and  circuit  diagrams  are 
included. 
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NOAA  Technical  Memorandum  ERL  WPL-21 
April  1977 

MICROCOMPUTER-CONTROLLED  ACOUSTIC  ECHO  SOUNDER 

Edward  J.  Owens 

This  thesis  is  the  result  of  research  into  new  concepts  of  remote 
sensing  of  the  atmosphere  and  includes  a  literature  survey  of  the  theory  and 
practical  application  of  atmospheric  sounding  using  acoustic  methods.   The 
"state  of  the  art"  has  been  advanced  in  that  a  new  type  of  system  was  de- 
signed, fabricated,  and  tested  using  modern  digital  methods.   The  major 
advances  of  replacing  the  typically  troublesome  facsimile  recorder  with  a 
dot-matrix  line  printer  using  special  characters  called  "tonels"  and  the 
development  of  a  new  and  novel  method  of  digital  Doppler  signal  processing 
using  a  real  covariance  technique,  is  presented  in  detail. 

The  echosonde  is  capable  of  monitoring  and  displaying  in  real  time  the 
temperature  fluctuations,  turbulent  velocity  inhomogeneities ,  and  vertical 
wind  profile  of  the  planetary  boundary  layer  to  a  height  of  680  meters  and 
includes  a  microcomputer,  a  high-speed  line  printer,  and  various  author- 
designed  and  -contributed  digital  and  analog  circuits. 

User  control  of  various  system  parameters  and  a  wide  choice  of  display 
possibilities  make  this  a  versatile  and  desirable  atmospheric  research  tool. 
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NOAA  Technical  Report  ERL  392-WPL  51 
October  1976 

FREQUENCY  SPECTRUM  ANALYZER  FOR  DOPPLER  LIDAR 

M.  J.  Post,  R.  E.  Cupp,  and  R.  L.  Schwiesow 

This  report  describes  an  electronic  apparatus  that  analyzes  Doppler 
returns  from  an  infrared  lidar  system.  By  processing  each  spectral  frequency 
channel  with  a  100  percent  duty  cycle  rather  than  with  a  swept  filter  ana- 
lyzer, considerably  better  S/N  is  obtained. 
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NOAA  Technical  Memorandum  ERL  WPL-17 
December  1976 

A  FREQUENCY  DISCRIMINATOR  VS.  FFT  DOPPLER  EXTRACTION 

R.  Jeffrey  Keeler 

The  Quantech  2415M  frequency  discriminator  is  compared  to  a  Discrete 
Fourier  Transform  based  mean  frequency  estimator  for  a  doppler  shifted 
acoustic  echosonde  application.   Limited  dynamic  range  and  poor  frequency 
tracking  for  SNR  <  6  db  make  the  Quantech  a  poor  acoustic  doppler  shift 
estimator.  An  experiment  with  Haswell  1974  acoustic  echosonde  data  demon- 
strates the  superiority  of  the  FFT  technique. 
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Acoustic  Doppler  extraction  by  adaptive  linear-prediction 
filtering 

R.  Jeffrey  Keeler 

Wave  Propagation  Laboratory.  NOAA  Environmental  Research  Laboratories,  Boulder.  Colorado  80302 

Lloyd  J.  Griffiths 

Department  of  Electrical  Engineering.  University  of  Colorado.  Boulder,  Colorado  80302 

Acoustic  echo  sounders  can  be  used  to  measure  wind  profiles  in  the  lower  atmosphere  by  estimating  the 
Doppler  shift  from  the  range-gated  received  echoes.  Instantaneous  frequency  estimates  are  estimated  from 
the  coefficients  of  an  an  adaptive  linear-  prediction  filler  (ALI'F).  These  coefficients  are  updated  at  each 
sample  time  and  provide  a  current  estimate  of  the  spectrum  of  the  scattered  acoustic  echoes.  The  adaptive 
algorithm  is  derived  in  the  context  of  a  whitening  filter  and  its  convergence  is  shown  to  be  rapid  enough  to 
track  the  vertical  profile  of  wind  in  the  lower  atmosphere.  An  ALPF-denved  profile  is  shown  superior  to 
an  I'FT-derived  profile  in  both  computational  speed  and  estimator  accuracy. 

PACS  numbers:  43.60.Cg,  43.28.Bj,  43.28.Py 


INTRODUCTION 

Remote  sensing  of  the  lower  atmosphere  using  acous- 
tic waves  has  been  demonstrated  to  provide  useful  in- 
formation to  scientists  who  are  investigating  those 
properties  of  the  atmosphere  which  may  be  character- 
ized by  temperature  or  velocity  fluctuations.    A  prop- 
agating acoustic  wave  interacts  strongly  with  these 
fluctuations  to  produce  a  scattered  wave  which  can  be 
detected  by  simple  receiving  equipment.    Typically,  a 
100  msec  long,  2-kHz  pulse  transmitted  once  every  8 
sec  provides  quantitative  measurements  of  the  atmo- 
spheric structure,1  wind  profiles,2  and  temperature-in- 
homogeneity  profiles3  in  the  lower  few  hundred  meters 
of  the  atmosphere.    When  the  intensity  of  the  backscat- 
tered  echoes  is  plotted  as  a  function  of  height  and  time 
on  a  facsimile  recorder,   the  thermal  structure  of  the 
atmosphere  is  clearly  displayed  as  shown  in  Fig.  1. 

Remote  wind  profiling  by  bistatic  acoustic  echo 
sounding  can  also  provide  accurate  real-time  wind  pro- 
files up  to  600  m  even  in  the  noisy  environment  of  a 
major  airport.4    The  basis  for  wind  profiling  is  esti- 
mating the  mean  Doppler  shift  of  the  returned  echoes 
which  have  been  contaminated  with  environmental 
acoustic  noise.    Because  of  turbulence  within  the  scat- 
tering region,   the  echo  is  not  a  pure  sinusoid  but  rather 
a  continuum  of  sinusoids  whose  mean  frequency  changes 
because  of  the  wind-induced  gross  motion  of  the  scat- 
terers.    Thus  the  signal  may  be  modeled  as  a  nonsta- 
tionary  narrow-band  random  process,  or  equivalently 
as  the  output  of  a  time-variant  narrow-band  filter  that 
has  white-noise  input.    The  input  noise  can  be  modeled 
as  a  white  Gaussian  random  process  over  the  bandwidth 
of  interest.    Conventionally,  one  desires  to  reduce  the 
effects  of  the  noise  and  then  to  estimate  the  spectrum 
of  the  time-varying  signal. 

The  Doppler  shift  of  the  echo  is  estimated  by  cal- 
culating the  frequency  shift  from  the  transmitted  fre- 
quency.   This  is  usually  done  by  computing  the  first 
moment  (mean)  of  the  filtered  spectrum  or  by  searching 
for  the  peak  of  the  filtered  spectrum  or  by  some  hard- 
ware device  that  performs  a  similar  function,   such  as 
a  frequency  discriminator.    A  previous  report5  de- 


scribes some  deficiencies  of  one  of  the  better  analog 
frequency-discriminator  devices.    Workers  in  the  area 
of  spectrum  estimation  generally  agree  that  digital 
computation  of  spectra  potentially  yields  more  infor- 
mation than  most  if  not  all  analog  devices,  which  nor- 
mally generate  only  one  parameter  of  the  total  spec- 
trum, such  as  its  mean.    Hundreds  of  papers  have  been 
published  describing  various  methods  and  modifications 
of  spectrum  estimation  using  Fourier-transform  tech- 
niques, especially  since  the  advent  of  the  FFT.     These 
conventional  methods  yield  excellent  spectrum  esti- 
mates when  a  long  stationary  sequence  of  samples  is 
available  to  achieve  the  required  spectral  resolution  or 
when  little  spectral  resolution  is  desired. 

A.  Conventional  spectrum  analysis 

Conventional  spectrum  analysis  may  be  divided  into 
two  broad  classes:    (1)  spectra  derived  from  the  auto- 
correlation of  the  data,   and  (2)  spectra  derived  from 
the  data  itself.    Let  x(k)  represent  samples  of  a  wide- 
sense  stationary  process,   that  is  the  mean  and  auto- 
correlation functions  are  not  dependent  on  the  observa- 
tion interval.    The  autocorrelation  function  at  lag  I  is 
given  by 

rIU)=E{x(k)x(k  +  l)},     1  =  0,  ±1,  ±2,   ....  (1) 

where  E{  }  denotes  expected  value.    The  power  spec- 
trum for  the  sequence  {*(&)}  can  be  shown  to  be 


Sr(w)=  J2  rt(l)e-'ul,    0£ui£n 


(2) 


Generally  one  has  only  a  finite  time  series  available, 
say  {x(k)},  k  =  0 N-\.    The  first  class  of  spec- 
trum estimators  requires  that  the  autocorrelation  se- 
quence be  estimated  from  the  N  samples  by  some  tech- 
nique.   A  biased  autocorrelation  estimate  which  gen- 
erates a  reasonable  spectrum  is 
i  tf-i-i 
fx(/)  =  -   ^    x(k)x(k  +  l),    1=0,1,  ...,L 


(3) 


where  L  is  usually  less  than  N/10  to  achieve  a  good  ac- 
curacy in  calculation  of  the  autocorrelation  values.    By 
symmetry  we  require  Pr(-  I)  -  rx(l).    The  spectrum  es- 
timate Sx(u))  is  then  obtained  by 
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FIG.   1.   Facsimile  record  showing  thermal  structure  of  lower 
atmosphere. 


S»  £    rx(l)WU)e-J»'  , 


(4) 


where  W(l)  is  a  window  function.6'7    The  ultimate  reso- 
lution of  a  spectrum  computed  by  this  mefhod  is  lim- 
ited by  the  finite  window  length  or  equivalently  the  max- 
imum autocorrelation  lag.     For  the  resolution  desired 
in  acoustic  Doppler  extraction,  very  long  data  se- 
quences are  necessary  for  computing  the  rx(l)  values. 
Translated  to  spatial  distances  for  acoustic  waves,   this 
length  corresponds  to  several  tens  of  meters,  over 
which  the  statistics  of  the  Doppler  spectrum,   in  par- 
ticular the  mean,   are  not  stationary. 

The  alternative  conventional  spectrum  estimate, 
known  as  the  periodogram  approach,  is  computed  di- 
rectly from  the  discrete  Fourier  transform  of  the  win- 
dowed data  as 


and 


X(w)=  £  x{k)W{k)e-'ut,    OSoj^tt 
Sr(w)  =  |X(w)|*  . 


(5) 


In  general  the  variance  of  each  spectrum  at  any  giv- 
en frequency  is  larger  when  the  power  spectrum  is  a 
windowed  periodogram  than  when  the  power  spectrum 
is  calculated  from  the  autocorrelation  values.7'8 
Therefore,   some  sort  of  averaging  is  necessary  for 
accurate  power-spectrum  estimates.     For  acoustic 
Doppler  applications  this  is  easily  done  by  (1)  choosing 
a  suitable  range  gate  over  which  the  Doppler  spectrum 
may  be  assumed  stationary,   (2)  calculating  a  periodo- 
gram for  several  successive  pulses,   and  (3)  averaging 
these  consecutive  periodograms  to  get  a  more  accurate 
power-spectrum  estimate  at  that  range  gate.    If  the 
averaging  is  done  over  a  long  enough  period  of  time, 
Doppler  spectrum  contributions  from  short-term  ver- 
tical motions  of  the  atmosphere  will  be  removed  and  the 
resulting  averaged1  spectrum  will  include  only  Doppler 
information  due  to  the  mean  horizontal  wind. 

A  common  disadvantage  to  both  these  conventional 
methods  is  the  time  and  expense  required  to  compute 
the  spectrum  estimates.    A  digital  computer  is  abso- 
lutely required  for  a  real-time  application.    The  com- 
putation is  time  consuming  for  a  pure  software  realiza- 
tion in  a  standard  minicomputer  even  at  acoustic  rates. 
A  hardware  FFT  peripheral  unit,  if  not  a  limited  use 
special  purpose  FFT  computer,  is  desirable  for  real- 
time wind  profiling  with  reasonably  small  range  gates; 
say  30  m  (~  200  msec). 


B.   Maximum  entropy  spectrum  analysis 

Burg9  suggested  a  method  for  improving  the  reso- 
lution of  spectrum  estimates  based  on  linear-predic- 
tion filtering.    This  method  is  useful  in  the  acoustic 
Doppler  application  because  few  autocorrelation  lags 
are  required  to  estimate  the  spectrum  of  a  signal  im- 
bedded in  noise.    Consequently,   only  a  short  data  se- 
quence is  necessary  for  computing  these  few  autocor- 
relation values  and  greater  spatial  resolution  is  achiev- 
able.   Burg  named  his  method  maximum  entropy  spec- 
tral analysis  (MESA)  and  this  method  is  widely  used  in 


geophysical  data  processing. 


The  MESA  algorithm 


has  been  shown  to  be  identical  with  the  all-pole  linear- 
prediction  spectrum,  or  equivalently,  to  the  autocorre- 
lation method  of  linear  prediction  discussed  in  many 
recent  publications  on  speech  analysis14"17  or  also 
equivalently,  to  autoregressive  filtering  in  the  statis- 
tical literature.  le~21    Makhoul22  gives  an  excellent  tu- 
torial presentation  of  all  facets  of  linear  prediction  and 
Kailath23  relates  linear-prediction  filtering  to  general- 
ized linear  least-squares  theory  in  his  survey  article. 
Because  of  its  actual  method  of  realization,   the  tech- 
nique is  termed  the  "linear-prediction  spectrum" 
throughout  this  paper. 

C.  Adaptive  linear-prediction  spectrum  analysis 

Riley  and  Burg24  have  further  suggested  that  a  linear- 
prediction  filter  could  be  modeled  as  a  lattice  structure 
involving  reflection  coefficients.    This  structure  can  be 
made  time  variable  by  updating  the  reflection  coeffi- 
cients at  each  sample  time  using  a  finite-time  power- 
averaging  algorithm.    These  reflection  coefficients  are 
then  used  to  calculate  the  equivalent  linear-prediction 
filter  coefficients  which  define  a  linear-prediction 
spectrum  estimate. 

This  paper  summarizes  the  important  features  of  an 
alternative  implementation  of  an  adaptive  linear-pre- 
diction filter25  in  which  the  linear-prediction  coeffi- 
cients are  updated  using  the  data  samples  directly, 
rather  than  power  averages  of  these  samples.    A  least- 
mean-square  gradient  adaption  algorithm  is  employed 
to  adapt  the  filter  coefficients.    These  continuously  up- 
dated coefficients  are  then  used  to  compute  a  simplified 
linear-prediction  spectrum  for  the  input  sequence.  The 
simple  modification  of  the  standard  linear-prediction 
spectrum  consists  of  removing  the  gain  calculation  and 
has  the  effect  of  producing  a  spectral  estimate  that  is 
unaffected  by  changes  in  the  input-signal  strength  and 
depends  solely  on  the  spectral  width  of  the  input-sig- 
nal spectrum.    Thus  the  resulting  adaptive  linear-pre- 
diction spectrum  can  not  only  track  changes  in  the  mean 
frequency  of  the  received  spectrum  (and  hence  mea- 
sure a  wind  component  for  the  associated  height)  but 
can  also  track  changes  in  the  width  of  the  Doppler  spec- 
trum (and  hence  measure  the  turbulence  associated 
with  a  given  height). 

It  will  be  shown  that  an  assembly-language  software 
implementation  of  the  total  adaptive  linear-prediction 
Doppler  estimator  requires  less  storage  and  operates 
at  about  the  same  speed  as  a  medium-speed  hardware 
FFT  unit  used  in  conjunction  with  a  conventional  win- 
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FIG.  2.  Basic  linear-prediction  filter. 

dowed  periodogram-spectrum  estimator.    Additionally, 
the  filtering  algorithm  itself  and  the  coefficient  update 
algorithm,  which  are  the  most  time-consuming  ele- 
ments of  the  spectrum  estimation  algorithm,   are  very 
simple  and  can  probably  be  implemented  on  a  small 
microcomputer  as  a  peripheral  processing  unit  to  a 
host  minicomputer. 

I.  SPECTRAL  ANALYSIS  USING  ADAPTIVE  LINEAR- 
PREDICTION  FILTERING 

A.  Classical  linear  prediction 

The  basic  form  of  the  classical  linear-prediction 
filter  G  is  shown  in  Fig.  2  where  z'1  denotes  a  one 
sample  time  delay.    The  one-step  prediction  of  the  in- 
put sequence  x(k)  is  formed  as  a  linear  combination  of 
L  previous  input  values.    Thus 

L 

*(*)=  £  g,x(k-t)  ,  (7) 

where  g,  is  the  /th  coefficient  of  the  prediction  filter. 
An  error  sequence  is  formed  from  the  actual  x(k)  by 


c(k)=x(k)-x(k) 


(8) 


The  filter  coefficients  C*  which  produce  the  minimum 
mean-square  error  (mmse),  are  well  known  and  may  be 
expressed  in  matrix  form  as 


(9a) 


where 

c*TAg\,gt gt\, 

Z5~[r,(D,  r,(2) rx(D], 

r,(0)        rx(l)     ...     r,(L-D 
rT(l) 


rt(L  - 1)  ...        r,(0) 


and  T  denotes  transpose. 

The  linear-prediction  spectrum  Mx(u>)  can  be  ex- 
pressed in  terms  of  the  optimum  prediction  filter  co- 
efficients28 as 

MM  =  r„(0) 


(9b) 


(9c) 


(9d) 


-t8rrAl)/\l-tg' 


(10) 


When  the  filter  coefficients  have  their  optimum  value 
G*  the  numerator  of  A/tM  is  easily  shown  to  be  the 
mmse  output  power.    Thus 


Af»  =  £{e8U-)}, 


i-E 


(id 


An  intuitive  explanation  of  the  structure  of  .WrM  can 
be  given  if  one  notes  a  result  in  the  design  of  digital 
deconvolution  filters.    It  is  well  known21  that  the  finite 
impulse-response  mmse  whitening  filter  has  a  transfer 
function  given  by 


ff'M=l-|j  gle-'»'  / E{€Hk)Ym'*    . 


(12) 


Therefore,   the  linear-prediction  spectrum  estimate 
(11)  is  identical  to  the  inverse  of  the  magnitude-squared 
transfer  function  of  the  optimal  whitening  filter  (12), 


Mx(u) 


1 


I //'Ml 


(13) 


Equation  (13)  may  be  explained  qualitatively  by  re- 
calling the  function  of  a  whitening  filter;  to  produce  a 
white  sequence  from  a  colored  input  sequence.    By 
utilizing  z  transform  notation  that  is 

//(*)=  Yj   Kz~*  . 

the  input  sequence  to  the  whitening  filter  x(k)  may  be 
generated  from  a  white  sequence  w(k)  modified  by  a 
coloring  filter  S(z)  as  shown  in  Fig.  3.    The  whitening 
filter  H(z)  attempts  to  remove  the  coloration  of  the  in- 
put sequence  x(k)  due  to  the  poles  and  zeros  of  S(z). 

Alternatively,   the  filter  H(z)  removes  all  predictable 
(or  correlated)  terms  from  x(k)  and  the  result  is  an 
optimally  white  sequence.    The  linear-prediction  filter 
shown  in  Fig.  2  has  no  poles,   only  zeros,   in  its  trans- 
fer function.    The  error  sequence  will  be  perfectly 
white  only  if  x(k)  is  generated  by  filtering  a  white- 
noise  sequence  with  an  all-pole  filter  containing  P 
poles  and  the  number  of  taps  in  the  predictive  filter  L 
is  equal  to  or  greater  than  P,  i.e.,   LiP18.    In  effect 
the  linear-prediction  filter  must  contain  sufficient 
zeros  to  cancel  the  P  poles  of  S(z)  used  to  color  the 
original  white  sequence. 

Since  the  zeros  of  H{z)  cancel  the  poles  of  S(z),  an 
equivalent  way  of  calculating  the  linear-prediction 
power-spectrum  estimate  (13)  is  to  evaluate  \/\H(z)\z 
around  the  unit  circle  in  the  z  plane.28   In  the  denom- 
inator of  (11),  if  e'1"'  is  replaced  by  z~',  then  the  poly- 
nomial H{z)  has  a  leading  coefficient  of  1  and  following 
coefficients  equal  to  the  negaUve  of  the  prediction  filter 
coefficients.     Fast  computational  methods  of  evaluating 
polynomials  in  the  complex  z  plane  exist;  consequently 
evaluating  Mx  M  is  a  straightforward  operation.    An 
alternate  and  slower  method  of  evaluating  H(z)  at  dis- 
crete frequencies  is  to  append  zeroes  to  the  whitening- 
filter  impulse  response  and  compute  its  FFT. 

It  has  been  observed  previously  that  the  use  of  linear- 


s(k)  _  x(k) 


►©-— *  Hlz] 

nlk) 


elk) 


FIG.  3.  Generation  of  inpgt  Sequence  and  whitening  filter. 


J.  Acoujt.  Soc.  Am..  Vol.  61,  No.  5,  May  1977 


843 


1221 


R.  Keeler  and  L.  Griffiths:  Acoustic  Doppler  extraction 


1221 


prediction  spectrum  estimates  (or  equivalently,   maxi- 
mum entropy  spectral  estimates)  leads  to  spiked  spec- 
trum estimates.11,12    These  spikes  may  be  qualitatively 
explained  in  terms  of  whitening  filters.    If  the  input  se- 
quence contains  a  very  narrow-band  spectrum  centered 
at  w0,  or  equivalently  the  coloring  filter  has  a  pole  very 
close  to  the  unit  circle,  then  the  whitening  filter  places 
a  zero  at  that  frequency,   also  very  close  to  the  unit 
circle.    The  squared  magnitude  of  the  inverse  transfer 
function  (13)  results  in  a  large  peak  at  w0,  whose  peak 
and  width  are  solely  determined  by  the  zero's  position 
relative  to  the  unit  circle.    Since  the  zero  placement  is 
independent  of  the  filter  length,  extremely  sharp  spec- 
tral peaks  are  possible  even  for  short  filters.    More 
detailed  analyses  of  linear-prediction  spectrum  esti- 
mation may  be  found  in  the  literature.22 

A  modified  linear-prediction  spectrum  estimate  Qt(w) 
is  used  in  this  paper 


<?»  = 


H{z 


1-lUgU 


•/wll2 


(14) 


The  only  difference  between  (14)  and  (11)  is  the  removal 
of  the  E{ez(k)}  gain  factor.    As  a  result,  the  integral  of 
Qx(w)  is  not  equal  to  the  total  input  power;  however, 
three  distinct  advantages  arise  from  this  change. 
Since  the  signals  of  the  interest  in  acoustic  Doppler- 
spectrum  estimation  are  usually  narrow-band  spectra, 
they  are  quite  predictable.     It  can  be  shown25  that  a 
perfectly  predictable  signal  gives  rise  to  a  0/0  indeter- 
minacy in (11).  Specifically,  £{e2(fc)}=0.  If  we  replace 
£{e2(k)}by  1  as  in  (14),  then  the  resulting  1/0  indeter- 
minacy is  computationally  tractable  as  a  limit.    Second- 
ly, it  can  be  easily  shown  that  Qx(u)  is  not  affected  by 
amplitude  scale  changes  in  the  input  spectra,  which  may 
be  advantageous  in  some  applications.    Thirdly,  the 
peak  values  of  Qr(o>)  are  related  directly  to  the  width  of 
the  spectra.    Therefore,   the  amount  of  turbulence  as- 
sociated with  the  spectra  can  be  related  directly  to  the 
peak  value  of  Qx(w)  which  is  an  immediate  by-product 
of  the  estimation  algorithm. 

The  modified  linear-prediction  spectrum  Qx{u>)  in  (14) 
depends  directly  on  the  optimal  filter  coefficients  G_* 
defined  by  (9).    Numerical  solution  of  these  equations 
requires  knowledge  of  the  autocorrelation  values  which 
in  practice  are  unknown  a  priori  and  must  be  estimated 
from  the  data.    Since  acoustic  Doppler  signals  have 
time-varying  spectra,   the  autocorrelation  estimates 
must  be  updated  periodically  to  ensure  that  the  linear- 
prediction  filter  remains  accurate.    In  most  applica- 
tions, the  data  sequence  is  long  compared  with  the  max- 
imum lag  L,   and  the  number' of  computations  required 
to  compute  the  autocorrelation  estimates  for  use  in  (9) 
is  several  times  larger  than  the  number  of  computa- 
tions required  to  solve  the  normal  equation  itself  by  a 
fast  inversion  algorithm. 28'29 

B.  Adaptive  linear-prediction  filtering 

In  this  section  we  present  an  alternative  method  of 
obtaining  the  prediction  filter  coefficients  for  the  filter 
structure  shown  in  Fig.  2.    This  method  is  a  time-do- 
main iterative  technique  which  avoids  the  two-step  pro- 


cedure of  first  computing  the  autocorrelation  values  and 
and  then  solving  the  normal  equations.    The  LMS  al- 
gorithm was  first  derived  by  Widrow  and  Hoff.30 
Briefly,   the  algorithm  may  be  described  as  follows: 
Denote  the  prediction  filter  coefficients  at  time  k  by 

GT(k)  =  [gl(k),  gz(k),  ...,gL(k)].  (15) 

Then  the  prediction  filter  output  at  time  k  is 

L 

x(k)  =  Y,  g,(k)x(k-l) 
1=1 

=  GT(k)X(k-\) 

=  XT(k-l)G(k)  ,  (16) 

where 

XT(k-l)=[x(k-l),  x(k-2),  ...,x(k-L)]  (17) 

is  the  vector  of  data  samples  upon  which  the  prediction 
is  based.    For  a  fixed  coefficient  vector  G_  in  (9),  the 
mean-squared  error  is 

E{ez(k)}  =  E{[x(k)-x(k)f} 

=  Eh(k)-XT(k-l)G]z} 

=  rx(0)-2Plq  +  GTRIXG  .  (18) 

This  equation  is  a  quadratic  function  of  G  and  since  the 
matrix  of  second  derivatives  of  (18)  is  positive  definite 
for  all  G,  a  unique  minimum  exists,  which  is  satisfied 
by  G*(9).  Therefore  a  gradient-descent  algorithm  may 
be  used  to  determine  G*.  A  common  procedure  is  the 
method  of  steepest  descent  in  which  the  coefficient  vec- 
tor is  iterated  in  the  direction  of  the  negative  gradient 
of  the  error  surface  (18).    The  negative  gradient  of  (18) 


-8-^  =  2&-«»<?l. 


(19) 


Therefore  an  algorithm  which  changes  G  in  the  direction 
of  the  negative  gradient  is 

G(k+l)=G(k)*n[Px-RxxC(k)]  ,  (20) 

where  m  is  scalar  proportionality  constant  that  controls 
the  step  size  and  convergence  time. 

The  LMS  algorithm  is  derived  from  (20)  by  replacing 
the  average  quantities  Px  and  R  XI  with  appropriate  in- 
stantaneous values.    Since 


Px  =  E{x(k)X(k-l)} 


and 


(21) 
(22) 


Rxx  =  E{X(k-l)XT(k-l)}, 

the  instantaneous  values  are  the  arguments  of  the  ex- 
pectations.   Therefore  the  noisy  LMS  algorithm  is  giv- 
en by 

G(jfe+l)  =  G(fe)  +  ix[x(k)X(k  -  l)-X(k  -  \)Xr(k  -  l)G(k)] 

=  G{k)+n[x(k)-x(h)]X(k-l) 

=  G(k)  +  lK(k)X(k-l)  .  (23) 

An  implementation  is  shown  in  Fig.  4. 
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correlation  matrix.    In  application  though,  a  reasonable 
estimate  for  the  adaptive  time  constant  is25 


Spectrum 
Estimator 


FIG.  4.  Basic  adaptive  linear-prediction  spectrum  estimator. 


In  order  to  use  this  algorithm,  three  parameters 
must  be  specified:    the  filter  length  L,  the  initial  coef- 
ficient vector  G(0),   and  the  proportionality  constant  u.. 
As  previously  stated,  the  filter  length  L  must  be  large 
enough  to  generate  sufficient  zeros  to  cover  the  poles 
of  a  filter  that  generated  the  "all-pole"  input  sequence. 
Since  acoustic  Doppler  data  sequences  can  be  modeled 
as  a  unimodal  narrow-band  signal  spectrum  embedded 
in  wider-band  noise  spectra,   an  all-pole  data  model  is 
a  valid  assumption.    Experiments  have  shown  that  L  =  4 
or  6  is  a  good  compromise  in  filter  length  (computation 
time)  versus  minimum  mean-squared  error. 

In  the  acoustic  echo-sounder  application,  the  time 
constant  of  adaption  is  rapid  compared  to  the  length  of 
the  data  record.    Thus  only  the  initial  portion  of  the 
output  is  affected  by  the  choise  of  the  initial  coefficient 
vector  G'(0).    Experience  has  shown  that  slightly  better 
results  are  obtainable  if  the  data  sequence  is  filtered 
in  reverse  order  rather  than  time-sequential  order. 
That  is,  adaption  proceeds  from  a  high  range  to  a  short 
range,  starting  in  the  low  SNR  region  of  an  acoustic 
return  sequence  and  progressing  into  larger  SNR  re- 
gions of  the  data  sequences.     For  this  reverse-filtering 
operation  G(0)  =0  usually  suffices. 

The  third  parameter  of  choice  is  the  proportionality 
constant  \x.  A  convergence  analysis25  shows  that  con- 
vergence is  assured  if 


ii  =  a/Lr,(0),    0<a<2 


(24) 


Since  rY(0)  is  the  power  in  the  input-data  sequence  (the 
received  echos),  it  is  a  function  of  time  for  the  acous- 
tic Doppler  case.     Thus  a  time-varying  estimate  of 
rJO)  must  be  maintained  throughout  the  data  sequence. 
If  this  is  done,  then  experience  again  shows  that 
0.02<a<0.2  provides  excellent  results  although  as- 
suredly this  is  dependent  on  the  particular  data  studied. 
The  processor  performance  seems  relatively  insensi- 
tive to  changes  in  a  by  a  factor  of  two  within  this  range. 
A  large  a  effects  a  rapid  convergence  and  a  large 
steady-state  mean-squared  error  results.    On  the  other 
hand,  a  small  a  effects  very  slow  convergence  but  a 
small  steady-state  mean-squared  error. 

The  time  constant  of  the  adaptive  filter  is  a  compli- 
cated parameter  to  evaluate  since  it  depends  in  general 
on  the  choice  of  G(0)  and  the  eigenvalues  of  the  auto- 
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As  an  example  let  a  =  0. 1  and  L  =  4;  then  t0  =  40,  the 
number  of  samples  of  k  that  reduces  the  error  term  in 
the  average  coefficient  vector  to  e'1  of  its  original  val- 
ue.   For  a  monostatic  acoustic  echo  sounder  whose  re- 
ceiver is  sampled  at  a  rate  of  1  kHz,  this  corresponds 
to  a  spatial  propagation  distance  of  only  7  m.    Thus  the 
average  adaptive-filter  time  constant  appears  to  be 
short  enough  to  track  expected  variations  in  the  Doppler 
spectrum. 

The  fact  that  the  linear-prediction  spectrum  esti- 
mate can  be  made  at  any  instant,  merely  by  using  the 
present  value  of  G  in  (14)  is  important.    Since  the  adap- 
tive processor  tracks  the  input-data  statistics,   specif- 
ically its  instantaneous  frequency,  it  can  be  shown  that 
the  coefficients  of  the  filter  represent  an  exponentially 
weighted  average  of  the  statistics  of  the  previous  input 
samples  if  the  samples  are  uncorrelated. 31    Spectrum 
estimates  can  be  made  for  any  number  of  range  gates 
within  the  maximum  range  of  the  sounder.    The  choice 
is  based  on  the  expected  rate  of  change  of  the  input 
spectrum  and  on  the  speed  of  the  processor.    For  a 
normal  application  most  of  the  processor  time  asso- 
ciated with  the  linear-prediction  spectrum  estimator  is 
spent  in  the  filtering  and  coefficient  update  procedure. 
Less  than  a  quarter  of  the  time  is  spent  computing  the 
spectral  estimates  by  a  computationally  efficient  poly- 
nomial evaluation  routine  which  is  based  on  a  second- 
order  system  of  state  variable  equations.32 

C.  Computational  efficiency 

As  further  evidence  that  the  adaptive  filter  is  com- 
putationally efficient  in  spectrum  estimating,  Table  I 
shows  the  time  required  to  extract  a  Doppler  shift  from 
a  spectrum  estimate  using  both  conventional  FFT  meth- 
ods and  the  adaptive-linear  prediction  filter  (ALPF). 
The  FFT  estimate  is  derived  from  a  weighted-mean- 
frequency  estimate  of  the  spectrum  over  the  bandwidth 
of  interest  and  the  ALPF  estimate  utilizes  the  frequency 
corresponding  to  the  peak  of  the  smooth  spectrum  esti- 
mate.   The  reference  computer  is  a  NOVA  820  with 
hardware  multiply/divide.    Overhead  calculations  are 
considered  in  these  timing  estimates.    As  shown  above, 
the  adaptive-filter  method  is  about  seven  times  faster 
than  the  standard  FFT  calculation  and  of  the  same  or- 
der of  speed  as  a  commercially  available  medium- 
speed  hardware  FFT  unit.    A  side-by-side  comparison 
of  these  two  methods  is  being  carried  out  in  a  field 


TABLE  I.   Algorithm  timing  compari- 
son. 


Method 


Time 
(msec) 


Assembly  language  FFT  370 

Assembly  language  ALPF  52 

Hardware  MFKT  unit  94 
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FIG.   5.   Uaswell  1974  acoustic  sounder/tower  configuration. 

trial  of  an  acoustic  wind-profiling  system  in  Boulder, 
Colorado. 

II.   APPLICATION  TO  ACOUSTIC  DOPPLER 
ESTIMATION 

A.   Doppler  profile  example 

The  data  used  for  the  evaluation  of  the  adaptive  lin- 
ear-prediction spectrum  estimator  were  taken  in  March 
1974  at  Haswell,  Colorado.    A  150-m  instrumented 
meteorological  tower  provided  reference  data  for  an 
acoustic  sounder  operating  140  m  away  at  an  azimuth  of 
315°.    The  monostatic  sounder  was  tilted  at  an  eleva-  • 
tion  angle  of  75°  away  from  the  tower.     Figure  5  shows 
a  side  view  of  the  site  configuration.    Although  the  75° 
elevation  angle  of  the  sounder  is  not  optimal  for  hori- 
zontal wind  sensing,   it  is  nevertheless  useable.    The 
pulse-repetition  period  was  2  sec,  creating  an  unam- 
biguous range  of  340  m,   and  the  pulse  duration  was  50 
msec  at  a  center  frequency  of  2500  Hz. 

A  100-Hz-bandwidth  filtered  version  of  the  received 
echoes  was  heterodyned  down  to  250  Hz  and  digitized  at 
a  1-kHz  sampling  rate  using  an  effective  12-bit  A-D 
converter.     The  time  period  analyzed  was  from  0825- 
0835  on  24  March  1974.    As  shown  in  Fig.   1  a  nocturnal 
inversion  was  breaking  up  with  echoes  to  240  m  and 
some  thermal  plumes  to  100  m  were  in  the  process  of 


500  1000 

Time,     (msec) 

FIG.   7.  Doppler  profile  —  raw  data. 


forming.    A  4-m  sec"1  wind  was  blowing  from  the  SE, 
creating  Doppler  shifts  of  about  -  15  Hz.    The  data 
analysis  consisted  of  dividing  the  2-sec  pulse  (340  m) 
into  100- msec  (17  m)  range  gates  and  estimating  the 
mean  Doppler  shift  by  use  of  the  FFT /spectrum  mean 
and  the  ALPF/spectrum  peak  algorithms,   thereby  gen- 
erating a  pair  of  Doppler  profiles. 

The  behavior  of  the  adaptive  linear  prediction  filter 
can  be  demonstrated  by  considering  this  particular  case. 
Figure  6  shows  the  behavior  of  the  adaptive  coefficients 
as  the  filter  progresses  through  2  seconds  of  data  in  the 
reverse  direction,  i.e. ,  from  right  to  left  in  the  figure, 
from  top  to  bottom  in  space.    The  initial  coefficient 
vector  Gr(0)  is  [0,    -1.389,  0,   -0.482],  corresponding 
to  a  pair  of  zeros  at  ±  jO.  83  and  a  pair  at  0. 

The  zeros  of  H(z)  may  be  calculated  by  finding  the 
roots  of  H(z),  which  is  equivalent  to  finding  the  poles 
in  Qx(z)  in  (14)  and  thus  representing  the  spectrum  of 
the  input  data.  The  two  zeros  nearest  the  unit  circle 
are  those  most  effective  in  whitening  the  signal  and 
therefore  estimating  the  signal  spectrum,  while  those 
n»arer  the  origin  in  the  z  plane  attempt  to  whiten  the 
narrowband  noise,  which  is  present  in  all  real  applica- 
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FIG.   G.   Adaptive  filter  coefficients. 
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FIG.  9.   Doppler  profile — 2  min  averaged. 

tions.  Actually  the  zeros  of  H(z)  are  placed  to  produce 
the  whitest  sequence  in  a  mean-square  sense  with  no 
consideration  given  to  independently  canceling  the  sig- 
nal and  noise  poles.  At  the  desired  times,  or  ranges, 
the  peak  of  <?,(^)  can  be  calculated  and  a  Doppler  shift, 
or  wind  component,  estimated. 

If  the  prediction  filter  has  more  than  two  coefficients, 
then  a  multimodal  spectrum  estimate  is  possible.     For 
small  SNR's  the  zeros  of  the  ALPF  arrange  themselves 
to  whiten  the  input  noise  sequence,   and  small  random 
variations  will  cause  different  zeros  to  be  closest  to  the 
unit  circle  for  different  data  sequences.    Thus  the  peak 
of  the  spectrum  will  change  rapidly  throughout  the  low 
SNR  data  sequence.    However  since  the  noise  is  gen- 
erally wide  band,   Qr(u.')  will  be  relatively  small,   that 
is,  the  spectrum  estimate  will  be  low  and  broad  as  op- 
posed to  the  large  spikey  spectrum  estimate  obtained 
from  a  high  SNR  sequence.    This,  of  course,  is  a  di- 
rect result  of  the  modification  of  the  standard  linear- 
prediction  spectrum  estimate  as  explained  previously. 
In  practice,  the  peak  value  of  Qx(w)  can  be  compared 
with  a  threshold  below  which  the  estimate  is  declared 
to  be  invalid.    This  threshold  test  was  not  done  for  the 
Doppler  profile  in  this  paper. 

Figure  7  shows  a  raw  (or  immediate)  Doppler  profile. 
The  solid  line  is  the  adaptive  linear-prediction  estimate 
and  the  dashed  line  is  the  FFT  estimate.    The  corre- 
lation at  all  ranges  is  excellent  except  at  /S100  msec 
where  the  received  data  sequence  was  cut  olf  because 
of  antenna  reverberation.    Recall  that  the  data  is  fil- 
tered from  right  to  left  in  these  diagrams.     Figure  8 
shows  the  average  of  all  previous  profiles  using  a 
10-sec  time  constant.    The  profiles  are  much  smoother 
and  again  well  correlated.    This  short  time  constant 
seems  ideal  for  measuring  vertical  atmospheric  mo- 
tions of  thermal  plume  dimensions. 

Figure  9  shows  an  averaged  profile  with  a  2-min 
time  constant.    The  x's  represent  tower  data,   i.e., 
the  theoretical  frequency  shifts  at  anemometer  heights 
that  would  be  measured  if  the  average  wind,  as  mea- 
sured by  the  tower,  were  present  at  those  range  gates. 


The  excellent  agreement  of  the  adaptive  linear-predic- 
tion spectrum  with  the  reference  tower  data  may  be 
attributed  to  the  fast  response  time  of  the  adaptive  fil- 
ter and  to  the  smoothed  spectrum  of  each  single  data 
sequence.    The  FFT  generates  a  very  spikey  spectrum 
estimate  based  on  a  single  data  sequence.    Therefore 
several  individual  spectra  must  be  averaged  to  define  a 
smooth  spectrum  from  which  a  Doppler  shift  can  be 
estimated  by  peak  picking  rather  than  from  a  spectrum 
mean  calculation.    The  Doppler  estimate  obtained  from 
a  spectrum  mean  calculation  around  some  center  fre- 
quency tends  to  be  biased  slightly  towards  zero  in- 
versely proportional  to  its  SNR.    This  evidence  indi- 
cates that  the  adaptive  linear-prediction  spectrum  es- 
timator is  an  unbiased  estimator  of  the  mean  Doppler 
shift. 

B.  Correlation  analysis 

The  FFT  and  ALPF  profiles  were  also  averaged 
over  both  a  10-  and  a  2-min  interval.    The  10-sec 
average  removes  most  medium-scale  fluctuations  and 
provides  a  good  estimate  of  the  short-term  total  wind 
component.    The  2-min  average  smooths  all  vertical 
components  of  the  total  wind  vector  and  leaves  only  the 
horizontal  wind  component,    which  can  be  directly 
compared  with  a  similar  average  of  tower  data.    Cor- 
relation statistics  on  the  data  were  run  and  the  profiles 
were  plotted  for  a  qualitative  comparison. 

Table  II  shows  some  pulse-to-pulse  correlation  coef- 
ficients for  the  unsmoothed  Doppler  profiles.    That  is, 
the  correlation  coefficient  was  computed  for  two  se- 
quences of  Doppler-shift  estimates.    The  two  se- 
quences each  contained  20  elements  and  were  derived 
from  consecutive  received  echo  sequences.     For  ten 
pairs  of  pulses  sampled  1  min  apart  during  the  10-min 
analysis  period  an  average  of  30?6-40%  correlation  was 
observed.    This  seems  reasonable  since  one  would  ex- 
pect a  fair  correlation  between  wind  measurements 
separated  by  only  two  seconds,   regardless  of  whether 
the  FFT  method  or  the  linear-prediction  filter  method 
was  used. 

In  the  following  tables  the  regression  coefficient  is 
listed  in  addition  to  the  correlation  coefficient.     The 
regression  coefficient  is  the  slope  of  the  best  least- 
squares  fit  line  through  the  scatter  diagram,  which  con- 

TABLE  II.   Pulse/pulse  correlations. 


Pulse 

FFT 

ALPF 

30 

0.616 

0.622 

60 

0.281 

-0.  193 

90 

0.595 

0.561 

120 

0.459 

0.158 

150 

0.394 

0.399 

180 

0.299 

0.  149 

210 

0.680 

0.632 

240 

0.122 

0.565 

270 

0.419 

0.393 

300 

0.124 

-0.161 

Average 

0.399 

0.312 
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TABLE  III.   Correlation/ regression  coefficients 
between  ALPF  and  FFT  Doppler  profiles  all  data 
(20  points). 


Pulse 

Raw 

Averaged  (2  min) 

30 

0. 860/0.572 

0.691/0.583 

60 

0.  109/0.062 

0.710/0.616 

90 

0.662/0.458 

0.662/0.497 

120 

0.463/0.297 

0.674/0.589 

ISO 

0.235/0.104 

0.730/0.675 

ISO 

0.798/0.734 

0.768/0.806 

210 

0.620/0.667 

0.792/0.889 

2.40 

0.731/0.300 

0.753/0.744 

270 

0.823/0.670 

0.683/0.661 

300 

0.396/0.172 

0.585/0.511 

Average 

0.570/0.409 

0.705/0.657 

sists  of  20  points  for  all  gates,   and  the  lower  14  points 
for  the  high  SNR  cases.    A  characteristic  of  the  re- 
gression line  is  that  if  the  data  have  a  low  correlation, 
say  25%,   then  the  least-squares  line  actually  under- 
estimates the  slope  of  what  appears  to  be  a  better  fit. 
If  isolated  points  in  the  scatter  diagram  exist,  the  re- 
gression coefficient  may  be  grossly  in  error. 

Table  HI  shows  the  correlation  and  regression  coef- 
ficients for  all  20  points  in  a  scatter  diagram  of  ALPF- 
derived  Doppler  estimates  versus  FFT-derived  Doppler 
estimates.    The  middle  column  tabulates  nonaveraged 
Doppler-profile  data  and  the  right  column  lists  2-min 
averaged  data.    Note  that  the  averaged  profiles  exhibit 
significantly  higher  correlations  and  regression  coef- 
ficients.   The  relatively  good  57?o  correlation  for  raw 
Doppler  profiles  and  the  very  good  70%  correlation  for 
the  averaged  Doppler  profiles  lend  credence  to  the  near 
equivalence  of  the  two  estimators.    Since  the  regression 
coefficient  is  less  than  one,  for  both  cases,  the  adap- 
tive-filter estimator  generates  somewhat  larger  values 
of  Doppler  shift  than  the  FFT.    This  result  may  occur 
because  the  peak  of  the  linear-prediction  spectrum  is 
used  as  opposed  to  the  mean  of  the  FFT  spectrum, 
which  would  be  biased  toward  zero  Doppler  shift  from 
the  additive  noise  spectrum. 

Table  IV  shows  the  same  calculation  based  on  only  14 
high  SNR  points  of  the  Doppler  profiles.    The  resulting 
correlations  are  about  6%  and  22%  larger  than  those  in 
Table  III  for  the  raw-  and  averaged-data  profiles,   re- 
spectively.   The  high  SNR,   averaged  profile  correla- 
tion of  92%  is  remarkably  high  and  the  regression  coef- 
ficient of  0.83  indicates  excellent  agreement  between 
the  two  estimators,  although  again  the  adaptive  linear- 
prediction  estimates  are  slightly  larger.    The  extreme 
variability  of  the  raw-data  correlations  (over  an  order 
of  magnitude)  can  be  explained  by  recalling  that  the 
time  constant  of  the  adaptive  linear-prediction  esti- 
mator is  short  enough  that  two  or  three  independent 
spectra  may  be  estimated  within  the  same  data  sequence 
that  produces  only  one  averaged  spectrum  by  the  FFT 
method.     For  a  given  100-point  sequence  representing 
17  m  in  space,  Die  ALPF  spectrum  estimate  is  made 
after  the  GOth  point.     For  performance  of  an  FFT,  28 
zeros  are  appended  to  the  100  data  points.    Thus  the 
FFT-derived  spectrum  represents  an  average  spectrum 
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FIG.   10.   Envelope  of  adaptive  filter  input  and  error  time 
series. 


over  a  perhaps  nonstationary  data  sequence.  In  con- 
trast the  correlations  of  the  2-min  averaged  profiles 
are  relatively  constant  over  the  10-min  period. 

C.  Specular  target  detection 

Since  the  output  of  the  H(z)  filter  is  the  error  signal 
between  the  predicted  x(k)  and  the  actual  x(k);  i.  e. ,  t(k) 
-  x(k)  ~x{k),  any  unexpected  event  appearing  in  the  input 
sequence  (such  as  a  specular  reflection)  will  cause  an 
abnormally  large  €(fe).    The  processor  will  eventually 
learn  of  its  existence  and  converge  to  a  proper  config- 
uration so  that  the  effect  of  the  unexpected  event  is  re- 
moved and  the  error  sequence  is  once  again  white,  in  a 
mmse  sense  at  least.    This  abrupt  increase  in  the  er- 
ror sequence  may  be  used  as  a  detector  of  specular 
reflections,   although  the  amount  of  increase  depends 
directly  on  the  input-signal  strength.    This  is  in  con- 
trast to  the  spectrum  estimate  which  is  unaffected  by 
the  input-signal  strength.    This  change  in  the  error  se- 
quence is  not  evident  when  a  distributed  scatterer  such 
as  an  elevated  inversion  layer  is  filtered.    Apparently 
the  adaptive  processor  is  fast  enough  to  adapt  to 
changes  in  the  input  sequence  caused  by  distributed 
scattering  whereas  it  is  not  fast  enough  for  changes 
caused  by  specular  scattering.    Figure  10  shows  an 

TABLE  IV.   Correlation/regression  coefficients 
between  ALPF  and  FFT  Doppler  profiles  high 
SNR  data  (14  points). 


Pulse 

Raw 

Average  (2  mln) 

30 

0.840/0.614 

0.853/0.534 

60 

0.068/0.068 

0.942/0.743 

90 

0.740/0.786 

0.920/0.752 

120 

0.390/0.289 

0.904/0.786 

150 

0.600/0.340 

0.934/0.867 

180 

0.832/0.792 

0.917/0.990 

210 

0. 791/0. 844 

0.936/0.934 

240 

0.815/0.634 

0.  929/0.880 

270 

0.S62/0.745 

0.927/0.876 

300 

0.  33 1/0. 154 

0.913/0.903 

Average 

0.629/0.526 

0.921/0.827 
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example  of  the  envelope  of  an  input  and  error  time 
series.    The  low-level  echoes  correspond  to  a  disin- 
tegrating nocturnal  inversion  with  weak.echoes  from 
above  the  inversion.    The  lower  trace  shows  the  error 
voltage  increasing  sharply  as  the  inversion  is  passed 
through  and  slightly  as  the  waves  are  entered.    At  about 
900  msec  a  specular  reflection  occurs  and  the  error 
voltage  increases  unambiguously.    Thus  a  possibly  val- 
uable by-product  is  available  at  no  cost  from  the  adap- 
tive linear-prediction  spectrum  estimator. 

III.  SUMMARY 

This  paper  has  reviewed  the  design  of  an  adaptive 
processor  that  estimates  the  digital  instantaneous  fre- 
quency of  a  time-varying  input  sequence,  specifically 
samples  of  a  bandpass-filtered  and  Doppler-shifted 
acoustic  echo.    So  long  as  the  variation  of  the  frequency 
of  the  received  sequence  is  slower  than  the  convergence 
time  of  the  adaptive  linear-prediction  spectrum  esti- 
mator, then  the  processor  accurately  tracks  changes 
in  the  Doppler  shift.    No  time  consuming  calculations 
are  involved,  such  as  computing  autocorrelation  esti- 
mates and  inverting  matrices.    Only  simple  but  repeti- 
tive additions  and  multiplications  are  constantly  per- 
formed on  the  input  sequence.    At  an  appropriate  time 
(range)  a  spectrum  estimate  is  quickly  computed.    Be- 
cause of  the  very  simple  but  repetitious  prediction 
filtering  and  coefficient  update  task,   these  calculations 
lend  themselves  to  implementation  on  a  peripheral 
microprocessor,   thereby  freeing  the  main-frame  mini- 
computer for  more  complex  tasks. 

The  adaptive  processor  has  been  implemented  on  a 
CDC  6600  and  was  used  to  analyze  a  short  portion  of 
Haswell  1974  acoustic-sounder  data.    The  processor  is 
presently  being  used  to  extract  Doppler  information  and 
generate  wind  profiles  for  the  GATE  acoustic-sounder 
data  which  were  collected  on  board  the  OCEAnocrapiilr 
in  the  summer  of  1974.    In  the  fall  of  1975  a  side-by- 
side  comparison  of  the  adaptive  processor  with  a  hard- 
ware FFT  unit  was  performed  in  a  real-time  environ- 
ment.   These  tests  were  performed  near  a  local  mete- 
orological tower  for  a  period  of  several  weeks.    Based 
on  the  preliminary  calculations  and  results  presented 
in  this  paper  and  the  GATE  data  analysis,  the  adaptive 
processor  is  expected  to  outperform  even  the  hardware 
FFT  unit. 

An  extension  of  this  research  would  be  to  investigate 
the  linear-prediction  method  of  spectral  estimation  and 
the  adaptive  coefficient-adjustment  algorithm  and  to 
determine  whether  or  not  acoustic  echoes  impose  any 
advantageous  or  disadvantageous  constraints  on  the 
algorithms.    Peculiarities  of  atmospheric  acoustic 
echo  sounding  such  as  phase-coherence  distances, 
amplitude  scintillations,  and  the  like  may  prevent  the 
unconstrained  LMS  algorithm  from  attaining  its  full 
capability  as  a  spectrum  estimator.    A  constrained  al- 
gorithm would  perhaps  be  more  useful. 
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version  is  covered  completely  by  Burg  |6],  and  is  also  presented  briefly 
by  Haykin  and  Kt-sler  [12].  Although  there  is  recent  interest  in  multi- 
channel maximum  entropy  methods  (see  loannidis  (1 3]),  and  successful 
results  have  been  obtained,  all  multidimensional  calculations  begin  with 
estimates  of  the  aulocovanances. 

The  main  purpose  of  the  present  paper  is  to  generalize  the  Burg 
reflection-coefficient  estimation  process  to  multichannel  complex  time 
series,  and  to  show  that  the  virtues  of  the  single-channel  Burg  process 
carry  over  to  the  multichannel  complex  generalization.  In  particular,  it 
will  be  shown  that  least-squares  estimation  of  complex  matrix  reflection 
coefficients  using  inverse-power  weighting  provides  a  sequence  of  posi- 
tive-definite power  matrices,  with  a  resulting  positive-definite  autocovari- 
ance  matnx.  The  main  theoretical  results  that  apply  to  the  single-channel 
Burg  process  will  be  shown  to  have  their  multichannel  counterparts. 
Preliminary  numerical  results,  some  of  which  are  presented  in  Section 
IV,  indicate  that  superior  spectral  resolution  can  be  expected  from  the 
new  method,  which  we  shall  call  the  "multichannel  Burg  process." 

II.     Forward  and  Backward  Filters  and  the  Multichannel 
Levinson  Algorithm 


Let 


>(')- 


y»0) 


y,U) 


(nM) 


be  a  complex  zero-mean,  wide-sense  stationary  ^ -channel  time  series  We 
can  consider  the  N -element  forward  filler  (or  forward  filter  of  length  N)  in 
the  form 


>U)+   2  FtNy{t- 

k-\ 


k(\t)-eN(l). 


(2.0 


This  is  called  a  forward  filter  because  y(l)  is  predicted  ahead,  in  terms  of 
previous  values  y(t—  /cA/).  Similarly,  we  consider  the  A'-elemenl  back- 
ward filter1 


Multichannel  Complex  Maximum  Entropy 
(Autoregressive)  Spectral  Analysis 

OTTO  NEALL  STRAND 

Abstract — The  Burg  reflection-coefficient  method  for  maximum  entropy 
(autoregressive)  spectral  estimation  is  generalized  to  apply  to  multichannel 
complex  signals.  It  is  shown  that  all  resulting  power  matrices  are  positive 
definite.  Preliminary  numerical  results  obtained  for  a  monochromatic 
signal  with  noise  Indicate  that  the  determinants  of  the  power  matrices  arc 
rapidly  reduced  as  the  number  of  filter  coefficients  is  increased,  and  that 
superior  spectral  resolution  can  be  expected. 

I.    Introduction 

Maximum  entropy  spectral  estimation  techniques  have  been  success- 
fully applied  recently  in  many  contexts.  Extensive  bibliographies  citing 
such  applications  are  given  in  recent  papers  by  Makhoul  [17]  and  Ulrych 
and  Bishop  (22).  The  Burg  reflection-coefficient  method  is  receiving 
increased  usage  because  it  avoids  major  difficulties  inherent  in  methods 
which  begin  with  estimates  of  the  autocovanances,  and  often  provides 
superior  spectral  resolution.  Good  general  references  describing  the 
single-channel  Burg  process  are  Ulrych  and  Bishop  [22],  cited  above, 
Chen  and  Slegen  [7],  and  Kanasewich  [15).  The  single-channel  complex 


y(0+   2  BZ„y(t  +  k\t)=b„U). 


(2.2) 


In  (2.1)  and  (2.2),  the  forward  and  backward  filter  coefficients,  FkN  and 
BkN,  respectively,  are  complex  p  x/>  matrices.  The  asterisk  •  denotes  the 
(Hermitian)  conjugate  transpose.  We  are  concerned  with  optimum  for- 
ward or  backward  filters  (2  1)  or  (2  2),  for  which  the  expected  mean- 
square  value  of  eN(t)  or  bN(t)  is  a  minimum.  For  (2.1)  this  involves 


determining  Flf/,  Fin*'  '  '  <fnn  sucn  t'lat 

E[ejJ  (0^(01  =  minimum 


(23) 


where  £'[  ]  is  the  expected  value.  Inserting  the  expression  (2.1)  for  eN(t) 
into  (2.3)  and  minimizing  with  respect  to  the  coefficient  matrices  F£N 
gives  the  system 

RFN-V.  (2.4) 

In  (2.4)  FN  (single  subscript)  is  defined  by  /*  =  (/.  Ffy.-  ■  ■  ,FJJ  (com- 
mas indicate  matrix  partitions),  /  is  the pxp  identity,  ^'-[/>v.0,-  •  •  ,0], 
/>;=/"„,  «  =  («,,)  where  R,y=»rt,_„  i-y-1,2,-- •  ,(#+  1),  and  ihtpxp 
block  submatrices  Rk  are  defined  by 


so  that 


Rk-E[y(t)y*U-kbt)],       Jfe-0,1, 


,-«;. 


,N 


(2.5) 


(2.6) 
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The  unknowns  in  (2.4)  are  FN  and  the  forward power  matrix  PN.  For  an 
optimum  forward  filler  (i.e,  for  FN  satisfying  (2.4)]  we  have 


Because  FN  satisfies  (2.4)  it  follows  that 


(2.7) 


(2.8) 


System  (2.4)  is  identical  to  the  system  cited  by  Wiggins  and  Robinson 
(23]  for  real  multichannel  time  sene»,  except  that  matrix  transposes  have 
been  replaced  by  Hermitian  conjugates.  Because  of  (2.6),  the  optimum 
backward  filter  satisfies 


RBN-V 


(2.9) 


where  *=(/?,-,).  B'N  =  [I,B'N,  ■■  ■  ,B'NN)  and  (  k ')*=[/>;, 0,- ••  ,0].  In 
this  notation  the  primes  indicate  a  reversal  of  time,  FN  stands  for 
"forward"  and  BN  stands  for  "backward."  The  backward  power  matrix 
P'N  for  the  resulting  optimum  backward  filter  is 


P-N~E[bN{t)b'N(t)] 
and  because  of  (2.9), 

P'n"  &!/& ' BN. 
It  is  easily  shown  by  block  multiplication  that 

R'"URU* 
where  U  is  the  block  permutation  matrix 
0 


(2.10) 


(2.11) 


(212) 


(2.13) 


Exact  matrices  Rk  would,  of  course,  determine  FN,  Bv,  PN,  and  P'N 
completely.  However,  since  these  exact  matrices  are  not  obtainable  from 
a  finite  sample  of  a  realization  of  y(t),  we  must  resort  to  approximations. 
In  the  remainder  of  this  paper  PN  and  P'N  denote  the  result  of  substitut- 
ing whatever  approximations  are  being  used  into  (2.8)  and  (2. 1 1 ).  Thus,  a 
set  of  Rk  may  or  may  not  give  rise  to  a  positive  definite  set  P^R],'  '  '  ,P/t 
or  PtyP[,-  ■  ■  ,P'N  as  determined  by  recursive  solution  of  (2.4)  or  (2.9).  (If 
A  =  A'.  A>0  denotes  positive  definileness  and  A  >  0  denotes  positive 
semi  definiteness.)  By  (2.12)  and  (2.13),  R>0  if  and  only  if  (iff)  R  >0. 
It  can  be  shown  [6]  that  R  >0  iff  all  Pk>0,  *»0, 1,-  ■  ■  ,N.  Therefore  all 
/\>0  iff  all  Pk>0.  Since  this  paper  is  concerned  with  recursive  solu- 
tions, we  shall  assume  throughout  that  Pk  >0,  k  =0, 1,-  •  •  ,0V-  I).  Then 
if  R  is  not  >0,  rleither  is  PN  Or  P'N,  and  according  lo  (2.7)  and  (2.10) 
systems  (2.4)  and  (2.9)  cannot  define  optimum  filters.  We  assume  for  the 
moment  that  our  approximation  does  give  Ps>0  (and  P„>0).  It  is 
known  [13],  [14],  [6],  that  the  maximum  entropy  (autoregressive)  power 
spectral  density,  5(/),  a/>X/>  matrix,  can  then  be  calculated  from  the 
forward  filter  FN  by 


S(f)'M[F-t(l/z)]'PN[F-t(l/z)] 


(2.14) 


where  F (*)=«/+  Ft„z  +  ■  •  ■  +  FNf/z",  z  is  the  complex  scalar  defined  by 
z  =  exp[ -2ir//A/)  and  /  is  the  frequency.  The  maximum  entropy 
spectrum  can  also  be  computed  from  the  backward  filter  BN  by 


S(/)-Ar[fl -'(;)]•/>„  [*-'(*)] 


(2.15) 


where  B(z)*-  /+  BXNz  +  •  •  •  +  Bf,HzN.  Equatiow  (2.15)  can  be  obtained 
heunstically  from  (2. 14)  by  replacing  z  by  \/t,  Ps  by  P'N,  and  FN  by 
BN.  It  can  be  shown  [6]  that  if  Pf,>0,  then  alt  matrices  F(l/z)and  B(z) 
are  nonsingular. 

If  (>/)?ii  >s  *  sample  of  Nd  consecutive  vectors  of  a  realization  of 
y(t),  one  may  take 


Nt-k 


as  an  unbiased  estimator  of  Rk.  where  \4cJV,.  Unfortunately  the  result- 
ing R  matrix  may  fail  to  be  positive  definite,  with  disastrous  con- 
sequences. Replacing  the  denominator  in  (2.16)  by  Nd  gives  biased 
estimators  of  Rk  for  which  R  >0.  The  method  in  which  such  estimators 
are  used  in  (2.4)  will  be  called  the  R-process  (it  is  sometimes  called 
Yule-Walker  estimation  [22].)  In  this  method,  the  spectral  resolution  may 
suffer,  and  the  bias  becomes  more  severe  when  the  record  is  short, 
precisely  the  situation  where  maximum  entropy  spectra!  analysis  has  the 
most  to  offer  [7],  [21].  The  R-process  has  been  used  with  apparent 
success,  however,  by  loannidis  [13],  among  others. 

Burg  [6]  has  derived  the  following  results  concerning  the  recursive 
solution  of  (2.4)  and  (2.9).  The  forward  and  backward  filters  may  be 
postulated  in  the  form 

Mo"i+[0*»-Jc"andMo"ic;+[°*-] ai7) 

where  B'N_  ,  ■*[#£_  i  *-  i-'  ' '  <B\N.l]'  is  the  block  reverse  of  BN_  ,,  and 
the  p  x.p  matrices  CN  and  C'N  are  called  forward  and  backward  reflection 
coefficients,  respectively.  Then 


where 


^v  +  ^-.Q-O 

'N  -  1  +  "N  VlV  =  * N 


<V  =*  R-M+     2.     ^-N  +  k^k.N-l 
k-l 

^Nr'RN+     2<     RN-k^k.N-l- 


(2.18) 
(2.19) 
(2.20) 
(2.21) 


(2.22) 
(2.23) 


According  to  (2.17),  CN~FNN  and  C„=BNS.  It  is  further  shown  by 
Burg  (6]  that 


and  that 


*%-** 


det«=   II   detfi 
*-0 


(2.24) 


(2.25) 


where  det(     )  denotes  the  determinant.   Finally  [6],  he  indicates  the 
relations 


Rn~pn-\     CnPh-\Cn 


(2.26) 
(227) 


(2.16) 


which  are  easily  derived  from  (2.I8H2  24).  By  the  form  of  (2.26)  (9). 
corresponding  eigenvalues  of  P^Pi,-  ■  • ,  form  nonincrcasing  sequences, 
as  does  the  sequence  of  determinants  This  is  the  multichannel  analog  to 
the  fact  that  the  Pk  form  a  nonincreasing  sequence  in  the  single-channel 
case  The  use  of  the  equations  derived  above  for  the  recursive  solution  of 
(2.4)  and  (2.9)  is  called  the  modern  Leiinson  algorithm  [6],  [16]. 

In  the  remainder  of  this  section  wc  extend  Burg's  results  as  required  to 
present  the  new  algorithm.  By  (2.18)  and  (2  20),  together  with  (2.24),  Cs 
and  C'f,  satisfy  the  "generalized  conjugate"  relationship 

CN-(P'N_XV\C'N)'PN_X  and  C'N-(PN^V\C'NP^y    (2.28) 

The  second  equation  of  (2  28)  follows  from  the  first;  both  are  written  to 
display  the  symmetry.  It  follows  from  (2.12)  and  (2  13)  that  dct/?'-detfl 
and  from  (2.25)  (with  both  direct  and  reversed  time)  that 

n   detf,'-   II   dct/V 
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Since  del Pa-=  del P^ del /?„, 


det/^-det/V         *  =  0, 1. 


(2.29) 
-CJ, 


If />-l,  then  del/V-i-/*-!*"  ^/v-i  and  <2-28)  reduces  to  C'„ 
thai  is,  "generalized  conjugation"  reduces  to  ordinary  conjugation. 

If  one  has  a  set  C{,C2. ■••  ,CN  for  which  all  Pk>Q,  then  the  set 
RaX\, ■■  ■  ,Cjv  determines  the  set  R0,  Ru  -,RN,  as  can  be  seen  by 
recursively  applying  the  formula 


N-  l 


(2.30) 


obtained  by  taking  the  Hermitian  conjugate  of  the  last  equation  of  (2  4). 
(One  may  also  obtain  RK  by  applying  the  fast  Fourier  transform  [8]  to 
the  maximum  entropy  spectrum.)  We  therefore  reverse  the  point  of  view 
and  instead  of  trying  to  solve  (2.4)  using  approximations  to  the  Rk,  we 
derive  a  method  of  determining  the  CN  directly  from  the  data  so  that  PN 
and  P'N  are  always  positive  definite  and  are  rapidly  reduced  in  magni- 
tude as  N  is  increased.  The  new  method,  presented  in  Section  III,  is  a 
direct  generalization  of  Burg's  single-channel  method  [6). 

HI.    The  Multichannel  Burg  Process 

Let  [yi)'iL\  be  a  sample  of  Nd  consecutive  observations  of  a  realiza- 
tion of y(t).  We  consider  a  set  of  M  =  Nd  -  A'  consecutive  A'  +  1-tuples  of 
data  and  array  each  N  +  1 -tuple  as  a  long  vector  y£  defined  by 


For  example. 


m=l,2,- 
7V>=0,1,- 


(3.1) 


and  matrices  A  and  B.  We  also  define  the  pXp  matrices  B,  G  and  £  by 


E"    2    WmeZW 


G=    2    WJbZW  (3.9) 


b-  2  wmbZ(bzy. 

m-  I 

When  convenient,  we  also  use  inner-product  notation,  i.e.,  (u,u)  =  u*u 
and  |]t'||2  =  (i\t>).  It  is  easy  to  show  that  £  and  B  are  nonsingular  unless 
the  set  of  linear  combinations  of  residuals  e£  or  b£  fails  to  span /--space. 
For  E,  note  that  if  (£u,i)  =  0,  ||t>jj2=?t0,  then 

2    Wmt>*eZ(e£)'v*    2    WJ(fj»|2  =  0. 

m-\  m-  I 

Since  all  Wm  are  positive,  il  follows  that  v  is  orthogonal  to  all  forward 
residuals  e£.  Since  this  situation  is  so  rare  in  the  consideration  of  actual 
data,  we  shall  assume  it  does  not  occur  for  any  A/  under  consideration. 
(The  most  extreme  case,  of  course,  is  that  all  forward  residuals  are  zero.) 
A  similar  argument  for  B  allow.;  us  lo  assume  throughout  that  £  and  B 
are  nonsingular. 

Let  X  and  Y  be  any  complex  pXp  matrices  whatsoever.  After  some 
algebra  one  obtains 

SS(Y)-SS(X)-\lr(TlBTl)+'iti(T;Q2T2)  +  Rt;lT(Y'-X')L(X) 

(3.10) 


where 


i-5-t 


i=l,2, 


VK 


2p,m=  1,2,-    •,A'rf-l,etc. 


Tx-(Y-X)Ql> 


Ti-Pi-tY-XXPtl^Pfl,) 


According  to  (2  17),  the  outputs  um  and  vm  of  the  forward  and  backward      an(j 
filters  as  applied  to  the  mth  A  +  l-tuple  are,  respectively, 

L(X)-BXQl  +  GQl  +  (P^_lQ2P^_l)X(P^lEP^t)+P»_lQ1GP;l>. 

^-fl^-i.Ol+Cjjto^fl;.,)']]^  (3.2)  iy,  . ,  ..  . 

I  '  The  matrix  Q{/2>0  is  the  Hermitian  symmetric  posmve  semidefinite 

4nd  square  root  of  £i  and  W-i^/v"-i),/2>°  1S  the  analogous  square  root 

of  /yj,£/yj,  [4].  It  follows  from  (3.10)  that  I(.V)  =  0  is  a  necessary 
(33)     and  sufficient  condition  for  X  10  minimize  SS(X).  For  sufficiency,  if 
L(X)-0,  then,  since  the  first  two  terms  of  (3.10)  are  nonnegative,  we 
We  define  the  forward  and  backward  residual  ^-tuples  e£  and  b£  as  have  SS(  Y)  >  SS(X)  for  any  complex  p  xp  matrix  Y  whatsoever.  Con- 

versely, suppose  L(X)¥=0.  In  particular,  we  may  choose  V=  -«£(A')  + 
(3.4)      X.  where  i  is  real  and  positive.  Substituting  this  matrix   Y  into  (3.10) 
gives 


t>»-{(c;)'IfS_l.o]  +  [o.(*;.l)'l}^- 


e£-lFS-tMy£  and  a* -Io.(*;_ ,)•]>-*■ 
Then  (3.2)  and  (3.3)  take  the  form 

um       em  +  <-NDm 

and 

»m-(Q  )**£+*£■  0-6) 

However,  substituting  the  generalized  conjugation  (2.28)  into  (3.6)  gives 


(35)     SS(Y)-SS(X)~t2{lr[Q!'2L'(X)]B[L(X)Qy:!] 
+  u [(/yJ ,£/yJ ,  )>/2L'( X )/V.] 
■Q2[P^,UX)(P„->1EP„-},y/2]}-<irL'(X)UX). 


*m~rM_tcMrj*tl4!+b£. 


(3.7) 


We  seek  to  minimize  the  weighted  power  over  the  M  A  +  l-tuples  by 
requinng  that  SS(CN)~  minimum,  where 


SS(CS)' 


WjuZQ^  +  vZQ^J 


(3.8) 


and  Q,~  Q'  >0,  f— 1,2  are  weighting  matrices  The  Wm  are  positive 
scalar  weights  (usually  all  taken  as  \ / M  in  practice).  In  (3  8),  um  and  om 
are  given  by  (3  5)  and  (3  7),  respectively  We  continue  lo  assume  /\_ ,  > 
0  and  P„_t>0  and  ultimately  seek  to  determine  C„.  Expression  (3.8) 
may  be  simplified  by  employing  matrix  trace  operations  as  suggested  by 
x'y-lrx'y  *=lryx',  lrAB°=lrBA,  and  Ir  A'^UA  for  vectois  x  and  y 


Since  the  first  part  of  this  expression  is  nonnegative,  and  tr  L'( X)L(X) 
>0.  SSlYr-SSIX)  now  has  the  form  SSI  Y)-  55(X)-=  <2<j,  -  «?2, 
where  qt>Q  and  q1>0  If  <?,=0,  then  for  any  <>0,  SS(  K)<  SS(A'). 
Also,  if  qL>&.  tlicn  for  0<  «<  q2/qt,  we  have  SS(Y)<SS(X).  Thus,  if 
L(X)*Qr  SS(Xf  cannot  be  a  minimum.  Therefore  the  desired  minimiza- 
tion o«i*rs  by  means  of  CN  iff 

*cw(?,+ce,+(i^.lft/»;.1>Q(/>/v-j1£/»w-il ) 

+  r^-1QiGP„-i>-o.   (3.ii) 

This  normal  equation  (3.11)  is  the  multichannel  equation  for  CN  thai 
corresponds  to  Ih*  single-channel  Burg  process  when  arbitrary  weights 
Qx  and  Q2  are  applied  We  show  thai  (3.11)  has  a  unique  solution  if  Qt 
and  Q2  are  nonsingular.  Clearly,  we  can  reduce  (3. 1 1)  (with  X  -  CN)  to 
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the  form 


where 


that  the  assignment 


A,X  +  XA2-C 
^.-(^-ift^-l)"'* 


(3.12) 

(3.13) 
(3.14) 


(3.15) 

The  relevant  theory  of  equations  such  as  (3.12)  is  given  briefly  by 
Bellman  ([5.  pp.  175-76  and  231]).  Since  CN  is  a  pXp  matrix,  the 
solution  requires  solution  of  a  p2xp:  system  of  equations;  however,  the 
computational  labor  is  not  excessive,  since  (3.12)  must  be  solved  only 
once  for  each  update,  so  that  the  number  of  required  solutions  is  OfiV) 
for  filters  of  length  1,2,-  •  •  ,/V.  It  turns  out  that  if  the  unknown  matrix 
elements  x:j  are  put  in  the  order  xuxn-  ■  ■  xlp,  x2l  •  •  ■  x^,-  ■  ■  ,xpl,-  ■  •  ,x 
as  a  column  vector,  and  the  elements  c,,  are  correspondingly  arranged  as 


Vew 


,c    ,  then  the  coefficient  matrix  becomes 


Ai®l+!®A2T 


(3.16) 


where  ®  denotes  the  Kronecker  (or  tensor)  product  and  T  denotes 
ordinary  transposition.  In  the  numerical  work  reported  in  Section  IV,  the 
resulting  equation  was  programmed,  and  excellent  solution  accuracy  was 
observed.  The  coefficient  matrix  (3.16)  is  nonsingular  provided  that  if  \, 
i  =  1,  ■  •  ■  ,/>  are  the  eigenvalues  of  A[  and  (t-,y'=  !,•  •  •  ,p  are  the  eigenval- 
ues of  A2,  then  \  +  ^-^0  (i.e.,  \  +  ^  is  nonzero  for  every  choice  of  i  and 
j)  ((5.  p.  23i]).  We  show  that  this  condition  is  satisfied  for  (3.12)  and,  in 
fact  that  both  the  \  and  p.  are  all  positive.  For  this,  suppose  A2v=*iic, 
that  is, 


erWOv-iiiavJi)-*. 

Take  the  inner  product  of  (3.17)  with  t>  to  obtain 

(Qr^.v)=^((pN-}lEPf7ixy'v,v). 


(3.17) 


(3.18) 


Since  both  sides  of  (3.18)  are  positive,  it  follows  that  /i>0.  A  similar 
argument  shows  that  any  eigenvalue  of  A^(P'N_^Q2P'N_x)~yB  is  also 
positive. 

For  Q|  and  Q2  not  necessarily  nonsingular,  (3.8)  can  be  written  in  the 
form 

255  ( CN  )=•  tr  C&[  BC„Q,  +  GQ, 

+  (Py-tQ2PN-l)CN(Ps^EPN-l,)  +  P^_[Q2GPN-}l] 
+  lrCN[QlG'  +  P^lG'Q2P^_l]  +  lrEQl  +  lrBQ2     (3.19) 

and  if  CN  is  a  solution  of  (3.1 1),  then 

2SS(Cfl)'tt(E-Cf,BCfl)Q] 

+  tr[fl-/y_1C„(/y_l1£/y_,l  )Cj&^_,]e2.    (3.20) 

*- 
The  key  to  the  multichannel  Burg  process  is  a  proper  assignment  of 
the  weight  malices  y,   and  Q2.  Early  efforts  involved  assigning  these 
matrices  to  reduce  (3.1 1)  to  a  simple  form  for  which  the  solution  did  not 
invohe  Kronecker  products.  Such  an'assignment  was 

Ci-vW-i  and  e^C/v-.r'^oVir'     (320 

However,  it  was  soon  found  by  numerical  experiment  that  (3.21)  did  not 
necessarily  give  PN  >  0,  so  that  (3.21)  was  abandoned.  It  was  then  found 


■  jyj,  ^d  &  =  (/»;_,)" 


(3.22) 


has  the  required  properties  and  furthermore,  reduces  to  the  Burg  process 
for  a  single  channel,  p  =  I.  According  to  (2.29),  if  p  =  1,  then  P'k  =»  Pk  for 
all  k  and  it  is  readily  verified  that  (3.8)  gives  the  same  minimization  as 
that  presented  by  Burg  [6j,  for  which  the  solution  is,  by  (3.11), 


Cf)--2G/(E+B). 


For  our  multichannel  case,  the  equation  to  be  solved  reduces  to 


BC„  +  Pi 


■IG. 


(3.23) 


(3.24) 


It  will  be  proved  that  the  assignment  (3  22)  of  (2,  and  Q2  will  always  give 
rise  to  a  positive  definite  matrix  PN,  and  preliminary  numerical  results 
presented  in  Section  IV  indicate  that  the  power  matrices  are  reduced 
considerably  faster  by  this  process  than  occurs  with  the  ^-method.  There 
is  another  reason  why  (3.22)  should  be  efficient.  According  to  (2.7)  and 
(2.10),  if  the  residuals  are  approaching  white  noise  with  PN  remaining 
approximately  unchanged  as  N  increases,  then  the  weighting  given  by 
(3.22)  approximates  that  applied  in  the  Gauss-Markov  theorem  (10).  In 
any  case,  weighting  (3.22)  may  be  justified  by  its  apparent  success. 

We  now  prove  that  if  2i  =  />/7-'i  aml  Qi  =  (p'n-\)~  '•  <hen  lhe  matrix 
PN  (and  consequently  P'N)  is  always  positive  definite.  The  proof  is 
slightly  indirect  and  proceeds  by  first  showing  that  a  closely  related 
matrix  is  positive  definite,  and  then  relating  this  to  the  theory  of  stable 
matrices  to  obtain  the  final  result.  By  (3.24) 


P'NCN=-(2G+BCN)E->PN_X,, 

and  substituting  (3.25)  into  (2.26)  gives 

PN  =  \E+C,NBCN  +  2C%G]E-'IPN_X. 


(3.25) 


(3.26) 


Since  PN  *  PJ!,,  one  may  also  write 

PN  =  PN-lE-'[E+CZ,BCN+2G,CNl  (3.27) 

Let  H  be  defined  by 

2  H  =  ( EPyl  ,)/>„  +  PN  (  /yj ,  E  ).  (3.28) 

Clearly,  H  =-  H',  we  prove  that  H  >0.  By  (3.28),  (3.26),  and  (3.27), 

H=E+CZ,BCN  +  CZ,G  +  G'CN.  (3.29) 

Let  v  be  any  complex  p-tuple  for  which  ||c||  =  l.  Then 

(Hv,v)  =  v'[E  +  CIBC„  +  Ct,G  +  G'CN  lo 

=  tr[f+QBCA,  +  C^G+G•Cw](t>t)•).  (3.30) 

By  (3.19),  (Hv,v)  =  2SS(CN)  as  evaluated  for  0,=-iv'  and  <2j  =  0. 
Consequently,  (Hv,v)>0  and  H  >0  However,  by  (3.8).  (Hc.c)  cannot 
be  zero  unless  v  is  orthogonal  to  all  forward  residuals,  a  case  that  has 
been  ruled  out.  Consequently,  H  is  strictly  positive  definite.  By  (3.28),  PN 
satisfies  the  matrix  equation 


( -  EPjl ,  )x+x (-  /yJ,£)-  ~1H. 


(3.31) 


By  an  argument  similar  to  that  given  in  connection  with  (3.18),  it  follows 
that  all  eigenvalues  of  -  £7yJ ,  and   -  P^1{E  are  negative,  and  that 
(3.31)  has  a  unique  solution.  According  lo  a  known  theorem  ((II,  pp. 
270  -278  and  prob.  3,  p.  278])  if  A  is  a  stable  complex  matrix,  then  if  Q  is  • 
any  complex  Hermitian  symmetric  positive  definite  matrix,  the  equation 
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AX  +  XA1 


(3.32) 


has  a  positive  definite  Hermitian  symmetric  solution  A'.  Here  a  stable 
matrix  is  defined  as  one  foi  which  all  eigenvalues  have  negative  real 
parts.  Clearly.  A  =  -  £/V-  i  IS  a  stable  matrix.  Consequently,  (3.31)  has 
a  positive'  definite  solution  X,  and  since  the  solution  is  unique,  X=PN 
and  Pff  is  positive  definite.  It  was  shown  in  Section  II  that  this  also 
implies  that  P'N  is  positive  definite. 

In  solving  for  Cv  and  C'N,  one  normally  solves  (3  24)  for  CN  and 
obtains  C'N  from  the  "generalized  conjugation"  (2.28).  However,  one 
could  equally  well  solve  the  dual  equation  [obtained  by  applying  (2.28) 
to  (3.24)] 


EC'N  +  PN_xC's(P-N_\yiB=-2G' 


(3.33) 


This  equation  can  also  be  obtained  from  (3.24)  by  reversing  the  data  in 
time.  The  definitions  (3.4)  and  (3.1),  together  with  (2.17),  imply  that 

tNm..N-\.c.      hN-\       d  h"  =  hN-'  +  (C■      )*o"-' 

m-1,2,  ••,/V<,-A/=A/,  N>\.    (3.34) 

We  briefly  review  the  computing  procedure  for  the  multichannel  Burg 
process.  First  we  compute  P0-  Pi=(L%miy„y!£/ ' Nd.  Then  we  let  e\,= 
d-  I,  and  compute  E,  B.  and  C  (for 


and  bl 


m-1,2. 


2-tup!es)  by  (3. 9).  Then  we  solve  (3.24)  for  C,  and  compute  C\  by  (2.28). 
The  power  matrices  P,  and  P[  are  then  computed  by  (2.26)  and  (2.27). 
and  the  filter  coefficients  are  updated  by  (2.17).  The  new  forward  and 
backward  residuals  p2,  and  i2,  (fur  3-tuples)  are  computed  by  (3.34),  and 
the  process  continues.  Spectra  are  computed,  when  desired,  by  (2.14). 
The  methods  described  in  this  paper  have  been  programmed  in  Fortran 
[19],  and  a  few  numerical  results  are  presented  in  Section  IV. 

IV.    Numerical  Comparisons 

The  simulations  presented  here  give  some  indication  of  the  behavior  of 
the  new  method.  We  present  the  results  as  applied  to  the  following  data: 


#,,-  128,    A/- Is,    p-2 


■■[':\ 


1.2, 


,128 


Re>>  „«=  cos  ( -2^)  + 0.2  5(  Ranf -0.5) 
Im>„-sin(^Wo.25(Ranj-0.5)  (4.1) 

Re.V2,  =  cos(^  +  lrad)  +  0.25(Ranf-0.5) 
Irnyj,  -  sin  (  ^  +  I  rad)  +  0.25( Ranf  - 0.5). 

The  quantity  Ranf  represents  a  pseudo-random  number  uniformly  dis- 
tributed between  0  and  1.  The  simulation  was  programmed  so  that  the 
/(.-process  (Section  II)  and  the  multichannel  Burg  process  operated  on 
precisely  the  same  data.  The  simulation  (4.1)  was  used  mainly  for  check 
out,  and  the  results  presented  here  must  be  regarded  as  preliminary. 
Both  the  new  method  and  the  /(-process  can  be  expected  to  handle  much 
lower  signal-to-noise  ratios  than  that  of  (4.1).  If  we  denote  the  spectrum 
by 


S(/)« 


S„(f)Sl2(f) 


(4.2) 


where  /  is  the  frequency  in  Hz,  then  the  squared  coherence  is  given  by 

|SI2(/)|2 


coh2(/)- 


S.i(/)Sa(/) 


(4.3) 


A  rough  indication  of  the  expected  performance  of  either  process  is 
given  by  Akaike's  FPE  criterion  [1],  [2],  given  by 


FPE(A0-det/>, 


(4.4) 


Other  criteria  exist  [3],  [18],  but  (4.4)  should  suffice  for  a  crude  compari- 
son of  the  two  methods.  According  to  (4.4),  a  filter  estimalioh  process  is 
performing  well  if  det/\.  is  rapidly  reduced  as  the  filter  length  is 
increased  through  the  first  few  values  of  N. 

In  the  numerical  check  out  of  the  programs,  the  exact  equality  of  the 
two  versions  of  the  maximum  entropy  spectrum  [(2.14)  and  (2.15)]  was 
observed,  as  was  the  exact  equality  of  dtlPN  and  det/>^.  The  eigenvalues 
of  PN  and  P'N  were  computed,  and  although  not  identical,  they  usually 


855 


SHORT  PAPERS 


639 


E              |                |                ]                | 

Ills 

r-        ■    8...' 

N-7 

"... 

10 

-^r 

- 

~ 

10 

1 

1                                                                                          = 

| 

I 

/ 

\ 

/ 

\ 

»    10' 

r                     / 

• 

/ 

/ 
/ 

\ 
\ 

1              ^                                                                      = 

\        ^ 

\                       X          —             - 

!  <&7^  ^^ 

/       I                         '     N 

J    \  S\^         /V^ 

x(  \i       \ A  / 

I01 

-                                       \i 

»              \S                 | 

10  * 

1 

— 

z                                        1 

p  p.oceii   R 

- 

MulUh    Bur|  PrOC,  B 

5 

i       i       i      i 

1                   1                   1                   1 

50  40  30  20  10  OOO  10  20  30  40  50 

frequency    Hi 

Fig.  3.     Absolute  value  of  1-2  spectra.  |S|j(/)|. 


Fig.  4.      Phase  of  1-2,  spectra,  argS,^/). 


-.10  000  10 

FreouaiKj.  Hz 

Spactrum  Cohaianca  Squared 


X    »  PrMass 

O  Muliicr,  Bu.|  P.ot 


100 


200 


Fig    5.      1-2  apectrum  coherence  squared.  \S,/f)\2/ SulJ)S^f). 


300  400 

Las  No 
Fig.  6.     DctenninanLs  of  /\. 


agree  to  at  least  2-3  significant  figures.  Of  course,  these  eigenvalues 
adjust  themselves  in  such  a  way  that  det/\  -dclP^.  The  case/>-=  1  was 
computed,  and  exact  agreement  was  obtained  with  a  separately-pro- 
grammed Burg  single-channel  solution 

In  the  absence  of  random  noise,  the  signal  given  by  (4.1)  would  give 
S|  i(/)~^22</)"  const  x  S  (/-  0.0625).  The  quality  of  the  approximation 
obtained  is  indicated  in  Figs.  1  and  2.  (The  maxima  shown  are  only 
approximate  because  of  the  discrete  spacing  of  the  FFT  frequencies.) 
Note  the  superior  resolution  of  the  multichannel  Burg  process,  as  indi- 
cated by  narrower  "stems"  at  /«  0.0625.  The  corresponding  results  for 
5,j(/)  are  shown  (in  amplitude  and  phase)  in  Figs.  3  and  4.  The  phnscs 
of  the  two  methods  differ  markedly,  but  both  appear  to  equal  -  I  radian 
at  /- 0.0625  Hz.  In  Fig.  5.  the  corresponding  squared  coherences  are 
compared.  As  it  is  intuitively  reasonable  that  frequencies  at  which  the 
data  are  random  should  give  zero  coherence,  it  appears  that  the  multi- 


channel Burg  process  gives  a  more  reasonable  squared  coherence.  Fig.  6 
gives  a  comparison  of  det/\,  for  the  two  methods.  Since  the  determinant 
of  PN  is  approximately  a  factor  of  four  smaller  for  the  multichannel 
Burg  process  with  A/  — 7,  it  appears  to  be  performing  better  than  the 
/^-process.  Finally,  the  corresponding  values  of  Akaike's  FPE  criterion 
are  presented  in  Fig.  7.  It  is  indicated  that  little  difference  in  the 
performance  of  the  multichannel  Burg  process  would  be  expected  for 
iV-3.4,  ••■,7.  Results  for  W  =  3,4,5,6  were  also  .obtained,  and  were 
quite  similar  to  those  pesented  here  for  N —  1 .  The  multichannel  Burg 
process  also  has  been  applied  to  data  analogous  to  (4.1)  with/>-3,  with 
similar  results  New  Fortran  computer  programs  have  been  written  to 
implement  the  algorithm  of  this  paper  as  well  as  the  older  R-process. 
1  hese  programs  aie  available  and  are  described  in  detail  in  a  forthcom- 
ing report  (19).  Various  available  single-channel  programs  are  described 
in  another  report  [20]. 
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V.    Conclusions 

A  multichannel  complex  generalization  of  the  Burg  reflection- 
coefficient  process  has  been  derived.  It  has  been  proven  that  all  resulting 
power  matrices  are  positive  definite  Preliminary  numerical  results  indi- 
cate a  rapid  reduction  of  det/\  and  deti%  as  N  is  increased,  as  well  as 
•uperior  resolution. 
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ABSTRACT 


THEORY 


The  Burg  reflection- coefficient  method  for 
maximum  entropy  spectral  estimation  is  generalized 
to  apply  to  multichannel  complex  signals.   The 
virtues  of  the  single- channel  Burg  process,  parti- 
cularly superior  resolution  and  a  guarantee  that 
all  power  matrices  are  positive  definite,  carry 
over  to  the  generalization.   Results  of  some  nu- 
merical computations  are  presented  in  graphical 
form. 


1, 


INTRODUCTION 


The  single-channel  Burg  reflection-coefficient 
method  (Burg,  1968,  1975)  for  obtaining  maximum 
entropy  spectral  estimates  has  been  widely  applied 
and  has  met  with  considerable  success.   Extensive 
bibliographies  citing  such  applications  are  pre- 
sented by  Makhoul  (1975)  and  Ulrych  and  Bishop 
(1975).   The  single-channel  complex  Burg  process 
is  described  by  Haykin  and  Kesler  (1976)  ,  as  well 
as  by  Burg  (1975).   In  the  present  paper  we  pre- 
sent a  generalization  of  Burg's  technique  to 
multichannel  complex  time  series.   In  his  recent 
dissertation  Burg  (1975)  develops  the  modern 
multichannel  Levinson  algorithm  for  solving  the 
Yule-Walker  equations  for  the  filter  coefficients 
and  states  that  no  simple  extension  of  the  Burg 
technique  to  the  multichannel  case  is  possible. 
The  purpose  of  this  paper  is  to  present  just  such 
an  extension.  This  extension,  which  involves  the 
least-squares  determination  of  the  reflection 
coefficients  (defined  in  section  2)  with  inverse- 
power  weighting,  is  a  direct  generalization  of  the 
single-channel  Burg  process,  and  has  the  same 
virtues;  namely,  superior  resolution  and  a  guaran- 
tee that  all  resulting  power  matrices  are  positive 
definite.   Mathematical  proofs  and  further  details 
that  are  omitted  here  may  be  found  in  a  forth- 
coming paper  (Strand,  1977a).   Available  computer 
programs  implementing  the  new  method,  as  well  as 
programs  for  the  earlier  Yule-Walker  methods,  are 
described  in  a  separate  report  (Strand,  1977b) . 
Another  report  (Strand,  et  al.,  1977)  describes 
analogous  single-channel  computer  programs  that 
are  available. 


Many  of  the  results  presented  in  this  section 
are  adaptations  of  results  obtained  by  Burg  (1975). 
We  consider  the  complex  p-channel  vector  time 
series 


y(t)  = 


{nAt} 


(2.1) 


yx(t) 

y,(t) 


yp(t) 


where  we  assume  that  y(t)  is  wide-sense  stationary 
with  zero  mean.   The  forward  filter  of  length  N 
has  the  form 

8     * 

X(t)  +  [  FRN  y(t-kAt)  =  eN(t)  .  (2.2) 

k=l 

The  p  vector  e  (t)  is  called  the  output  of  the 
filter.   The  constant  complex  p  x  p  matrices  F 
are  called  the  forward  filter  coefficients,  and 
the  star  *  denotes  the  (Hermitian)  conjugate 
transpose.   Similarly,  the  backward  filter  of 
length  N  has  the  form 

N   * 
y(t)  +  I     B   y(t  +  kAt)  =  b  (t)  .  (2.3) 

k=l 

We  are  concerned  with  optimum  forward  or  backward 
filters  (2.2)  or  (2.3),  which  result  from  imposing 
the  condition  that  the  expected  mean-square  value 

For  (2.2) 


of  e„,(t)  or  b.'(t)  should  be  a  minimum. 

N       N 
this  involves  determining  F,.,,  ¥-..,.    ... 

°      IN   2N 
that 


E{[eN(t)]   [eN(t)]} 


minimum. 


FNN  SUCh 


(2.4) 


Inserting  the  expression  (2.2)  for  e  (t)  into  (2.4) 

and  minimizing  with  respect  to  the  coefficients 

F.  ..  gives  the  system 
kN 
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~ 

-N  -N+l 
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NN 

0 

(2.5) 


where  I  is  the  p  x  p  identity  matrix  and  the  p  x  p 
block  submatrices  R  are  defined  by 


R  =  E[y(t)y  (t-kAt)],  k  =  0,1. 
so  that 


=  R, 


(2.6) 


(2.7) 


As  indicated,  the  coefficient  matrix  in  (2.5)  will 

be  called  the  R-matrix  or  simply  R.   The  vector  of 

block  matrices,  F   (single  subscript),  is  defined 

by  F„  =  ri|F,x,[  ...  F.,.,1'.   The  forward  power  matrix 

1      N     '  IN1      NNJ       -J — ■ — ■ c 

for  the  resulting  optimum  filter  (i.e.,  for  FM 

satisfying  (2.5))  is 

PN  =  E{eN(t)6N(t)}  •  (2"8) 

Because  F  satisfies  (2.5),  it  follows  that 

P  =  F  R  F   .  (2.9) 

N    N    N  K        } 

System  (2.5)  is  identical  to  the  transposed  form 
of  the  system  resulting  from  the  multichannel 
equations  cited  by  Wiggins  and  Robinson  (1965) 
for  real  time  series,  except  that  matrix  transposes 
are  replaced  by  Hermitian  conjugates.   Because  of 
(2.7),  the  optimum  backward  filter  satisfies 


R  B, 


RoR-i 

R1R0 


RNRN-1 


R 


-N+l 


I 

PN 

B1N 

= 

0 

BNN 

0 

(2.10) 


where  R  is  the  coefficient  matrix  in  (2.10)  and 
MB,,,!  ...  B.,,,1  .   The  primes  indicate  a 


M 


IN1 


NNJ 


N 


reversal  of  time,  F..  stands  for  "forward"  and  B 

N 
stands  for  "backward".   The  backward  power  matrix 

P'  for  the  resulting  optimum  filter  is 


CM  =    Fk,m   ar)d  C..  =   B... 

N  NN  N  Nf 

It   can  be   shown  that 


P  =  P    -  C   P    C 

N    N-l    N   N-l   N 

and 


PN   PN-1  "  (SP 


P    C 

N-l   N 


(2.13) 


(2.14) 


(2.15) 


If  one  has  determined  the  optimum  filters  of  length 
N,  then  the  maximum  entropy  power  spectral  density 
(a  p  x  p  matrix)  can  be  computed  in  terms  of  the 
forward  filter  by  the  formula  (Jones,  1974, 
Ioannidis,  1975) 


S(f)  =  At[F-1(l/z)]*  PN[F-1(l/z)] 


(2.16) 


where  F(z)  =  I  +  F,.,z  + 


N 


+  F...,z  and  z  is  the 
NN 
complex  scalar  defined  by  z  =  exp  [-27TifAt] ,  and 

in  terms  of  the  backward  filter  by 


S(f)  =  At[B-1(z)f  P^[B_1(z)]  (2.17) 

N 
where  B(z)  =  I  +  B,x,z  +  ...  +  B,,..z  .   The  calcula- 

1N  NN 

tion  of  F(l/z)  and  B(z)  is  done  economically  by 
fast  Fourier  transform. 

The  filter  coefficient  matrices  F,  .,  and  B,  „. 

kN      kN 
are  obtained  recursively  from  F .  .,  ,  and  B.  .,  .  by 

n  N-l        1  N  -  1 

the  Levinson  algorithm:        J  '  J  ' 


F   =  f  •  F   =  F      +B        C 
NN    N'   kN    k,N-l    N-k,N-l   N 

and 


(2.18) 


BNN=S;  ^N^k.N-l^N-k.N-lS'^1'2'---^"^2-1^ 

The  following  new  result  is  crucial  to  the  process 
to  be  developed  in  section  3.   It  has  been  shown 
(Strand,  1977a)  that 

VO^SPVl  and  CN=PN-lCNPN-r      (2-2°) 

These  relationships  will  be  called  "generalized 
conjugation".   It  is  also  known  (Strand,.  1977a) 
that  det  P  =  det  P'  for  all  N,  where  det  (  ) 
denotes  the  determinant.   Consequently,  if  p  =  1, 

then  P'  =  P.,  and  we  obtain  Cx,  =  (C')*  so  that 

N    N  N     N 

generalized  conjugation  becomes  ordinary  conjuga- 
tion. 


PN  =  E{bN(t)bN(t)} 

and  it  follows  from  (2.10)  that 


P.,  =  B..  R  B... 

N    N     N 

The  p  x  p  matrix  coefficients  F 


NN 


(2.11) 


(2.12) 


and  B,„,  will  be 


called  forward  and  backward  reflection  coefficients, 
respectively.   They  have  special  significance  in 
that  the  optimum  filter  of  length  N  can  be  computed 
from  them  if  one  has  already  determined  the  opti- 
mum filters  of  length  N-l.   Accordingly,  we  define 


If  one  had  the  exact  values  of  the  R,  ,  he 

k 
could  proceed  recursively  using  the  formulas 

listed  above  to  obtain  the  maximum  entropy 

spectrum.   However,  since  these  are  not  obtainable 

from  a  finite  sample  of  a  realization  of  y(t),  we 

must  resort  to  approximations.   In  what  follows 

P„,  and  P*  denote  the  results  of  substituting 

N      N 
whatever  approximations  are  being  used  into  (2.9) 
and  (2.12).   Two  basic  approaches  have  been  used 
for  single-channel  estimation  and  can  be  used  for 
multichannel  time  series:   approximation  of  the  R, 
or  approximation  of  the  C  .   In  the  first  case, 
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if  (yp}p_-|  is  a  sample  of  N  consecutive  vectors 
of  a  realization  of  y(t),  one  may  take 


N,-k 

d 


Nd"k  1=1 


I     >Wr  k=°'1'---.N 


(2.21) 


as  an  unbiased  estimator  of  R,  ,  where  N  «  N,. 

k  d 

Unfortunately  the  resulting  R-matrix  often  fails 
to  be  positive  definite,  with  disasterous  con- 
sequences.  It  can  be  shown  that  R  is  positive 

definite  if  and  only  if  P..P, , . . . .P.,  are  all 

1  0   1      N 

positive  definite;  also  P'  is  positive  definite 

if  and  only  if  P  is  positive  definite.   Thus 
by  (2.8)  and  (2.11),  any  choice  of  estimates  of 
R,  for  which  R  is  not  positive  definite  will  re- 
sult in  disasterous  consequences  akin  to  obtain- 
ing negative  variance.   Replacing  the  denominator 
in  (2.21)  by  N,  gives  biased  estimators  of  R  for 

which  the  R-matrix  is  positive  definite.   The 
method  in  which  such  estimators  are  used  will  be 
called  the  R-process.   (It  is  sometimes  called 
Yule-Walker  estimation).   However,  the  resulting 
spectral  resolution  suffers,  and  the  bias  becomes 
more  severe  when  the  record  is  short,  precisely 
the  situation  where  maximum  entropy  spectral 
analysis  has  the  most  to  offer.   Because  of  these 
inherent  difficulties  Burg  (1968,  1975)  devised  a 
single-channel  method  in  which  the  autocovariance 
approach  is  bypassed  and  instead  the  reflection 
coefficients  and  resulting  F   and  B,  t(=F*  if  p=l) 

are  estimated  directly  from  the  data  {y.}  in  a 

manner  that  gives  both  superior  resolution  and 

positive  powers,  P.,  and  P'.   In  the  next  section 
r        N      N 

we  generalize  this  method,  known  as  the  Burg 
reflection-coefficient  method,  to  apply  to  a 
multichannel  complex  time  series.   This  new  genera- 
lization will  be  called  the  multichannel  Burg 
process. 

3.  THE  MULTICHANNEL  BURG  PROCESS 


m  =  1,2,. ..,(N),  etc.   According  to  the 
Levinson  algorithm,  the  outputs  u   and  v   of  the 
forward  and  backward  filters  as  applied  to  the 
m   N+1-tuple  are,  respectively 


=    { 


[FN-1^    +V°lBN-l]}>'n 


and 


Vm=  {(V  fFN-l^ 


>*  n  N 


(3.2) 


(3.3) 


We  may  define  the  forward  and  backward  residual 

p-tuples  e  and  b  by 

m      m  ' 


e  =  FM  i  0]y  and  b 

m     N-l '    m      m 


t°lBN-l]V 


Then  (3.2)  and  (3.3)  become 

*  N 

■"XT" 

N  m 


u  =  e   +  C..b   and  v  =  (C.,)  e   +  b  . 

m    m    Nm      m     N   m    m 


(3.4) 


(3.5) 


However,  according  to  the  generalized  conjugation 
(2.20),  (CN)   =  PN_1CNP~11.   Substituting  this 
result  into  (3.5)  gives 

.'  :  (3.6) 


=  v..   ,C.,P.,  .e  +b 

m    N-l  N  N-l  m  m 


as  the  residual  output  of  the  backward  filter. 

We  choose  C  to  minimize  a  weighted  sum  of  squares 

of  the  forward  and  backward  residual  outputs  of 

the  filter  of  length  N  in  the  form  SS (C  )  =  minimum, 

where 


M 

I 

m=l 


M 

SS(C.,)  4  I  "  [u*Q,u  +v  Q~V  ]. 

W        2      L,      mL  mxl  m  mx2  mJ 


(3.7) 


In  this  section  we  are  concerned  with  a 


sample  (y^y^,, 


y..  )  consisting  of  N,  consecutive 

A 

vector  observations  of  a  relization  of  a  p-channel 
time  series  y(t).   The  treatment  is  analogous  to 
that  of  Burg  (1975,  pp.  51-54)  or  Kanasewich 
(1973,  pp.  258-262).   We  may  consider  a  set  of 
M=N.-N  consecutive  N+1-tuples  of  data  vectors  and 

d  N 

array  each  N+1-tuple  as  a  long  vector  y  as  defined 

by 


(yn?       [ym+N'ym+N-l 


For  example, 


y  =  y  ,  m  =  1,2, 
m   '  m       '  ' 


4  m=l,2,. ..,N,-N=M 

'J.  d 

m  N=0,1,...,N,-1 

d 


•  (3.1) 


,N,;  y     = 
d   m 


m+1 


} 


2P. 


In  (3.7),  u  is  given  by  (3.5)  and  v  is  given  by 
(3.6).   The  p  x  p  weight  matrices  Q  and  Q_,  are 
assumed  Hermitian  symmetric  and  positive  semi- 
definite.   The  positive  scalar  weights  W  are 

usually  all  taken  as  W  =  1/M.   It  has  been 

1  m 

proved  (Strand,  1977a)  that  (3.7)  has  a  unique 

solution  for  C  ,  if  the  matrices  Q,  and  Q.  are 

N  1      2 

nonsingular.   General  normal  equations  have  been 

derived  for  which  the  solutions  have  been  pro- 
grammed (Strand,  1977a,  1977b).   However,  the  most 
useful  choice  appears  to  be 


PN!l  and  Q2 


fPN-l) 


■1 


(3.8) 


The  reasonable  assumption  is  made  that  for  every 
N  under  consideration  the  matrix  whose  columns 
are  the  residual  vectors  has  rank  p.   We  define 
the  p  x  p  matrices  E,  G  and  B  by 
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M  M 

n  N  N  *        v            N  N  ' 

E  =   Y  W  eN(e  )  ;   G  =   y  N  I)  (eN) 

L,  m  m  m           ,   m  m  m 

m=l  m=l 


M 


(3.9) 


)   Kb  b 
L,   m  m  m 
m=l 


Then  the  equation  giving  the  p  x  p  matrix  C  that 
minimizes  (3.7)  under  assumption  (3.8)  is 


BC, 


p   r  p   e  = 

N-11N-1 


■2G. 


(3.10) 


If  p  =  1,  then  P,  =  P,  for  all  k  and  (3.10)  reduces 

to  CNI  =  -2G/(E+B)  to  give  the  same  solution  as  that 

presented  by  Burg.   In  general,  however,  (3.10) 

has  the  form  AX  +  XB  =  C,  a  p  x  p  system  of 

equations  for  which  the  relevant  theory  is  given 

briefly  by  Bellman  (1960,  pp.  176-176  and  231). 

The  computational  effort  is  not  excessive,  as  this 

equation  must  be  solved  only  once  for  each  update. 

It  has  been  proved  (Strand,  1977a)  that  the  C 

given  by  the  unique  solution  of  (3.10)  always  gives 

rise  to  positive  definite  power  matrices  P„  and  P.', 
r  r  N      N 

as  given  by, (2. 14)  and  (2.15).   After  obtaining  CN, 

we  obtain  CM  by  the  "generalized  conjugation" 

(2.20),  and  the  filter  coefficients  by  the 
Levinson  algorithm  (2.18)  and  (2.19),  from  which 
the  spectrum  is  computed  by  (2.16)  or  (2.17).   If 
desired,  the  R  can  also  be  obtained  (Strand, 
1977a) .   Superior  resolution  of  the  new  method  is 
indicated  by  the  results  in  section  4. 

4.  NUMERICAL  COMPARISONS 

Computer  programs  to  implement  both  the 
R-process  (Yule-Walker)  and  the  new  multichannel 
Burg  method  have  been  written,  checked  out,  and 
applied  to  various  data.   The  simulation  pre- 
sented here  is  typical  and  gives  some  indication 
of  the  behavior  of  the  new  method.   We  present 
the  results  as  applied  to  the  following  data 


N     =    128;    At   =    1    sec;    p  =   2;    y     = 


It 


y2t 


t   =    1,2, ... ,\2i 


,2lTt 


Re   y        =   cos(y-p)    +    .  25  (Ranf- .  5)  ; 


2irt 
Im  y       =   sin(y;— )    +    .25(Ranf-.5) 


2TTt 

Re  y       =   cos(yr^-  +    1    rad.)+    . 25 (Ranf- . 5) ; 


(4.1) 


Im  y->t    =   sin^Tr_  +    *   rad.)  + 


,25  (Ranf-. 5). 


The  quantity  Ranf  represents  a  pseudo-random 
number  uniformly  distributed  between  0  and  1. 


The  simulation  was  programmed  so  that  the  R- 

process  and  the  multichannel  Burg  process  operated 

on  precisely  the  same  data.   If  we  denote  the 
spectrum  by 


S(f)  = 


sH(f. 


1 


(f) 


s21(fj  s22(f) 


(4.2) 


where  f  is  the  frequency  in  Hz,  (that  is,  the 
diagonal  elements  are  auto-spectra  and  S  ?  is  the 
cospectrum)  then  the  squared  coherence  is  given 

by 


Coh  (f)  = 


ls12Cf) 
sn(f)s22(f) 


(4.3) 


A  rough  indication  of  the  performance  of  either 
process  is  given  by  Akaike's  FPE  criterion 
(Akaike,  1969,  1971),  given  by 

.  P 


N 


I 


FPE(N)  =  det  P 


pN 


N\  N. 


1 


pN 


(4.4) 


Note  that  according  to  (4.4)  a  filter  process  is 
performing  well  if  det  P  is  rapidly  reduced  as 
the  filter  length  is  increased  through  the  first 
few  values  of  N. 

In  the  numerical  check  out  of  the  programs , 
the  exact  equality  of  the  two  versions  of  the 
maximum  entropy  spectrum  ((2.16)  and  2.17))  was 
observed,  as  was  the  exact  equality  of  det  P^ 
and  det  PJ 


N 


V 


The  eigenvalues  of  P„  and  P'  were 

&  N      N 


computed,  and  although  not  identical,  they  usually 
agree  to  at  least  2-3  significant  figures.   Of 
course,  these  eigenvalues  adjust  themselves  in 

such  a  way  that  det  P.,  =  det  P' .   The  case  p  =  1 

N        N 

was  computed,  and  exact  agreement  was  obtained 
with  a  separately-programmed  Burg  single-channel 
solution . 

2 
In  this  paper  we  present  only  S  . (f) ,  Coh  (f) 

and  FPE(N).   The  remaining  results,  which  are  con- 
sistent with  these,  are  presented  elsewhere  (Strand, 
1977a).   In  the  absence  of  random  noise,  the  signal 
given  by  (4.1)  would  give  S   (f )=S-~(f )=const  x 

6(f-.0625).   The  quality  of  the  approximations  ob- 
tained is  indicated  in  figure  1.   (The  maxima  shown 
are  only  approximate  because  of  the  nonzero  spacing 
of  FFT  frequencies.)   Note  the  superior  resolution 
of  the  multichannel  Burg  process.   In  figure  2  we 
compare  squared  coherences.   As  it  is  intuitively 
reasonable  that  frequencies  at  which  the  data  are 
random  should  give  zero  coherence,  it  appears  that 
the  multichannel  Burg  process  gives  an  improved 
squared  coherence.   In  figure  3  we  present  the 
corresponding  values  of  Akaike's  FPE  criterion  for 
the  two  methods.   The  new  method  gives  a  substan- 
tially smaller  set  of  values,  indicating  better 
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performance.   It  is  also  apparent  that  little 
difference  in  the  performance  of  the  multichannel 
Burg  process  would  be  expected  for  N=3,4,...7. 
Results  for  N=3,4,5,6  were  also  obtained,  and 
were  quite  similar  to  those  presented  here  for 
N=7. 


=      1 

I           1          1 

J_BJ         1         ! 

= 

N-7 

— Rma, 

- 

— 

~ 

1 

=~ 

1 
1 

- 

1 
1 
\ 

- 

E 

1 
1 
/ 

\ 
\ 
\ 

1     \ 

'  \\  \ 

Z. 

y            \       n     — 

- 

/" 

/    \                N 
1/      \             ^  \ 

~ 

•^s-^^l. 

— ^_ s 

^-f      \      /\V_- 

^= 

R  Process.  R 

1 

\           \ 

1                1                I                1                1 

50  40  -30  20  10  000  10  20  30  40  50 

Frequency.  Hz 


Figure   1.      1-1  Spectra,    S     (f) 
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Figure   3.      Akaike  's  FPE  Criterion 


References 

Akaike,  H.  (1969),  Fitting  autoregressive  models 

for  prediction,  Ann.  Inst.  Statist.  Math,  21 , 
243-247. 

Akaike,  H.  (1971),  Autoregressive  model  fitting 
for  control,  Ann.  Inst.  Statist.  Math,  23, 
163-180. 

Bellman,  R.  (1960),  Introduction  to  Matrix  Analysis, 
McGraw-Hill,  New  York. 

Burg,  J.  P.  (1968),  A  new  analysis  technique  for 
time  series  data,  paper  presented  at  the 
Advanced  Study  Institute  on  Signal  Processing, 
NATO,  Enschede,  Netherlands,  1968. 

Burg,  J.  P.  (1975),  Maximum  entropy  spectral 
analysis,  Ph.D.  dissertation,  Dept.  of 
Geophysics,  Stanford  University. 

Haykin,  S.  and  S.  Kesler  (1976),  The  complex  form 
of  the  maximum  entropy  method  for  spectral 
estimation,  Proc.  IEEE,  6_4,  822-823. 

Ioannidis,  G.  A.  (1975),  Application  of  multivariate 
autoregressive  spectrum  estimation  to  ULF 
waves,  Radio  Science,  10,  no.  12,  1043-1054. 

Jones,  R.  H.  (1974),  Identification  and  autoregres- 
sive spectrum  estimation,  IEEE  Trans.  Auto- 
matic Control,  AC- 19,  no.  6,  894-897. 

Kanasewich,  E.  R.  (1973),  Time  Sequence  Analysis 
in  Geophysics,  Univ.  of  Alberta  Press, 
Edmonton,  Canada. 


862 


Makhoul,  J.  (.1975),  Linear  prediction:,  a  tutorial 
review,  Proc .  IEEE,  63,  no.  4,  561-579. 

Strand,  0.  N.  (1977a),  Multichannel  complex 

maximum  entropy  spectral  analysis,  submitted 
to  IEEE  Trans.  Automatic  Control. 

Strand,  0.  N.  (1977b),  Computer  programs  for 
maximum  entropy  spectral  analysis  of  real 
and  complex  multichannel  time  series,  in 
preparation  as  a  technical  report,  NOAA, 
Wave  Propagation  Laboratory,  Boulder, 
Colorado  80302. 

Strand,  0.  N. ,  J.  M.  Young  and  R.  B.  Chadwick 

(1977)  ,  Computer  programs  for  maximum  entropy 
spectral  analysis  of  real  and  complex  single- 
channel  time  series,  in  preparation  as  a 
technical  report,  NOAA,  Wave  Propagation 
Laboratory,  Boulder,  Colorado  80302. 

Ulrych,  T.  J.  and  T.  N.  Bishop  (1975),  Maximum 

entropy  spectral  analysis  and  autoregressive 
decomposition,  Reviews  of  Geophys.  and  Space 
Phys. ,  13,  no.  I,  183-200. 

Wiggins,  R.  A.  and  E.  A.  Robinson  (1965),  Recursive 
solution  to  th'e  multichannel  filtering 
problem,  J.  Geophys.  Research,  70,  no.  8, 
1885-1891. 


863 


NOAA  Technical  Memorandum  ERL  WPL-22 
April  1977 

COMPUTER  PROGRAMS  FOR  MAXIMUM  ENTROPY  SPECTRAL  ANALYSIS 

OF  REAL  AND  COMPLEX  MULTICHANNEL  TIME  SERIES 

(WITH  MICROFILM  PLOTS) 

Otto  Neall  Strand 

This  report  describes  various  FORTRAN  computer  programs  for  maximum 
entrophy  spectral  analysis  of  a  complex  or  real  vector  time  series.   The 
descriptions  include  sufficient  detail  to  permit  the  programs  to  be  imple- 
mented correctly.   All  programs  have  oeen  carefully  checked  out,  and  are 
available  from  the  author  on  request. 
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COMPUTER  PROGRAMS  FOR  MAXIMUM  ENTROPHY  SPECTRAL  ANALYSIS 

OF  REAL  AND  COMPLEX  SINGLE-CHANNEL  TIME  SERIES 

(WITH  MICROFILM  PLOTS) 

Otto  Neall  Strand,  Jessie  M.  Young,  and  Russell  B.  Chadwick 

We  describe  various  FORTRAN  computer  programs  for  maximum  entropy  spec- 
tral analysis  of  a  single  real  or  comolex  time  series.  The  descriptions  are 
in  sufficient  detail  to  permit  the  methods  to  be  correctly  implemented.  All 
programs  have  been  carefully  checked  out,  and  are  available  from  the  authors 
on  request. 
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ABSTRACT 

Lumley's  model  for  interpreting  frequency  spectra  of  streamwise  velocity  in  high-turbulence  level  flows 
assumes  1)  that  the  convection  velocity  fluctuations  and  the  convected  nnestructure  are  statistically  in- 
dependent, and  2)  that  the  characteristic  function  of  convection  velocity  fluctuations  can  be  represented 
by  the  first  two  terms  of  its  series  expansion.  The  first  assumption  is  consistent  with  numerous  experimental 
results,  and  we  test  the  second  with  an  alternative  assumption :  that  the  convection  velocity  fluctuations 
are  Gaussian.  The  two  models  are  found  to  agree  well  up  to  moderately  high  fluctuation  levels,  thus  giving 
support  for  Lumley's  model  in  atmospheric  boundary  layer  applications.  We  generalize  his  model  to  spectra 
of  lateral  velocity  and  a  scalar,  and  calculate  how  various  large-wavenumber  spectral  properties  are  dis- 
turbed by  convection  velocity  fluctuations.  The  inertial  subrange  spectra  are  found  to  be  affected  rela- 
tively little,  but  serious  spectral  distortion  is  found  at  larger  wavenumbers. 


1.  Introduction 

Although  the  power  spectral  densities,  or  spectra, 
of  turbulence  theory  are  the  spatial  (wavenumber) 
variety,  the  experimentalist  measures  temporal  (fre- 
quency) spectra.  Taylor's  (1938)  hypothesis,  which 
views  turbulence  as  "frozen"  in  a  field  moving  with 
mean  streamwise  speed  U,  is  traditionally  expressed 
in  the  form  ki  =  oo/U  to  relate  the  streamwise  wave- 
number  *:i  to  angular  frequency  to. 

Experiments  (see,  e.g.,  Fisher  and  Davies,  1964) 
show  that  this  application  of  Taylor's  hypothesis 
may  fail  if  different  wavenumber  components  are 
convected  at  different  velocities,  or  if  temporal  fluc- 
tuations, in  a  framework  moving  at  the  mean  velocity, 
are  important.  Such  fluctuations  can  be  caused  either 
by  time  variations  in  the  pattern  (non-frozen  turbu- 
lence) or  by  fluctuations  in  the  convection  velocity. 

Lumley  (1965)  has  shown  that  when  several  criteria 
are  satisfied,  only  the  fluctuating  convection  velocity 
effect  remains  at  high  frequencies  (inertial  range  and 
beyond).  He  constructed  a  model  for  the  effect  of  a 
fluctuating  convection  velocity  on  the  one-dimensional 
streamwise  velocity  spectrum. 

A  key  assumption  in  Lumley's  model  is  that  the 
characteristic  function  of  the  convection  velocity 
fluctuations  can  be  represented  by  the  first  two  terms 
in  its  series  expansion.  One  would  expect  this  approxi- 
mation   to   fail    for   large    fluctuation   levels   and   for 
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large  wavenumbers.  In  this  paper  we  explore  an 
alternative  approximation:  that  the  convection  ve- 
locity fluctuations  are  Gaussian.  This  allows  the 
characteristic  function  to  be  handled  exactly,  and 
provides  a  framework  for  judging  the  fluctuation 
level  and  wavenumber  limits  on  Lumley's  expansion. 
We  find  that  at  the  fluctuation  levels  typically 
found  in  the  atmospheric  boundary  layer,  and  within 
the  normally  accessible  wavenumber  range,  Lumley's 
expansion  gives  results  very  close  to  those  of  the 
Gaussian  model.  Consequently,  we  extend  Lumley's 
model,  which  is  easier  to  use,  to  spectra  of  lateral 
velocity  and  scalars.  We  find  that  convection  velocity 
fluctuations  can  seriously  distort  spectral  levels  and 
shapes,  introduce  apparent  anisotropy  into  measure- 
ments, and  significantly  affect  the  measured  values 
of  spectral  constants. 

2.  The  model 

Following  Lumley  (1965),  we  take 


/ 


Ut(x,t)=  /   exp[tK-(x-U/)]</Zi(ie) 


<</Z,(k)</Z*(k')>  = 


o, 


k^k' 


0,j(k)(/k,     k'  =  k 
Ui=Uhi+Vi. 


(1) 

(2) 
(3) 
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The  angle  brackets  denote  ensemble  averages  and  u,  is 
the  turbulent  velocity  field  that  we  assume  is  mea- 
sured by  the  experimentalist  as  a  time  series  at  spatial 
point  x.  The  model  of  Eq.  (1)  says  this  turbulent 
field  is  swept  past  point  x  as  a  frozen  pattern  moving 
at  velocity  Ul.  We  take  U,  the  mean  value  of  £/,-, 
to  be  in  the  streamwise  (*i)  direction  and  its  fluc- 
tuations Vi  to  be  three-dimensional. 

We   will   extend   Lumley's   analysis   to   a   scalar  6, 
writing  analogously 


0(x 


H 


exp[iie-(x-U/)]</0(ie) 


<(/0(k)</0*(k')>  = 


0. 


k'j^k 


S{v)dv.,     k'  =  k. 


(4) 
(5) 


The  model  development  for  6  parallels  that  for  w,. 
We  will  not  show  it  in  complete  detail  here. 

Clearly  the  m,  and  vt  fields  are  not  distinct.  How- 
ever, we  will  be  considering  large  Reynolds  number 
turbulence,  which  has  a  wide  range  of  scales  (wave- 
numbers).  We  will  be  interested  in  how  spectral 
measurements  at  large  wavenumbers  are  affected  by 
convection  velocity  fluctuations  that  lie  in  the  low- 
wavenumber  (energy  containing)  range.  Thus  we  des- 
ignate these  large  wavenumber  (inertial  range  and 
beyond)  components  by  «,-,  and  the  low-wavenumber 
ones  by  z\. 

This  scale  separation  is  the  basis  for  a  key  assump- 
tion in  the  model:  that  v,  and  u„  and  vt  and  d,  are 
statistically  independent.  This  has  some  experimental 
and  theoretical  support  (Tennekes  and  Lumley,  1972). 

With  this  independence  assumption,  and  Eqs.  (1)- 
(3),  we  have 

(ua(x,t)ua(x,  I  +  r)>  =  JR..(r) 

exp[i(Cif/r3(exp(tK-VT))0aa(K)rfK.      (6) 

The  quantity  i?aa(r)  (no  sum  on  Greek  indices)  is 
the  measured  time  correlation  function.  Its  Fourier 
transform  is  the  frequency  spectrum  W(a>),  i.e., 

R«c(t)=  J     evp(io>T)Waa(u>)da,  (7) 

Waa(u)={\/2n)  J     exp(-iuT)RttCt(T)dr.        (8) 

J  —  ao 

Thus  by  transforming  Eq.  (6)  we  have 


Wao(w)  =  (l/2ir)/      expC-iur) 


f 


(f 


X     /   exp(i/cil7r)(exp(tK- vr))0aa( 


k)Jk    W.T. 


(9) 


In  order  to  facilitate  the  interpretation  of  Eq.  (9), 
we  first  consider  the  case  where  the  convection  ve- 
locity fluctuations  vz  are  negligible.  Then 


(expO'ie-  vt))«  1 


(10) 


and 


Waa(w)  =  (\/2w)  /   exp(  —  iur) 


X 


exp(tKi[/7)</>Qa(K)(iK  \dr 


K     (. 


-(1/2*) 


UaaM 


X|  /   exp[  —  ir(u— kiU)~\(It  \dv. 


<i>aa(K)5(w  —  KiU)dK 


u    \uJ 


(11) 


where  Faa  is  the  one-dimensional  spectrum  and 


,(*l)=    /     I  <t>aa(K)dK2dKi.  (12) 


Thus  it  is  usual  to  infer  the  one-dimensional  spectrum 
from  the  measured  frequency  spectrum, 


Faa(Kl)  =  UWaa(K1U), 


(13) 


which  is  Taylor's  hypothesis. 

In  the  general  case,  however,  the  model  [Eq.  (9)] 
indicates  that  convection  velocity  fluctuations  cause 
spectral  aliasing.  To  examine  this  more  closely  we 
will  use  two  approaches  to  the  solution  of  Eq.  (9). 
In  one  we  will  assume  that  vt  is  a  Gaussian  random 
variable,  and  in  the  other  (Lumley's)  we  will  approxi- 
mate the  characteristic  function  of  vt  by  the  first 
two  terms  in  its  series  expansion.  Because  the  latter 
approach  is  much  simpler  to  use,  we  will  attempt 
to  assess  its  range  of  applicability  by  comparing 
results  from  the  two  methods.  To  simplify  this  com- 
parison we  will  take  vt  to  be  isotropic,  so  that 


(vlVj)  =  (v2)8ii, 


(14) 


but  later  we  will  allow  Vi  to  be  anisotropic. 


a.  Gaussian  convection  velocity 

If  V{  is  a  Gaussian  random  variable,  it  can  be  shown 
that  (Tatarskii,  1971) 


(exp(jK-VT))  =  exp(— t2((k-v)2)/2). 


(15) 
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Let  us  denote  by  a  superscript  m  the  one-dimensional  This  can  be  written  as 
spectrum  obtained  from  the  measured  frequency  spec- 
trum by  Taylor's  hypothesis   [Eq.    (13)].   Then   the  f         ..    _.-*.  .1" 

Gaussian  model  gives,  from  (15)  and  (11),  «««(r)  =  J    exp(zKlc/r)^aa(/c 

Xexp[-r2((K-v)2)/2>aa(KMKLr 
=  (U/2ir)  Uaa(K)  f  exp[-i(w-Ki(7)r 


0 

1  <*)   „ 
(21) 

2  ty*  j 

here 

Zaa{K\)=    I      I  K^aadnzdKz.  (22) 


Fourier-transforming  Eq.  (21)  then  gives 

—  rz(  (k  •  v)z;/  2  JaTflK 

r  <^)  „ 

=  £/  /  0oa(K'){  (2r)-V)-V>-i  FS,Oti)  =  Faa(MH — rXa(«i). 


(23) 


Xexp[  —  U2{ki— /ci)2/(2k'2(d2))]}Jk'.     (16)      The   results  of  Lumley's  approach   are  expressed  in 

Eqs.    (22)  and   (23),  while  the  Gaussian  model  gives 
Note  that  as  (v  )— K),  Eq.  (16).  Because  Lumley's  approach  is  easier  to  use, 

r     772/  'win  ni  2\\"i  'n  *ne  next  secti°n  we  WM  attempt  to  learn  its  range 

expL-i/  (m-ki)/(2k  (y))J     >h,gj    kjjs  of  applicability  by  comparing  results  from   the  two 

V2wxV)*  methods. 

1       ,       ,         /4„      3.  Model  solution  comparisons 

=  -5(k,-ki),        (17)  F 

U  We  continue  to  assume  that  zj,  is  isotropic,  and  also 

so  that  t_hat    ^e    turbulence    spectrum    in    the    wavenumber 

range  of  interest  is  isotropic.  Then  (Batchelor,  1953) 

FZ(Kl)=     I        0aa(K)^2^3=/i'aa(Kl).  (18) 


W-j[ 


'u=  /   UndK2dK3  =  -  /     -H W,      (25) 


</>.,(*)  = («%-«*;),  (24) 

Eq.    (16)    shows   the   nature  of   the   spectral  aliasing 

that  occurs  for  finite  (v2).   Regions  in  k'  space  near  ,          r   •     .,       .,         ,.                 ,                       ^ 

.                 \/         b      .               r     .  where   A  is    the    three-dimensional   spectrum.    For  a 

the    k,=k\    plane    contribute    to    the    measured    one-  ,                            ■•      0,  >.      0/  N 

.       ,r                              ,1T.  .                        ,   ,  scalar,  isotropy  implies  olnti  —  SU). 

dimensional  spectrum  at  ki.   With  an  assumed  form  T        •       .,      .                            .              .,     rr?        /00N 
,     ,         t                     ,                     .In  using  the  two-term  expansion  results  I  Eqs.   (22) 

for  d>aa,  we  can  calculate  the  measured  spectrum  by  ,   n?n     •,,    •    t       ■                     ,              .  „,  * 

.    '             ,      .                          „       ..,?          ,       J  and  (23)  I  with  isotropic  wavenumber  spectral  forms, 

carrying  out   the  integration  in   Eq.    (16),  as  shown  .    .                .     ,    ,      .    ,           . 

,      J    b                         b                     M          "  it  is  convenient  also  to  have  the  expressions 
later. 

b.  Lumley's  two-term  expansion 

Lumley  (1965)  approximated  the  characteristic 
function  of  Vi  by  the  first  two  terms  in  its  series 
expansion:  *  2 

<exp(™-v)>~l-K(K-v)*>.  (19)  Fn- [[+**,-     f   -(l+-V      (26) 

Thus  Eq.  (6)  becomes,  for  isotropic  »,-,  \_J  •'"  K 

Raa(r)=      expiimU^FaadK!  f  =  j   / SdKidK3  =  2*  j   k2  -  (Ac.  (27) 

'    '    f        c    fi  \  2A?2  Lumley  showed  that  the  two-term  expansion  technique 

—   /   exp(*Kic/r)72L/2  .         *  v 

2U2  J  gives,  from  Eqs.  (22)  and  (23), 

1  (v*) 


X  /  /  KtyM&KMxi.     (20)  FT,  =  Fii-h-  — [«i2Fn  -  2F„]. 

; ;  2  c/2 


(28) 
2  t/2 
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Extending  his  model  to  F22  and  F  gives 

F2n2  =  F22+-  —[2F22+k12F22-2k1F22-2E'],     (29) 
2  U2 


1W 

Fm  =  F-\ (VF'-f  2^']. 

2  L72 


(30) 


Therefore,  by  multiplying  Eqs.   (28)-(30)  by  *x2  and 
integrating,  we  find  for  the  two-term  expansion 

((«i>1)2)m=<(«i.i)2)[l+5(^)/^],  (36) 

<(«2,i)2)m=((«2,i)2)[l  +  2.5<.2)/(72],  (37) 

((e.i)2)m  =  ((6,1)2)ll  +  3(v2)/U2J  (38) 

The    Gaussian    results    are    likewise    obtained    by 


Here  a  prime  denotes  differentiation  with  respect  to  «i. 

The  corresponding  results  for  the  Gaussian  model      multiplying    Eq.     (16)    by    kx2    and   integrating.    For 
can  be  found  from  Eq.    (16).   We  will  now  compare      example, 
the  predictions  for  various  spectral  properties  found 


from  the  two  approaches. 

a.  Inertial  range  behavior 

In  the  inertial  range,  where  according  to  Kolmogorov 
theory  E,  k2S  (and  therefore  Fn,  F22  and  F)  behave 
as  /c_5/3,  the  two-term  expansion  results  of  Eqs.  (28)- 
(30)  are  simple: 


<(«i.i)2)m  = 


U         r  <t>udK     r 
(2ir(v2))tJ       K'      J 

X  exp[  -  U2  («i  -  ki')2/ (2k'V»  JV<ki 

(v2) 


F?l  =  F1h+-(v2)/u2'], 

F?2  =  fJi+-(v2)  /U2\ 
Fm  =  F\\+-{v2)  /  U2\ 


(31) 

(32) 
Hi) 


=  /"0n(K')^'p2— +*?! 


=  (Ul.l)2)+— [<(«l.l)2)+<(«1.2)2> 

U2 

+  <(«i.3)2>].     (39) 


Note  that  these  are  independent  of  wavenumber;  thus 
the  model  predicts  that  we  will  measure  the  inertial 
range  power  law  correctly  but  overestimate  the  spec- 
tral levels. 


For  the  assumed  locally  isotropic  structure, 

<(«i.i)2)=i<(«i,2)2)=K(«i.3)2) 

so  the  result  is 


<(«i.i)2>m  =  <(»i.i)2> 


r     w~i 

1+5— 

L      u2  J 


(40) 


(41) 


in  agreement  with  the  two-term  model  Eq.  (36).  The 


The    corresponding    Gaussian    model    results    were      results  for  lateral  velocity  and  temperature  also  agree, 
found  by  numerically  integrating  Eq.  (16).  The  results 

for  <*>/0»<(U  follow  well  Eqs.    (31)-(33)   with  co-      c   Second  ^^m  mnanus 
efficients  agreeing  within  a  few  percent. 

Beyond  the  inertial  range  the  models  predict  that  The  second  derivative  variance  weights  even  larger 

both  spectral  levels  and  shapes  will  be  distorted  by      wavenumber  regions  of  the  spectrum.  For  example, 
convection  velocity  fluctuations.  Here  the  model  solu- 
tions are  more  difficult.  To  survey  the  situation  we 
will  consider  spectral  moments,  which  can  be  evalu- 
ated exactly  in  each  model. 


(Ui.ii)2> 


-f' 


i«FuOci)<fei. 


(42) 


b.  Derivative  variances 

The  "measured"  value  of  ((«i,i)2)   (we  denote  dif- 
ferentiation by  a  comma)  from  the  U\  time  series  is 


Multiplying    Eqs.     (28)-(30)    by   k^  and   integrating 
gives  for  the  two-term  expansion 


<(«l.l)2)m  =  —  <(«1.02>=    [      * 

u2         ;_„ 


i2F?idKU 


(34) 


whereas  the  true  value  is 

((«l,l)2>=/"      K 

J  00 


r        W-i 
<(«i.n)2>m=<(«i.ii)2>[  1+14^"J' 

r     28  <t*>i 

<(«2.1l)2>"=<(«2.1l)2>     1+-7T     , 

L     3  u2  J 


i2FnJ/ci. 


r        Wn 

(35)  <(0.n)2)m  =  ((0.ii)2)[l  +  lO— J. 


(43) 
(44) 
(45) 
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The  Gaussian  model  gives 


<("i.u)2>m=<(«i,ii)2>ri+i! 
<(M2.ii)2)m=<(M2,n)2>rH 
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and  for  the  scalar  spectrum  we  find 

W)  (i'32)i       r    <^2)  <■■••'■ 


926 


U2  U*  J 

28  (v2)    35  (v2)2-] 


3   U2 


((6,n)2)>»  =  ((6 


n)2)[ 


3    U4  J 


(f2) 
1  +  10 — +15 

U2  U*  J 


(46) 
(47) 
(48) 


Here  the  two  methods  give  different  results,  in  con- 
trast to  the  situation  for  first  derivative  variances. 
For  the  second  derivative  variances  of  «i,  «2  and  6, 
the  agreement  at  (v2)/U2  =  QA  is  within  15,  6  and  8%, 
respectively.  Turbulence  levels  in  the  atmospheric 
boundary  layer  do  not  normally  exceed  this  value 
unless  we  approach  free  convection. 

In  practice,  noise  resolution  problems  are  usually 
serious  at  large  wavenumbers,  and  seldom  can  spectra 
be  resolved  at  «i  values  larger  than  those  dominating 
the  second  derivative  variance.  Thus  our  model  com- 
parison suggests  that  at  resolvable  wavenumbers, 
Lumley's  two-term  model  is  a  useful  and  adequate 
representation  of  the  effect  of  convection  velocity 
fluctuations  on  measured  boundary  layer  spectra.  In 
the  next  section  we  will  generalize  the  results  for  this 
model  to  the  more  realistic  case  of  an  anisotropic 
fluctuating  convection  velocity. 

4.  Anisotropic  fluctuating  convection  velocity 

We  now  consider  only  Lumley's  two-term  expan- 
sion model  but  let  Vi  be  anisotropic.  In  this  case 
we  have 

<*i2>     „ 
F£»FB«+— —Paa,  (49) 

W2 
where 


3C 


(*22>  (ttf)" 

2 |-K32 

(Vt2)  («!»>. 


(fraadnidliz.        (50) 


Analogous  expressions  hold  for  the  scalar  case. 

Again  assuming  the  isotropic  forms  for  the  wave 
number  spectra,  we  find 

1<*'22)        W) 

Pii  =  k12F11-2F11-2(k1Fu+Fu) 


P"  =  F\  2 \+KiF'\  4 l+rfF". 

I       (vf)     (vftJ  I       (v,2)     <^)J 

(53) 

Eqs.  (49)-(53)  can  now  be  used  to  evaluate  the 
effects  of  fluctuating  convection  velocity  on  inertial 
range  spectra  and  derivative  variances. 


a.  Inertial  range  behavior 

In  a  inertial  subrange,  we  have 

1<BX*>       2<*..22>       2<l>32) 

— — + — — + — - 

9  U2     3  U2     3  U2 

1  (^i2)   1  <^2>   1  K)> 
-+-   — +~  — 
3  U2 


F'i 


-Fufl- 

:  =  Fwl 

=f(i 


9  U2     12  U2 

l(Vl2)       l(fl22)   1(^32) 

3  U2 


9  U2     3  U2 

b.  First  derivative  variances 
Here  we  have 


> 

) 


(54) 
(55) 
(56) 


<(«i.i)2>" 

((u,,l)2)m  =  ((u2,lA 


r     W)     W)     (v32y 

((W1,l)2>  1+- 


U2        U2        U2 
W)     l(v2*)     (v32) 


U2      2  U2       U2 


] 


r      <*i2>    W)    WY 

<(0.i)2>m=((0.i)2>    l+^-+-^+-r- 

L      u2     u2     u2 . 


(57) 
(58) 
(59) 


These  can  be  tested  against  results  found  in  an 
entirely  different  way.  The  equations  for  total  fluc- 
tuating velocity  u'=ul+vl  and  6  are  (Lumley  and 
Panofsky,  1964): 

u'i,t=  —Ul,}Uj  —  u'i,jUj  —  UijUj+(u'ijUj)-P,l+i>Uijj,  (60) 


e.l=-6,jUj-®.ju'j-8.jUj+(0.jUj)+D0,jj, 


(61) 


>   -!)     <*i2) 


which  reproduces  Lumley's  result.  For  lateral  spectra 
we  find 

<^22>        W) 


where  repeated  indices  are  summed  and  the  notation 
is  standard.  Squaring  and  averaging  gives  equations 
for  the  time  derivative  variances.  Heskestad  (1965) 
2  I ,  (51)  showed  that  assuming  statistical  independence  of  large 
and  small  wavenumber  structure,  large  Reynolds 
number  turbulence  and  local  isotropy  give  for  i=l 
in  Eq.  (60) : 


r      w   wn 

P22  =  Ki2F22  +  KiF22\    4~ 5 

L        W)    <^2)J 

r       <r22>     <^32>1       (V22)         /     s 
+F22\  2+ -2 E,     (52) 


i 

U2 


-<(«i.«)2)=<(«i.i)8> 


<t>l*>  (t'22)  W) 

1+ +  2— +2— 

U2         U2         U2  J 


(62) 


which  reproduces  the  result  of  Eq.    (57),  as  pointed 
out  earlier  by  Wyngaard  and  Pao  (1972).  Heskestad's 
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approach  gives  for  i  =  2  and  for  a  scalar  d: 
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Table  1.  1968  Kansas  wind  data  at  5.7  m. 


-<(«2.,)2)=      > 
U2 

1 


r     (V)    i(V>    (t»,«n 
«2.i)2)  i+— +--^+~  , 
L        U2     2  U2       U2  J 

(t>i2>     <r22>     <^)- 


— <(^.()2>  =  ((^.i)2>ri 

t/2  L      c/2 


-} 


<J2       t/2 
which  agree  with  Eqs.  (58)  and  (59),  respectively. 

c.  Second  derivative  variances 
The  expressions  here  become 


(63) 
(64) 


<(«i>u)1>'"«<(«i.ii),>[ 
<(«2,ii)2>m=((«2,n)2)[l- 


1+6 1-4 h4 

U2         U2         U2  J 


17  W) 
3    c72 


<f22)  (f.*> 

13 (-2 

U2        U2  J 


„       v  r       (ir)      (V22)      W) 

((0.ii)2)m  =  ((0.ii)2>  i+6-    : 


U* 


u2 


U2  J 


(65) 


,(66) 


(67) 


d.  The  stress  cospectrum 


We  now  consider  a  flow  such  as  the  atmospheric 
surface  layer  where  the  only  nonzero  off-diagonal  ele- 
ment of  (vxv,)  is  (viVz).  Then  a  straightforward  calcu- 
lation from  Eqs.  (49)  and  (50)  gives 


—  {v\V3)ki2 
F?3  = — z Fu. 

U2       2 

In  an  inertial  range  of  Fn  we  have 

20  (viv3) 

F13  — z — ^11- 

9     U2 


(68) 


(69) 


Note  that  this  predicts  a  sign  reversal  in  the  measured 
stress  cospectrum  at  large  wavenumbers.  In  the 
energy-containing  range  F™3  has  the  sign  of  (viv3), 
but  according  to  the  model  the  convection  velocity 
fluctuations  will  alias  enough  spectral  content  into  the 
measured  cospectrum  to  force  it  to  change  sign  at 
large  «ci. 

5.  Application  to  atmospheric  boundary  layer  flow 

The  ratios  of  the  standard  deviations  of  the  wind 
component  fluctuations  to  the  mean  wind  in  the 
atmospheric  boundary  layer  depend  on  a  number  of 
parameters,  including  the  surface  roughness,  the 
boundary  layer  depth  and  the  stability.  Therefore, 
rather  than  attempting  a  general  description  of  the 
behavior  of  these  ratios,  we  will  simply  consider  four 
illustrative  cases. 

The  first  three  concern  the  surface  layer.  Here  we 
will  use  data  at  5.7  m  from  the  1968  Kansas  experi- 


W) 

w> 

(vf) 

Case 

Stability 

U2 

C/2 

U'< 

1 

very  unstable 

(Z,«-13  m) 

0.048 

0.084 

0.012 

2 

moderately  unstable 

(L«-50m) 

0.040 

0.036 

0.0081 

3 

moderately  stable 

(Z,~50m) 

0.026 

0.0144 

0.0081 

ments  (Haugen  et  al.,  1971).  Table  1  summarizes 
these  cases,  which  represent  very  unstable,  moderately 
unstable  and  moderately  stable  conditions. 

Case  4  represents  conditions  typical  of  the  mid 
regions  of  the  convective  boundary  layer  over  land. 
Here  there  is  ample  evidence,  both  from  observations 
and  model  calculations,  that  the  wind  fluctuations 
scale  with  w^,  the  convective  velocity  scale  defined  by 


™*  =  [(g/T)<2oZj, 


(70) 


where  Z,  is  the  convective  layer  depth  and  Q0  the 
surface  temperature  flux.  We  will  take  typical  mid- 
summer, overland  convective  conditions  with  Z, 
=  2.0  km,  Qo  =  0.25  m  s""1  °C,  so  that  w*~2.5  m  sr\ 
Observations  (Willis  and  Deardorff,  1974;  Panofsky 
et  al.,  1977;  Kaimal  et  al.,  1976)  indicate  typical  mid- 
layer  values  are 

(71) 


(^2)~<t»22)~0.3^2, 


(v32)~0Aw*2. 
Taking  [7=5  m  s_1  gives  for  case  4 


(^>         (T22) 

U2      U2 


=  0.075, 


U2 


-0.10. 


(72) 


(73) 


(74) 


We  emphasize  that  these  four  cases  are  only  typi- 
cal; they  do  not  cover  all  possibilities.  Clearly  the 
limiting  case  of  free  convection,  where  (v2)/U2 — ►«, 
is  not  included. 

In  Table  2  we  show  the  predicted  influence  on 
three  types  of  spectral  properties  inferred  from  fre- 
quency spectra  through  the  ordinary  application  of 
Taylor's  hypothesis. 

The  first  is  the  ratio  of  measured  and  true  inertial 
range  one-dimensional  spectral  levels,  found  from 
Eqs.  (54)-(56).  This  is  important  in  applications  such 
as  inferring  dissipation  rate  €  and  the  temperature 
structure  parameter  Ct2  directly,  since  (Wyngaard 
etal.,1971) 


F22=43a1t2'\ri,\         (75) 


F=o.i25cy*r5/3, 


(76) 
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Table  2.  Influence  of  fluctuating  convection  velocity 
on  spectral  properties 


Property 


Flow  Case 
2  3 


III 


(inertial 


FTl/F 

Fw/Fn  ? 

range) 
Fm/F    J        6 

<(«i.,)^m/((«...)2) 

<(«2.l)2>*V<(«2.l)2> 

((9,i)2)-/((<?.i)2) 

<("l.ll)2)m/((»...l)2) 
<(M2.u)2)m/((«2>ll)2) 
<(fl.ll)*>"/<(».ll)2) 


1.06 

1.03 

1.01 

1.11 

1.01 

1.00 

1.00 

1.03 

1.03 

1.01 

1.01 

1.05 

1.24 

1.13 

1.06 

1.43 

1.10 

1.07 

1.04 

1.21 

1.14 

1.08 

1.05 

1.25 

1.68 

1.42 

1.24 

2.15 

1.84 

1.26 

1.06 

1.75 

1.48 

1.33 

1.20 

1.80 

where  a.i  is  the  one-dimensional  Kolmogorov  constant. 
The  second  property  is  the  ratio  of  measured  and 
true  streamwise  derivative  variances,  found  from 
Eqs.  (57)— (59).  These  are  useful  in  "direct"  measure- 
ments of  e  and  the  scalar  variance  destruction  rate  X, 
since  under  local  isotropy 

e=15K(«i.i)2)=7.5K(«2.i)2),  (77) 

x  =  6Z)((0.i)2>,  (78) 


where    v   and    D   are    the    momentum    and    thermal 
diffusivities. 

The  third  property  is  the  ratio  of  measured  and 
true  fourth  spectral  moments  calculated  from  Eqs. 
(65)- (67).  These  are  of  interest  because  of  theoretical 
ideas  (see  Batchelor,  1953)  that  the  spectral  shape  in 
the  dissipative  range  should  be  the  same  in  all  tur- 
bulent flows  of  sufficiently  large  Reynolds  number. 

Table  2  shows  that  these  spectral  properties  are 
all  overestimated  because  of  convection  velocity  fluc- 
tuations. Note  that  the  spectral  error  increases  with 
wavenumber  k.  This  is  because  at  any  (large)  k  the 
measured  spectrum  is  contaminated  chiefly  by  aliased 
energy  from  faster  moving,  lower  k  eddies,  and  as  « 
increases,  the  increasingly  rapid  spectral  falloff  in- 
creases the  aliasing  error. 

Table  2  shows  also  that  the  convection  velocity 
fluctuations  can  introduce  apparent  local  anisotropy 
into  measurements.  For  example,  the  quantity  ((u2,i)2)/ 
((wi,i)2),  which  is  2.0  under  local  isotropy,  is  predicted 
to  vary  from  1.69  to  1.96  for  the  four  cases.  The 
ratio  F22/F11  in  the  inertial  subrange,  which  is  5  under 
local  isotropy,  ranges  from  1.24  to  1.32.  The  second 
derivative  variances  can  be  related  to  the  production 
rates  of  vorticity  variance  (Batchelor,  1953)  and  scalar 
gradient  variance  (Wyngaard,  1971)  and  thus  under 
local  isotropy  can  be  related  to  derivative  skewness 
(Wyngaard  and  Tennekes,  1970).  Table  2  shows  that 
checks  of  these  relationships  will  be  seriously  affected 
by  the  induced  errors  in  the  second  derivative  variances. 
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6.  Conclusions 

Although  these  are  only  model  calculations,  it  seems 
clear  that  serious  errors  in  high-frequency  spectral 
properties  can  be  induced  by  a  fluctuating  convection 
velocity.  We  have  shown  that  under  typical  conditions 
in  the  atmospheric  boundary  layer,  fixed-point  (tower- 
based)  measurements  will  show  apparent  local  anisot- 
ropy in  velocity  and  temperature  derivative  statistics. 

In  aircraft  measurements  we  avoid  this  problem  by 
effectively  raising  the  mean_  speed  U  so  that  the  rela- 
tive fluctuation  level  (v2)/U2  becomes  negligible.  The 
trade-off,  of  course,  is  that  the  finestructure  is  shifted 
to  higher,  and  perhaps  unmeasurable,  frequencies. 

There  is  increasing  interest  in  atmospheric  flows  as 
a  source  of  high  Reynolds  number  turbulence  for  basic 
research,  but  our  calculations  indicate  that  errors 
induced  by  convection  velocity  fluctuations  can  ob- 
scure the  phenomena  being  studied.  Lumley's  result 
[Eqs.  (49)  and  (51)]  and  our  extensions  [Eqs.  (52) 
and  (53)]  allow  the  experimentalist  to  correct  his 
spectral  results  for  these  effects.  There  remains  a  con- 
tinuing need  for  theoretical  work  on  the  effects  on 
other  properties,  such  as  probability  densities  and 
moments  and  on  measurement  techniques  that  mini- 
mize the  problem. 
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